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Rainbow over Woolsthorpe Manor 



From the frontispiece of the Notes and Records of the Royal Society of London, v. 36 (1981-82), with permission. Photograph 
by Dr. Roy L. Bishop, Physics Department, Acadia University, Nova Scotia, Canada, with permission. 


Commentary 

The faint line below the main colored arc is a supernumerary rainbow , produced by the interference of 
different sun-rays traversing a raindrop and emerging in the same direction. For each color, the intensity 
profile across the rainbow is an Airy function. Airy invented his function in 1838 precisely to describe 
this phenomenon more accurately than Young had done in 1800 when pointing out that supernumerary 
rainbows require the wave theory of light and are impossible to explain with Newton’s picture of light as 
a stream of independent corpuscles. The house in the picture is Newton’s birthplace. 

Sir Michael V. Berry 
H. H. Wills Physics Laboratory 
Bristol, United Kingdom 
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Foreword 


In 1964 the National Institute of Standards and Technology 1 published the Handbook of Mathe- 
matical Functions with Formulas , Graphs, and Mathematical Tables , edited by Milton Abramowitz 
and Irene A. Stegun. That 1046-page tome proved to be an invaluable reference for the many scien- 
tists and engineers who use the special functions of applied mathematics in their day-to-day work, 
so much so that it became the most widely distributed and most highly cited NIST publication 
in the first 100 years of the institution’s existence. 2 The success of the original handbook, widely 
referred to as “Abramowitz and Stegun” (“A&S”), derived not only from the fact that it provided 
critically useful scientific data in a highly accessible format, but also because it served to standardize 
definitions and notations for special functions. The provision of standard reference data of this type 
is a core function of NIST. 

Much has changed in the years since A&S was published. Certainly, advances in applied mathe- 
matics have continued unabated. However, we have also seen the birth of a new age of computing 
technology, which has not only changed how we utilize special functions, but also how we commu- 
nicate technical information. The document you are now holding, or the Web page you are now 
reading, represents an effort to extend the legacy of A&S well into the 21st century. The new 
printed volume, the NIST Handbook of Mathematical Functions , serves a similar function as the 
original A&S, though it is heavily updated and extended. The online version, the NIST Digital 
Library of Mathematical Functions ( DLMF ), presents the same technical information along with 
extensions and innovative interactive features consistent with the new medium. The DLMF may 
well serve as a model for the effective presentation of highly mathematical reference material on the 
Web. 

The production of these new resources has been a very complex undertaking some 10 years in 
the making. This could not have been done without the cooperation of many mathematicians, 
information technologists, and physical scientists both within NIST and externally. Their unfailing 
dedication is acknowledged deeply and gratefully. Particular attention is called to the generous 
support of the National Science Foundation, which made possible the participation of experts from 
academia and research institutes worldwide. 


Dr. Patrick D. Gallagher 
Director, NIST 
November 20, 2009 
Gaithersburg, Maryland 


1 Then known as the National Bureau of Standards. 

2 D. R. Lide (ed.), A Century of Excellence in Measurement, Standards, and Technology, CRC Press, 2001. 
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Preface 


The NIST Handbook of Mathematical Functions, to- 
gether with its Web counterpart, the NIST Digital Li- 
brary of Mathematical Functions (DLMF), is the cul- 
mination of a project that was conceived in 1996 at the 
National Institute of Standards and Technology (NIST). 
The project had two equally important goals: to develop 
an authoritative replacement for the highly successful 
Handbook of Mathematical Functions with Formulas, 
Graphs, and Mathematical Tables, published in 1964 by 
the National Bureau of Standards (M. Abramowitz and 
I. A. Stegun, editors); and to disseminate essentially the 
same information from a public Web site operated by 
NIST. The new Handbook and DLMF are the work of 
many hands: editors, associate editors, authors, valida- 
tors, and numerous technical experts. A summary of 
the responsibilities of these groups may help in under- 
standing the structure and results of this project. 

Executive responsibility was vested in the editors: 
Frank W. J. Olver (University of Maryland, College 
Park, and NIST), Daniel W. Lozier (NIST), Ronald F. 
Boisvert (NIST), and Charles W. Clark (NIST). Olver 
was responsible for organizing and editing the mathe- 
matical content after receiving it from the authors; for 
communicating with the associate editors, authors, val- 
idators, and other technical experts; and for assembling 
the Notations section and the Index. In addition, 
Olver was author or co-author of five chapters. Lozier 
directed the NIST research, technical, and support staff 
associated with the project, administered grants and 
contracts, together with Boisvert compiled the Soft- 
ware sections for the Web version of the chapters, 
conducted editorial and staff meetings, represented the 
project within NIST and at professional meetings in 
the United States and abroad, and together with Olver 
carried out the day-to-day development of the project. 
Boisvert and Clark were responsible for advising and 
assisting in matters related to the use of information 
technology and applications of special functions in the 
physical sciences (and elsewhere); they also participated 
in the resolution of major administrative problems when 
they arose. 

The associate editors are eminent domain experts 
who were recruited to advise the project on strategy, ex- 
ecution, subject content, format, and presentation, and 
to help identify and recruit suitable candidate authors 
and validators. The associate editors were: 

Richard A. Askey 

University of Wisconsin, Madison 


Michael V. Berry 
University of Bristol 

Walter Gautschi (resigned 2002) 

Purdue University 

Leonard C. Maximon 
George Washington University 

Morris Newman 

University of California, Santa Barbara 

Ingram Olkin 
Stanford University 

Peter Paule 

Johannes Kepler University 

William P. Reinhardt 
University of Washington 

Nico M. Temme 

Centrum voor Wiskunde en Informatica 

Jet Wimp (resigned 2001) 

Drexel University 

The technical information provided in the Hand- 
book and DLMF was prepared by subject experts from 
around the world. They are identified on the title pages 
of the chapters for which they served as authors and in 
the table of Contents. 

The validators played a critical role in the project, 
one that was absent in its 1964 counterpart: to provide 
critical, independent reviews during the development of 
each chapter, with attention to accuracy and appropri- 
ateness of subject coverage. These reviews have con- 
tributed greatly to the quality of the product. The val- 
idators were: 

T. M. Apostol 

California Institute of Technology 
A. R. Barnett 

University of Waikato, New Zealand 

A. I. Bobenko 

Technische Universitat, Berlin 

B. B. L. Braaksma 
University of Groningen 

D. M. Bressoud 
Macalester College 
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B. C. Carlson 
Iowa State University 

B. Deconinck 
University of Washington 

T. M. Dunster 

University of California, San Diego 
A. Gil 

Universidad de Cantabria 

A. R. Its 

Indiana University-Purdue University, Indianapo- 
lis 

B. R. Judd 

Johns Hopkins University 
R. Koekoek 

Delft University of Technology 

T. H. Koornwinder 
University of Amsterdam 

R. J. Muirhead 
Pfizer Global R&D 

E. Neuman 

University of Illinois, Carbondale 

A. B. Olde Daalhuis 
University of Edinburgh 

R. B. Paris 

University of Abertay Dundee 

R. Roy 
Beloit College 

S. N. M. Ruijsenaars 
University of Leeds 

J. Segura 

Universidad de Cantabria 

R. F. Swarttouw 

Vrije Universiteit Amsterdam 

N. M. Temme 

Centrum voor Wiskunde en Informatica 
H. Volkmer 

University of Wisconsin, Milwaukee 
G. Wolf 

Universitat Duisberg-Essen 
R. Wong 

City University of Hong Kong 


All of the mathematical information contained in the 
Handbook is also contained in the DLMF, along with 
additional features such as more graphics, expanded ta- 
bles, and higher members of some families of formulas; 
in consequence, in the Handbook there are occasional 
gaps in the numbering sequences of equations, tables, 
and figures. The Web address where additional DLMF 
content can be found is printed in blue at appropriate 
places in the Handbook. The home page of the DLMF 
is accessible at http://dlmf.nist.gov/. 

The DLMF has been constructed specifically for 
effective Web usage and contains features unique to 
Web presentation. The Web pages contain many ac- 
tive links, for example, to the definitions of symbols 
within the DLMF, and to external sources of reviews, 
full texts of articles, and items of mathematical soft- 
ware. Advanced capabilities have been developed at 
NIST for the DLMF, and also as part of a larger re- 
search effort intended to promote the use of the Web 
as a tool for doing mathematics. Among these capabili- 
ties are: a facility to allow users to download LaTeX and 
MathML encodings of every formula into document pro- 
cessors and software packages (eventually, a fully seman- 
tic downloading capability may be possible); a search 
engine that allows users to locate formulas based on 
queries expressed in mathematical notation; and user- 
manipulable 3-dimensional color graphics. 

Production of the Handbook and DLMF was a mam- 
moth undertaking, made possible by the dedicated lead- 
ership of Bruce R. Miller (NIST), Bonita V. Saunders 
(NIST), and Abdou S. Youssef (George Washington 
University and NIST). Miller was responsible for infor- 
mation architecture, specializing LaTeX for the needs of 
the project, translation from LaTeX to MathML, and 
the search interface. Saunders was responsible for mesh 
generation for curves and surfaces, data computation 
and validation, graphics production, and interactive 
Web visualization. Youssef was responsible for mathe- 
matics search indexing and query processing. They were 
assisted by the following NIST staff: Marjorie A. Mc- 
Clain (LaTeX, bibliography), Joyce E. Conlon (bibliog- 
raphy), Gloria Wiersma (LaTeX), Qiming Wang (graph- 
ics generation, graphics viewers), and Brian Antonishek 
(graphics viewers). 

The editors acknowledge the many other individuals 
who contributed to the project in a variety of ways. 
Among the research, technical, and support staff at 
NIST these are B. K. Alpert, T. M. G. Arrington, R. 
Bickel, B. Blaser, P. T. Boggs, S. Burley, G. Chu, A. 
Dienstfrey, M. J. Donahue, K. R. Eberhardt, B. R. 
Fabijonas, M. Fancher, S. Fletcher, J. Fowler, S. P. 
Frechette, C. M. Furlani, K. B. Gebbie, C. R. Hagwood, 
A. N. Heckert, M. Huber, P. K. Janert, R. N. Kacker, 
R. F. Kayser, P. M. Ketcham, E. Kim, M. J. Lieber- 
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man, R. R. Lipmaii, M. S. Madsen, E. A. P. Mai, W. 
Mehuron, P. J. Mohr, S. Olver, D. R. Penn, S. Phoha, 
A. Possolo, S. P. Ressler, M. Rubin, J. Rumble, C. A. 
Schanzle, B. I. Schneider, N. Sedransk, E. L. Shirley, 
G. W. Stewart, C. P. Sturrock, G. Thakur, S. Wakid, 
and S. F. Zevin. Individuals from outside NIST are S. S. 
Antman, A. M. Ashton, C. M. Bender, J. J. Benedetto, 
R. L. Bishop, J. M. Borwein, H. W. Braden, C. Brezin- 
ski, F. Chyzak, J. N. L. Connor, R. Cools, A. Cuyt, 
I. Daubechies, P. J. Davis, C. F. Dunkl, J. P. Goed- 
bloed, B. Gordon, J. W. Jenkins, L. H. Kellogg, C. D. 
Kemp, K. S. Kolbig, S. G. Krantz, M. D. Kruskal, W. 
Lay, D. A. Lutz, E. L. Mansfield, G. Marsaglia, B. M. 
McCoy, W. Miller, Jr., M. E. Muldoon, S. P. Novikov, 
P. J. Olver, W. C. Parke, M. Petkovsek, W. H. Reid, B. 
Salvy, C. Schneider, M. J. Seaton, N. C. Severo, I. A. 
Stegun, F. Stenger, M. Steuerwalt, W. G. Strang, P. R. 
Turner, J. Van Deun, M. Vuorinen, E. J. Weniger, H. 
Wiersma, R. C. Winther, D. B. Zagier, and M. Zelen. 
Undoubtedly, the editors have overlooked some individ- 
uals who contributed, as is inevitable in a large long- 
lasting project. Any oversight is unintentional, and the 
editors apologize in advance. 

The project was funded in part by NSF Award 
9980036, administered by the NSF’s Knowledge and 
Distributed Intelligence Program. Within NIST finan- 
cial resources and staff were committed by the Informa- 


tion Technology Laboratory, Physics Laboratory, Sys- 
tems Integration for Manufacturing Applications Pro- 
gram of the Manufacturing Engineering Laboratory, 
Standard Reference Data Program, and Advanced Tech- 
nology Program. 

Notwithstanding the great care that has been exer- 
cised by the editors, authors, validators, and the NIST 
staff, it is almost inevitable that in a work of the mag- 
nitude and scope of the NIST Handbook and DLMF 
errors will still be present. Users need to be aware that 
none of these individuals nor the National Institute of 
Standards and Technology can assume responsibility for 
any possible consequences of such errors. 

Lastly, the editors appreciate the skill, and long ex- 
perience, that was brought to bear by the publisher, 
Cambridge University Press, on the production and 
publication of the new Handbook. 

Frank W. J. Olver 
Editor-in-Chief and Mathematics Editor 

Daniel W. Lozier 
General Editor 

Ronald F. Boisvert 
Information Technology Editor 

Charles W. Clark 
Physical Sciences Editor 




Mathematical Introduction 


Organization and Objective 

The mathematical content of the NIST Handbook of 
Mathematical Functions has been produced over a ten- 
year period. This part of the project has been carried 
out by a team comprising the mathematics editor, au- 
thors, validators, and the NIST professional staff. Also, 
valuable initial advice on all aspects of the project was 
provided by ten external associate editors. 

The NIST Handbook has essentially the same ob- 
jective as the Handbook of Mathematical Functions that 
was issued in 1964 by the National Bureau of Standards 
as Number 55 in the NBS Applied Mathematics Series 
(AMS). This objective is to provide a reference tool for 
researchers and other users in applied mathematics, the 
physical sciences, engineering, and elsewhere who en- 
counter special functions in the course of their everyday 
work. 

The mathematical project team has endeavored to 
take into account the hundreds of research papers and 
numerous books on special functions that have appeared 
since 1964. As a consequence, in addition to providing 
more information about the special functions that were 
covered in AMS 55, the NIST Handbook includes sev- 
eral special functions that have appeared in the interim 
in applied mathematics, the physical sciences, and en- 
gineering, as well as in other areas. See, for example, 
Chapters 16, 17, 18, 19, 21, 27, 29, 31, 32, 34, 35, and 
36. 

Two other ways in which this Handbook differs from 
AMS 55, and other handbooks, are as follows. 

First, the editors instituted a validation process for 
the whole technical content of each chapter. This pro- 
cess greatly extended normal editorial checking proce- 
dures. All chapters went through several drafts (nine in 
some cases) before the authors, validators, and editors 
were fully satisfied. 

Secondly, as described in the Preface, a Web ver- 
sion (the NIST DLMF) is also available. 

Methodology 

The first three chapters of the NIST Handbook and 
DLMF are methodology chapters that provide detailed 
coverage of, and references for, mathematical topics that 
are especially important in the theory, computation, 
and application of special functions. (These chapters 
can also serve as background material for university 


graduate courses in complex variables, classical anal- 
ysis, and numerical analysis.) 

Particular care is taken with topics that are not dealt 
with sufficiently thoroughly from the standpoint of this 
Handbook in the available literature. These include, for 
example, multivalued functions of complex variables, for 
which new definitions of branch points and principal val- 
ues are supplied (§§1. 10(vi), 4.2(i)); the Dirac delta (or 
delta function), which is introduced in a more readily 
comprehensible way for mathematicians (§1.17); numer- 
ically satisfactory solutions of differential and difference 
equations (§§2.7(iv), 2.9(i)); and numerical analysis for 
complex variables (Chapter 3). 

In addition, there is a comprehensive account of the 
great variety of analytical methods that are used for 
deriving and applying the extremely important asymp- 
totic properties of the special functions, including dou- 
ble asymptotic properties (Chapter 2 and §§10.41(iv), 
10.41(v)). 

Notation for the Special Functions 

The first section in each of the special function chapters 
(Chapters 5-36) lists notation that has been adopted 
for the functions in that chapter. This section may also 
include important alternative notations that have ap- 
peared in the literature. With a few exceptions the 
adopted notations are the same as those in standard 
applied mathematics and physics literature. 

The exceptions are ones for which the existing no- 
tations have drawbacks. For example, for the hyperge- 
ometric function we often use the notation F (a, &; c; z) 
(§15.2(i)) in place of the more conventional 2 -Fi(a, 6; c; z ) 
or F(a , 6; c; z). This is because F is akin to the notation 
used for Bessel functions (§10.2 (ii)), inasmuch as F is an 
entire function of each of its parameters a, 5, and c: this 
results in fewer restrictions and simpler equations. Sim- 
ilarly in the case of confluent hypergeometric functions 
(§13.2(i)). 

Other examples are: (a) the notation for the Fer- 
rers functions — also known as associated Legendre func- 
tions on the cut — for which existing notations can eas- 
ily be confused with those for other associated Legendre 
functions (§14.1); (b) the spherical Bessel functions for 
which existing notations are unsymmetric and inelegant 
(§§10.47(i) and 10.47(h)); and (c) elliptic integrals for 
which both Legendre’s forms and the more recent sym- 
metric forms are treated fully (Chapter 19). 
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Mathematical Introduction 


The Notations section beginning on p. 873 includes 
all the notations for the special functions adopted in this 
Handbook. In the corresponding section for the DLMF 
some of the alternative notations that appear in the first 
section of the special function chapters are also included. 


Common Notations and Definitions 


c 

complex plane (excluding infinity). 

D 

decimal places. 

det 

determinant. 

Or Sjk 

Kronecker delta: 0 if j ^ fc; 1 if 
j = k. 

A (or A x ) 

forward difference operator: 

A f(x) = f(x + 1) - f(x). 

V (or V x ) 

backward difference operator: 

V/(x) = f(x) — /( x — 1). (See also 
del operator in the Notations 
section.) 

empty sums 

zero. 

empty products 

unity. 

G 

element of. 

i 

not an element of. 

V 

for every. 

=> 

implies. 


is equivalent to. 

n\ 

factorial: 1 • 2 ■ 3 • • • n if 
n = 1,2,3,...; 1 if n = 0. 

n\\ 

double factorial: 2 • 4 • 6 • • • n if 
n = 2, 4, 6, ... ; 1 • 3 • 5 • • • n if 
n = 1, 3, 5, . . . ; 1 if n = 0, — 1. 

L*J 

floor or integer part: the integer 
such that x — 1 < \_x\ < x, with x 
real. 

M 

ceiling: the integer such that 
x < [x] < x + 1, with x real. 

f{z)\c = 0 

f(z) is continuous at all points of a 
simple closed contour C in C. 

< 00 

is finite, or converges. 

» 

much greater than. 

3 

imaginary part. 

iff 

if and only if. 

inf 

greatest lower bound (infimum). 

sup 

least upper bound (supremum). 

n 

intersection. 

u 

union. 

( a,b ) 

open interval in R, or open 
straight-line segment joining a and i 
in C. 

[a, b\ 

closed interval in R, or closed 
straight-line segment joining a and i 
in C. 

(a, b] or [a, b) 

half-closed intervals. 


C is contained in. 

C is, or is contained in. 

liminf least limit point. 

[ojjk] or \a,jk\ matrix with (j, fc)th element a^k or 
CLjk- 

A -1 inverse of matrix A. 

trA trace of matrix A. 

A 1 transpose of matrix A. 

I unit matrix, 

mod or modulo m = n (mod p ) means p divides 
m — n 1 where m, n, and p are 
positive integers with m > n. 

N set of all positive integers. 

(a) Pochhammer’s symbol: 

a(a + l)(a + 2) • • • (a + n — 1) if 
n = 1,2,3,...; 1 if n = 0. 

Q set of all rational numbers. 

R real line (excluding infinity). 

3? real part, 

res residue. 

S significant figures. 

sign x — 1 if x < 0; 0 if x = 0; 1 if x > 0. 

\ set subtraction. 

Z set of all integers. 

nZ set of all integer multiples of n. 

Graphics 

Special functions with one real variable are depicted 
graphically with conventional two-dimensional (2D) line 
graphs. See, for example, Figures 10.3.1-10.3.4. 

With two real variables, special functions are de- 
picted as 3D surfaces, with vertical height correspond- 
ing to the value of the function, and coloring added to 
emphasize the 3D nature. See Figures 10.3.5-10.3.8 for 
examples. 

Special functions with a complex variable are de- 
picted as colored 3D surfaces in a similar way to func- 
tions of two real variables, but with the vertical height 
corresponding to the modulus (absolute value) of the 
function. See, for example, Figures 5. 3. 4-5. 3. 6. How- 
ever, in many cases the coloring of the surface is chosen 
instead to indicate the quadrant of the plane to which 
the phase of the function belongs, thereby achieving a 
4D effect. In these cases the phase colors that corre- 
spond to the 1st, 2nd, 3rd, and 4th quadrants are ar- 
ranged in alphabetical order: blue, green, red, and yel- 
low, respectively, and a “Quadrant Colors” icon appears 
alongside the figure. See, for example, Figures 10.3.9- 
10.3.16. 

Lastly, users may notice some lack of smoothness in 
the color boundaries of some of the 4D-type surfaces; 
see, for example, Figure 10.3.9. This nonsmoothness 
arises because the mesh that was used to generate the 
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figure was optimized only for smoothness of the surface, 
and not for smoothness of the color boundaries. 

Applications 

All of the special function chapters include sections de- 
voted to mathematical, physical, and sometimes other 
applications of the main functions in the chapter. The 
purpose of these sections is simply to illustrate the im- 
portance of the functions in other disciplines; no at- 
tempt is made to provide exhaustive coverage. 

Computation 

All of the special function chapters contain sections 
that describe available methods for computing the main 
functions in the chapter, and most also provide refer- 
ences to numerical tables of, and approximations for, 
these functions. In addition, the DLMF provides refer- 
ences to research papers in which software is developed, 
together with links to sites where the software can be 
obtained. 

In referring to the numerical tables and approxima- 
tions we use notation typified by x = 0(.05)1, 8D or 8S. 
This means that the variable x ranges from 0 to 1 in 
intervals of 0.05, and the corresponding function values 
are tabulated to 8 decimal places or 8 significant figures. 

Another numerical convention is that decimals fol- 
lowed by dots are unrounded; without the dots they 
are rounded. For example, to 4D n is 3.1415 . . . (un- 
rounded) and 3.1416 (rounded). 


Verification 

For all equations and other technical information this 
Handbook and the DLMF either provide references to 
the literature for proof or describe steps that can be 
followed to construct a proof. In the Handbook this in- 
formation is grouped at the section level and appears 
under the heading Sources in the References section. 
In the DLMF this information is provided in pop-up 
windows at the subsection level. 

For equations or other technical information that ap- 
peared previously in AMS 55, the DLMF usually in- 
cludes the corresponding AMS 55 equation number, or 
other form of reference, together with corrections, if 
needed. However, none of these citations are to be re- 
garded as supplying proofs. 
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Algebraic and Analytic Methods 



Notation 

1.1 Special Notation 

(For other notation see pp. xiv and 873.) 

£,2/ 

real variables. 

z 

real variable in §§1.5-1. 6. 

z, w 

complex variables in §§1.9-1.11. 


integers. 

m, n 

nonnegative integers, unless specified 
otherwise. 

if. 9) 

distribution. 

deg 

degree. 

primes 

derivatives with respect to the variable, 
except where indicated otherwise. 


Areas 


1.2 Elementary Algebra 
1.2(i) Binomial Coefficients 

In (1.2.1)-(1.2.5) k and n are nonnegative integers and 
k < n. 

'n 
k 


1 . 2.1 

Binomial Theorem 

(a + b) n = a n + 


(n — k)\k\ \n — k) 


1 . 2.2 


1.2.3 


1.2.4 


1.2.5 


H h 


a 

n 

n — 1 


+ ••• + (- 1 ) 


n 
2 

atr - 1 + v n . 

= 2 ". 

= 0. 


= 2 


n— 1 


where k is n or n — 1 according as n is even or odd. 

In (1.2.6)-(1.2.9) k and m are nonnegative integers 
and n is unrestricted. 


1 . 2.6 


1.2.7 


1 . 2.8 


n(n — 1) • • • (n — k + 1) 
k\ 


(— l) fc (-n) fc k 

k\ K ’ 

n . + 1\ ( n\ f n 

k y = U/ \k~l 

n + k\ /n + m + 1 

kj \ m 


k — n — 1 
k 


E 

k=0 




1.2(ii) Finite Series 

Arithmetic Progression 

1 ^ ^ cl “t~ (o -f d) 4" (u “t~ 2d) “t~ • ■ ■ H~ (a -t- (tz — l)d) 
= na + )n(n — l)d = |n(a + £), 
where £ = last term of the series = a + (n — l)d. 

Geometric Progression 

a + ax + ax 2 + • • • + air” -1 
1-2-11 a( l^x n ) 

= — : , a: : 

1 — x 


1.2(iii) Partial Fractions 


Let a±, 02 , ■ ■ • , a n be distinct constants, and f(x) be a 
polynomial of degree less than n. Then 


fix) 


1.2.12 

(x - ai)(x - a 2 ) ■ ■ ■ (x - a n ) 
A± A 2 

= — + — + ••• + 

x — ai x — 0 L 2 

where 

1.2.13 

, _ fi°j) 

J n (<**•-<**)■ 

Also, 


1.2.14 



fix) B 1 , B 2 | | B n 

(x — cti) n x — a\ (x — «i) 2 (* — ai) n ’ 


where 

1.2.15 


, f (n ~ j) ia i) 

(n-i)! 


and / is the fc-th derivative of / (§1.4(iii)). 

If mi , m 2 , . . . , m n are positive integers and deg / < 
Y^j=i m ji then there exist polynomials fjix), deg fj < 
m,j, such that 


1.2.16 

[ix) 

(x — ai) 7 ™ 1 (x — o^)™ 2 ■ ■ ■ (x — a n ) m " 

= hjx) f 2 jx) fnjx) 

(x — ai) mi (x — c^)™ 2 (x — a n ) m ™ ' 

To find the polynomials fj{x), j = 1,2, ... ,n, multiply 
both sides by the denominator of the left-hand side and 
equate coefficients. See Chrystal (1959, pp. 151-159). 
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1.2(iv) Means 

The arithmetic mean of n numbers d\, < 22 , . . . , a n is 
0-1 + o 2 + ■ ■ ■ + On 


1.2.17 


A = 


The geometric mean G and harmonic mean H of n 
positive numbers ai, < 22 , ■ ■ ■ , a n are given by 


1.2.18 

1.2.19 


■a n ) x ! r 


G = (aia 2 ■ 

11/11 1 

rr — ( 1 f 1 

H n \a\ a 2 a n 

If r is a nonzero real number, then the weighted mean 
M(r) of n nonnegative numbers ai,a 2 , . . . ,a n , and n 
positive numbers Pi,p 2 , ■ ■ ■ ,p n with 

1.2.20 pi + p 2 + ■ ■ ■ + p n = 1, 

is defined by 

1.2.21 M (r) = (jpxdi + p 2 a 2 H b PnO r n ) 1,r , 

with the exception 

1.2.22 M(r) = 0, r < 0 and aia 2 . . .a n = 0. 

1.2.23 lim M(r) = max(oi, a 2 , ..., a n ), 

r — >-oo 

1.2.24 lim M(r) = min(ai, a 2 , . .., a n ). 

r — >—00 

For pj = 1/n, j = 1,2,..., n, 

1.2.25 M(1) = A, M(— 1) = H, 
and 

1.2.26 

The last two equations require aj > 0 for all j. 


lim M(r ) = G. 

r — >0 


1.3 Determinants 

1.3(i) Definitions and Elementary Properties 
1.3.1 det = 


on o 12 

o 2 i a 22 


— Ona 22 — ai 2 a 2 i. 


1.3.2 

det [djk] 

Oil Ol2 «13 

= 021 022 023 

O31 032 033 

022 023 


— On 


032 O33 


Ol2 


021 O 23 

031 033 


O 13 


021 «22 
031 032 


= 011022033 — 011023032 — 012021033 
+ 012023031 + o 13O21O32 — 013022031. 
Higher-order determinants are natural generalizations. 
The minor Mj of the entry ajk in the nth-order de- 
terminant det[ojfc] is the (n — l)th-order determinant 
derived from det[ajfc] by deleting the jth row and the 
fcth column. The cofactor Ajk of ajk is 

1 . 3.3 A jk = (-1 ) j+k Mj k . 


An nth-order determinant expanded by its jth row is 
given by 


1.3.4 


det [ajk] = V ! d jt A jt . 


If two rows (or columns) of a determinant are inter- 
changed, then the determinant changes sign. If two rows 
(columns) of a determinant are identical, then the de- 
terminant is zero. If all the elements of a row (column) 
of a determinant are multiplied by an arbitrary factor 
/i, then the result is a determinant which is p times the 
original. If p times a row (column) of a determinant is 
added to another row (column), then the value of the 
determinant is unchanged. 


1.3.5 

1.3.6 


det[a.,-fc] T = det[oj fc ], 
det \ajk\~ 1 = 


det [ cijfc ] ’ 

1-3.7 det ([a jk ][bjk}) = (det[a jfc ])(det[&j fc ]). 

Hadamard’s Inequality 

For real- valued djk, 

2 


1.3.8 


on o\ 2 
o 2 i a 22 


< (ah + a 12 )(a 21 + a 22 ), 


1-3.9 det [a jk ] 2 < ( a u- I ( H a 2fc ) • ■ • ( X! 


^ nk 


\k= 1 


\k = 1 


Kk=l 


Compare also (1.3.7) for the left-hand side. Equality 
holds iff 


1.3.10 CLjiCLkl + CLj2^k2 H" * ' ' + CLjn^kn ~ 0 

for every distinct pair of j, k , or when one of the factors 

" n a 2 
jk=l a jk 


ELi a % vanishes . 


1.3(ii) Special Determinants 

An alternant is a determinant function of n variables 
which changes sign when two of the variables are inter- 
changed. Examples: 

1.3.11 det lf k (xj)], j = 1,. .. ,n; k = 1,.. .,n, 

1.3.12 det [f(xj,y k )\, j = I,- -■ ,n; k = 1 , . . . ,n. 

Vandermonde Determinant or Vandermondian 


1.3.13 



2 

n — 1 

Xi 

xf ■ 

•• x i 



^n— 1 

X 2 

• 

•• x 2 

X n 

X 2 • 

„n— 1 


= n ( x k-xj). 

l<_7</c<n 
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Cauchy Determinant 


1.4 Calculus of One Variable 


1.3.14 


det 


1 


L a j ~ h. 

x n k - a .j)Ofc - bj) / 

l<j<k<n / j,k=l 


Circulant 


1.3.15 


Ol a 2 ’ ’ ’ In 

d n d± • * * On— 1 


d2 d 3 ■ ■ ■ di 
n 

= (oi + d2U)k + d^uf, + ’ ’ ' + d n U > 1 ) , 
fe=l 

where uj\, u> 2 , . . . ,u) n are the nth roots of unity (1.11.21). 

Krattenthaler’s Formula 

For 


1.3.16 


tjk — (Xj “F d n )(Xj d n — i) • • • ( Xj dkj-l) 

x (xj + b k )(xj + b k -i) ■ ■ ■ ( Xj + b 2 ), 


1.3.17 det[tjfc] = H (Xj-Xk) ( bj-dk )■ 

l<j<k<n 2 <j<k<n 


1.3(iii) Infinite Determinants 


Let dj k be defined for all integer values of j and k, and 
D n [dj,k\ denote the (2 n + 1) x (2 n + 1) determinant 


1.3.18 


Dn 


n ,— n O'— n, — n+1 

n+1, — n n+1,— n+1 


a 


n,—n 


®"n , — n+ 1 


n,n 

n+l,n 

^n,n 


If -Dnla^fc] tends to a limit L as n — > oo, then we say 
that the infinite determinant Doo[aj,fc] converges and 
Doc[d j,k\ — L. 

Of importance for special functions are infinite de- 
terminants of Hill’s type. These have the property that 
the double series 


1.3.19 I a j,k 5j,k\ 

j,k — — oo 

converges (§1.9(vii)). Here S J: k is the Kronecker delta. 
Hill-type determinants always converge. 

For further information see Whittaker and Watson 
(1927, pp. 36-40) and Magnus and Winkler (1966, §2.3). 


1.4(i) Monotonicity 

If f(x i) < f(x 2 ) for every pair X\, X 2 in an interval 
/ such that X\ < X 2 , then f(x) is nondecreasing on I. 
If the < sign is replaced by <, then f(x) is increas- 
ing (also called strictly increasing) on I. Similarly for 
nonincreasing and decreasing ( strictly decreasing ) func- 
tions. Each of the preceding four cases is classified as 
monotonic ; sometimes strictly monotonic is used for the 
strictly increasing or strictly decreasing cases. 

1.4(ii) Continuity 

A function f(x) is continuous on the right (or from 
above) at x = c if 

1 . 4.1 f(c+) = lim f(x) = /(c), 

x^c-\- 

that is, for every arbitrarily small positive constant e 
there exists 6 (> 0) such that 

1 . 4.2 \f(c + a) — /(c) | < e, 

for all a such that 0 < a < S. Similarly, it is continuous 
on the left (or from below) at x = c if 

1 . 4.3 /(c-) = lim f(x) = /(c). 

X — > C — 

And f{x) is continuous at c when both (1.4.1) and 
(1.4.3) apply. 

If f(x) is continuous at each point c £ (a,b), then 
/( x) is continuous on the interval ( a,b ) and we write 
/ £ C(d,b). If also f(x) is continuous on the right 
at x = d, and continuous on the left at x = b, then 
fix) is continuous on the interval [a, 61, and we write 
f{x) £ C[a,b ]. 

A removable singularity of f(x) at x = c occurs when 
/ (cT) = f(c— ) but /(c) is undefined. For example, 
f(x) = (sina:)/® with c = 0. 

A simple discontinuity of f(x) at x = c occurs when 
/ (cT ) and /(c-) exist, but /(c+) ^ /(c-). If f{x) 
is continuous on an interval I save for a finite number 
of simple discontinuities, then f(x) is piecewise (or sec- 
tionally) continuous on I. For an example, see Figure 
1.4.1 



Figure 1.4.1: Piecewise continuous function on [a, b). 
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1.4(iii) Derivatives 

The derivative f'(x) of /( x) is defined by 
, , „ f, r ^ df f(x+h) - f{x) 

dx h— >o h 

When this limit exists / is differentiable at x. 

1.4.5 (f + g)'(x) = f(x) +g'(x), 

1.4.6 ( fg)'(x ) = f{x)g(x) + f(x)g'(x), 


0 w = 


1.4.7 

Higher Derivatives 

1.4.8 


f'( x )g(x) - f(x)g'(x) 




df 

dx 


1.4.9 


/«(*) = ^ = / ( 
dx 2 dx \ 

f(n) = f (n) {x)= d_ f {n-l) {x y 


If / exists and is continuous on an interval I, then 
we write f £ C n (/). When n > 1, / is continuously dif- 
ferentiable on I. When n is unbounded, / is infinitely 
differentiable on / and we write / £ C°° (I). 

Chain Rule 

For h{x) = f(g(x)), 

1.4.10 h'( x) = f'(g(x))g'(x). 

Maxima and Minima 

A necessary condition that a differentiable function f(x) 
has a local maximum ( minimum ) at x — c, that is, 
f(x) < /(c), (f(x) > /(c)) in a neighborhood c — 6 < 
x < c + <5 (6 > 0) of c, is /'(c) = 0. 

Mean Value Theorem 

If /( x) is continuous on [a, b] and differentiable on (a, &), 
then there exists a point c £ (a, b) such that 

1.4.11 f(b) -/(a) = (b-a)f(c). 

If f{x) > 0 (< 0) (= 0) for all x £ (a, 6), then / is 
nondecreasing (nonincreasing) (constant) on (a, b) . 

Leibniz’s Formula 


1.4.12 


(. fg) {n) = f {n) g+ (”)/ ( "-V 


+ 


j(.”—k) (k) 


fg 


(n) 


Faa Di Bruno’s Formula 


dx r 

1.4.13 = 50 

X 


f{g{x)) 


toi!to2! ■ 


■m„ 


i/wr ( g"(x) 


1 ! J 


2 ! 


9 {n \x) 


where the sum is over all nonnegative integers 
mi, m 2 , . . . , m n that satisfy mi + 2 m 2 + • • • + nm n = n, 
and k = m\ + m -2 + • • • + m n . 


L’Hopital’s Rule 

If 


1.4.14 lim f{x) = lim g{x) = 0 (or oo), 

x — >a x — >a 


then 

1.4.15 


lim M- = lim £M, 
g(x) x^a g' (x) 


when the last limit exists. 


1.4(iv) Indefinite Integrals 

If F'(x) = f(x), then / / dx = F( x) + C, where C is a 
constant. 


Integration by Parts 


1.4.16 



dff 

dx 


dx. 


1.4.17 



„n + 1 


n + 1 
In \x\ + C, 


C, 


n ± -1, 
n = — 1. 


For the function In see §4.2(i). 

See §§4.10, 4.26(ii), 4.26(iv), 4.40(h), and 4.40(iv) 
for indefinite integrals involving the elementary func- 
tions. 

For extensive tables of integrals, see Apelblat (1983), 
Bierens de Haan (1867), Gradshteyn and Ryzhik (2000), 
Grobner and Hofreiter (1949, 1950), and Prudnikov 
et al. (1986a, b, 1990, 1992a, b). 


1.4(v) Definite Integrals 


Suppose f(x) is defined on [a, b\. Let a = xq < X\ < 
■■■ < x n = b, and fj denote any point in [xj,Xj+ 1 ], 
j = 0, 1, . . . , n — 1. Then 


1.4.18 



n— 1 

f(x) dx = lim 50 /(&)(**+ 1 

3=0 


X j) 


as max(xj + i — xf) — > 0. Continuity, or piecewise conti- 
nuity, of /( x) on [a, 6] is sufficient for the limit to exist. 


1.4.19 

r b 


f>0 7*0 

(cf(x) + dg(x))dx = c / f(x)dx + d / g(x)dx, 
J a J a 


c and d constants. 


1.4.20 


7*o pa 

/ f(x) dx = — f(x) dx. 

J a J b 

pb pc pb 

- 4 - 21 / f( x ) dx = / /( x) dx+ f(x) dx. 

J a J a J c 
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poo pb 

1 . 4.22 / /Or) dx = lim / f(x) dx. 

Ja b ^°° Ja 

Similarly for Next, if f(b) = ±oo, then 


1 . 4.23 


[ f(x) dx = lim [ f{x) dx. 
Ja c ^ b ~ Ja 


Similarly when /(a) = ±oo. 

When the limits in (1.4.22) and (1.4.23) exist, the 
integrals are said to be convergent. If the limits exist 
with f(x) replaced by |/(ir)|, then the integrals are ab- 
solutely convergent. Absolute convergence also implies 
convergence. 

Cauchy Principal Values 

Let c £ (a, b) and assume that f ^ c f{x) dx and 
/<M_ e f( x ) d x exist when 0 < e < min(c — a, b — c), but 
not necessarily when e = 0. Then we define 


1 . 4.24 

/ 


f(x) dx = P f f(x) dx 

J a 

[ f(x)dx+ [ f(x)dx] , 
J a J c+e J 


= lim 

e^0+ 


when this limit exists. 

Similarly, assume that f_ b f(x) dx exists for all fi- 
nite values of b (> 0), but not necessarily when b = oo. 
Then we define 


1 . 4.25 


poo poo pb 

-j- f(x) dx = P f(x) dx = lim / /( x) dx, 
J - oo j - oo b *°° J — b 

when this limit exists. 

Fundamental Theorem of Calculus 

For F'( x) = f(x) with f(x) continuous, 


1 . 4.26 


1 . 4.27 


f /( x) dx = F(b) - F(a), 
J a 

il /( ' )<K = /(I) ' 


Change of Variables 

If 4>'(x) is continuous or piecewise continuous, then 

r b c 4>{b) 


1 . 4.28 


> rn°> 

f(<f>(x))(f/(x)dx= / f{t)dt. 

J<j>(a) 


First Mean Value Theorem 

For f{x) continuous and 4>{x) > 0 and integrable on 
[a, 6], there exists c £ [a, b], such that 


1 . 4.29 


pb pb 

/ f(x)<t>(x)dx = f(c) (j){x)dx. 
fa J a 


Second Mean Value Theorem 

For f(x) monotonic and integrable on [a, b], there 
exists c £ [a, b ], such that 


1 . 4.30 

rb 


po pc po 

/ f{x)(j>(x) dx = f(a) / (f>(x) dx + f(b ) / <j>( x) dx. 

J a J a J c 

Repeated Integrals 

If fix) is continuous or piecewise continuous on [a, 6], 
then 

rb rx n rx 2 rx x 

/ dx n / dx n - 1 • • • / dx 1 / f(x) dx 


1 . 4.31 


= —, [ {b- x) n f{x)dx. 
n - Ja 


Square-lntegrable Functions 

A function f(x) is square-integrable if 

rb 

1 . 4.32 


l/lll = [ \f{x)\ 2 dx < oo. 

J a 


Functions of Bounded Variation 

With a < b, the total variation of /( x) on a finite or 
infinite interval (a, b) is 

n 

1 . 4.33 V a , b {f) = sup ^2\f(xj) - f{xj_ i)|, 

1=1 

where the supremum is over all sets of points Xq < 
Xi < ■ ■ ■ < x n in the closure of ( a,b ), that is, (as, fr) 
with a, b added when they are finite. If V a ,b(f) < oo, 
then /( x) is of bounded variation on (a, b). In this case, 
g(x) = V a ,x{f) and h( x) = V a ,x{f) ~ f (x) are nonde- 
creasing bounded functions and f(x) = g( x) — h(x). 

If f(x) is continuous on the closure of (a, b) and f'(x) 
is continuous on (a, b), then 

1 - 4.34 Va,b(f)=[ \f\x)dx\, 

J a 

whenever this integral exists. 

Lastly, whether or not the real numbers a and b sat- 
isfy a < b, and whether or not they are finite, we define 
Va,b(f) by (1.4.34) whenever this integral exists. This 
definition also applies when f(x) is a complex function 
of the real variable x. For further information on total 
variation see Olver (1997b, pp. 27-29). 

1.4(vi) Taylor’s Theorem for Real Variables 

If f(x) £ C n+1 [a, 6], then 


1 . 4.35 f[x) = 


1 . 4.36 

and 

1 . 4.37 


k - 0 
Rn = 


/ (fe) (a) 

k\ 


(x — a) k + Rn, 


/ (n+1) (c),„ ^„ +1 


(n + 1)! 


(x — a) n+ , a < c < x, 


R n = 


^ j X {x-t) n f^ + 1 \t)dt. 

n - Ja 


1.5 Calculus of Two or More Variables 
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1.4(vii) Maxima and Minima 

If /(x) is twice-differentiable, and if also f'(x o) = 0 and 
f"(x o) < 0 (> 0), then x = xo is a local maximum 
(minimum) (§1.4(iii)) of /(x). The overall maximum 
(minimum) of /(x) on [a, b } will either be at a local 
maximum (minimum) or at one of the end points a or 
b. 

1.4(viii) Convex Functions 

A function /(x) is convex on (a, b) if 

1.4.38 /(( 1 - t)c + td) < (1 - t)f(c) + tf(d) 

for any c, d £ ( a,b ), and t £ [0,1]. See Figure 1.4.2. A 

similar definition applies to closed intervals [a, b] . 

If f(x) is twice differentiable, then /(x) is convex iff 
/"( x) > 0 on ( a,b ). A continuously differentiable func- 
tion is convex iff the curve does not lie below its tangent 
at any point. 



Figure 1.4.2: Convex function /(x). g{t) = /(( 1 — t)c + 
td) 7 l(t) = (1 — t)f(c) + tf(d), c,de (a, b), 0 < t < 1. 


1.5 Calculus of Two or More Variables 


1.5(i) Partial Derivatives 


A function /(x, y) is continuous at a point (a, b) if 

1.5.1 lim f(x, y) = f(a, b), 

that is, for every arbitrarily small positive constant e 
there exists 6 (> 0 ) such that 

1.5.2 \f(a + a,b + j3) - f{a, b)\ < e, 
for all a and (3 that satisfy |a|, |/3| <5. 

A function is continuous on a point set D if it is 
continuous at all points of D. A function f(x,y) is 
piecewise continuous on I\ x I 2 , where I\ and I 2 are in- 
tervals, if it is piecewise continuous in x for each y £ / 2 
and piecewise continuous in y for each x £ I\. 


1.5.3 

1.5.4 


df_ 

dx 

df 

dy 


D x f = f x = lim 

h — ^0 

D vf = fy= lim 
h — ^0 


f(x + h,y ) - f(x,y) 
h 

f(x,y + h) - /(x, y) 


d 2 f d 

( df \ 

d 2 f 

d , 

( df \ 

dx dy dx ' 

\dy)' 

dy dx 

dy 1 

\dx ) 


The function /(x, y) is continuously differentiable if 
/, df/dx, and df/dy are continuous, and twice- 
continuously differentiable if also d 2 f/dx 2 , d 2 f/dy 2 , 
d 2 f / dxdy , and d 2 f/dydx are continuous. In the lat- 
ter event 

d 2 f d 2 f 

1.5.6 — = — . 

dx dy dy dx 


Chain Rule 


1.5.7 

1.5.8 


1.5.9 


d , ... df dx df dy 

Jt m *>.»<*» = + 4 J. 

d ft ( w ^ df dx df dy 

-mu, v),y(n , »)) = - - + 


— /(x(u, v),y(u, v),z{u, V )) 

_d/dx df_dy_ cffdz 

dx dv dy dv dz dv ’ 


Implicit Function Theorem 

If F(x,y) is continuously differentiable, F(a,b) = 0, 
and dF/dy 7 ^ 0 at ( a,b ), then in a neighborhood of 
(a, b), that is, an open disk centered at a, b 7 the equa- 
tion F(x,y ) = 0 defines a continuously differentiable 
function y = g[x) such that F(x,g(x)) = 0, b = g(a), 
and g’(x) = - F x /F y . 


1.5(ii) Coordinate Systems 


Polar Coordinates 

With 0 < r < 00 , 0 < (j> < 2 - 7 T, 


1.5.10 

x = r cos (f>, 


d , d 

1.5.11 



dx ^ dr 


d . , d 

1.5.12 

— = sin 0 — 
dy dr 


sin f d 
r d(j) ’ 
cos (j> d 
r d(j) 


2<_d 2 f , d 2 f _ d 2 f , 1 df 


The Laplacian is given by 

1.5.13 V 2 / = 


dx A 


dy 


dr 2 


dr 


1 d 2 f 

V 2 ^' 


Cylindrical Coordinates 

With 0 < r < 00 , 0 < <j) < 27 r, —00 < z < 00 , 
1.5.14 x = rcos(f>, y = rsin(f > , z = z. 

Equations (1.5.11) and (1.5.12) still apply, but 


1.5.15 

, S 2 / 9 2 / = a 2 / 15/ ^a 2 / a 2 / 

dx 2 dy 2 dz 2 dr 2 r dr r 2 dcjf 2 dz 2 


h 
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Spherical Coordinates 

With 0 < p < oo, 0 < <(> < 27 r, 0 < 9 < 7r, 

1.5.16 a; = p sin 0 cos <j), y = p sin 6 sin (f>, z = pcos9. 

The Laplacian is given by 


1.5.17 


V 2 / 


dx 2 dy 2 


d 2 f 

~dz 2 


1_ d_ ( 2 df\ 1 d 2 f 

p 2 dp V dp) + p 2 sin 2 6 dcf 2 


i d ( . an 

+ p 2 sin 9 86 V 111 ° dO ) ' 

For applications and other coordinate systems see 
§§12.17, 14. 19(i) , 14.30(iv), 28.32, 29.18, 30.13, 30.14. 
See also Morse and Feshbach (1953a, pp. 655-666). 


Infinite Integrals 

Suppose that a, b, c are finite, d is finite or +oo, and 
f(x,y), df/dx are continuous on the partly-closed rect- 
angle or infinite strip [a, b] x [c, d). Suppose also that 
f f(x,y)dy converges and f c (df/dx)dy converges 
uniformly on a < x < b, that is, given any positive num- 
ber e, however small, we can find a number cq £ [c, d) 
that is independent of x and is such that 


1.5.23 


(df/dx) dy 


< e, 


for all Ci € [cq, d) and all x £ [a, b\. Then 


1.5.24 


d 

dx 


j f(x,y) dy = f 


a < X < b. 


1.5(iii) Taylor’s Theorem; Maxima and Minima 

If / is n + 1 times continuously differentiable, then 


1.5.18 


f(a + \,b + n)-f+ 

1 f d d 

n! \ dx ^ dy 


/ + ' 


/ + R-n 


where / and its partial derivatives on the right-hand 
side are evaluated at (a, b), and R n /( A 2 + /x 2 )"/ 2 — > 0 

as (A, /x) -» (0,0). 

f(x,y) has a local minimum ( maximum ) at (a, b) if 


1.5.19 


d f d f n w m 


and the second-order term in (1.5.18) is positive definite 
(negative definite), that is, 


1.5.20 
and 

1.5.21 


a 2 / 

dx 


2 > 0 (< 0) at (a, b), 


d 2 fd 2 f ( d 2 f \ 2 „ . 

dx 2 dy 2 \dxdy) V ' 


1.5(iv) Leibniz's Theorem for Differentiation of 
Integrals 

Finite Integrals 


1.5.22 

d 

/ f(x,y)dy = f(x,P(x))P'(x)-f(x,a(x))a'(x) 
dx J a ( x ) 


+ 



df 

dx 


dy. 


Sufficient conditions for validity are: (a) / and df/dx 
are continuous on a rectangle a < x < b, c < y < d; 
(b) when x £ [a, b] both a(x) and /3(x) are continuously 
differentiable and lie in [c, d] . 


1.5(v) Multiple Integrals 
Double Integrals 

Let f(x, y) be defined on a closed rectangle R = [a, b ] x 
[c,d]. For 

1.5.25 a = Xq < X\ < ■ ■ ■ < x n = b, 

1.5.26 c = yo <2/1 < • ’ ’ <y m = d, 

let (fj,r]k) denote any point in the rectangle [xj,Xj+ 1 ] x 
[yk,Uk+ i], j = 0, • • . ,n- 1, k = 0, . . . ,m - 1. Then the 
double integral of f(x,y ) over R is defined by 


[ [ f(x,y)dA 

1.5.27 R 

= lim f(tj,Vk)(xj+ 1 - Xj)(y k+1 - y k ) 

j,k 

as max((s 3 '^i —Xj) + (yk+i — y k )) — ► 0. Sufficient condi- 
tions for the limit to exist are that f(x, y) is continuous, 
or piecewise continuous, on R. 

For /( x, y) defined on a point set D contained in a 
rectangle R, let 


1.5.28 f*(x,y) 


f(x, y), if (x, y) £ D, 

0, if (x, y) £ R\D. 


jj f(x,y)dA = j j f*(x,y)dA, 

provided the latter integral exists. 

If /( x, y) is continuous, and D is the set 

1.5.30 a < x < b, 4>i(x) < y < 4>2(x), 
with 4>\(x) and </> 2 (x) continuous, then 


Then 

1.5.29 


r r r° rtolx) 

1.5.31 // f(x, y) dA = / / f(x, y) dy dx, 

J JD Ja J cf>i(x) 

where the right-hand side is interpreted as the repeated 
integral 

r b / r<t> 2{x) \ 

1.5.32 / I / f(x, y) dy J dx. 


> <t> i(a: 
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In particular, and (j> 2 ( 2 ;) can be constants. 

Similarly, if D is the set 

1 . 5.33 c< y < d, ^i(y) < X < i> 2 (y), 
with ipi(y) and ip 2 (y) continuous, then 

r d r i> 2 (v) 


1.5.34 


ff t-a ftp 2VV) 

// f( x i y) dA = / / f(x,y)dxdy. 

J J D J c J ipi ( y ) 


Change of Order of Integration 

If D can be represented in both forms (1.5.30) and 
(1.5.33), and f(x,y) is continuous on D , then 


1.5.35 

rb r 4> 2 (x) 


a J<j>i(x) 


f(x,y ) dydx 



Infinite Double Integrals 

Infinite double integrals occur when f(x , y) becomes in- 
finite at points in D or when D is unbounded. In the 
cases (1.5.30) and (1.5.33) they are defined by taking 
limits in the repeated integrals (1.5.32) and (1.5.34) in 
an analogous manner to (1.4.22)-(1.4.23). 

Moreover, if a, b, c, d are finite or infinite constants 
and f(x,y) is piecewise continuous on the set (a, b) x 
(c, d), then 


1.5.36 


f(x,y) dydx 



whenever both repeated integrals exist and at least one 
is absolutely convergent. 


Triple Integrals 

Finite and infinite integrals can be defined in a similar 
way. Often the (x, y, z ) sets are of the form 

1 5 37 a < x <b, (t>i{x) <y <(j> 2 {x), 

ipi(x,y) < z< i/} 2 (x,y). 


1.5(vi) Jacobians and Change of Variables 
Jacobian 


1.5.38 

1.5.39 

1.5.40 


d(f,g) 

d(x,y) 

d(x,y) 
d(r, <)>) 

d(f,g,h) 
9{x, y, z) 


df/dx df/dy 
dg/dx dg/dy ’ 

= r (polar coordinates). 

df/dx df/dy df/dz 
= dg/dx dg/dy dg/dz 
dh/dx dh/dy dh/dz 


1.5.41 


d(x,y,z) 
d(p, 0, <j)) 


p 2 sin 6 (spherical coordinates) . 


Change of Variables 

JJ f(x,y)dxdy 


1.5.42 


ff f( x (u,v),y{u,v)) 


d(x, y) 


du dv, 


d(u, v) 

where D is the image of D* under a mapping (u, v) — ► 
(x(u, v), y(u , v)) which is one-to-one except perhaps for 
a set of points of area zero. 


D 


1.5.43 = 


f(x,y,z) dx dydz 

f{x{u, v, w),y(u, V , w),z(u, v, w)) 
du dv dw. 


D* 

d{x, y, z) 


d(u, v, w) 

Again the mapping is one-to-one except perhaps for a 
set of points of volume zero. 


1.6 Vectors and Vector- Valued Functions 
1.6(i) Vectors 


1 . 6.1 a = (ai,a 2 ,a 3 ), b = (b ll b 2l b 3 ). 

Dot Product (or Scalar Product) 

1.6.2 a • b = aifei + a 2 b 2 + a 3 b 3 . 

Magnitude and Angle of Vector a 


1.6.3 

1.6.4 


|a|| = v/a^a, 

a • b 


COS V = 


IMI IN’ 

9 is the angle between a and b. 

Unit Vectors 


1 . 6.5 i= (1,0,0), j = (0,1,0), k= (0,0,1), 

1 . 6.6 a = aii + a 2 j + ask. 

Cross Product (or Vector Product) 

1.6.7 i x j = k, j x k = i, kxi=j, 

1.6.8 j x i = — k, k x j = — i, ixk = — j. 

1.6.9 


a x b = 


a 1 
h 


j k 

a 2 a 3 
b 2 b 3 


= (a 2 b 3 - 0362)1 + (0361 

= ll a llll b ll(s in6 0 n J 


ai&3)j + (ai6 2 -a 2 6i)k 


where n is the unit vector normal to a and b whose 
direction is determined by the right-hand rule; see Fig- 
ure 1.6.1. 
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a x b 



Figure 1.6.1: Vector notation. Right-hand rule for cross 
products. 


Area of parallelogram with vectors a and b as sides 

= ll a x b||. 

Volume of a parallelepiped with vectors a, b, and c 
as edges = |a • (b x c)|. 

1.6.10 a x (b x c) = b(a • c) — c(a • b), 

1.6.11 (a x b) x c = b(a • c) — a(b • c). 

1.6(ii) Vectors: Alternative Notations 

The following notations are often used in the physics 
literature; see for example Lorentz et al. (1923, pp. 122- 
123). 

Einstein Summation Convention 

Much vector algebra involves summation over suffices of 
products of vector components. In almost all cases of 
repeated suffices, we can suppress the summation no- 
tation entirely, if it is understood that an implicit sum 
is to be taken over any repeated suffix. Thus pairs of 
indefinite suffices in an expression are resolved by being 
summed over (or “traced” over). 

Example 

3 

1-6.12 ajbj = ^ djbj = a b. 

j = 1 

Next, 

1.6.13 ei = (1,0,0), e 2 = (0,1,0), e s = (0,0,1); 
compare (1.6.5). Thus ajej = a. 

Levi-Civita Symbol 

1.6.14 

! +l, if j, k , i is even permutation of 1, 2, 3, 

— 1, if j, fc, l is odd permutation of 1, 2, 3, 

0, otherwise. 


Examples 

1.6.15 £123 = £312 = 1 , £213 = £321 = — 1 , £221 = 0 . 

1-6.16 EjfclQmn — bj,mbk,n 

where <5 ? y. is the Kronecker delta. 

1.6.17 Gj X Gfz — 
compare (1.6.8). 

1.6.18 djGj X bfoGfo — ejk^djbf^G£ : 
compare (1.6.7)— (1.6.8). 

Lastly, the volume of a parallelepiped with vectors 
a, b, and c as edges is \cjke(ijbkCe\- 


1.6(iii) Vector-Valued Functions 
Del Operator 


1.6.19 


_ . 8 . d ,9 

V = 17 — F J » — F k— . 
dx dy dz 


The gradient of a differentiable scalar function 
f{x,y,z) is 

, df . df . df 

1.6.20 grad/ = V/= ^-1+^3 + V^k. 

ox oy oz 

The divergence of a differentiable vector- valued func- 
tion F = Fii + F 2 j + F 3 k is 

dF l dF 2 dF 3 


1 . 6.21 


div F = V • F = 


dx dy 


dz 


The curl of F is 


curlF = VxF = 


1 . 6.22 


i 

j 

k 

8 

d 

8 

dx 

dy 

dz 

Fi 

f 2 

f 3 

8 F 2 \ 

* + 

f dFi 

dz j 

\ dz 


k. 


1.6.23 

1.6.24 

1.6.25 


'm 

dy 

'dF 2 8 F \ ' 
dx dy 
V(/g) = /V 5 + 5 V/, 

V(//ff) = (<?V/-/V. 9 )/ 3 2 , 
V ■ (/F) = /(V -F) + F- V/, 


8 F 3 

dx 


1.6.26 V • (F x G) = G • (V x F) - F • (V x G), 

1.6.27 V • (V x F) = div curlF = 0, 

1.6.28 V X (/F) = /(V x F) + (V/) x F, 

1.6.29 V x (V/) = curl grad / = 0, 

1.6.30 V 2 / = V • (V/), 

1.6.31 V 2 (/«7) = /V 2 5 + 5 V 2 / + 2 (V/ • V 5 ), 

1.6.32 V • (V/ x Vg) = 0, 

1.6.33 V • (/V<7 — 3V/) = /V 2 9 — 9 V 2 /, 

1.6.34 V x (V x F) = curl curlF = V(V • F) — V 2 F. 


1.6 Vectors and Vector- Valued Functions 
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1.6(iv) Path and Line Integrals 


Note: The terminology open and closed sets and bound- 
ary points in the ( x , y) plane that is used in this sub- 
section and §1.6(v) is analogous to that introduced for 
the complex plane in §1.9(ii). 

c (t) = (x(t), y(t), z(t)), with t ranging over an inter- 
val and x(t),y(t),z(t) differentiable, defines a, path. 

1.6.35 c \t) = {x\t),y'(t),z\t)). 

The length of a path for a < t < b is 

1.6.36 f\W{t)\\dt. 

J a 

The path integral of a continuous function f(x,y,z ) is 

1.6.37 / fds= f f{x{t),y(t),z(t))\\c'{t)\\dt. 

J c J a 

The line integral of a vector- valued function F = F\i + 
F 2 j + F 3 k along c is given by 


F • ds = / F(c(f)) • c '(f) dt 


1.6.38 




= / F\ dx + F 2 dy + F$ dz. 


A path c i(t), t £ [a, &], is a reparametrization of c (t'), 
t’ £ [o', b 1 }, if C! (t) = c[t’) and t' = h(t ) with h(t) differ- 
entiable and monotonic. If h{a) = a' and h(b) = b' , then 
the reparametrization is called orientation-preserving , 
and 


1.6.39 


F • ds = 


F • ds. 


If h{a) = b' and h{b) = a', then the reparametrization 
is orientation-reversing and 


1.6.40 

In either case 

1.6.41 



when / is continuous, and 


1.6.42 f V/ • ds = f(c(b)) — /(c(a)), 

J C 

when / is continuously differentiable. 

The geometrical image C of a path c is called a sim- 
ple closed curve if c is one-to-one, with the exception 
c (a) = c(b ). The curve C is piecewise differentiable if c 
is piecewise differentiable. Note that C can be given an 
orientation by means of c. 


Green’s Theorem 

Let 

1.6.43 F(x,y) = F 1 (x,y)i + F 2 {x,y)i 

and S be the closed and bounded point set in the (x, y) 
plane having a simple closed curve C as boundary. If C 
is oriented in the positive (anticlockwise) sense, then 

1.6.44 

UM-w) **-J c *-*-J B H*+n* 

Sufficient conditions for this result to hold are that 
Fi(x,y) and F 2 (x,y) are continuously differentiable on 
S, and C is piecewise differentiable. 

The area of S can be found from (1.6.44) by taking 
F (®>2/) = — J/i> xj, or - \y\+ \xy 


1.6(v) Surfaces and Integrals over Surfaces 

A parametrized surface S is defined by 

1.6.45 &(u,v) = (x(u, v), y(u, v), z(u, v)) 

with (u,v) £ D , an open set in the plane. 

For x, y 7 and z continuously differentiable, the vec- 
tors 

dx dy dz 

1.6.46 T u = —(u 0 ,v 0 )i+ - 7 ^(uo 7 v 0 )j+ -^(uo,u 0 )k 

and 


dx dy dz 

1.6.47 T„ = — (u 0 ,v 0 )i+ 7 ^(u 0 ,^o)j+ ■ 7 ^ i (u 0 ,v 0 )k 

are tangent to the surface at ^rio^o)- The surface is 
smooth at this point if T u x T„ ^ 0. A surface is smooth 
if it is smooth at every point. The vector T u x T„ at 
(uq,vq) is normal to the surface at <l>(uo,no). 

The area A(S) of a parametrized smooth surface is 
given by 


1.6.48 

and 



x T„|| dudv, 


||T U x T„|| 



( d(y,z) \ 2 

\d(u,v) J 


( 9(x,z) \ 2 
\d(u,v) J 


The area is independent of the parametrizations. 

For a sphere x = p sin 9 cos <f>, y = p sin 0 sin q i, 
2 = p cos 9 , 


1.6.50 ||Tg x T^|| = p 2 | sin 6\ . 

For a surface 2 = f(x, y), 


1.6.51 A(S) 




dA. 
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For a surface of revolution, y = f(x), x £ [a, 6], 
about the rr-axis, 

rb 

1.6.52 A(S) = 2n \f(x)\y/l + (f'{x)) 2 dx, 

J a 

and about the y- axis, 


1.6.53 


fb 

A(S) = 2n \x\\/l + (f'(x)) 2 dx. 
J a 


The integral of a continuous function f{x, y, z) over 
a surface S is 

1.6.54 

JJ f(x,y,z)dS = JJ /($(u,v))||T u x T„|| dudv. 

For a vector-valued function F, 

F • (T u x T„) dudv, 


1.6.55 II F • dS = 

Is j JD 

where d S is the surface element with an attached nor- 
mal direction T u x T„. 

A surface is orientable if a continuously varying nor- 
mal can be defined at all points of the surface. An 
orientable surface is oriented if suitable normals have 
been chosen. A parametrization 4?(it, v) of an oriented 
surface S is orientation preserving if T„ x T.„ has the 
same direction as the chosen normal at each point of S, 
otherwise it is orientation reversing. 

If and $2 are both orientation preserving or both 
orientation reversing parametrizations of S defined on 
open sets D\ and D 2 respectively, then 


1.6.56 // F dS= F • dS- 

J J 4?i (Di) JJ® 2 (D 2 ) 

otherwise, one is the negative of the other. 

Stokes’s Theorem 

Suppose S is an oriented surface with boundary dS 
which is oriented so that its direction is clockwise rela- 
tive to the normals of S. Then 

1.6.57 // (V x F) • dS = / F • ds, 

JJs J as 

when F is a continuously differentiable vector-valued 
function. 

Gauss’s (or Divergence) Theorem 

Suppose S' is a piecewise smooth surface which forms 
the complete boundary of a bounded closed point set 
V , and S is oriented by its normal being outwards from 
V. Then 

1.6.58 JJJ (V ■ F) dV = JJ F • dS, 

when F is a continuously differentiable vector-valued 
function. 


Green’s Theorem (for Volume) 

For / and g twice-continuously differentiable functions 

*"* ///. (/v3s+v/ Vs)t,F = // s / l d ' 4 - 

and 


1.6.60 


.dg df 


JJ s {/%-9%) dA. 

where dg/ dn = X7g ■ n is the derivative of g normal to 
the surface outwards from V and n is the unit outer 
normal vector. 

1.7 Inequalities 
1.7(i) Finite Sums 

In this subsection A and B are positive constants. 

Cauchy-Schwarz Inequality 

1 . 7 .! ■ 

Equality holds iff aj = cbj, Vj; c = constant. 

Conversely, if (Xq=i a jbj^j < AB for all bj such 
that SjLi bj < B, then YJj = l a j < A. 

Holder's Inequality 

For p > 1, — I — = 1, aj > 0, 6, > 0, 

P Q 

1/P / \l/9 


1.7.2 Y«/., < ( Y 


E b ’ 


j= 1 \j=i / \i=i 

Equality holds iff a j = cbj, Vj; c = constant. 

Conversely, if l a :i bj < A 1 l p B 1 l q for all bj such 
that J2j=i b ] < B, then YJj=i < A. 

Minkowski's Inequality 

For p > 1, o,j > 0, bj > 0, 

, 1 /p / \i/p / \i/p 


1.7.3 5^(0, + 6,)' < E' 




y.7 = l / \I= 1 / \j = 1 

The direction of the inequality is reversed, that is, >, 
when 0 < p < 1. Equality holds iff aj = cbj, Vj; 
c = constant. 

1.7(ii) Integrals 

In this subsection a and b (> a) are real constants that 
can be Too, provided that the corresponding integrals 
converge. Also A and B are constants that are not si- 
multaneously zero. 


1.8 Fourier Series 
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Cauchy-Schwarz Inequality 


1.8 Fourier Series 


1.7.4 


[ [ f(x)g{x)dx j < f {f(x)) 2 dx ( (g(x)) 2 dx. 
a J J a J a 

Equality holds iff Af(x ) = Bg{ x) for all x. 

Holder’s Inequality 

For p > 1, 1 + - = 1, f(x) > 0, g(x) > 0, 

V Q 

/ f{x)g{x) dx 


1.7.5 


< 


J (f(x)) p dx^j ^ J {g(x)) q dx\ . 


Equality holds iff A(f(x)) p = B{g{ x)) q for all x. 

Minkowski’s Inequality 

For p> 1, f(x) > 0, g{x) > 0, 


1.7.6 


J (f(x) + g(x)) p dx j < (j ( f(x)) p dx\ 


\i/p 


+ 


J ( g(x)) p dxj . 


The direction of the inequality is reversed, that is, >, 
when 0 < p < 1. Equality holds iff Af(x) = Bg(x) for 
all x. 


1.7(iii) Means 

For the notation, see §1.2(iv). 

1.7.7 H <G < A, 
with equality iff ai = a 2 = • • • = a n . 

1.7.8 min(ai, < 22 , ... , a n ) < M(r) < max(ai, 02 , . . . , a n ), 
with equality iff a\ = a 2 = ■ ■ • = a n , or r < 0 and some 
a j = 0. 

1.7.9 M(r) < M(s), r < s, 

with equality iff a\ = 0,2 = • • • = a n , or s < 0 and some 

a :i = 0. 

1.7(iv) Jensen’s Inequality 

For / integrable on [0,1], a < /( x) < b, and <j> convex 
on (a, b) (§1.4(viii)), 

1.7.10 f(x) dx'j < J <f>(f{x))dx, 

1.7.11 exp (^J In (f(x))dx^ < J f(x)dx. 

For exp and In see §4.2. 


1.8(i) Definitions and Elementary Properties 

Formally, 

OO 

1 - 8-1 f(x) = |ao + Y^{a n cos(na;) + b n sin(nai)), 

n= 1 

1 r 

a n = — f(x) cos (nx) dx, n = 0,1,2,..., 

1.8.2 71 

1 r 

b n = — / f(x) sin (nx) dx, n = 1 , 2 ,.... 

'X J-n 

The series (1.8.1) is called the Fourier series of /( x), 
and a n ,b n are the Fourier coefficients of /( x). 

If f(—x) = f(x), then b n = 0 for all n. 

If /(— x) = —f(x), then a n = 0 for all n. 

Alternative Form 


1.8.3 


1.8.4 




f(x)= J2 c ^ inx ’ 

n——oo 

i j[ f^ e ~ inxdx - 


Bessel's Inequality 

1.8.5 


1 . 8.6 


^ 1 /* 7T 

k a o + J2^ + b ^-~ ( f{x)) 2 dx . 

n—1 77 " ,_7r 

OO 1 /»7T 

Y |Cn| 2 < ^ J \f(x)\ 2 dx. 


Asymptotic Estimates of Coefficients 

If /( x) is of period 27 t, and x) is piecewise contin- 
uous, then 

!-8- 7 a n ,b n ,c n = o(n~ m ), n -> 00 . 

Uniqueness of Fourier Series 

If f(x) and g(x) are continuous, have the same period 
and same Fourier coefficients, then f(x) = g(x) for all 

x. 


Lebesgue Constants 


1 . 8.8 Ln 


As 


1 r |sin(n+ \)t\ 
it J 0 sin (§t) 


n = 0, 1, ... . 


1-8.9 L n ~ (4/7r 2 )lnn; 

see Frenzen and Wong (1986). 
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Riemann-Lebesgue Lemma 

For f(x) piecewise continuous on [a, b] and real A, 

r b 

1 - 8-10 / f(x)e lXx dx—>0, as A — > oo. 

J a 

(1.8.10) continues to apply if either a or b or both are 
infinite and/or f{x) has finitely many singularities in 
( a,b ), provided that the integral converges uniformly 
(§1.5(iv)) at a, b , and the singularities for all sufficiently 
large A. 


1.8(ii) Convergence 

Let f(x) be an absolutely integrable function of period 
2tt , and continuous except at a finite number of points in 
any bounded interval. Then the series (1.8.1) converges 
to the sum 

1 . 8.11 lf( x -) + !/(*+) 

at every point at which f(x) has both a left-hand deriva- 
tive (that is, (1-4.4) applies when h — > 0—) and a right- 
hand derivative (that is, (1-4.4) applies when h 0+). 
The convergence is non-uniform, however, at points 
where f(x-) ^ /(x+); see §6.16(i). 

For other tests for convergence see Titchmarsh 
(1962, pp. 405-410). 


1.8(iii) Integration and Differentiation 

If a n and b n are the Fourier coefficients of a piecewise 
continuous function f(x) on [0,27 t], then 

1 . 8.12 

f (/(<) - 1 m )dt = V + Ml -«»("*)) | 

n—L U 

0 < x < 27 r. 

If a function f(x) £ C 2 [0, 27t] is periodic, with pe- 
riod 27 t, then the series obtained by differentiating the 
Fourier series for f(x) term by term converges at every 
point to f'{x). 


1.8(iv) Transformations 
Parseval’s Formula 


1 . 8.13 - 

7 r 


f(x)g(x) dx = ia 0 a' 0 + ^(o n a^ + b n b' n ), 


when f(x) and g(x) are square-integrable and a n , b n and 
a' n ,b' n are their respective Fourier coefficients. 


Poisson’s Summation Formula 

Suppose that /( x) is twice continuously differentiable 
and f(x) and \f"(x)\ are integrable over (— 00 , 00 ). 
Then 


1 . 8.14 


E 


f{x + n) 


n =— 00 


E 


g 2 ninx 


n =— 00 



f(t)e~ 2mnt dt. 


An alternative formulation is as follows. Suppose 
that f(x) is continuous and of bounded variation on 
[0, 00 ). Suppose also that f(x) is integrable on [0,oo) 
and f(x) — > 0 as x — > 00 . Then 


1 . 8.15 

OO 

s/(°) + E /( n ) = 

n — 1 


As a special case 


f(x) dx 



f{x) cos(2imx) dx. 


E 


0 -(n+x) 2 u> 


1 . 8.16 


= yE ^1 + 2 ^ e " T /“ cos(2n7ra:)^ , 


Kw > 0. 


1.8(v) Examples 

For collections of Fourier-series expansions see Prud- 
nikov et al. (1986a, v. 1, pp. 725-740), Gradshteyn and 
Ryzhik (2000, pp. 45-49), and Oberhettinger (1973). 


1.9 Calculus of a Complex Variable 
1.9(i) Complex Numbers 

1 . 9.1 z = x + iy, x,y £ R. 

Real and Imaginary Parts 

1 . 9.2 SJi.2! = x, Qz = y. 

Polar Representation 

1 . 9.3 x = r cos 9 , y = r sin 0, 
where 

1 . 9.4 r = (x 2 + y 2 ) 1/2 , 
and when z / 0, 

1 . 9.5 9 = oj, ir — u), —TT + tu, or — w, 
according as z lies in the 1st, 2nd, 3rd, or 4th quadrants. 
Here 

1 . 9.6 


ui = arctan(|y/a;|) £ [0, ^7r] . 


1.9 Calculus of a Complex Variable 
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Modulus and Phase 


Triangle Inequality 


1.9.7 \z\ = r, ph z = 9 + 2nn, n € Z. 

The principal value of ph 2 corresponds to n = 0, that 
is, — 7T < ph 2 < 7 r. It is single-valued on C\ {0}, except 
on the interval (— oo,0) where it is discontinuous and 
two-valued. Unless indicated otherwise , these principal 
values are assumed throughout this Handbook. (How- 
ever, if we require a principal value to be single- valued, 
then we can restrict — 7r < pli 0 < n.) 

1.9.8 < \z\, |3z| < \z\, 

1.9.9 z=re ie , 
where 

1.9.10 e lS = cos 6 + i sin 9; 
see §4.14. 

Complex Conjugate 


i.9.23 Hzil - \z 2 \\ < \zi + z 2 \ < |*i | + \z 2 \ . 

1.9(ii) Continuity, Point Sets, and 
Differentiation 

Continuity 

A function f(z) is continuous at a point zq if 
lim f(z) = f(zo). That is, given any positive num- 

z^zo 

ber e, however small, we can find a positive number 6 
such that | f(z) — /(*o)| < e for all 2 in the open disk 
1-2 - *o| < S. 

A function of two complex variables f(z , w) is con- 
tinuous at (zq,wo) if lim f(z,w) = f(zo,wo)', 

(z,w)^(z 0 ,w 0 ) 

compare (1.5.1) and (1.5.2). 

Point Sets in C 


1.9.11 z = x — iy, 

1.9.12 \z\ = |*|, 

1.9.13 ph0 = — phz. 


Arithmetic Operations 

If zi = x\ + iyi, z 2 = x 2 + iy 2 , then 

1.9.14 z 1 ±z 2 = xi±x 2 + i(y 1 ±y 2 ), 

1.9.15 Z!Z 2 = xix 2 - t/ii /2 + i{xiy 2 + x 2 yi), 

z\ Z\Z 2 X\X 2 + 2 / 12/2 + i(x 2 yi - x^ 2 ) 

1.9.16 I 12 2 i 2 

^2 \z 2 \- x% + y 2 

provided that z 2 ^ 0. Also, 


1.9.17 |*i* 2 | = |«l| |-2^U 

1.9.18 ph(ziz 2 ) = ph z\ + ph z 2 , 


1.9.19 


Zi _ \zi\ 

z 2 I z 2 \’ 


1.9.20 ph — = ph 0 i — ph z 2 . 

z 2 

Equations (1.9.18) and (1.9.20) hold for general values 
of the phases, but not necessarily for the principal val- 
ues. 


Powers 



DeMoivre’s Theorem 


1.9.22 cos n6 + i sin 7i0 = (cos 6 + ?'sin0) ra , n£ Z. 


A neighborhood of a point zq is a disk \z — *q| < <5. An 
open set in C is one in which each point has a neighbor- 
hood that is contained in the set. 

A point 0 o is a limit point ( limiting point or accu- 
mulation point) of a set of points S in C (or CUoo) 
if every neighborhood of zq contains a point of S dis- 
tinct from 0 o- (00 may or may not belong to S.) As 
a consequence, every neighborhood of a limit point of 
S contains an infinite number of points of S. Also, the 
union of S and its limit points is the closure of S. 

A domain D , say, is an open set in C that is con- 
nected , that is, any two points can be joined by a polyg- 
onal arc (a finite chain of straight-line segments) lying 
in the set. Any point whose neighborhoods always con- 
tain members and nonmembers of D is a boundary point 
of D. When its boundary points are added the domain 
is said to be closed , but unless specified otherwise a do- 
main is assumed to be open. 

A region is an open domain together with none, 
some, or all of its boundary points. Points of a region 
that are not boundary points are called interior points. 


A function f(z) is continuous on a region R if for 
each point Zq in R and any given number e (> 0) we can 
find a neighborhood of 00 such that \f{z) — f{zo)\ < e 
for all points 0 in the intersection of the neighborhood 
with R. 


Differentiation 

A function f(z) is differentiable at a point 0 if the fol- 
lowing limit exists: 


1.9.24 /'(*) = f = , im /(* + '■)-/(*) , 

dz h — >0 h 

Differentiability automatically implies continuity. 
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Cauchy-Riemann Equations 

If f'{z) exists at z = x + iy and f(z) = u(x, y) + iv(x , y), 

du dr i)a Or 

1 9 25 = — = 

dx dy' dy dx 

at (x,y). 

Conversely, if at a given point {x, y) the partial 
derivatives du/d x, du/dy , dv/dx, and dv/dy exist, 
are continuous, and satisfy ( 1 . 9 . 25 ), then f(z) is differ- 
entiable at 2 = x + iy. 

Analyticity 

A function f(z) is said to be analytic ( holomorphic ) at 

2 = Zq if it is differentiable in a neighborhood of zo- 

A function f(z) is analytic in a domain D if it is an- 
alytic at each point of D. A function analytic at every 
point of C is said to be entire. 

If f(z) is analytic in an open domain D, then each 
of its derivatives f'(z ), f"{z ), . . . exists and is analytic 
in D. 


Harmonic Functions 


If f(z) = u{ x, y) + iv(x, y) is analytic in an open domain 
D : then u and v are harmonic in D, that is, 


1.9.26 

or in 


d 2 u d 2 u d 2 v d 2 v 

dx 2 dy 2 dx 2 dy 2 

polar form (( 1 . 9 . 3 )) u and v satisfy 


d 2 u 1 du 
1.9.27 7TT + -7T 

dr r dr 

at all points of D. 


1 d 2 u 
r 2 W 


1.9(iii) Integration 

An arc C is given by z(t) = x(t) + iy(t), a < t < 6, 
where x and y are continuously differentiable. If x{t) 
and y(t) are continuous and x'(t) and y'(t) are piece- 
wise continuous, then z(t) defines a contour. 

A contour is simple if it contains no multiple points, 
that is, for every pair of distinct values t\ , t2 of t, 
z(t i) 7^ zfo). A simple closed contour is a simple con- 
tour, except that z(a) = z(b). 

Next, 

1.9.28 / f(z)dz = 

Jc 

for a contour C and f(z(t )) continuous, a < t < b. If 
f( z (to)) = oo, a < t 0 < 6, then the integral is defined 
analogously to the infinite integrals in § 1.4 (v). Similarly 
when a = — oo or b = +oo. 

Jordan Curve Theorem 

Any simple closed contour C divides C into two open do- 
mains that have C as common boundary. One of these 
domains is bounded and is called the interior domain 
of C; the other is unbounded and is called the exterior 
domain of C. 


f(z(t))(x'(t) + iy'(t))dt, 


Cauchy’s Theorem 

If f(z) is continuous within and on a simple closed con- 
tour C and analytic within C , then 


1.9.29 / f{z)dz = 0 . 

Jc 

Cauchy’s Integral Formula 

If f(z) is continuous within and on a simple closed con- 
tour C and analytic within C, and if zq is a point within 
C, then 



and 

1.9.31 

f(n) ^ = 2/d j c ( z - ^jn+l dZ ’ n=1 > 2 > 3 >-‘-> 

provided that in both cases C is described in the posi- 
tive rotational (anticlockwise) sense. 

Liouville’s Theorem 

Any bounded entire function is a constant. 

Winding Number 

If C is a closed contour, and z 0 £ C, then 

1.9.32 1 . [ -^—dz=M(C,z 0 ), 

2m Jc z- z 0 

where M{C, ^o) is an integer called the winding num- 
ber of C with respect to zq. If C is simple and oriented 
in the positive rotational sense, then J\f(C, zq) is 1 or 0 
depending whether Zq is inside or outside C. 


Mean Value Property 

For u(z) harmonic, 


1 f 27r 

1.9.33 u(z) = — / u{z + re l ^) dip. 

27t J 0 


Poisson Integral 

If h(w ) is continuous on |u>| = R, then with 0 = re lS 


1.9.34 u(re ie ) = — 

v ' O — 


r 2n 


(. R 2 - r 2 )/i(I?e^) d(p 


2 tt J o R 2 — 2 Rrcos( 4 > — 9 ) + r 2 
is harmonic in \z\ < R. Also with |tt)| = i?, lim u(z) = 

Z — >W 

h(w) as z — > w within \z\ < R. 


1.9(iv) Conformal Mapping 

The extended complex plane , C U {00}, consists of the 
points of the complex plane C together with an ideal 
point 00 called the point at infinity. A system of open 
disks around infinity is given by 

1.9.35 S r = {z | \z\ > 1/r} U {00}, 0 < r < 00. 

Each S r is a neighborhood of 00. Also, 

1.9.36 oo±^ = z±oo = 00, 
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1.9.37 

OO ■ Z = Z ■ OO = OO, 

z 7^ 0, 

1.9.38 

z /00 = 0 , 


1.9.39 

z/0 = 00, 

zt^O. 

A function f(z) 

is analytic at 00 if g(z) 

= /(!/*) is 


analytic at z = 0, and we set /'( oo) = (/(0). 

Conformal Transformation 

Suppose f(z) is analytic in a domain D and C±, C 2 are 
two arcs in D passing through zq. Let C' 1 ,C' 2 be the 
images of C\ and C 2 under the mapping w = f(z). The 
angle between C\ and C 2 at Zq is the angle between the 
tangents to the two arcs at Zq, that is, the difference of 
the signed angles that the tangents make with the pos- 
itive direction of the real axis. If f'(z 3 ) 7^ 0, then the 
angle between C\ and C 2 equals the angle between C[ 
and C’ 2 both in magnitude and sense. We then say that 
the mapping w = f(z) is conformal (angle-preserving) 
at zq. 

The linear transformation f(z) = az + b, a 7^ 0, has 
f'(z) = a and w = f(z) maps C conformally onto C. 

Bilinear Transformation 


1.9.40 

S 

II 

■is 

II 

1.9.41 

f(-d/c) = 00 

1.9.42 

f\ z ) = 

1.9.43 

/'(oo) = 

1.9.44 

c 

z = — 


az - 


cz + d 
, /(oo) = 

ad — be 
(cz + d) 2 ’ 
be — ad 


, ad — be 7^ 0, c 7^ 0. 


z 7 ^ —d/c. 


—civ + a 

The transformation (1.9.40) is a one-to-one confor- 
mal mapping of C U {00} onto itself. 

The cross ratio of Zi,Z 2 , z 3 , qeCll {00} is defined 


by 

1.9.45 


(zi - Z 2 )( z 3 - Z 4 ) 
(zi - z 4 ) ( z 3 - z 2 ) ’ 


or its limiting form, and is invariant under bilinear 
transformations. 

Other names for the bilinear transformation are frac- 
tional linear transformation , homographic transforma- 
tion , and Mobius transformation. 


1.9(v) Infinite Sequences and Series 

A sequence {z n } converges to z if lim z n = z. For 

n — >00 

z n = x n + iy n , the sequence { z n } converges iff the se- 
quences { x n } and {y n } separately converge. A series 
12^=0 z n converges if the sequence s n = X^l-=o Zk con_ 
verges. The series is divergent if s n does not converge. 
The series converges absolutely if X^^Lo \ z n\ converges. 


A series z n converges (diverges) absolutely when 

lim < 1 (> 1), or when lim \z n +\/z n \ < 1 

n — >00 n — kx> 

(> 1). Absolutely convergent series are also convergent. 

Let {fn(z)} be a sequence of functions defined on a 
set S. This sequence converges point-wise to a function 

f(z) if 

1.9.46 f(z) = lim f n (z) 

n — >oo 

for each z £ S. The sequence converges uniformly on S, 
if for every e > 0 there exists an integer N, independent 
of z, such that 

1-9.47 \f n (z) - f(z)\ < e 

for all z £ S and n> N. 

A series fn( z ) converges uniformly on S, if the 

sequence s n (z) = Y^k=o fk( z ) converges uniformly on S. 

Weierstrass M- test 

Suppose {M n } is a sequence of real numbers such that 
oM n converges and \f n (z)\ < M n for all 2 £ S 
and all n > 0. Then the series fn( z ) converges 

uniformly on S. 

A doubly-infinite series X^-00 fn( z ) converges 
(uniformly) on S iff each of the series J2^=o fni z ) and 
X/)X=i f-n(z) converges (uniformly) on S. 

1.9(vi) Power Series 


For a series Y^=o a n( z — z 0 ) n there is a number R , 
0 < R < 00, such that the series converges for all z in 
\z — zo\ < R and diverges for 2 in \z — 3o| > R- The 
circle \z — zq\ = R is called the circle of convergence of 
the series, and R is the radius of convergence. Inside 
the circle the sum of the series is an analytic function 
f(z). For z in \z — 2 0 | < p (< R), the convergence is 
absolute and uniform. Moreover, 


1.9.48 

and 


Q"n 


f {n) ( z 0 ) 

! 


1.9.49 R = lim inf \a n \~ 1/n . 

n — »oo 

For the converse of this result see §1.10(i). 


Operations 

When X) a n z n and J2b n z n both converge 


n— 0 


n— 0 


1.9.50 y^(a K ± b n )z n = a n z n ± ^ b n z n , 

71—0 

and 

1.9.51 ( £ 

where 

c, 


a n z 

\n—Q / \n=0 


Cn.Z 


= £• 

71 = 0 / 71=0 

71 

= ^ ^ O'k^n—k- 
k = 0 

1.9.53 f(z) = a 0 + a\z + a 2 z 2 + ■ ■ ■ , a 0 7 ^ 0. 


1.9.52 

Next, let 
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Then the expansions (1.9.54), (1.9.57), and (1.9.60) hold 
for all sufficiently small |z|. 


1.9.54 

where 


1 

W) 


b 0 + b\Z + b 2 z 2 + • • ■ j 


1.9.55 b 0 = l/a 0 , bi = -oi/oq, b 2 = (a? - a 0 o 2 )/ao, 

1.9.56 

b n = — (ai&„_i + a 2 b n -2 + • • • + a n b 0 )/ao, n> 1. 
With ao = 1, 

1.9.57 In f(z) = qiz + q 2 z 2 + q 3 z 3 -I , 

(principal value), where 

lnco q i = ai, q 2 = (2a 2 - af)/2, 

93 = (3 a 3 - 3aia 2 + aJ/3, 

and 


1.9.59 

q n = {na„ - (n - l)aig„_i - (n - 2 )a 2 q n - 2 

- a„_i9i)/n, 
n > 2. 

Also, 

1.9.60 (f(z)) v = po+PiZ+p 2 Z 2 H , 

(principal value), where v £ C, 

1.9.61 p 0 = 1, pi = i/ai, P 2 = “ l) a i + 2 o 2 )/2, 

and 


1.9.62 

Pn = {{v - n + l)aip n -i + (2v - n + 2 )a 2 p„_ 2 H 

+ ((n - l)r> - l)a„_ipi + nva n )/n , 

n > 1. 

For the definitions of the principal values of In f(z) and 
(. f(z)Y see §§4.2(i) and 4.2(iv). 

Lastly, a power series can be differentiated any num- 
ber of times within its circle of convergence: 

OO 

1 9 63 ^ (m) ^ = Y ^ + l )m a n+ m {z - ZoY , 

n=0 

\z — z 0 \ < R, m = 0, 1, 2, — 


1.9(vii) Inversion of Limits 
Double Sequences and Series 

A set of complex numbers {z m ^ n } where to and n take 
all positive integer values is called a double sequence. It 
converges to z if for every e > 0, there is an integer N 
such that 

1.9.64 I z m ,n - z I < e 

for all to, n > N. Suppose {z m:n } converges to z and 
the repeated limits 

1.9.65 lim ( lim z m n ) , lim ( lim z mn ) 

m — kx) \n — kx) ’ / n — kx) \m — >-oo ’ / 


exist. Then both repeated limits equal z. 

A double series is the limit of the double sequence 


P Q 

1.9.66 z p,q = ^ ^ ^ ^ Cm,n- 

m—0 n — 0 

If the limit exists, then the double series is convergent ; 
otherwise it is divergent. The double series is absolutely 
convergent if it is convergent when ( m ,n is replaced by 

|Cm,n|- 

If a double series is absolutely convergent, then it 
is also convergent and its sum is given by either of the 
repeated sums 


OO / OO \ OO / OO 

1M7 ElEc™,.). E E 

m—0 \n = 0 / n — 0 \m— 0 

Term-by-Term Integration 

Suppose the series fn(z), where f n {z) is contin- 

uous, converges uniformly on every compact set of a 
domain D, that is, every closed and bounded set in D. 
Then 

/ OO OO rt 

Y fn{z ) dz =Y /«(*) dz 

J n=0 n = 0 

for any finite contour C in D. 



Dominated Convergence Theorem 

Let (a, b) be a finite or infinite interval, and 
/o(t), fi(t), . . . be real or complex continuous functions, 
t £ ( a,b ). Suppose /n(0 converges uniformly in 

any compact interval in (a, 6), and at least one of the 
following two conditions is satisfied: 


1.9.69 

1.9.70 

Then 

1.9.71 


/ b °° 

Y \ fn { t)\dt < OO, 
n— 0 
oo 

Y / I fn(t)\dt < OO. 
n—0 ^ a 

D OO 

Yfn{t)dt=Y fn{t)dt. 


n—0 
r b oo 


n—0 


n—0 1 


1.10 Functions of a Complex Variable 
1.10(i) Taylor’s Theorem for Complex Variables 

Let f(z) be analytic on the disk \z — z 3 \ < R. Then 

n=0 

The right-hand side is the Taylor series for f(z) at 
z = Zq, and its radius of convergence is at least R. 


1.10 Functions of a Complex Variable 
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Examples 

1.10.2 e z = 1 + — + — + ■ ■ ■ , \z\ < oo, 

z 2 

1.10.3 ln(l + z) = z- — + y , \z\ < 1, 

1.10.4 

(1 - »)- = 1 + a.- + AUtH J + 'AZ + 2 > ,3 

+ • • • , \z\ < 1. 

Again, in these examples ln(l + z) and (1 — z)~ a have 
their principal values; see §§4.2(i) and 4.2(iv). 

Zeros 

An analytic function f(z) has a zero of order (or mul- 
tiplicity) m (>1) at zq if the first nonzero coefficient in 
its Taylor series at z 0 is that of (z — z 0 ) m . When m = 1 
the zero is simple. 

1.10(ii) Analytic Continuation 

Let fi(z) be analytic in a domain D\. If f 2 (z), analytic 
in £>2, equals fi(z) on an arc in D = D\ D £>2, or on 
just an infinite number of points with a limit point in 
D , then they are equal throughout D and f 2 (z) is called 
an analytic continuation of fi{z). We write (/i,£>i), 
(f 2 ,D 2 ) to signify this continuation. 

Suppose z(t) = x(t) + iy(t ), a < t < b, is an arc and 
a = to < ti < ■ ■ ■ < t n = b. Suppose the subarc z(t), 
t £ [tj_i,tj] is contained in a domain Dj , j = 1 , ... ,n. 
The function fi(z) on D\ is said to be analytically con- 
tinued along the path z(t), a < t < b, if there is a chain 
(f 2 ,D 2 ),...,(f n ,D n ). 

Analytic continuation is a powerful aid in establish- 
ing transformations or functional equations for complex 
variables, because it enables the problem to be reduced 
to: (a) deriving the transformation (or functional equa- 
tion) with real variables; followed by (b) finding the 
domain on which the transformed function is analytic. 

Schwarz Reflection Principle 

Let C be a simple closed contour consisting of a seg- 
ment AB of the real axis and a contour in the upper 
half-plane joining the ends of AB. Also, let f{z) be an- 
alytic within C, continuous within and on C , and real 
on AB. Then f(z) can be continued analytically across 
AB by reflection, that is, 

1.10.5 f(z) = f(z). 

1.10(iii) Laurent Series 

Suppose f(z) is analytic in the annulus rq < \z — zo| < 
7'2, 0 < n < r-2 < oo, and r £ (ri,r 2 ). Then 

OO 

1.10.6 f(z) = ^2 a ™( z ~ z °) n , 


where 


1.10.7 


m 


2 th J\z-z 0 \=r (z~Zo) 


n+1 


dz. 


and the integration contour is described once in the pos- 
itive sense. The series (1.10.6) converges uniformly and 
absolutely on compact sets in the annulus. 

Let r\ =0, so that the annulus becomes the punc- 
tured neighborhood N: 0 < \z — zq\ < r 2 , and assume 
that f(z) is analytic in N, but not at Zq. Then z = Zq 
is an isolated singularity of f(z). This singularity is re- 
movable if a n = 0 for all n < 0, and in this case the 
Laurent series becomes the Taylor series. Next, zq is a 
pole if a n 7^ 0 for at least one, but only finitely many, 
negative n. If — n is the first negative integer (counting 
from ^oo) with a_ n 0, then zq is a pole of order (or 
multiplicity) n. Lastly, if a n ^ 0 for infinitely many 
negative n , then Zq is an isolated essential singularity. 

The singularities of f(z) at infinity are classified in 
the same way as the singularities of f{l/z) at z = 0. 

An isolated singularity zq is always removable when 
lim 2 ^ 2o f(z) exists, for example (sin z)/z at z = 0. 

The coefficient a_i of (z— Zo) _1 in the Laurent series 
for f(z) is called the residue of f{z) at zq, and denoted 
by res 3=Zo [/(z)], res [f{z)], or (when there is no ambi- 

Z=ZQ 

guity) res [f(z)]. 

A function whose only singularities, other than the 
point at infinity, are poles is called a meromorphic func- 
tion. If the poles are infinite in number, then the point 
at infinity is called an essential singularity : it is the 
limit point of the poles. 


Picard’s Theorem 

In any neighborhood of an isolated essential singularity, 
however small, an analytic function assumes every value 
in C with at most one exception. 


1.10(iv) Residue Theorem 

If f(z) is analytic within a simple closed contour C, and 
continuous within and on C — except in both instances 
for a finite number of singularities within C — then 

1.10.8 

f f(z) dz = sum of the residues of f(z) within C. 
2t TiJ c JKJ W 

Here and elsewhere in this subsection the path C is de- 
scribed in the positive sense. 
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Phase (or Argument) Principle 

If the singularities within C are poles and f(z) is ana- 
lytic and nonvanishing on C, then 

1 . 10.9 N-P = — f c J^dz= — A c (ph /(*)), 

where N and P are respectively the numbers of zeros 
and poles, counting multiplicity, of / within C, and 
Ac(ph/(^)) is the change in any continuous branch of 
ph(/(.z)) as z passes once around C in the positive sense. 
For examples of applications see Olver (1997b, pp. 252- 
254). 

In addition, 

1.10.10 

x— / dz = (sum of locations of zeros) 

2m Jc f(z) K J 

— (sum of locations of poles) , 

each location again being counted with multiplicity 

equal to that of the corresponding zero or pole. 

Rouche’s Theorem 

If f(z) and g(z) are analytic on and inside a simple 
closed contour C, and \g(z)\ < \f(z)\ on C, then f(z) 
and f(z) + g{z) have the same number of zeros inside 

C. 

1.10(v) Maximum-Modulus Principle 
Analytic Functions 

If f(z) is analytic in a domain D, Zq £ D and \f(z)\ < 
|/(z 0 )| for all z £ D, then f(z) is a constant in D. 

Let D be a bounded domain with boundary dD and 
let D = DUdD. If f(z) is continuous on D and analytic 
in D, then |/(z)| attains its maximum on dD. 

Harmonic Functions 

If u(z ) is harmonic in D, Zq £ D , and u(z) < u(zq) for 
all z £ D, then u(z) is constant in D. Moreover, if D is 
bounded and u(z) is continuous on D and harmonic in 

D , then u(z) is maximum at some point on dD. 

Schwarz’s Lemma 

In \z\ < R, if f(z) is analytic, \f(z)\ < M, and /( 0) = 0, 
then 

i.io.ii \f(z)\ < and I/' ( 0 )| < M 

Equalities hold iff f(z) = Az, where A is a constant 
such that | A | = M/R. 

1.10(vi) Multivalued Functions 

Functions which have more than one value at a given 
point z are called multivalued (or many-valued ) func- 
tions. Let F(z) be a multivalued function and I? be a 
domain. If we can assign a unique value f(z) to F(z) at 
each point of D, and f(z ) is analytic on D , then f(z) is 
a branch of F(z). 


Example 

F(z) = \fz is two-valued for z ^ 0. If D = C \ (— oo, 0] 
and z = re 10 , then one branch is yVe*®/ 2 , the other 
branch is —y/re 10 ^ 2 , with — n < 6 < 7r in both cases. 
Similarly if D = C \ [0, oo), then one branch is y/re 10 ^ 2 , 
the other branch is — y/re 10 1 2 , with 0 < 9 < 27t in both 
cases. 

A cut domain is one from which the points on finitely 
many nonintersecting simple contours (§1.9(iii)) have 
been removed. Each contour is called a cut. A cut neigh- 
borhood is formed by deleting a ray emanating from the 
center. (Or more generally, a simple contour that starts 
at the center and terminates on the boundary.) 

Suppose F{z) is multivalued and a is a point such 
that there exists a branch of F(z) in a cut neighborhood 
of a, but there does not exist a branch of F(z) in any 
punctured neighborhood of a. Then a is a branch point 
of F(z). For example, z = 0 is a branch point of yfz. 

Branches can be constructed in two ways: 

(a) By introducing appropriate cuts from the branch 
points and restricting F(z) to be single- valued in the cut 
plane (or domain). 

(b) By specifying the value of F(z) at a point zq (not 
a branch point), and requiring F(z) to be continuous on 
any path that begins at Zq and does not pass through 
any branch points or other singularities of F(z). 

If the path circles a branch point at z = a k times 
in the positive sense, and returns to zq without encir- 
cling any other branch point, then its value is denoted 
conventionally as F((zq — a)e 2km + a). 

Example 

Let a and (3 be real or complex numbers that are not 
integers. The function F(z) = (1 — *)“(1 + z)P is many- 
valued with branch points at ±1. Branches of F[z) can 
be defined, for example, in the cut plane D obtained 
from C by removing the real axis from 1 to oo and from 
— 1 to — oo; see Figure 1.10.1. One such branch is ob- 
tained by assigning (1 — z) a and (1 + z)& their principal 
values (§4.2(iv)). 

% 


-1 0 1 
Figure 1.10.1: Domain D. 

Alternatively, take zq to be any point in D and set 
F(zq) = e“ ln ( 1-J 'o)e^ ln (i +z o) where the logarithms as- 
sume their principal values. (Thus if zq is in the in- 
terval (—1,1), then the logarithms are real.) Then the 
value of F(z) at any other point is obtained by analytic 
continuation. 
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Thus if F(z) is continued along a path that circles 
z = 1 to times in the positive sense and returns to 
Zo without circling 2 = —1, then F((zo — l)e 2mm + 
1) = e «ln(l- Zo ) e /31n(l+ Z o) e 2«mQ ! _ If the path a l s0 circ l es 

z = — 1 n times in the clockwise or negative sense be- 
fore returning to zq, then the value of F(zq) becomes 

gO: ln(l— zq) ^(3 ln(l+2:o)g27rimag— 2irinf3 

l.lO(vii) Inverse Functions 
Lagrange Inversion Theorem 

Suppose f(z) is analytic a,t z = zq, f'(z o) 0, and 

f(zg) = Wq. Then the equation 

1 . 10.12 f(z) = w 

has a unique solution z = F(w) analytic at w = Wq, and 

OO 

1.10.13 F(w) = Zq + ^ F n (w — Wp) n 

n—1 

in a neighborhood of Wp, where nF n is the residue of 
1 /(f( z ) — f( z o)) n at z = zq. (In other words nF„ is 
the coefficient of {z — zcO^ 1 in the Laurent expansion 
of 1 /(f(z) — f{zo)) n in powers of (z — Zo); compare 
§1.10(iii).) 

Furthermore, if g(z) is analytic at zq, then 

OO 

1.10.14 g(F(w)) = g(z 0 ) + ^2 G n(w - w 0 )", 

n= 1 

where nG n is the residue of g'(z)/(f(z) — f{z 0 )) n at 
z = z 0 . 

Extended Inversion Theorem 

Suppose that 

OO 

1.10.15 f(z) = f(z 0 ) + ^ f™( z ~ Zo) M+n > 

n — 0 

where g > 0, /o 0, and the series converges in a 
neighborhood of zq. (For example, when g is an integer 
f(z)—f(zo) has a zero of order g at zq.) Let wp = f(zp). 
Then (1.10.12) has a solution z = F(w ), where 

OO 

1.10.16 F(w) = Zp + ^2 Fn( w — W 0 )" /M 

n—1 

in a neighborhood of Wp, nF n being the residue of 
!/(/(*) - o)T /fi at z = zo. 

It should be noted that different branches of (w — 
wp) 1 /* 1 used in forming (w — wp) n ^ in (1.10.16) give rise 
to different solutions of (1.10.12). Also, if in addition 
g{z) is analytic at zp, then 

OO 

1.10.17 g(F(w)) = g(z 0 ) + ^ G n (w - w 0 )" /m , 

n—1 

where nG n is the residue of g'{z)/{f{z) — f{zp)) n ^ at 
x = z 0 . 


l.lO(viii) Functions Defined by Contour 
Integrals 

Let D be a domain and [a, b] be a closed finite segment 
of the real axis. Assume that for each t £ [a, b], f(z,t) 
is an analytic function of z in D, and also that f(z,t) 
is a continuous function of both variables. Then 


1.10.18 


F(z)= [ b f(z,t ) 

J a 


dt 


is analytic in D and its derivatives of all orders can be 
found by differentiating under the sign of integration. 

This result is also true when b = oo, or when f(z , t) 
has a singularity at t = 6, with the following conditions. 
For each t £ [a, b), f(z,t) is analytic in D\ f(z,t) is a 
continuous function of both variables when z £ D and 
t £ [a, &); the integral (1.10.18) converges at 6, and this 
convergence is uniform with respect to z in every com- 
pact subset S of D. 

The last condition means that given e (> 0) there 
exists a number oo £ [a, b) that is independent of z and 
is such that 


1.10.19 


f(z,t) dt 


< e, 


for all ai £ [do, 6) and all z £ 5; compare §1.5(iv). 


M-test 

If \f(z,t)\ < M(t) for z £ S and f^M(t)dt converges, 
then the integral (1.10.18) converges uniformly and ab- 
solutely in S. 


1.10(ix) Infinite Products 

Let p kil7l = lKU(l + a»). If for some k u 1, P k. rn, ' 
Pk y^ 0 as m — > oo, then we say that the infinite prod- 
uct n“=i(i + « n ) converges. (The integer k may be 
greater than one to allow for a finite number of zero 
factors.) The convergence of the product is absolute if 
TI^iC 1 + Kl) converges. The product II^LiD- + a n), 
with a n y^ —1 for all n, converges iff 1 R (1 + On) 

converges; and it converges absolutely iff \a n \ con- 

verges. 

Suppose a n = a n (z), z £ D, a domain. The conver- 
gence of the infinite product is uniform if the sequence 
of partial products converges uniformly. 

M-test 

Suppose that a n (z ) are analytic functions in D. If there 
is an N, independent of z £ D, such that 

1 . 10.20 | ln(l + a n {zD\ < M n , n>N, 

and 

OO 

1 . 10.21 ^2 M n < oo, 

n—1 

then the product II^Li(l + a n(z)) converges uniformly 
to an analytic function p(z) in D, and p(z ) = 0 only 
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when at least one of the factors 1 + a n (z) is zero in D. 
This conclusion remains true if, in place of (1.10.20), 
\ a n{z)\ < M n for all n, and again M n < oo. 

Weierstrass Product 

If {z n } is a sequence such that \ z n 2 \ is convergent, 

then 

oo , \ 

1.10.22 P(z) = n ( 1 ) eZ/Zn 

„= l V Z nJ 

is an entire function with zeros at z n . 


1.10(x) Infinite Partial Fractions 


Suppose D is a domain, and 


OO 

1.10.23 F{z) = a n (z), z£D , 

n = 1 

where a n (z) is analytic for all n > 1, and the conver- 
gence of the product is uniform in any compact subset 
of D. Then F(z) is analytic in D. 

If, also, a n (z) 7^ 0 when n > 1 and z £ D, then 
F(z) ^ 0 on D and 


1.10.24 


F'{z) y. a' n (z) 
F 0) ^ a n (z) ' 


Mittag-Leffler’s Expansion 

If {a n } and {z n } are sequences such that Z-m 7 ^ Z n 
(to 7^ n) and |<JnZ“ 2 | is convergent, then 



is analytic in C, except for simple poles at z = z„ of 
residue a n . 


1.11 Zeros of Polynomials 

l.ll(i) Division Algorithm 

Horner’s Scheme 

Let 

1.11.1 f( z ) = a n z n + a n -\Z n 1 + • • • + oo- 
Then 

1 . 11.2 f(z) = (z — a)(b n z n 1 + b n -iz n 2 + - • • + 6i) + 6oj 
where b n = a n , 

1.11.3 b k =ab k+1 +a k , k = n - 1, n - 2, . . . , 0, 


Extended Horner Scheme 

With b k as in (1.11.1) — (1.11.3) let c n = a n and 

1.11.5 Cfc = acfc+i + bk, k = n — 1, n — 2, . . . , 1. 
Then 

1.11.6 f'{°) = ci. 

More generally, for polynomials f(z) and g(z ) 1 there 
are polynomials q(z) and r(z), found by equating coef- 
ficients, such that 

1.11.7 f(z) = g(z)q(z) + r(z), 
where 0 < degr(z) < deg g(z). 

l.ll(ii) Elementary Properties 

A polynomial of degree n with real or complex coef- 
ficients has exactly n real or complex zeros counting 
multiplicity. Every monic (coefficient of highest power 
is one) polynomial of odd degree with real coefficients 
has at least one real zero with sign opposite to that of 
the constant term. A monic polynomial of even degree 
with real coefficients has at least two zeros of opposite 
signs when the constant term is negative. 

Descartes' Rule of Signs 

The number of positive zeros of a polynomial with real 
coefficients cannot exceed the number of times the co- 
efficients change sign, and the two numbers have same 
parity. A similar relation holds for the changes in sign 
of the coefficients of f(—z), and hence for the number 
of negative zeros of f(z). 

Example 

f(z) = z 8 + 10z 3 + z-4, 

1118 / ( — z) = z 8 - 10 z 3 -z-4. 

Both polynomials have one change of sign; hence for 
each polynomial there is one positive zero, one negative 
zero, and six complex zeros. 

Next, let f(z) = a n z n + a n -\Z n ~ l + • • • + oo- The 
zeros of z n f(l/z) = a 0 z n + aiZ n ~ 1 + • • • + a n are recip- 
rocals of the zeros of f(z). 

The discriminant of f(z) is defined by 

1.11.9 D = a 2 n n - 2 '[[(z j - Zk ) 2 , 

j<k 

where z\, z %, . . . , z n are the zeros of f(z). The elemen- 
tary symmetric functions of the zeros are (with a n 7^ 0) 

Z\ + Z2 + • • • + z n = — a n -i/a n , 

'y \ ZjZ k = a n _il a n , 

1 . 11.10 1 <j<k<n 


1.11.4 


/(a) = b 0 . 


ziz 2 ■■■z n = (— 1 ) n a 0 /a n 
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l.ll(iii) Polynomials of Degrees Two, Three, 
and Four 


Quadratic Equations 

The roots of az 2 +bz + c = 0 are 


—6 ± \[D 2 

1.11.11 , D = b~ — Aac. 

2 a 

The sum and product of the roots are respectively —b/a 
and c/a. 

Cubic Equations 

Set z = w — \a to reduce f(z) = z 3 + az 2 + bz + c 
to g(w) = w 3 + pw + q , with p = (3 b — a 2 )/3, q = 
(2a 3 — 9 ab + 27c)/27. The discriminant of g(w) is 

1.11.12 D = -4 p 3 - 27 q 2 . 

Let f 

1.11.13 A = \J-'^q+ §V-3 D, B = - 3p/A . 

The roots of g{w) = 0 are 

1.11.14 \{A + B), \{pA + p 2 B), \(p 2 A + pB ), 

with 

1.11.15 p = = e 27ri/3 , p 2 = e _27ri/3 . 

Addition of —\a to each of these roots gives the roots 
of f(z) = 0. 

Example 

f(z) = z 3 — 6 z 2 + 6 z — 2, g{w) = w 3 — 6 w — 6, A = 3-^4, 
B = 3s/2. Roots of f(z) = 0 are 2 + </4 + ^2, 
2 + v/4p + v/2p 2 , 2 + //4p 2 + ^2p. 

For another method see §4.43. 


Quartic Equations 

Set z = w — \a to reduce f(z) = z 4 + az 3 + bz 2 + cz + d 

t° 4 2 

g(w) = w + pw + qw + r, 

1 . 11.16 p = (— 3a 2 + 86) /8, q = (a 3 — 4a6 + 8c)/8, 

r = (-3a 4 + 16a 2 6 - 64ac + 256d) /256. 

The discriminant of g(w) is 


1.11.17 

D = 16 p 4 r - 4 p 3 q 2 - 128p 2 r 2 + 144pg 2 r - 27 q 4 + 256 r 3 . 
For the roots 01,02,03,(14 of <?(u;) = 0 and the roots 
$1 , $2 , 03 of the resolvent cubic equation 

1.11.18 

we have 


1.11.19 


The square roots are chosen so that 


z 3 - 

- 2 pz 2 + {p 2 

— 4r)^ + 

q 2 = 0, 

2aq 

— \/~ 01 + \J ~ 02 + 


2a 2 

= V -01 - 

- \T^ 2 - 


2«3 

— — \/— 01 + \J — 02 — 


2 014 

= -\7-0i - 

- \f ~ 02 + 



1.11.20 V -0 2 = -q- 

Add —\a to the roots of g(w) = 0 to get those of 

/(*) = 0 . 


Example 

f(z) = z 4 — 4 z 3 + 5z + 2, g(w) = w 4 — 6 w 2 — 3w + 4. 
Resolvent cubic is z 3 + 12 z 2 + 2Cb + 9 = 0 with roots 
0i = -1, 0 2 = -§(11 + \/85), 03 = -§(H - V^5), 
and = 1, = §(VT7+ V5), a/= 0^ = 

1(\/17 - V5). So 2oi = 1 + a/17, 2o 2 = 1 - \/l7, 
2o 3 = — 1 + -y/5, 2 o 4 = —1 — y/5, and the roots of 
f(z) = 0 are 1(3 ± y/V7), §(1 ± ^5). 


l.ll(iv) Roots of Unity and of Other Constants 

The roots of 

1.11.21 z n -l = ( z - + z n ~ 2 + ■ ■ ■ + z + 1) = 0 

are 1, e 2 "/", e 4 ”/”, . . . , el 2 "- 2 )™/", and 0 f z n + 1 = 0 
they are e™/", e 3 ™/ n , el 2 ”- 1 )™/™. 

The roots of 

1.11.22 z n = a + ib, a , b real, 

are 

1.11.23 

where R = ( a 2 + 6 2 ) 1 / 2 , a = ph(a + ib), with the prin- 
cipal value of phase (§1.9(i)), and k = 0, 1, . . . , n — 1. 


l.ll(v) Stable Polynomials 

1 - 11 - 24 f(z) = a 0 + aiz H h a n z n , 

with real coefficients, is called stable if the real parts of 
all the zeros are strictly negative. 

Hurwitz Criterion 

Let 

1.11.25 


ai 

a 3 

, d 3 = 

ai 

03 

as 

a 0 

a 2 

04 

ao 

a 2 


0 

ai 

03 


and 

1 . 11.26 =det[/z£ 1) ,/ l £ 3) ,...,^£ 2fc - 1) ], 

where the column vector h ^ consists of the first k 
members of the sequence a m , a m _i, a m _2, • • ■ with aj = 
0 if j < 0 or j > n. 

Then f(z), with a n ^ 0, is stable iff ao ^ 0; 
D 2 k > 0, k = l,...,L§nJ; signD 2fe+1 = signa 0 , 
k = 0,1,..., [\n- §J. 
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1.12 Continued Fractions 


Determinant Formula 


1.12(i) Notation 

The notation used throughout this Handbook for the 
continued fraction 


1 . 12.1 


b 0 + 


a i 


bi + 


02 

b 2 + ’ . 


is 

1.12.2 




1.12(ii) Convergents 


1.12.3 


C = b 0 + 


a i 
h + 


o 2 
62 + 


On 7^ 0} 


1.12.4 


C n — do + 


Ol 

h + 


02 

6 2 + 


On 

6n 



C„ is called the nth approximant or convergent to C. 
A n and H„ are called the nth (canonical) numerator 
and denominator respectively. 


Recurrence Relations 


, c Ak = bkAk-i+akAk -2 , Bi c = bkBk-i+akBk-2, 

1 . 12.3 

k = 1,2,3,..., 

1.12.6 A_ 1 = 1, A 0 = b 0 , H_ i = 0, H 0 = 1. 


1.12.7 


AA -1 - B„A n _i = (-1)” 1 Ofe, n = 0,1,2,.... 
1 . 12.8 C n -C 7 n - 1 = (-1) l ln n t= i at , n= 1,2,3,..., 


1.12.9 C n = b 0 


1.12.10 a n = 


Ol 


Bn-lB n 

n n 

k= 1 ttk 


B 0 B 1 

An—iB n A n B n — 1 


1.12.11 a n = 

1.12.12 b n = 

1.12.13 = 


- A n — \ B n _ 2 ^n- 2 -Bn-l 

H„ Cn-1 — C„ 

Bn— 2 C n - 1 — C n —2 ’ 

A n B n — 2 A n —2B n 
A n —iB n —2 A n —2B n —\ 
B n C n - Cn- 2 


B n —iB n 
n = 1,2,3,..., 
n = 2,3,4,..., 

n = 1,2,3,..., 
n = 2,3,4,..., 


Bn— 1 C„_i — C n —2 ' 

1.12.14 60 = A) = Co, b\ = Hi, 01 = A\ — AqB\. 

Equivalence 

Two continued fractions are equivalent if they have the 
same convergents. 

a 1 Q -2 

bo + - • • • is equivalent to bn + 

01 + d 2 + 

ol ol 

if there is a sequence {d„}^L 0 , do = 1, 


b\ + b' 2 + 

d n yl 0, such that 

1.12.15 
and 

1.12.16 


O n 44-l a m O 1,2,3,..., 
bn = d n bm 


n = 0,1,2,.... 


Formally, 


do + 


oi a 2 a 3 


1.12.17 


Series 


— &o 
= bo 


ai/di a 2 /(did 2 ) a 3 /(d 2 d 3 ) a„/(dn-id n ) 


1 + 


1 + 


1 + 1 + 

1 

( l/«i )di + (ai/a 2 )d 2 + ( 02 /( 0103 ) )d 3 + ( 0103 /( 0204 ) )d 4 


1 


1 


1 


1.12.18 


P0 + ^VlP2-"Pk =P0 


Pi P2 


P3 


Pn 


fc= 1 


1- 1+P2- 1 + P3 - 1+Pn’ 


when pi- yl 0, k = 1, 2, 3, 


1.12.19 


Cfeo; = c 0 + — — 


cix (c 2 /ci)x {c 3 /c 2 )x ( c n /c n -i)x 


k—0 


1- 1 + (c 2 /ci)x — 1 + {c 3 /c 2 )x - 1 + (c n /c„_i)a;’ 


n = 0,1,2 ,..., 


n = 0,1,2,..., 


when Cfe yl 0, A: = 1,2,3,.... 
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Fractional Transformations 

Define 

1 . 12.20 


C n (w) = b 0 


a i 


a 2 


h 


w 


Then 

1 . 12.21 


C n (w) = i n + i n ~ lW , C n ( 0) = C n , C n { oo) = C n -! = An ” 1 


B n T B n —\W 


B n - 1 


1 . 12 (iii) Existence of Convergents 

A sequence {C n } in the extended complex plane, CU{oo}, can be a sequence of convergents of the continued fraction 
(1.12.3) iff 

1.12.22 Co 7^ oo, Cn^Cn-!, Tl= 1,2,3 ,.... 


1.12(iv) Contraction and Extension 

A contraction of a continued fraction C is a continued fraction C' whose convergents {C' n } form a subsequence of 
the convergents {C„} of C. Conversely, C is called an extension of C . If C' n = C 2n , n = 0, 1, 2 , ... , then C' is called 
the even part of C. The even part of C exists iff b 2 k 7^ 0, k = 1,2, , and up to equivalence is given by 


1.12.23 


a\b 2 


020364 


0405 b 2 b e 


o-eo.’jb^bg, 


a 2 + b\b 2 — a 3 6 4 + 6 2 (a 4 + 6 3 6 4 ) - a 5 6 6 + 6 4 (a 6 + b 5 b 6 ) - a 7 b 8 + b 6 (a 8 + b 7 b$) - 
If C' n = C 2n+ i, n = 0,1,2 ,..., then C' is called the odd part of C. The odd part of C exists iff b- 2 k+i 7^ 0, 
k = 0,1,2,..., and up to equivalence is given by 

ai + Mi aitMs/fri a 3 a 4 M 5 a 5 a 6 b 3 b 7 


1.12.24 


a 2 b 3 + bi (a 3 + b 2 b 3 ) — a±b 8 + b 3 (a 8 + 6465) — a 8 b 7 + 65(07 + b 8 b 7 ) — 


1.12(v) Convergence 

A continued fraction converges if the convergents C n 
tend to a finite limit as n — > 00. 


Pringsheim’s Theorem 

ai a 2 

The continued fraction 5 • • • converges when 

61 + & 2 + 

1.12.25 |6„| > \a n \ + 1, n= 1,2,3 ,.... 

With these conditions the convergents C„ satisfy |C„ I < 
1 and C n C with |C| < 1. 


Van Vleck’s Theorem 

Let the elements 
1 1 


61 + 62 + 


satisfy 


of 


the 


continued fraction 


1.12.26 — ^7r + 5 < ph6 n < \-k — S, n= 1,2,3 ,..., 
where S is an arbitrary small positive constant. Then 
the convergents C n satisfy 

1.12.27 — + S < phC n < — 6, n= 1,2,3 ,..., 

and the even and odd parts of the continued fraction 
converge to finite values. The continued fraction con- 
verges iff, in addition, 


\ bn \ = 00 • 

n= 1 


In this case |phC| < ^77. 


1.12(vi) Applications 

For analytical and numerical applictions of continued 
fractions to special functions see §3.10. 


1.13 Differential Equations 


1.13(i) Existence of Solutions 


A domain in the complex plane is simply- connected if it 
has no “holes” ; more precisely, if its complement in the 
extended plane C U {00} is connected. 

The equation 


1.13.1 


d 2 w 
dz 2 


/(*) 


dw 

dz 


+ g(z)w = 0, 


where z £ D, a simply-connected domain, and f(z), 
g(z) are analytic in D, has an infinite number of an- 
alytic solutions in D. A solution becomes unique, for 
example, when w and dw /dz are prescribed at a point 
in D. 


1.12.28 
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Fundamental Pair 

Two solutions wi(z) and w 2 {z) are called a, fundamental 
pair if any other solution w(z) is expressible as 

1.13.2 w(z ) = Awi(z) + Bw 2 (z), 

where A and B are constants. A fundamental pair can 
be obtained, for example, by taking any Zq G D and 
requiring that 

1.13.3 

Wi{z 0 ) = 1, w[(z 0 ) = 0, W 2 (z 0 ) = 0, w' 2 {z 0 ) = 1. 

Wronskian 

The Wronskian of Wi(z) and w 2 {z) is defined by 

1.13.4 W {wi(z), w 2 (z)} = ivi(z)w' 2 {z ) - w 2 (z)w l 1 (z). 
Then 

1.13.5 W {wi(z), W 2 {z)} = ce - f dz , 

where c is independent of z. If f(z) = 0, then the Wron- 
skian is constant. 

The following three statements are equivalent: 
iui(z) and W 2 (z) comprise a fundamental pair in D\ 
W {wi(z) , w 2 (z)} does not vanish in D; wi(z ) and w 2 {z) 
are linearly independent , that is, the only constants A 
and B such that 

1.13.6 Aw\{z) + Bw 2 {z) = 0, Vz £ D, 

are A = B = 0. 


Variation of Parameters 

With the notation of (1.13.8) and (1.13.9) 


1.13.10 


W 0 {z) = W 2 (Z ) J 

-Wl(z) J 


w\(z)r(z) 


dz 


IV {wi(z),w 2 (z)} 
w 2 {z)r{z) 

W {wi(z),w 2 (z)} 


1.13(iv) Change of Variables 


Transformation of the Point at Infinity 

The substitution £ = 1 jz in (1.13.1) gives 


1.13.11 

where 


d 2 W 




+ G(f)W = 0, 


= w (0 , 

F{0 = r Q) • 
0(0 = () 


Elimination of First Derivative by Change of Dependent 
Variable 

The substitution 


1.13(ii) Equations with a Parameter 

Assume that in the equation 


1.13.7 


dz 


f(u,z)^ + g(u,z)w = 0, 
dz 


u and z belong to domains U and D respectively, the 
coefficients f(u,z) and g(u,z) are continuous functions 
of both variables, and for each fixed u (fixed z) the two 
functions are analytic in 2 (in u). Suppose also that at 
(a fixed) Zq € D, w and dw/dz are analytic functions 
of u. Then at each z G D, w, dw/dz and d 2 w/dz 2 are 
analytic functions of u. 


1.13.13 w(z) = W(z) exp^— \ J f(z)dz ^ 
in (1.13.1) gives 


d 2 W 


dz - 


-H(z)W = 0, 


1.13.14 

where 

1.13.15 H{z) = \f 2 {z)+\f(z)- g{z). 

Elimination of First Derivative by Change of Independent 
Variable 


In (1.13.1) substitute 


1.13(iii) Inhomogeneous Equations 

The inhomogeneous (or nonhomogeneous ) equation 

d 2 w .. .dw . . . . 

1T3.8 — T + f{z) -r- + g{z)w = r(z) 

dz dz 

with f(z), g(z), and r(z) analytic in D has infinitely 
many analytic solutions in 9. If wq(z ) is any one 
solution, and wi(z), w 2 (z) are a fundamental pair of 
solutions of the corresponding homogeneous equation 
(1.13.1), then every solution of (1.13.8) can be expressed 
as 

1.13.9 w(z) = wq(z ) + Awi(z) + Bw 2 {z ), 
where A and B are constants. 


1.13.16 

1 = J exp ^ 

Then 

d 2 w 

1.13.17 

TT + 9W) exp 
dg 

Liouville Transformation 


Let W(z) satisfy (1.13.14), ^( 2 ) be any thrice- 

differentiable function of z, and 


1.13.18 

Then 

1.13.19 


U(z) = (C'O z))V 2 W{z). 
^ = ( z 2 H(z ) - H^C}) u ■ 
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Here dots denote differentiations with respect to /, and 
{z, /} is the Schwarzian derivative: 

Cayley's Identity 

For arbitrary / and /, 

1 . 13.21 {z, C} = ( df/dQ 2 {z, a + U, C} • 

1 . 13.22 {z,(} = -(dz/d() 2 {(,z}. 


1.13(v) Products of Solutions 

The product of any two solutions of (1.13.1) satisfies 


1 . 13.23 

d 3 w „ „d 2 w 


dw 


— iy + 3/ —^2 + (2 / 2 + f + 4 g) — + (4 fg + 2 g')w — 0. 
If [/(z) and are respectively solutions of 


1 . 13.24 


d 2 t/ 

d? 


+ IU = 0, 


d 2 V 

hz 2 


+ JV = 0, 


then IF = UV is a solution of 


1 . 13.25 

_d_ 
dz 


W" + 2(1 + J)W’ + ( I ' + J’)W 
I-J 


= ~(I-J)W. 


1.13(vi) Singularities 

For classification of singularities of (1.13.1) and expan- 
sions of solutions in the neighborhoods of singularities, 
see §2.7. 

1.13(vii) Closed-Form Solutions 

For an extensive collection of solutions of differential 
equations of the first, second, and higher orders see 
Kamke (1977). 


Inversion 

Suppose that /(f) is absolutely integrable on (— oo, oo) 
and of bounded variation in a neighborhood of t = u 
(§1.4(v)). Then 

1 r°° 

1 . 14.3 I (f( u+ ) + f( u -))= -L F( x )e-™dx, 

V J — oo 

where the last integral denotes the Cauchy principal 
value (1.4.25). 

In many applications f(t) is absolutely integrable 
and f'(t) is continuous on (— 00 , 00 ). Then 

1 r°° 

1 . 14.4 /(*) = -=/ F(x)e~ lxt dx. 

v J —00 

Convolution 

For Fourier transforms, the convolution (f *g)(t) of two 
functions /(f) and g(t) defined on (— 00 , 00 ) is given by 

1 . 14.5 (f*g)(t)=-^= 

If /(f) and g(t) are absolutely integrable on (— 00 , 00 ), 
then so is (/ * g)(t), and its Fourier transform is 
F(x)G(x ), where G(x ) is the Fourier transform of g(t). 

Parseval’s Formula 

Suppose /(f) and g(t) are absolutely integrable on 
(— 00 , 00 ), and F(x) and G(x) are their respective 
Fourier transforms. Then 


f(t- s)g(s) ds. 


1 r°° 

114 - 6 (f*g)(t)=-= F(x)G(x)e ltx dx, 

V 2i7T J —00 

/ oo /»oo 

F(x)G(x) dx = / f(t)g(-t)dt , 

-00 J —00 

/ OO OO 

\F(x)\ 2 dx= / \f(t)\ 2 dt. 

-00 J — OO 


1 . 14.7 


1 " 14 ' 8 J 

(1.14.8) is Parseval’s formula. 


1.14 Integral Transforms 
1.14(1) Fourier Transform 

The Fourier transform of a real- or complex-valued 
function /(f) is defined by 

1 r°° 

1 . 14.1 F ( x )= f(t)e vxt dt. 

v 2n J — 00 

(Some references replace ixt by —ixt.) 

If /(f) is absolutely integrable on (— 00 , 00 ), then 
F(x) is continuous, F(x) — > 0 as x — * ± 00 , and 

1 . 14.2 \F(x)\<-^= ( | / (f) | dt. 

v 2 , 7T J —00 


Uniqueness 

If /(f) and g(t) are continuous and absolutely inte- 
grable on (— 00 , 00 ), and F( x) = G(x) for all x, then 
/(*) = g(t) for all t. 

1.14(H) Fourier Cosine and Sine Transforms 

These are defined respectively by 

1 . 14.9 F c (x) = J f(t ) cos(xf) dt, 

1 . 14.10 F s (x) = J f(t) sin(xf) dt. 
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Inversion 

If f(t ) is absolutely integrable on [0, oo) and of bounded 
variation (§1.4(v)) in a neighborhood of t = u, then 


11411 |(/(w+) +/(«-)) 

1.14.12 |(/(lt+) + /(«-)) 



.F c (:r) cos(zta;) dx, 



.F s (ie) sin(u;r) dx. 


Parseval’s Formula 

If / 0 °°|/(t)|dt < oo, g(t) is of bounded variation on 
(0, oo) and g(t) — > 0 as t — > oo, then 


1.14.13 

1.14.14 


F c {x)G c {x) dx 

) 

F s (x)G s (x) dx 



f{t)g(t) dt, 



f{t)g{t) dt, 


1.14.15 

1.14.16 


POO POO 

/ ( F c (x)) 2 dx= / (/(f)) 2 df, 

Jo Jo 

POO poo 

/ (F s (x)) 2 dx = / ( f(t)) 2 dt , 


Jo Jo 

where G c (x) and G s (x) are respectively the cosine and 
sine transforms of g(t). 


1.14(iii) Laplace Transform 

Suppose /(f) is a real- or complex-valued function and s 
is a real or complex parameter. The Laplace transform 
of / is defined by 

pOO 

1.14.17 if(/(t);s)=/ e~ st f(t) dt. 

Jo 

Alternative notations are if(/(t)), if(/; s), or even 
if(/), when it is not important to display all the vari- 
ables. 


Convergence and Analyticity 

Assume that on [0,oo) /(f) is piecewise continuous and 
of exponential growth, that is, constants M and a exist 
such that 

1.14.18 | /(f) | < Me at , 0 < t < oo. 

Then if (/(f); s ) is an analytic function of s for > a. 
Moreover, 

1.14.19 2zf (/(f); s) — > 0, 5is — > oo. 

Throughout the remainder of this subsection we as- 
sume (1.14.18) is satisfied and > a. 

Inversion 

If /(f) is continuous and /' (f ) is piecewise continuous 
on [0,oo), then 

1.14.20 

-i p<7 -\-iT 

fit) = — lim / e ts (/(f); s) ds, a > a. 
2m T—>oo J a _ iT 

Moreover, if 2z? (/(f); s) = 0(s _A ) in some half-plane 
3?s > 7 and K > 1, then (1.14.20) holds for a > 7. 


Translation 

If 3?s > max(5ft(a + a), a), then 

1.14.21 Jz? (/(f); s - a) = (e at f{t)- s ) . 

Also, if a > 0 then 

1.14.22 if (H(t - a) f{t - a); s) = e~ as if (/(f); s), 
where H is the Heaviside function; see (1.16.13). 

Differentiation and Integration 

If fit) is piecewise continuous, then 

1.14.23 

d n 

if if it); s) = if ((— f)"/(f); a), n= 1, 2, 3, ... . 
as 

If also lim^o+ exists, then 

poo 

1.14.24 / if (/(f); u) du = if 

J S 

Periodic Functions 

If a > 0 and fit + a) = fit) for t > 0, then 

1.14.25 if (/(f);s) = ^— e" st /(i)df. 
Alternatively if f(t + a) = —fit) for t > 0, then 

1.14.26 if(/(i);a) = I ^h_^ e~ st fit)dt. 

Derivatives 

If fit) is continuous on [0, 00) and f'(t) is piecewise 
continuous on (0,oo), then 

1.14.27 if (fit); s) = sJ^ifit); s) - /( 0+). 

If fit) and f{t) are piecewise continuous on [0,oo) 
with discontinuities at (0 =) to < t\ < ■ ■ ■ < t. n , then 

if(/ , (t); S ) = S if(/(t); S )-/( 0+) 

n 

L14 ‘ 28 -J2e~ stk ifit k +)-fit k -)). 

k= 1 

Next, assume fit), fit), ..., / (n_1) (t) are contin- 
uous and each satisfies (1.14.18). Also assume that 
f n ^it) is piecewise continuous on [0,oo). Then 

1.14.29 

if (/W(i); a) = s n J?ifit); s) - a n " 1 /(0+) 

-s"- 2 /'^) / (n_1) (0+)- 

Convolution 

For Laplace transforms, the convolution of two functions 
fit) and g(f), defined on [0,oo), is 

1.14.30 if*g)it)= f fiu)git-u)du. 

Jo 

If fit) and git) are piecewise continuous, then 

1.14.31 Sfif*g) = S?if)J?ig). 
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Uniqueness 

If /(f) and g(t) are continuous and Jz?(/) = J?ig), then 

fit) = ait)- 


1.14(iv) Mellin Transform 


The Mellin transform of a real- or complex-valued func- 
tion f{x) is defined by 


1.14.32 


/•OO 

./# (/; s) = / x s ~ 1 f{x)dx. 


Jo 

Alternative notations for (/; s) are ^ (f(x); s) 
and „#(/). 

If x a ~ 1 fi x) is integrable on (0, oo) for all a in 
a < a < b, then the integral (1.14.32) converges and 
if; s) is an analytic function of s in the vertical strip 
a < IRs < b. Moreover, for a < a < b, 


1.14.33 lim if; a + it) = 0. 

t — »±oo 

Note: If fix) is continuous and a and (3 are real 
numbers such that fix) = 0( x a ) as x — > 0+ and 
fix) = 0(x@) as x — > oo, then x a ~ 1 fix) is integrable 
on (0,oo) for all a £ (—a, — /?). 


Inversion 

Suppose the integral (1.14.32) is absolutely convergent 
on the line JJs = a and fix) is of bounded variation in 
a neighborhood of x = u. Then 

1.14.34 

i ra-\-iT 

\ifi u+ ) + /CO) = J im / u~ s JK if;s)ds. 

Am T— >oo J a _ iT 

If fix) is continuous on (0, oo) and (/; a + it) is 
integrable on (— 00 , 00 ), then 


1.14.35 


/w = 0 


<r+ioo 


x s ^ if; s) ds. 


Parseval-type Formulas 

Suppose x~ a fi x) and x a ~ 1 gix) are absolutely in- 
tegrable on (0,oo) and either (g; er + it) or 
.M (/; 1 — tr — it) is absolutely integrable on (— 00 , 00 ). 
Then for y > 0, 


1.14.36 


fix)giyx) dx 

f'cr-\-ioo 


-1 na- i-zoo 

= — / y~ s Jtif;\ - s)^ig;s)ds, 
J a - ioo 


1.14.37 


fix)gix) dx 

n<T-\-io O 


1.14.38 


1 r(J-\-lOO 

= — Mif;\-s) ig; s) ds. 

ZtTX J a—ioo 

When / is real and a = |, 

p 00 -1 poo 

/ ifi x )) 2 dx= — if;\+it)\ 2 dt. 

Jo ^ J-co 


Convolution 

Let 00 

1.14.39 if*g)i X ) = J fiy)g^Lj^, 

If x a ~ 1 fi x) and x a ~ 1 gix) are absolutely integrable on 
(0, 00 ), then for s = a + it, 

pOO 

1.14.40 / x s ~ 1 if*g)ix)dx = ~'£if;s)^ig;s). 

Jo 


1.14(v) Hilbert Transform 

The Hilbert transform of a real- valued function fit) is 
defined in the following equivalent ways: 

fit) 


1 r 

1.14.41 Hif;x)=Hifit);x)=Hif)= — f 


1.14.42 Hif;x)= lim 


1 


t — x 


y^o+ ir J _ oa it — x) 2 + y 2 


t — x 


fit) dt, 


dt. 


1.14.43 H if; x) = lim 

e — > 0 + 7 r 


1 f°° fix + t)~ fix - t) 


dt. 


Inversion 

Suppose fit) is continuously differentiable on (— 00 , 00 ) 
and vanishes outside a bounded interval. Then 


1.14.44 


fix) 


7 rJ-oo u - x 


Inequalities 

If \fit)\ p , p > 1, is integrable on (— 00 , 00 ), then so is 
\Hif;x)\ p and 

/ oo poo 

\Hif;x)\ p dx < A p \fit)\ p dt, 

-OO *7—00 

where A p = tan(^7r /p) when 1 < p < 2, or cot(^7r/p) 
when p > 2. These bounds are sharp, and equality holds 
when p — 2. 


Fourier Transform 

When fit) satisfies the same conditions as those for 
(1.14.44), 

1 

1.14.46 —a 

vO 

where Fix) is given by (1.14.1). 


H if; t)e lxt dt = — i(signx)F(a;), 


1.14(vi) Stieltjes Transform 

The Stieltjes transform of a real-valued function fit) is 
defined by 

1.14.47 Sif;s)=Sifit);s)=Sif)= f°° &dt. 

Jo S + t 

Sufficient conditions for the integral to converge are 
that s is a positive real number, and /(f) = 0(t _<5 ) 
as t — > 00 , where 6 > 0. 
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If the integral converges, then it converges uniformly 
in any compact domain in the complex s-plane not con- 
taining any point of the interval (— oo,0]. In this case, 
S (/; s) represents an analytic function in the s-plane 
cut along the negative real axis, and 


1 . 14.48 



S(f;s) 


(— l) ro ro! / 

Jo 


f(t) dt 
(s + t ) m+1 ’ 


m = 0 , 1 , 2 , ... . 


Inversion 

If f(t) is absolutely integrable on [0, R] for every finite 
R, and the integral (1.14.47) converges, then 

lim S (/; -it)-S (/; -a + it) 

1 . 14.49 *^o+ 2ni 

= |(/( cr +) + /( (J -))» 

for all values of the positive constant er for which the 
right-hand side exists. 

Laplace Transform 

If f(t) is piecewise continuous on [0, oo) and the integral 
(1.14.47) converges, then 

1 . 14.50 5(/)=JSf(jSf(/)). 


1.14(vii) Tables 

Table 1.14.1: Fourier transforms. 


m 


J-c 




i ixt dt 


1*1 < a, 

j~2 sin(aa;) 


otherwise 

V 7 r x 


e — a l*l 

[2 a 

V 7T a 2 + x 2 ’ 

a > 0 


2 2 iax 

V tt (a 2 + x 2 ) 2 ’ 

a > 0 


1 2 a 2 — x 2 

V tt (a 2 + x 2 ) 2 ’ 

a > 0 

3E 

\ — 

to _E±. 

(a + ( a 2 + a; 2 ) 1 * 2 ) 1 / 2 
(a 2 +x 2 y/ 2 

a > 0 

sinh(at) 

1 sin a 

~TT < 

a < tt 

sinh(7rt) 

y/2n cosh x + cos a ’ 


cosh (at) 
cosh(7rf) 


2 cos(^a) cosh (| a;) 
7 r cosh x + cos a 


— 7T < 

a < tt 


e -ai 2 

1 <3 

i— ( 

-x 2 /(4a) 

a > 0 

sin (at 2 ) 

l 

7 = sin 

V2a 

f x 2 7r\ 

\4a _ 4/ ’ 

a > 0 

cos (at 2 ) 

1 ( 
V2a \ 

x 2 7r\ 

V' 

a > 0 
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Table 1.14.2: Fourier cosine transforms. 


Table 1.14.3: Fourier sine transforms. 


/(*) 


2 r °° 
n i o 


/(f) cos(a :t) dt, x > 0 


1 

a 2 + t 2 

1 

(a 2 + t 2 ) 2 
4a 3 

4a 4 + f 4 


e -at 

sin (at 2 ) 
cos (at 2 ) 


In 1 + 


1 f a2 + * 2 

U 2 +t 2 


7r e 

2 ’ 


7r (1 T aa;)e 
2 2a 3 

/7re _aa: sin(ax + 1 7r 


4 / ’ 



/—I - e _a:E 
V 2 ir . 


V2n 


e~ bx - e~ ax 


3?a > 0 

3?a > 0 

3?a > 0 

3?a > 0 

3?a > 0 

a > 0 

a > 0 

3?a > 0 


3?a > 0, 

m > 0 


/(*) 


t -l/2 

t 3/ 2 
t 

a 2 + 1 2 
t 

(a 2 + 1 2 ) 2 

1 

t(a 2 + 1 2 ) 

„-at 


t 


te 

te -0 * 2 

sin (at) 
t 


, t 

arctanl - 
a 


In 


t T CL 
t — a 


2 / '°° 
71" 70 


/(f) sin(xt) dt , a: > 0 


fl. 

0 < f < a, 

j~2 sin(ax) 

f- 1 J 

1°. 

otherwise 

V 7T X 

V 


7T 
2 

a :" 1 / 2 

2a: 1 / 2 


2 6 


8 a 6 


7T 1 - e _oa: 
2 a 2 ' 


— arctan — 
7 r V a 


(;)• 





In 


x + a 


x — a 




2 a; ’ 
sin(aa:) 


3?a > 0 

5fta > 0 

3?a > 0 

3?a > 0 

3?a > 0 

5fta > 0 
| pha| < r 
a > 0 

a > 0 

a > 0 
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Table 1.14.4: Laplace transforms. 


Table 1.14.5: Mellin transforms. 



/>oo 


,°o 

fit) 

/ e.~ st f(t) dt 

f(x) 

/ X s f(x) dx 

Jo 


Jo 


1 

1 

7 

5 

3?s > 0 

t U 

n\ 

l 

s n+1 ’ 

3?s > 0 

i 

\[n rt 

1 

Vi’ 

3f?s > 0 

e~ at 

l 

s + a’ 

3?(s + a) > 0 

t n e~ at 

1 

3?(s + a) > 0 

n\ 

(s + a) n+1 ’ 

— at g — bt 

1 

a^b, 

3 ?s > — 3?a, 
3?s > — 3?5 

b — a 

(s + a)(s + b) ’ 

sin (at) 

a 

s 2 + a 2 ’ 

3?s > |3a| 

cos (at) 

s 

s 2 + a 2 ’ 

3fis > |3a| 

sinh(af) 

a 

9 9 5 

s z — a z 

3fis > 3?a 

cosh (at) 

s 

s 2 — a 2 ’ 

3?s > 3?a 

tsin(at) 

2 as 

(s 2 + a 2 ) 2 ’ 

3fis > |3a| 

tcos(at) 

s 2 — a 2 
(s 2 + a 2 ) 2 ’ 

3fis > |Qa| 


I 1, x < a, 

1 0, x > a 

I ln(a/a;), x < a, 
10, x > a 

1 

1 — x 


a 

s 


7rcot(s7r), 


a > 0, 3?s > 0 


a > 0, 3?s > 1 


0 < 3?s < 1, 
(Cauchy p. v.) 


1 

1 + x 


7rcsc(s7r), 0 < 3?s < 1 


ln(l + ax) 


7rcsc(s7r) 

sa s 


| pha| < 7 r, 

-1 < 3?s < 0 


In 


1 + x 

1 — x 


ln(l + a;) 
x 

arctan x 

arccot x 


7rtan(|s7r) 


7TCSc(s7t) 

1 - s ’ 

7rsec(|s7r) 

2s 

7rsec(^s7r) 
2s ’ 


-1 < 3Rs < 1 

0 < 3£s < 1 

-1 < 3?s < 0 

0 < 3?s < 1 


1 + x cos 9 
1 + 2x cos 8 + x 2 


7rcos(s0) 
sin(s7r) ’ 


— 7 T < 9 < 7T, 
0 < 3?s < 1 


x sin 8 

1 + 2x cos 8 + x 2 


7 r sin(s0) 
sin(s7r) ’ 


— 7 T < 9 < 7T, 
0 < 3?s < 1 


e -bt - e~ at 


t 


In 


s + a^ 

T+b)’ 


3?s > — 3fta, 
3?s > —3 % 


1.14(viii) Compendia 


2(1 — cosh(af)) 
t 

2(1 — cos (at)) 
t 

sin (at) 
t 


ln^l-\^, 3fJ(s + a)>0 

In ^1 + 3fts > 0 


arctan 



5is > 0 


For more extensive tables of the integral transforms 
of this section and tables of other integral transforms, 
see Erdelyi et al. ( 1954a, b), Gradshteyn and Ryzhik 
(2000), Marichev (1983), Oberhettinger (1972, 1974, 
1990), Oberhettinger and Badii (1973), Oberhettinger 
and Higgins (1961), Prudnikov et al. (1986a, b, 1990, 
1992a, b). 
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1.15 Summability Methods 
1.15(i) Definitions for Series 


1 . 15.1 


Sn — ^ ' CLk • 
k = 0 

Abel Summability 

OO 

1 - 15.2 J2 Qn=S ( A )> 

n—0 


a^x = s. 



n + 1 

General Cesaro Summability 

For a > —1, 

OO 

1 . 15.6 ^ a „ = s (C,a), 


= s. 


if 

1 . 15.7 lim 


n—0 


n\ 


n ~> °° (a + l)n k\ 


s~^ ( a + l)fe 

/ ^ ~t & n—k — 5 . 


Borel Summability 


1 . 15.8 

if 

1 . 15.9 


^2 a n = s (B), 

n—0 

oo 

lim e~* y S -^t n = s. 

t — >00 ' ^ 77 . 


n—0 


1 . 15 (ii) Regularity 

Methods of summation are regular if they are consis- 
tent with conventional summation. All of the methods 
described in §1.15(i) are regular. For example if 


1 . 15.10 


then 


1 . 15.11 


yi Qn — 


n—0 


ya n = s (A). 


1.15(iii) Summability of Fourier Series 

Poisson Kernel 

1 . 15.12 


P(r,0) = 


1 — r 2 


1 — 2r cos 9 + r 2 


= J2 Me in \ 0 < r < 1, 


1 . 15.13 

As r — > 1— 

1 . 15.14 


27T 


/>2n 

/ P{r 1 9)dd = 1. 

Jo 


P(r,0)-* 0, 


uniformly for 9 £ [<5, 27t — < 5] . (Here and elsewhere in this 
subsection 6 is a constant such that 0 < S < n.) 


Fejer Kernel 

For n = 0, 1, 2, . . . , 

1 . 15.15 K n {9) = 


1 /sin(i(n + 1)0) 


1 . 15.16 


n + 1 l sin(|0) 
1 f 2n 

— K n (6)d9= 1. 


inO 


As n — > oo 

1 . 15.17 K n {6) -> 0, 
uniformly for 9 £ [<5, 27t — 5] . 

Abel Means 

OO 

1 . 15.18 A(r,9)= y r H F{n)e 

71 = — OO 

where 

1 f 27r 

1 . 15.19 F{n) = — f(t)e~ lnt dt. 

27t J o 

A(r, 9) is a harmonic function in polar coordinates 
((1.9.27)), and 

1 f 2 * 

1 . 15.20 A(r,9) = ^ J P(r,9 — t)f(t) dt. 

Cesaro (or (C,l)) Means 

Let 

1 . 15.21 an(0) = foR+ s i( 0 ) + "- + s «( 0 ) 


n + 1 


n = 0,1,2,..., where 

n 

s n (0) = y F ^y ke - 


1 . 15.22 


n—0 


Then 

1 . 15.23 a n (9) = 


k=—n 

r 2ir 


2n 


K n (0-t)f(t) dt. 


o 
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Convergence 

If f(ff) is periodic and integrable on [0, 2-7r], then as 
n — > oo the Abel means A(r,6) and the (C,l) means 
<r n (9) converge to 

1.15.24 !(/(*+) + /(0-)) 

at every point 8 where both limits exist. If f(8) is also 
continuous, then the convergence is uniform for all 8. 
For real-valued f(9), if 


An6 


1.15.25 F i n Y 

n =— oo 

is the Fourier series of f(9), then the series 

OO 

1.15.26 F(Q) + 2^F(n)e in8 

n—1 

can be extended to the interior of the unit circle as an 
analytic function 

G(z) = G(x + iy) = u(x, y ) + iv(x, y) 


1.15.27 


= F(0) +2j2F(n)z n . 


Here u(x,y) = A(r,8) is the Abel (or Poisson) sum of 
f(9), and v(x,y) has the series representation 

OO 

1.15.28 - «(signn)F(n)r |n| e“ e ; 

n =— oo 

compare §1.15(v). 

1.15(iv) Definitions for Integrals 

Abel Summability 

fit) dt is A&eZ summable to L, or 


1.15.29 

when 

1.15.30 


/ OO 

f(t)dt=L ( A ), 

-OO 

/ OO 

e~ € ^fCt) dt = L. 

-oo 


Cesaro Summability 

fit) dt is (C,l) summable to L , or 


1.15.31 


when 


/ OO 

fit) dt = L (0,1), 

-OO 


1.15.32 lim 

R — too 




If f(t ) dt converges and equals L, then the in- 

tegral is Abel and Cesaro summable to L. 


1.15(v) Summability of Fourier Integrals 
Poisson Kernel 


1.15.33 


P{x,y) = 


2 V 


x 2 + y- 


y > 0, — oo < x < oo. 


i r°° 

1.15.34 — / P(x,y)dx = l. 

2 tt oo 

For each 6 > 0, 

1.15.35 


/ P(x,y)dx—>0, as y — > 0. 

J\x\>& 


\x\>& 
1 


/ OO 

e~ V \ t \ e~ ixt F{t) dt, 

-OO 


Let 

1.15.36 h(x,y) = . . 

v 27T J — c 

where F(t) is the Fourier transform of f(x) (§1.14(i)). 
Then 

i r°° 

1.15.37 h(x, y) = — J f(t)P(x — t,y) dt 

is the Poisson integral of fit). 

If f{x) is integrable on (— 00 , 00 ), then 


1.15.38 


/ OO 

\hi x >y) - fi x )\dx = 0. 

-00 


Suppose now fix) is real-valued and integrable on 
(— 00 , 00 ). Let 


1 


dt. 


i f 00 

1.15.39 <£>iz) = $ix + iy) = - fit)- 

7T J - 00 ix-t)+ iy 

where y > 0 and — 00 < x < 00 . Then 4) ( 2 ) is an ana- 
lytic function in the upper half-plane and its real part 
is the Poisson integral h(x,y)] compare (1.9.34). The 
imaginary part 

1 r°° x - t 

1.15.40 5s$ix + iy) = — / fit)-, __ — - dt 


TT J_ oo - ■ ix-t) 2 + y 2 

is the conjugate Poisson integral of fix). Moreover, 
linij,^o+ A4>(x + iy) is the Hilbert transform of fix) 
(§1.14(v)). 


Fejer Kernel 


1.15.41 K r(s)= 2 


1 1 — cos iRs) 
7 :R 


/ OO 

K R is)ds = 1. 

-OO 

For each S > 0, 

1.15.43 

Let 

1.15.44 (7fj(0) = 


[ I< R is)ds-> 0, 
J\s\>6 


'M> 

1 


r 

A A J-r 


1 - M ) e - iet 

R 


as R — > 00 . 


F(t) dt, 


then 


/ OO 

fit)K R i8 - t) dt. 

-OO 
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If f(9) is integrable on (— 00 , 00 ), then 


1.15.46 lim 

R — >-oo 


\<TR(e)-m\do= 0 . 


1.15(vi) Fractional Integrals 

For 3ffa > 0, the fractional integral operator of order a 
is defined by 


f (a :-t) a 1 f(t) dt. 
Jo 


1.15.47 I a f(x) = 1 

r (a) Jo 

For r(a) see §5.2, and compare (1.4.31) in the case when 
a is a positive integer. 

1.15.48 I a lP = I a+ P, dia > 0, 5R/3 > 0. 

For extensions of (1.15.48) see Love (1972b). 

If 


1.15.49 


fo 0 = 5Z 


a k x 


k = 0 


then 

OO 

1.15.50 /“/( x) = 


k\ 


k = 0 


r(fc + a + 1) 


a k x 


k-\-ot 


1.15(vii) Fractional Derivatives 

For 0 < 3?a < n, n an integer, 

jn 

1.15.51 D a f{x) = -r^I n ~ a f(x), 

ax 

1.15.52 D k I a = D nj a +n-k^ fc = 1, 2, . . . , n. 
When none of a, /3, and a + (3 is an integer 

1.15.53 D a D< 3 = D a+0 . 

Note that D X ! 2 D ^ D 3 / 2 . See also Love (1972b). 


1 . 15 (viii) Tauberian Theorems 


If 


n—0 


V- , , , K 

1.15.54 ) a n = s ( A ), a n > , n > 0, A > 0, 

n 

OO 

Y a n = S . 


then 

1.15.55 


n—0 


if 


a„.x = s, 


1.15.56 lim (1 — x) Y 

x—>l— 

n—0 

and either \a n \ < K or a n > 0, then 

1 ic c-7 1- a o + a i + ■ • • + 0 -n 

1.15.57 lim = s. 


1.16 Distributions 
1.16(i) Test Functions 

Let (f> be a function defined on an open interval / = 
(a, 6), which can be infinite. The closure of the set of 
points where (f> 0 is called the support of 4>. If the sup- 

port of (f> is a compact set (§1.9(vii)), then <f> is called 
a function of compact support. A test function is an 
infinitely differentiable function of compact support. 

A sequence {</> n } of test functions converges to a test 
function </> if the support of every </>„ is contained in a 
fixed compact set K and as n — > 00 the sequence {<j>Y} 
converges uniformly on K to Y' 1 f° r A: = 0, 1, 2, ... . 

The linear space of all test functions with the above 
definition of convergence is called a test function space. 
We denote it by V(I). 

A mapping A on T>{I) is a linear functional if it takes 
complex values and 

1.16.1 A(ai</>i + a 2 02) = aiA(0i) + a 2 A(</> 2 ), 

where aq and a 2 are real or complex constants. A : 
D(I) — > C is called a distribution if it is a continuous 
linear functional on 2?(/), that is, it is a linear functional 
and for every (f) n — > <j> in 'D(I), 

1.16.2 lim A (</> n ) = A (</>). 

n — kx > 

From here on we write (A, (j>) for A(^>). The space 
of all distributions will be denoted by T>*(I). A distri- 
bution A is called regular if there is a function / on /, 
which is absolutely integrable on every compact subset 
of J, such that 

1.16.3 (A, <f>) = J f(x)<f>{x) dx. 

We denote a regular distribution by A/, or simply /, 
where / is the function giving rise to the distribution. 
(If a distribution is not regular, it is called singular.) 
Define 

1.16.4 (Ai + A 2 , cf) = (Ai, (f) + (A 2 , (f ) , 

1.16.5 (cA, <f>) = c (A, cj) ) = (A, aj >) , 

where c is a constant. More generally, if a(x) is an 
infinitely differentiable function, then 

1.16.6 (aA, (j>) = (A, a<p) . 

We say that a sequence of distributions {A„} converges 
to a distribution A in V* if 

1.16.7 lim (A n , (f) = (A, </>) 

n — kx > 

for all (j) £ T>(I). 

1.16(ii) Derivatives of a Distribution 

The derivative A' of a distribution is defined by 

(A',0) = -(A,0'), cfev(i). 


n + 1 


1.16.8 
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Similarly 


1.16(v) Tempered Distributions 


1.16.9 

(A«,^} = (-l) fe (A , 

k = 1,2, 

For any locally integrable function /, its 
derivative is Df = Ay. 

distributional 

1.16(iii) 

Dirac Delta Distribution 


1.16.10 

(fi,<t>) = 0(0), 

0 £ V(I), 

1.16.11 

{fix o) *)>) 0(*Eo), 

0e2?(l), 

1.16.12 / 

fi£>,d>) = {-l) n ^ n \x 0 ), 

0 £»(/). 


The Dirac delta distribution is singular. 


1.16(iv) Heaviside Function 


1.16.13 

H{x) = | 

fl> 

[o, 

X > 

X < 

1.16.14 

II 

o 

fl, 

[0, 

X > 

X < 

1.16.15 

DH = 5 , 



The space T(R) of test functions for tempered dis- 
tributions consists of all infinitely-differentiable func- 
tions such that the function and all its derivatives are 
0(|x| _Ar ) as |x| — > oo for all N. 

A sequence {(/>„} of functions in T is said to converge 
to a function <j> £ T as n — > oo if the sequence 
converges uniformly to (j)^ on every finite interval and 
if the constants C; Ci ,y in the inequalities 

1.16.24 \x N ^\<C k , N 
do not depend on n. 

A tempered distribution is a continuous linear func- 
tional A on T. (See the definition of a distribution in 
§1.16(i).) The set of tempered distributions is denoted 
by T*. 

A sequence of tempered distributions A n converges 
to A in T* if 

1.16.25 lim (A n , (j>) = (A, (f>) , 

n — kx> 

for all (j> £ T . 

The derivatives of tempered distributions are defined 
in the same way as derivatives of distributions. 

For a detailed discussion of tempered distributions 
see Lighthill (1958). 


1.16.16 DH[x — xo) = fi Xo . 

Suppose f{x) is infinitely differentiable except at Xo, 
where left and right derivatives of all orders exist, and 

1.16.17 a n = /(")(xo+)-/ (n) 0ro-). 

Then 

1.16.18 ° mf = + + ai6 *™~ 2) + • • • 

T cr rn —-[ S x o , ui — 1,2,.... 

For a > — 1, 


1.16.19 x°l = x a H(x) 
For a > 0, 


x“, x > 0, 
0, x < 0. 


1.16.20 Dx%=ax%~^. 

For a < — 1 and a not an integer, define 


1.16.21 x“ = t — D n x°L +n , 

+ (cH-l)„ + 

where n is an integer such that a + n > — 1. Similarly, 
we write 


1.16.22 ln + x = H(x) In x 
and define 


lnx, x > 0, 
0, x < 0, 


1.16.23 (-l) n n!x+ 1_ri = D (n+1) ln+ x, n = 0,1,2,.... 


1.16(vi) Distributions of Several Variables 

Let X>(R n ) = V n be the set of all infinitely differentiable 
functions in n variables, 0(xi, x 2 , ■ ■ ■ , x n ), with compact 
support in R". If k = (k \ . . . . , k n ) is a multi-index and 
x = (xi, . . . , x n ) £ R", then we write x k = I* 1 ■ ■ • x£ n 
and cf)( k \x) = d k (f>/(dx kl ■ ■ ■ dx kn ). A sequence {^ m } 
of functions in T> n converges to a function <f> £ T> n if 
the supports of <j) m lie in a fixed compact subset K of 
R" and converges uniformly to <i>^ k ' 1 in K for every 
multi-index k = (fc 1; fc 2 , ■ • • > k n ). A distribution in R” is 
a continuous linear functional on T> n . 

The partial derivatives of distributions in R” can 
be defined as in §1.16(ii). A locally integrable function 
/(x) = /(x i,X 2 , ■ • ■ , x n ) gives rise to a distribution Ay 
defined by 

1.16.26 (A / f(x)<j>(x)dx, 0££> n . 

J M" 

The distributional derivative D k f of / is defined by 

1.16.27 

(D k f,cb) = (-l) w f f{x)^ k \x)dx, </>£P„, 

J R" 

where k is a multi-index and \k\ = k\ + fc 2 + • • • + k n . 

For tempered distributions the space of test func- 
tions T n is the set of all infinitely-differentiable functions 
<p of n variables that satisfy 

1.16.28 \x m ^ k) {x)\<c m , k , 


x £ R”. 
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Here m = (mi, m 2 , . . . , m n ) and k = (k\, £ 2 , • • • , k n ) are 
multi-indices, and c m ^k are constants. Tempered distri- 
butions are continuous linear functionals on this space 
of test functions. The space of tempered distributions 
is denoted by T*. 

1.16(vii) Fourier Transforms of Distributions 

Suppose 4> is a test function in T n . Then its Fourier 
transform is 


and 

1.17.2 


S(x — a)(j>(x ) dx = <j>(a), 


a £ 


1.16.29 P(x) = F = 


1 


<j>(t)e dt, 


(2ir) n / 2 

where x = (xi,X 2 , ■ ■ ■ ,x n ) and x ■ t = x\ t\ + • • • + 
x n t n . P(x) is also in T n . For a multi-index a = 
(ai , ao, . . . , a„), set led = ai + a 2 + • • • + oi n and 


1.16.30 D„ = r |a| £>“ = 


fl d \ ai 

■ (-—T, 

1.17.5 

S n (x -a) = J 

V i dxi ) 

V * dx n ) 

In this case 



subject to certain conditions on the function <f(x). 
From the mathematical standpoint the left-hand side 
of (1.17.2) can be interpreted as a generalized integral 
in the sense that 

/ OO 

S n (x — a)(f>(x) dx = <f>(a), 

-OO 

for a suitably chosen sequence of functions S n (x), n = 
1,2, ... . Such a sequence is called a delta sequence and 
we write, symbolically, 

1.17.4 lim S n ( x) = 8(x), x £ R. 

n — >00 

An example of a delta sequence is provided by 

— e - n ( x ~ a ') 2 
TV 


1.16.31 P(x) = P = 
and 


c a x 


c a x 


(y J | 


• • X r 


1.16.32 

Then 

1.16.33 
and 

1.16.34 


= E< 

P(F>) = ^c a D a . 

[ (P(D)cf)( t)P x t dt = P(-x)P(x), 
\ zn ) ' J K" 

f P(t)0(t)e lx t dt = P(F>)P(x). 

J R n 


1.17.6 lim 

n — >-oo V 7T 


0 -n(x-a)‘ 


4>(x) dx = 4>(a), 


1 


(2tv) u / 2 

If u £ T* is a tempered distribution, then its Fourier 
transform F(u) is defined by 

1.16.35 (T(u),4>) = (u,F) , <t>&T n , 

where F is given by (1.16.29). The Fourier transform 
T(u) of a tempered distribution is again a tempered 
distribution, and 

1.16.36 T(P(D)u) = P(-x)P(w), 

1.16.37 T(Pu) = P(D)T(u). 

In (1.16.36) and (1.16.37) the derivatives in P(D) are 
understood to be in the sense of distributions. 

1.17 Integral and Series Representations of 
the Dirac Delta 

1.17(i) Delta Sequences 

In applications in physics and engineering, the Dirac 
delta distribution (§1.16(iii)) is historically and custom- 
arily replaced by the Dirac delta (or Dirac delta func- 
tion) S(x). This is an operator with the properties: 


for all functions <f>(x) that are continuous when x £ 
(— 00 , 00 ), and for each a, e ~ n ( x ~ a ) cj)(x) dx con- 
verges absolutely for all sufficiently large values of n. 
The last condition is satisfied, for example, when 4>(x) = 
0^e ax J as x — > ± 00 , where a is a real constant. 

More generally, assume 4>(x) is piecewise continuous 
(§1.4(ii)) when x £ [ — c, c] for any finite positive real 
value of c, and for each a, f^° e -n(x-a) ^ x con- 

verges absolutely for all sufficiently large values of n. 
Then 

1.17.7 

lim [ e ~ n (x~ a ) (j)(x) dx = i</>(a— ) + bc/)(a+). 

n *°° V ^ J - 00 

1.17(H) Integral Representations 

Formal interchange of the order of integration in the 
Fourier integral formula ((1.14.1) and (1.14.4)): 

1.17.8 j e~ iat {^J (f>(x)e itx dx^j dt = 4>(a) 
yields 

1.17.9 J J e ii ~ x - a ^ t dt S j<t>(x)dx = <j)(a). 

The inner integral does not converge. However, for 
n= 1,2, ... , 


-t !D n ) e i{ x - a )t df — . — e -n(x-a)-' 


1 . 17.1 


8(x) = 0, 


x £ R, x yf 0, 


1.17.10 — / e 

' — OO 

Hence comparison with (1.17.5) shows that (1.17.9) can 
be interpreted as a generalized integral (1.17.3) with 

1 c°° 

1.17.11 8 n (x-a) = — e - t2/ ^ n) e i{x - a)t dt, 

J - 00 
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provided that 4 >{x) is continuous when x £ (— 00 , 00 ), 
and for each a, f^ < oo e~ n( ' x ~ a ^(/)(x)d: x converges abso- 
lutely for all sufficiently large values of n (as in the case 
of (1.17.6)). Then comparison of (1.17.2) and (1.17.9) 
yields the formal integral representation 


1.17.12 


1 r°° 

5{x — a) = — / e i{x ~ a)t dt. 

J — OO 


Other similar integral representations of the Dirac 
delta that appear in the physics literature include the 
following: 

Bessel Functions and Spherical Bessel Functions 
(§§10.2(ii), 10.47 (ii)) 

pOO 

S(x - a) = x tJ v (xt)J v (at)dt, 

1.17.13 J 0 

> — 1, x > 0, a > 0, 

1.17.14 

2 xa r°° 

S(x — a) = / t 2 ]e(xt) ]e(at) dt, x > 0, a > 0. 

71 Jo 

See Arfken and Weber (2005, Eq. (11.59)) and Konopin- 
ski (1981, p. 242). For a generalization of (1.17.14) see 
Maximon (1991). 

Coulomb Functions (§33.14(iv)) 

1.17.15 

pOO 

8{x — a) = / s(x,£',r)s(a,t,r)dr , a > 0, x > 0. 

Jo 

See Seaton (2002). 

Airy Functions (§9.2) 

/ OO 

Ai (t — x) Ai (t — a) dt. 

-OO 

See Vallee and Soares (2004, §3.5.3). 


where 

1.17.20 

S n (x - a) 

= J_ y- ifc(x-a) ( = sin ((n+l){x-a)) \ 

2n k t^ n V 27rsin(i(x-a)) )' 

provided that <j>{x) is continuous and of period 27r; see 
§1.8(ii). 

By analogy with §1.17(ii) we have the formal series 
representation 

1 OO 

1.17.21 <y(*-a) = J- V e ik{x ~ a) . 

Ztt z — J 

k =— 00 

Other similar series representations of the Dirac 
delta that appear in the physics literature include the 
following: 

Legendre Polynomials (§§14.7 (i) and 18.3) 

OO 

1.17.22 S{x - a) = y^(fc + \) P k {x) Pfc(a). 

k = 0 

Laguerre Polynomials (§18.3) 


1.17.23 <S(a; - a) = e ~ {x+a)/2 ^ L k (x) L k {a). 

k — 0 

Hermite Polynomials (§18.3) 


1.17.24 S(x - a) = 


s -(x 2 +a 2 )/ 2 “ 
v k = 0 


H k ( 3 :) H k (n) 

2 k k\ 


Spherical Harmonics (§14.30) 


1.17 (iii) Series Representations 

Formal interchange of the order of summation and inte- 
gration in the Fourier summation formula ((1.8.3) and 
(1.8.4)): 


-j cxj 

1.17.17 — y i 

27T ^ 

k — — 00 


,—ika 


J (j>{x)e lkx dx^j = 


yields 

1.17.18 


f m [l E e^ x ~A dx = (f>(a). 

n \ k=—oo / 


The sum 00 e lk ^ x ~°J does not converge, but 

(1.17.18) can be interpreted as a generalized integral 
in the sense that 


1.17.19 lim 

n — >00 


5 n (x — a)(j){x ) dx = 4>(a), 


<5(cos 9\ — cos 62 ) S(<p 1 — $ 2 ) 

1 17 25 00 ^ 

= E E 

£—0 m=—£ 

(1.17.22)-(1.17.24) are special cases of Morse and 
Feshbach (1953a, Eq. (6.3.11)). For (1.17.25) see Ar- 
fken and Weber (2005, p. 792). 


1.17(iv) Mathematical Definitions 

The references given in §§1.17(ii)-1.17(iii) are from the 
physics literature. For mathematical interpretations of 

(1.17.13) , (1.17.15), (1.17.16) and (1.17.22)-(1. 17.25) 
that resemble those given in §§1.17(ii) and 1.17 (iii) for 
(1.17.12) and (1.17.21), see Li and Wong (2008). For 

(1.17.14) combine (1.17.13) and (10.47.3). 
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Asymptotic Approximations 


Areas 


2.1 Definitions and Elementary Properties 


2.1(i) Asymptotic and Order Symbols 


Let X be a point set with a limit point c. As x — > c in 


X 

2.1.1 

/(x) ~ 0(x) <r 

=> /(x)/</>(x) - 

-4 1 . 

2.1.2 

/(x) = o(0(x)) <= 

=> f(x)/0(x) - 

- 0 . 

2.1.3 

f(x) = O(0(x)) 

=> \f(x)/0(x)\ is bounded. 


The symbol O can also apply to the whole set X, and 
not just as x — > c. 

Examples 


2.1.4 tanhx ~ x, 

2.1.5 e~ x = o(l), 

2.1.6 sin(7rx T x _1 ) = 0(x _1 ) 

2.1.7 e ix = 0(1), 

In (2.1.5) R can be replaced by any fixed ray in the 
sector |phx| < ^7r, or by the whole of the sector 
|phx| < \tt — S. (Here and elsewhere in this chapter 
6 is an arbitrary small positive constant.) But (2.1.5) 
does not hold as x — > oo in |phx| < *7r (for example, 
set x = 1 + it and let t — > ±oo.) 

If Er=o«^ S converges for all sufficiently small \z\, 
then for each nonnegative integer n 

OO 

2.1.8 a s z s = 0(z n ), z — > 0 in C. 

s —n 

Example 


x — > 0 in C. 
x — > Too in R. 
, x — ► Too in Z. 

x £ R. 


2.1.9 e z = 1 + z + 0(z 2 ), z — > 0 in C. 
The symbols o and O can be used generically. For 

example, 

2.1.10 o(0) = 0((j >) , o(<j>) T o(4>) = o(0 ) , 

it being understood that these equalities are not re- 
versible. (In other words = here really means C.) 


2.1 (ii) Integration and Differentiation 

Integration of asymptotic and order relations is permis- 
sible, subject to obvious convergence conditions. For 
example, suppose /(x) is continuous and /(x) ~ x u as 
x — > Too in R, where v (g C) is a constant. Then 

f°° x" +1 

2.1.11 / f(t)dt~ , Whs < — 1, 

Jx y + 1 

! a constant, < —1, 

lnx, v = —1, 

x v+x j(v T 1), Ri/>-1. 


Differentiation requires extra conditions. For exam- 
ple, if f(z) is analytic for all sufficiently large \z\ in a 
sector S and f(z) = 0(z v ) as 0 — > oo in S, v being real, 
then f'(z) = 0(z u ~ 1 ) as z — > oo in any closed sector 
properly interior to S and with the same vertex (Ritt’s 
theorem). This result also holds with both O’ s replaced 
by o’s. 

2 . 1 (iii) Asymptotic Expansions 

Let ^2 o s x — s be a formal power series (convergent or 
divergent) and for each positive integer n, 

n— 1 

2.1.13 /(x) = a s x~ s T Q(x~ n ) 

a — 0 

as x — > oo in an unbounded set X in R or C. Then 
J2 a s x~ s is a Poincare asymptotic expansion , or simply 
asymptotic expansion , of f(x) as x — > oo in X. Symbol- 
ically, 

2.1.14 /(x) ~ ao T aiX -1 T 02 X -2 T • • ■ , x — > oo in X. 
Condition (2.1.13) is equivalent to 

/ n-l \ 

2.1.15 x n I f(x) — ^ a s x~ s ) — > a n , x — > oo in X, 

for each n = 0,1,2, If 22 a s x ~ s converges for all 

sufficiently large |x|, then it is automatically the asymp- 
totic expansion of its sum as x — > oo in C. 

If c is a finite limit point of X, then 

2.1.16 

/(x) ~ oo T ai(x — c) T a 2 (x — c) 2 T • • • , x — > c in X, 

means that for each n, the difference between /(x) 
and the nth partial sum on the right-hand side is 
0((x — c) n ) as x — > c in X. 

Most operations on asymptotic expansions can be 
carried out in exactly the same manner as for conver- 
gent power series. These include addition, subtraction, 
multiplication, and division. Substitution, logarithms, 
and powers are also permissible; compare Olver (1997b, 
pp. 19-22). Differentiation, however, requires the kind 
of extra conditions needed for the O symbol (§2.1(ii)). 
For reversion see §2.2. 

Asymptotic expansions of the forms (2.1.14), 
(2.1.16) are unique. But for any given set of coefficients 
Oo, ai, ci 2 , . . . , and suitably restricted X there is an in- 
finity of analytic functions /(x) such that (2.1.14) and 
(2.1.16) apply. For (2.1.14) X can be the positive real 
axis or any unbounded sector in C of finite angle. As 
an example, in the sector ph z\ < — 6 (< ^7r) each 

of the functions 0, e~ z , and e _v/ * (principal value) has 
the null asymptotic expansion 

2.1.17 0T0^ _1 +0'T 2 H , 2 i — » oo. 
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2.1(iv) Uniform Asymptotic Expansions 

If the set X in §2. l(iii) is a closed sector a < phx < 
/?, then by definition the asymptotic property (2.1.13) 
holds uniformly with respect to phai £ [«,/?] as \x\ — > 
oo. The asymptotic property may also hold uniformly 
with respect to parameters. Suppose u is a parameter 
(or set of parameters) ranging over a point set (or sets) 
U, and for each nonnegative integer n 

x n ^f(u, x) - ^2 a s (u)x~ gS j 

is bounded as x — > oo in X, uniformly for u £ U. (The 
coefficients a s (it) may now depend on u.) Then 

OO 

2.1.18 /(it, x ) ~ a s (u)x~ a 

s= o 

as x — * oo in X, uniformly with respect to it £ U. 
Similarly for finite limit point c in place of oo. 

2.1(v) Generalized Asymptotic Expansions 

Let 4> s (x), s = 0,1,2,..., be a sequence of functions 
defined in X such that for each s 

2.1.19 <j) a+ i(x) = o(<j) a (x)), x -> c in X, 
where c is a finite, or infinite, limit point of X. Then 
{<j> a (x)} is an asymptotic sequence or scale. Suppose 
also that /( x) and f 3 (x) satisfy 

n — 1 

2.1.20 f{x) = ^ fs{x ) + 0(4> n (x)), x -> c in X, 

s=0 

for n = 0,1,2,.... Then f s {x) is a generalized 
asymptotic expansion of f(x) with respect to the scale 
{<j> s {x)}. Symbolically, 

OO 

2.1.21 f{x) ~ ^ fs{x); {0s(^)}, X -> c in X. 

s= 0 

As in §2.1(iv), generalized asymptotic expansions can 
also have uniformity properties with respect to param- 
eters. For an example see §14.15(i). 

Care is needed in understanding and manipulating 
generalized asymptotic expansions. Many properties 
enjoyed by Poincare expansions (for example, multipli- 
cation) do not always carry over. It can even happen 
that a generalized asymptotic expansion converges, but 
its sum is not the function being represented asymptot- 
ically; for an example see §18.15(iii). 

2.2 Transcendental Equations 

Let fix) be continuous and strictly increasing when 
a < x < oo and 

2.2.1 fix) ~ x, x — > oo. 

Then for y > /(a) the equation fix) = y has a unique 
root x = xiy) in (a, oo), and 

xiy) ~y, y -> oo. 


Example 

2 . 2.3 t 2 — Inf = y. 

With x = t 2 , fix) = x — \ In x. We may take a = 
From (2.2.2) 

2 . 2.4 t = y 5 (1 + o(l)) , y — > oo. 

Higher approximations are obtainable by successive re- 
substitutions. For example 

2 . 2.5 t 2 = y + Inf = y + \ lny + o(l), 
and hence 

2.2.6 t = (l + iy^lny + o(y^ 1 )) , y -> oo. 

An important case is the reversion of asymptotic 
expansions for zeros of special functions. In place of 
(2.2.1) assume that 

2 . 2.7 fix) ~ x + f 0 + fix' 1 + f 2 x~ 2 H , x -> oo. 

Then 

2.2.8 x ~ y - F 0 - -Fit/ -1 - F 2 y~ 2 , y -> oo, 

where Fq = f Q and sF s (s > 1) is the coefficient of 
x ” 1 in the asymptotic expansion of ifix)) s iLagrange’s 
formula for the reversion of series). Conditions for the 
validity of the reversion process in C are derived in Olver 
(1997b, pp. 14-16). Applications to real and complex 
zeros of Airy functions are given in Fabijonas and Olver 
(1999). For other examples see cle Bruijn (1961, Chap- 
ter 2). 

2.3 Integrals of a Real Variable 

2.3(i) Integration by Parts 

Assume that the Laplace transform 



converges for all sufficiently large x, and g(t) is infinitely 
differentiable in a neighborhood of the origin. Then 

2 . 3.2 / e~ xt qit) dt ~ ^ , x -> +oo. 

J o s— o x 

If, in addition, qft) is infinitely differentiable on 
[0, oo) and 

2 . 3.3 a n = sup it- 1 In |«< n >(i)/g (n >(0)|) 

(0,oo) 

is finite and bounded for n = 0,1,2,..., then the nth 
error term (that is, the difference between the integral 
and nth partial sum in (2.3.2)) is bounded in absolute 
value by |g( n )(0)/(a;"(a; — cr„))| when x exceeds both 0 
and a n . 


2 . 2.2 
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For the Fourier integral 

rb 


t q(t) dt 


assume a and b are finite, and q(t ) is infinitely differen- 
tiable on [a,b\. Then 


2 . 3.4 


t q(t) dt 


oo / • \s+l 

OO / . \S + 1 

- e“- £ «<*>(« (y , 

cc — > Too. 


Alternatively, assume b = oo, q(t) is infinitely differen- 
tiable on [a, oo), and each of the integrals / e lxt q^ (t) dt, 
s = 0,l,2,..., converges as t — > oo uniformly for all suf- 
ficiently large x. Then 


2 . 3.5 


t q(t) dt 


e iax J2q iS \a) 
8 = 0 



Too. 


In both cases the nth error term is bounded in abso- 
lute value by x~ n V a ^ ,(</ n_1 )(t)), where the variational 
operator V a .b is defined by 


2 -3-6 V„ l6 (/(i))= [ b \f'(t)dt\-, 

J a 

see §1.4(v). For other examples, see Wong (1989, Chap- 
ter 1). 


2.3(ii) Watson’s Lemma 


Assume again that the integral (2.3.1) converges for all 
sufficiently large x, but now 


2 - 3.7 g(i) - Y, a s i (s+A_/i)/M , t -> 0+, 

s=0 

where A and p are positive constants. Then the series 
obtained by substituting (2.3.7) into (2.3.1) and inte- 
grating formally term by term yields an asymptotic ex- 
pansion: 


2 . 3.8 


t q(t) dt 


OO 

£ ] 

3= 0 


s T A 


p J aA s + A )/^ ’ 


Too. 


For the function T see §5.2(i). 

This result is probably the most frequently used 
method for deriving asymptotic expansions of special 
functions. Since q(t) need not be continuous (as long as 
the integral converges), the case of a finite integration 
range is included. 


Other types of singular behavior in the integrand 
can be treated in an analogous manner. For example, 


2 . 3.9 



e xt q(t) In t dt ~ T' 

3—0 



a s 

x(s+X)/ n 


- (lnx)£r 


s=0 


s T A 


^.(S+A )/ /Jy 1 


provided that the integral on the left-hand side of (2.3.9) 
converges for all sufficiently large values of x. (In other 
words, differentiation of (2.3.8) with respect to the pa- 
rameter A (or p) is legitimate.) 

Another extension is to more general factors than 
the exponential function. In addition to (2.3.7) assume 
that f(t) and q(t) are piecewise continuous (§1.4(ii)) on 
(0, oo), and 


2 . 3.10 I/Ml < Aexp(— at K ), 0 < t < oo, 

2 . 3.11 q(t) = 0(exp(bt K )), t — > Too, 

where A, a, b, k are positive constants. Then 


2 . 3.12 



f(xt)q(t) dt 


£^(/; 


3=0 


s T A 


p J ’ 


x — > Too, 

where (/; a) is the Mellin transform of /(f) (§2.5(i)). 

For a more detailed treatment of the integral (2.3.12) 
see §§2.5, 2.6. 


2.3(iii) Laplace’s Method 


When p(t) is real and x is a large positive parameter, 
the main contribution to the integral 

r b 

2 . 3.13 


I(x) = [ e~ xp ^q{t) dt 

J a 


derives from the neighborhood of the minimum of p(t) 
in the integration range. Without loss of generality, we 
assume that this minimum is at the left endpoint a. 
Furthermore: 


(a) p'(t) and q(t) are continuous in a neighborhood of 
a, save possibly at a, and the minimum of p(t) in 
[a, b) is approached only at a. 

(b) As t — > aT 


OO 

p{t) ~ p(a) T Y Ps ^ ~ a ) S+/ "> 

s = 0 

2 - 314 

q(t) ~ £g s (f- a) s+A_1 , 

s=0 


and the expansion for p{t) is differentiable. Again 
A and p are positive constants. Also po > 0 (con- 
sistent with (a)). 

(c) The integral (2.3.13) converges absolutely for all 
sufficiently large x. 
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Then 


2 . 3.15 

r b 


[ e~ xpW q(t)dt~ e- xp ( a) J2 

5=0 ' ^ ' 


x( s +\)/ P ’ 

X — > +00, 

where the coefficients b s are defined by the expansion 

90) 


2 . 3.16 


p’(t) 


5> 

5—0 


(s+A-/*)//i 


v — > 0+, 


in which v = p(f) — p(a). For example, 
<7o 


&o — 


a/a* 5 
Wo 


2 . 3.17 


, / 9i (A+l)pi9o\ 1 

1 U M 2 Po 

92 (A + 2)(pigi +P29o) 


b 2 = - - 


P 2 Po 


In general 

2 . 3.18 


b s = — res 

fj, t=a 


(A + 2)(A + ft + 2)piqo 

WpI 


90) 


(A+2 )/ fi 

P 0 


_(p(t) -p(a))( A + s )/^J ’ 5 

Watson’s lemma can be regarded as a special case of 
this result. 

For error bounds for Watson’s lemma and Laplace’s 
method see Boyd (1993) and Olver (1997b, Chapter 3). 
These references and Wong (1989, Chapter 2) also con- 
tain examples. 

2.3(iv) Method of Stationary Phase 


When the parameter x is large the contributions from 
the real and imaginary parts of the integrand in 
rb 

2 . 3.19 I(x) = / e lxpW q{t)dt 

J a 

oscillate rapidly and cancel themselves over most of the 
range. However, cancellation does not take place near 
the endpoints, owing to lack of symmetry, nor in the 
neighborhoods of zeros of p'(t) because p(t) changes rel- 
atively slowly at these stationary points. 

The first result is the analog of Watson’s lemma 
(§2.3(ii)). Assume that q(t) again has the expansion 
(2.3.7) and this expansion is infinitely differentiable, q{t) 
is infinitely differentiable on (0, oo), and each of the inte- 
grals f e lxt q( s \t) dt, s = 0, 1, 2, ... , converges at t = oo, 
uniformly for all sufficiently large x. Then 


2 . 3.20 


t q(t) dt 


]Texp 


s=0 


(s + X)ni 

2p 


/ s + A A a s 

\ p ) a;( s+A )/^ ’ 

X — * +00, 


where the coefficients a s are given by (2.3.7). 

For the more general integral (2.3.19) we assume, 
without loss of generality, that the stationary point (if 
any) is at the left endpoint. Furthermore: 

(a) On (a, b), p(t) and q(t) are infinitely differentiable 
and p’{t) > 0. 

(b) As t — > a+ the asymptotic expansions (2.3.14) ap- 
ply, and each is infinitely differentiable. Again A, 
/i, and po are positive. 


(c) If the limit p(b) of p(t) as t 
each of the functions 


b— is finite, then 


2 . 3.21 


Ps(t) = 


l d V q(t) 


, p'(t ) dt) p'(t)’ 
tends to a finite limit P 8 {b). 


s = 0 , 1 , 2 ,..., 


(d) If p(b) = oo, then P 0 (&) = 0 and each of the inte- 
grals 

322 J e ixp ^P s {t)p’{t) dt , s = 0 , 1 , 2 , . . . , 

converges at t = b uniformly for all sufficiently 
large x. 


If p(b) is finite, then both endpoints contribute: 


2 . 3.23 

rb 


xp(t) 


q(t) dt 


O ixp(o.) 


^exp 


s=0 


( s + A)7ri 


2p 


- e ixp< - b) J2P S (b) 


s—0 


s+1 



b s 

x(s+\)/ p 

x — ► +oo. 


But if (d) applies, then the second sum is absent. The 
coefficients b s are defined as in §2.3(iii). 

For proofs of the results of this subsection, error 
bounds, and an example, see Olver (1974). For other 
estimates of the error term see Lyness (1971). For ex- 
tensions to oscillatory integrals with logarithmic singu- 
larities see Wong and Lin (1978). 


2.3(v) Coalescing Peak and Endpoint: 

Bleistein’s Method 

In the integral 

fk 

2 . 3.24 I(a,x) = / e-^Pqia^t.)^- 1 dt 

J o 

k (< oo) and A are positive constants, a is a variable 
parameter in an interval or < a < a.i with or < 0 and 
0 < CC 2 < k, and a; is a large positive parameter. As- 
sume also that d 2 p(a,t) /dt 2 and q{a,t) are continuous 
in a and f, and for each a the minimum value of p{ot 1 t) 
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in [0, A;) is at t = a , at which point dp(a,t)/dt van- 
ishes, but both d 2 p(a,t) / dt 2 and q(a,t) are nonzero. 
When x — > +oo Laplace’s method (§2.3(iii)) applies, 
but the form of the resulting approximation is discon- 
tinuous at a = 0. In consequence, the approximation is 
nonuniform with respect to a and deteriorates severely 
as a — > 0. 

A uniform approximation can be constructed by 
quadratic change of integration variable: 

2 . 3.25 p(a, t ) = t^w 2 — aw + b, 

where a and b are functions of a chosen in such a way 
that t = 0 corresponds to w = 0, and the stationary 
points t = a and w = a correspond. Thus 

2 . 3.26 a = (2p(a,0) — 2p(a,a)) 1 / 2 , b = p(a, 0), 


2 . 3.27 

w = (2p(a,0) — 2 p(a,a)) 1 ^ 2 ± (2p(a,t) — 2p(a, a)) 1 / 2 , 

the upper or lower sign being taken according as t ^ a. 
The relationship between t and w is one-to-one, and 
because 


dt 


2 3 28 —=+ - dp(a,t) 

dt (2 p(a, t) — 2 p(a, a)) 1 / 2 

it is free from singularity at t = a. 

The integral (2.3.24) transforms into 


2 . 3.29 

I(a,x) =e~ xp{a ’ 0) 


x / exp (—x(^w 2 —aw))f(a,w)w x 1 dw, 

Jo 


where 

2 . 3.30 


f(a,w) = q(a,t) ( — ) — , 


t\ X 1 dt 


k = n(a) being the value of w at t = k. We now expand 
f(a,w) in a Taylor series centered at the peak value 
w = a of the exponential factor in the integrand: 


2 . 3.31 /(a, w) = - a) s , 

a = 0 

with the coefficients 4> s (,cJ) continuous at a = 0. The 
desired uniform expansion is then obtained formally as 
in Watson’s lemma and Laplace’s method. We replace 
the limit k by oo and integrate term-by-term: 


2 . 3.32 I(ce,x) 
where 


e ~xp(a,0) 

x x / 2 


s = 0 


F s (ay/x) 
x s ! 2 ' 


oo, 


2 . 3.33 F s (y)= / exp (-|r 2 + ?/r)(r - y) s r A 1 dr. 

Jo 

For examples and proofs see Olver (1997b, Chapter 
9), Bleistein (1966), Bleistein and Handelsman (1975, 
Chapter 9), and Wong (1989, Chapter 7). 


2.4 Contour Integrals 


2.4(i) Watson’s Lemma 


The result in §2.3(ii) carries over to a complex param- 
eter z. Except that A is now permitted to be complex, 
with > 0, we assume the same conditions on q(t ) and 
also that the Laplace transform in (2.3.8) converges for 
all sufficiently large values of 3 <tz. Then 


2 . 4.1 


*q(t) dt - 


s=0 


s T A 


p J z( s +^)/A 


as z — > oo in the sector |phz| < — 6 (< \n), with 

z (s+x)/p, ass ig nec i its principal value. 

If q(t) is analytic in a sector or < phf < a.i con- 
taining pht = 0, then the region of validity may be 
increased by rotation of the integration paths. We as- 
sume that in any closed sector with vertex t = 0 and 
properly interior to a\ < pht < 02 , the expansion 
(2.3.7) holds as t — > 0, and q(t) = 0(e a ^) as t — > 00 , 
where a is a constant. Then (2.4.1) is valid in any 
closed sector with vertex z = 0 and properly interior 
to — 0:2 — < phz < — cci + r. (The branches of 

t (s+ \-p)/p. and Z ( S + A)/M 

are extended by continuity.) 

For examples and extensions (including uniformity 
and loop integrals) see Olver (1997b, Chapter 4), Wong 
(1989, Chapter 1), and Temme (1985). 


2.4(ii) Inverse Laplace Transforms 


On the interval 0 < t < 00 let q(t) be differentiable 
and e~ ct q(t) be absolutely integrable, where c is a real 
constant. Then the Laplace transform 


2 . 4.2 


Q{z) = f 

Jo 


t q(t) dt 


is continuous in Sffz > c and analytic in 5iz > c, and by 
inversion (§1.14(iii)) 


2 . 4.3 


1 i-a+iri 

q(t) = — lim / ( 

2 m 00 J a _. 


e tz Q(z) dz, 0 < t < 00 , 


where a (> c) is a constant. 

Now assume that c > 0 and we are given a function 
Q(z) that is both analytic and has the expansion 


2A4 ^5)7)7’ ^°°> 

in the half-plane > c. Here 3? A > 0, p > 0, and 
z (.s+\)/p ] las j^g principal value. Assume also (2.4.4) is 
differentiable. Then by integration by parts the integral 

2 . 4.5 q(t) = - — / e tz Q(z) dz, 0 < t < 00 , 

2m J a _ ioo 

is seen to converge absolutely at each limit, and be in- 
dependent of cr € [c, 00 ). Furthermore, as t — > 0+, q(t) 
has the expansion (2.3.7). 


2.4 Contour Integrals 
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For large t, the asymptotic expansion of q(t) may be 
obtained from (2.4.3) by Haar’s method. This depends 
on the availability of a comparison function F(z) for 
Q(z ) that has an inverse transform 

1 rtT+iri 

2 . 4.6 f{t) = — lim / e tz F{z) dz 

2m ri^ooJ a _ irl 

with known asymptotic behavior as t — > +oo. By sub- 
traction from (2.4.3) 

2 . 4.7 

q(t) - f(t) = %— lim [ e ltT iQ{(j + ir) — F(a + ir)) dr. 
2n a J — rj 

If this integral converges uniformly at each limit for 
all sufficiently large t , then by the Riemann-Lebesgue 
lemma (§1.8(i)) 

2 . 4.8 q(t) = f{t) T o(e ct ), t — > Too. 

If, in addition, the corresponding integrals with Q and 
F replaced by their derivatives and F^\ j = 

1 , 2, . . . , to , converge uniformly, then by repeated inte- 
grations by parts 

2 . 4.9 q(t) = fit) T oit~ m e ct ), t — > Too. 

The most successful results are obtained on moving the 
integration contour as far to the left as possible. For 
examples see Olver (1997b, pp. 315-320). 


2.4(iii) Laplace’s Method 

Let denote the path for the contour integral 

/>b 

2 . 4.10 Iiz) = / e~ zp Wqit)dt , 

J a 

in which a is finite, b is finite or infinite, and u> is the an- 
gle of slope of 33 at a, that is, lim(ph(f — a)) as t — > a 
along 3? . Assume that p(t) and q(t) are analytic on 
an open domain T that contains 3^, with the possible 
exceptions of t = a and t = b. Other assumptions are: 

(a) In a neighborhood of a 

OO 

pit) = pia) T ^Psit - a) s+M , 

s— 0 

2 . 4.11 

OO 

q(t) = ^2q s {t-a) s+x -\ 

s = 0 

with 3? A > 0, p > 0, po yf 0, and the branches of 
(t — a) x and (t — a) p continuous and constructed 
with ph(f — a) — > u> as t — > a along 33 . 

(b) x ranges along a ray or over an annular sector 
9i < 9 < 0 2 , \z\ > Z, where 9 = ph z, 02 — 9i < 7r, 
and Z > 0. I(z) converges at b absolutely and 
uniformly with respect to z. 


(c) Excluding t = a, 3 f?(e l6 p(f) — e lB pia )) is positive 
when t £ and is bounded away from zero uni- 
formly with respect to 9 £ [$i, $ 2 ] as t — > b along 
3 *. 


Then 


2.4.12 


Iiz) 



s=0 


s T A \ b s 

p, J 2f( s +^)/^ 


as z — > 00 in the sector 9\ <ph.z<02- The coefficients 
b s are determined as in §2.3(iii), the branch of phpo 
being chosen to satisfy 


2-4.13 \9 T pui T ph po| < \k. 

For examples see Olver (1997b, Chapter 4). For er- 
ror bounds see Boyd (1993). 


2.4(iv) Saddle Points 

Now suppose that in (2.4.10) the minimum of 9?(zp(i)) 
on & occurs at an interior point to. Temporarily as- 
sume that 9 (= ph z) is fixed, so that is independent 
of 0 . We may subdivide 

nb na 

2 . 4.14 Iiz)= e~ zpW qit)dt~ e~ zp(t) qit)dt, 

J to J to 

and apply the result of §2.4(iii) to each integral on the 
right-hand side, the role of the series (2.4.11) being 
played by the Taylor series of p{t) and q{t) at t = fo- 
il' p'(to) yf 0, then p = 1, A is a positive integer, and 
the two resulting asymptotic expansions are identical. 
Thus the right-hand side of (2.4.14) reduces to the er- 
ror terms. However, if p'{to) = 0, then p > 2 and 
different branches of some of the fractional powers of po 
are used for the coefficients b s ; again see §2.3(iii). In 
consequence, the asymptotic expansion obtained from 
(2.4.14) is no longer null. 

Zeros of p' it) are called saddle points (or cols) owing 
to the shape of the surface |p(f)|, t £ C, in their vicin- 
ity. Cases in which p' ito) yf 0 are usually handled by 
deforming the integration path in such a way that the 
minimum of 3i(zp(t)) is attained at a saddle point or at 
an endpoint. Additionally, it may be advantageous to 
arrange that 3(zp(f)) is constant on the path: this will 
usually lead to greater regions of validity and sharper er- 
ror bounds. Paths on which 3(zp(f)) is constant are also 
the ones on which | exp(— zp(t)) \ decreases most rapidly. 
For this reason the name method of steepest descents is 
often used. However, for the purpose of simply deriving 
the asymptotic expansions the use of steepest descent 
paths is not essential. 

In the commonest case the interior minimum to of 
9?(zp(£)) is a simple zero of p'it). The final expansion 
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then has the form 


2.4.15 


/ b °° 

e~ zpW q{t) dt ~ 2e~ zp{ - ta) Y r (s + \) 

s=0 


1\ u 2s 
2> z s+(l/2) ' 


in which 


2.4.16 

bn = 


b 1 = 


(2 p") 1/2 ’ 

2 q" - 


2 p"'q' 

p" 


5 Op '") 2 


p 


6 (p") 2 2 p" J ^ J (2p") 3 / 2 ’ 

with p , q and their derivatives evaluated at to ■ The 
branch of w 0 = ph(p"(t 0 )) is the one satisfying \6 + 2u + 
w 0 | < ^7 r, where w is the limiting value of ph(f — to) as 
t — > to from b. 

Higher coefficients 62s in (2.4.15) can be found from 
(2.3.18) with A = 1, p = 2, and s replaced by 2s. For 
integral representations of the 62s and their asymptotic 
behavior as s — > 00 see Boyd (1995). The last reference 
also includes examples, as do Olver (1997b, Chapter 4), 
Wong (1989, Chapter 2), and Bleistein and Handelsman 
(1975, Chapter 7). 


2.4(v) Coalescing Saddle Points: Chester, 
Friedman, and Ursell’s Method 

Consider the integral 

2.4.17 I(a,z)= f e" zp(a ’ t) g(a,t)dt 

J 3* 

in which z is a large real or complex parameter, p(a,t) 
and q{a 1 1) are analytic functions of t and continuous in t 
and a second parameter a. Suppose that on the integra- 
tion path & there are two simple zeros of dp(a,t) /dt 
that coincide for a certain value a of a. The problem of 
obtaining an asymptotic approximation to I(a,z) that 
is uniform with respect to a in a region containing a 
is similar to the problem of a coalescing endpoint and 
saddle point outlined in §2.3(v). 

The change of integration variable is given by 

2.4.18 p(a, t) = gui 3 + aw 2 + bw + c, 

with a and b chosen so that the zeros of dp(a , t) / dt cor- 
respond to the zeros uq(a), w^a), say, of the quadratic 
w 2 + 2 aw + b. Then 

2.4.19 

1(01, z) 

= e~ cz / exp (— z (^vj 3 + aw 2 + bw))f(a, w) dw, 
where is the w)-map of 3 s , and 

,, . , ,, dt . . w 2 + 2aw + b 

2.4.20 f(a,w) = q(a,t)—=q(a,t) ap(<M)/ 3 ( . 

The function f{a,w) is analytic at w = w\(a) and 
w = u>2(a) when a ^ a, and at the confluence of these 


points when a = a. For large \z\, I(a,z) is approx- 
imated uniformly by the integral that corresponds to 
(2.4.19) when f(a,w) is replaced by a constant. By 
making a further change of variable 

2.4.21 w = z~ x ^v - a, 

and assigning an appropriate value to c to modify the 
contour, the approximating integral is reducible to an 
Airy function or a Scorer function (§§9.2, 9.12). 

For examples, proofs, and extensions see Olver 
(1997b, Chapter 9), Wong (1989, Chapter 7), Olde 
Daalhuis and Temme (1994), Chester et al. (1957), and 
Bleistein and Handelsman (1975, Chapter 9). 

For a symbolic method for evaluating the coefficients 
in the asymptotic expansions see Vidunas and Temme 
( 2002 ). 

2.4(vi) Other Coalescing Critical Points 

The problems sketched in §§2.3(v) and 2.4(v) involve 
only two of many possibilities for the coalescence of end- 
points, saddle points, and singularities in integrals asso- 
ciated with the special functions. For a coalescing sad- 
dle point and a pole see Wong (1989, Chapter 7) and van 
der Waerclen (1951); in this case the uniform approxi- 
mants are complementary error functions. For a coalesc- 
ing saddle point and endpoint see Olver (1997b, Chapter 
9) and Wong (1989, Chapter 7); if the endpoint is an 
algebraic singularity then the uniform approximants are 
parabolic cylinder functions with fixed parameter, and 
if the endpoint is not a singularity then the uniform 
approximants are complementary error functions. 

For two coalescing saddle points and an endpoint see 
Leubner and Ritsch (1986). For two coalescing saddle 
points and an algebraic singularity see Temme (1986), 
Jin and Wong (1998). For a coalescing saddle point, 
a pole, and a branch point see Ciarkowski (1989). For 
many coalescing saddle points see §36.12. For double 
integrals with two coalescing stationary points see Qiu 
and Wong (2000). 

2.5 Mellin Transform Methods 
2.5(i) Introduction 

Let f(t) be a locally integrable function on (0,oo), that 
is, / /(f) dt exists for all p and T satisfying 0 < p < 

T < 00. The Mellin transform of /(f) is defined by 

/»00 

2.5.1 Jf{ f;z)= / f 2_1 /(t) dt, 

Jo 

when this integral converges. The domain of analytic- 
ity of (/; z) is usually an infinite strip a < IRz < b 
parallel to the imaginary axis. The inversion formula is 
given by 

-1 /»c+ioo 

2.5.2 /(f) = — / t~ z Jt (f;z)dz, 

Z7TI J c — 200 


2.5 Mellin Transform Methods 
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with a < c < b. 

One of the two convolution integrals associated with 
the Mellin transform is of the form 

POO 

2.5.3 I(x) = / f(t)h(xt)dt, x > 0, 

J o 

and 

2.5.4 (7; z) = ^ (/; 1 — z) (7; z). 

If (/; 1 — z) and ,/# (7; z) have a common strip of 
analyticity a < 3 ftz < b, then 

2.5.5 I(x) = - — : / x~ z ^ (/; 1 — z) ^ (/i; z) dz, 

z7TZ J c—ioQ 

where a < c < b. When x = 1, this identity is a 
Parseval-type formula; compare §1.14(iv). 

If -M (/; 1 — z) and -M (h\ z) can be continued ana- 
lytically to meromorphic functions in a left half-plane, 
and if the contour 3?z = c can be translated to 37z = d 
with d < c, then 

2.5.6 

7( x) = ^ res [x~ z ^ (/; 1 — z) ^ (h; z)] T E(x), 

d<yiz<c 

where 


^ pd-\-ioo 

2.5.7 E(x) = — — ; / ■.# (/; 1 — z) [h\ z) dz. 

J d—ioo 

The sum in (2.5.6) is taken over all poles of 
x~ z ,/M (/; 1 — z) (7; 2 ) in the strip d < 37z < c, and 
it provides the asymptotic expansion of 7(x) for small 
values of x. Similarly, if (/; 1 — z) and (h; z) can 
be continued analytically to meromorphic functions in 
a right half-plane, and if the vertical line of integra- 
tion can be translated to the right, then we obtain an 
asymptotic expansion for 7(x) for large values of x. 


Example 


. , J 2 (xt) , , 

2.5.8 /(,) = y v> ~b 

where J„ denotes the Bessel function (§10.2(ii)), and 
x is a large positive parameter. Let h(t) = J 2 (t) and 
/(f) = 1/(1 + t). Then from Table 1.14.5 and Watson 
(1944, p. 403) 


2.5.9 

2.5.10 

(7; z) 


(/; 1 — z) = -r- 7 - — r, 0 < 3?z < 1 , 

sm(7rz) 

2 z ~ 1 r(v+±z) 7 T 

T 2 (l - \z) T (1 + v—\z) r(z) sin( 7 rz) ’ 

—2v < 37z < 1. 


In the half-plane 37z > max(0, — 2v), the product 
(/; 1 — 2 ?) ..<# (7; z) has a pole of order two at each 
positive integer, and 


2.5.11 

res \x~ z (/; 1 — z) Tf (/i; 2 )] = (a„ In x + b n )x~ n 

r— n L -I 


where 

2 n " 1 r(^+ in) 

2.5.12 a n = — ^ — y~ , , — — , 

T 2 (l - \ n )Y(l + v- in)T(n) 

b n = -a„ (in 2+7 i/>(v T |n) + ^(l - |n) 

+ + |n) - V’(n)) , 

and tf) is the logarithmic derivative of the gamma func- 
tion (§5.2(i)). 

We now apply (2.5.5) with max(0, — 2v ) < c < 1, 
and then translate the integration contour to the right. 
This is allowable in view of the asymptotic formula 

2.5.14 | r(s + iy) | = V2Tre-” M / 2 \y\ x -^ (l + 0 (i)) , 
as y — > ± 00 , uniformly for bounded \x\] see (5.11.9). 
Then as in (2.5.6) and (2.5.7), with d = 2n + l^e(0< 
e < 1 ), we obtain 

2 n 

2 5 15 I ^ > = ~'Yh{ a s^ x + b s)x~ s + 0 (x~ 2n ~ l+e ), 

s=0 

n = 0, 1, 2 , ... . 

From (2.5.12) and (2.5.13), it is seen that a s = b s = 0 
when s is even. Hence 

n—1 

2.5.16 I(x) = ^^(c s lnx + d s )x ~ 2s ~ 1 + 0(x _2n_1+e ) , 

s=0 

where c s = -a 2s + 1 , d s = -b 2s + 1 - 


2.5(ii) Extensions 

Let /(f) and h{t) be locally integrable on (0, 00 ) and 

OO 

2.5.17 /(*) ~ CL s t as , t — > OH - , 

s— 0 

where J£a s > 3?av for s > s', and — > +00 as 

s — > 00 . Also, let 

00 

2.5.18 7(f) ~ exp (int p ) 55 ^ s t~^ a , t — > +oo, 

s=0 

where k is real, p > 0 , 37/3 s > 3J/? S ' for s > s', and 
3 7/3 s — > Too as s — > oo. To ensure that the integral 
(2.5.3) converges we assume that 

2.5.19 f(i) = 0(t~ b ), i — > Too, 

with b T 3?/?o > 1, and 

2.5.20 7(t) = 0(t c ), t -> 0T, 

with c T 3?«o > — 1. To apply the Mellin transform 
method outlined in §2.5(i), we require the transforms 
^ (/; 1 — z) and .,<# (7; 2 ) to have a common strip of an- 
alyticity. This, in turn, requires —b < 3?ao> < 3?/3o, 

and either — c < 3ffa 0 T 1 or 1 — b < 3 ?/3 0 - Following 
Handelsman and Lew (1970, 1971) we now give an ex- 
tension of this method in which none of these conditions 
is required. 
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First, we introduce the truncated functions /i(f) and 
/ 2 (f) defined by 


2 . 5.21 

2 . 5.22 

Similarly, 


/2M 


I/M, 0 < £ < 1, 

j^O, 1 < £ < 00 , 

/W ^ AM- 


2 . 5.23 

2 . 5.24 


h\(t) 


h(t), 0 < £ < 1 , 
0 , 1 < £ < 00 , 


h 2 (t) = h(t) - /ii(£). 


With these definitions and the conditions (2.5.17)- 
(2.5.20) the Mellin transforms converge absolutely and 
define analytic functions in the half-planes shown in Ta- 
ble 2.5.1. 


Table 2.5.1: Domains of convergence for Mellin trans- 
forms. 


Transform 

Domain of Convergence 

Jt (fi,z) 

3 <tz > —3 fta 0 

Jt (h\z) 

3tz<b 

Jt (hi; z) 

3 ftz > —c 

(h 2 ; z) 

3 ftz < 3?/3o 


Furthermore, Jt(fi;z) can be continued analyt- 
ically to a meromorphic function on the entire , 2 - 
plane, whose singularities are simple poles at — a s , 
s = 0 , 1 , 2 , . . . , with principal part 

2 . 5.25 a s /(z + a s ). 

By Table 2.5.1, Jt (/ 2 ; 2 ) is an analytic function in 
the half-plane 3 ftz < b. Hence we can extend the defini- 
tion of the Mellin transform of / by setting 

2 . 5.26 Jt (/; z) = Jt (/ 1 ; z) + Jt (/ 2 ; z) 

for 3?2 < b. The extended transform Jt (/; z) has the 
same properties as Jt (/) ; z) in the half-plane 3^2 < b. 

Similarly, if k = 0 in (2.5.18), then Jt (/i 2 ; z ) can be 
continued analytically to a meromorphic function on the 
entire 2 -plane with simple poles at (3 S , s = 0 , 1 , 2 ,..., 
with principal part 

2 . 5.27 b s / (2 (3s) . 

Alternatively, if k . 7 ^ 0 in (2.5.18), then Jt (h 2 ;z) can 
be continued analytically to an entire function. 

Since Jt(hi;z) is analytic for 3^2 > — c by Table 
2.5.1, the analytically-continued Jt (h 2 ; 2 ) allows us to 
extend the Mellin transform of h via 

2 . 5.28 Jt (h; 2 ) = Jt (hi; 2 ) + Jt (h 2 ; 2 ) 

in the same half-plane. From (2.5.26) and (2.5.28), it 
follows that both Jt (/; 1 — 2 ) and Jt (h; 2 ) are defined 
in the half-plane 3?2 > max(l — 6, — c). 


We are now ready to derive the asymptotic expan- 
sion of the integral I(x) in (2.5.3) as x — > 00 . First we 
note that 

2 

2 . 5.29 I(x) = A AM, 

j,k = 1 


where 

2 . 5.30 

By direct 



fj(t)h k (xt) dt. 


computation 


2 . 5.31 I- 2 i (x) = 0, for x > 1. 

Next from Table 2.5.1 we observe that the integrals for 
the transform pair Jt ( f 3 ; 1 — 2 ) and -Jt (h k ; 2 ) are ab- 
solutely convergent in the domain Dj k specified in Table 
2.5.2, and these domains are nonempty as a consequence 
of (2.5.19) and (2.5.20). 


Table 2.5.2: Domains of analyticity for Mellin trans- 
forms. 



Transform Pair 


Domain Dj k 

Jt 

(AM- 

2 ), Jt (hi; 

z) 

— c < 3?2 < 1 + 3?«o 

Jt 

(A;i- 

2 ), Jt (h 2 ; 

z) 

3 ftz < min(l + 3?ao, 3?/?o) 

Jt 

(A; 1 - 

2 ), Jt (hi; 

z) 

max(— c, 1 — b) < 3?2 

Jt 

(A; 1 - 

2 ), Jt (h 2 ; 

z) 

1 — b < 3^2 < 3f/?o 


For simplicity, write 

2 . 5.32 Gjk(z) = Jt (fj; 1 — 2 ) Jt (h k ; 2 ). 

From Table 2.5.2, we see that each Gj k (z) is analytic 
in the domain Dj k . Furthermore, each Gj k (z) has an 
analytic or meromorphic extension to a half-plane con- 
taining Dj k . Now suppose that there is a real number 
Pj k in Dj k such that the Parseval formula (2.5.5) applies 
and 

l rpjk+100 

2 . 5.33 Ijk(x) = — / x~ z Gjk(z) dz. 

Jpjk—ioo 

If, in addition, there exists a number qj k > Pjk such 
that 

2 . 5.34 sup \Gjk(x + iy) | — > 0, y — > ± 00 , 
Pjk <x<qjk 

then 

2 5 35 MAM = ^ y res [ — x Gjk(z)\ + Ejk(x), 

p jk <$lz<q jk 

where 


1 rqjk+ioo 

Ej k (x ) = — / x~ z G jk (z) dz = o(x ~ qjk ) 

dqjk-ioo 


2 . 5.36 


as x — > + 00 . (The last order estimate follows from 
the Riemann-Lebesgue lemma, §1.8(i).) The asymp- 
totic expansion of I(x ) is then obtained from (2.5.29). 

For further discussion of this method and examples, 
see Wong (1989, Chapter 3), Paris and Kaminski (2001, 
Chapter 5), and Bleistein and Handelsman (1975, Chap- 
ters 4 and 6 ). The first reference also contains explicit 
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expressions for the error terms, as do Soni (1980) and 
Carlson and Gustafson (1985). 

The Mellin transform method can also be extended 
to derive asymptotic expansions of multidimensional in- 
tegrals having algebraic or logarithmic singularities, or 
both; see Wong (1989, Chapter 3), Paris and Kaminski 
(2001, Chapter 7), and McClure and Wong (1987). See 
also Briining (1984) for a different approach. 

2.5(iii) Laplace Transforms with Small 
Parameters 


Let h(t) satisfy (2.5.18) and (2.5.20) with c > —1, and 
consider the Laplace transform 


2.5.37 


7*00 

if (ft; C) = / h{t)e~ C ' t dt. 
Jo 


Put x = l/C, and break the integration range at t = 1, 
as in (2.5.23) and (2.5.24). Then 

2.5.38 £if(ft;0 = h{x) + h(x), 
where 

2.5.39 Ij(x) = / e~ t hj(xt)dt, j = 1,2. 

Jo 

Since (e _t ; z) = r(z), by the Parseval formula 
(2.5.5), there are real numbers p\ and p 2 such that 
— c < pi < 1, P 2 < min(l, 3ff/?o)i and 

2.5.40 




r pj+iao 

/ x~ z r(l — z ) ( hj ; z ) dz, j = 1, 2. 

/ Pj —200 

Since (ft; z) is analytic for 5Jz > — c, by (2.5.14), 
Ii{x) = (fti; l)x _1 


2.5.41 


/*p+200 


+ 


2ni 


x 2 T(1 — z) (fti; z) dz, 


2.5.42 


for any p satisfying 1 < p < 2. Similarly, since ( ft 2 ; z) 
can be continued analytically to a meromorphic func- 
tion (when k = 0) or to an entire function (when 
k/0), we can choose p so that ,.<# (ft 2 ; z) has no poles 
in 1 < -Jfz < p < 2. Thus 

12(2;) = ^ res [—a; -2 T(1 — z) j/t (ft 2 ; z)] 

Y r-p+ioo 

+ - — / a; -2 T(1 — z) ,+Sf (ft 2 ; z) dz. 

27 ™ ip-ioo 

On substituting (2.5.41) and (2.5.42) into (2.5.38), 
we obtain 

2.5.43 

if (ft; C) = ^ (fti; 1 ) 

+ ^ res [— C 2 ^ 1 r(l - z) J/ (ft 2 ; z)] 

K/3 0 <5Rz<l 

+ ^ res [— </ 2_1 T(1 — z) ,+Sf (ft; z)] 

1<3^2<Z 


27TI 


fl — < 5+200 


l—S—ioo 


C, z 1 T(1 — z) (ft; z) dz, 


where l (> 2) is an arbitrary integer and <5 is an arbi- 
trary small positive constant. The last term is clearly 
0( as C -> 0+. 

If k = 0 in (2.5.18) and c > —1 in (2.5.20), and if 
none of the exponents in (2.5.18) are positive integers, 
then the expansion (2.5.43) gives the following useful 
result: 


if (ft; 


2.5.44 


n— 0 


+ E 

n=0 


(-cr 


(ft; n + 1), £ — * 0+. 


Example 


2.5.45 


2^(ft;C)= [ 

Jo 


00 e -c t 


1 + 2 


di, 


> 0. 


With h(t) = 1/(1 + 2), we have (ft; z) = 7rcsc(7rz) for 
0 < 3 ftz < 1. In the notation of (2.5.18) and (2.5.20), 
k = 0, j3 s = s + 1, and c = 0. Straightforward calcula- 
tion gives 


res [— C 2 1 T(1 — z)7rcsc(7rz)l 

z—k 


2.5.46 


= (- In C + ■*/(») 


C 


k - 1 


(fe-l)!’ 

where 'ijj(z) = T , (z)/T(z). From (2.5.28) 

res [— C z_1 r(l — z) (ft 2 ; z)l 

2.5.47 2=1 

= (-lnC-7) 

where 7 is Euler’s constant (§5.2(ii)). Insertion of these 
results into (2.5.43) yields 

2.5.48 

00 /~k 00 /~k 

if(ft;C)~(-lnC)E+t + E^ fc + 1 )Ti’ C-0+. 


k\ 

fc=0 k= 0 

To verify (2.5.48) we may use 


2.5.49 if (ft;C) = e c £li(C); 

compare (6.2.2) and (6.6.3). 

For examples in which the integral defining the 
Mellin transform (ft; z) does not exist for any value 
of z, see Wong (1989, Chapter 3), Bleistein and Han- 
delsman (1975, Chapter 4), and Handelsman and Lew 
(1970). 
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2.6(i) Divergent Integrals 

Consider the integral 


2.6.1 S(x) = 
where x > 0. For t > 1, 

2.6.2 (1 + t)~ 1/3 = 



dt, 


{l + ty/*{x + t) 

t (/)*—"">. 

s=0 ' ' 
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Asymptotic Approximations 


Motivated by Watson’s lemma (§2.3(ii)), we substitute 
(2.6.2) in (2.6.1), and integrate term by term. This leads 
to integrals of the form 


2.6.3 


r-oo t -s-(l/3) 


dt , 


s = 1,2,3,.... 


Jo X + t 

Although divergent, these integrals may be interpreted 
in a generalized sense. For instance, we have 

[ 1 dt = > 0, ftp > 0. 

J 0 ( x + t) a +d T(a + P)xd' 

But the right-hand side is meaningful for all values of 
a and (3, other than nonpositive integers. We may 
therefore define the integral on the left-hand side of 
(2.6.4) by the value on the right-hand side, except when 
a, (3 = 0,-1, —2, .... With this interpretation 

,oo t - s -(i/3) 2 7 t (-1) s „ „ „ 

2 ' 6 ' 5 J 0 x + t dt ~JM * s+(1/3) ’ S “ 0, ’ ’ 

Inserting (2.6.2) into (2.6.1) and integrating formally 
term-by-term, we obtain 


2.6.6 S0r)~^=5>l) 


V3 


s— 0 


S 3l„-s-(l/3) 


However this result is incorrect. The correct result is 
given by 




2.6.7 




s=0 


3 W— (1/3) 


V 3 S ( S ~ 1)! 

^2-5---(3s-l) ’ 

S — l ' 

see §2.6(ii). 

The fact that expansion (2.6.6) misses all the terms 
in the second series in (2.6.7) raises the question: what 
went wrong with our process of reaching (2.6.6)? In the 
following subsections, we use some elementary facts of 
distribution theory (§1.16) to study the proper use of 
divergent integrals. An important asset of the distribu- 
tion method is that it gives explicit expressions for the 
remainder terms associated with the resulting asymp- 
totic expansions. 

For an introduction to distribution theory, see Wong 
(1989, Chapter 5). For more advanced discussions, see 
Gel’fand and Shilov (1964) and Rudin (1973). 


2.6(ii) Stieltjes Transform 

Let /(f) be locally integrable on [0,oo). The Stieltjes 
transform of /(f) is defined by 


2 . 6.8 


S(f;z)= f 

J 0 


fit) 
t + z 


dt. 


To derive an asymptotic expansion of S (/; z) for large 
values of \z\, with |phz| <7 r, we assume that /(f) pos- 
sesses an asymptotic expansion of the form 


2.6.9 


fit) ~^a s t- 


t — > -Too, 


s=0 


with 0 < a < 1. For each n = 1, 2, 3, ... , set 

n— 1 

2 . 6.10 f(t) = ^ a st~ S ~ a + 

s—0 

To each function in this equation, we shall assign a tem- 
pered distribution (i.e., a continuous linear functional) 
on the space T of rapidly decreasing functions on R. 
Since /(f) is locally integrable on [0,oo), it defines a 
distribution by 


7*00 

2.6.11 (/,</>)= / fit)<t>it)dt , 

Jo 

In particular, 

2 . 6.12 


e T. 


7*00 

(■ t~ a ,<j>)= / t~ a (j){t) dt, (j) 

J 0 


eT, 


1,2,..., are not locally integrable on [0, oo), we can- 
not assign distributions to them in a similar manner. 
However, they are multiples of the derivatives of t~ a . 
Motivated by the definition of distributional derivatives, 
we can assign them the distributions defined by 

1 f°° 

2.6.13 (f- s " a , <(.) = -— / f-“0 (s) (f)df, 0 € T, 

0) s Jo 

where (a) s = a(a + 1) • • • (a + s — 1). Similarly, in the 
case a = 1, we define 

2.6.14 ( t~ s ~ 1 ,(f) = / (lnf)<^ s+1 )(f) dt, (j>GT. 

s - Jo 

To assign a distribution to the function / n (t), we first 
let /n,n(t) denote the nth repeated integral (§1.4(v)) of 

fn- 

(—l) n r°° 

2.6.15 /„,„(t) = ryr / (r - t)”" 1 /„(t) dr. 

For 0 < a < 1, it is easily seen that / n> „(t) is bounded 
on [0, f?] for any positive constant f?, and is 0(t~ a ) as 
t — > oo. For a = 1, we have /„ )n (t) = 0[t~ l ) as f — ^ oo 
and f n ,n (t) = O(lnt) as t — > 0+. In either case, we 
define the distribution associated with f n (t) by 

7*00 

2.6.16 </„,/>) = (-1)" / f n , n {t)^ n \t)dt, 0ST, 

Jo 

since the nth derivative of / n n is f n . 

We have now assigned a distribution to each func- 
tion in (2.6.10). A natural question is: what is the 
exact relation between these distributions? The answer 
is provided by the identities (2.6.17) and (2.6.20) given 
below. 
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For 0 < a < 1 and n > 1, we have 

2.6.17 

n— 1 n 

(/, = ^> - E c « (< 5(S_1) ^) + { /» , <t>) 

s —0 s=l 

for any <f> € T, where 

(— l) s 

2.6.18 c »= T 

(s- !)! 

(/; z) being the Mellin transform of fit) or its ana- 
lytic continuation (§2.5(ii)). The Dirac delta distribu- 
tion in (2.6.17) is given by 

2.6.19 0) = (-l)^«(O), s = 0,1,2,...; 

compare §1.16(iii). 

For a = 1 


2 . 6.20 

n— 1 n 

(f,4>) = E as ( t_s_1 ’^) ~ E ds + (/«><£) 

s=0 s=l 

for any (f> £ T, where 


2 . 6.21 


(-l) s+1 d s+1 = 


a s ^ 11 
s l k L '' 1 

k= 1 


lim 

S! 2— *s+l 



*) 



for s = 0 , 1 , 2 , 

To apply the results (2.6.17) and (2.6.20) to the 
Stieltjes transform (2.6.8), we take a specific function 
<j> £ T . Let e be a positive number, and 


g-et 

2.6.22 = t S (0,oo). 

From (2.6.13) and (2.6.14) 


2.6.23 lim (f 

e =0 ' 


*) = 


(-1) 6 


2.6.24 lim (t 

r- .n ' 


— s — 1 


£ — >-0 


*> = 


(- 1 ) 


sin(7ra) z s+ ° 
s +1 


jS+l Z_/ 
fc= 1 


1 

E 


(- 1 ) - 

^S + l 


In z, 


with s = 0, 1, 2, . . . . From (2.6.11) and (2.6.16), we also 
have 


2.6.25 


2.6.26 


iim (/,0 £ ) = <S (/; z), 


£ — >0 


hm (f n A e ) = n\j o {t f ”’ n ® +1 dt. 


On substituting (2.6.15) into (2.6.26) and interchanging 
the order of integration, the right-hand side of (2.6.26) 
becomes 

(-l) r 


' " r °°r n f n (T) 


T + Z 


dr. 


To summarize, 


2.6.27 


S T 

sm( 7 ra) 


Et- 1 ) - 


yS+a 


s—0 




if a £ (0, 1) in (2.6.9), or 

2.6.28 

n— 1 n—1 T 

S(/;--) = + Ef" 1 )’ Al + «-(*)• 

s =0 ~ s=0 

if a = 1 in (2.6.9). Here c s is given by (2.6.18), 


2.6.29 d s = lim L •#(/;*) + 

z— >s+i y 

and 

2.6.30 R n ( Z ) = Ejl 

The expansion (2.6.7) follows immediately from 
(2.6.27) with z = x and f(t) = (1 + f) - ! 1 ^). its region 
of validity is pli x\ < n — S (< 7 r). The distribution 
method outlined here can be extended readily to func- 
tions /(f) having an asymptotic expansion of the form 


r n f n (r) 
T + Z 


dr. 



OO 

2.6.31 /(t) ~ e ict Y^a s t~ s - a , t — > -t-oo, 

s=0 

where c ( 7 ^ 0) is real, and 0 < a < 1. For a more de- 
tailed discussion of the derivation of asymptotic expan- 
sions of Stieltjes transforms by the distribution method, 
see McClure and Wong (1978) and Wong (1989, Chapter 
6 ). Corresponding results for the generalized Stieltjes 
transform 

2.6.32 f dt, p> 0, 

Jo (t + z)P 

can be found in Wong (1979). An application has been 
given by Lopez (2000) to derive asymptotic expansions 
of standard symmetric elliptic integrals, complete with 
error bounds; see §19.27(vi). 


2.6(iii) Fractional Integrals 

The Riemann-Liouville fractional integral of order /i is 
defined by 

2.6.33 J'V(ar) = J o (a:-f) M_1 /(f)dt, p > 0; 

see §1.15(vi). We again assume f(t) is locally integrable 
on [0, 00 ) and satisfies (2.6.9). We now derive an asymp- 
totic expansion of I ,J ' f\x) for large positive values of x. 
In terms of the convolution product 

2.6. 34 (f*g){x)=[ f{x-t)g{t)dt 

Jo 

of two locally integrable functions on [0,oo), (2.6.33) 
can be written 

2.6.35 I^fix) = * /)(*)■ 
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Asymptotic Approximations 


The replacement of f(t) by its asymptotic expansion 
(2.6.9), followed by term-by-term integration leads to 
convolution integrals of the form 

2.6.36 ( ^ _1 * *"*"“)(*) = A* - tr-'t- 8 -* dt, 

S = 0,1,2,.... 

Of course, except when s = 0 and 0 < a < 1, none of 
these integrals exists in the usual sense. However, the 
left-hand side can be considered as the convolution of 
the two distributions associated with the functions 
and t~ s ~ a , given by (2.6.12) and (2.6.13). 

To define convolutions of distributions, we first in- 
troduce the space K + of all distributions of the form 
D n f , where n is a nonnegative integer, / is a locally in- 
tegrable function on R. which vanishes on (— oo,0], and 
D n f denotes the nth derivative of the distribution as- 
sociated with /. For F = D n f and G = D m g in K + , 
we define 


2.6.37 F *G = D n+rn (f * g). 

It is easily seen that I\ + forms a commutative, asso- 
ciative linear algebra. Furthermore, K + contains the 
distributions H , 6 , and t A , t > 0, for any real (or com- 
plex) number A, where H is the distribution associated 
with the Heaviside function H(t) (§1.16(iv)), and t x is 
the distribution defined by (2.6.12)-(2.6.14), depending 
on the value of A. Since S = DH, it follows that for 
7^ 1,2, ... , 


2.6.38 t^~ l * <5 (s - 1} = */*-» t > 0. 

T(g+l-s) 

Using (5.12.1), we can also show that when g ^ 1,2,... 
and g — a is not a nonnegative integer, 


2.6.39 

t^ 1 *tr s - a 


and 


r(^)r(i - s - a) tfX _ s _ a 

T(g + 1 — s — a) 


t > 0, 


2.6.40 

t»~ l * t - S " 1 = (*#• (In t - 7 - i/j(g + 1))) , 

g ■ s! 

t > 0, 

where 7 is Euler’s constant (§5.2(ii)). 

To derive the asymptotic expansion of / M /( a;), we 
recall equations (2.6.17) and (2.6.20). In the sense of 
distributions, they can be written 

n— 1 n 

2.6.41 f = Y j a s t- s - a -Y J Cs5 {s ~ 1) + f n , 

s = 0 s—1 

and 

n — 1 n 

2.6.42 f = Y, a ^ t ~ S ~ 1 -Y, d ^ S ~ 1) + f^ 

s—0 s = 1 


Substituting into (2.6.35) and using (2.6.38)-(2.6.40), 
we obtain 


!■'' 1 * f = E ' 


r (M)r(l-s-a) ijU _ s _ a 


2.6.43 


s—0 


r (/i + 1 — s — a) 


-E< 


r(M) 


3 — 1 


’ T(g — s + 1) 


t»~ s + t v- 1 * f n 


when 0 < a < 1, or 

2.6.44 


71 1 / 1 A s 

i"” 1 * / = E ( ~^ 1 ^D S+1 {i? (In t — 7 — i/j(g + 1))) 

z * //. • .S' 


s—0 


fl • S 


-E d 


r(M) 


T(g-s+l) 




when a = 1. These equations again hold only 

in the sense of distributions. Since the function 
(lnt — 7 — ip(g + 1)) and all its derivatives are lo- 
cally absolutely continuous in (0, 00), the distributional 
derivatives in the first sum in (2.6.44) can be replaced by 
the corresponding ordinary derivatives. Furthermore, 
since /«”2(t) = /„(£), it follows from (2.6.37) that the re- 
mainder terms * f n in the last two equations can be 
associated with a locally integrable function in (0, 00). 
On replacing the distributions by their corresponding 
functions, (2.6.43) and (2.6.44) give 


i^f(x) = e - 


2.6.45 


3=0 


r(l - s-a) 

’ r(g + 1 — s — a) 


E 


— ^ + ±6 n (x), 
I (g + 1 — s) x n 


when 0 < a < 1, or 

2.6.46 

Vfi*) 

n— 1 


V- (— l) s a s d s+1 , „ „ , , 

= E -.TV.. , ^ TT+T ( x (lnx-7 -ip(g + 1))) 


s—0 


s\T(g+ 1) dx s+1 


-E 


T(g-s+l)‘ 
when a = 1, where 


T „n dn ( X ) ) 


2.6.47 


«.W = E0r^irj''(*- J WW, 

being the jth repeated integral of /„; compare 
(2.6.15). 

Example 

Let f(t) = t 1_ “/(l + 1), 0 < a < 1. Then 
1 


2.6.48 I^f(x) = 


IV) 


[ (s-i)'‘- 1 i 1 - a (l + t) - 1 di, 

Jo 
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where g > 0. For 0 < t < oo 


2 . 6.49 f{t) = ^(-1 ) s t~ s - a + (-1)' 




1—n—ot 


s = 0 


1 H - t 

In the notation of (2.6.10), a s = (— l) s and 

4 - 1 — n— a. 

i ^ 


1 + t 


2 . 6.50 f n (t) = (- 1) 7 
Since 

2 . 6.51 (/; s) = (— l) s 7r/sin(7ra), 
from (2.6.45) it follows that 


8=0 


2 . 6.52 


Moreover, 


E 


1 


sin(7ra) T(/x + 1 — s) (s — 1)! 


|<5n(x)| < 


2 . 6.53 


r(At + i)r(i-a) 

T(g + 1 — a) r(n + a) 
n\ r (n + a-j) 


£ 

f=o w 


|r(M + i-jOr 


fl — ct 


for a; > 0. 

It may be noted that the integral (2.6.48) can 
be expressed in terms of the hypergeometric function 
2 Fi ( 1 , 2 — a; 2 — a + /a; —x); see §15.2(i). 

For proofs and other examples, see McClure and 
Wong (1979) and Wong (1989, Chapter 6). If both / 
and g in (2.6.34) have asymptotic expansions of the form 
(2.6.9), then the distribution method can also be used 
to derive an asymptotic expansion of the convolution 
f * g; see Li and Wong (1994). 

2.6(iv) Regularization 

The method of distributions can be further extended to 
derive asymptotic expansions for convolution integrals: 

/*oo 

2 . 6.54 I{x) = / f(t)h(xt)dt. 

Jo 

We assume that for each n = 1, 2, 3, ... , 


2 . 6.55 


/(i) = E a ^ S+ “ 1 + /«w> 


8 = 0 


where 0 < a < 1 and f n (t ) = 0(t n+a x ) as t — > 0+. 
Also, 

n— 1 

h(t) = ^2 M _s_/3 + hn(t), 

s = 0 


where 0 < f3 < 1, and h n (t) = 0(t 71 as t — > oo. 
Multiplication of these expansions leads to 

2 . 6.57 

n— 1 n— 1 

f(t)h(xt) = EE a j b k t j+a - 1 - k -f } x- k -P 

j—0 k—0 
n — 1 

+ ^ ajt-' +a ~ 1 h r , j(a;t) 
f=o 

n— 1 

+ b k x~ k ~ l3 t~ k ~ p f n (t ) + fn(t)h n (xt). 

k = 0 

On inserting this identity into (2.6.54), we immediately 
encounter divergent integrals of the form 


2 . 6.58 


t x dt. 


AeR. 


However, in the theory of generalized functions (distri- 
butions), there is a method, known as “regularization”, 
by which these integrals can be interpreted in a mean- 
ingful manner. In this sense 


2 . 6.59 


r dt = o, 


AeC. 


From (2.6.55) and (2.6.59) 

2 . 6.60 Jt if-, z) = (/„; z), 

where (/; z) is the Mellin transform of / or its ana- 
lytic continuation. Also, when a ^ /3, 

2 . 6.61 ( h x ;j + a) = x~ 3 ~ a ^ ih; j + a), 

where h x it ) = hixt). Inserting (2.6.57) into (2.6.54), we 
obtain from (2.6.59)-(2.6.61) 

n— 1 

I{x) = ^ aj ih; j + a)x~ 3 ~ a 
1=0 

2 . 6.62 

n— 1 

+ b k Jt jf; 1 - k - P)x~ k ~ fj + S n ix) 


k = 0 

when a ^ /3, where 

7*00 

5n{x) = / f n {t)h n ixt) dt. 

Jo 

There is a similar expansion, involving logarithmic 
terms, when a = (3. For rigorous derivations of these 
results and also order estimates for <5 ra (s), see Wong 
(1979) and Wong (1989, Chapter 6). 

2.7 Differential Equations 

2.7(i) Regular Singularities: Fuchs-Frobenius 
Theory 

An ordinary point of the differential equation 

d 2 w . . dw , . 

2 . 7.1 —^ + fiz)— + giz)w = 0 

dz dz 


2 . 6.56 


2 . 7.1 
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is one at which the coefficients f(z) and g(z) are ana- 
lytic. All solutions are analytic at an ordinary point, 
and their Taylor-series expansions are found by equat- 
ing coefficients. 

Other points Zq are singularities of the differential 
equation. If both (z-zo)f(z) and (z — zo) 2 g{z) are ana- 
lytic at zq, then Zq is a regular singularity (or singularity 
of the first kind). All other singularities are classified 
as irregular. 

In a punctured neighborhood N of a regular singu- 
larity Zq 

2.7.2 

OO OO 

f(z) = *52 fs(z - to)*- 1 , g{z) = J2g s {z- z 0 ) s ~ 2 , 

s = 0 s=0 

with at least one of the coefficients fo, go, gi nonzero. 
Let or, a 2 denote the indices or exponents , that is, the 
roots of the indicia l equation 


2.7.3 Q{a) = a(a — 1) + f 0 a + go = 0. 

Provided that ay — a 2 is not zero or an integer, equation 
(2.7.1) has independent solutions Wj(z), j = 1,2, such 
that 

OO 

2.7.4 Wj(z) = (z ~ Z 0 ) aj ^ a s,j( z ~ z oY, z e N, 

s = 0 

with qqj = 1, and 


s-l 

2.7.5 T s)a s j ^ ' ((oij -I - r) f s— r -t- g s — r ) a r j . 

r = o 

when s = 1, 2, 3, 

If a\ — a 2 =0,1,2,..., then (2.7.4) applies only in 
the case j = 1. But there is an independent solution 


w 2 (z) = (z - z 0 ) a2 £ b s (z-z 0 ) s 

2.7.6 s =0 

s^a 1 —a 2 

+ cwi(z) In (2 — 2 0 ), ztN. 

The coefficients b s and constant c are again determined 
by equating coefficients in the differential equation, be- 
ginning with c = 1 when ai — a 2 = 0, or with bo = 1 
when ai — «2 = 1) 2, 3, . . . . 

The radii of convergence of the series (2.7.4), (2.7.6) 
are not less than the distance of the next nearest singu- 
larity of the differential equation from zq. 

To include the point at infinity in the foregoing clas- 
sification scheme, we transform it into the origin by re- 
placing z in (2.7.1) with 1 /z; see Olver (1997b, pp. 153- 
154). For corresponding definitions, together with ex- 
amples, for linear differential equations of arbitrary or- 
der see §§16.8(i)-16.8(ii). 


2.7(ii) Irregular Singularities of Rank 1 

If the singularities of f(z) and g(z) at Zq are no worse 
than poles, then z 0 has rank £—1, where l is the least 


integer such that (z-ZoYf(z) and (z — zo) 2e g{z) are an- 
alytic at zq. Thus a regular singularity has rank 0. The 
most common type of irregular singularity for special 
functions has rank 1 and is located at infinity. Then 

OO /» oo 

2.7.7 /(*) = £^> S(*) = £^> 

s— 0 s=0 

these series converging in an annulus \z\ > a, with at 
least one of fo, go, g l nonzero. 

Formal solutions are 

OO 

2.7.8 e XjZ z fJ,j ^2 j = l,2, 

s =0 Z 

where Ai, A 2 are the roots of the characteristic equation 


2.7.9 A 2 + /oA + go — 0, 

2.7.10 p,j = —(fi\j + 3i)/(/o + 2A j), 
aoj = 1, and 

(/o T 2A j)sa S j = (s g,j)(s 1 fij )a s —i,j 

S 

2-7.11 +£ (Aj/r+l + <?r+ 1 

r—1 

- (s - r - Pj)fr) a s -rj, 
when s = 1,2, ... . The construction fails iff Ai = A 2 , 
that is, when /q = Ago', this case is treated below. 

For large s, 


«s,l 

2.7.12 


Os, 2 

2.7.13 


Ai 

(Ai — A 2 ) s 

OO 

x £/b,2(A| 

3=0 

A 2 

(A 2 - A,)* 

OO 

x £ a j , 1(^2 


x 2 y r(s + ii 2 - m - j), 


Xi) J T(s + Mi - M 2 - j), 


3=0 

where Ai and A 2 are constants, and the Jth remain- 
der terms in the sums are 0(T(s + ix 2 — pi — J)) and 
0(r(s + Mi — M 2 — J)), respectively (Olver (1994a)). 
Hence unless the series (2.7.8) terminate (in which case 
the corresponding A j is zero) they diverge. However, 
there are unique and linearly independent solutions 
Wj(z), j = 1, 2, such that 


2.7.14 Wj (z) ~ e XjZ ((X 2 - Ai )*)« £ ~ 7 - 

s=0 Z * 


as z — > 00 in the sectors 

2.7.15 — |7r + 5 < ph((A 2 — Ai)^) < |7r — 8 , j = 1, 

2.7.16 — + 6 < ph((A 2 — Ai).z) < §7r — S, j = 2, 

S being an arbitrary small positive constant. 

Although the expansions (2.7.14) apply only in the 
sectors (2.7.15) and (2.7.16), each solution Wj(z) can 
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be continued analytically into any other sector. Typical 
connection formulas are 


Wl ( z ) = e^'w^ze-™) + C lW2 (z), 


2 . 7.17 


w 2 (z) = e~ 2m ^w 2 {ze 2m ) + C 2Wl {z ), 
in which C i, C 2 are constants, the so-called Stokes mul- 
tipliers. In combination with (2.7.14) these formulas 
yield asymptotic expansions for wi(z) in W + 8 < 
ph((A 2 — Ai)z) < §7 t — 6, and w 2 (z) in — + <5 < 

ph((A 2 — Ai)u) < hn — 6. Furthermore, 


2 . 7.18 A x = -ie^-^^Ci/^Tr), A 2 = iC 2 / (2tt) . 

Note that the coefficients in the expansions (2.7.12), 
(2.7.13) for the “late” coefficients, that is, a s ,i, a Si2 with 
s large, are the “early” coefficients o.j 2l a^i with j small. 
This phenomenon is an example of resurgence, a classi- 
fication due to Ecalle (1981a, b). See §2.11(v) for other 
examples. 

The exceptional case /q = 4 g 0 is handled by Fabry ’s 
transformation : 


2 . 7.19 w = e~ foz/2 W, t = z 1/2 . 

The transformed differential equation either has a reg- 
ular singularity at t = oo, or its characteristic equation 
has unequal roots. 

For error bounds for (2.7.14) see Olver (1997b, 
Chapter 7). For the calculation of Stokes multipliers 
see Olde Daalhuis and Olver (1995b). For extensions 
to singularities of higher rank see Olver and Stenger 
(1965). For extensions to higher-order differential equa- 
tions see Stenger (1966a, b), Olver (1997a, 1999), and 
Olde Daalhuis and Olver (1998). 


2.7(iii) Liouville-Green (WKBJ) Approximation 

For irregular singularities of nonclassifiable rank, a pow- 
erful tool for finding the asymptotic behavior of solu- 
tions, complete with error bounds, is as follows: 

Liouville-Green Approximation Theorem 

In a finite or infinite interval (ai,a 2 ) let /(x) be real, 
positive, and twice-continuously differentiable, and g[x ) 
be continuous. Then in [a\, a 2 ) the differential equation 

d 2 w , s / \ \ 

2 . 7.20 = (/(*) + 9 (x))w 

has twice-continuously differentiable solutions 

2 . 7.21 

Wi(x) = f^ 1 / 4 (x)exp(^J f 1 / 2 (x)dx' S j (l + ei(x)), 

2 . 7.22 

u> 2 (x) = f~ 1 / 4 (x)exp(^- J f 1 / 2 (x)dx S j (1 + e 2 (x )) , 

such that 

2723 hf~ 1 / 2 ( x )\ e j( x )\ < e *P(h V *iA F )) - 1 , 

3 = 1 , 2 , 


provided that V aj , x {F ) < oo. Here F(x) is the error- 
control function 


2,24 = 

and V denotes the variational operator (§2.3(i)). Thus 


2 . 7.25 


( 1 d 2 ( 1 


9(t) 


dt 


V “^ (F) /. \f X / A {t)dt 2 \f^(t)J /V2 (t) 

Assuming also V ai ,a 2 (F) < oo, we have 

2 . 7.26 

Wi(x) ~ / _1/4 (x)exp^y f 1/2 (x)dx' S j, x -»■ ai+, 


2 . 7.27 

w 2 (x) ~ f~ 1/4 {x)exp(^- J f 1/2 {x)dx S j, x -> a 2 ~. 

Suppose in addition j f 1//2 (x) dx\ is unbounded as 
x — > ai+ and x — > a 2 —. Then there are solutions w 3 (x), 
wa{x), such that 

2 . 7.28 

w 3 {x) ~ f~ 1/4 (x)exjp(^J f 1/2 (x) dx^ , x -> a 2 ~, 

2 . 7.29 

W 4 (x) ~ / _1 / 4 (x) exp^— J f 1 ^ 2 (x)dx^, x — > ai+. 

The solutions with the properties (2.7.26), (2.7.27) are 
unique, but not those with the properties (2.7.28), 
(2.7.29). In fact, since 

2 . 7.30 wi(x)/w 4 (x) — > 0, x — > ai+, 

wi(x) is a recessive (or subdominant) solution as x — > 
ai+, and W 4 (x) is a dominant solution as x — > ai+. 
Similarly for w 2 (x) and w 3 (x) as x — > a 2 — . 


Example 


2 . 7.31 


d 2 w 

dx 2 


(x + In x)w, 


0 < x < oo. 


We cannot take f = x and g = In x because J gf~ 1//2 dx 
would diverge as x — > + 00 . Instead set / = x + lnx, 
g = 0. By approximating 


2 . 7.32 f 1/2 = x 1/2 + \x 1/2 In x + O^x 3/2 (lnx) 2 ), 


we arrive at 

2 . 7.33 w 2 (x) ~ x _(1/4)_v/s exp^2x 1/2 - |x 3 / 2 ^ , 

2 . 7.34 w 3 (x) ~ x _(1/4)+v/ “exp^|x 3/2 - 2x 1/2 ), 


as x — > + 00 , w 2 (x) being recessive and w 3 (x) dominant. 

For other examples, and also the corresponding re- 
sults when /(x) is negative, see Olver (1997b, Chap- 
ter 6), Olver (1980a), Taylor (1978, 1982), and Smith 
(1986). The first of these references includes extensions 
to complex variables and reversions for zeros. 
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2.7(iv) Numerically Satisfactory Solutions 

One pair of independent solutions of the equation 

2 . 7.35 d 2 w/dz 2 = w 

is wi(z) = e z , u> 2 (z) = e~ z . Another is w^{z) = coshz, 
w^(z) = sinhz. In theory either pair may be used to 
construct any other solution 

2 . 7.36 w{z) = Awi(z) + Bw2{z), 
or 

2 . 7.37 w{z) = Cwz{z) + Dw±{z), 

where A^B^C^D are constants. From the numerical 
standpoint, however, the pair 11)3 (z) and w±{z) has the 
drawback that severe numerical cancellation can occur 
with certain combinations of C and D, for example if 
C and D are equal, or nearly equal, and z , or -ff-z, is 
large and negative. This kind of cancellation cannot 
take place with w±(z) and 1 / 12 ( 2 ), and for this reason, 
and following Miller (1950), we call w\{z) and w/ 2 ( 2 ) a 
numerically satisfactory pair of solutions. 

The solutions w\{z) and ic 2 (z) are respectively re- 
cessive and dominant as Hiz — > — 00 , and vice versa as 
— > + 00 . This is characteristic of numerically satis- 
factory pairs. In a neighborhood, or sectorial neighbor- 
hood of a singularity, one member has to be recessive. 
In consequence, if a differential equation has more than 
one singularity in the extended plane, then usually more 
than two standard solutions need to be chosen in order 
to have numerically satisfactory representations every- 
where. 

In oscillatory intervals, and again following Miller 
(1950), we call a pair of solutions numerically satisfac- 
tory if asymptotically they have the same amplitude and 
are out of phase. 


The same approach is used in all three cases. First 
we apply the Liouville transformation (§1.13(iv)) to 
(2.8.1). This introduces new variables W and £, related 
by 

2 . 8.2 W = z- 1/2 w, 

dots denoting differentiations with respect to £. Then 

2 . 8.3 = ( u 2 z 2 f{z ) + v>(0) w, 

df 

where 

2 - 8.4 m = t 2 g(z) + z 1/2 ^~ 1/2 )- 

df 

The transformation is now specialized in such a way 
that: (a) £ and z are analytic functions of each other at 
the transition point (if any); (b) the approximating dif- 
ferential equation obtained by neglecting tH£) ( or part 
of ip{ 0 ) has solutions that are functions of a single vari- 
able. The actual choices are as follows: 

2 - 8-5 z 2 .f(z) = 1 , £ = J f l ' 2 {z)dz, 

for Case I, 

2-8-6 | e /2 = T f 1 / 2 (t)dt, 

j Zo 

for Case II, 

2 - 8.7 z 2 f( Z ) = m, 2 e /2 = [ z f 1 / 2 (t)dt, 

J Zo 

for Case III. 


2.8 Differential Equations with a Parameter 
2.8(i) Classification of Cases 

Many special functions satisfy an equation of the form 

2 . 8.1 d 2 w/dz 2 = (u 2 f(z) + g(z)) w, 

in which it is a real or complex parameter, and asymp- 
totic solutions are needed for large |it| that are uniform 
with respect to z in a point set D in R or C. For ex- 
ample, u can be the order of a Bessel function or degree 
of an orthogonal polynomial. The form of the asymp- 
totic expansion depends on the nature of the transition 
points in D, that is, points at which f(z) has a zero or 
singularity. Zeros of f{z) are also called turning points. 

There are three main cases. In Case I there are no 
transition points in D and g{z) is analytic. In Case II 
f(z) has a simple zero at zq and g(z) is analytic at zq. 
In Case III f(z) has a simple pole at zq and (z — zo) 2 g(z) 
is analytic at Zq. 


The transformed equation has the form 


2.8.8 d 2 W/df 2 = ( u 2 C m + i’(0) W, 

with m = 0 (Case I), m = 1 (Case II), to = — 1 
(Case III). In Cases I and II the asymptotic solutions 
are in terms of the functions that satisfy (2.8.8) with 
ip(£) = 0. These are elementary functions in Case I, 
and Airy functions (§9.2) in Case II. In Case III the 
approximating equation is 


2 . 8.9 


d 2 W 


di 




where p = lim(£ 2 i/;(£)) as £ — >• 0. Solutions are 
Bessel functions, or modified Bessel functions, of order 
±(l + 4p) 1 /2 (§§10.2, 10.25). 


For another approach to these problems based on 
convergent inverse factorial series expansions see Dun- 
ster et al. (1993) and Dunster (2001a, 2004). 


2.8 Differential Equations with a Parameter 


2.8(ii) Case I: No Transition Points 

The transformed differential equation is 

2 . 8.10 d 2 W/d £ 2 = (u * 2 + ip(0)W, 

in which £ ranges over a bounded or unbounded interval 
or domain A, and i/j(Z) is C°° or analytic on A. The 
parameter u is assumed to be real and positive. Corre- 
sponding to each positive integer n there are solutions 
W„ t j(u, £), j = 1,2, that depend on arbitrarily chosen 
reference points aj, are C°° or analytic on A. and as 
u — ► oo 

2 . 8.11 

+ !E4,W, 

£ € A 2 (a2), 

with A 0 (£) = 1 and 

2 . 8.13 

A 8+1 (0 = -K(0 + 3 / a = 0,1,2,..., 


59 

(the constants of integration being arbitrary). The ex- 
pansions (2.8.11) and (2.8.12) are both uniform and dif- 
ferentiable with respect to £. The regions of validity 
A ? (a.j ) comprise those points £ that can be joined to 
a-j in A by a path J2j along which is nondecreasing 
(j = 1) or nonincreasing ( j = 2) as v passes from aj to 
£. In addition, Vg. ( A-[ ) and V^. (A n ) must be bounded 
on A j(aj). 

For error bounds, extensions to pure imaginary or 
complex it, an extension to inhomogeneous differential 
equations, and examples, see Olver (1997b, Chapter 10). 
This reference also supplies sufficient conditions to en- 
sure that the solutions W n ,i(u, £) and W n>2 (u,£) having 
the properties (2.8.11) and (2.8.12) are independent of 
n. 

2.8(iii) Case II: Simple Turning Point 

The transformed differential equation is 

2 . 8.14 d 2 W /d£ 2 = (u 2 C + i’iOW, 

and for simplicity £ is assumed to range over a finite or 
infinite interval (< 21 , 0 : 2 ) with oi < 0, o 2 > 0. Again, 
u > 0 and tp(Z) is C°° on (oi,o 2 ). Corresponding to 
each positive integer n there are solutions W ni j(u,£), 
j = 1,2, that are C°° on (oi, o 2 ), and as u — > 00 


2 . 8.15 

2 . 8.16 


w Bll («,o=Ai(«n) 

0 = Bi(u 2 / 3 c) (E + 0 (^) ) 


+ Ai '( y / 3 e ) 

+ Bi'(u 2 / 3 c) 




u 2s+(4/3) 

Bstt) 

u 2s+(4/3) 



Here A 0 (f) = 1, 


2 . 8.17 


and 

2 . 8.18 


B a ( 0 


2 ^ 7 2 J Q &( v ) A s(v)-A"(v))J^, C>0, 

2 (_g ) 1 /2 J ( Mv)As(v)-A"(v)) ( _^ 1/2 , ?<0, 

A s+ i(0 = -\B' S {0 + \ J mBAt) d£, 


when s = 0, 1, 2, . . . . For Ai and Bi see §9.2. The expan- 
sions (2.8.15) and (2.8.16) are both uniform and differ- 
entiable with respect to £. These results are valid when 
v a lt a 2 (\Z\ 1/2 Bo) and V Q1 iQ2 (|^| 1/2 H„_i) are finite. 

An alternative way of representing the error terms in 
(2.8.15) and (2.8.16) is as follows. Let c = —0.36604... 
be the real root of the equation 

2 . 8.19 Ai(x) = Bi(x) 

of smallest absolute value, and define the envelopes of 


Ai(x) and Bi(x) by 

2 . 8.20 env Ai(x) = envBi(x) = (Ai 2 (x) + Bi 2 (x))^ 2 , 

— 00 < x < c, 

2 8 21 env Ai(x) = v / 2Ai(x), envBi(x) = -\/2Bi(x), 

c < x < 00 . 

These envelopes are continuous functions of x, and as 
u — > 00 
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n— 1 


^ n , 1 ( U ^)=Ai(ix 2 / 3 ^)^ 


> 1.(0 


, 2 s 


s— 0 


2 . 8.22 


n—z 

■Ai'(„n)E 

s— 0 

(« 2/3 e) 


Bs(Q 

u 2s+(4/3) 


■ env Ai 


1 


n— i 

W„, 2 ( U ,£) = Bi( U 2 / 3 £)E 


) °\v 2n - 1 

MO 


8 = 0 


2 . 8.23 


'(u 2 M) E 


- Bi' 


s=0 


u 2s+(4/3) 


env Bi 


i(» 2/s {) 


O 


1 


,2n-l / ’ 


uniformly with respect to £ £ (oq,a 2 ). 

For error bounds, more delicate error estimates, ex- 
tensions to complex £ and it, zeros, connection formulas, 
extensions to inhomogeneous equations, and examples, 


see Olver (1997b, Chapters 11, 13), Olver (1964b), Reid 
(1974a, b), Boyd (1987), and Baldwin (1991). 

For other examples of uniform asymptotic approx- 
imations and expansions of special functions in terms 
of Airy functions see especially §10.20 and §§12.10(vii), 
12.10(viii); also §§12.14(ix), 13.20(v), 13.21(iii), 

13.21(iv), 15. 12(iii) , 18.15(iv), 30.9(i), 30.9(h), 32.11(h), 
32.11(iii), 33.12(i), 33.12(h), 33.20(iv), 36.12(h), 36.13. 

2.8(iv) Case III: Simple Pole 

The transformed equation (2.8.8) is renormalized as 
d 2 W ( u 2 . v 2 — 1 


2 . 8.24 


W. 


do V4£ 4 e ' a j 

We again assume £ £ (ai,a 2 ) with —00 < or < 0, 
0 < a 2 < 00 . Also, V>(£) is C°° on (ai,a 2 ), and u > 0. 
The constant v (= -^/l + 4 p) is real and nonnegative. 

There are two cases: £ £ (0,cc 2 ) and £ £ (ai,0). 
In the former, corresponding to any positive integer n 
there are solutions W n j(u, £), j = 1 , 2 , that are C°° on 
( 0 , a 2 ), and as u — > 00 


2 . 8.25 


2 . 8.26 


= « 1/2 !.{«?») E +{T + 1 (»C 2 ) E §§ + « ,/ 2 c(< 122 ) of 

c—n c—n \ 


f 2n— 1 /’ 


s — 0 
n—1 


s = 0 
n— 2 


0 = A 2 /v(<-/ 2 ) E 4 # - f (< 1/2 ) E + c ,/2 («A 2 ) o(^) • 

s— 0 s=0 ' ' 


Here A 0 (£) = 1, 

2 . 8.27 

2 . 8.28 


1 ft dv 

H s (£) = -A' s (£) + ^ ( i / j { v ) A s { v ) - {v + 4) A' (u)) ^ , 

A s+1 (£) = vB s (£) - ££'(£) + J dO 


s = 0, 1, 2, . . . . For /„ and iv„ see §10.25(ii). The expansions (2.8.25) and (2.8.26) are both uniform and differentiable 
with respect to £. These results are valid when Vo , Q2 (£ 1 /, 2 -Bo) and Vo , a2 (O^Bn-i) are finite. 

If £ £ (tti , 0) , then there are solutions W n j(u, £), j = 3,4, that are C°° on (aq,0), and as u — > 00 


2 . 8.29 


w n ,M0 = M ,2 J v (uM /2 ) (e^ + 0 ( 

V «=n \ 


1 

,2n— 1 


s=0 

n—1 


2 . 8.30 = |f|‘ / 2 i'„(«||| 1/2 ) (E^|i + 0 ( ; A T ) 


'f^(“'f ,/2 ) (gSi+K^))' 


Here H 0 (£) = 1, 

2 . 8.31 


£.,(£) = -A((£) + J ( iP{v)A s (v ) - + 5 ) 4 (h)) |^ 2 , 


s = 0, 1,2, . . . , and (2.8.28) again applies. For J u and W see §10. 2(h). The expansions (2.8.29) and (2.8.30) are both 
uniform and differentiable with respect to £. These results are valid when Va^odCl^-Bo) and V ai ,o(|£| 1 ^ 2 H„_i) are 
finite. 

Again, an alternative way of representing the error terms in (2.8.29) and (2.8.30) is by means of envelope functions. 
Let x = X v be the smallest positive root of the equation 

J v (x) + Yv(x) = 0 . 


2 . 8.32 


2.9 Difference Equations 
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Define 

2.8.33 

2.8.34 

Then as u — > oo 


env J v {x) = y/2 J v {x), env Y v (x) = \Fi \Y„(x)\, 
env J v {x) = env Y u {x) = (J 2 (x) + Y?(x)f /2 , 


0 < x < X v , 
X v < x < oo. 


n— 1 


.8.35 w„, 3 (u,t) = |{|V» J„(„|f|i/8) i: TM - III A +1 (»l«| 1/2 ) £ + Ifl^env J„( U |||^) O 


n—2 


Bs(0 


s = 0 
n— 1 


2.8.36 


IF n , .(«,!) = ll| 1/2 n(„|{|'/3) ^ M> - |||U +1 („|||'/3) £^§1 + |£|V»envn(„|f|>/3) o 


s— 0 
n—2 


l 

,2n— 1 / ’ 


s=0 


s=0 


B-(0 

U 2 


,2n— 1 / > 


uniformly with respect to £ £ (ai,0). 

For error bounds, more delicate error estimates, ex- 
tensions to complex £, u, and w, zeros, and examples see 
Olver (1997b, Chapter 12), Boyd (1990a), and Dunster 
(1990a). 

For other examples of uniform asymptotic approx- 
imations and expansions of special functions in terms 
of Bessel functions or modified Bessel functions of 
fixed order see §§13.8(iii), 13.21(i), 13.21(iv), 14.15(i), 
14.15(iii), 14.20(vii), 15.12(iii), 18.15(i), 18.15(iv), 
18.24, 33.20(iv). 

2.8(v) Multiple and Fractional Turning Points 

The approach used in preceding subsections for equa- 
tion (2.8.1) also succeeds when Zq is a multiple or frac- 
tional turning point. For the former f(z) has a zero 
of multiplicity A = 2, 3, 4, . . . and g{z) is analytic. For 
the latter ( z — zo)~ x f(z ) and g(z) are both analytic at 
Zq, A (> — 2 ) being a real constant. In both cases uni- 
form asymptotic approximations are obtained in terms 
of Bessel functions of order 1 / (A + 2). More generally, 
g{z) can have a simple or double pole at zq. (In the 
case of the double pole the order of the approximating 
Bessel functions is fixed but no longer l/(A + 2).) How- 
ever, in all cases with A > —2 and A / 0 or ±1, only 
uniform asymptotic approximations are available, not 
uniform asymptotic expansions. For results, including 
error bounds, see Olver (1977c). 

For connection formulas for Liouville-Green ap- 
proximations across these transition points see Olver 
(1977b, a, 1978). 

2.8(vi) Coalescing Transition Points 

Corresponding to the problems for integrals outlined in 
§§2.3(v), 2.4(v), and 2.4(vi), there are analogous prob- 
lems for differential equations. 

For two coalescing turning points see Olver (1975a, 
1976) and Dunster (1996a); in this case the uniform 


approximants are parabolic cylinder functions. (For 
envelope functions for parabolic cylinder functions see 
§14.15(v)). 

For a coalescing turning point and double pole see 
Boyd and Dunster (1986) and Dunster (1990b); in this 
case the uniform approximants are Bessel functions of 
variable order. 

For a coalescing turning point and simple pole see 
Nestor (1984) and Dunster (1994b); in this case the uni- 
form approximants are Whittaker functions (§13.14(i)) 
with a fixed value of the second parameter. 

For further examples of uniform asymptotic approx- 
imations in terms of parabolic cylinder functions see 
§§13.20(iii), 13.20(iv), 14.15(v), 15.12(iii), 18.24. 

For further examples of uniform asymptotic approx- 
imations in terms of Bessel functions or modified Bessel 
functions of variable order see §§13.21(ii), 14.15(ii), 
14.15(iv), 14.20(viii), 30.9(i), 30.9(ii). 

For examples of uniform asymptotic approximations 
in terms of Whittaker functions with fixed second pa- 
rameter see §18. 15(i) and §28.8(iv). 

Lastly, for an example of a fourth-order differential 
equation, see Wong and Zhang (2007). 

2.9 Difference Equations 

2.9(i) Distinct Characteristic Values 

Many special functions that depend on parameters sat- 
isfy a three-term linear recurrence relation 

291 w(n+2) + f(n)w(n + l) + g(n)w(n) =0, 

n = 0,l,2, ..., 

or equivalently the second-order homogeneous linear dif- 
ference equation 

2Q2 A 2 ui(n) + (2 + /(n)) Aw(n) 

+ (1 + f(n) + g{n))w(n) = 0, n = 0,1,2,..., 
in which A is the forward difference operator (§3.6 (i)). 
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Often f(ri) and g(n) can be expanded in series 


2 . 9.3 


/M 


OO p 

E h 

n s 5 


sh-EE 


s = 0 


s = 0 


infinity (§2.7(ii)). Formal solutions are 


2 . 9.4 


p>°“ 


E a s,j 
n s ’ 


s =o 


3 = 1,2, 


where pi , p 2 are the roots of the characteristic equation 


with g 0 ^ 0. (For the case go = 0 see the final para- 
graph of §2.9(ii) with Q negative.) This situation is 
analogous to second-order homogeneous linear differen- 
tial equations with an irregular singularity of rank 1 at 


2 . 9.5 p 2 + fop + go — 0, 

2 . 9.6 Oij = (fipj + gi)/(foPj + 2go), 
aoj = 1, and 


2 . 9.7 


Pj(fo A 2pj)sa s j 


E 

r = 1 


„2 2 r+l (Ctj +r-S 

r + 1 



0'S — V, j 1 


s = 1,2,3, The construction fails iff p\ = p 2 , that 

is, when f$ = 4g 0 . 

When fo ^ 4go, there are linearly independent so- 
lutions Wj(n), j = 1,2, such that 

OO 

2.9.8 wAn) ~ p™n aj n — > oo. 

J L — J n s 

s=0 

If \p 2 \ > \pi\i or if \p 2 \ = \pi\ and 3?a 2 > Sicci, then 
wi(n) is recessive and w 2 (n) is dominant as n — > oo. As 
in the case of differential equations (§§2.7(iii), 2.7(iv)) 
recessive solutions are unique and dominant solutions 
are not; furthermore, one member of a numerically sat- 
isfactory pair has to be recessive. When p 2 = \pi\ and 
5ftcif2 = 5?ar neither solution is dominant and both are 
unique. 

For proofs see Wong and Li (1992a). For error 
bounds see Zhang et al. (1996). See also Olver (1967b). 

For asymptotic expansions in inverse factorial series 
see Olde Daalhuis (2004a). 

2.9(ii) Coincident Characteristic Values 

When the roots of (2.9.5) are equal we denote them 
both by p. Assume first 2 gi ^ fofi- Then (2.9.1) has 
independent solutions Wj(n), j = 1 , 2 , such that 

OO 

2.9.9 Wj (n) ~ p n exp((-iyK X /n)n a J^(-iy s -^, 

s = 0 

where 

2.9.10 i/ifyK = y/2f 0 fi - 4g ± , 4 g 0 a = g 0 + 2g x , 
Cq = 1, and higher coefficients are determined by formal 
substitution. 

Alternatively, suppose that 2gi = fofi- Then the 
indices a \ , a 2 are the roots of 

2.9.11 2 g 0 a 2 - (fofi + 2 g 0 )a + 2 g 2 - fof 2 = 0. 


Provided that a 2 — «i is not zero or an integer, (2.9.1) 
has independent solutions Wj(n), j = 1,2, of the form 


2 . 9.12 w j ( n ) ~ p n n aj ^ n — + oo, 

s=o n 

with a oj = 1 and higher coefficients given by (2.9.7) (in 
the present case the coefficients of a s j and o s _ x j are 
zero). 

If a 2 — a.\ = 0, 1, 2, . . . , then (2.9.12) applies only in 
the case j = 1. But there is an independent solution 


2 . 9.13 

w 2 (n) 


P n n a 2 ^ 

s— 0 

<87^0:2 — 0:1 


n s 


cwi(n)lnn, n — > 00 . 


The coefficients b s and constant c are again determined 
by formal substitution, beginning with c = 1 when 
oc 2 — cti — 0, or with bo = 1 when a 2 — or = 1, 2, 3, ... . 
(Compare (2.7.6).) 

For proofs and examples, see Wong and Li (1992a). 
For error bounds see Zhang et al. (1996). 

For analogous results for difference equations of the 
form 


2 . 9.14 w(n + 2) + n p f(n)w(n + 1) + n® g(n)w(n) = 0, 

in which P and Q are any integers see Wong and Li 
(1992b). 


2.9(iii) Other Approximations 

For asymptotic approximations to solutions of second- 
order difference equations analogous to the Liouville- 
Green (WKBJ) approximation for differential equations 
(§2.7(iii)) see Spigler and Vianello (1992, 1997) and 
Spigler et al. (1999). Error bounds and applications 
are included. 
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For discussions of turning points, transition points, 
and uniform asymptotic expansions for solutions of lin- 
ear difference equations of the second order see Wang 
and Wong (2003, 2005). 

For an introduction to, and references for, the gen- 
eral asymptotic theory of linear difference equations of 
arbitrary order, see Wimp (1984, Appendix B). 


2.10 Sums and Sequences 

2.10(i) Euler-Maclaurin Formula 

As in §24.2, let B n and B n (x) denote the nth Bernoulli 
number and polynomial, respectively, and B n {x) the 
nth Bernoulli periodic function B n {x — |ycj)- 

Assume that a, to, and n are integers such that 
n > a, m > 0 , and f( 2m \ x ) is absolutely integrable 
over [a, n]. Then 

2 . 10.1 

n pn 

Y / go = / fi x ) dx + |/(°) + l/w 

■ J a 


Example 


j=a 


m— 1 


' L “ L D 

S = 1 ' 


f n B2m B ^i(x) f(2m)( \ j 

Ja ( 2 m)! 1 [X)dX - 


This is the Euler-Maclaurin formula. Another version 
is the Abel-Plana formula: 


2 . 10.2 


n r-n 

Y /(•?’) = / /(*) dx + s/(«) + s/( n ) 

j=a Ja 


_ 2 [~ W* + iv)) dy 
Jo e 2 *y - 1 

B- 


being some number in the interval (0, 1). Sufficient 
conditions for the validity of this second result are: 

(a) On the strip a < < n, f(z) is analytic in its 

interior, f^ 2m \z) is continuous on its closure, and 
f(z) = o(e 2 ’ I ’l 9 ' z l) as — > ±oo, uniformly with 

respect to S [a,n\. 

(b) f(z) is real when a < z < n. 

(c) The first infinite integral in (2.10.2) converges. 


2.10.3 


S(n) = Y i ln i 
1 = i 

for large n. From (2.10.1) 

2.10.4 

S(n) = \ n 2 lnn — \n 2 + bnlnn 


2 4 1 2 

m— 1 

^ 2 s( 2 s — l)( 2 s — 2 ) n 2s ~ 2 


+ 


In i 


C 


T Rm ip] , 


where to (> 2) is arbitrary, C is a constant, and 

B 2 m{x) ^2m 


2.10.5 


R, 


.(«) = f 

J n 


dx. 


2m(2m — 1 )x 2m ~ 1 
From §24.12(i), (24.2.2), and (24.4.27), B 2 m(x)-B 2 m is 
of constant sign (— l) m . Thus R m (n) and R m+ i(n) are 
of opposite signs, and since their difference is the term 
corresponding to s = to in (2.10.4), R m (n) is bounded 
in absolute value by this term and has the same sign. 

Formula (2.10.2) is useful for evaluating the con- 
stant term in expansions obtained from (2.10.1). In the 
present example it leads to 

7 + ln(27r) 

2.10.6 C = 

12 

where 7 is Euler’s constant (§5.2(ii)) and (f is the deriva- 
tive of the Riemann zeta function (§25.2(i)). e c is some- 
times called Glaisher’s constant. For further informa- 
tion on C see §5.17. 

Other examples that can be verified in a similar way 

are: 

2.10.7 

zV~c(-a)+^f:f a+1 ^, n—+ <x>, 
3=1 


^ = — - <W- 1 ) 

2tt 2 12 U 


1 ^ 

s=0 


2 . 10.8 - 

^ J 


1 

2 n 


~ II 


s = 1 


2s 


1 


2 s n 2s ’ 


where a ( 7 ^ — 1 ) is a real constant, and 

n—1 

I 

In n + 7 - 

3=1 ' 

In both expansions the remainder term is bounded in 
absolute value by the first neglected term in the sum, 
and has the same sign, provided that in the case of 
(2.10.7), truncation takes place at s = 2 to — 1, where m 
is any positive integer satisfying m> |(a + 1 ). 

For extensions of the Euler-Maclaurin formula to 
functions f{x) with singularities at x = a or x = n (or 
both) see Sidi (2004). See also Weniger (2007). 

For an extension to integrals with Cauchy principal 
values see Elliott (1998). 

2.10(ii) Summation by Parts 

The formula for summation by parts is 

n—1 n—1 

210 . 9 Y u i v i = U n-l V n + Y ~ v 3 + 1 ^ 
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where 

2.10.10 Uj = 1L\ + U2 + * * * + Uj. 

This identity can be used to find asymptotic approxima- 
tions for large n when the factor Vj changes slowly with 
j, and Uj is oscillatory; compare the approximation of 
Fourier integrals by integration by parts in §2.3(i). 

Example 

n — 1 

2.10.11 S(a, /3,n) = '^2 e ij0 j a , 

i = i 

where a and (3 are real constants with e 10 ^ 1. 

As a first estimate for large n 

2 . 10.12 

n—1 

\S(a,P,n)\ < ^2 j a = 0(1), O(lnn), or 0(n a+1 ), 

3 = 1 

according as a < — 1, a = — 1, or a > —1; see (2.10.7), 
(2.10.8). With Uj = e ij0 , Vj = j a , 

2.10.13 Uj = e i 0 (e ij0 - l)/(e i0 - 1), 

and 

2.10.14 ' x 

n—1 \ 

+ J2e^(r^(j+ir) j . 

Since 

2.10.15 r - ( j + 1)“ = -af - A + a(a - 1) 0(j a ~ 2 ) 
for any real constant a and the set of all positive integers 
j, we derive 

2.10.16 

S(a,(3,n) = — j- (e l(n ~ 1)/3 n“ - aS(a - 1 ,/3,n) 

+ 0(n a ~ 1 ) +0(1)) . 

From this result and (2.10.12) 

2.10.17 S(a,/3,n) = 0(n a ) + 0(1). 

Then replacing a by a — 1 and resubstituting in 
(2.10.16), we have 

2.10.18 

pin/3 

S(a,fl,n) = —g—jn a + Ofa 0 - 1 ) + 0(1), n -*■ oo, 

which is a useful approximation when a > 0. 

For extensions to a < 0, higher terms, and other 
examples, see Olver (1997b, Chapter 8). 

2. 10(iii) Asymptotic Expansions of Entire 
Functions 

The asymptotic behavior of entire functions defined by 
Maclaurin series can be approached by converting the 
sum into a contour integral by use of the residue theo- 
rem and applying the methods of §§2.4 and 2.5. 


Example 

From §§16.2(i)-16.2(ii) 


2.10.19 0 F 2 (-; 1,1;*) = £ 


3=0 


c?!) 3 ' 


We seek the behavior as x — > + 00 . From (1.10.8) 


2 . 10.20 


E 

3 =0 


(j!) 3 2 * Jv (F(* + l)) 3 


cot(7rt) dt, 


where ^ comprises the two semicircles and two parts of 
the imaginary axis depicted in Figure 2.10.1. 



2 . 10.21 


From the identities 
cot ( 7 it) 1 


2 i 


o—2ivit 


- 1 


1 

2 e 


2irit 2 ’ 


and Cauchy’s theorem, we have 


n—1 


E Jb 

w = 


r n-(l/2) 


3 =0 


- 1/2 (r(^ + 1)) 3 


2.10.22 


dt 


dt 


M (F(f + l)) 3 e~ 2 ^ u — 1 
r x 1 dt 

+ U 2 (r(t + l)) 3 e 2 -«-l’ 

where , ^2 denote respectively the upper and lower 
halves of (5.11.7) shows that the integrals around 
the large quarter circles vanish as n — > 00 . Hence 

2.10.23 


,F 2 (-,l,l-x) = 


- 1/2 (r(* + 1)) 3 

r io ° t. 

+ 23? 


dt 


dt 


-i/2 (F(t + l)) 3 e- 2 ™* - 1 


1 0 (r(t + i)) 3 


dt + 0(1), 


x — > + 00 , 
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the last step following from \x f \ < 1 when t is on the 
interval [— ^,0], the imaginary axis, or the small semi- 
circle. By application of Laplace’s method (§2.3(iii)) 
and use again of (5.11.7), we obtain 

, . expfS.T 1 / 3 ) 

2.10.24 0 F 2 ( — ;l,l;:r)~ X - +°°- 

For generalizations and other examples see Olver 
(1997b, Chapter 8), Ford (1960), and Berndt and Evans 
(1984). See also Paris and Kaminski (2001, Chapter 5) 
and §§16. 11 (i)— 16. ll(ii) . 


This result is refinable in two important ways. First, 
the conditions can be weakened. It is unnecessary for 
f(z ) — g(z) to be continuous on |^| = r: it suffices that 
the integrals in (2.10.28) converge uniformly. For exam- 
ple, Condition (b) can be replaced by: 

(b') On the circle | 2 | = r, the function f(z) — g(z) 
has a finite number of singularities, and at each 
singularity Zj, say, 

2 - 10 ' 30 f(z) ~ g(z) = 0((z zjp- 1 ), z - z j} 


2.10(iv) Taylor and Laurent Coefficients: 
Darboux’s Method 

Let f(z) be analytic on the annulus 0 < \z\ < r, with 
Laurent expansion 

OO 

2.10.25 f(z) = Y fnZ n , 0 < \z\ < r. 

n——oo 

What is the asymptotic behavior of f n as n — > oo or 
n — > —oo? More specially, what is the behavior of the 
higher coefficients in a Taylor-series expansion? 

These problems can be brought within the scope of 
§2.4 by means of Cauchy’s integral formula 

2.10.26 f n = — — f ^ Z \ dz , 

J 2ttz J v z n + l 

where ^ is a simple closed contour in the annulus that 
encloses z = 0. For examples see Olver (1997b, Chap- 
ters 8, 9). 

However, if r is finite and f(z) has algebraic or loga- 
rithmic singularities on |c| = r, then Darboux’s method 
is usually easier to apply. We need a “comparison func- 
tion” g(z) with the properties: 

(a) g(z) is analytic on 0 < \z\ < r. 

(b) f(z) — g(z) is continuous on 0 < \z\ < r. 

(c) The coefficients in the Laurent expansion 


2.10.27 


9(z) = Y 9nZ n 

Ti— — OO 


0 < \z\ < r, 


have known asymptotic behavior as n — > ±oo. 

By allowing the contour in Cauchy’s formula to ex- 
pand, we find that 

2.10.28 


fn gn ~ ^ 


f(z) - g{z) 


W=r 

•27T 


+ 1 


dz 


= 2 y 

Hence by the Riemann-Lebesgue lemma (§1.8(i)) 

fn = 9 n + °(r ~ n ) , n -> ±oo. 


where crj is a positive constant. 


Secondly, when f(z) — g(z) is m times continuously 
differentiable on \z\ = r the result (2.10.29) can be 
strengthened. In these circumstances the integrals in 
(2.10.28) are integrable by parts m times, yielding 

2.10.31 fn = g n + o(r~ n \n\~ m ), n -» ±oo. 

Furthermore, (2.10.31) remains valid with the weaker 
condition 


2.10.32 f {m \z) - g (m \z) = 0((z - Zj)^- 1 ), 

in the neighborhood of each singularity Zj, again with 

Oj > 0 . 

Example 

Let a be a constant in (0, 2-7 t) and P n denote the Leg- 
endre polynomial of degree n. From §14.7(iv) 

(1 — 22 cos a + 2 2 ) 1 / 2 

2.10.33 oo 

= Y • p «( cos \ z \ < l - 

n —0 

The singularities of f(z) on the unit circle are branch 
points at z = e ±la . To match the limiting behavior of 
f(z) at these points we set 


0 m „ 9(z) = e-"/4 (2sina) -i/2 (e-- _ z )- 1 / 2 

2.10.34 ' 

±e" /4 (2sin a)~ 1/2 (e la - z) 7 . 

-i t c\ 

Here the branch of (e _ZQ — z) "is continuous in 
the 2 -plane cut along the outward-drawn ray through 
2 = e~ la and equals e ZQ / 2 at 2 = 0. Similarly for 

1 /q 

( e la — 2 ) . In Condition (c) we have 


2.10.35 

9 n 


7r sin a 


1/2 


r(? 


cos (not + \a — j7r) , 


and in the supplementary conditions we may set m = 1. 
Then from (2.10.31) and (5.11.7) 


2.10.36 

P n ( cos a) = 

\tt n sma 
For higher terms see §18.15(iii). 


/ 2 V 72 

( ; ) cos(na + ha — j7r)+o(n 1 ). 

\ nn sm a J ' 


2.10.29 


66 


Asymptotic Approximations 


For uniform expansions when two singularities coa- 
lesce on the circle of convergence see Wong and Zhao 
(2005). 

For other examples and extensions see Olver (1997b, 
Chapter 8), Olver (1970), Wong (1989, Chapter 2), 
and Wong and Wyman (1974). See also Flajolet and 
Odlyzko (1990). 


2.11 Remainder Terms; Stokes 
Phenomenon 


2.11(i) Numerical Use of Asymptotic 
Expansions 


When a rigorous bound or reliable estimate for the re- 
mainder term is unavailable, it is unsafe to judge the 
accuracy of an asymptotic expansion merely from the 
numerical rate of decrease of the terms at the point of 
truncation. Even when the series converges this is un- 
wise: the tail needs to be majorized rigorously before 
the result can be guaranteed. For divergent expansions 
the situation is even more difficult. First, it is impossi- 
ble to bound the tail by majorizing its terms. Secondly, 
the asymptotic series represents an infinite class of func- 
tions, and the remainder depends on which member we 
have in mind. 

As an example consider 

T/ . r cos (mt) , 

2 . 11.1 (m) = ^ t2 + i dt, 

with m a large integer. By integration by parts (§2.3(i)) 

00 ( \ 

2.11.2 J(m) ~ (- l) m 5Z^T’ m -> oo, 

z ' m zs 

s—l 

with 


2 . 11.3 


qi(t) = - 
93(f) = - 


2 1 


92(f) = 


24(f 3 - t) 


(t 2 + i) 2 ’ yzw (t 2 + l) 4 ’ 

240(3f 5 - 10t 3 + 3t) 


(t 2 + 1) 6 

On rounding to 5D, we have 91(71) = —0.05318, 92(71") = 
0.04791, 93(77) = -0.08985. Hence 

1(10) ~ -0.00053 18 + 0.00000 48 - 0.00000 01 
= -0.00052 71. 


2 . 11.4 


But this answer is incorrect: to 7D 7(10) = 

—0.00045 58. The error term is, in fact, approximately 
700 times the last term obtained in (2.11.4). The ex- 
planation is that (2.11.2) is a more accurate expansion 
for the function /(m) — ^7re _m than it is for 7(m); see 
Olver (1997b, pp. 76-78). 

In order to guard against this kind of error remaining 
undetected, the wanted function may need to be com- 
puted by another method (preferably nonasymptotic) 
for the smallest value of the (large) asymptotic variable 


x that is intended to be used. If the results agree within 
S significant figures, then it is likely — but not certain — 
that the truncated asymptotic series will yield at least 
S correct significant figures for larger values of x. For 
further discussion see Bosley (1996). 

In C both the modulus and phase of the asymptotic 
variable z need to be taken into account. Suppose an 
asymptotic expansion holds as 2 — > 00 in any closed sec- 
tor within a < ph z < (3, say, but not in a < ph z < f3. 
Then numerical accuracy will disintegrate as the bound- 
ary rays ph z = a, ph z = /3 are approached. In conse- 
quence, practical application needs to be confined to a 
sector a! < ph z < /?' well within the sector of validity, 
and independent evaluations carried out on the bound- 
aries for the smallest value of \z\ intended to be used. 
The choice of a! and f3' is facilitated by a knowledge of 
the relevant Stokes lines; see §2.11(iv) below. 

However, regardless whether we can bound the re- 
mainder, the accuracy achievable by direct numerical 
summation of a divergent asymptotic series is always 
limited. The rest of this section is devoted to general 
methods for increasing this accuracy. 


2.11(ii) Connection Formulas 


From §8.19(i) the generalized exponential integral is 
given by 


2 . 11.5 

when 

tinuation 

Watson’s 


„ , , e~ z zP~ l e-^tP- 1 , 

E - [z)= -m~L ~ — dt 

> 0 and ph z < tj 7 t, and by analytic con- 
fer other values of p and z. Application of 
lemma (§2.4(i)) yields 


2.11.6 E r{ z)~ 

s=0 

when p is fixed and z — > 00 in any closed sector within 
ph z\ < 1 7 r. As noted in §2.11(i), poor accuracy is 
yielded by this expansion as ph 0 approaches |7T or — §77. 
However, on combining (2.11.6) with the connection for- 
mula (8.19.18), with m = 1, we derive 


2.11.7 E p (z) 


2 me~ p7ri 

r (p) 


yP 1 


s=0 


valid as z — > 00 in any closed sector within ^77 < ph z < 
^77; compare (8.20.3). Since the ray ph z = 3 77 is well 
away from the new boundaries, the compound expan- 
sion (2.11.7) yields much more accurate results when 
ph 2 ^ §77. In effect, (2.11.7) “corrects” (2.11.6) by in- 
troducing a term that is relatively exponentially small in 
the neighborhood of ph z = 77 , is increasingly significant 
as ph,s passes from 77 to 3 77, and becomes the dominant 
contribution after phz passes |7r. See also §2.11(iv). 
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2.11(iii) Exponentially-Improved Expansions 

The procedure followed in §2.11(ii) enabled E p (z) to 
be computed with as much accuracy in the sector 
7T < phz < 3-7T as the original expansion (2.11.6) in 
| phz| <7 r. We now increase substantially the accuracy 
of (2.11.6) in | phz| < tt by re-expanding the remainder 
term. 

Optimum truncation in (2.11.6) takes place at s = 
n — 1, with | p + n — 1| = \z\, approximately. Thus 

2.11.8 n = p — p + a, 

where z = pe 10 , and |ct| is bounded as n — > oo. From 
(2.11.5) and the identity 

n— 1 


1 f 

= E(-1 ) S * S + (-!)" 


1 + t 


s—0 


1 + t’ 


t ^ -1, 


2 . 11.9 

we have 

2 . 11.10 

= v B-i)# + (- 1 )”pg^ v »+pW. 

where 

2 . 11.11 


- n+p 


(*) = w 


-z r oo a -zt t n+ v -i _ V{n + p)E n+p {z) 


■ dt = 


z n+p—l 


2tt J 0 1 + t 27 t 

With n given by (2.11.8), we have 

2 . 11.12 

g-z r OO t a ~ l 

F n+p (z) = — exp {-p - lnt)) dt. 

For large p the integrand has a saddle point at t = 
e - . Following §2.4(iv), we rotate the integration path 
through an angle —9, which is valid by analytic con- 
tinuation when — 7 r < 9 < tt. Then by application of 
Laplace’s method (§§2.4(iii) and 2.4(iv)), we have 

2 . 11.13 

e -i( P + a )8 e -p-z ^2, a 2s (0,a) 


F n +p{z) 


1 + e l8 (27 rp) 1 / 2 


E 

s=0 


P 


uniformly when 9 £ [— 7r + 6, tt — <5] (<5 > 0) and |a| is 
bounded. The coefficients are rational functions of a 
and 1 + e ,e , for example, ao(9, a) = 1, and 

2 . 11.14 

“ 2 (*'•)+ (6 “ 2 - 6 « + !) - + (irW- 

Owing to the factor e -p , that is, in (2.11.13), 
F n+p (z) is uniformly exponentially small compared with 
E p (z). For this reason the expansion of E p (z) in 
|phz| <7 r — <5 supplied by (2.11.8), (2.11.10), and 
(2.11.13) is said to be exponentially improved. 

If we permit the use of nonelementary functions as 
approximants, then even more powerful re-expansions 
become available. One is uniformly valid for — 7r + S < 


phz < 3n — 6 with bounded |a|, and achieves uniform 
exponential improvement throughout 0 < ph z < w: 


2 . 11.15 


F n+p (z) ~ (—l) n ie~ p7ri ^erfc 


e ip( *-9) e - P - z ~ h 2s (0,a) 
72 Fs 


(2ttp) 1 /2 


s=0 


Here erfc is the complementary error function (§7.2(i)), 
and 

2 . 11.16 c(9) = 2(1 + e ie + i{9 - n)), 

the branch being continuous with c{9) ~ 7r — 9 as 9 — » 7r. 
Also, 

p ia(ir-e) 


h 2s (9,a) = 


2 . 11.17 


1 + e~ 


za 2s (9 7 a) 


| , , r ! ; 1 • • >> • 3 • • • ( 2.S 1) 


my 

with a 2s (9, a) as in (2.11.13), (2.11.14). In particular, 


2 . 11.18 


h 0 (9,a) = 




1 + e~ 10 c(9) ’ 

For the sector — 37 t + 6 < ph z < n — S the conjugate 
result applies. 

Further details for this example are supplied in Olver 
(1991a, 1994b). See also Paris and Kaminski (2001, 
Chapter 6), and Dunster (1996b, 1997). 

2.11(iv) Stokes Phenomenon 

Two different asymptotic expansions in terms of ele- 
mentary functions, (2.11.6) and (2.11.7), are available 
for the generalized exponential integral in the sector 
\tt < phz < |7r. That the change in their forms is 
discontinuous, even though the function being approx- 
imated is analytic, is an example of the Stokes phe- 
nomenon. Where should the change-over take place? 
Can it be accomplished smoothly? 

Satisfactory answers to these questions were found 
by Berry (1989); see also the survey by Paris and Wood 
(1995). These answers are linked to the terms involving 
the complementary error function in the more power- 
ful expansions typified by the combination of (2.11.10) 
and (2.11.15). Thus ifO<0<7r — 5 (< n), then 
c(9) lies in the right half-plane. Hence from §7.12(i) 

eric(^J \p c(9)J is of the same exponentially-small or- 
der of magnitude as the contribution from the other 
terms in (2.11.15) when p is large. On the other hand, 
when tt + 6 <9 <3tt — S, c{9) is in the left half-plane 

and erfc^y^jo c(0)^ differs from 2 by an exponentially- 
small quantity. In the transition through 9 = tt, 
eric[^J \p c(0)^ changes very rapidly, but smoothly, 
from one form to the other; compare the graph of its 
modulus in Figure 2.11.1 in the case p = 100. 
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0 it 2tt 


Figure 2.11.1: Graph of | erfc(V5Oc(0))|. 

In particular, on the ray 9 = n greatest accuracy 
is achieved by (a) taking the average of the expansions 
(2.11.6) and (2.11.7), followed by (b) taking account of 
the exponentially-small contributions arising from the 
terms involving h.2 S (9,a) in (2.11.15). 

Rays (or curves) on which one contribution in a 
compound asymptotic expansion achieves maximum 
dominance over another are called Stokes lines ( 9 = 
tv in the present example). As these lines are 
crossed exponentially-small contributions, such as that 
in (2.11.7), are “switched on” smoothly, in the manner 
of the graph in Figure 2.11.1. 

For higher-order Stokes phenomena see Olde Daal- 
huis (2004b) and Howls et al. (2004). 


2.11(v) Exponentially-Improved Expansions 
(continued) 

Expansions similar to (2.11.15) can be constructed for 
many other special functions. However, to enjoy the 
resurgence property (§2.7 (ii)) we often seek instead 
expansions in terms of the E-functions introduced in 
§2.1 1 (iii) , leaving the connection of the error- function 
type behavior as an implicit consequence of this prop- 
erty of the E-functions. In this context the E-functions 
are called terminants, a name introduced by Dingle 
(1973). 

For illustration, we give re-expansions of the re- 
mainder terms in the expansions (2.7.8) arising in 
differential-equation theory. For notational convenience 
assume that the original differential equation (2.7.1) is 
normalized so that A 2 — Ai = 1. (This means that, if 
necessary, 2 is replaced by z/( X 2 — Ai).) From (2.7.12), 
(2.7.13) it is then seen that the optimum number of 
terms, n, in (2.7.14) is approximately \z\. We set 

n — 1 

2.11.19 Wj (z) = e XjZ z ,J ' j WE + R n\z), 3 = 1, 2, 

s—0 

and expand 


2 . 11.20 


2 . 11.21 


R£\z) = )™e X 2 Z z >* 2 +i?ff ra (*)j , 

R%\z) = (-1 Yie^-^e^z^ (C 2 ^(-l) s a M Fra+Ml ~^; s(ze ^ + R%] n {z) \ 


s = 0 


with m = 0, 1, 2, ... , and C\, C 2 as in (2.7.17). Then as z — > 00 , with | n — |zj| bounded and m fixed, 


2 . 11.22 


2.11.23 


r£Uz) = 


0(e-W- z z- m ), 

1 ph z | < 7 r, 

0(z ~ m ), 

7r < phz < | 

0 ( e -M+z z -m), 

0 < ph 2 : < 27t, 


— §7T + S < ph. 


uniformly with respect to ph z in each case. 

The relevant Stokes lines are phz = ±7r for Wi(z), 
and ph;z = 0,27 t for W 2 (z). In addition to achiev- 
ing uniform exponential improvement, particularly in 
| phz| < 7 r for w\(z), and 0 < phz < 27r for W2(z), the 
re-expansions (2.11.20), (2.11.21) are resurgent. 

For further details see Olde Daalhuis and Olver 
(1994). For error bounds see Dunster (1996c). For other 
examples see Boyd (1990b), Paris (1992a, b), and Wong 
and Zhao (2002b). 

Often the process of re-expansion can be repeated 
any number of times. In this way we arrive at hy- 


perasymptotic expansions. For integrals, see Berry and 
Howls (1991), Howls (1992), and Paris and Kaminski 
(2001, Chapter 6). For second-order differential equa- 
tions, see Olde Daalhuis and Olver (1995a), Olde Daal- 
huis (1995, 1996), and Murphy and Wood (1997). 

For higher-order differential equations, see Olde 
Daalhuis (1998a, b). The first of these two references 
also provides an introduction to the powerful Borel 
transform theory. In this connection see also Byatt- 
Smith (2000). 

For nonlinear differential equations see Olde Daal- 
huis (2005a, b). 
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For another approach see Paris (2001a, b). 


in which 


2.11(vi) Direct Numerical Transformations 

The transformations in §3.9 for summing slowly conver- 
gent series can also be very effective when applied to 
divergent asymptotic series. 

A simple example is provided by Euler’s transforma- 
tion (§3.9(ii)) applied to the asymptotic expansion for 
the exponential integral (§6.12(i)): 

2.11.24 e x Exix) ~ 5I(~1) S ^TT’ x->+oo. 

s=0 X 

Taking x = 5 and rounding to 5D, we obtain 

2.11.25 

e 5 £§( 5) = 0.20000 - 0.04000 + 0.01600 - 0.00960 
+ 0.00768 - 0.00768 + 0.00922 - 0.01290 

+ 0.02064 - 0.03716 + 0.07432 . 

The numerically smallest terms are the 5th and 6th. 
Truncation after 5 terms yields 0.17408, compared with 
the correct value 

2.11.26 e 5 -Ei (5) = 0.17042 

We now compute the forward differences A J , j = 
0, 1, 2, . . . , of the moduli of the rounded values of the 
first 6 neglected terms: 

A 0 = 0.00768, A 1 = 0.00154, 

2.11.27 A 2 = 0.00214 , A 3 = 0.00192 , 

A 4 = 0.00280 , A 5 = 0.00434 . 

Multiplying these differences by (— 1) J "2 -J ' -1 and sum- 
ming, we obtain 

0.00384 - 0.00038 + 0.00027 - 0.00012 
21128 + 0.00009 - 0.00007 = 0.00363. 

Subtraction of this result from the sum of the first 5 
terms in (2.11.25) yields 0.17045, which is much closer 
to the true value. 

The process just used is equivalent to re-expanding 
the remainder term of the original asymptotic series 
(2.11.24) in powers of l/(x + 5) and truncating the new 
series optimally. Further improvements in accuracy can 
be realized by making a second application of the Euler 
transformation; see Olver (1997b, pp. 540-543). 

Similar improvements are achievable by Aitken’s 
A 2 -process, Wynn’s e-algorithm, and other accelera- 
tion transformations. For a comprehensive survey see 
Weniger (1989). 

The following example, based on Weniger (1996), il- 
lustrates their power. 

For large \z\, with |phz| < §7r — <5 (< §7r), the Whit- 
taker function of the second kind has the asymptotic 
expansion (§13.19) 

OO 

~ ^ ^ ® ni 
n= 0 


2.11.30 “» = ^ W - (*- I) 2 ) 0“ 2 -(«-§) 2 ) 

With z = 1.0, k = 2.3, n = 0.5, the values of a n to 8D 
are supplied in the second column of Table 2.11.1. 

Table 2.11.1: Whittaker functions with Levin’s transfor- 
mation. 


n 

a n 


dn 


0 

0.60653 066 

0.60653 066 

0.60653 

066 

1 

-1.81352 667 

-1.20699 601 

-0.91106 

488 

2 

0.35363 770 

-0.85335 831 

-0.82413 

405 

3 

0.02475 464 

-0.82860 367 

-0.83323 

429 

4 

-0.00736 451 

-0.83596 818 

-0.83303 

750 

5 

0.00676 062 

-0.82920 756 

-0.83298 

901 

6 

-0.01125 643 

-0.84046 399 

-0.83299 

429 

7 

0.02796 418 

-0.81249 981 

-0.83299 

530 

8 

-0.09364 504 

-0.90614 485 

-0.83299 

504 

9 

0.39736 710 

-0.50877 775 

-0.83299 

501 

10 

-2.05001 686 

-2.55879 461 

-0.83299 

503 


The next column lists the partial sums s n = ao+ai + 
■ ■ ■ + a n . Optimum truncation occurs just prior to the 
numerically smallest term, that is, at S4. Comparison 
with the true value 


2 . 11.31 W2. 3) o. 5(1.0) = —0.83299 50268 27526 • • • 


shows that this direct estimate is correct to almost 3D. 

The fourth column of Table 2.11.1 gives the results 
of applying the following variant of Levin's transforma- 
tion: 


2 . 11.32 d n 


E’W-DTKi + ir-'ifir 


By n = 10 we already have 8 correct decimals. Further- 
more, on proceeding to higher values of n with higher 
precision, much more accuracy is achievable. For exam- 
ple, using double precision c?2o is found to agree with 
(2.11.31) to 13D. 

However, direct numerical transformations need to 
be used with care. Their extrapolation is based on as- 
sumed forms of remainder terms that may not always 
be appropriate for asymptotic expansions. For example, 
extrapolated values may converge to an accurate value 
on one side of a Stokes line (§2.11(iv)), and converge to 
a quite inaccurate value on the other. 


2 . 11.29 
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Areas 


3.1 Arithmetics and Error Measures 


3.1(i) Floating-Point Arithmetic 

Computer arithmetic is described for the binary based 
system with base 2; another frequently used system is 
the hexadecimal system with base 16. 

A nonzero normalized binary floating-point machine 
number x is represented as 

311 x = (— l) s • (bo.bib -2 . . . bp-i) ■ 2 e , b 0 = 1, 

where s is equal to 1 or 0, each bj, j > 1, is either 0 or 
1, b\ is the most significant bit , p (£ N) is the number 
of significant bits bj, 6 p _ \ is the least significant bit, E 
is an integer called the exponent , 60.6x62 ■ • ■ 6 p _ 1 is the 
significand, and / = .6162 ■ • ■ b p - 1 is the fractional part. 


The set of machine numbers Kr is the union of 0 and 
the set 


3 . 1.2 


p - 1 

(-l) s 2 E Y,bj2~ j , 


l=o 


with bo = 1 and all allowable choices of E, p, s , and bj. 


Let E rnin 5' l- ' ' E max with E m [ n <C 0 and E m a x > 0. 
For given values of E m - In , E m ax , and p, the format width 
in bits N of a computer word is the total number of bits: 
the sign (one bit), the significant bits 61, 62, . . • , 6 p _i 
(p— 1 bits), and the bits allocated to the exponent (the 
remaining N — p bits). The integers p, E m , n , and E m ax 
are characteristics of the machine. The machine epsilon 
cm, that is, the distance between 1 and the next larger 
machine number with E = 0 is given by cm = 2~ v+l . 
The machine precision is = 2~ p . The lower and 
upper bounds for the absolute values of the nonzero ma- 
chine numbers are given by 

3.1.3 N min = 2 e »■» < (a; | < 2 s — + 1 (l - 2~ p ) = A max . 

Underflow (overflow) after computing x 7^ 0 occurs 
when \x\ is smaller (larger) than N m , n (N max ). 

IEEE Standard 

The current standard is the ANSI/IEEE Standard 754; 
see IEEE (1985, §§1-4). In the case of normalized bi- 
nary representation the memory positions for single pre- 
cision (N = 32, p = 24, E m in = -126, E max = 127) 
and double precision ( N = 64, p = 53, .Emin = —1022, 
E max = 1023) are as in Figure 3.1.1. The respec- 
tive machine precisions are )em = 0.596 x 10“ 7 and 
\e M = 0.111 x 10” 15 . 


E 


23 bits 

/ 


11 


52 bits 


E 


f 


N = 32, 
p = 24 


N = 64, 
p = 53 


Figure 3.1.1: Floating-point arithmetic. Memory posi- 
tions in single and double precision, in the case of binary 
representation. 


Rounding 

Let x be any positive number with 

3 . 1.4 x = (I.6162 ■ ■ ■ bp-ib p b p+1 . . . ) • 2 e , 

Amin if x .V max , and 

X- = (1.6162 . . .6p_i) • 2 e , 

x+ = ((I.6162 . . . 6 p _i) + cm) • 2 £ . 

Then rounding by chopping or rounding down of x 
gives X-, with maximum relative error cm- Symmet- 
ric rounding or rounding to nearest of x gives X- or x+, 
whichever is nearer to x, with maximum relative error 
equal to the machine precision \cm = 2~ p . 

Negative numbers x are rounded in the same way as 
—x. 

For further information see Goldberg (1991) and 
Overton (2001). 

3.1(ii) Interval Arithmetic 

Interval arithmetic is intended for bounding the total 
effect of rounding errors of calculations with machine 
numbers. With this arithmetic the computed result can 
be proved to lie in a certain interval, which leads to vali- 
dated computing with guaranteed and rigorous inclusion 
regions for the results. 

Let G be the set of closed intervals {[a, 6]}. The ele- 
mentary arithmetical operations on intervals are defined 
as follows: 

3 . 1.6 I*J={x*y\x£l, y £ J }, I, J £ G, 

where * £ with appropriate roundings of 

the end points of I * J when machine numbers are be- 
ing used. Division is possible only if the divisor interval 
does not contain zero. 

A basic text on interval arithmetic and analysis is 
Alefeld and Herzberger (1983), and for applications and 
further information see Moore (1979) and Petkovic and 
Petkovic (1998). The last reference includes analogs for 
arithmetic in the complex plane C. 

3.1(iii) Rational Arithmetics 

Computer algebra systems use exact rational arithmetic 
with rational numbers p/q, where p and q are multi- 
length integers. During the calculations common di- 
visors are removed from the rational numbers, and the 
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final results can be converted to decimal representations 
of arbitrary length. For further information see Matula 
and Kornerup (1980). 

3.1(iv) Level-Index Arithmetic 

To eliminate overflow or underflow in finite-precision 
arithmetic numbers are represented by using general- 
ized logarithms kif(x) given by 

3 . 1.7 ln 0 (x) = x, hif(x) = ln(kp_i(x)), £=1,2,..., 

with x > 0 and £ the unique nonnegative integer such 
that a = kif(x) £ [0, 1) . In level-index arithmetic x 
is represented by £ + a (or — (£ + a) for negative num- 
bers). Also in this arithmetic generalized precision can 
be defined, which includes absolute error and relative 
precision (§3.1(v)) as special cases. 

For further information see Clenshaw and Olver 
(1984) and Clenshaw et al. (1989). For applications see 
Lozier (1993). 

For further references on level-index arithmetic (and 
also other arithmetics) see Anuta et al. (1996). See also 
Hayes (2009). 


3.1(v) Error Measures 


If x* is an approximation to a real or complex number 
x, then the absolute error is 

3 . 1.8 e a = \x* - x\ . 

If x 0, the relative error is 

fa_ 

\x\' 

The relative precision is 



x 


3 . 1.10 e rp = |ln(x*/x)| , 

where xx* > 0 for real variables, and xx* 0 for 
complex variables (with the principal value of the loga- 
rithm) . 

The mollified error is 

lx* — x| 

3111 | ' • 

max(|x| , 1) 

For error measures for complex arithmetic see Olver 
(1983). 


3.2 Linear Algebra 

3.2(i) Gaussian Elimination 

To solve the system 

Ax = b, 


with Gaussian elimination, where A is a nonsingular 
nx n matrix and b is an n x 1 vector, we start with the 
augmented matrix 


3 . 2.2 


an • • • a in b\ 

O'ni * * ' a nn b n 


By repeatedly subtracting multiples of each row 
from the subsequent rows we obtain a matrix of the 
form 


Mil 

U12 

* * ‘ ^1 n 

y 1 

0 

U22 

* * • ^2 n 

2/2 

_ 0 


0 V* nn 

2 In 


During this reduction process we store the multipli- 
ers ijk that are used in each column to eliminate other 
elements in that column. This yields a lower triangular 
matrix of the form 


3 . 2.4 


L = 


1 

£21 

£nl 


£n,n— 1 


0 
0 

-1 1 


If we denote by U the upper triangular matrix com- 
prising the elements Ujk in (3.2.3), then we have the 
factorization, or triangular decomposition, 


3 . 2.5 A = LU. 

With y = [yi,y 2 , ■ ■ ■ ,y n ] T the process of solution can 
then be regarded as first solving the equation Ly = b 
for y ( forward elimination), followed by the solution of 
Ux = y for x ( back substitution) . 

For more details see Golub and Van Loan (1996, 
pp. 87-100). 

Example 


'1 2 3' 


'1 0 O' 


'12 3 ' 

2 3 1 

= 

2 10 


0 -1 -5 

3 12 


3 5 1 


0 0 18 


In solving Ax = [1, 1, 1] T , we obtain by forward elim- 
ination y = [1, — 1, 3] T , and by back substitution x = 
rl I 1 it 
L 6 ’ 6 ’ 6 J ' 

In practice, if any of the multipliers £jk are unduly 
large in magnitude compared with unity, then Gaussian 
elimination is unstable. To avoid instability the rows 
are interchanged at each elimination step in such a way 
that the absolute value of the element that is used as a 
divisor, the pivot element, is not less than that of the 
other available elements in its column. Then \£ :j k\ < 1 
in all cases. This modification is called Gaussian elimi- 
nation with partial pivoting. 

For more information on pivoting see Golub and 
Van Loan (1996, pp. 109-123). 
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Iterative Refinement 

When the factorization (3.2.5) is available, the accu- 
racy of the computed solution x can be improved with 
little extra computation. Because of rounding errors, 
the residual vector r = b — Ax is nonzero as a rule. We 
solve the system A<5x = r for <5x, taking advantage of 
the existing triangular decomposition of A to obtain an 
improved solution x + <5x. 


3.2(ii) Gaussian Elimination for a Tridiagonal 
Matrix 

Tridiagonal matrices are ones in which the only nonzero 
elements occur on the main diagonal and two adjacent 
diagonals. Thus 


3.2.7 


A = 


bi ci 
a 2 b 2 c 2 


0 


e^n—i b n — i c n — i 
0 a n b n 

Assume that A can be factored as in (3.2.5), but with- 
out partial pivoting. Then 

T 0 Cf 

e 2 i o 


3.2.8 


L = 


0 


in - 1 1 0 

in 1 


3.2.9 


u = 


di ui 

0 d 2 u 2 


0 


0 dn — 1 Un-l 

0 0 d n 

where Uj = Cj, j = 1, 2, . . . , n — 1, d\ = b\, and 

3.2.10 ij = aj /dj-\ 1 dj = bj — £jCj—i, j = 2, . . . , n. 
Forward elimination for solving Ax = f then becomes 
2/i = fi, 

3.2.11 2 Ij = fj ~ ^jVj— l; j = 2, . . . , 7i, 

and back substitution is x n = y n /d ni followed by 

3.2.12 xj = (yj - UjX j+ i)/dj, j = n - 1, . . . , 1. 
For more information on solving tridiagonal systems 

see Golub and Van Loan (1996, pp. 152-160). 

3.2(iii) Condition of Linear Systems 

The p-norm of a vector x = [xi, . . . , x n } T is given by 


,i /p 


3.2.13 


-Ei 


P= 1,2,.... 


y?=i 

l!x||oo = max \xj 

1 <j<n J 


The Euclidean norm is the case p = 2. 

The p-norm of a matrix A = [ ajk ] is 

3.2.14 A p = max " p . 

x/O ||x||p 

The cases p = 1,2, and oo are the most important: 


II A ll 1 = max Y l a J'fcl ’ 

l<k<n z ' 

3=1 

n 

3 - 2 - 15 l|A||oo = i m«EM, 

l< 7 <n z ' 
k—1 

II A || 2 = \J p(AA T ), 

where p(AA*) is the largest of the absolute values of 
the eigenvalues of the matrix AA r ; see §3.2(iv). (We 
are assuming that the matrix A is real; if not A 1 is re- 
placed by A H , the transpose of the complex conjugate 
of A.) 

The sensitivity of the solution vector x in (3.2.1) to 
small perturbations in the matrix A and the vector b 
is measured by the condition number 

3.2.16 /s(A) = II A||p || A -1 Up, 

where || • || p is one of the matrix norms. For any norm 
(3.2.14) we have ft(A) > 1. The larger the value k( A), 
the more ill-conditioned the system. 

Let x* denote a computed solution of the system 
(3.2.1), with r = b — Ax* again denoting the residual. 
Then we have the a posteriori error bound 


3.2.17 


< k(A)- 


For further information see Brezinski (1999) and 
Trefethen and Bau (1997, Chapter 3). 


3.2(iv) Eigenvalues and Eigenvectors 

If A is an n x n matrix, then a real or complex number 
A is called an eigenvalue of A, and a nonzero vector x 
a corresponding (right) eigenvector , if 

3.2.18 Ax = Ax. 

A nonzero vector y is called a left eigenvector of A 
corresponding to the eigenvalue A if y 1 A = Ay T or, 
equivalently, A r y = Ay. A normalized eigenvector has 
Euclidean norm 1; compare (3.2.13) with p = 2. 

The polynomial 

3.2.19 p n ( A) = det[AI - A] 

is called the characteristic polynomial of A and its zeros 
are the eigenvalues of A. The multiplicity of an eigen- 
value is its multiplicity as a zero of the characteristic 
polynomial (§3.8(i)). To an eigenvalue of multiplicity 
m, there correspond m linearly independent eigenvec- 
tors provided that A is nondefective, that is, A has a 
complete set of n linearly independent eigenvectors. 
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3.2(v) Condition of Eigenvalues 

If A is nondefective and A is a simple zero of p n (A), then 
the sensitivity of A to small perturbations in the matrix 
A is measured by the condition number 

3.2.20 /c(A) = pr-T, 

|y T *| 

where x and y are the normalized right and left eigen- 
vectors of A corresponding to the eigenvalue A. Because 
|y T x| = |cos0|, where 9 is the angle between y T and 
x we always have k(A) > 1. When A is a symmetric 
matrix, the left and right eigenvectors coincide, yield- 
ing k( A) = 1, and the calculation of its eigenvalues is a 
well-conditioned problem. 


3.2(vi) Lanczos Tridiagonalization of a 
Symmetric Matrix 


Define the Lanczos vectors v ? by Vo = 0, a nor- 
malized vector V! (perhaps chosen randomly), and for 
j = l,2,...,n- 1, 

3 2 21 ' ' V ' ' ' = AVy ~ ajVj ~ JjVj '' 

aj = vjAvj, ( 3 j+1 = vJ +1 A Wj. 

Then all Vj, 1 < j < n, are normalized and vjvj, = 0 
for j, k = 1, 2, . . . , n, j ^ k. The tridiagonal matrix 


3.2.22 


or @2 
P2 OL2 


B = 


ft 


0 


Pn— 1 1 Pn 

0 0n 

has the same eigenvalues as A. Its characteristic poly- 
nomial can be obtained from the recursion 


3 2 23 Pk+ i(A) = (A - a k+1 )p k {\ ) - Pl +1 p k - i(A), 

k = 0, 1, . . . , n — 1, 

with p_ i(A) = 0, po(X) = 1. 

For numerical information see Stewart (2001, 
pp. 347-368). 


3.2(vii) Computation of Eigenvalues 

Many methods are available for computing eigenvalues; 
see Golub and Van Loan (1996, Chapters 7, 8), Tre- 
fethen and Bau (1997, Chapter 5), and Wilkinson (1988, 
Chapters 8, 9). 


3.3 Interpolation 

3.3(i) Lagrange Interpolation 

The nodes or abscissas z k are real or complex; function 
values are f k = f(z k ). Given n+1 distinct points z k and 


n+1 corresponding function values f k , the Lagrange in- 
terpolation polynomial is the unique polynomial P n (z) 
of degree not exceeding n such that P n (z k ) = f k , 
k = 0, 1, . . . , n. It is given by 


n n / \ 

3.3.1 P„(Z) = A = g 

where 


fk, 


3.3.2 4 (z) = TT - — Zj ~, tk{zj) = 5 kJ . 

j=o Zk Zj 

Here the prime signifies that the factor for j = k is to 
be omitted, 5 k j is the Kronecker symbol, and to n + \ is 
the nodal polynomial 


3.3.3 cu n - k i(z') — || L Zif ) . 

fc=o 


With an error term the Lagrange interpolation for- 
mula for / is given by 


3.3.4 f(z) = ^2 tk(z)f k + R n (z). 

k = 0 

If /, x (= z), and the nodes x k are real, and f( n+1 '> is 
continuous on the smallest closed interval / containing 
x, Xq, xi, . . . , x n , then the error can be expressed 


f(n+ 1)(£) 

3.3.5 R n (x) = \ w n+ i(i), 

(n + 1)! 

for some £ £ I. If / is analytic in a simply-connected 
domain D (§1.13(i)), then for z € D, 


3.3.6 R n (z) = 


w„+i(~) 


/(C) 


d(, 


2tTZ J c (( - z)w n +l(Q 

where C is a simple closed contour in D described in 
the positive rotational sense and enclosing the points 

Z,Z!,Z 2 ,...,Z n . 


3.3(ii) Lagrange Interpolation with 
Equally-Spaced Nodes 


The (n + l)-point formula (3.3.4) can be written in the 
form 


3.3.7 

n i 

ft = f{x 0 + th) = ^ A kfk + Rn,t, n 0 <t < m, 

k=n o 

where the nodes x k = Xq + kh {h > 0) and function / 
are real, 

3.3.8 no = — |(n — a), m = \(n + <j), 

3.3.9 (7= |(1- (-1)”), 

and A)? are the Lagrangian interpolation coefficients de- 
fined by 


3.3.10 A k 


(_l)7U+fc 

(k — no)! (ni — k)\(t — k ) 


n i 

II 

m=n o 
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The remainder is given by 

3.3.11 

h n+1 

Rn,t Rn^XQ T tfl) — - ■ —7 

( n + lj! 

where £ is as in §3.3(i). 

Let c n be defined by 


f {n+1 Hd) ft (*-*), 


k—nQ 


3.3.12 


Cn — 


(n + 1)! 


n \t~ k \ 


k=no 


where the maximum is taken over t-intervals given in 
the formulas below. Then for these t-intervals, 

3.3.13 \Rn, t \<C n h n+1 \f^ +1 \0 

Linear Interpolation 
3-3.14 f t = (1 — t)fo + tfi + 

3.3.15 Ci = §, 

Three-Point Formula 


3.3.16 


ft — Y, Alf k + R 2 ,t 


0 < t < 1, 
0 < t < 1. 

1*1 < 1 , 


fc=- 1 

3.3.17 A 2 _ 1 = \t(t - 1), Al = l~t 2 7 A\=\t(t + l), 

3.3.18 c 2 = 1/(973) =0.0641..., |t|<l. 

For four-point to eight-point formulas see http : 

//dlmf . nist . gov/3 . 3 . ii. 

3.3(iii) Divided Differences 

The divided differences of / relative to a sequence of 
distinct points zq, Z\, z 2 , . . . are defined by 

M/ = /o, 

3.3.34 [zo,zi ]f = ([zi]f - [zo]f)/{zi - t 0 ), 

[to, Zl,Z 2 \f = ([zi,z 2 ]f - [t 0 , ti]/)/(t 2 - to), 

and so on. Explicitly, the divided difference of order n 
is given by 

3.3.35 


/ 


[to, Zi, . . .,z n ]f = Y 


0 


\ 


f(zk) / n - z d) 


\ 


0<j <n 




If f and the Zk (= xff) are real, and / is n times contin- 
uously differentiable on a closed interval containing the 
Xk, then 

f (")(£) 

3.3.36 [x 0 ,xi, . . . ,x n ]f = : — 

n\ 

and again ^ is as in §3.3(i). If / is analytic in a simply- 
connected domain D, then for z £ D, 

/(C) 

1C w n+l(C) 

where w n +i(C) is given by (3.3.3), and C is a simple 
closed contour in D described in the positive rotational 
sense and enclosing to, ti, . . . , z n . 


3.3.37 




d(, 


3.3(iv) Newton’s Interpolation Formula 

This represents the Lagrange interpolation polynomial 
in terms of divided differences: 

3.3.38 

f{z) = [zo]f + (z-z 0 )[z 0 ,z 1 ]f 

+ {z- t 0 )(t - ti)[t 0 , ti, z 2 \f H 

+ (t - t 0 )(t - ti) • • • (t - t n _i)[to,t!, . . . ,Z„]f 
+ Rn(z). 

The interpolation error R n {z) is as in §3.3(i). New- 
ton’s formula has the advantage of allowing easy up- 
dating: incorporation of a new point z n+ \ requires only 
addition of the term with [zo, zi , . . . , z n +i]/ to (3.3.38), 
plus the computation of this divided difference. An- 
other advantage is its robustness with respect to con- 
fluence of the set of points Zq, Z\, . . . , z n . For example, 
for k + 1 coincident points the limiting form is given by 
[z 0 ,z 0 ,...,z 0 ]f = f (k) {z 0 )/k\. 


3.3(v) Inverse Interpolation 

In this method we interchange the roles of the points Zk 
and the function values fk ■ It can be used for solving a 
nonlinear scalar equation /(z) = 0 approximately. An- 
other approach is to combine the methods of §3.8 with 
direct interpolation and §3.4. 

Example 

To compute the first negative zero a\ = 
—2.33810 7410 ... of the Airy function f(x) = Ai(x) 
(§9.2). The inverse interpolation polynomial is given by 

3 3 39 7/) = ifo\ x + (/- fo)[fo,fi]x 

+ (/-/o)(/-/i)[/o,/i,/ 2 ]z; 
compare (3.3.38). With xq = —2.2, x\ = —2.3, x 2 = 
—2.4, we obtain 

3.3.40 

x = —2.2 

+ 1.44011 1973(/ - 0.09614 53780) + 0.08865 85832 
x (/ - 0.09614 53780 )(/ - 0.02670 63331), 

and with / = 0 we find that x = —2.33823 2462, with 

4 correct digits. By using this approximation to x as 
a new point, X 3 = x 1 and evaluating [/o, / 1 , / 2 , f 3 ]x = 
1.12388 6190, we find that x = —2.33810 7409, with 9 
correct digits. 

For comparison, we use Newton’s interpolation for- 
mula (3.3.38) 

f(x) = 0.09614 53780 + 0.69439 04495(x + 2.1) 

- 0.03007 14275(x + 2.2) (a; + 2.3), 
with the derivative 

3.3.42 f( x ) = 0.55906 90257 - 0.06014 28550a;, 
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and compute an approximation to a± by using New- 
ton’s rule (§3.8(ii)) with starting value x = —2.5. This 
gives the new point x 3 = —2.33934 0514. Then by 
using x 3 in Newton’s interpolation formula, evaluat- 
ing [x 0 ,Xi,X 2 ,x 3 ]f = —0.26608 28233 and recomputing 
/'( x), another application of Newton’s rule with start- 
ing value x 3 gives the approximation x = 2.33810 7373, 
with 8 correct digits. 


3.3(vi) Other Interpolation Methods 


For Hermite interpolation, trigonometric interpolation, 
spline interpolation, rational interpolation (by using 
continued fractions), interpolation based on Chebyshev 
points, and bivariate interpolation, see Bulirsch and 
Rutishauser (1968), Davis (1975, pp. 27-31), and Mason 
and Handscomb (2003, Chapter 6). These references 
also describe convergence properties of the interpolation 
formulas. 

For interpolation of a bounded function / on R the 
cardinal function of / is defined by 


3.3.43 


where 

3.3.44 


C(f,h)(x) = f(kh)S(k,h)(x), 


k——c 


S(k , h){x) = 


sin(7r(a; — kh) /h) 


n(x — kh)/h 

is called the Sine function. For theory and applications 
see Stenger (1993, Chapter 3). 


3.4 Differentiation 


3.4(i) Equally-Spaced Nodes 


The Lagrange ( n + l)-point formula is 

3.4.1 

ni 

hft = hf'(x 0 + th) = ^2 B kfk + hR' nt , n 0 <t< n u 

k=n 0 

and follows from the differentiated form of (3.3.4). The 
BJt are the differentiated Lagrangian interpolation coef- 
ficients: 

3.4.2 Bl=dAl/dt , 
where A£ is as in (3.3.10). 

If /("+ 2)( x) is continuous on the interval / defined 
in §3.3(i), then the remainder in (3.4.1) is given by 


3.4.3 


hR n t — 


h n +i 
(n+ 1)! 


where £0 and €. I. 


/ (n+ 1 ) (Co ) Jt Il(i-fc) 


k=no 


+f {n+2 \f 1) n (*-*) > 

k—no / 


For the values of no and n\ used in the formulas 
below 


3.4.4 

h\R' n>t \<h n+1 



/ (n+ %i) 


1 

n + 1 


p(n+l) 


(£0) 


no <t < m, 

where c n is defined by (3.3.12), with numerical values 
as in §3.3(ii). 

Two- Point Formula 


3.4.5 hf{- — —fo + fi + hR' l t , 0 < t < 1. 

Three-Point Formula 

, „ . = 1 - 2 *)/_! - 2t/ 0 + |(1 + 2 t)h + hR 

3.4.6 

1*1 < i- 

For four-point to eight-point formulas see http : 
//dlmf .nist .gov/3 . 4. i. 

For corresponding formulas for second, third, and 
fourth derivatives, with t = 0, see Collatz (1960, Ta- 
ble III, pp. 538-539). For formulas for derivatives with 
equally-spaced real nodes and based on Sine approxi- 
mations (§3.3(vi)), see Stenger (1993, §3.5). 


3.4(ii) Analytic Functions 


If / can be extended analytically into the complex plane, 
then from Cauchy’s integral formula (§1.9(iii)) 


3.4.17 




/(C) 


d(, 


lc (C - x 0 ) k+1 

where C is a simple closed contour described in the pos- 
itive rotational sense such that C and its interior lie in 
the domain of analyticity of /, and £0 is interior to C . 
Taking C to be a circle of radius r centered at Xq, we 
obtain 


3.4.18 -/ (fc) 0r o ) = ^ nr kJ o f(xo+re ie )e- ike d6. 

The integral on the right-hand side can be approximated 
by the composite trapezoidal rule (3.5.2). 

Example 

f(z) = e z , Xq = 0. The integral (3.4.18) becomes 
1 1 f 27r 

3.4.19 - = —r e r cos e cos(r sin 6 — kO) dO. 

k. 27 tt " Jq 

With the choice r = k (which is crucial when k is large 
because of numerical cancellation) the integrand equals 
e k at the dominant points 0 = 0, 27 t, and in combina- 
tion with the factor k~ k in front of the integral sign this 
gives a rough approximation to 1/A:!. The choice r = k 
is motivated by saddle-point analysis; see §2.4(iv) or ex- 
amples in §3.5(ix). As explained in §§3.5(i) and 3.5(ix) 
the composite trapezoidal rule can be very efficient for 
computing integrals with analytic periodic integrands. 
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3.4(iii) Partial Derivatives 


3.5 Quadrature 


First-Order 

For partial derivatives we use the notation ut, s = u ( xq + 
th, i/o + sh). 

3 ' 4 ' 20 = + 

3 . 4.21 

=* ^ ( U M “ u -i,i + Wi,-i “ u -x-\) + 0[h 2 ). 

Second-Order 


3 ' 4 ' 22 dx 2 ~ h? ^ Ul ’° ~ ^ u o,o u -b°) + ^(^ 2 )> 


9 2 u 0 , 0 


3 . 4.23 ftr 2 12 /i 2 


3 . 4.24 


(-W2,o + 16ui, 0 - 30uo,o 

+ 16 u_i , 0 - W-2,0) + 0(h 4 ), 


d 2 uo o 1 , 

= TTT (wi,i — 2 uq,i + W-1,1 + Wi,o — 2 uq,o + t*-i,o 


dx 2 3 h 2 


+ ui,— i — 2rio,-i + tt— l,— i) + 0(/i 2 ). 


3 . 4.25 


d 2 u 0 ,o 1 


9 a; dy Ah 2 
9 2 w 0 ,o 


= 77^ («i,i - ui,-i ^ w-i,i + u ~ i _i) + 0(h 2 ) , 
1 


3 . 4.26 dy 2h 2 


( u i,o+ u -i,o + u o,i+ u o,-i — 2u, 


0,0 


- ui,i - u i.,. i) + 0(h 2 ). 


Laplacian 


3 . 4.27 V 2 u 


3 . 4.28 


T— 72 

V uo,o 


9 2 it 9 2 u 
9 a 2 + V ' 

77 (tti,o + M o,i + tt-1,0 + u o,-i — 4 tio,o) 
+ 0(h 2 ), 


3 . 4.29 

V 2 uo,o 

= (- 60 uo,o + 16 (ui,o + w 0 ,i + w-i.o + wo ,-1) 

— (W2,0 + Wo, 2 + W_2,0 + Wo, -2)) + 0(h 4 ). 


For fourth-order formulas and the biharmonic oper- 
ator see http : //dlmf .nist .gov/3 . 4 . iii. 

The results in this subsection for the partial deriva- 
tives follow from Panow (1955, Table 10). Those for the 
Laplacian and the biharmonic operator follow from the 
formulas for the partial derivatives. 

For additional formulas involving values of V 2 u and 
V 4 u on square, triangular, and cubic grids, see Collatz 
(1960, Table VI, pp. 542-546). 


3.5(i) Trapezoidal Rules 

The elementary trapezoidal rule is given by 

3 . 5.1 f f(x)dx= \h(f{a) + f{b))- yj/i 3 /"(£), 

J a 

where h = b — a, f £ C 2 [a, b] , and a < £ < b. 

The composite trapezoidal rule is 

3 . 5.2 

f f{x) dx = h(\fo + fi + ■ ■ ■ + f n— 1 + 5/n) + E n ,(/), 
J a 

where h = (b - a)/n, x k = a + kh , f k = f (x k ), 
k = 0, 1, . . . , n, and 

3 . 5.3 £n(/) = -^ft 2 /"(0, a < t; < b. 

If in addition / is periodic, / £ C k (R), and the 
integral is taken over a period, then 

3 . 5.4 E n (f)=0(h k ), >1-0. 

In particular, when k = 00 the error term is an 
exponentially-small function of 1 /h, and in these cir- 
cumstances the composite trapezoidal rule is exception- 
ally efficient. For an example see §3.5(ix). 

Similar results hold for the trapezoidal rule in the 
form 

/ OO 00 

f(t) dt = h E f(kh) + E h (f), 

k--oo 

with a function / that is analytic in a strip containing 
R. For further information and examples, see Good- 
win (1949a). In Stenger (1993, Chapter 3) the rule 
(3.5.5) is considered in the framework of Sine approx- 
imations (§3.3(vi)). See also Poisson’s summation for- 
mula (§1.8(iv)). 

If k in (3.5.4) is not arbitrarily large, and if odd-order 
derivatives of / are known at the end points a and b , 
then the composite trapezoidal rule can be improved by 
means of the Euler-Maclaurin formula (§2.10(i)). See 
Davis and Rabinowitz (1984, pp. 134-142) and Temme 
(1996a, p. 25). 


3.5(ii) Simpson’s Rule 

Let h = I (b — a) and / £ C 4 [a, b] . Then the elementary 
Simpson’s rule is 

3 5 6 J a f^ dx= l /l (/( a )+ 4 /(|(° + 6 )) + /( 6 )) 

where a < £ < b. 
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Now let h = {b — a) / n, x k = a + kh , and f k = f(xk), 
k = 0, 1, . . . , n. Then the composite Simpson’s rule is 

3 5 7 / f(%) dx = \h{fo + 4/i + 2/ 2 + 4/3 + 2/4 H 

+ 4/ ra _l + f n ) + E n (f), 

where n is even and 

3.5.8 En (f) = - b -^h 4 fW(Z), a<f<b. 

Simpson’s rule can be regarded as a combination of 
two trapezoidal rules, one with step size h and one with 
step size h/2 to refine the error term. 

3.5(iii) Romberg Integration 

Further refinements are achieved by Romberg integra- 
tion. If / £ C' 2m+2 then the remainder E n (f) in 
(3.5.2) can be expanded in the form 

3.5.9 E n {f) = Cl h 2 + c 2 h 4 + • • • + c m h 2m + 0(h 2m+2 ), 

where h = {b — a)/n. As in Simpson’s rule, by combin- 
ing the rule for h with that for h/ 2, the first error term 
ci A 2 in (3.5.9) can be eliminated. With the Romberg 
scheme successive terms Cih 2 , c 2 h 4 , . . . , in (3.5.9) are 
eliminated, according to the formula 

3.5.10 


Gk{\h) — Gk-i(bh) + 


G k . x ah) - G k -x{h) 


, k> 1 , 


4 fc — 1 

beginning with 

3.5.11 Go(ft) = /i(|/o + fi + ■ ■ ■ + fn— 1 + \ fn) , 

although we may also start with the elementary rule 
with Go(h) = I/i(/(a) + /(&)) and h = b — a. To gener- 
ate Gk(h) the quantities G 0 (h), G 0 (h/2 ), . . . , G 0 (h/2 k ) 
are needed. These can be found by means of the recur- 
sion 

n— 1 

3.5.12 G 0 {\h) = \G 0 (h) + \h Y, f (so + (k + \)h) , 

fc =0 

which depends on function values computed previously. 
If / € C 2k+2 (a, 6), then for j, k = 0,1,..., 


3.5.13 


[ /( x) dx - Gk 

J a 


b-i 

~2f 


(h — o' |2fc+ 3 q-Rfc+i) 

■ 2 Ji) (2 fe + 2)! l^l/ (2fc+2) (0, 


for some ^ £ (a, 6). For the Bernoulli numbers B m see 
§24.2(i). 

When / £ C°°, the Romberg method affords a 
means of obtaining high accuracy in many cases with 
a relatively simple adaptive algorithm. However, as il- 
lustrated by the next example, other methods may be 
more efficient. 


3.5.14 


Example 

With Jo(t) denoting the Bessel function (§10.2(ii)) the 
integral 

,00 1 

/ e~#Mt)dt=-== 

Jo \Jp 2 + 1 

is computed with p = 1 on the interval [0,30]. Using 
(3.5.10) with h = 30/4 = 7.5 we obtain Gt{K) with 14 
correct digits. About 2 9 = 512 function evaluations are 
needed. (With the 20-point Gauss-Laguerre formula 
(§3.5(v)) the same precision can be achieved with 15 
function evaluations.) With j = 2 and k = 7, the coef- 
ficient of the derivative f^ 16 \f) in (3.5.13) is found to 
be (0.14...) x 10" 13 . 

See Davis and Rabinowitz (1984, pp. 440-441) for 
modifications of the Romberg method when the func- 
tion / is singular. 

3.5(iv) Interpolator Quadrature Rules 

An interpolatory quadrature rule 

/ b n 

f(x)w(x ) dx — rUkf (^Xk') ~ h E n ( /* ) , 

k — 1 

with weight function w(x) 7 is one for which E n (f) — 0 
whenever / is a polynomial of degree < n — 1. The 
nodes X\, x 2 , . . . , x n are prescribed, and the weights w k 
and error term E n (f) are found by integrating the prod- 
uct of the Lagrange interpolation polynomial of degree 
n — 1 and w(x). 

If the extreme members of the set of nodes 
x x ,x 2 , . . . ,x n are the endpoints a and 6 , then the 
quadrature rule is said to be closed. Or if the set 
x x , x 2l . . . , x n lies in the open interval (a,b), then the 
quadrature rule is said to be open. 

Rules of closed type include the Newton-Cotes for- 
mulas such as the trapezoidal rules and Simpson’s 
rule. Examples of open rules are the Gauss formu- 
las (§3.5(v)), the midpoint rule , and Fejer’s quadrature 
rule. For the latter a = — 1, b = 1, and the nodes 
Xk are the extrema of the Chebyshev polynomial T ra ( x) 
(§3.11(ii) and §18.3). If we add —1 and 1 to this set of 
x k , then the resulting closed formula is the frequently- 
used Clenshaw- Curtis formula , whose weights are pos- 
itive and given by 


3.5.16 w k = 9 -± I 1 - E 


Ln/2j 


4j2 _ 1 
3 = 1 J 


cos{2 jkir /n) , 


where x k = cos(fc7r/n), k = 0, 1, . . . ,n, and 


3.5.17 g k = 


1, k = 0,n, = \ 1, j = \n, 

2, otherwise, 3 [2, otherwise. 

For further information, see Mason and Handscomb 

(2003, Chapter 8), Davis and Rabinowitz (1984, pp. 74- 
92), and Clenshaw and Curtis (1960). 
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For a detailed comparison of the Clenshaw-Curtis 
formula with Gauss quadrature (§3.5(v)), see Trefethen 
(2008). 

3.5(v) Gauss Quadrature 


Let {p n } denote the set of monic polynomials p n of de- 
gree n (coefficient of x n equal to 1) that are orthogonal 
with respect to a positive weight function w on a finite 
or infinite interval (a, 6); compare §18.2(i). In Gauss 
quadrature (also known as Gauss-Christoffel quadra- 
ture) we use (3.5.15) with nodes Xk the zeros of p n , 
and weights Wk given by 


3 . 5.18 


w k = 


Pn{x) 


w( x) dx. 


{x - x k )p' n {xk ) 

The Wk are also known as Christoffel coefficients or 
Christoffel numbers and they are all positive. The re- 
mainder is given by 


3 . 5.19 E n (f)='ynf {2n \0/(2n)f 


where 

3 . 5.20 


f b 

7 n = p n {x)w{x)dx, 


and £ is some point in (a, b). As a consequence, the rule 
is exact for polynomials of degree < 2n — 1. 

In practical applications the weight function w(x) is 
chosen to simulate the asymptotic behavior of the inte- 
grand as the endpoints are approached. For C°° func- 
tions Gauss quadrature can be very efficient. In adap- 
tive algorithms the evaluation of the nodes and weights 
may cause difficulties, unless exact values are known. 

For the derivation of Gauss quadrature formulas see 
Gautschi (2004, pp. 22-32), Gil et al. (2007a, §5.3), and 
Davis and Rabinowitz (1984, §§2.7 and 3.6). Stroud and 
Secrest (1966) includes computational methods and ex- 
tensive tables. For further extensions, applications, and 
computation of orthogonal polynomials and Gauss-type 
formulas, see Gautschi (1994, 1996, 2004). For effec- 
tive testing of Gaussian quadrature rules see Gautschi 
(1983). 

For the classical orthogonal polynomials related to 
the following Gauss rules, see §18.3. The given quanti- 
ties follow from (18.2.5), (18.2.7), Table 18.3.1, and 
the relation j n = h n j k 2 . 


Gauss-Legendre Formula 


3 . 5.21 

[a, 6] 


[-1,1], w(x) = 1, 


2 2n+1 (n!) 4 

2n+ 1 ((2 n)!) 2 ' 


The nodes xt and weights Wk for n = 5, 10 are 
shown in Tables 3.5.1 and 3.5.2. The p n {x) are the 
monic Legendre polynomials, that is, the polynomials 
P n (x) (§18.3) scaled so that the coefficient of the highest 
power of x in their explicit forms is unity. 


Table 3.5.1: Nodes and weights for the 5-point Gauss- 
Legendre formula. 


±x k w k 

0.00000 00000 00000 0.56888 88888 88889 

0.53846 93101 05683 0.47862 86704 99366 

0.90617 98459 38664 0.23692 68850 56189 


Table 3.5.2: Nodes and weights for the 10-point Gauss- 
Legendre formula. 


±x k 

0.14887 43389 81631 211 
0.43339 53941 29247 191 
0.67940 95682 99024 406 
0.86506 33666 88984 511 
0.97390 65285 17171 720 


w k 

0.29552 42247 14752 870 
0.26926 67193 09996 355 
0.21908 63625 15982 044 
0.14945 13491 50580 593 
0.06667 13443 08688 138 


For corresponding results for n = 20, 40, 80; see 
http : / /dlmf . nist . gov/3 . 5 . v. 

Gauss-Chebyshev Formula 

3 . 5.22 

[a, 6] = [-1,1], w{x) = (1 - x 2 y 1/2 , 7n=^rr- 

The nodes Xk and weights Wk are known explicitly: 

3 . 5.23 

/ 2k — 1 \ 7T 

Xk = cos — 7T , Wk = - , k = 1,2, . . . ,n. 

\ 2n ) n 

Nodes and weights are also known explicitly for the 
other three weight functions in the set w(x) = (1 — 
x) ±1 / 2 (l + x) ±1 / 2 ; see http : //dlmf .nist .gov/3 . 5 . v. 


Gauss-Jacobi Formula 


3 . 5.26 


\a b 1 - [-1 11 w(x) - (1 - S)“(l + x) 13 7 - r ( n + a + x ) r ( n + P + X ) r ( n + a + x ) 2 2n+ a+l 3+l , 

1°, oj — [ t, 1J, W\x) U X) V + X) , 7n (2n + a + /3 + 1)(r(2n+a + /3+1)) 2 

a > - 1 , f3 > - 1 . 

The p n (x) are the monic Jacobi polynomials P^’^fx) (§18.3). 

Gauss-Laguerre Formula 

[a, b) = [0,oo), w{x) = x a e~ x , 


3 . 5.27 


7 „ = n! T(n + a + 1), 


a > — 1. 
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If a ^ 0 this is called the generalized Gauss-Laguerre formula. 

The nodes Xk and weights Wf- for a = 0 and n = 5, 10 are shown in Tables 3.5.6 and 3.5.7. The p n (x ) are the 
monic Laguerre polynomials L n (x ) (§18.3). 

Table 3.5.6: Nodes and weights for the 5-point Gauss-Laguerre formula. 


Xk 

0.26356 03197 18141 
0.14134 03059 10652x10 
0.35964 25771 04072x10 
0.70858 10005 85884x10 
0.12640 80084 42758 xl0 : 


w k 

0.52175 56105 82809 
0.39866 68110 83176 
0.75942 44968 17076 xlO" 1 
0.36117 58679 92205X10" 2 
0.23369 97238 57762 xlO" 4 


Table 3.5.7: Nodes and weights for the 10-point Gauss-Laguerre formula. 


Xk 

0.13779 34705 40492 431 
0.72945 45495 03170 498 
0.18083 42901 74031 605X10 1 
0.34014 33697 85489 951 xlO 1 
0.55524 96140 06380 363X10 1 
0.83301 52746 76449 670X10 1 
0.11843 78583 79000 656 xlO 2 
0.16279 25783 13781 021xl0 2 
0.21996 58581 19807 620xl0 2 
0.29920 69701 22738 916xl0 2 


w k 

0.30844 11157 65020 141 
0.40111 99291 55273 552 
0.21806 82876 11809 422 
0.62087 45609 86777 475X10" 1 
0.95015 16975 18110 055xl0" 2 
0.75300 83885 87538 775 xlO^ 3 
0.28259 23349 59956 557xl0" 4 
0.42493 13984 96268 637xl0" 6 
0.18395 64823 97963 078xl0" 8 
0.99118 27219 60900 856xl0" 12 


For the corresponding results for n = 15, 20 see http : //dlmf . nist . gov/3 . 5 . v. 

Gauss-Hermite Formula 


3 . 5.28 


(a,b) = (— 00 , 00 ), w(x) = e 


).! 


7n = 


The nodes Xk and weights Wk for n = 5,10 are shown in Tables 3.5.10 and 3.5.11. The p n {x) are the monic 
Hermite polynomials H n {x) (§18.3). 


Table 3.5.10: Nodes and weights for the 5-point Gauss-Hermite formula. 

±x k 

w k 

0.00000 00000 00000 
0.95857 24646 13819 
0.20201 82870 45609 xlO 1 

0.94530 87204 82942 

0.39361 93231 52241 

0.19953 24205 90459X10" 1 

Table 3.5.11: Nodes and weights for the 10-point Gauss-Hermite formula. 

±X k 

w k 

0.34290 13272 23704 609 
0.10366 10829 78951 365X10 1 
0.17566 83649 29988 177X10 1 
0.25327 31674 23278 980 xlO 1 
0.34361 59118 83773 760X10 1 

0.61086 26337 35325 799 

0.24013 86110 82314 686 

0.33874 39445 54810 631 xlO" 1 
0.13436 45746 78123 269xl0" 2 
0.76404 32855 23262 063 xlO" 5 


For the corresponding results for n = 15, 20 see http : //dlmf . nist . gov/3 . 5 . v. 

Gauss Formula for a Logarithmic Weight Function 

3 . 5.29 [a, 6] = [0,1], w(x) = ln(l/x). 

The nodes Xk and weights Wk for n = 5, 10 are shown in Tables 3.5.14 and 3.5.15. 
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Table 3.5.14: Nodes and weights for the 5-point Gauss formula for the logarithmic weight function. 

Xk 

w k 

0.29134 47215 19721X10" 1 
0.17397 72133 20898 

0.41170 25202 84902 

0.67731 41745 82820 

0.89477 13610 31008 

0.29789 34717 82894 

0.34977 62265 13224 

0.23448 82900 44052 

0.98930 45951 66331XKT 1 

0.18911 55214 31958x 10 _1 

Table 3.5.15: Nodes and weights for the 10-point Gauss formula for the logarithmic weight function. 

Xk 

w k 

0.90426 30962 19965 064xl0~ 2 

0.53971 26622 25006 295X10" 1 
0.13531 18246 39250 775 

0.24705 24162 87159 824 

0.38021 25396 09332 334 

0.12095 51319 54570 515 

0.18636 35425 64071 870 

0.19566 08732 77759 983 

0.17357 71421 82906 921 

0.13569 56729 95484 202 

0.52379 23179 71843 201 

0.66577 52055 16424 597 

0.79419 04160 11966 217 

0.89816 10912 19003 538 

0.96884 79887 18633 539 

0.93646 75853 81105 260X10" 1 

0.55787 72735 14158 741 xlO" 1 

0.27159 81089 92333 311X10" 1 

0.95151 82602 84851 500xl0" 2 

0.16381 57633 59826 325xl0" 2 


For the corresponding results for n = 15, 20 see http : //dlmf . nist . gov/3 . 5 . v. 


3.5(vi) Eigenvalue/Eigenvector Characterization 
of Gauss Quadrature Formulas 

All the monic orthogonal polynomials {p n } used with 
Gauss quadrature satisfy a three-term recurrence rela- 
tion (§18.2(iv)): 

3 . 5.30 

Pk+ l(x) = (x - a k )p k (x ) - fi k pk-i(x), k = 0 , 1 , , 
with /3k > 0, p-i(x) = 0, and po(x) = 1. 

The Gauss nodes x k (the zeros of p n ) are the eigen- 
values of the (symmetric tridiagonal) Jacobi matrix of 

0 

VN 

a n - 2 

\/ fin — i rx n ~ 1 

Let v k denote the normalized eigenvector of J„ cor- 
responding to the eigenvalue x k - Then the weights are 
given by 

3 . 5.32 w k = fiovl tl , k = 1,2, ... ,n, 

where fio = J b w(x) dx and v k ,i is the first element of 
Vfc. Also, the error constant (3.5.20) is given by 

Tn fiofil ' ' ' fin- 


order n x n: 

3 . 5.31 

a 0 \fifii 

Vfii a i 

J r). — 


Tables 3.5.1, 3.5.2, 3.5.6, 3.5.7, 3.5.10, and 3.5.11 
can be verified by application of the results given in the 
present subsection. In these cases the coefficients a k 
and fik are obtainable explicitly from results given in 
§18.9(i). 

3.5(vii) Oscillatory Integrals 


Integrals of the form 

f b 

3 . 5.34 / f(x) cos (lux) dx, 


f{x) sin(wa;) dx, 


can be computed by Filon’s rule. See Davis and R.abi- 
nowitz (1984, pp. 146-168). 

Oscillatory integral transforms are treated in Wong 
(1982) by a method based on Gaussian quadrature. A 
comparison of several methods, including an extension 
of the Clenshaw-Curtis formula (§3.5(iv)), is given in 
Evans and Webster (1999). 

For computing infinite oscillatory integrals, Long- 
man’s method may be used. The integral is written 
as an alternating series of positive and negative subin- 
tegrals that are computed individually; see Longman 
(1956). Convergence acceleration schemes, for example 
Levin’s transformation (§3.9(v)), can be used when eval- 
uating the series. Further methods are given in Clen- 
denin (1966) and Lyness (1985). 

For a comprehensive survey of quadrature of highly 
oscillatory integrals, including multidimensional inte- 
grals, see Iserles et al. (2006). 


3 . 5.33 


3.5 Quadrature 
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3.5(viii) Complex Gauss Quadrature 

For the Bromwich integral 

3 . 5.35 

I nC+lOO 

1(f) = „ . / e<C7(C) dC, s > 0, c > co > 0, 

Z7TI J c—ioo 

a complex Gauss quadrature formula is available. Here 
/(C) is assumed analytic in the half-plane 3?/ > c 0 and 
bounded as £ — » oo in pli C < The quadrature rule 
for (3.5.35) is 

n 

3 . 5.36 /(/) = £>*/(&) +E n (f), 

fc= 1 


where E n (f) = 0 if /(C) is a polynomial of degree 
< 2n — 1 in 1/C- Complex orthogonal polynomials 
p n ( 1/C) of degree n = 0,1,2,..., in 1/C that satisfy 
the orthogonality condition 

pc-\-ioo 

3.5.37 / e«C-> fc (l/C)w(l/C)rfC = 0, k^£, 

J c—ioo 

are related to Bessel polynomials (§§10.49(ii) and 
18.34). The complex Gauss nodes Cfc have positive real 
part for all s > 0. 

The nodes and weights of the 5-point complex Gauss 
quadrature formula (3.5.36) for s = 1 are shown in Ta- 
ble 3.5.18. Extensive tables of quadrature nodes and 
weights can be found in Krylov and Skoblya (1985). 


Table 3.5.18: Nodes and weights for the 5-point complex Gauss quadrature formula with s = 1. 


Cfc 

3.65569 4325+6.54373 6899* 
3.65569 4325-6.54373 6899* 
5.70095 3299+3.21026 5600* 
5.70095 3299-3.21026 5600* 
6.28670 4752+0.00000 0000* 


Wk 

3.83966 1630-0.27357 03863i 
3.83966 1630+0.27357 03863* 
-25.07945 221 +2.18725 2294*: 
-25.07945 221 -2.18725 2294*: 
43.47958 116 +0.00000 OOOOi 


Example. Laplace Transform Inversion 

From §1.14(iii) 


3 . 5.38 


/•OO 

G(p ) = / e~ pt g(t) dt, 

Jo 

-i /»cr+ioo 

g(t) = a— / e tp G(p ) dp, 

Ja-ioo 


3 . 5.39 

with appropriate conditions. The pair 


3 . 5.40 g(t) = J 0 (t), G(p) = 

vV + i 

where J 0 (f) is the Bessel function (§10.2(ii)), satisfy 
these conditions, provided that a > 0. The integral 
(3.5.39) has the form (3.5.35) if we set C = tp, c = ter, 
and /(C) = r 1 C 8 G'(C/t). We choose s = 1 so that 
/(C) = 0(1) at infinity. Equation (3.5.36), without the 
error term, becomes 


3 . 5.41 


g(t) = J2 

k= 1 


Wk(k 

x/CIT^’ 


approximately. 

Using Table 3.5.18 we compute g(t) for n = 5. The 
results are given in the middle column of Table 3.5.19, 
accompanied by the actual 10D values in the last col- 
umn. Agreement is very good for small values of t , but 
not for larger values. For these cases the integration 
path may need to be deformed; see §3.5(ix). 


Table 3.5.19: Laplace transform inversion. 


t 

g(f) 

Jo(t) 

0.0 

1.00000 00000 

1.00000 00000 

0.5 

0.93846 98072 

0.93846 98072 

1.0 

0.76519 76866 

0.76519 76865 

2.0 

0.22389 07791 

0.22389 10326 

5.0 

-0.17759 67713 

-0.17902 54097 

10.0 

-0.24593 57645 

-0.07540 53543 


3.5(ix) Other Contour Integrals 

A frequent problem with contour integrals is heavy can- 
cellation, which occurs especially when the value of the 
integral is exponentially small compared with the maxi- 
mum absolute value of the integrand. To avoid cancella- 
tion we try to deform the path to pass through a saddle 
point in such a way that the maximum contribution of 
the integrand is derived from the neighborhood of the 
saddle point. For example, steepest descent paths can 
be used; see §2.4(iv). 

Example 

In (3.5.35) take s = 1 and /(C) = e~ 2X ^, with 
A > 0. When A is large the integral becomes expo- 
nentially small, and application of the quadrature rule 
of §3.5(viii) is useless. In fact from (7.14.4) and the 
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inversion formula for the Laplace transform (§1.14(iii)) 
we have 

3 . 5,2 erfcA = J_r“eC-^, c > 0, 
2 ™ Jc-ioo C 

where erfc z is the complementary error function, and 
from (7.12.1) it follows that 

-A 2 

3 . 5.43 erfc A ~ e , A — * oo. 

V7rA 

With the transformation £ = A 2 f, (3.5.42) becomes 
1 f c+io ° X 2 lt 2 m dt 

3 . 5.44 erfc A = / e A c > 0 , 

2™ Jc-ioo t 

with saddle point at t = 1, and when c = 1 the vertical 
path intersects the real axis at the saddle point. The 
steepest descent path is given by 5s (t — 2y/i) = 0, or in 
polar coordinates t = re lS we have r = sec 2 ( A 9) . Thus 

3 . 5.45 erfc A = — / g-A 2 tan2 (s e ) dQ 

27r J-ir 

The integrand can be extended as a periodic C°° func- 
tion on R. with period 2-7T and as noted in §3.5(i), the 
trapezoidal rule is exceptionally efficient in this case. 

Table 3.5.20 gives the results of applying the com- 
posite trapezoidal rule (3.5.2) with step size h; n indi- 
cates the number of function values in the rule that are 
larger than 10 -15 (we exploit the fact that the integrand 
is even). All digits shown in the approximation in the 
final row are correct. 

Table 3.5.20: Composite trapezoidal rule for the integral 
(3.5.45) with A = 10. 


h 

erfc A 

n 

0.25 

0.20949 49432 96679 xlO" 44 

5 

0.20 

0.20886 11645 34559xl0" 44 

6 

0.15 

0.20884 87588 72946 xlO" 44 

8 

0.10 

0.20884 87583 76254xl0" 44 

11 


A second example is provided in Gil et al. (2001), 
where the method of contour integration is used to eval- 
uate Scorer functions of complex argument (§9.12). See 
also Gil et al. (2003b). 

If / is meromorphic, with poles near the saddle 
point, then the foregoing method can be modified. A 
special case is the rule for Hilbert transforms (§1.14(v)): 

1 f°° fit ) 

3 . 5.46 H(f;x) = — /- dt, 

Kj-oo t - X 

where the integral is the Cauchy principal value. See 
Kress and Martensen (1970). 

Other contour integrals occur in standard inte- 
gral transforms or their inverses, for example, Han- 
kel transforms (§10.22(v)), Kontorovich-Lebedev trans- 
forms (§10.43(v)), and Mellin transforms (§1.14(iv)). 

3.5(x) Cubature Formulas 

Table 3.5.21 supplies cubature rules, including weights 
Wj, for the disk D, given by x 2 + y 2 < h 2 : 

3 ' 5 ' 47 ttX 2 // f( x ’ y ^ dxdy = +R ’ 

and the square S, given by \x\ < h, \y\ < h: 

3 ' 5 ' 48 4 ff s f( x ’ y ^ dxdy = Yl w jf( x h y j) + R - 

For these results and further information on cuba- 
ture formulas see Cools (2003). 

For integrals in higher dimensions, Monte Carlo 
methods are another — often the only — alternative. The 
standard Monte Carlo method samples points uniformly 
from the integration region to estimate the integral and 
its error. In more advanced methods points are sampled 
from a probability distribution, so that they are concen- 
trated in regions that make the largest contribution to 
the integral. With N function values, the Monte Carlo 
method aims at an error of order l/y/N, independently 
of the dimension of the domain of integration. See Davis 
and Rabinowitz (1984, pp. 384-417) and Schiirer (2004). 
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Table 3.5.21: Cubature formulas for disk and square. 


Diagram (xj . y : j ) 


Wj R 


e ( 0 , 0 ) 

(i/i, 0) 

(0,±ft) 






3.6 Linear Difference Equations 
3.6(i) Introduction 

Many special functions satisfy second-order recurrence 
relations, or difference equations, of the form 

Q‘n'Mn+1 b n W n T C n W n —\ = d n , 


or equivalently, 

&n ^ ^n—l 

3 . 6.2 

+ (2 a n b n ) A w n — i + (o. n b n H- c n ^)w n —i = d n , 
where = w n -w n - 1 , A 2 m„_i = Aw n -Aw n _i, 

and n £ Z. If = 0, Vro, then the difference equation 
is homogeneous ; otherwise it is inhomogeneous. 

Difference equations are simple and attractive for 
computation. In practice, however, problems of severe 
instability often arise and in §§3.6(ii)-3.6(vii) we show 
how these difficulties may be overcome. 

3.6(ii) Homogeneous Equations 

Given numerical values of wq and w\ , the solution w n 
of the equation 

3 . 6.3 a n w n+ 1 - b n w n + c n w n - 1 = 0, 

with a n ^ 0, Vn, can be computed recursively for 

n = 2,3, Unless exact arithmetic is being used, 

however, each step of the calculation introduces round- 
ing errors. These errors have the effect of perturbing 
the solution by unwanted small multiples of w n and of 
an independent solution g n , say. This is of little conse- 
quence if the wanted solution is growing in magnitude 
at least as fast as any other solution of (3.6.3), and the 
recursion process is stable. 

But suppose that w n is a nontrivial solution such 
that 

3 . 6.4 Wn/g n ^> 0, n — » oo. 

Then w n is said to be a recessive (equivalently, min- 
imal or distinguished) solution as n — > oo, and it is 
unique except for a constant factor. In this situation 
the unwanted multiples of g n grow more rapidly than 
the wanted solution, and the computations are unstable. 
Stability can be restored, however, by backward recur- 
sion, provided that c n 0, \/n: starting from wn and 
wn- )-i, with N large, equation (3.6.3) is applied to gen- 
erate in succession wn- i,ujn- 2 , • • • , wq. The unwanted 
multiples of g n now decay in comparison with w n , hence 
are of little consequence. 

The values of and wn + i needed to begin the 
backward recursion may be available, for example, from 
asymptotic expansions (§2.9). However, there are alter- 
native procedures that do not require u>n and wn + i to 
be known in advance. These are described in §§ 3.6(iii) 
and 3.6(v). 

3.6(iii) Miller’s Algorithm 

Because the recessive solution of a homogeneous equa- 
tion is the fastest growing solution in the backward di- 
rection, it occurred to J.C.P. Miller (Bickley et al. (1952, 
pp. xvi-xvii)) that arbitrary “trial values” can be as- 
signed to wn and wn+i, for example, 1 and 0. A “trial 
solution” is then computed by backward recursion, in 


3 . 6.1 


86 


Numerical Methods 


the course of which the original components of the un- 
wanted solution g n die away. It therefore remains to 
apply a normalizing factor A. The process is then re- 
peated with a higher value of N, and the normalized 
solutions compared. If agreement is not within a pre- 
scribed tolerance the cycle is continued. 

The normalizing factor A can be the true value of wo 
divided by its trial value, or A can be chosen to satisfy 
a known property of the wanted solution of the form 

OO 

3.6.5 ^ ) A n'Wn — 

n — 0 

where the A’s are constants. The latter method is usu- 
ally superior when the true value of wo is zero or patho- 
logically small. 

For further information on Miller’s algorithm, in- 
cluding examples, convergence proofs, and error anal- 
yses, see Wimp (1984, Chapter 4), Gautschi (1967, 
1997a), and Olver (1964a). See also Gautschi (1967) 
and Gil et al. (2007a, Chapter 4) for the computation 
of recessive solutions via continued fractions. 

3.6(iv) Inhomogeneous Equations 

Similar principles apply to equation (3.6.1) when 
a n c n 7^ 0, Vn, and d n ^ 0 for some, or all, values of 


n. If, as n — > oo, the wanted solution w n grows (de- 
cays) in magnitude at least as fast as any solution of 
the corresponding homogeneous equation, then forward 
(backward) recursion is stable. 

A new problem arises, however, if, as n — > oo, the 
asymptotic behavior of w n is intermediate to those of 
two independent solutions /„ and g n of the correspond- 
ing inhomogeneous equation (the complementary func- 
tions). More precisely, assume that f 0 ^ 0, g n ^ 0 for 
all sufficiently large n, and as n — > oo 

3 ' 6 ' 6 fn/gn -> 0, w n /g n -> 0. 

Then computation of w„ by forward recursion is unsta- 
ble. If it also happens that f n /w n — > 0 as n — > oo, then 
computation of w n by backward recursion is unstable 
as well. However, w n can be computed successfully in 
these circumstances by boundary-value methods , as fol- 
lows. 

Let us assume the normalizing condition is of the 
form wo = A, where A is a constant, and then solve the 
following tridiagonal system of algebraic equations for 
the unknowns w[ N \ w^ N \ ■ ■ • , see §3.2(ii). Here 

N is an arbitrary positive integer. 


-&i Oi 

C2 — &2 02 


3.6.7 


Then as N — > oo with n fixed, Wn 




cat- 2 — friv-2 
cat-i 

• w n . 


3.6(v) Olver’s Algorithm 

To apply the method just described a succession of val- 
ues can be prescribed for the arbitrary integer N and 
the results compared. However, a more powerful pro- 
cedure combines the solution of the algebraic equations 
with the determination of the optimum value of N. It 
is applicable equally to the computation of the reces- 
sive solution of the homogeneous equation (3.6.3) or the 
computation of any solution w n of the inhomogeneous 
equation (3.6.1) for which the conditions of §3.6(iv) are 
satisfied. 

Suppose again that f 0 ^ 0, wq is given, and we wish 
to calculate w\, u> 2 , • • ■ , wm to a prescribed relative ac- 
curacy e for a given value of M . We first compute, by 
forward recurrence, the solution p n of the homogeneous 
equation (3.6.3) with initial values po = 0, p\ = 1. At 
the same time we construct a sequence e n , n = 0,1,..., 


' 

1 

"IT 

i 


d\ — CiA 


(AT) 


. a- 

to 


(AT) 

w N-2 


d/V-2 


1 

1 


1 

7 

i 


defined by 

3.6.8 o, n e n = c n e n _i d n p n , 

beginning with eo = wq. (This part of the process is 
equivalent to forward elimination.) The computation is 
continued until a value N (> M) is reached for which 


3.6.9 


6n 


PnPn+i 


< e min 

Kn<M 


PnPn-\- 1 


Then w n is generated by backward recursion from 


3.6.10 Pn+lWn = PnWn+l + e„, 

starting with wn = 0. (This part of the process is back 

substitution.) 

An example is included in the next subsection. 
For further information, including a more general form 
of normalizing condition, other examples, convergence 
proofs, and error analyses, see Olver (1967a), Olver and 
Sookne (1972), and Wimp (1984, Chapter 6). 
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3.6(vi) Examples 


for n = 1,2, , and as n — > oo 


Example 1. Bessel Functions 

The difference equation 


3.6.11 w n+ i — 2 nw n + w n _i = 0, n= 1,2,..., 

is satisfied by J„(l) and Y n ( 1), where J n (x) and Y n (x) 
are the Bessel functions of the first kind. For large n, 


3.6.12 


Jn{ 1) 


1 

(27m) 1 / 2 




(§10.19(i)). Thus Y n { 1) is dominant and can be com- 
puted by forward recursion, whereas J n { 1) is recessive 
and has to be computed by backward recursion. The 
backward recursion can be carried out using indepen- 
dently computed values of Jjv(l) and Jjv+i(1) or by 
use of Miller’s algorithm (§3.6(iii)) or Olver’s algorithm 
(§3.6(v)). 


Example 2. Weber Function 

The Weber function E„(l) satisfies 

3.6.14 w n+ 1 - 2 nw n + w n - 1 = — (2/7r)(l - (-1)"), 


3.6.15 

E 2 „(l) - 

2 

(4n 2 — l)7r 

3.6.16 

E 2 n+1 (1) ^ 

2 

(2 n + 1 ) 7 r ’ 


see §ll.ll(ii). Thus the asymptotic behavior of the 
particular solution E„(l) is intermediate to those of 
the complementary functions J„( 1) and E n (l); more- 
over, the conditions for Olver’s algorithm are satisfied. 
We apply the algorithm to compute E„(l) to 8S for 
the range n = 1,2,..., 10, beginning with the value 
Eo(l) = —0.56865 663 obtained from the Maclaurin 
series expansion (§11 . 10(iii)) . 

In the notation of §3.6(v) we have M = 10 and 
e = | x 10 -8 . The least value of N that satisfies 
(3.6.9) is found to be 16. The results of the compu- 
tations are displayed in Table 3.6.1. The values of w n 
for n = 1, 2, . . . , 10 are the wanted values of E„(l). (It 
should be observed that for n > 10, however, the w n 
are progressively poorer approximations to E„(l): the 
underlined digits are in error.) 


Table 3.6.1: Weber function w n = E„(l) computed by Olver’s algorithm. 


n 

Pn 


/ (PnPn+l) 

w n 

0 

0.00000 000 

-0.56865 663 


-0.56865 663 

1 

0.10000 OOOxlO 1 

0.70458 291 

0.35229 146 

0.43816 243 

2 

0.20000 OOOxlO 1 

0.70458 291 

0.50327 351xl0 _1 

0.17174 195 

3 

0.70000 OOOxlO 1 

0.96172 597X10 1 

0.34347 356X10" 1 

0.24880 538 

4 

0.40000 OOOxlO 2 

0.96172 597X10 1 

0.76815 174xl0 -3 

0.47850 795xl0 _1 

5 

0.31300 OOOxlO 3 

0.40814 124x 10 3 

0.42199 534xl0" 3 

0.13400 098 

6 

0.30900 OOOxlO 4 

0.40814 124x 10 3 

0.35924 754xl0 -5 

0.18919 443X10" 1 

7 

0.36767 OOOxlO 5 

0.47221 340 xlO 5 

0.25102 029xl0 -5 

0.93032 343xl0 _1 

8 

0.51164 800 xlO 6 

0.47221 340 xlO 5 

0.11324 804xl0 -7 

0.10293 811xl0 _1 

9 

0.81496 OlOxlO 7 

0.10423 616x10 s 

0.87496 485 xlO" 8 

0.71668 638xl0 _1 

10 

0.14618 117xl0 9 

0.10423 616x 10 8 

0.24457 824xlO" 10 

0.65021 292xl0" 2 

11 

0.29154 738xl0 10 

0.37225 201 xlO 10 

0.19952 026xl0" 10 

0.58373 946xl0 _1 

12 

0.63994 242x10“ 

0.37225 201 xlO 10 

0.37946 279xl0 -13 

0.44851 387xl0 -2 

13 

0.15329 463xl0 13 

0.19555 304x 10 13 

0.32057 909xl0 -13 

0.49269 383xl0 _1 

14 

0.39792 611x 10 14 

0.19555 304x 10 13 

0.44167 174xl0" 16 

0.32792 861xl0 -2 

15 

0.11126 602xl0 16 

0.14186 384x 10 16 

0.38242 250xl0" 16 

0.42550 628xl0 _1 

16 

0.33340 012xl0 17 

0.14186 384x 10 16 

0.39924 861 xlO" 19 

0.00000 000 


3.6(vii) Linear Difference Equations of Other 
Orders 

Similar considerations apply to the first-order equation 

3.6.17 a n w n+ 1 - b n w n = d n . 

Thus in the inhomogeneous case it may sometimes be 
necessary to recur backwards to achieve stability. For 


analyses and examples see Gautschi (1997a). 

For a difference equation of order k (> 3), 

3.6.18 Qn,kWn+k T ^n,k— l^n+k— 1 T * ' ' T ^n.O^Tl = 
or for systems of k first-order inhomogeneous equations, 
boundary-value methods are the rule rather than the 
exception. Typically k — £ conditions are prescribed at 
the beginning of the range, and £ conditions at the end. 
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Here i £ [0, k\, and its actual value depends on the 
asymptotic behavior of the wanted solution in relation 
to those of the other solutions. Within this framework 
forward and backward recursion may be regarded as the 
special cases i = 0 and £ = k, respectively. 

For further information see Wimp (1984, Chapters 
7-8), Cash and Zahar (1994), and Lozier (1980). 

3.7 Ordinary Differential Equations 
3.7(i) Introduction 

Consideration will be limited to ordinary linear second- 
order differential equations 

d 2 w , . .dw , . , , . 

3 . 7.1 -j-? + f(z)— + g(z)w = h{z), 

where /, g , and ft are analytic functions in a domain 
D C C. If ft. = 0 the differential equation is homoge- 
neous, otherwise it is inhomogeneous. For applications 
to special functions /, g, and ft. are often simple rational 
functions. 

For general information on solutions of equation 
(3.7.1) see §1.13. For classification of singularities of 
(3.7.1) and expansions of solutions in the neighborhoods 
of singularities, see §2.7. For an introduction to numer- 
ical methods for ordinary differential equations, see As- 
cher and Petzold (1998), Hairer et al. (1993), and Iserles 
(1996). 

3.7(ii) Taylor-Series Method: Initial-Value 
Problems 

Assume that we wish to integrate (3.7.1) along a finite 
path 3? from z = a to z = b in a domain D. The 
path is partitioned at P + 1 points labeled successively 
zo, z \, . . . , zp , with Zq = a, zp = b. 

By repeated differentiation of (3.7.1) all derivatives 
of w(z) can be expressed in terms of w(z) and w'(z) as 
follows. Write 

3 . 7.2 

W (s) (z) = f s (z)w(z)+g s (z)w'(z) + h s (z), s = 0, 1,2, ... , 
with 

fo(z) = 1 > 0 o(z)=O, fto(z) = 0 , 

3,1 ' J fi(z)=0, g 1 (z) = l, h 1 (z) = 0. 

Then for s = 2, 3, . . . , 

fs(z) = fi-ffz) - g{z)g s - 1 {z), 

3 . 7.4 9s(z) = fs-i(z) - f(z)g s - 1 {z) + g’ B _i(z), 

h s (z) = h(z)g s -i(z) + ft' s _i (z). 


Write Tj = Zj-t-i — Zj, j = 0,1 , . . . , P, expand w(z) 
and w'(z) in Taylor series (§1.10(i)) centered at z = zj, 
and apply (3.7.2). Then 


w{Zj) 
w’{Zj) 

where A(t, z) is the matrix 


3 . 7.5 


w{Zj + 1 ) 
w’(Zj+ 1) 




+ h(Tj,Zj), 


3 . 7.6 


A(r, z) 


Ah(t, z) 
A 2 i(t, z) 


and b(r, z) is the vector 


Ai 2 (t, z) 
A 22 (t, z)\ ’ 


3 . 7.7 

with 


b(r, z) 


h(r, z) 
p 2 {r,z)\ ’ 


00 T s 

An (r,z) = —fs{z), 

s— 0 S - 
00 T s 

A 12 {t,z) = Y -ffds(z), 
s = 0 bm 
~ r S 

A 2 i(t,z) = Y —fs+i(z), 

s—0 S ■ 
oo s 

A 22 (t, z) = Y -j9s+i(z), 

s—0 S - 


°° T S 00 T s 

3 . 7.9 b 1 {r,z) = Y^ h s( z )’ b*(T,z) = Y^ h °+ 1 (~)- 

s—0 ’ s—0 

If the solution w(z) that we are seeking grows in 
magnitude at least as fast as all other solutions of 
(3.7.1) as we pass along 3P from a to ft, then w(z) 
and w'(z) may be computed in a stable manner for 
z = Zo, Zi, . . . , zp by successive application of (3.7.5) for 
j = 0, 1, . . . , P — 1, beginning with initial values w(a) 
and w'(a). 

Similarly, if w(z) is decaying at least as fast as all 
other solutions along then we may reverse the label- 
ing of the Zj along SA and begin with initial values w(b) 
and w'(b). 


3.7(iii) Taylor-Series Method: Boundary-Value 
Problems 

Now suppose the path £? is such that the rate of growth 
of w(z) along SA is intermediate to that of two other 
solutions. (This can happen only for inhomogeneous 
equations.) Then to compute w(z) in a stable manner 
we solve the set of equations (3.7.5) simultaneously for 
j = 0, 1, . . . , P, as follows. Let A be the (2 P) x (2P + 2) 
band matrix 
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— A(t 0 , Zq) I 0 

0 — A(ri, Zi) I 


3.7.10 


A = 


0 0 
0 0 


— A(tp_ 2, Zp- 2) 


0 


0 0 

0 0 ••• 0 — A(rp_i, zp-i) I 

(I and 0 being the identity and zero matrices of order 2 x 2 .) Also let w denote the ( 2 P + 2 ) x 1 vector 


3.7.11 


w= [ w(z 0 ),w'{z 0 ),w(z 1 ),w'{z 1 ),...,w{zp),w'(zp )] , 


and b the ( 2 P) x 1 vector 

3.7.12 b = [&i(t 0 , z 0 ),b 2 (T Q , z 0 ),b 1 (T 1 ,Zi),b 2 (Ti, Zi), . . . , z P -i), & 2 (tp_i, zp_i)] T . 


Then 

3.7.13 Aw = b. 

This is a set of 2 P equations for the 2 P + 2 unknowns, 
'Uj(zj) and w'(zj), j = 0,1,..., P. The remaining two 
equations are supplied by boundary conditions of the 
form 

3 7 14 “O w ( z o) + Pow'(zo) = 7o, 

Oil w(zp) + f3rw'(zp) = 71 , 

where the a’s, /?’s, and 7 ’s are constants. 

If, for example, /?o = Pi = 0, then on moving the 
contributions of w(zq) and w{zp) to the right-hand side 
of (3.7.13) the resulting system of equations is not tridi- 
agonal, but can readily be made tridiagonal by annihi- 
lating the elements of A that lie below the main diago- 
nal and its two adjacent diagonals. The equations can 
then be solved by the method of §3.2(ii), if the differen- 
tial equation is homogeneous, or by Olver’s algorithm 
(§3.6(v)). The latter is especially useful if the endpoint 
b of £? is at 00 , or if the differential equation is inho- 
mogeneous. 

It will be observed that the present formulation of 
the Taylor-series method permits considerable paral- 
lelism in the computation, both for initial-value and 
boundary- value problems. 

For further information and examples, see Olde 
Daalhuis and Olver (1998, §7) and Lozier and Olver 
(1993). General methods for boundary- value problems 
for ordinary differential equations are given in Ascher 
et al. (1995). 

3.7(iv) Sturm-Liouville Eigenvalue Problems 

Let (a, b ) be a finite or infinite interval and q(x) be a 
real-valued continuous (or piecewise continuous) func- 
tion on the closure of (a, b). The Sturm-Liouville eigen- 
value problem is the construction of a nontrivial solution 


of the system 

3-7.15 + (Afc - q(x))w k = 0, 

ax 

3.7.16 Wk(a) = w k {b) = 0, 

with limits taken in (3.7.16) when a or 6 , or both, are 
infinite. The values A^ are the eigenvalues and the cor- 
responding solutions Wk of the differential equation are 
the eigenfunctions. The eigenvalues Xk are simple, that 
is, there is only one corresponding eigenfunction (apart 
from a normalization factor), and when ordered increas- 
ingly the eigenvalues satisfy 

3.7 - 17 Ai < A 2 < A 3 < • • • , linifc^oo A fc = 00 . 

If q( x) is C°° on the closure of (a, b), then the dis- 
cretized form (3.7.13) of the differential equation can 
be used. This converts the problem into a tridiagonal 
matrix problem in which the elements of the matrix are 
polynomials in A; compare §3.2(vi). The larger the ab- 
solute values of the eigenvalues Xk that are being sought, 
the smaller the integration steps \tj\ need to be. 

For further information, including other methods 
and examples, see Pryce (1993, §2.5.1). 


3.7(v) Runge-Kutta Method 

The Runge-Kutta method applies to linear or nonlinear 
differential equations. The method consists of a set of 
rules each of which is equivalent to a truncated Taylor- 
series expansion, but the rules avoid the need for ana- 
lytic differentiations of the differential equation. 

First-Order Equations 

For w' = f(z,w) the standard fourth-order rule reads 
3.7.18 w n p± = w n + g(fci + 2 k 2 + 2 + ^ 4 ) + 
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where h = z n +\ — z n and 

&i = hf{z n ,w n ), 

k 2 = hf{z n + \h,w n + ifci), 

3 . 7.19 , 1 n / 1 j 1 J \ 

k 3 = hj(z n + 2 h,w n + 2« 2 ), 

= hf(z n + h,w n + k 3 ). 

The order estimate 0(h 5 ) holds if the solution w(z) has 
five continuous derivatives. 

Second-Order Equations 

For w" = f{z,w,w') the standard fourth-order rule 
reads 

w n+ i = w n + lh{ 6w' n + ki + k 2 + k 3 ) + 0(h 5 ), 

o 7 on 

w ' n +l = w n + g(^l + 2/c 2 + 2fc 3 + fc 4 ) + 0(h 5 ), 

where 

3 . 7.21 

fci = hf(z n ,w n ,w' n ), 

k 2 = hf(z n + \h,w n + \hw' n + \hki,w' n + §fci), 

*3 = hf(z n + \h,w n + + \hk 2 ,w' n + |fc 2 ), 

fc 4 = hf (z n + h,w n + hw' n + \hk 3 , w' n + fc 3 ). 

The order estimates 0{h b ) hold if the solution 111(2) has 
five continuous derivatives. 

An extensive literature exists on the numerical solu- 
tion of ordinary differential equations by Runge-Kutta, 
multistep, or other methods. See, for example, Butcher 
(1987), Dekker and Verwer (1984, Chapter 3), Hairer 
et al. (1993, Chapter 2), and Hairer and Wanner (1996, 
Chapter 4). 

3.8 Nonlinear Equations 

3.8(i) Introduction 

The equation to be solved is 

3 . 8.1 f(z) = 0, 

where z is a real or complex variable and the function / 
is nonlinear. Solutions are called roots of the equation, 
or zeros of /. If f(zo) = 0 and f'(z 0 ) 7^ 0, then 2 0 is a 
simple zero of /. If f(z 0 ) = f'(z 0 ) = ■■■ = / (m-1) (zo) = 
0 and /( m i(2o) 7^ 0, then 20 is a zero of / of multiplicity 
m ; compare §1.10(i). 

Sometimes the equation takes the form 

3 . 8.2 2 = <f>(z ), 

and the solutions are called fixed points of <f>. 

Equations (3.8.1) and (3.8.2) are usually solved by 
iterative methods. Let z\, 22, ■ ■ ■ be a sequence of ap- 
proximations to a root, or fixed point, If 

3 . 8.3 |2„+i-C| < A\z n -C\ p 

for all n sufficiently large, where A and p are indepen- 
dent of n, then the sequence is said to have convergence 


of the pth order. (More precisely, p is the largest of the 
possible set of indices for (3.8.3).) If p = 1 and A < 1, 
then the convergence is said to be linear or geometric. 
If p = 2, then the convergence is quadratic ; if p = 3, 
then the convergence is cubic, and so on. 

An iterative method converges locally to a solution £ 
if there exists a neighborhood N of £ such that z n — > ( 
whenever the initial approximation 20 lies within N. 

3.8(ii) Newton’s Rule 

This is an iterative method for real twice-continuously 
differentiable, or complex analytic, functions: 

f(z ) 

3 . 8.4 z n+ 1 = z n - ~ n . , n = 0, 1,.... 

f'(z n ) 

If ( is a simple zero, then the iteration converges lo- 
cally and quadratically. For multiple zeros the conver- 
gence is linear, but if the multiplicity m is known then 
quadratic convergence can be restored by multiplying 
the ratio f(z n )/f(z n ) in (3.8.4) by to. 

For real functions f{x) the sequence of approxima- 
tions to a real zero £ will always converge (and converge 
quadratically) if either: 

(a) f(xo)f”(xo) > 0 and f'{x), f"(x) do not change 
sign between xq and f (monotonic convergence). 

(b) f(x 0 )f"(x 0 ) < 0, f(x), /"( x) do not change sign 
in the interval {x 3 ,x\), and £ £ [xo,a;i] (mono- 
tonic convergence after the first iteration). 

Example 

f(x) = x — tanx. The first positive zero of f{x) lies in 
the interval (71, |7r); see Figure 4.15.3. From this graph 
we estimate an initial value Xq = 4.65. Newton’s rule is 
given by 

3 . 8.5 x n +i — 4>{x n ), ^i(x) = x + xcot 2 x — cotx. 

Results appear in Table 3.8.1. The choice of Xq here 
is critical. When xo < 4.2875 or Xq > 4.7125, New- 
ton’s rule does not converge to the required zero. The 
convergence is faster when we use instead the function 
/(x) = xcosx— sinx; in addition, the successful interval 
for the starting value x 3 is larger. 

Table 3.8.1: Newton’s rule for x — tanx = 0. 


n 


0 

4.65000 00000 000 

1 

4.60567 66065 900 

2 

4.55140 53475 751 

3 

4.50903 76975 617 

4 

4.49455 61600 185 

5 

4.49341 56569 391 

6 

4.49340 94580 903 

7 

4.49340 94579 091 

8 

4.49340 94579 091 
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3.8(iii) Other Methods 


Bisection Method 

If f(a)f(b) < 0 with a < b, then the interval [a, 6] con- 
tains one or more zeros of /. Bisection of this interval is 
used to decide where at least one zero is located. All ze- 
ros of / in the original interval [a, b] can be computed to 
any predetermined accuracy. Convergence is slow how- 
ever; see Kaufman and Lenker (1986) and Nievergelt 
(1995). 


Regula Falsi 

Let xq and X\ be such that /o = f(x o) and fx = 
f(x i) have opposite signs. Inverse linear interpolation 
(§3.3(v)) is used to obtain the first approximation: 


Xx Xq .. fxXQ f 0 X! 

3 . 8.6 x 2 = Xx - — 7-/1 = 7 7 • 

J 1 — Jo Jl — Jo 

We continue with x 2 and either Xq or xx, depending 
which of /o and fx is of opposite sign to f(x 2 ), and so 
on. The convergence is linear, and again more than one 
zero may occur in the original interval [xq,Xx\- 


Secant Method 

Whether or not /o and fx have opposite signs, x 2 is 
computed as in (3.8.6). If the wanted zero £ is simple, 
then the method converges locally with order of conver- 
gence p = |(1 + a/ 5) = 1.618 .... Because the method 
requires only one function evaluation per iteration, its 
numerical efficiency is ultimately higher than that of 
Newton’s method. There is no guaranteed convergence: 
the first approximation x 2 may be outside [ieo,:ei]. 

Steffensen's Method 

This iterative method for solving z = </>(z) is given by 

3 . 8.7 

_ {4>{Zn) ~ Zn) 2 - O 1 9 

Zn+1 <p((j)(z n )) — 2(j>{z n ) + z n ’ n 

It converges locally and quadratically for both R and C. 

For other efficient derivative- free methods, see Le 
(1985). 


Eigenvalue Methods 

For the computation of zeros of orthogonal polynomials 
as eigenvalues of finite tridiagonal matrices (§3.5(vi)), 
see Gil et al. (2007a, pp. 205-207). For the computa- 
tion of zeros of Bessel functions, Coulomb functions, and 
conical functions as eigenvalues of finite parts of infinite 
tridiagonal matrices, see Grad and Zakrajsek (1973), 
Ikebe (1975), Ikebe et al. (1991), Ball (2000), and Gil 
et al. (2007a, pp. 205-213). 


3.8(iv) Zeros of Polynomials 

The polynomial 

3 . 8.8 p(z) = xi n z n T a n —x~ n T • • • T ciq, xi n / 0, 


has n zeros in C, counting each zero according to its mul- 
tiplicity. Explicit formulas for the zeros are available if 
n < 4; see §§l.ll(iii) and 4.43. No explicit general for- 
mulas exist when n > 5. 

After a zero ( has been computed, the factor z — ( is 
factored out of p(z) as a by-product of Horner’s scheme 
(§l.ll(i)) for the computation of p((). In this way poly- 
nomials of successively lower degree can be used to find 
the remaining zeros. (This process is called deflation.) 
However, to guard against the accumulation of round- 
ing errors, a final iteration for each zero should also be 
performed on the original polynomial p(z). 

Example 

p(z) = z 4 — 1. The zeros are ±1 and ±*. Newton’s 
method is given by 

3.8.9 Zn+ 1 = <f>(z n ), <j)(z) = 1 . 

The results for zq = 1.5 are given in Table 3.8.2. 
Table 3.8.2: Newton’s rule for z 4 — 1 = 0. 


n 

Zn 

0 

1.50000 00000 000 

1 

1.19907 40740 741 

2 

1.04431 68969 414 

3 

1.00274 20038 676 

4 

1.00001 12265 490 

5 

1.00000 00001 891 

6 

1.00000 00000 000 


As in the case of Table 3.8.1 the quadratic nature 
of convergence is clearly evident: as the zero is ap- 
proached, the number of correct decimal places doubles 
at each iteration. 

Newton’s rule can also be used for complex zeros of 
p(z). However, when the coefficients are all real, com- 
plex arithmetic can be avoided by the following iterative 
process. 


Bairstow’s Method 

Let z 2 — sz — t be an approximation to the real quadratic 
factor of p(z) that corresponds to a pair of conjugate 
complex zeros or to a pair of real zeros. We con- 
struct sequences qj and r/, j = n + 1 , n, . . . , 0, from 
gn+1 = x 71+1 = 0, q n = r n = a n , and for j < n - 1, 


3 . 8.10 

<Jj = a? + sq j+ 1 + tq j+ 2, Tj = qj + sr j+1 + tr j+2 . 

Then the next approximation to the quadratic factor is 
z 2 — (s + A s)z — (t + At), where 


3 . 8.11 

A r 3 q 0 - r 2 qx 

As = — 2 — 1 

n - Jr 3 


At = 


Igi ~ r 2 qo 
r\ - ir 3 


(. = sr 2 + tr 3 . 
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The method converges locally and quadratically, ex- 
cept when the wanted quadratic factor is a multiple fac- 
tor of q(z). On the last iteration q n z n ~ 2 + q n -\z n ~ 3 + 
• • • + 52 is the quotient on dividing p(z) by z 2 — sz — t. 

Example 

p(z ) = z A — 2 z 2 + 1. With the starting values So = 
to = — „ , an approximation to the quadratic factor 
z 2 — 2z + 1 = (z — l) 2 is computed (s = 2, t = — 1). 
Table 3.8.3 gives the successive values of s and t. The 
quadratic nature of the convergence is evident. 

Table 3.8.3: Bairstow’s method for factoring z 4 —2z 2 + l. 


n 

Sn 


0 

1.75000 00000 000 

-0.50000 00000 000 

1 

2.13527 29454 109 

-1.21235 75284 943 

2 

2.01786 10488 956 

-1.02528 61401 539 

3 

2.00036 06329 466 

-1.00047 63067 522 

4 

2.00000 01474 803 

-1.00000 01858 298 

5 

2.00000 00000 000 

-1.00000 00000 000 


This example illustrates the fact that the method 
succeeds even if the two zeros of the wanted quadratic 
factor are real and the same. 

For further information on the computation of zeros 
of polynomials see McNamee (2007). 


3.8(v) Zeros of Analytic Functions 


3.8(vi) Conditioning of Zeros 

Suppose f(z) also depends on a parameter a, denoted 
by f(z,a). Then the sensitivity of a simple zero z to 
changes in a is given by 

dz df /df 

3 ' 8 ' 13 da ~ ~d/x / dz‘ 

Thus if / is the polynomial (3.8.8) and a is the co- 
efficient a,j , say, then 


For moderate or large values of n it is not uncommon 
for the magnitude of the right-hand side of (3.8.14) to 
be very large compared with unity, signifying that the 
computation of zeros of polynomials is often an ill-posed 
problem. 

Example. Wilkinson’s Polynomial 

The zeros of 

3 . 8.15 p(x) = ( x — l)(a; — 2) ■ ■ • (x — 20) 

are well separated but extremely ill-conditioned. Con- 
sider x = 20 and j = 19. We have p'{ 20) = 19! and 
dig = 1 + 2 + • • • + 20 = 210. The perturbation factor 
(3.8.14) is given by 

rl qn Of ) 19 

3816 Si— 3sr-<- 4J0 -) x107 - 

Corresponding numerical factors in this example 
for other zeros and other values of j are obtained in 
Gautschi (1984, §4). 


Newton’s rule is the most frequently used iterative pro- 
cess for accurate computation of real or complex zeros 
of analytic functions ,f(z). Another iterative method is 
Halley’s rule: 

^ g j 2 — ~ </* ( Zn ) 

“" +1 " f'(Zn) ~ (f"(Zn)f(Zn)/{2f(z„)))' 

This is useful when f(z) satisfies a second-order linear 
differential equation because of the ease of computing 
f"(z n ). The rule converges locally and is cubically con- 
vergent . 

Initial approximations to the zeros can often be 
found from asymptotic or other approximations to f(z), 
or by application of the phase principle or Rouche’s the- 
orem; see §1.10(iv). These results are also useful in en- 
suring that no zeros are overlooked when the complex 
plane is being searched. 

For an example involving the Airy functions, see 
Fabijonas and Olver (1999). 

For fixed-point methods for computing zeros of spe- 
cial functions, see Segura (2002), Gil and Segura (2003), 
and Gil et al. (2007a, Chapter 7). 


3.8(vii) Systems of Nonlinear Equations 

For fixed-point iterations and Newton’s method for solv- 
ing systems of nonlinear equations, see Gautschi (1997b, 
Chapter 4, §9) and Ortega and Rheinboldt (1970). 

3.8(viii) Fixed-Point Iterations: Fractals 

The convergence of iterative methods 
3 . 8.17 z n -\. i — (fi^Zri) , n — 0, 1, ... , 

for solving fixed-point problems (3.8.2) cannot always 
be predicted, especially in the complex plane. 

Consider, for example, (3.8.9). Starting this itera- 
tion in the neighborhood of one of the four zeros ±1. ±i, 
sequences { z n } are generated that converge to these ze- 
ros. For an arbitrary starting point Zq £ C, conver- 
gence cannot be predicted, and the boundary of the set 
of points Zq that generate a sequence converging to a 
particular zero has a very complicated structure. It is 
called a Julia set. In general the Julia set of an an- 
alytic function f(z) is a fractal , that is, a set that is 
self-similar. See Julia (1918) and Devaney (1986). 
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3.9 Acceleration of Convergence 


3.9(iii) Aitken’s A 2 -Process 


3.9(i) Sequence Transformations 

All sequences (series) in this section are sequences (se- 
ries) of real or complex numbers. 

A transformation of a convergent sequence {s n } with 
limit a into a sequence {t n } is called limit-preserving if 
{t n } converges to the same limit a. 

The transformation is accelerating if it is limit- 
preserving and if 

3.9.1 lim — — — = 0. 

n — >oo S n — (7 

Similarly for convergent series if we regard the sum as 
the limit of the sequence of partial sums. 

It should be borne in mind that a sequence (series) 
transformation can be effective for one type of sequence 
(series) but may not accelerate convergence for another 
type. It may even fail altogether by not being limit- 
preserving. 


3.9(ii) Euler’s Transformation of Series 

If S' = J2T=o(— i s a convergent series, then 

OO 

3.9.2 S=^(-l) fe 2- fc - 1 A fc a 0 , 

k — 0 

provided that the right-hand side converges. Here A is 
the forward difference operator: 


3.9.3 A fc a 0 = A fc-1 ai — A fc_1 a 0) k= 1,2,.... 

Thus 

7„ 

'k' 


3.9.4 


A fc a 0 =£(-!)' 


771=0 


m 


ttk—r 


Euler’s transformation is usually applied to alter- 
nating series. Examples are provided by the following 
analytic transformations of slowly-convergent series into 
rapidly convergent ones: 


3.9.5 

In 2 = 1- 


111 


1 , 1 , 1 

2 + 3~4 + "'~ 1 • 2 1 + 2 • 2 2 + 3 • 2 3 
1 

7 + "' 

1 ! 2 ! 


7T 11 

4 = 3 + 5 


= v U + 


3! 


1-3 3-5 3-5-7 


o Q 7 f — o _ (^ S n) 2 (Sn+1 S n y 

J.V.I O n * O ^77, 


A ~S n Sn +2 2s n _|_ 1 + s n 

This transformation is accelerating if {s„} is a linearly 
convergent sequence , i.e. , a sequence for which 


3.9.8 lim = p, \p\ < 1. 

n >oo s n — a 

When applied repeatedly, Aitken’s process is known 
as the iterated A 2 -process. See Brezinski and Redivo Za- 
glia (1991, pp. 39-42). 


3.9(iv) Shanks’ Transformation 

Shanks’ transformation is a generalization of Aitken’s 
A 2 -process. Let k be a fixed positive integer. Then 
the transformation of the sequence {s„} into a sequence 
{t n , 2 k} is given by 


3.9.9 


tn.2k — 


n = 0,1,2,..., 


H k (A 2 s n )’ 
where H m is the Hankel determinant 


3.9.10 H m (rt n ) — 


The ratio of the Hankel determinants in (3.9.9) can 
be computed recursively by Wynn’s epsilon algorithm: 

3.9.11 


u n 

^72+1 

^72+772—1 

^72+1 

^71+2 

^72+772 

^72+772 — 1 

^n+77i 

^72 + 2772 — 2 


p(") - 0 F (n) - S 

c — l — ^0 — *725 

(n+l) 


1 


£ m+ 1 £ m- 1 T (n+l) (n 


n = 0,l,2,..., 
n, m = 0, 1, 2, . . . . 


Then f n , 2 fc = ■ Aitken’s A 2 -process is the case 

k= 1. 

If s n is the nth partial sum of a power series /, 
then t n , 2 k = £ 2 k i s the P a de approximant [(n + k)/k\f 
(§3.11(iv)). 

For further information on the epsilon algorithm see 
Brezinski and Redivo Zaglia (1991, pp. 78-95). 

Example 

In Table 3.9.1 values of the transforms t n p k are supplied 
for 

(-l ) i+1 


3.9.12 


= £■ 
3 = 1 


a2 ’ 


with Soo = Att 2 = 0.82246 70334 24 ... . 


3.9.6 
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Table 3.9.1: Shanks’ transformation for s n = Ej=i( — l) J ' +1 j 2 . 


n 

t n , 2 

^n,4 

tn, 6 

fra, 8 

fra, 10 

0 

0.80000 00000 00 

0.82182 62806 24 

0.82244 84501 47 

0.82246 64909 60 

0.82246 70175 41 

1 

0.82692 30769 23 

0.82259 02017 65 

0.82247 05346 57 

0.82246 71342 06 

0.82246 70363 45 

2 

0.82111 11111 11 

0.82243 44785 14 

0.82246 61821 45 

0.82246 70102 48 

0.82246 70327 79 

3 

0.82300 13550 14 

0.82247 78118 35 

0.82246 72851 83 

0.82246 70397 56 

0.82246 70335 90 

4 

0.82221 76684 88 

0.82246 28314 41 

0.82246 69467 93 

0.82246 70314 36 

0.82246 70333 75 

5 

0.82259 80392 16 

0.82246 88857 22 

0.82246 70670 21 

0.82246 70341 24 

0.82246 70334 40 

6 

0.82239 19390 77 

0.82246 61352 37 

0.82246 70190 76 

0.82246 70331 54 

0.82246 70334 18 

7 

0.82251 30483 23 

0.82246 75033 13 

0.82246 70400 56 

0.82246 70335 37 

0.82246 70334 26 

8 

0.82243 73137 33 

0.82246 67719 32 

0.82246 70301 49 

0.82246 70333 73 

0.82246 70334 23 

9 

0.82248 70624 89 

0.82246 71865 91 

0.82246 70351 34 

0.82246 70334 48 

0.82246 70334 24 

10 

0.82245 30535 15 

0.82246 69397 57 

0.82246 70324 88 

0.82246 70334 12 

0.82246 70334 24 


3.9(v) Levin’s and Weniger’s Transformations 


We give a special form of Levin’s transformation in 
which the sequence s = {s„} of partial sums s n = 
E; = o a j is transformed into: 

3.9.13 

r (n), \ _ \j) C j,k,n s n+j/ a n+j+l 

k v’ v — yk / l , 

2-ij= 0\ \j) C j,k,n/ a n+j+l 

where k is a fixed nonnegative integer, and 
(n + j + l) fc ” 1 

3-9.14 C ikn = 7 r. 

’ (n + k + l) fe_1 

Sequences that are accelerated by Levin’s transforma- 
tion include logarithmically convergent sequences, i.e., 
sequences s n converging to a such that 


3.9.15 


lim 


^n+l & 


= 1. 


n — kx> S n — a 

For further information see Brezinski and Redivo Za- 
glia (1991, pp. 39-42). 

In Weniger’s transformations the numbers Cj tk ,n in 
(3.9.13) are chosen as follows: 

{/3 + n + j) k _ 1 


3.9.16 

or 

3.9.17 


Cj,k,n 


Cj,k,n — 


(f3 + n + k) k _ 1 ’ 
(—7 — n — j) k _i 


(-7 — n — & 0 fc-i ’ 
where (a ) 0 = 1 and (a) ■ = a(a + 1 ) • • • (a + j — 1 ) are 
Pochhammer symbols (§5.2(iii)), and the constants (3 
and 7 are chosen arbitrarily subject to certain condi- 
tions. See Weniger (1989). 


3.9(vi) Applications and Further 
Transformations 

For examples and other transformations for convergent 
sequences and series, see Wimp (1981, pp. 156-199), 
Brezinski and Redivo Zaglia (1991, pp. 55-72), and Sidi 


(2003, Chapters 6, 12-13, 15-16, 19-24, and pp. 483- 
492). 

For applications to asymptotic expansions, see 
§2.11(vi), Olver (1997b, pp. 540-543), and Weniger 
(1989, 2003). 


3.10 Continued Fractions 


3.10(i) Introduction 

See §1.12 for relevant properties of continued fractions, 
including the following definitions: 


3.10.1 


3.10.2 


C=h 


a 1 


a 2 


C n — br\ 


b\ + &2 
cq a 2 


n n 7^ 0? 


CL n 

bn 


A n 


bi+ b 2 + 

C n is the nth approximant or convergent to C. 


3. 10(ii) Relations to Power Series 


Every convergent, asymptotic, or formal series 

3.10.3 Uq T T v>2 T ■ * * 

can be converted into a continued fraction C of type 
(3.10.1), and with the property that the nth convergent 
C n = A n /B n to C is equal to the nth partial sum of the 
series in (3.10.3), that is, 

An 

3.10.4 — — = Uq + Ui + ’ ’ ' + Urn n = 0, 1, . . . . 

B n 

For instance, if none of the u n vanish, then we can define 


3.10.5 


bo = Mo, 

bn = IT 


bi = 1, cii = U \ , 

Mra Mra 

, Hra — , 


n > 2. 


lira— 1 il n ^i 

However, other continued fractions with the same 
limit may converge in a much larger domain of the 
complex plane than the fraction given by (3.10.4) and 
(3.10.5). For example, by converting the Maclaurin 
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expansion of arctanz (4.24.3), we obtain a continued 
fraction with the same region of convergence (|z| < 1, 
2 ^ ±«), whereas the continued fraction (4.25.4) con- 
verges for all z £ C except on the branch cuts from i to 
ioo and —i to —ioo. 

Stieltjes Fractions 

A continued fraction of the form 


3.10.6 


_ a 0 aiz a 2 z 


is called a Stieltjes fraction (S-fraction). We say that it 
corresponds to the formal power series 


3.10.7 f(z) = c 0 + Ciz + c 2 z 2 H 

if the expansion of its nth convergent C n in ascending 
powers of z agrees with (3.10.7) up to and including the 
term in z" -1 , n = 1, 2, 3, ... . 


Quotient-Difference Algorithm 

For several special functions the S'-fractions are known 
explicitly, but in any case the coefficients a n can al- 
ways be calculated from the power-series coefficients by 
means of the quotient- difference algorithm ; see Table 
3.10.1. 


Table 3.10.1: Quotient-difference scheme. 



9? 






P 1 

e 0 

9i 

e i 

Q°2 




e 0 

<hi 

el 

92 

e 2 

93° 


e 0 

4 

F> 2 

e l 

92 2 

e 2 

9a 1 


P 4 

e 0 


e l 


e 2 


4 


The first two columns in this table are defined by 

eg = 0, n=l,2,..., 

3.10.8 

q? = c n+1 /c n , n = 0,l,..., 

where the c n (^ 0) appear in (3.10.7). We continue by 
means of the rhombus rule 

e j = e k +\ + q k+1 - q k , j > 1, k > 0, 

3.10.9 ' i ,, A, , 

Qj+i = «£ +1 e£+7e$, j > 1, k > 0. 

Then the coefficients a n of the S'-fraction (3.10.6) are 
given by 

3.10.10 

a 0 = c 0 , ai = q°, a 2 = e?, a 3 = g°, a 4 = e°, 


The quotient-difference algorithm is frequently un- 
stable and may require high-precision arithmetic or ex- 
act arithmetic. A more stable version of the algorithm 
is discussed in Stokes (1980). For applications to Bessel 
functions and Whittaker functions (Chapters 10 and 
13), see Gargantini and Henrici (1967). 

Jacobi Fractions 

A continued fraction of the form 


3.10.11 


C= — 

1 - a 0 z - 


I3iz 2 

1 — OL\Z — 


p 2 z 2 

1 — a 2 z — 


is called a Jacobi fraction (J -fraction). We say that it is 
associated with the formal power series /(z) in (3.10.7) 
if the expansion of its nth convergent C n in ascend- 
ing powers of z, agrees with (3.10.7) up to and includ- 
ing the term in z 2n ~ 1 , n = 1,2,3,.... For the same 
function /(z), the convergent C n of the Jacobi fraction 
(3.10.11) equals the convergent C 2n of the Stieltjes frac- 
tion (3.10.6). 


Examples of S- and J-Fractions 

For elementary functions, see §§ 4.9 and 4.35. 

For special functions see §5.10 (gamma function), 
§7.9 (error function), §8.9 (incomplete gamma func- 
tions), §8.17(v) (incomplete beta function), §8.19(vii) 
(generalized exponential integral), §§10.10 and 10.33 
(quotients of Bessel functions), §13.6 (quotients of con- 
fluent hypergeometric functions), §13.19 (quotients of 
Whittaker functions), and §15.7 (quotients of hyperge- 
ometric functions). 

For further information and examples see Lorentzen 
and Waadeland (1992, pp. 292-330, 560-599) and Cuyt 
et al. (2008). 


3. 10(iii) Numerical Evaluation of Continued 
Fractions 

Forward Recurrence Algorithm 

The A n and B n of (3.10.2) can be computed by means 
of three-term recurrence relations (1.12.5). However, 
this may be unstable; also overflow and underflow may 
occur when evaluating A n and B n (making it necessary 
to re-scale from time to time). 

Backward Recurrence Algorithm 

To compute the C n of (3.10.2) we perform the iterated 
divisions 

3.10.12 

Un b n , ujz bfc T , k n 1, ri 2, . . . , 0. 

Uk+l 

Then ug = C n . To achieve a prescribed accuracy, either 
a priori knowledge is needed of the value of n, or n is 
determined by trial and error. In general this algorithm 
is more stable than the forward algorithm; see Jones 
and Thron (1974). 
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Forward Series Recurrence Algorithm 

The continued fraction 


3.10.13 


C = 


a 0 oi a 2 


1 - 1 - 1 - 
can be written in the form 


3.10.14 C = J>, 

fc = 0 

where 

to = a 0) t k = p k t k -i, Po = 0, 

3.10.15 ^ _ Ofc(l + Pk-i) ,_ 1 O o 

Pk 1 i \ i 1, 2, 3, ... . 

1 - a k (l + p k - i) 

The nth partial sum to + ti + • • • + t n -\ equals the nth 
convergent of (3.10.13), n= 1,2,3,.... In contrast to 
the preceding algorithms in this subsection no scaling 
problems arise and no a priori information is needed. 

In Gautschi (1979b) the forward series algorithm is 
used for the evaluation of a continued fraction of an 
incomplete gamma function (see §8.9). 

Steed’s Algorithm 

This forward algorithm achieves efficiency and stabil- 
ity in the computation of the convergents C n = A n /B n , 
and is related to the forward series recurrence algorithm. 
Again, no scaling problems arise and no a priori infor- 
mation is needed. 

Let 


3.10.16 

Co = &o, Di = l/b\, yCi=aiDi , C'i = Co + VCi. 
(V is the backward difference operator.) Then for n > 2, 


Dn—l&n T b n 

31017 VC n = (b n D n -l)X7C n - r, 

C n = C n - 1 + VC n . 

The recurrences are continued until (VC ra )/C n is within 
a prescribed relative precision. 

For further information on the preceding algorithms, 
including convergence in the complex plane and meth- 
ods for accelerating convergence, see Blanch (1964) and 
Lorentzen and Waadeland (1992, Chapter 3). For the 
evaluation of special functions by using continued frac- 
tions see Cuyt et al. (2008), Gautschi (1967, §1), Gil 
et al. (2007a, Chapter 6), and Wimp (1984, Chapter 4, 
§5). See also §§6.18(i), 7.22(i), 8.25(iv), 10.74(v), 14.32, 
28.34(h), 29.20(i), 30.16(i), 33.23(v). 


3.11 Approximation Techniques 

3.11(i) Minimax Polynomial Approximations 

Let /( x) be continuous on a closed interval [a, b\. 
Then there exists a unique nth degree polynomial 


p n (x), called the minimax (or best uniform) polyno- 
mial approximation to f{x) on [a, 6], that minimizes 
max a < x < & |e„(x)|, where e n (x) = f(x) -p n (x). 

A sufficient condition for p n (x) to be the minimax 
polynomial is that |e„(x)| attains its maximum at n + 2 
distinct points in [a, 6] and e n (x) changes sign at these 
consecutive maxima. 

If we have a sufficiently close approximation 

3.11.1 pn(x) = a n x n + a n - ix n_1 -I ba 0 

to f(x), then the coefficients a k can be computed iter- 
atively. Assume that f'(x) is continuous on [a, b] and 
let xq = a, x n +i = 6 , and x\, X 2 , ■ ■ ■ , x n be the zeros of 
e' n (x) in (a, b) arranged so that 

3.11.2 xo < Xi < X2 < ■ ■ ■ < x n < X n+ i- 
Also, let 

3.11.3 mj = (—iy e n (xj), j = 0 , 1, . . . , n + 1. 

(Thus the m,j are approximations to m, where ±m is 
the maximum value of |en(^)| on [a, b\.) 

Then (in general) a better approximation to p n (x) 
is given by 

n 

3.11.4 y^(q fc + Sa k )x k , 


3 . 11.5 XjSa k = (— iy(mj — to ), j = 0 , 1 , . . . , n + 1 . 
k = o 

This is a set of n + 2 equations for the n + 2 unknowns 
5ao , Sa ±, . . . , Sa n and m. 

The iterative process converges locally and quadrat- 
ically (§3.8(i)). 

A method for obtaining a sufficiently accurate first 
approximation is described in the next subsection. 

For the theory of minimax approximations see 
Meinardus (1967). For examples of minimax polynomial 
approximations to elementary and special functions see 
Hart et al. (1968). See also Cody (1970) and Ralston 
(1965). 


3.11(ii) Chebyshev-Series Expansions 


The Chebyshev polynomials T n are given by 

3.11.6 T n (x) = cos(narccosx), — 1 < x < 1. 
They satisfy the recurrence relation 

3.11.7 

T n+ i(x) - 2 xT n (x) + T n _ fyx) =0, n= 1,2, ... , 

with initial values Tq(x) = 1, Tfyx) = x. They enjoy an 
orthogonal property with respect to integrals: 


3.11.8 



T j (x)T k (x) 
\/l — x 2 


dx = 


0 , 


j = k = 0, 
j = k fy 0, 
j ± k, 
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as well as an orthogonal property with respect to sums, 
as follows. When n > 0 and 0 < j < n, 0 < k < n, 

n [ n, j = k = 0 or n, 

3.11.9 ^2 T j(xt) T k (xe) = < §n, j = k ± 0 or n, 

e=0 (O, j^k, 

where = cos(7T i/n) and the double prime means that 

the first and last terms are to be halved. 

For these and further properties of Chebyshev poly- 
nomials, see Chapter 18, Gil et al. (2007a, Chapter 3), 
and Mason and Handscomb (2003). 

Chebyshev Expansions 

If / is continuously differentiable on [ — -1, 1], then with 

2 C 

3.11.10 c n = — / f (cos 6) cos(n6) d9 , n = 0,1,2,..., 

7T Jo 

the expansion 

OO 

3.11.11 f(x) = y t c n T n (x), -1 <x<1, 

n—0 

converges uniformly. Here the single prime on the 
summation symbol means that the first term is to be 
halved. In fact, (3.11.11) is the Fourier-series expansion 
of /(cos0); compare (3.11.6) and §1.8(i). 

Furthermore, if / € C 100 [ — 1, 1] , then the conver- 
gence of (3.11.11) is usually very rapid; compare (1.8.7) 
with k arbitrary. 

For general intervals [ a,b } we rescale: 

OO . 

/■/ \ v ' ' j „ ( 2x — a — b\ 

3.11.12 f(x) = d n T n [ b _ a . 

n=0 ' ' 

Because the series (3.11.12) converges rapidly we ob- 

tain a very good first approximation to the minimax 
polynomial p n (x) for [a, b] if we truncate (3.11.12) at 
its (n + l)th term. This is because in the notation of 

§3-11(1) 

/x , m f 2x — a — b\ 

3.11.13 e n (x) — d n _|_ i T n +\ ( — — ) , 

approximately, and the right-hand side enjoys exactly 
those properties concerning its maxima and minima 
that are required for the minimax approximation; com- 
pare Figure 18.4.3. 

More precisely, it is known that for the interval [a, b ], 
the ratio of the maximum value of the remainder 


3.11.14 


^ dk Tk 

k=n + 1 


2x — a — b\ 
b — a J 


to the maximum error of the minimax polynomial p n ( x) 
is bounded by 1 + L n , where L n is the nth Lebesgue con- 
stant for Fourier series; see §1.8(i). Since L 0 = 1, L n 
is a monotonically increasing function of n, and (for ex- 
ample) Tiooo = 4.07 . . . , this means that in practice the 


gain in replacing a truncated Chebyshev-series expan- 
sion by the corresponding minimax polynomial approx- 
imation is hardly worthwhile. Moreover, the set of min- 
imax approximations po(x) , pi(x) , p 2 (x) , . . . , p n (x) re- 
quires the calculation and storage of |(n + l)(n + 2) co- 
efficients, whereas the corresponding set of Chebyshev- 
series approximations requires only n + 1 coefficients. 

Calculation of Chebyshev Coefficients 

The c n in (3.11.11) can be calculated from (3.11.10), but 
in general it is more efficient to make use of the orthogo- 
nal property (3.11.9). Also, in cases where f(x) satisfies 
a linear ordinary differential equation with polynomial 
coefficients, the expansion (3.11.11) can be substituted 
in the differential equation to yield a recurrence relation 
satisfied by the c n . 

For details and examples of these methods, see Clen- 
shaw (1957, 1962) and Miller (1966). See also Mason 
and Handscomb (2003, Chapter 10) and Fox and Parker 
(1968, Chapter 5). 

Summation of Chebyshev Series: Clenshaw’s Algorithm 

For the expansion (3.11.11), numerical values of the 
Chebyshev polynomials T n (x) can be generated by ap- 
plication of the recurrence relation (3.11.7). A more 
efficient procedure is as follows. Let c n T n (x ) be the 
last term retained in the truncated series. Beginning 
with u n+ 1 = 0, u n = c n , we apply 
3.11.15 

u k = 2xu k +i - U k + 2 + Cfe, k = n - 1 , n - 2 , . . . , 0 . 
Then the sum of the truncated expansion equals \ (uo — 
112 ). For error analysis and modifications of Clenshaw’s 
algorithm, see Oliver (1977). 

Complex Variables 

If x is replaced by a complex variable z and f(z) is 
analytic, then the expansion (3.11.11) converges within 
an ellipse. However, in general (3.11.11) affords no ad- 
vantage in C for numerical purposes compared with the 
Maclaurin expansion of f(z). 

For further details on Chebyshev-series expansions 
in the complex plane, see Mason and Handscomb (2003, 
§5.10). 


3 . 1 1 (iii) Minimax Rational Approximations 


Let / be continuous on a closed interval [a, b\ and w be 
a continuous nonvanishing function on [a, b]: w is called 
a weight function. Then the minimax (or best uniform ) 
rational approximation 


3.11.16 R k ,t(x) = — r 

1 + q\X -\ 1 - q nx*- 

of type [fc, £] to / on [a, 5] minimizes the maximum value 


of \ek,i(x)\ on [a, 6], where 

, RkAx) - f(x) 
£kA x ) = Td 

W(X) 
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The theory of polynomial minimax approximation 
given in §3.11(i) can be extended to the case when p n {x) 
is replaced by a rational function Rk^{x). There exists 
a unique solution of this minimax problem and there 
are at least k + i + 2 values Xj, a < x 0 < x\ < ■ ■ ■ < 
Xk+t+i < b, such that rrij = m, where 

3.11.18 m,j = j = 0, l,...,k + £+l, 

and ±77i is the maximum of |efc^(x)| on [a, b ]. 

A collection of minimax rational approximations to 
elementary and special functions can be found in Hart 
et al. (1968). 

A widely implemented and used algorithm for calcu- 
lating the coefficients Pj and Qj in (3.11.16) is Remez’s 
second algorithm. See Remez (1957), Werner et al. 
(1967), and Johnson and Blair (1973). 


Example 

With w{x) = 1 and 14-digit computation, we obtain 
the following rational approximation of type [3,3] to 
the Bessel function Jo(a;) (§10.2(ii)) on the interval 
0 < x < jo a , where jo a is the first positive zero of 
J 0 (x): 


o /X Po + Pix + P2X Z + p 3 X a 

3.11.19 R 3 ,3{x) = — 2 , 

1 + qiX + q 2 x z + q^x 6 

with coefficients given in Table 3.11.1. 


Table 3.11.1: Coefficients pj , qj for the minimax rational 
approximation R 3 , 3 (x). 


j 

Pj 

Qj 

0 

0.99999 99891 7854 


1 

-0.34038 93820 9347 

-0.34039 05233 8838 

2 

-0.18915 48376 3222 

0.06086 50162 9812 

3 

0.06658 31942 0166 

-0.01864 47680 9090 


The error curve is shown in Figure 3.11.1. 



Figure 3.11.1: Error R, 3>3 (x) — Jo(aO of the minimax 
rational approximation R 3y3 (x) to the Bessel function 
Jo(x) for 0 < x < jo a (= 0.89357 . . .). 


3.11(iv) Pade Approximations 

Let 

f{z) = c 0 + C\Z + c 2 z 2 H 


be a formal power series. The rational function 

3 ii 21 N p^ z ) _ Qq + aiz H F a P z p 

D p ,q(z) bo + b\Z ± • • • ± b q z q 
is called a Pade approximant at zero of / if 

3.11.22 N p , q (z)- f(z)D p , q (z) = 0(z p+<1+1 ), z-» 0. 

It is denoted by [p/q]f(z). Thus if b 0 / 0, then the 
Maclaurin expansion of (3.11.21) agrees with (3.11.20) 
up to, and including, the term in z p+q . 

The requirement (3.11.22) implies 

oo = cobo, 

ai = cib 0 + cobi, 


3.11.23 a p — c p bo ± c p — i5i ± * * * ± c p — qb q , 

0 = c p+1 bo + c p b\ + ■ ■ • + c p - q+ ib q , 


0 — C p j- q bo ± C p j-q—lb 3 ± • • ’ ± Cpbq, 
where Cj = 0 if j < 0. With bo = 1, the last q equations 
give b q as the solution of a system of linear equa- 

tions. The first p+ 1 equations then yield a 3 , ... ,a p . 

The array of Pade approximants 

[0/0]/ [o/l]/ [0/2]/ ... 

[ 1 / 0 ]/ [ 1 / 1 ]/ [ 1 / 2 ]/ ... 

3 - 11.24 [ 2 / 0 ]/ [ 2 / 1 ]/ [ 2 / 2 ]/ ••• 

is called a Pade table. Approximants with the same de- 
nominator degree are located in the same column of the 
table. 

For convergence results for Pade approximants, and 
the connection with continued fractions and Gaussian 
quadrature, see Baker and Graves-Morris (1996, §4.7). 

The Pade approximants can be computed by Wynns 
cross rule. Any five approximants arranged in the Pade 
table as 


N 

W C E 

S 

satisfy 

3.11.25 

(N - C)- 1 + (S- C)- 1 = {W- C) _1 + (E — C)- 1 . 

Starting with the first column [n/0]/, n = 0,1,2,..., 
and initializing the preceding column by [n/ — 1]/ = oo, 
n = 1 , 2 ,..., we can compute the lower triangular part 
of the table via (3.11.25). Similarly, the upper triangu- 
lar part follows from the first row [0/77]/, n = 0, 1, 2, ... , 
by initializing [— 1 /n\f = 0, 77 = 1, 2, . . . . 


3.11.20 
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For the recursive computation of [n + k/k\f by 
Wynn’s epsilon algorithm, see (3.9.11) and the subse- 
quent text. 

Laplace Transform Inversion 

Numerical inversion of the Laplace transform (§1.14(iii)) 

7*00 

3.11.26 F(s)=2z?(/;s)= / e~ st f(t) dt 

Jo 

requires / = Jz? 9-1 F to be obtained from numerical val- 
ues of F. A general procedure is to approximate F by 
a rational function R (vanishing at infinity) and then 
approximate / by r = «5? _1 R. When F has an explicit 
power-series expansion a possible choice of R is a Pade 
approximation to F. See Luke (1969b, §16.4) for several 
examples involving special functions. 

For further information on Pade approximations, see 
Baker and Graves-Morris (1996, §4.7), Brezinski (1980, 
pp. 9-39 and 126-177), and Lorentzen and Waadeland 
(1992, pp. 367-395). 


3.11(v) Least Squares Approximations 

Suppose a function f(x) is approximated by the poly- 
nomial 

3.11.27 p n (x) = a n x n + a n - in;"” 1 -I 1- a 0 

that minimizes 


J 

3.11.28 S = ^(f(Xj) -p n (Xj)) 2 . 

J = 1 

Here Xj , j = 1, 2, . . . , J, is a given set of distinct real 
points and J > n+ 1. From the equations dS/da k = 0, 
k = 0, 1, . . . , n, we derive the normal equations 


3.11.29 


where 

3.11.30 


'Xo X ! • 
Xx X 2 • 

• x n ' 

X n -\.\ 


a 0 

ai 


' Fq ' 
Fi 

_X n -^n+1 

• *2n_ 


F J n_ 


_F n _ 


J J 

x k = j2 x F *■* = £/(**)**■ 


i=i l=i 

(3.11.29) is a system of n+1 linear equations for the 
coefficients ao, ai, . . . , a n . The matrix is symmetric and 
positive definite, but the system is ill-conditioned when 
n is large because the lower rows of the matrix are ap- 
proximately proportional to one another. If J = n + 1, 
then p n (x) is the Lagrange interpolation polynomial for 
the set xi,x 2 , ...,xj (§3.3(i)). 

More generally, let f(x) be approximated by a linear 
combination 


of given functions <p k (, x) 7 k = 0, 1, . . . , n, that minimizes 


3.11.32 w ( x i) (/Of) - , 

j =i 

w(x) being a given positive weight function , and again 
J > n + 1. Then (3.11.29) is replaced by 


3.11.33 


with 

3.11.34 


o o 

1 

l 

g g 


a 0 

a i 


■ 

1 

_X„o X n i 

X nn _ 


F J n_ 


_F n _ 


J 

Xu = Y w( x j)<f> k {xj)(j>£(xj), 
i= i 


3.11.35 F k = Y w ( x j)f( x j) c t’k(xj). 

1=1 

Since Xu = X( k , the matrix is again symmetric. 

If the functions (j) k (x) are linearly independent on 
the set xi,x 2 , ■ ■ ■ ,xj, that is, the only solution of the 
system of equations 


3.11.36 Y c M x j) = 0, j = 1, 2, . . . , J, 

k — 0 

is Co = ci = • • • = c n = 0, then the approximation 
*I>„(;e) is determined uniquely. 

Now suppose that Xu = 0 when k i, that is, the 
functions <f>k{x) are orthogonal with respect to weighted 
summation on the discrete set xi,x 2 ,xj. Then the 
system (3.11.33) is diagonal and hence well-conditioned. 


A set of functions <fio(x), 4>i(x ), . . . , (f> n (x ) that is lin- 
early independent on the set Xi, x 2 , ■ ■ ■ , xj (compare 
(3.11.36)) can always be orthogonalized in the sense 
given in the preceding paragraph by the Gram-Schmidt 
procedure; see Gautschi (1997b). 


Example. The Discrete Fourier Transform 

We take n complex exponentials (f>k{x) = e zkx , k = 
0, 1, . . . , n — 1, and approximate f(x) by the linear com- 
bination (3.11.31). The functions 4>k{x) are orthogonal 
on the set Xq,Xi, . . . , x n -i, Xj = 2nj/n , with respect to 
the weight function w(x) = 1, in the sense that 


n— 1 

3.11.37 Y 4>k{xj)H( x j) = n6 k ,e, k,£ = 0,l,...,n-l, 
j =o 

5 k ,e being Kronecker’s symbol and the bar denoting 
complex conjugate. In consequence we can solve the 
system 

n— 1 


fj = Y ak( t )k ( x ^’ j = 0,1,..., n- 1, 


k = 0 


3.11.31 <F n (a;) = a n (f n (x) + a n _i<f> n _i(x) H \-a 0 <j) 0 (x) 


3.11.38 
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and obtain 


IL — _L 

3.11.39 a k = -^2 fjfikixj), k = 0,l,...,n-l. 

n i=o 

With this choice of a k and fj = f(xj ), the correspond- 
ing sum (3.11.32) vanishes. 

The pair of vectors {f,a} 


3.11.40 


f = [/o,/l, ■ ■ ■ ,/„-l] T , 

a = [a 0 , ai, . . . ,a„_i] T , 


is called a discrete Fourier transform pair. 


The Fast Fourier Transform 

The direct computation of the discrete Fourier trans- 
form (3.11.38), that is, of 

3.11.41 

n — 1 

fj = ^2 a kU) J n k , uj n =e 2nl/n , j = 0 , 1 ,..., n- 1 , 

k = 0 

requires approximately n 2 multiplications. The method 
of the fast Fourier transform (FFT) exploits the struc- 
ture of the matrix $7 with elements j,k = 

0, 1, , n— 1. If n = 2 m , then Cl can be factored into m 

matrices, the rows of which contain only a few nonzero 
entries and the nonzero entries are equal apart from 
signs. In consequence of this structure the number of 
operations can be reduced to nm = nlog 2 n operations. 
The property 


3.11.42 w 2(fc-(n/2)) = w fc /2 

is of fundamental importance in the FFT algorithm. If 
n is not a power of 2 , then modifications are possible. 
For the original reference see Cooley and Tukey (1965). 
For further details and algorithms, see Van Loan (1992). 

For further information on least squares approxima- 
tions, including examples, see Gautschi (1997b, Chapter 
2) and Bjorck (1996, Chapters 1 and 2). 


3.11(vi) Splines 

Splines are defined piecewise and usually by low-degree 
polynomials. Given n + 1 distinct points x k in the real 
interval [a, b ], with (a =)£o < £i < • • • < x n -i < x n {= 
b ), on each subinterval [x k , £fc+i], k = 0, 1 , . . . , n — 1 , a 
low-degree polynomial is defined with coefficients deter- 
mined by, for example, values f k and f k of a function 
/ and its derivative at the nodes x k and x k+ \. The 
set of all the polynomials defines a function, the spline, 
on [a, b}. By taking more derivatives into account, the 
smoothness of the spline will increase. 

For splines based on Bernoulli and Euler polynomi- 
als, see §24.17(ii). 

For many applications a spline function is a more 
adaptable approximating tool than the Lagrange in- 
terpolation polynomial involving a comparable number 


of parameters; see §3.3(i), where a single polynomial 
is used for interpolating f{x) on the complete interval 
[a, b}. Multivariate functions can also be approximated 
in terms of multivariate polynomial splines. See de Boor 
(2001), Chui (1988), and Schumaker (1981) for further 
information. 

In computer graphics a special type of spline is used 
which produces a Bezier curve. A cubic Bezier curve is 
defined by four points. Two are endpoints: (xo, yo) and 
(CC 3 , 2 / 3 ) ; the other points (£ 1 , 1 / 1 ) and (£2,2/2) are con- 
trol points. The slope of the curve at (£ 0 , yo) is tangent 
to the line between (xo,yo) and (£ 1 , 2 / 1 ); similarly the 
slope at (£3,1/3) is tangent to the line between £ 2 , 2/2 
and £3,2/3- The curve is described by x(t) and y(t), 
which are cubic polynomials with t £ [0,1]. A complete 
spline results by composing several Bezier curves. A 
special applications area of Bezier curves is mathemati- 
cal typography and the design of type fonts. See Knuth 
(1986, pp. 116-136). 


3.12 Mathematical Constants 


The fundamental constant 


3.12.1 tt = 3.14159 26535 89793 23846 . . . 


can be defined analytically in numerous ways, for exam- 
ple, 


3.12.2 


7T = 4 


dt 


1 + f 2 ' 

Other constants that appear in this Handbook include 
the base e of natural logarithms 


3.12.3 e = 2.71828 18284 59045 23536 
see §4.2(ii), and Euler’s constant 7 

3.12.4 7 = 0.57721 56649 01532 86060 
see §5.2(ii). 

For access to online high-precision numerical values 
of mathematical constants see Sloane (2003). For his- 
torical and other information see Finch (2003). 
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Sources 

The following list gives the references or other indica- 
tions of proofs that were used in constructing the various 
sections of this chapter. These sources supplement the 
references that are quoted in the text. 

§3.2 Young and Gregory (1988, pp. 741-743), Wilkin- 
son (1988, Chapter 2, §§8-10, and pp. 394-395, 
423). 

§3.3 Davis (1975, Chapters 2-4), National Bureau of 
Standards (1944, pp. xv-xvii), Hildebrand (1974, 
Chapter 2), Ostrowski (1973, pp. 18-26). 

§ 3.4 Hildebrand (1974, pp. 85-89). The coefficients BJt 
are obtained by differentiation of the compare 
(3.4.2). 

§ 3.5 Davis and Rabinowitz (1984, pp. 54-58, 118- 
120, 137, 434-436), Bauer et al. (1963), Golub 
and Welsch (1969), Salzer (1955). For (3.5.18)- 
(3.5.19) see Walclvogel (2006). For Table 3.5.21 
see Stroud (1971, pp. 243-249, 278-279). 

In §3.5(v) all numerical values of the nodes Xk and 
corresponding weights Wk that appear in the ta- 
bles in the text and on the Web site can be com- 


puted, for example, by means of the quadruple- 
precision analogs of the softwares recur and 
gauss given in Gautschi (1994), or in the case of 
the tables for the logarithmic weight function with 
recur replaced by cheb, also provided in Gautschi 
(1994). The three softwares can be used for other 
values of n, and other values of the parameters a 
and /? that appear in some of the weight functions. 

§ 3.6 Olver (1967a). 

§ 3.8 Gautschi (1997b, pp. 217-225, 230-234), Os- 
trowski (1973, Chapters 3-11), Traub (1964, 
pp. 268-269), National Physical Laboratory 
(1961, pp. 57-59), Hildebrand (1974, p. 582). 

§ 3.9 Knopp (1964, pp. 253-255). 

§ 3.10 Blanch (1964), Rutishauser (1957), Wall (1948, 
pp. 17-19), Barnett et al. (1974), Barnett (1981a). 

§ 3.11 Powell (1967), Meinardus (1967, §3), Wynn 
(1966). 

§ 3.12 For more digits in (3.12.1), (3.12.3), and (3.12.4) 
see OEIS Sequences A000796, A001113, and 
A001620. See also Sloane (2003). 
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Elementary Functions 


Notation 



4.1 Special Notation 

£ 

II 

N? 

x: 

Oh 


(For other notation see pp. xiv and 873.) 

ph z = — T T 

0 

k,m,n integers. 

a, c real or complex constants. 




x, y real variables. 

z = x + iy complex variable, 
e base of natural logarithms. 


Figure 4.2.1: 2 -plane: Branch cut for In 2 and z° 


It is assumed the user is familiar with the definitions 
and properties of elementary functions of real arguments 
x. The main purpose of the present chapter is to extend 
these definitions and properties to complex arguments 

2 . 

The main functions treated in this chapter are the 
logarithm In z, Ln 2 ; the exponential exp z, e z ; the cir- 
cular trigonometric (or just trigonometric) functions 
sin 2 , cos 2 , tan 2 , esc 2 , sec 2 , cot 2 ; the inverse trigono- 
metric functions arcsin 2 , Arcsin 2 , etc.; the hyper- 
bolic trigonometric (or just hyperbolic) functions sinh 2 , 
cosh 2 , tanh. 2 , csch 2 , sech 2 , coth 2 ; the inverse hyper- 
bolic functions arcsinh 2 , Arcsinh 2 , etc. 

Sometimes in the literature the meanings of In and 
Ln are interchanged; similarly for arcsin 2 and Arcsin 2 , 
etc. Sometimes “arc” is replaced by the index 1”, 
e.g. sin -1 2 for arcsin 2 and Sin -1 2 for Arcsin 2 . 


Logarithm, Exponential, Powers 


The real and imaginary parts of ln 2 are given by 

4 . 2.3 ln 2 = ln \z\ + i ph. 2 , — 7 T<ph2 <7T. 

For ph 2 see §1.9(i). 

The only zero of ln 2 is at 2 = 1. 

Most texts extend the definition of the principal 
value to include the branch cut 

4 . 2.4 z = x, —00 < x < 0 , 

by replacing (4.2.3) with 

4 . 2.5 In 2 = ln \z\ + iph. 2 , — 7 r<ph2 <7r. 
With this definition the general logarithm is given by 

4 . 2.6 Ln 2 = ln 2 + 2kni, 

where k is the excess of the number of times the path 
in (4.2.1) crosses the negative real axis in the positive 
sense over the number of times in the negative sense. 

In this Handbook we allow a further extension by 
regarding the cut as representing two sets of points, one 
set corresponding to the “upper side” and denoted by 
z = x + iO, the other set corresponding to the “lower 
side” and denoted by 2 = x — iO. Again see Figure 4.2.1. 
Then 


4.2 Definitions 
4.2(i) The Logarithm 

The general logarithm function Ln 2 is defined by 

r z dt 

4 . 2.1 Ln 2 = / — , z/ 0, 

J 1 t 

where the integration path does not intersect the origin. 
This is a multivalued function of 2 with branch point at 
2 = 0 . 

The principal value, or principal branch, is defined 

by 



where the path does not intersect (— 00 , 0]; see Fig- 
ure 4.2.1. ln 2 is a single- valued analytic function on 
C\ (— 00 , 0] and real- valued when 2 ranges over the pos- 
itive real numbers. 


4 . 2.7 ln(ir ± iO) = In |a;| ± iir, —00 < x < 0, 

with either upper signs or lower signs taken throughout. 
Consequently I 112 is two- valued on the cut, and discon- 
tinuous across the cut. We regard this as the closed 
definition of the principal value. 

In contrast to (4.2.5) the closed definition is symmet- 
ric. As a consequence, it has the advantage of extending 
regions of validity of properties of principal values. For 
example, with the definition (4.2.5) the identity (4.8.7) 
is valid only when |phz| < 7r, but with the closed defi- 
nition the identity (4.8.7) is valid when |ph 2 | < 7 r. For 
another example see (4.2.37). 

In this Handbook it is usually clear from the context 
which definition of principal value is being used. How- 
ever, in the absence of any indication to the contrary 
it is assumed that the definition is the closed one. For 
other examples in this chapter see §§4.23, 4.24, 4.37, 
and 4.38. 
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4.2(ii) Logarithms to a General Base a 

With a, b ^ 0 or 1, 

log a z = In z / In a , 
log b z 


4.2.8 

4.2.9 


4.2.10 


l0g a * = 


l0g a b = 


logf, a ’ 
1 


l°gb a 

Natural logarithms have as base the unique positive 
number 

4.2.11 e = 2.71828 18284 59045 23536 . . . 
such that 

In e = 1. 


4.2.12 

Equivalently, 

4.2.13 




Thus 

4.2.14 

4.2.15 

4.2.16 


log e z = ln z, 

logio 21 = (In “)/(ln 10) = (log 10 e) In z, 

\nz= (In 10) log 10 z, 

4.2.17 log 10 e = 0.43429 44819 03251 82765 

4.2.18 In 10 = 2.30258 50929 94045 68401 .... 

log e x = In x is also called the Napierian or hyperbolic 
logarithm. log 10 x is the common or Briggs logarithm. 

4.2(iii) The Exponential Function 

z z^ 

4.2.19 expz=l + -+- + | [ + ---. 

The function exp is an entire function of z, with no real 
or complex zeros. It has period 2ni: 

4.2.20 exp(z + 27 tz) = exp z. 

Also, 

4.2.21 exp(— z) = 1/ exp(z). 

4.2.22 | expz| = exp(3?z). 

The general value of the phase is given by 

4.2.23 ph(expz) = Sz + 2fc7r, k GZ. 

If z = x + iy, then 

4.2.24 exp z = e x cos y + ie x sin y. 

If ( ^ 0 then 

exp z = ( <*=>■ z = Ln 


4.2(iv) Powers 

Powers with General Bases 

The general a th power of z is defined by 

4.2.26 z a = exp(aLnz), z/0. 

In particular, z° = 1 , and if a = n = 1 , 2 , 3 , . . . , then 

4.2.27 z a = z_^_z = l/z- a . 

n times 

In all other cases, z a is a multivalued function with 
branch point at z = 0. The principal value is 

4.2.28 z a = exp(alnz). 

This is an analytic function of z on C \ (— oo,0], and 
is two-valued and discontinuous on the cut shown in 
Figure 4.2.1, unless a G Z. 

\z a \ = |z| 9fo exp(-(3a)phz), 


4.2.29 


4.2.30 ph(z a ) = (3?a)phz + (3a)ln|z|, 

where phz G [ — 7r, 7 t] for the principal value of z a , and 
is unrestricted in the general case. When a is real 

4.2.31 |z°| = |z|°, ph(z a ) = aphz. 

Unless indicated otherwise , it is assumed throughout 
this Handbook that a power assumes its principal value. 
With this convention, 

4.2.32 e z = exp z, 
but the general value of e z is 

4.2.33 e z = (expz) exp(2fcz7r?'), k G Z. 

For z = 1 

4 2 34 e = 1+ l! + ^ + ^ + "'- 

If z“ has its general value, with a / 0, and if w ^ 0, 
then 

4.2.35 z a = w <*=> z = exp^- Lnwj . 

This result is also valid when z a has its principal value, 
provided that the branch of Ln w satisfies 


4.2.36 


— 7T < S ( — Ln W ) < 7T. 
a 


Another example of a principal value is provided by 

/ f z, 3 ?z > 0 , 

4.2.37 Vz 2 = { ~ ’ 

\-z, 3?z < 0. 

Again, without the closed definition the > and < signs 
would have to be replaced by > and <, respectively. 


4.2.25 
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4.3 Graphics 

4.3(i) Real Arguments 



Figure 4.3.1: In a; and e x . 


4.3(ii) Complex Arguments: Conformal Maps 

Figure 4.3.2 illustrates the conformal mapping of the strip — 7r < 3 z < n onto the whole w-plane cut along the 
negative real axis, where w = e z and z = lnw (principal value). Corresponding points share the same letters, with 
bars signifying complex conjugates. Lines parallel to the real axis in the z-plane map onto rays in the tu-plane, and 
lines parallel to the imaginary axis in the z-plane map onto circles centered at the origin in the w-plane. In the 
labeling of corresponding points r is a real parameter that can lie anywhere in the interval (0,oo). 



ABC C DD E EF 

z 0 r r + in r — in in —in —r + in —r — in — r 

w 1 e r -e r + i0 -e r - iO -1 + iO -1 - iO -e~ r + i 0 -e~ r - iO e~ r 


Figure 4.3.2: Conformal mapping of exponential and logarithm, w = e z , z = \nw. 


4.4 Special Values and Limits 


107 


4.3(iii) Complex Arguments: Surfaces 


In the graphics shown in this subsection height corresponds to the absolute value of the function and color to the 
phase. See also p. xiv. 



Figure 4.3.3: ln(a ' + iy) (principal value). There is a 
branch cut along the negative real axis. 



Quadrant Colors 


Figure 4.3.4: e x+iy . 


4.4 Special Values and Limits 

4.4(i) Logarithms 

4 . 4.1 In 1 = 0, 

4 . 4.2 ln(— 1 ± zO) = ± 7 rz, 

4 . 4.3 ln(±z) = zt^ni. 


4.4(ii) Powers 


4 . 4.4 

4 . 4.5 

4 . 4.6 

4 . 4.7 

4 . 4.8 

4 . 4.9 

4 . 4.10 



e ±W 2 


g 2irki 


e ±iri/3 

( ,±2iri/3 


e ±Tvi/4 


1, 

- 1 , 

±Z, 


1, 


1 .y/3 

— ± l—— 


1 , ,V3 

2 ± * 2 ’ 

V ± 4. 

v/2 y/2 


fee z, 


4 . 4.11 

4 . 4.12 

4.4(iii) Limits 

4 . 4.13 


e ±3«/4 = _ J_ ±*-L 

V2 V2 

i ±l = e T ^ /2 . 


4 . 4.14 

4 . 4.15 

4 . 4.16 


lim x a lna; = 0 , 


lim x a lnx = 0 , 

x — >0 


3?a > 0, 
3?a > 0, 


lim x a e~ x = 0 , 

x — >oo 

z a e~ z = 0, | plr z\ < bn — 5 (< bn), 

z —>oo z z 

where a (G C) and S (e (0, \n\) are constants. 


4 . 4.17 


4 . 4.18 


lim 

n — »oo 


/ z\ n 

(^1 H — J =e, z = constant. 


lim I 1 H — ) = e. 

n —>oo \ n , 


lim 

4 . 4.19 n — kx > 


£d- lnn 


^fc=i 


= 7 = 0.57721 56649 01532 86060 
where 7 is Euler’s constant; see (5.2.3). 
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4.5 Inequalities 

4.5(i) Logarithms 


4 . 5.1 

X 

1 < ln(l + x) < x, x > 1, x ^ 0, 

4 . 5.2 

x < — ln(l — x) < - — , 

1 — X 

x < 1, x ^ 0, 

4 . 5.3 

ln(l — x) < |x, 0 < x 

< 0.5828..., 

4 . 5.4 

lux < x — 1, 

x > 0, 

4 . 5.5 

In x < a{x x l a — 1), 

a, x > 0, 

4 . 5.6 

|ln(l + z) | < — ln(l - | z |) , 

1*1 <1- 


For more inequalities involving the logarithm func- 
tion see Mitrinovic (1964, pp. 75-77), Mitrinovic (1970, 
pp. 272-276), and Bullen (1998, pp. 159-160). 


4.5(ii) Exponentials 


In (4.5.7)-(4.5.12) it is assumed that x 
x = 0 the inequalities become equalities.) 

^ 0. (When 

4 . 5.7 

e -x!(l-x) K l^ x< e -* > 

x < 1, 

4 . 5.8 

1 + x < e x , 

-oo < X < 00, 

4 . 5.9 

X 1 

6 < 1 > 

1 — X 

X < 1, 

4 . 5.10 

X , -x 

< 1 — e < x, 

1 + x 

X > — 1, 

4 . 5.11 

x < e — 1 < - , 

1 — X 

x < 1, 

4 . 5.12 

e x/(l+x) <1+Xj 

X > — 1, 


4 . 5.13 

e xy/(x+v) < L + X Y <e x 

, x > 0, y > 0, 


\ yJ 

4 . 5.14 

e~ x < 1 — \x, 0 < 

x < 1.5936..., 

4 . 5.15 

j z < e 2 — 1 < f |z|, 

0 < z < 1, 

4 . 5.16 

\e z — 1 < e' z| -1 < |z|e |2 l 

, z G C. 


For more inequalities involving the exponential func- 
tion see Mitrinovic (1964, pp. 73-77), Mitrinovic (1970, 
pp. 266-271), and Bullen (1998, pp. 81-83). 


4.6 Power Series 

4.6(i) Logarithms 


4 . 6.1 ln(l + z) = z — \z 1 + |z 3 — • • • , |z| < 1, z ^ —1, 

4.6.2 MVK(VH(V)-> 

Kz > |, 


4 . 6.3 


In z = (z — 1) - |(z - l) 2 + |(z — l) 3 - • • • , 


\z-l\<l, z^O, 


4 . 6.4 

In 2 = 2 


'z- 1\ 1 /z-l\ 3 1 ( z - 

z + 1 / 3 l z + 1 / 5 1 z + 1 / 


4 . 6.5 


In 


z+1 
z- 1 


3£z > 0, z / 0, 


- 2 ^\ + h + h + '"^ 


4 . 6.6 


ln(z + a) = In a + 2 


2a + z 


1 / z y 1 / z 
3\2a-|-z/ 5\2a-|-z 


a > 0, 3?z > —a, z ^ —a. 


4.6(ii) Powers 

Binomial Expansion 


4 . 6.7 

„ a a(a — 1) 2 
(l+z) a = l + -z+ 2! V - 


a(a — l)(a — 2) 3 
3! ^ ‘ 


valid when a is any real or complex constant and |z| < 1. 
Ifa. = 0,1,2,..., then the series terminates and z is un- 
restricted. 


4.7 Derivatives and Differential Equations 

4.7(i) Logarithms 


4 . 7.1 


4 . 7.2 


4 . 7.3 


d 1 1 

dz z 

d T 1 

dz z 


-\nz = (-ir- 1 (n-l)\z- 

ri n 

— Lnz = (-l) n - 1 (n^l)\z- 


4 . 7.4 


4.8 Identities 
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For a nonvanishing analytic function f(z), the gen- 
eral solution of the differential equation 

dw _ f'(z ) 
dz 
is 

4.7.6 


4.7.5 


/(*) 

w(z) = Ln (f(z)) + constant. 


4.7(ii) Exponentials and Powers 


4.7.7 

4.7.8 

4.7.9 


dz 


dz 

-f-a 2 = a z ln a, 
dz 


a / 0. 

When a z is a general power, ln a is replaced by the 
branch of Ln a used in constructing a z . 

d „ 


4.7.10 


dz 


z = az 


4.7.11 — ^z a = a(a — l)(a — 2) • • • (a — n + l)z a n . 

dz 

The general solution of the differential equation 


4.7.12 


IS 

4.7.13 


dw ft \ 

di = !{z)w 


w = expl / f(z) dz I + constant. 


The general solution of the differential equation 
d 2 w 


4.7.14 

is 


dz 


2 = aw, 


a/0, 


4.7.15 w = Ae^ z + Be~^ z , 

where A and B are arbitrary constants. 

For other differential equations see Kamke (1977, 
pp. 396-413). 


4.8 Identities 

4.8(i) Logarithms 

In (4.8.1)-(4.8.4) Zl z 2 ± 0. 

4.8.1 Ln(ziz 2 ) = Ln z\ + Ln z 2 . 

This is interpreted that every value of Lu(z-[ Z2) is one 
of the values of Ln Z\ + Ln z 2 , and vice versa. 

4.8.2 ln(2i z 2 ) = ln Zj + ln z 2 , —ir < ph Z\ + ph z 2 < 7r, 

Ln — = Ln Z\ — Ln z 2 , 

^2 


4.8.4 

Z\ 

ln — = ln Z\ — ln z 2 , —tt < ph Z\ - 
Z2 

- ph 22 < TT. 

In (4.8.5)-(4.8.7) and (4.8.10) 2^0. 


4.8.5 

Ln ( 2 ") = nLnz, 

n £ Z, 

4.8.6 

ln( 2 n ) = nlnz, n £ Z, — 7 r < 

71 ph 2 < TT, 

4.8.7 

ln - = — I 11 2 , 

z 

I ph 2 1 < TT. 

4.8.8 

Ln(exp z) = z + 2km, 

k £ Z, 

4.8.9 

ln(exp z) = z, — tt < < 7r, 

4.8.10 

exp(ln z) = exp(Ln z) = z. 


If a 

7 ^ 0 and a z has its general value, then 

4.8.11 

Ln(a 2 ) = z Ln a + 2km, 

k £ Z. 

If a ^ 0 and a z has its principal value, then 


4.8.12 

ln(a 2 ) = 2 ln a + 2kni, 


where the integer k is chosen so that 3?(— iz\aa)+2k'K £ 

[— 7T, 7T]. 



4.8.13 

ln(a x ) = x ln a, 

a > 0 . 

CO 

Powers 


4.8.14 

a 21 a 22 = a 2l+22 , 


4.8.15 

a z b z = ( ab) z , —tt < pha 

+ ph b < n, 

4.8.16 

e 2 l e 22 = e 2l+22 , 


4.8.17 

(e 21 ) 22 =e 2122 , — 7r 

< $52l < TT. 


The restriction on z\ can be removed when z 2 is an 
integer. 

4.9 Continued Fractions 
4.9(i) Logarithms 

0 z z Az Az 9z 9z 

4.9.1 ln ^ + ^ _ i^2T3Tp4TP5Tp6qr7^'"’ 

| pll(l + Z)\ < 7T. 

fl + z\ 2z z 2 4 z 2 9 z 2 16 z 2 

4 ' 9 ' 2 ln \i - z 3 — 5^ Y~- ~ IP ’ 

valid when z £ C \ (— 00 , — 1] U [l,oo); see Figure 
4.23. l(i). 

For other continued fractions involving logarithms 
see Lorentzen and Waadeland (1992, pp. 566-568). See 
also Cuyt et al. (2008, pp. 196-200). 


4.8.3 
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4.9(ii) Exponentials 


For z £ C, 

1 z z z z z z 

e = PI+ 2^3+ 2^5+2^'" 

z z z z z z z 

4 9 3 == 1 H ■ ■ ■ 

1- 2 + 3- 2+ 5 — 2+ 7- 

« z 2 /( 4-3) z 1 1 (4 • 15) z 2 /(4 • 35) z 2 /(4(4n 2 - 1)) 

1 — (z/2) + 1 + 1 + 1+ 1+ 


4.9.4 

where 

4.9.5 


- e n _i (z) = 


n\z 


{n + 1 )z 2 z (n + 2)z 


3 z 


n\ — (n+l)+ (n + 2)— {n + 3) + (n + 4)— (n + 5) + (n + 6) — 


*( z ) = Z 


n t. 
— Z K 


k = 0 


fc! ' 


For other continued fractions involving the exponential function see Lorentzen and Waadeland (1992, pp. 563- 
564). See also Cuyt et al. (2008, pp. 193-195). 


4.9(iii) Powers 

See Cuyt et al. (2008, pp. 217-220). 


4.10.10 


f — \ dz = - ln(e az/2 + e~ az/2 ), 

J e az + 1 a V / 


4.10 Integrals 
4.10(i) Logarithms 


4.10.1 



4.10.11 


4.10.12 



Sftc > 0, 


4.10.2 


In z dz = z In z — z, 


4.10.3 


4.10.4 


4.10.5 


4.10.6 


4.10.7 


' r n+ 1 r n+l 

z n In zdz = — — —lnz— “ 


71+1 


(n + 1) : 


- , 71 1, 


[ -j 1 - = In (In z), 

J z lnz 

f 1 In t 7 r 2 

Jo 1 - t 6 

f 1 lnt 7r 2 

J Q r+t di = _ i2’ 

Z^ = li(x), 

Jo In t y h 


x > 1. 


The left-hand side of (4.10.7) is a Cauchy principal value 
(§1.4(v)). For li(x) see §6.2(i). 


4.10.13 


dx 
x + 1 


In 2. 


4. 10(iii) Compendia 

Extensive compendia of indefinite and definite integrals 
of logarithms and exponentials include Apelblat (1983, 
pp. 16-47), Bierens de Haan (1939), Grobner and Hofre- 
iter (1949, pp. 107-116), Grobner and Hofreiter (1950, 
pp. 52-90), Gradshteyn and Ryzhik (2000, Chapters 2- 
4), and Prudnikov et al. (1986a, §§1.3, 1.6, 2.3, 2.6). 


4.10(ii) Exponentials 


For a, b 0, 

4.10.8 



/ 


dz 

e az + b 



In {e az + b)), 


4.11 Sums 

For infinite series involving logarithms and/or exponen- 
tials, see Gradshteyn and Ryzhik (2000, Chapter 1), 
Hansen (1975, §44), and Prudnikov et al. (1986a, Chap- 
ter 5). 


4.10.9 


4.12 Generalized Logarithms and Exponentials 


4.12 Generalized Logarithms and 
Exponentials 

A generalized exponential function <p(x) satisfies the 
equations 

4.12.1 <j)(x + 1) = e^ x \ — 1 < x < oo, 

4.12.2 0(0) = 0, 

and is strictly increasing when 0 < x < 1. Its inverse 
ip{x) is called a generalized logarithm. It, too, is strictly 
increasing when 0 < x < 1, and 

4.12.3 ip( eX ) = 1 + — oo < x < oo, 

4.12.4 t/>(0) = 0. 

These functions are not unique. The simplest choice 
is given by 

4.12.5 (f)(x) = 4>{x) = x, 0 < x < 1. 

Then 

4.12.6 (j){x) = ln(x + 1), — 1 < x < 0, 

and 

4.12.7 </>(x) = exp exp • • • exp(x — [_a:J ) , x > 1, 

where the exponentiations are carried out \x\ times. 
Correspondingly, 

4.12.8 ip(x) = e x — 1, — oo < x < 0, 

and 

4.12.9 t/>(x) = t + ln^ x, x > 1, 

where ln^ x denotes the £-th repeated logarithm of x, 
and £ is the positive integer determined by the condition 

4.12.10 0 < ln w x < 1. 

Both </>(x) and ip(x) are continuously differentiable. 

For further information, see Clenshaw et al. (1986). 
For C°° generalized logarithms, see Walker (1991). For 
analytic generalized logarithms, see Kneser (1950). 

4.13 Lambert ^-Function 

The Lambert IT-function W(x) is the solution of the 
equation 

4.13.1 We w = x. 

On the .T-interval [0, oo) there is one real solution, 
and it is nonnegative and increasing. On the x-interval 
(— 1/e, 0) there are two real solutions, one increasing 
and the other decreasing. We call the solution for which 
W(x) > W{— 1/e) the principal branch and denote it by 
Wp(x). The other solution is denoted by Wm(x). See 
Figure 4.13.1. 


Ill 



Figure 4.13.1: Branches Wp(x) and Wm(x) of the Lam- 
bert IT-function. A and B denote the points —1/e and 
e, respectively, on the x-axis. 


Properties include: 


4.13.2 

Wp(— 1/e) = Wm(— 1/e) = —1, 
Wp(0) = 0, Wp(e) = 1. 


4.13.3 

U + In U = x, U= U{x) = W(e x 


4.13.4 

dW e~ w 

dx 1 + W 1 

x/--. 

e 

4.13.5 

00 n— 2 

Wp(x) = £(-1)"- A—,*", 

n—1 ^ ' 

1*1 < 

4.13.6 




wf e -i-(A/2)\ = g ( _i )n -i cX) 

1*1 < 2 +^, 


n— 0 


where t > 0 for Wp, t < 0 for Wm, 


4.13.7 Cq 1, Cl 1, C 2 3 ? C 3 3 f; T4 270 7 


4.13.8 


1 


3 7 ^ 36 7 

n—1 


2—1 ^ ^ kCkC n - |-i — I , Tl ^ 2, 


k = 2 


71+1 

and 

4.13.9 1 • 3 • 5 • • • (2n+ l)c 2n +i = g n , 

where g n is defined in §5.11(i). 

As x — > +00 


4.13.10 

Wp(x) = ^-lne+ 1 ^+ (1 ^ 


where £ = lnx. As x — > 0— 



(ln ^) 3 

£ 3 


4.13.11 

Wm(x) 


— 77 — ln ?7 


In 77 


(In t?) 2 In 77 / (In 7 j ) 3 

277 2 ?7 2 77 s 


where 77 = ln(— 1 /x). 

For the foregoing results and further information see 
Borwein and Corless (1999), Corless et al. (1996), de 
Bruijn (1961, pp. 25-28), Olver (1997b, pp. 12-13), and 
Siewert and Burniston (1973). 

For integral representations of all branches of the 
Lambert W-function see Kheyfits (2004). 
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Trigonometric Functions 

4.14.6 

1 

sec 2 = , 





cos z 





cos z 1 

4.14 

Definitions and Periodicity 

4.14.7 

cot 2 = = . 

sin 2 tan 2 




The functions 

sin 2 and cos 2 are entire. In C the ze- 

4.14.1 

sin z 

e 12 - e~ lz 

ros of sin z are z = kn, k £ Z; the zeros of cos 2 are 



2 i 

2 = (k+ 0 ) 7T. 

, k € Z. The functions tan 2 , esc 2 , sec 2 , 

4.14.2 

cos z 

e lz + e~ lz 

2 

and cot 2 are meromorphic, and the locations of their 
zeros and poles follow from (4.14.4) to (4.14.7). 

4.14.3 

cos z ± i sin z 

*4 

II 

For k € Z 




sin z 

4.14.8 

sin(2 + 2k7r) = sin 2 , 

4.14.4 

tan z 

cos 2 ’ 

1 

sin z ’ 

4.14.9 

cos(2 + 2 /c7t) = cos 2 , 

4.14.5 

CSC z 

4.14.10 

tan (2 + kn) = tan 2 . 


4.15 Graphics 
4.15(i) Real Arguments 





Figure 4.15.2: Arcsinir and Arccosai. Principal values 
are shown with thickened lines. 



Figure 4.15.4: arctana; and arccot x. Only principal val- 
ues are shown, arccot x is discontinuous at x = 0. 



4.15 Graphics 
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Figure 4.15.6: arccsccc and arcseccc. Only principal 
values are shown. (Both functions are complex when 
-1 < x < 1.) 


4.15(ii) Complex Arguments: Conformal Maps 


Figure 4.15.7 illustrates the conformal mapping of the strip — ^7r < $tz < \tt onto the whole w-plane cut along the 
real axis from — oo to —1 and 1 to oo, where w = sin z and z = arcsinw (principal value). Corresponding points 
share the same letters, with bars signifying complex conjugates. Lines parallel to the real axis in the 2 -plane map 
onto ellipses in the w-plane with foci at w = ±1, and lines parallel to the imaginary axis in the z-plane map onto 
rectangular hyperbolas confocal with the ellipses. In the labeling of corresponding points r is a real parameter that 
can lie anywhere in the interval (0,oo). 



ABC CDD E EF 

z 0 t ^7t + ir — ir ir — ir t + ir n — ir 

w 0 1 cosh r + 10 coshr — *0 isinhr — zsinhr — coshr + *0 — coshr — iO —1 

Figure 4.15.7: Conformal mapping of sine and inverse sine, w = sinz, z = arcsinic. 


4.15(iii) Complex Arguments: Surfaces 

In the graphics shown in this subsection height corresponds to the absolute value of the function and color to the 
phase. See also p. xiv. 
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Quadrant Colors Quadrant Colors 


Figure 4.15.8: sin(a; + *j/). Figure 4.15.9: arcsin(a; + iy) (principal value). There 

are branch cuts along the real axis from — oo to —1 and 
1 to oo. 



Quadrant Colors 


Figure 4.15.10: tan(i t + iy). 



Quadrant Colors 


Figure 4.15.11: arctan(i i + iy) (principal value). There 
are branch cuts along the imaginary axis from — ioo to 
— i and i to ioo. 



Quadrant Colors 


Figure 4.15.12: esc (x + iy). 



Quadrant Colors 


Figure 4.15.13: arccsc(a : + iy) (principal value). There 
is a branch cut along the real axis from —1 to 1. 


4.16 Elementary Properties 
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The corresponding surfaces for cos (x + iy), 

cot(x + iy), and sec(rr + iy) are similar. In consequence 
of the identities 

4 . 15.1 cos(a: + iy) = sin(x + + iy), 

4 . 15.2 cot(cc + iy) = — tan(ir + + iy), 

4 . 15.3 sec(:r + iy) = csc(x + \tx + iy ) , 


they can be obtained by translating the surfaces shown 
in Figures 4.15.8, 4.15.10, 4.15.12 by — parallel to 
the x-axis, and adjusting the phase coloring in the case 
of Figure 4.15.10. 

The corresponding surfaces for arccos (x + iy), 
arccot (x + iy), arcsec (x + iy) can be visualized from 
Figures 4.15.9, 4.15.11, 4.15.13 with the aid of equa- 
tions (4.23.16)-(4.23.18). 


4.16 Elementary Properties 


0 = 

I 1 

II 

I 


0 

0 



0 

III 

rv 


0 = 2 ^ 

Figure 4.16.1: Quadrants for the angle 9. 


Table 4.16.1: Signs of the trigonometric functions in the 
four quadrants. 


Quadrant 

sin 9, esc 9 

cos 9, sec 9 

tan 9, cot 9 

I 

+ 

+ 

+ 

II 

+ 

- 

- 

III 

- 

- 

+ 

IV 

- 

+ 

- 


Table 4.16.2: Trigonometric functions: quarter periods 
and change of sign. 


X 

-9 

\tt±9 

n ± 9 

I 71 " ±9 

2t t±9 

sinx 

— sin 9 

cos 9 

=F sin 9 

— cos 9 

± sin 9 

cosx 

cos 9 

=F sin 9 

— cos 9 

± sin 9 

cos 9 

tan x 

— tan 9 

q=cotf? 

± tan 9 

=Fcot0 

± tan 9 

CSC X 

— esc 9 

sec 9 

=Fcsc 9 

— sec 9 

± esc 9 

secx 

sec 9 

=F esc 9 

— sec 9 

=h esc 9 

sec 9 

cot X 

— cot 9 

=F tan 9 

db cot 9 

=F tan 9 

icot# 


Table 4.16.3: Trigonometric functions: interrelations. All square roots have their principal values when the functions 
are real, nonnegative, and finite. 



sin 9 = a 

cos 9 = a 

tan 9 = a 

esc 9 = a 

sec 9 = a 

cot 9 = a 

sin 9 

a 

(1 - a 2 ) 1 / 2 

a(l + a 2 ) -1 / 2 

a- 1 

a -1 (a 2 — l) 1 / 2 

(1 + a 2 ) -1 / 2 

cos 9 

(1 — a 2 ) 1 / 2 

a 

(1 + a 2 ) -1 / 2 

a _1 (a 2 — l) 1 / 2 

a" 1 

a( 1 + a 2 ) -1 / 2 

tan 9 

a(l — a 2 ) -1 / 2 

a -1 (l — a 2 ) 1 / 2 

a 

(a 2 - I)" 1 / 2 

(a 2 - l) 1 / 2 

a" 1 

esc 9 

a” 1 

(1 - a 2 )” 1 / 2 

a -1 (l + a 2 ) 1 / 2 

a 

a(a 2 - l) -1 / 2 

(1 + a 2 ) 1 / 2 

sec 9 

(1 — a 2 ) -1 / 2 

a -1 

(1 + a 2 ) 1 / 2 

a(a 2 — 1) -1//2 

a 

a _1 (l + a 2 ) 1 / 2 

cot 9 

a-^l- a 2 ) 1 / 2 

a(l - a 2 ) -1 / 2 

a" 1 

(a 2 - 1 )V 2 

(a 2 - I)" 1 / 2 

a 
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4.17 Special Values and Limits 


Table 4.17.1: Trigonometric functions: values at multiples of -rW. 


e 

sin 8 

COS0 

tan 0 

esc 8 

secf? 

cot 8 

0 

0 

1 

0 

OO 

1 

OO 

tt/12 

172(73-1) 

172(73 + 1) 

2-73 

72(73 + 1) 

72(73-1) 

2 + 73 

7t/6 

1 

2 

§73 

§73 

2 

173 

73 

7t/4 

§72 

§72 

1 

72 

72 

1 

7t/3 

|V3 

1 

2 

73 

§73 

2 

3 73 

5tt/12 

172(73 + 1) 

§72(73 — 1) 

2 + 73 

72(73-1) 

72(73+1) 

2-73 

7t/2 

1 

0 

oo 

1 

oo 

0 

7tt/12 

172(73 + 1) 

-i^2(V3-l) 

-(2 + a/3) 

72(73-1) 

-72(73 + 1) 

-(2 - 73) 

2tt/3 

§73 

1 

2 

-a/3 

173 

-2 

-173 

37t/4 

§72 

-§72 

-1 

72 

-72 

-1 

57t/6 

1 

2 

-§73 

-§73 

2 

-173 

-73 

Htt/12 

172(73-1) 

-172(73 + 1) 

-(2- a/3) 

72(73 + 1) 

-72(73-1) 

-(2 + 73) 

7 r 

0 

-1 

0 

oo 

-1 

OO 


4.17.1 

lim SU1 2 = 1, 
z ^0 2 


4.17.2 

tan 2 

lim = 1. 

Z — »0 Z 


4.17.3 

1 — COS 2 1 

lim = 

z z 2 2 


4.18 

Inequalities 


Jordan’s Inequality 


4.18.1 

2x 

— < smi < x , 

7 r 

0 < x < \k. 

4.18.2 

x < tanx, 

0 < x < 

4.18.3 

sinx 

cosx < < 1, 

X 

0 < X < 7T. 

4.18.4 

Sm(7Tx) 

71 < n N < 4, 

x(l — X) 

0 < x < 1. 

With 2 = x + iy, 


4.18.5 

| sinhy| < | sin 2 | < coshy, 


4.18.6 

sinhy < cos 2 < coshy, 


4.18.7 

esc 2 < csch y , 


4.18.8 

cos 2 < cosh 2 , 


4.18.9 

sin 2 < sinh 2 , 



4.18.10 


I cos z I < 2, 


I sin z \ < 


\z\<l. 


For more inequalities see Mitrinovic (1964, pp. 101- 
111), Mitrinovic (1970, pp. 235-265), and Bullen (1998, 
pp. 250-254). 


4.19 Maclaurin Series and Laurent Series 


4.19.1 


sin 2 = 2 — 


z 3 z 5 z 7 

3[ + 5\ ~~ 71 


4.19.2 cos^l-f, +f, -!,+••• ' 

In (4.19.3)-(4.19.9), B n are the Bernoulli numbers 
and E n are the Euler numbers (§§24.2(i)-24.2(ii)). 

2 3 2 5 17 7 

tan 2 = 2 + — + — 2 b + ——2 H 


4.19.3 


3 15 315 

(— l) n_1 2 2n (2 2n - 1 )B : 


(2 «)! 


2n 2n— 1 
Z 


\z\ < |tt, 


4.19.4 


1 2 7 3 31 5 

CSC2= 2 + 6 + 360 Z + l5l20 Z + ‘" 

( — l) n_1 2(2 2ra_1 — 1) Bin 2n-l 


(2 n)\ 


0 < |2| < 7 r, 
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4.19.5 


4.19.6 


z 2 5 4 61 6 

secz = l + - + -z +— z 

, 2„ , 

-z + • • • , 


(2n)! 


M < A 71 "’ 


1 Z Z 3 


cot 2 = z — ■ ■ 

z 3 45 945 

^2 n 2n— 1 




(2n)! 


0 < |z| < 7T, 


x ' n—l K ' 

4.19.8 

°° ( i \no2n— 1 /o2n i \ d 

In (cos 2 :) = 77 Tj —z 2n , |^| < \i r, 

n(2n)\ z 


n—l 


4.19.9 


l n /tan2\ = g (_ l) ra ~ 1 2 2n (2 2n - 1 — 1) j? 2 n _ 2n 

^ ^ / n=l 


i(2n)\ 


Fl < 2 71 "- 


4.20 Derivatives and Differential Equations 


4.20.1 


4.20.2 


4.20.3 


4.20.4 


4.20.5 


4.20.6 


4.20.7 


4.20.8 


d_ 

dz 

_d 

dz 

d 

dz 

jd 

dz 

d 

dz 


— sin z = cos 2 , 
dz 


— cos z = — sin z, 
dz 


tanz = sec z, 
esc z = — esc z cot z, 
sec z = sec z tan z, 


— cot z = — CSC z, 
dz 


^ sin z = sin (2 + 2 n7r ) ) 
d n 

cos z = cos(z + ^nn) . 


With 0 / 0, the general solutions of the differential 


are respectively 

4.20.12 w = Acos(az) + B sin(az), 

4.20.13 w = (1/a) sin(az + c), 

4.20.14 w = (1/a) tan(az + c), 

where A,B,c are arbitrary constants. 

For other differential equations see Kamke (1977, 
pp. 355-358 and 396-400). 

4.21 Identities 

4.21 (i) Addition Formulas 

4.21.1 sinu±cosu= \/2sin(u ± \tt) = v^cos (u =F j7r). 

4.21.2 sin(u ± v) = sin u cos v ± cos u sin v , 

4.21.3 cos (u ± v) = cos u cos v T sin u sin v. 


4.21.4 

4.21.5 


tan(u ± v) = 
cot(u ± v) = 


tanu ± tanu 
1 =p tan u tan v’ 
± cot u cot v — 1 
cot u ± cot V 


. u + v\ ( u — V 

4.21.6 sin u + sin v = 2 sin ( — - — I cos I — - — 

u + v\ . ( u — v 

4.21.7 sum — smu = 2 cos sm 

) V 2 

„ u + v\ ( u — V 

4.21.8 cosu + cosu = 2 cos I — - — 1 cos 


„ . , u+v 

4.21.9 cosu — cosu = — 2sm — - — Ism 


2 

u — V 


4.21.10 

4.21.11 


tan u ± tan v = 


cot u ± cot v = 


sin(u ± v) 
cos u cos v ’ 
sin(v ± u ) 
sin u sin v 


4.21(ii) Squares and Products 


sin 2 z + cos 2 z = 1, 


4.21.12 

4.21.13 

4.21.14 

4.21.15 2 sin u sin v = cos (u — v) — cos (u + v) , 


sec 2 z = 1 + tan 2 z, 


esc 2 z = 1 + cot 2 z. 


equations 



4.21.16 

2 cos u cos v = 

cos(it — v) + cos(u + v), 

4.20.9 

d 2 w n 

= 0 , 



— Tj- + a w 
dz 2 

4.21.17 

2 sin u cos v = 

sin(u — v) + sin(u + v). 


( dw\ n 0 


4.21.18 

• 2 • 2 
sm u — sm v 

= sin(u + v) sin(u — v), 

4.20.10 

— + a 2 w 2 

= 1, 




\dz) 

4.21.19 

cos 2 u — cos 2 V 

= — sin(u + v) sin(u — v), 

4.20.11 

dw 22 

— aw 

dz 

= 1, 

4.21.20 

cos 2 u — sin 2 v 

= cos (u + v ) cos(u — v). 
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4.21(iii) Multiples of the Argument 


4.21.21 


4.21.22 


4.21.23 


1/2 


. z , ( 1 — COS z 
sin - = ± 

2 V 2 


Z ( 1 + COS z' s \^ 2 

cos - = ± — 

2 V 2 


z , f 1 — cos z \^ 2 1 — cos z sin z 

tan - = ± ( = = . 

2 \ 1 + cos z ) sin 2 1 + cos z 

In ( 4 . 21 . 21 )-( 4 . 21 . 23 ) Table 4 . 16.1 and analytic contin- 
uation will assist in resolving sign ambiguities. 


4.21.24 

4.21.25 

4.21.26 


sin(— z) = — sin z, 
COs( — z) = COS 2, 
tan(— z) = — tan z. 


O fon 7 

4.21.27 sin ( 2 ^) = 2 sin 2 cos 2 = , 

v ; 1 + tan 2 2 


4.21.28 


cos( 22) = 2 cos 2 2 — 1 = 1 — 2 sin 2 2 

1 — tan 2 2 


= cos 2 2 — sin 2 2 = 


4.21.29 

tan(2 2) 


I + tan 2 2 ’ 
2 tan 2 2 cot 2 2 


1 — tarn 2 cot" 2 — 1 cot 2 — tan 2 


4.21.30 sin( 32 ) = 3 sin 2 — 4 sin 3 2, 

4.21.31 cos( 32 ) = — 3 cos 2 + 4 cos 3 2, 

4.21.32 sin( 42 ) = 8 cos 3 2 sin 2 — 4 cos 2 sin 2, 

4.21.33 cos( 4 z) = 8 cos 4 2 — 8 cos 2 2 T 1 . 

De Moivre’s Theorem 

When n £ Z 

4.21.34 cos (nz) + i sin(nz) = (cos 2 + i sin z) n . 

This result is also valid when n is fractional or complex, 
provided that —tv < $iz < n. 


4.21.35 


n— 1 


sin 


kir\ 


(nz) = 2 " 1 J^Jsin(2-| — j, n=l, 2 , 3 , 

k —0 ' n ' 


If t = tan (^2) , then 

4.21.36 

2 t 1 - f 2 2 

smz=- cos 2= dz = dt. 

1 + t 2 1 + t 2 1 + t 2 


4.21(iv) Real and Imaginary Parts; Moduli 

With 2 = x + iy 


sin(2x) + i sinh(2y) 


4.21.37 

sin z = sin ; 

4.21.38 

cos z = cos 

4.21.39 

tan 2 = 

4.21.40 

cot 2 = ■ 

4.21.41 


I smz\ 



cos(2:r) + cosh(2y) ’ 
sin(2a;) — i sinh(2y) 
cosh(2j/) — cos(2t) 


= (sin 2 x + sinh 2 y ) 1 ^ 2 = (| (cosh(2y) — cos(2x))) 
| cos z\ = (cos 2 x + sinh 2 y ) 1 ^ 2 


1/2 


4.21.42 


\l/2 


I tan A= ( cosh(2i/)-cos(2ir) Y /2 
\cosh(2y) + cos^a;). 


= (^(cosh(2j/) + cos(2ai))) 

4.21.43 

4.22 Infinite Products and Partial Fractions 


00 / ^2 

4.22.1 sinz=zTT (1 

J -- L \ n 2 7r 

n— 1 v 


00 


n ' 


4.22.2 COS 2 = 

n—1 

When 2 7^ nir, n £ Z, 


4 z 2 


(2 n — l) 2 7r 2 J 


11 
4.22.3 cot 2 = - + 2 z Y' 

z 2 2 — n 2 7r 2 

n—1 


4.22.4 CSC^ Z 


= E 


n —— 00 


(2 — Wr) 2 ’ 


1 0 ^ (- 1 )” 

4.22.5 CSC 2 = h 2 z J ,. . 

2 2 — ' 2 2 — n 2 7 T 2 

n=l 


4.23 Inverse Trigonometric Functions 
4.23(i) General Definitions 

The general values of the inverse trigonometric functions 
are defined by 

dt 


4.23.1 Arcsinz = 

4.23.2 Arccos 2 = 

4.23.3 Arctan 2 = 


/ 0 (1 - t 2 ) 1 / 2 ’ 
r 1 dt 

L (1 — t 2 ) 1 / 2 1 

f z dt 


Jo 1 + t 2 

4.23.4 Arccsc 2 = Arcsin(l/z), 

4.23.5 Arcsec 2 = Arccos (I/2), 

4.23.6 Arccot 2 = Arctan(l/2). 


2 7^ ±i, 
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In (4.23.1) and (4.23.2) the integration paths may not 
pass through either of the points t = ±1. The function 
(1 — t 2 ) 1 / 2 assumes its principal value when t £ (—1,1); 
elsewhere on the integration paths the branch is deter- 
mined by continuity. In (4.23.3) the integration path 
may not intersect ±i. Each of the six functions is a 
multivalued function of z. Arctan 2 and Arccot 2 have 
branch points at 2 = ±i; the other four functions have 
branch points at z = ±1. 

4.23(ii) Principal Values 

The principal values (or principal branches ) of the in- 
verse sine, cosine, and tangent are obtained by introduc- 
ing cuts in the 2-plane as indicated in Figures 4.23.1(i) 
and 4.23. 1 (ii) , and requiring the integration paths in 
(4.23.1)-(4.23.3) not to cross these cuts. Compare the 


principal value of the logarithm (§4.2(i)). The princi- 
pal branches are denoted by arcsin z, arccos z, arctan z, 
respectively. Each is two-valued on the corresponding 
cuts, and each is real on the part of the real axis that 
remains after deleting the intersections with the corre- 
sponding cuts. 

The principal values of the inverse cosecant, secant, 
and cotangent are given by 

4.23.7 arccsc 2 = arcsin (l/z), 

4.23.8 arcsec 2 = arccos (l/z). 

4.23.9 arccot 2 = arctan(l/2), 2 7^ ±i. 

These functions are analytic in the cut plane depicted 
in Figures 4.23. l(iii) and 4.23. l(iv). 

Except where indicated otherwise, it is assumed 
throughout this Handbook that the inverse trigonomet- 
ric functions assume their principal values. 



0 

i 

0 

0 

/ 

-1 

0 1 

-1 

-i 

1 

i 


(i) arcsin 2 and arccos 2 (ii) arctan 2 (iii) arccsc 2 and arcsec 2 (iv) arccot 2 

Figure 4.23.1: 2-plane. Branch cuts for the inverse trigonometric functions. 


Graphs of the principal values for real arguments are given in §4.15. This section also includes conformal mappings, 
and surface plots for complex arguments. 


4.23(iii) Reflection Formulas 

4.23.10 arcsin(— 2) = — arcsin 2, 

4.23.11 arccos(— 2) = 7r — arccos 2. 

4.23.12 arctan(— 2) = — arctan 2, 2 7^ ±i. 

4.23.13 arccsc(— 2) = — arccsc 2, 

4.23.14 arcsec(— 2) = 7r — arcsec 2. 

4.23.15 arccot(— 2) = — arccot 2, 2 / ±i. 

4.23.16 arccos 2 = ^7r — arcsin 2, 

4.23.17 arcsec 2 = ^7r — arccsc 2. 

4.23.18 arccot z = ±.\-k — arctan z, IRz ^ 0. 


4.23(iv) Logarithmic Forms 

Throughout this subsection all quantities assume their 
principal values. 

Inverse Sine 

arcsin 2 = — iln( (1 — 2 2 ) 1 / 2 + iz ) , 

4.23.19 V / 

2 £ C \ (—00, —1) U (1, 00); 

compare Figure 4.23.1(i). On the cuts 

4.23.20 

arcsina; = r ± iln^(a; 2 — l) 1 / 2 + x'j , a; € [1, 00), 

4.23.21 

arcsina; = ± *ln^(x 2 — l) 1 / 2 — x'j, 

x £ (—00, — 1], 
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upper signs being taken on upper sides, and lower signs 
on lower sides. 

Inverse Cosine 

arccos z = hn + ?ln( (1 — z 2 ) 1 / 2 + iz), 

4.23.22 2 V ’ )' 

z € C \ (—oo, —1) U (1, oo); 
compare Figure 4.23.1(i). An equivalent definition is 

4.23.23 

1/2 

+ i 

z £ C \ (—oo, —1) U (1, oo); 

see Kahan (1987). 

On the cuts 

4.23.24 arccos x = =F*ln((ar 2 — l) 1 / 2 + x'j , a;£[l,oo), 

arccos x = n =F i In ( (x 2 — 1) 1 ' ' 2 — x ) , 

4.23.25 V ’ J 

x £ (— oo, — 1], 

the upper/lower signs corresponding to the upper/lower 
sides. 

Inverse Tangent 


arccos z = — 2i In 


1 + z 



4.23.26 

arctan z = - In ( ? + * 
2 \i — z 


, z/i £ C \ (— oo, — 1] U [1, oo); 


compare Figure 4. 23.1(ii). On the cuts 


arctan(iu) = ±-7r + — In 

4.23.27 v 2 2 


y + 1 
y- 1 / 


2/ £ (-00,-1) U (1, oo) , 

the upper/lower sign corresponding to the right/left 
side. 


Other Inverse Functions 

For the corresponding results for arccsc z, arcsec z, and 
arccotz, use (4.23.7)-(4.23.9). Care needs to be taken 
on the cuts, for example, if 0 < x < oo then l/(x+iO) = 
(1/a;) — *0. 


4.23(v) Fundamental Property 

With k £ Z, the general solutions of the equations 

4.23.28 z = sinw;, 

4.23.29 z = cosw, 

4.23.30 Z = tanui, 

are respectively 

4.23.31 w = Arcsin z = (— l) fe arcsin z + kn , 

4.23.32 w = Arccos z = ± arccos 2 + 2kn, 

4.23.33 w = Arctan z = arctan 2 + kn, z ^ ±i. 


4.23(vi) Real and Imaginary Parts 

4.23.34 arcsin z = arcsin 13 + % In (a. + (a 2 — l) 1 ^ , 

4.23.35 arccos 2 = arccos j3 — iln^cr + (a 2 — l) 1 ^, 

i ( 2x \ 

arctan z = A arctan ,. „ 

z \ 1 — x z — y z J 


4.23.36 


, l, (x 2 + {y+l) 2 \ 

4 U 2 + (l/-l) 2 J ! 


where z = x + iy and x £ [—1,1] in (4.23.34) and 
(4.23.35), and |z| < 1 in (4.23.36). Also, 

4.23.37 a = \ ((s + l) 2 + y 2 f' 2 + I ((x - l) 2 + y 2 ) 1/2 , 

4.23.38 d=\((x + l) 2 + y 2 ) 112 -!((*- I) 2 + y 2 ) 1/2 . 


4.23(vii) Special Values and Interrelations 

Table 4.23.1: Inverse trigonometric functions: principal values at 0, ±1, ±oo. 


X 

arcsin x 

arccos x 

arctan x 

arccsc x 

arcsec x 

arccot x 

— oo 

- 

- 


0 


0 

-1 


7 r 



7 r 


0 

0 

h 

0 

- 

- 

TjTT 

l 

¥ 

0 


¥ 

0 


OO 

- 

- 


0 

h 

0 
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For interrelations see Table 4.16.3. For example, 
from the heading and last entry in the penultimate col- 
umn we have arcseca = arccot((a 2 — l) -1 / 2 ). 

4.23( viii) Gudermannian Function 

The Gudermannian gd(x) is defined by 

r 

gd(x) = / sech tdt, 

J o 


— 00 < X < 00. 


4.23.39 

Equivalently, 

gd(x) = 2arctan(e x ) — 

= arcsinltanh x) = arccsc(cothx) 

4.23.40 

= arccos(sech x) = arcsec(coshx) 

= arctanfsinh x) = arccot (cschx). 

The inverse Gudermannian function is given by 

4.23.41 gd _1 (x) = / sectdt, — < x < 

Jo 

Equivalently, and again when — < x < 

gd _1 (x) = lntan(|x + ^7r) = ln(secx + tan a:) 
= arcsinh(tanx) = arccsch(cot x) 

= arccosh(secx) = arcsech(cos x) 

= arctanh(sinx) = arccoth(csc x). 

4.24 Inverse Trigonometric Functions: 
Further Properties 


4.23.42 


4.24(i) Power Series 

4.24.1 


1 2 3 

arcsm z = z + — — 

Z O 


1 • 3 2 5 1-3-5 z 7 


2-4-6 7 


2-4 5 

4.24.2 

arccos 2 = (2(1 — z)) 1 ^ 2 

( y, 1-3-5- -*(2n-l) 
X l 1 + ^ 2 2 "(2n+l)n! 

\ n— 1 v 7 


1*1 < l- 


(i-^r 


II -2:1 < 2. 


4.24.3 

Z 3 

arctan z = z — — 

O 

4.24.4 

7 T 1 

arctan z = ±— b 

2 2 

4.24.5 

z 

arctan z = 


z u 

+ y 

i 

3^3 


z 

" y ' 

i 

5 y 


|z| < 1, z ^ ±i. 
Viz ^ 0, \z\ > 1. 


z 2 + 1 


1 + ? 


31 


2-4 

yy 

3?y 2 ) >-b 


which requires z (= x + iy) to lie between the two rect- 
angular hyperbolas given by 


4.24.6 


2 2 1 
x -y =-|. 


4.24(ii) Derivatives 


4.24.7 — arcsin 2 = (1 - 2 2 ) - 1/2 , 
dz 

4.24.8 arccos 2 = — (1 — 2 2 )~ 1 / 2 , 
dz 


4.24.9 — arctan 2 = 

dz 


4.24.11 


d 

dz 

d 

dz 


1 + 2 2 ' 


1 

T z(z 2 - l) 1 / 2 ’ 

3 ftz ^ 0, 

± z(z 2 -l) 1 / 2 ’ 

K 2 ^ 0, 


d 1 

4.24.12 — arccot 2 = ,, . 

dz 1 + z 2 


4.24(iii) Addition Formulas 

Arcsin u ± Arcsin v 


4.24.16 


4.24.17 


4.24.13 _ Arcsin^u(l — v 2 ) 1 / 2 ± v(l — u 2 ) 1 / 2 ^j , 

Arccos u ± Arccos v 

4 - 24 ' 14 = Arccos (uv T ((1 - u 2 )(l - v 2 )) 1 ' 2 ) , 

4.24.15 Arctan u ± Arctan v = Arctan [ — ] , 

\ 1 =F uv J 

Arcsin u ± Arccos v 
= Arcsin^uu ± ((1 — u 2 )(l — v 2 )) 1 / 2 ^ 

= Arccos ^u(l — u 2 ) 1 / 2 =F u{ 1 — v 2 ) 1 / 2 ^j , 

/ uv ± 1 \ 

Arctan u ± Arccot v = Arctan 

V v =F u J 

= Arccot 

y UV 11/ 

The above equations are interpreted in the sense that 
every value of the left-hand side is a value of the right- 
hand side and vice versa. All square roots have either 
possible value. 

4.25 Continued Fractions 

4.25.1 

2 2 2 

Z Z z Z z Z z , „ 

tanz= (jTT 3 T 7 Z'"’ z 7 z ± 2 7T ^ ± f 7r > 


X 
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4.25.2 


tan(az) = 


a tan z (1 — a 2 ) tan 2 z (4 — a 2 ) tan 2 z (9 — a 2 ) tan 2 2 


1 + 


3 + 


5 + 


4.25.3 


arcsin z z 1 ■ 2 z 2 1 ■ 2 z 2 3 • 4 z 2 3 • 4^ 2 


1-3- 5- 7- 9- 

valid when z lies in the open cut plane shown in Figure 
4.23. l(i). 

2 z 2 4z 2 9 z 2 16 z 2 

4.25.4 arctan 2 = — 

1+3+ 5+ 7+ 9+ 

valid when z lies in the open cut plane shown in Figure 
4.23.1(h). 

4.25.5 

e 2aarctan(l+) = j + 2 ° ^ + 1 ^ + 4 ^ + 9 

2 — a+ 32+ 52+ 72+ 

valid when 2 lies in the open cut plane shown in Figure 
4.23. l(iv). 

See Lorentzen and Waadeland (1992, pp. 560-571) 
for other continued fractions involving inverse trigono- 
metric functions. See also Cuyt et al. (2008, pp. 201- 
203, 205-210). 

4.26 Integrals 

4.26(i) Introduction 

Throughout this section the variables are assumed to 
be real. The results in §§4.26(ii) and 4.26(iv) can be 
extended to the complex plane by using continuous 
branches and avoiding singularities. 

4.26(ii) Indefinite Integrals 

4.26.1 J sin x dx = — cos x, 

4.26.2 / cos x dx = sins. 


— \it < x < 4 7 r. 


4.26.3 / tan x da; = — ln(cosx), 

4.2M J esc xdx = In (tan |+ 

J sec xdx = gd _1 (x), — < x < r. 


0 < X < 7T. 


4.26.5 


For the right-hand side see (4.23.41) and (4.23.42). 
4.26.6 J cotxdx = ln(sinx), 0 < x < n. 


4.26.7 / e ax sin(6x) dx = 


t 2 + b 2 


(asin(6x) — bcos(bx)), 


f e ax 

1.26.8 / e ax cos(bx) dx = — r ^(acos(6x) + 6sin(6x)). 

J a 2 + o- 


7+ 


, |3te| < ^7r, az ^ ±|tt, ±§7r, . . 


4.26(iii) Definite Integrals 

Throughout this subsection to and n are integers. 

Orthogonality Properties 

4.26.9 / sin(mt) sin(nf) dt = 0, m ^ n, 

Jo 

4.26.10 / cos (mt) cos (nt) dt = 0, m ^ n, 

Jo 

4.26.11 / sin 2 (nt)dt = / cos 2 (nt) dt = , n/0. 

Jo Jo 


4.26.12 


r °° sin (mt) 1 2 


^7r, m > 0, 


dt — 0, m = 0, 

— ^7T, TO < 0. 


4.26.13 J sin (t 2 ) dt = J cos(t 2 ) dt = 

4.26(iv) Inverse Trigonometric Functions 

4.26.14 

J arcsin xdx = x arcsin x+ (1 - x 2 ) 1 / 2 , -1 < x < 1, 

4.26.15 

J arccos xdx = x arccos x - (1 - x 2 ) 1 / 2 , -1 < x < 1. 
J arctan xdx = x arctan x — 4 ln(l + x 2 ) , 


4.26.16 

4.26.17 


— OO < X < OO, 


J arccsc x dx = x arccsc x + In (x + (x 2 - 


1 < X < OO, 


4.26.18 


J arcsec xdx = x arcsec x - In (x + (x 2 - 

1 < X < OO, 

J xrccot xdx = icarccotz + | ln(l + x 2 ), 0 < , < oo. 

4.26.20 

/ xarcsinxdx= ( J- ) arcsinx + — (1 — x 2 ) 1 ^ 2 , 

J V 2 4 / 4 


4.26.19 


— 1 < X < 1, 


4.26.21 


[ x arccos xdx = f ) arccosx — — (1 — x 2 ) 1 / 2 , 

J v 2 4 y 4 V ' 


-1 < x < 1. 


4.27 Sums 
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4.26(v) Compendia 

Extensive compendia of indefinite and definite integrals 
of trigonometric and inverse trigonometric functions in- 
clude Apelblat (1983, pp. 48-109), Bierens de Haan 
(1939), Gradshteyn and Ryzhik (2000, Chapters 2-4), 
Grobner and Hofreiter (1949, pp. 116-139), Grobner 
and Hofreiter (1950, pp. 94-160), and Prudnikov et al. 
(1986a, §§1.5, 1.7, 2.5, 2.7). 

4.27 Sums 

For sums of trigonometric and inverse trigonometric 
functions see Gradshteyn and Ryzhik (2000, Chapter 
1), Hansen (1975, §§14-42), Oberhettinger (1973), and 
Prudnikov et al. (1986a, Chapter 5). 


Hyperbolic Functions 

4.28 Definitions and Periodicity 


4 . 28.1 

4 . 28.2 


sinh x = 



cosh 2 = 



4 . 28.3 

4 . 28.4 

cosh 2 ± sinh 2 = 

tanh 2 = 

e±z , 

sinh 2 

cosh 2 
1 

4 . 28.5 

csch 2 = 

sinh z 

4 . 28.6 

sech 2 = 

1 


4 . 28.7 coth 2 = — . 

tanh 2 

Relations to Trigonometric Functions 


4 . 28.8 

sin(* 2 ) 

= i sinh 2 , 

4 . 28.9 

cos (iz) 

= cosh 2 , 

4 . 28.10 

tan (iz) 

= i tanh 2 , 

4 . 28.11 

esc (iz) 

= — icsch 2 , 

4 . 28.12 

sec (iz) 

= sech 2 , 

4 . 28.13 

cot (iz) 

= —icothz. 


As a consequence, many properties of the hyperbolic 
functions follow immediately from the corresponding 
properties of the trigonometric functions. 

Periodicity and Zeros 

The functions sinh 2 and cosh 2 have period 2ni, and 
tanh 2 has period m. The zeros of sinh 2 and cosh 2 are 
2 = ik-K and 2 = i [k + |) 7 r, respectively, k £ Z. 


4.29 Graphics 
4.29(i) Real Arguments 




Figure 4.29.2: Principal values of arcsinli x and 
arccoshx. (arccoshx is complex when x < 1.) 
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Figure 4.29.5: cschir and secha;. 



Figure 4.29.4: Principal values of arctanha; and 
arccotha;. (arctanha; is complex when x < — 1 or a; > 1, 
and arccotha; is complex when — 1 < x < 1.) 



Figure 4.29.6: Principal values of arccscha; and 
arcsecha;. (arcsecha: is complex when x < 0 and x > 1.) 


4.29(ii) Complex Arguments 

The conformal mapping w = sinh 2 is obtainable from Figure 4.15.7 by rotating both the wr-plane and the 2 -plane 
through an angle ^7r, compare (4.28.8). 

The surfaces for the complex hyperbolic and inverse hyperbolic functions are similar to the surfaces depicted in 
§4.15(iii) for the trigonometric and inverse trigonometric functions. They can be visualized with the aid of equations 
(4.28.8)-(4.28.13). 

4.30 Elementary Properties 

Table 4.30.1: Hyperbolic functions: interrelations. All square roots have their principal values when the functions 
are real, nonnegative, and finite. 



sinh 9 = a 

cosh 9 = a 

tanh 9 = a 

csch 9 = a 

sech 9 = a 

coth 9 = a 

sinh 9 

a 

(a 2 - l) 1 / 2 

a(l — a 2 ) -1 / 2 

a -1 

a _1 (l — a 2 ) 1 / 2 

(a 2 - I)" 1 / 2 

cosh 6 

(1 + a 2 ) 1 / 2 

a 

(1 -a 2 )" 1 / 2 

a -1 (l + a 2 ) 1 / 2 

a" 1 

a(a 2 - l) -1 / 2 

tanh 9 

a(l + a 2 ) -1 / 2 

a~ 1 (a 2 — l) 1 / 2 

a 

(1 + a 2 )" 1 / 2 

(1 — a 2 ) 1 / 2 

a -1 

csch 9 

a" 1 

(a 2 - l)" 1 / 2 

a -1 (l — a 2 ) 1/2 

a 

a(l - a 2 ) -1 / 2 

(a 2 — l) 1 / 2 

seclr 9 

(1 + a 2 )" 1 / 2 

a- 1 

(1 — a 2 ) 1 / 2 

a(l + a 2 ) -1 / 2 

a 

a _1 (a 2 — l) 1 / 2 

coth 9 

a _1 (a 2 + l) 1 / 2 

a(a 2 - l) -1 / 2 

a" 1 

(1 + a 2 ) 1 / 2 

(1 — a 2 ) -1 / 2 

a 


4.31 Special Values and Limits 
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4.31 Special Values and Limits 

Table 4.31.1: Hyperbolic functions: values at multiples 

Of ’ 7T'i. 


4.31.1 

4.31.2 

4.31.3 


smh z 

lim = 1, 

2 — >0 2 

tanh 2 

lim = 1, 

* — >o z 

cosh z — 1 1 

inn 2 = -. 

z — »o z 2 2 


4.32 Inequalities 

For x real, 

4.32.1 cosh x < 


( sinh - n3 


V x 

sin x cos x < tanh x < x, 


x > 0, 


4.32.2 

4.32.3 

| cosh x — cosh y \ > \x — y\y / sinh x sinh y , x > 0, y > 0, 

4.32.4 arctana; < /7rtanh x, x > 0. 

For these and other inequalities involving hyperbolic 

functions see Mitrinovic (1964, pp. 61, 76, 159) and 
Mitrinovic (1970, p. 270). 

4.33 Maclaurin Series and Laurent Series 


4.33.1 


4.33.2 


4.33.3 


z 3 z 5 

sinh z = z+ — + — + ••■ 
3! 5! 

Z 2 Z 4 

cosh z = l+ -^ + — + ■■ 
.5 _ ^ „7 

3 ' 15" 315 

2 2n (2 2n - 1 )B : 


+ 


(2 n)! 


2n 2n— 1 
Z 


|Z| < 5 7T. 


For 7?2n see §24. 2 (i). For expansions that correspond 
to (4.19.4)-(4.19.9), change z to iz and use (4.28.8)- 
(4.28.13). 


4.34 Derivatives and Differential Equations 


4.34.1 


z 

0 

±iri 

7 ri 

I 7 r* 

OO 

4.34.2 

sinh z 

0 

i 

0 

—i 

OO 

4.34.3 

cosh z 

1 

0 

-1 

0 

oo 


tanh z 

0 

oo i 

0 

— oo i 

1 

4.34.4 

csch z 

OO 

—i 

OO 

i 

0 


sech z 

1 

oo 

-l 

oo 

0 

4.34.5 

coth z 

OO 

0 

OO 

0 

l 

4.34.6 


— sinh z = cosh z, 
dz 


— cosh z = sinh z, 
dz 

tanh z = sech 2 z, 
dz 


dz 


csch z = — csch z coth z, 


— sech z = — sech z tanh z, 
dz 


dz 


coth z = — csch z. 


With a yf 0, the general solutions of the differential 
equations 


4.34.7 


4.34.8 


d 2 w 

dz 2 


— a 2 w = 0, 


dw \ 2 2 -t 

— — ) — a w = 1, 
dz 


4.34.9 


4.34.10 


'dw \ 2 2 , 

Tz) ~ aw “- 1 ’ 

dW n , 

, b CL W = 1, 

dz 

are respectively 

4.34.11 w = Acosh(az) + Hsinh(az), 

4.34.12 w = (1/a) sinh(az + c), 

4.34.13 w = (1/a) cosh(az + c), 

4.34.14 w = (1/a) coth(az + c), 

where A,B,c are arbitrary constants. 

For other differential equations see Kamke (1977, 
pp. 289-400). 

4.35 Identities 

4.35(i) Addition Formulas 

4.35.1 sinh(w ± v) = sinh u cosh v ± cosh u sinh v, 

4.35.2 cosh(rt ± v) = coshucosh u ± sinh u sinh v, 
tanh u ± tanh v 


4.35.3 tanh(u ± v) = 

4.35.4 coth(u ± v) = 


1 ± tanh u tanh v 
± coth u coth v + 1 
coth u ± coth v 
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4.35.5 

4.35.6 

4.35.7 

4.35.8 

4.35.9 

4.35.10 



tanh u ± tanh v 
coth u ± coth v 


sinh(zt ± v) 
cosh u cosh v ’ 
sinh(u ± u) 
sinh u sinh v 


4.35(ii) Squares and Products 

4.35.11 cosh 2 2 — sinh 2 z = 1 , 

4.35.12 sech 2 2=1 — tanh 2 z, 

4.35.13 csch 2 z = coth 2 z — 1 . 

4.35.14 2 sinh u sinh v = cosh(tt + v) — cosh(it — v), 

4.35.15 2 cosh u cosh v = cosh(u + v) + cosh(tt — v), 

4.35.16 2 sinh u cosh v = sinh(zt + v) + sinh(zi — v). 

4.35.17 sinh 2 u — sinh 2 v = sinh(zt + v) sinh(u — v), 

4.35.18 cosh 2 u — cosh 2 v = sinh(zz + v) sinh(w, — v), 

4.35.19 sinh 2 u + cosh 2 v = cosh(u + v) cosh(zt — v). 


4.35(iii) Multiples of the Argument 


4.35.20 

sinh - = 
2 

^ cosh 2 — 1 J 2 


4.35.21 

cosh - = 
2 

^ cosh 2 + 1 J^ 2 

l 

4.35.22 


\ 1//2 cosh 2 — 1 


1 Z 

tanh - = 

2 

/ cosh 2 — 1 ' 

sinh 2 

V cosh 2 + 1 

/ sinh 2 

cosh 2 + 1 


The square roots assume their principal value on the 
positive real axis, and are determined by continuity else- 
where. 

4.35.23 sinh(— z) = — sinh 2, 

4.35.24 cosh(— z) = cosh 

4.35.25 tanh(— z) = — tanh z. 


4.35.26 

4.35.27 


... 2 tanh z 

sinh(2z = 2 sinh 2 cosh 2 = — , 

1- tanh 2 2 

cosh(2z) = 2 cosh 2 2—1 = 2 sinh 2 2 + 1 
= cosh 2 2 + sinh 2 z, 


, . , 2 tanh 2 

4.35.28 tanh(2 z) = „ , 

1 + tanh 2 2 

4.35.29 sinh(32) = 3 sinh 2 + 4 sinh 3 2 , 

4.35.30 cosh(32) = —3 cosh 2 + 4 cosh 3 2 , 

4.35.31 sinh(42) = 4 sinh 3 2 cosh 2 + 4 cosh 3 2 sinh 2 , 

4.35.32 cosh(42) = cosh 4 2 + 6 sinh 2 2 cosh 2 2 + sinh 4 2 . 

4.35.33 

cosh(n 2 ) ± sinh(n 2 ) = (cosh 2 ± sinh z) n , n € Z. 


4.35(iv) Real and Imaginary Parts; Moduli 

With 2 = x + iy 

4.35.34 sinh 2 = sinh x cos y + i cosh x sin y 1 

4.35.35 cosh 2 = cosh x cos y + i sinh x sin y, 
sinh(2:r) + zsin(2y) 


4.35.36 tanh 2 = 

4.35.37 coth 2 = 


cosh(2a;) + cos(2y) ' 
sinh(2a;) — isin(2z/) 


cosh(2ir) — cos(2 y ) ' 

sinh 2 1 = (sinh 2 x + sin 2 y ) 1 ^ 2 

= (^(cosh(2ai) — cos(2 y ))) 1 ^ 2 , 

cosh 2 1 = (sinh 2 x + cos 2 y ) 1 ^ 2 

= (|(cosh(2a;) + cos(2y)))^ 2 , 

. , . /cosh(2ai) — cos(2y)\ 1 ^ 2 

4.35.40 tanh 2 = , „ bJ" . 

\ cosh ( 2 x) + cos(2y) J 


4.35.38 


4.35.39 


4.36 Infinite Products and Partial Fractions 


4.36.1 sinh 2 = 2 ]^[ f 1 


n—1 


4.36.2 cosh 2 = ( 1 


n—1 


4 z 2 


(2 n — 1) 2 7 t 2 J 


When 2 7^ mri, n £ Z, 

1 00 1 

4.36.3 coth 2 = — b 2 2 


2 — ' 2 2 + n 2 7T 2 ’ 

n=l 


4.36.4 csch 2 2 = 


n —— 00 


(2 — mri) 2 ' 


1 f— l') n 

4.36.5 csch2=- + 22y^ -= ==-. 

2 z ' z z + n.TT- 

n—1 


4.37 Inverse Hyperbolic Functions 
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4.37 Inverse Hyperbolic Functions 


4.37(i) General Definitions 


The general values of the inverse hyperbolic functions 
are defined by 


4 . 37.1 

4 . 37.2 

4 . 37.3 

4 . 37.4 

4 . 37.5 

4 . 37.6 


Arcsinh z = 
Arccosh z = 


dt 


I o (1 + t 2 ) 1 / 2 ’ 
r z dt 

! i (t 2 — i) 1 / 2 ’ 


dt 


Arctanh z = j „ , 

Jo 1 ~t 2 

Arccsch 2 = Arcsinh(l/z), 
Arcsechz = Arccosh (1/z), 
Arccoth z = Arctanh(l/z). 


Z 7 ^ ± 1 ) 


In (4.37.1) the integration path may not pass through 
either of the points t = ±i, and the function (1 + 1 2 ) 1 / 2 
assumes its principal value when t is real. In (4.37.2) 
the integration path may not pass through either of the 
points ±1, and the function ( t 2 — l) 1 / 2 assumes its prin- 
cipal value when t £ (l,oo). Elsewhere on the inte- 
gration paths in (4.37.1) and (4.37.2) the branches are 
determined by continuity. In (4.37.3) the integration 
path may not intersect ±1. Each of the six functions 
is a multivalued function of 0 . Arcsinh z and Arccsch z 


have branch points at z = ±i; the other four functions 
have branch points at 2 = ±1. 

4.37 (ii) Principal Values 

The principal values (or principal branches) of the in- 
verse sinh, cosh, and tanh are obtained by introducing 
cuts in the z-plane as indicated in Figure 4.37.1 (i)-(iii) , 
and requiring the integration paths in (4.37.1)-(4.37.3) 
not to cross these cuts. Compare the principal value of 
the logarithm (§4.2(i)). The principal branches are de- 
noted by arcsinh, arccosh, arctanh respectively. Each is 
two- valued on the corresponding cut(s), and each is real 
on the part of the real axis that remains after deleting 
the intersections with the corresponding cuts. 

The principal values of the inverse hyperbolic cose- 
cant, hyperbolic secant, and hyperbolic tangent are 
given by 

4 . 37.7 arccsch z = arcsinh (1/z), 

4 . 37.8 arcsechz = arccosh (1/z). 

4 . 37.9 arccoth z = arctanh(l/z), z^±l. 

These functions are analytic in the cut plane depicted 
in Figure 4.37.1(iv), (v), (vi), respectively. 

Except where indicated otherwise, it is assumed 
throughout this Handbook that the inverse hyperbolic 
functions assume their principal values. 



i 

1 

-1 

1 

0 

—i 

0 

0 



(i) arcsinh z (ii) arccosh z (iii) arctanh z 



i 

1 

-1 

0 

—i 

0 

0 


(iv) arccsch z (v) arcsechz (vi) arccoth z 

Figure 4.37.1: z-plane. Branch cuts for the inverse hyperbolic functions. 

Graphs of the principal values for real arguments are given in §4.29. This section also indicates conformal 
mappings, and surface plots for complex arguments. 
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4.37 (iii) Reflection Formulas 

4.37.10 arcsinh(— z) = — arcsinh z. 

4.37.11 arccosh(— z) = ±ni + arccosh z, 3z ^ 0. 

4.37.12 arctanh(— z) = — arctanh z, z ^ ±1. 

4.37.13 arccsch(— z) = — arccsch z. 

4.37.14 arcsech(— z) = q=7 ri + arcsechz, 3z ^ 0. 

4.37.15 arccoth(— z) = — arccothz, z / ±1. 


4.37(iv) Logarithmic Forms 

Throughout this subsection all quantities assume their 
principal values. 

Inverse Hyperbolic Sine 

arcsinh z = In ( (z 2 + 1) + z) , 

4.37.16 V v ’ ) 

z/i G C \ (—oo, —1) U (1, oo); 

compare Figure 4.37. l(i). On the cuts 

4.37.17 

arcsinh(ijf) = \-ni ± ln^(z/ 2 - l) 1 / 2 + yj , y G [1, oo), 

4 37 18 arcsinh (*y) = ± ln((y 2 - 1) 1/2 - y), 

y G (-oo,-l], 

the upper/lower signs corresponding to the right /left 
sides. 

Inverse Hyperbolic Cosine 


4.37.19 

arccosh z = ln(^±(z 2 — l) 1 / 2 + z^j , z G C \ (— oo, 1), 

the upper or lower sign being taken according as IRz ^ 0; 
compare Figure 4.37. 1 (ii) . Also, 


4.37.20 

arccosh(zy) = ±|z ri + ln^(y 2 + l) 1 / 2 iy^j, y ^ 0. 

It should be noted that the imaginary axis is not a cut; 
the function defined by (4.37.19) and (4.37.20) is ana- 
lytic everywhere except on (— oo, 1]. Compare Figure 
4.37.1(h). 

An equivalent definition is 


arccosh z = 2 In 

4.37.21 



zGC \ (—oo, 1); 


see Kahan (1987). 

On the part of the cuts from — 1 to 1 


4.37.22 

arccoshx = ±ln^z(l — x 2 ) 1 / 2 + x'j , x G (—1, 1], 

the upper/lower sign corresponding to the upper/lower 
side. 


On the part of the cut from — oo to —1 

4.37.23 

arccoshx = ±7rz + ln^(a; 2 — l) 1 / 2 — x'j , x G (— oo, — 1], 

the upper/lower sign corresponding to the upper/lower 
side. 


Inverse Hyperbolic Tangent 


4.37.24 

arctanh z = ^ In 


1 + z' 

1 -zj’ 


z G C \ (— oo, —1] U [1, oo); 
compare Figure 4.37.1 (iii). On the cuts 


4 37 25 arctanh x = ±^7 rz + | In 


x + 1 


x — 1 / 

X G ( — 00 , —1) U (1, oo), 

the upper/lower sign corresponding to the upper/lower 
sides. 


Other Inverse Functions 

For the corresponding results for arccsch z, arcsechz, 
and arccothz, use (4.37.7)-(4.37.9); compare §4.23(iv). 


4.37(v) Fundamental Property 

With I’GZ, the general solutions of the equations 
4.37.26 z = sinhu;. 


4.37.27 


z = cosh w, 


4 -3 7 -28 z = tanh w. 

are respectively given by 


4.37.29 w = Arcsinh z = (— l) k arcsinh z + kni, 

4.37.30 w = Arccosh z = ± arccosh z + 2/c7rz, 

4.37.31 w = Arctanh z = arctanh z + kni, z/± 1. 


4.37(vi) Interrelations 

Table 4.30.1 can also be used to find interrelations 
between inverse hyperbolic functions. For example, 
arcsecha = arccoth((l — a 2 ) -1 / 2 ). 


4.38 Inverse Hyperbolic Functions: Further Properties 
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4.38 Inverse Hyperbolic Functions: Further 
Properties 

4.38(i) Power Series 

lz 3 1-32 5 1-3-5 2 7 

. „ arcsmh 2 = z 1 h • • • , 

4-38.1 2 3 2-4 5 2-4-67 ’ 


1*1 < 1 . 


4.38.2 

, , 11 1-31 1-3-51 

arcsinh z = m(2z) + - — - — 


4.38.3 


2 2z 2 2-44 2 4 2-4-6 6 2 6 

3f lz > 0 , j^l > 1 . 

, , . . 11 1-31 

arccosh z = ln (2 z) 7 

K J 2 2 z 2 2-44 z 4 


1- 3-5 1 

2- 4-66 z° 


1*1 > 1 - 


4.38.4 

arccosh z 

= ( 2 (* — 1)) 1/2 


5 lz >0, \z-l\ < 2. 

4.38.5 

^3 gb ^7 

arctanh z = z+ - — h - — h - — )-■■■, \z\ < 1, z ^ ± 1 . 
3 5 7 

4.38.6 

i 7T 1 1 1 

arctanh z = ±i-A h — r + — T H , S 2 > 0, z > 1. 

2 2 32 d 5z b 


d , 1 

4.38.13 — arcsech 2 = — 22772 -. 

az 2(1 — z z yi‘ L 

d , 1 

4.38.14 — arccoth 2 = 

az 1 — 2 2 

4.38(iii) Addition Formulas 

Arcsinh it ± Arcsinh v 

4.38.15 _ Arcsinh^it(l + v 2 ) 1 / 2 ± d(1 + u 2 ) x / 2 ^ , 


Arccosh it ± Arccosh v 


4.38.16 


= Arccosh (uv ± ((w 2 — l)(w 2 — l)) 1 ^ 2 ^, 

Arctanh u ± Arctanh v = Arctanh ( ) , 

\l±uv) 

Arcsinh it ± Arccosh v 
= Arcsinh^iiD ± ((1 + u 2 ){v 2 — l)) 1 / 2 ^ 

= Arccosh^n(l + u 2 ) 1 ^ 2 ± u(v 2 — l) 1 ^ , 

Arctanh it ± Arccoth v = Arctanh ( ) 

\ v ±u ) 

= Arccoth (T±Jl). 

\ UV ± 1 J 

The above equations are interpreted in the sense that 
every value of the left-hand side is a value of the right- 
hand side and vice-versa. All square roots have either 
possible value. 

4.39 Continued Fractions 


4.38.17 


4.38.18 


4.38.19 


4.38.7 

1 Z 

arctanh z = ^ 

1 — z z 


x 



2 z 2 

3 z 2 — 1 


2-4 

3^5 


- 1 


3?(2 2 ) < i 


which requires 2 (= x + iy) to lie between the two rect- 
angular hyperbolas given by 


4.38.8 


2 2 

x -y = 


1 

2 ■ 


4.39.1 

222 

2 2 2 2 . , 

tanh 2 = - — - — - — • • • , 2 f ± 77 ri, ±%iri, 

1+ 3+ 5+ 7+ 2 2 

4.39.2 

arcsinh 2 2 1 • 2 z 2 1 • 2 z 2 3 • 42 2 3 • 42 2 

t/I + 2 2 1+ 3+ 5+ 7+ 9 + 

where 2 is in the open cut plane of Figure 4.37. l(i). 

2 2 2 42 2 92 2 

4.39.3 arctanh 2 = — ■ ■ ■ , 

1- 3- 5- 7- 


4.38(ii) Derivatives 

In the following equations square roots have their prin- 
cipal values. 


4.38.9 

± arcsinh 2 = 
az 

(1 + 2 2 )- 1 / 2 . 


4.38.10 

A arccosh 2 = 
az 

±( 2 2 -l)- 1 / 2 , 

3?2 ^ 0 

4.38.11 

d 

— arctanh z = 

1 



az 

1 - 2 2 


4.38.12 

Cj- arccsch z — 

1 

3?2 ^ 0 


az 

”*” 2(1 + z 2 yi 2 



where 2 is in the open cut plane of Figure 4.37. l(iii) . 

For these and other continued fractions involving in- 
verse hyperbolic functions see Lorentzen and Waadeland 
(1992, pp. 569-571). See also Cuyt et al. (2008, pp. 211- 
217). 

4.40 Integrals 
4.40(i) Introduction 

Throughout this section the variables are assumed to 
be real. The results in §§4.40(ii) and 4.40(iv) can be 
extended to the complex plane by using continuous 
branches and avoiding singularities. 
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4.40(ii) Indefinite Integrals 


4.40.1 / sinhx dx = cosh x, 


4.40.2 / cosh xdx = sinh x, 


..0.3 Jtznhxdx = in(coshx). 

j cschxdx = ln(tanh(|^)), 0 < x < oo. 

J sech xdx = gd(x). 


4.40.4 


4.40.5 

For the right-hand side see (4.23.39) and (4.23.40). 

4.40.6 J cothx dx = ln(sinhx), 0 < x < oo. 

4.40(iii) Definite Integrals 


4.40.7 


4.40.8 


4.40.9 


_ x sin(ax) , ,, N 1 . n 

/ e dx = i 7 rcoth(^ 7 ra) , a 0 , 

/ o smhx z a 

f°° sinh (ax) 

J o sinh( 7 rx) 

r°° e ax ,4? ra 1 

ax = — — 7 — — 1 < a < 1 , 


dx=itan(|a), — 7r < a < 7r, 


/o 


-oo (coshQx)) sin(Tra)’ 

dx = l' 1 (7) 1 a > 0, 6 > 0. 


4.40.10 

/■°° tanh(ax) — tanh(6x) 


4.40(iv) Inverse Hyperbolic Functions 

4.40.11 J arcsinhxdx = xarcsinhx — (1 + x 2 ) 1 / 2 . 


4.40.12 


J arccosli x dx = x arccosh x - (x 2 - l) 1 / 2 , 1 < x < 00 , 

J arctanh xdx = x arctanh x + | ln(l — x 2 ) , 

— 1 < x < 1, 


4.40.13 


4.40.14 

/ arccsch xdx = xarccschx + arcsinhx, 0 < x < 00, 


4.40.15 


4.40.16 


arcsech xdx = x arcsech x + arcsin x, 0 < x < 1, 
J arccoth xdx = x arccoth x + \ ln(x 2 — l) , 


1 < x < 00. 


4.40(v) Compendia 

Extensive compendia of indefinite and definite integrals 
of hyperbolic functions include Apelblat (1983, pp. 96- 
109), Bierens de Haan (1939), Grobner and Hofre- 
iter (1949, pp. 139-160), Grobner and Hofreiter (1950, 
pp. 160-167), Gradshteyn and Ryzhik (2000, Chapters 
2-4), and Prudnikov et al. (1986a, §§1.4, 1.8, 2.4, 2.8). 

4.41 Sums 

For sums of hyperbolic functions see Gradshteyn and 
Ryzhik (2000, Chapter 1), Hansen (1975, §43), Prud- 
nikov et al. (1986a, §5.3), and Zucker (1979). 


Applications 

4.42 Solution of Triangles 
4.42(i) Planar Right Triangles 


B 



4.42.1 sin A = — 

c 

, b 

4.42.2 COS A = - 

c 

4.42.3 tan A = — 

b 

4.42(ii) Planar Triangles 

B 



1 

esc A’ 
1 

sec A’ 

1 

cot A 


a b c 

sin A sin B sin C ’ 


4.42.4 
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4.42.5 c 2 = a 2 + b 2 — 2a6cos C, 

4.42.6 a = bcosC + ccos B 

4.42.7 area = \bcsmA = (s(s — a)(s — b){s — c)) 1 ^ 2 , 
where s = f (a + b + c) (the semiperimeter). 

4.42(iii) Spherical Triangles 


B 



Figure 4.42.3: Spherical triangle. 


cos a = cos b cos c + sin b sin c cos A, 
sin A sin B sin C 

sin a sin b sin c ’ 

4.42.10 sin a cos B = cos b sin c — sin b cos c cos A, 

4.42.11 cos a cos C = sin a cot b — sin C cot B , 

4.42.12 cos A = — cos B cos C + sin B sin C cos a. 

For these and other formulas see Smart (1962, Chap- 
ter 1). 


4.42.8 

4.42.9 


4.43 Cubic Equations 

Let 

,1/2 


,1/2 


a = (-IpY'\ B = (§ P y 

2 A/2 / 27 q 2 \ 1/2 


4-43-1 C=(- 27 ^) D = - 

V 4p3 ) ’ ^4^3 

where p{^ 0) and q are real constants. The roots of 


4.43.2 

are: 


z 3 + pz + q = 0 


(a) Asina, Asin(a+§7r), and Asin(a + §7r), with 
sin(3a) = C, when p < 0 and C < 1. 

(b) Acosha, Acosh(a + |7ri), and Acosh(a + |7ri), 
with cosh(3a) = C, when p < 0 and C > 1. 

(c) Bsinha, Bsinh(a + fir/), and B sinh(a + |iri) , 
with sinh(3a) = D , when p > 0. 

Note that in Case (a) all the roots are real, whereas 
in Cases (b) and (c) there is one real root and a conju- 
gate pair of complex roots. See also §1 . 11 (iii) . 


4.44 Other Applications 

For applications of generalized exponentials and gener- 
alized logarithms to computer arithmetic see §3.1(iv). 

For an application of the Lambert FF-function to 
generalized Gaussian noise see Chapeau-Blondeau and 
Monir (2002). 


Computation 


4.45 Methods of Computation 


4.45(i) Real Variables 

Logarithms 

The function In a: can always be computed from its as- 
cending power series after preliminary scaling. Suppose 
first 1/10 < x < 10. Then we take square roots repeat- 
edly until \y\ is sufficiently small, where 

4.45.1 y = x 2 ~ m - 1. 

After computing ln(l + y ) from (4.6.1) 

4.45.2 In a; = 2 m ln(l + y). 

For other values of x set x = 10 m £, where 1/10 < 
£ < 10 and m € Z. Then 

4.45.3 Ins = In £ + min 10. 


Exponentials 

Let x have any real value. First, rescale via 


4.45.4 

Then 


TO = 


X 1 

IrntO + 2 


y = x — min 10. 


4.45.5 e x = 10 m e y , 

and since |y| < \ In 10 = 1.15 . . . , e v can be computed 
straightforwardly from (4.2.19). 

Trigonometric Functions 

Let x have any real value. We first compute £ = x/i r, 
followed by 

4.45.6 to = |_£ + , 0 = 7 r(£ — to). 

Then 

4.45.7 sin x = (— l) m sin 6, cos x = (— l) m cos 6, 

and since \9\ < = 1.57..., sinf? and cos 9 can be 

computed straightforwardly from (4.19.1) and (4.19.2). 

The other trigonometric functions can be found from 
the definitions (4.14.4)-(4.14.7). 
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Inverse Trigonometric Functions 

The function arctanx can always be computed from 
its ascending power series after preliminary transfor- 
mations to reduce the size of x. From (4.24.15) with 
u = v = ((1 + x 2 ) 1 / 2 — l)/x, we have 

4 . 45.8 

(1 + x 2 ) 1 / 2 — 1 

2 arctan = arctanx, 0 < x < oo. 

x 

Beginning with Xq = x, generate the sequence 


4 . 45.9 


X n = 


(1 




%n— 1 


n= 1,2,3,..., 


until x n is sufficiently small. We then compute 
arctan x n from (4.24.3), followed by 


4.45(ii) Complex Variables 

For In z and e z 

4 . 45.15 In 2 = In \z\ + iph. 2 , — 7r<phz<7r, 

4 . 45.16 e z = e Uz (cos (Qz) + isin(9tz)). 

See §1.9(i) for the precise relationship of ph 2 to the 
arctangent function. 

The trigonometric functions may be computed from 
the definitions (4.14.1)-(4.14.7), and their inverses from 
the logarithmic forms in §4.23(iv), followed by (4.23.7)- 
(4.23.9). Similarly for the hyperbolic and inverse hy- 
perbolic functions; compare (4.28.1)-(4.28.7), §4.37(iv), 
and (4.37.7)-(4.37.9). 

For other methods see Miel (1981). 


4 . 45.10 arctan x = 2” arctan x n . 

Another method, when x is large, is to sum 

7T 1 1 1 

4 . 45.11 arctanx = h — r - + ■ ■ ■ ; 

2 x 3x J 5x° 

compare (4.24.4). 

As an example, take x = 9.47376. Then 
xi = 0.90000..., x 2 = 0.38373 ... , 

4 . 45.12 

x 3 = 0.18528..., x 4 = 0.09185.... 

From (4.24.3) arctan x 4 = 0.09160.... From 
(4.45.10) 

4 . 45.13 arctanx = 16 arctan x 4 = 1.46563 .... 

As a check, from (4.45.11) 

4 . 45.14 

arctanx = 1.57079 ... - 0.10555 . . . + 0.00039 ... 

= 1.46563 .... 

For the remaining inverse trigonometric functions, 
we may use the identities provided by the fourth 
row of Table 4.16.3. For example, arcsinx = 
arctan(x(l — x 2 )” 1 / 2 ). 

Hyperbolic and Inverse Hyperbolic Functions 

The hyperbolic functions can be computed directly from 
the definitions (4.28.1)-(4.28.7). The inverses arcsinh, 
arccosh, and arctanh can be computed from the loga- 
rithmic forms given in §4.37(iv), with real arguments. 
For arccsch, arcsech, and arccoth we have (4.37.7)- 
(4.37.9). 

Other Methods 

See Luther (1995), Ziv (1991), Cody and Waite (1980), 
Rosenberg and McNamee (1976), Carlson (1972a). For 
interval-arithmetic algorithms, see Markov (1981). For 
Shift-and-Add and CORDIC algorithms, see Muller 
(1997), Merrheim (1994), Schelin (1983). For multi- 
precision methods, see Smith (1989), Brent (1976). 


4.45(iii) Lambert VF-Function 

For x £ [—1/e, 00 ) the principal branch Wp(x) can be 
computed by solving the defining equation We w = x 
numerically, for example, by Newton’s rule (§3.8(ii)). 
Initial approximations are obtainable, for example, from 
the power series (4.13.6) (with t > 0) when x is close to 
—1/e, from the asymptotic expansion (4.13.10) when x 
is large, and by numerical integration of the differential 
equation (4.13.4) (§3.7) for other values of x. 

Similarly for Wm(x) in the interval [— 1/e, 0). 

See also Barry et al. (1995) and Chapeau-Blondeau 
and Monir (2002). 

4.46 Tables 

Extensive numerical tables of all the elementary func- 
tions for real values of their arguments appear in 
Abramowitz and Stegun (1964, Chapter 4). This hand- 
book also includes lists of references for earlier tables, 
as do Fletcher et al. (1962) and Lebedev and Fedorova 
(1960). 

For 40D values of the first 500 roots of tan x = x, see 
Robinson (1972). (These roots are zeros of the Bessel 
function J 3 / 2 (x); see §10.21.) 

For 10S values of the first five complex roots of 
sin 2 = az, cos 2 = az, and cosh 2 = az , for selected 
positive values of a, see Fettis (1976). 

See also Luther (1995). 

4.47 Approximations 

4.47(i) Chebyshev-Series Expansions 

Clenshaw (1962) and Luke (1975, Chapter 3) give 20D 
coefficients for In, exp, sin, cos, tan, cot, arcsin, arctan, 
arcsinh. Schonfelder (1980) gives 40D coefficients for 
sin, cos, tan. 
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4.47(ii) Rational Functions 

Hart et al. (1968) give In, exp, sin, cos, tan, cot, arcsin, 
arccos, arctan, sinh, cosh, tanh, arcsinh, arccosh. Pre- 
cision is variable. 

4.47 (iii) Pade Approximations 

Luke (1975, Chapter 3) supplies real and complex ap- 
proximations for In, exp, sin, cos, tan, arctan, arcsinh. 
Precision is variable. 

4.47(iv) Additional References 

See Luke (1975, pp. 288-289) and Luke (1969b, pp.74- 
76). 

4.48 Software 

See http : //dlmf .nist . gov/4 . 48. 
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Notation 


5.1 Special Notation 


(For other notation see pp. xiv and 873.) 


j, m, n 
k 

x,y 

z = x + iy 
a, b , q , s, w 
S 
7 

primes 


nonnegative integers, 
nonnegative integer, except in §5.20. 
real variables, 
complex variable. 

real or complex variables with \q\ < 1. 
arbitrary small positive constant. 
Euler’s constant (§5.2(ii)). 
derivatives with respect to the variable. 


The main functions treated in this chapter are the 
gamma function r(z), the psi function (or digamma 
function) the beta function B(a, b), and the q- 

gamma function r g (z). 

The notation r(z) is due to Legendre. Alternative 
notations for this function are: II(z — 1) (Gauss) and 
(z — 1)!. Alternative notations for the psi function are: 
T(z — 1) (Gauss) Jahnke and Emde (1945); T(z) Davis 
(1933); F (z - 1) Pairman (1919). 


Properties 


5.2 Definitions 

5.2(i) Gamma and Psi Functions 
Euler’s Integral 

/»00 

5.2.1 r(z) = / e _t t z_1 dt, > 0. 

Jo 

When 3?z < 0, r(z) is defined by analytic continuation. 
It is a meromorphic function with no zeros, and with 
simple poles of residue (— l)"/n! at z = —n. 1/T(z) is 
entire, with simple zeros at z = —n. 

5.2.2 iP(z) = T'(z)/T(z), z j- 0,-1, -2,.... 
ip(z) is meromorphic with simple poles of residue — 1 at 
z = —n. 

5.2(ii) Euler’s Constant 

5.2.3 T' = !“ ( 1 + 5 + 5 + ■ + ;- 1 "’*) 

= 0.57721 56649 01532 86060 .... 


5.3 Graphics 

5.3(i) Real Argument 



Figure 5.3.1: r(ic) and l/r(a;). Xq = 1.46..., r(xo) = 
0.88...; see §5.4(iii). 



Figure 5.3.2: lnr(a:). This function is convex on (0,oo); 
compare §5.5(iv). 



Figure 5.3.3: ^(a;). 


5.2(iii) Pochhammer’s Symbol 

5 . 2.4 (a) 0 = 1, (a) n = a(a + l)(a + 2) • • • (a + n — 1), 

5 . 2.5 (a) n = r(a + n)/r(a), a / 0, -1,-2, 


5.3(ii) Complex Argument 

In the graphics shown in this subsection, both the height 
and color correspond to the absolute value of the func- 
tion. See also p. xiv. 
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Figure 5.3.4: |r(x + iy)|. 




Figure 5.3.6: | ip(x + iy)\. 


5.4 Special Values and Extrema 
5.4(i) Gamma Function 


5.4.2 


22 n r(in + l), n even, 

7 r- 52 i n +lr(in + l), nodd. 


(The second line of Formula ( 5 . 4 . 2 ) also applies when 
n = —1.) 


5.4.3 


|I\iy)| = 




1/2 


\ y sinh(7ry) 

5 . 4.4 r(i + M/)r(| - iy) = |r(§ + iy )| 2 = 

tt\/2 


7 r 

cosh(7ry) ’ 


5.4.5 

r(i + < 

5.4.6 

r(l) 

5.4.7 

r(|) 

5.4.8 

r (l) 

5.4.9 

r (i) 

5.4.10 

r (!) 

5.4.11 

r'(i) 


cosh(7ry) + i sinh(7 ry) 


^ = IT 1 ' 2 


= 1.77245 38509 05516 02729 
r(i) = 2.67893 85347 07747 63365 . . . . 
r(§) = 1.35411 79394 26400 41694 
r(i) = 3.62560 99082 21908 31193 


5.4(ii) Psi Function 

5.4.12 t/>(1) = - 7 , ip'(l) = Itt 2 , 

5.4.13 V’(l) = - 7 - 21 n 2 , ip' (\) = \it 2 . 

For higher derivatives of ip(z) at z = 1 and z = i, see 
§5.15. 

n 1 

5.4.14 ip(n + 1) = ^2 - -7, 

fc= l 

5.4.15 ^( n+ 1 >) = - 7 - 21 n 2 + 2 (l + §H t^l), 

n= 1 , 2 , .... 

1 7 T 

5.4.16 = — + - coth(Try), 

2 y 2 

5.4.17 Sr/>(i + iy) = — tanh( 7 ry), 

1 7 T 

5.4.18 $sip(l + iy) = — - — F — coth( 7 ry). 

2 y 2 


If p, y are integers with 0 < p < q, then 

5.4.19 



5.4.1 


r(l) = l, n! = r(n+l). 
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5.4(iii) Extrema 


Table 5.4.1: r'(a;„) = ip(x n ) = 0. 


n 

X n 

r(x n ) 

0 

1.46163 21449 

0.88560 31944 

1 

-0.50408 30083 

-3.54464 36112 

2 

-1.57349 84732 

2.30240 72583 

3 

-2.61072 08875 

-0.88813 63584 

4 

-3.63529 33665 

0.24512 75398 

5 

-4.65323 77626 

-0.05277 96396 

6 

-5.66716 24513 

0.00932 45945 

7 

-6.67841 82649 

-0.00139 73966 

8 

-7.68778 83250 

0.00018 18784 

9 

-8.69576 41633 

-0.00002 09253 

10 

-9.70267 25406 

0.00000 21574 


Gauss’s Multiplication Formula 

For nz ^ 0, —1, —2, . . . , 

5.5.6 T(nz) = {2ir) (1 - n)/2 n nz - {1,2) T (z + - V 

k = 0 ' U ' 

5.5.7 if T (n) = (^) (n ~ 1)/2 ^~ 1/2 - 

5.5.8 ip(2z) = | + I)) + In 2, 

5.5.9 tp(nz) = — ^ ip(z+ — ) + Inn. 

n k = o ' n ' 

5.5(iv) Bohr-Mollerup Theorem 

If a positive function f(x) on (0, oo) satisfies f(x + 1) = 
xf(x), /( 1) = 1, and In f(x) is convex (see §1.4(viii)) 
then /( x) = r(a;). 


Compare Figure 5.3.1. 

As n — > oo, 

5.4.20 x n = -re + - arctanf-^— ) + 0\ n ^ .» ). 

7 r Vmre/ \n(mn) z / 

For error bounds for this estimate see Walker (2007, 
Theorem 5). 

5.5 Functional Relations 
5.5(i) Recurrence 

5.5.1 r(z + i) = zr(z), 

5-5.2 ll>(z + 1) = 1p(z) + - ■ 

5.5(ii) Reflection 

5-5.3 r(*)r(l - z) = 7 r/sin( 7 rz), z ^ 0, ±1, . . . , 

5.5.4 — ijj(l — z) = — 7 r/tan( 7 rz), 2 / 0, ±1, 

5.5(iii) Multiplication 

Duplication Formula 

For 2 z 7 ^ 0, —1, —2, . . . , 

T(2z) = tt- 1 / 2 2 2z - 1 T(z)T(z+1). 


5.6 Inequalities 


5.6(i) Real Variables 

Throughout this subsection x > 0. 

5.6.1 1 < (2Tr)- 1/2 x ( ' 1 / 2 ' > ~ x e x T(x) < e 1/(12a:) , 


5.6.2 

5.6.3 


r(:r) + r(i/x) - 2 ’ 

(T(x))2 + (T(l/x))2 - ’ 


Gautschi’s Inequality 

5.6.4 x 1 -* < + < (x + l) 1-s , 0 < S < 1. 

T(x + s) 

exp ^(1 — s) (x + s 1 / 2 ) ^ 

5 ’ 6 ' 5 ~ r(x + aj ^ e M( 1 ~ s )'l J ( x +U s + 1 )))’ 

0 < s < 1. 


5.6(ii) Complex Variables 

5.6.6 \T(x + iy)\ < |r(x)|, 

5.6.7 \T(x + iy)\ > (sech(Try)) 1 / 2 r(x), x> 
For b — a > 1, a > 0, and z = x + iy with x > 0, 

1 

- | ~ | b—a ' 

For x > 0, 

5.6.9 | F( 2 t) I < (27r) 1 / 2 | 2 ;| :E ^f 1 / 2 ) e — ^It/I/ 2 expdl^l” 1 ). 


5.6.8 


r(z + a ) 
T(z+b ) 


5.5.5 


5.7 Series Expansions 
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5.7 Series Expansions 

5.7(i) Maclaurin and Taylor Series 

Throughout this subsection £( k ) is as in Chapter 25. 
1 ~ 


5.7.1 




= E 


CkZ k , 


k = 1 


where Ci = 1 , C2 = 7, and 

(& - l)Cfc = JCk-l - C( 2 )Cfc-2 + C(3)Cfc-3 

+ (-l) fc C(fc-l)ci, k > 3. 

For 15D numerical values of Cfc see Abramowitz and 
Stegun (1964, p. 256), and for 31D values see Wrench 
(1968). 

lnr(l + z) = -ln(l + z) 

00 k 

5.7.3 + 2 (l- 7 ) + ^(-l) fe (C(fc)-l)^, 

k = 2 

\z\<2. 


5.7.4 ^(l + ^) = -7+E(-l) fe ^( fc )^ 1 ’ \ z \< 1 > 

k = 2 
1 7T 
2^ _ 2 

5.7.5 

- 7 _ 

fc=l 


^(1 + z) = ^ - 77 COt(7Tz) + 1 ^ + 1 


^ 7 -E(C(2fc + l)-l> 2fe , 


|z| <2, z/0,±l. 

For 20D numerical values of the coefficients of the 
Maclaurin series for T(z + 3) see Luke (1969b, p. 299). 

5.7 (ii) Other Series 

When 0,-1, -2,..., 


^ v 

${z) = -7 1- E 


Z fc(fc + z) 


5.7.6 


1 1 


and 

5.7.7 i/} 

Also, 

5.7.8 


= -7 + E 

k = 0 


fc + 1 k + z ) ' 
' (-l) fe 


/c— 0 


fc=l 


3i/>(1 + iy) = ^ 

5.8 Infinite Products 


y 

k 2 + y 2 


5.8.1 


T(z) = lim 


k\k z 


k — >oo z(z + 1) • • • (z + k) 


, z / 0, — 1, —2, . . . , 


5.8.2 

5.8.3 


r(z) 


oo 

n(‘+l) 


k = 1 


F(*) 


T(a; + iy) 

If 


n * 


fc =0 


5.8.4 

then 

5.8.5 


n 

k = 0 


(x + k) 2 

m 

5> fc = ^6 fc , 

fc=i k — i 

(&1 + k)(ci2 + fc) • • • ( CLm + A:) 
(&i + k)(b-2 + &)■•• ( b m + k) 

r( 6 r) r(& 2 ) ■ • • r( 6 m ) 


,-z/k 


, a; 7 ^ 0,-1, 


r(oi) r(a 2 ) • • • r(a m ) ’ 

provided that none of the bk is zero or a negative integer. 

5.9 Integral Representations 
5.9(i) Gamma Function 

5.9.1 - T (-^\-^77 1 = [ exp (-zt ,1 )t v - 1 dt, 

H V/V ~ 7o 

> 0, /r > 0, and 5iz > 0. (The fractional powers 
have their principal values.) 

Hankel’s Loop Integral 


5.9.2 


1 1 /'( 0+ ) 

= — / eH~ z dt , 


T(z) 2m J_ c 
where the contour begins at — oo, circles the origin once 
in the positive direction, and returns to — oo. t~ z has 
its principal value where t crosses the positive real axis, 
and is continuous. See Figure 5.9.1. 



Figure 5.9.1: f-plane. Contour for Hankel’s loop inte- 
gral. 


5.9.3 c z T(z)= / \t\ 2z l e ct dt , c > 0, 5?z > 0, 

J — OO 

where the path is the real axis. 

(-l) fc 


5.9.4 


r(z) = / t z x e * dt + 


fc= o 


(z + k)kl 

z ± 0,-1, -2,.... 
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5.9.5 





n 


E 


(-1 ) k t k \ 
jfe! ) 


dt, 


—n — 1 < $tz < —n. 


5.9.6 r(2)cos(|7rz) 

5.9.7 r(z) sin(iTrz) 


t z 1 cos t dt, 

) 

f z_1 sin t dt, 


0 < SRz < 1, 
-1 < Ikz < 1 . 


where | ph z\ < tt — S(< 7r) and 1 < c < 2. 



5.9.19 


pOO 

r<">(aO = / (ln^e-'r 1 dt, n > 0, 3?z > 0. 

JO 


5.9.8 


r^l+ - j cos(^) = J cos (t n ) dt, n = 2,3,4,..., 

5.9.9 

r^l+ sin(^) = J sin (t n ) dt, n = 2,3,4, 

Binet’s Formula 

lnr(z) = (z — |) In z — z + \ ln(27r) 

5-910 r°° a,rctan(t/z) 

+ Jo e 27rt - 1 

where ph z < n/2 and the inverse tangent has its prin- 
cipal value. 


5.9.11 


lnr(z + 1) = —7 z — 


f -c+ooi 


2m J.o.ooi s sin(Trs) 


C (~s)ds, 


where | ph z\ < tt — 6 (< tt), 1 < c < 2, and ((s) is as in 
Chapter 25. 

For additional representations see Whittaker and 
Watson (1927, §§12.31-12.32). 


5.9(ii) Psi Function, Euler’s Constant, and 
Derivatives 


For 3 <tz > 0, 

5.9.12 ip(z) = 


5.9.13 ip(z) = In z + J ^ 

5.9.14 i/j(z) = J ^ 


e"*- 


5.9.15 i/}(z) = In z — — 2 


e -zi ' 

) dt, 

1 — e -t y 



1 — e _t 

r 

1 > 

i dt 

(l + t) z y 

I t ’ 

*oo 

tdt 


5.9.16 ip(z) + 7 = f 

Jo 


2 z J 0 (t 2 + z 2 )(e 2nt — 1) ’ 

°° e -t _ e -xt /- 1 I- t z ~ 1 

1 - e-* Jo 1-t 


5.9.17 if)(z + 1) = —7 + - — 
2m 


-c+°oi nz -s-l 


sin(7rs) 


C(-s) ds, 


5.10 Continued Fractions 

For 3?z > 0, 

lnr(z) + 2 — [z — In 2 — i ln(27r) 

5-10.1 ao ai a ,2 <13 a 4 05 

z + z + z + z + z+ z+ 

where 

5.10.2 

„ _ Jl. „ _ J_ „ _ 53_ „ _ 195 

a 0 12 i °1 30 ’ 0,2 210 ’ 0,3 371 ’ 

_ 22999 _ 299 44523 _ 10 95352 41009 

u 4 22737 > “ 5 197 33142 » “ 6 4 82642 75462 ' 

For exact values of 07 to an and 40S values of ao 

to 040, see Char (1980). Also see Cuyt et al. (2008, 

pp. 223-228), Jones and Thron (1980, pp. 348-350), 
and Lorentzen and Waadeland (1992, pp. 221-224) for 
further information. 


5.11 Asymptotic Expansions 


5. 1 1 (i) Poincare-Type Expansions 


As z — > 00 in the sector | ph z\ < n — 6 (< tt), 


5.11.1 

lnr(z) 

~ ( z ~ I) 


In z — z + \ ln(27r) + 

fc= 1 


B-2k 

2k(2k - 1 )z 2k - 1 


and 

5 .n.2 

fe= 1 

For the Bernoulli numbers i?2fe, see §24.2(i). 
With the same conditions, 


5.11.3 r(z) 
where 



5.11.4 

9 o t, g 1 12 , g 2 2g8 , go 5i840’ 

571 1 63879 __ 52 46819 

t* 4 24 88320 1 go 2090 18880 > 7 52467 96800 ' 

Also, 


5.11.5 gk V / 2( 2 ) fc ®2fci 


5.11 Asymptotic Expansions 
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where ao = \y / 2 and 

11 1 
a 0 a k + -aidk-i + -a 2 a fc _ 2 H h z—— a k a 0 

5.11.6 ; 2 3 ,i+1 

= -afe-i, k> 1. 

Wrench (1968) gives exact values of g k up to g 2 o- Spira 
(1971) corrects errors in Wrench’s results and also sup- 
plies exact and 45D values of g k for k = 21, 22, . . . , 30. 
For an asymptotic expansion of g k as k — > oo see Boyd 
(1994). 

Terminology 

The expansion (5.11.1) is called Stirling’s series (Whit- 
taker and Watson (1927, §12.33)), whereas the expan- 
sion (5.11.3), or sometimes just its leading term, is 
known as Stirling 's formula (Abramowitz and Stegun 
(1964, §6.1), Olver (1997b, p. 88)). 

Next, and again with the same conditions, 

5.11.7 r(az + 6) ~ y/2 ne- az (az) az+b -( 1/2 \ 
where a (> 0) and 6 (e C) are both fixed, and 

lnT(2 + h) ~ (2 + h — |) In 2 — 0 + \ ln(27r) 

5.11.8 (— 1 ) k B k (h) 

^ k(k — 1 )z k ~ 1 ’ 

where h (£ [0,1]) is fixed, and B k (h) is the Bernoulli 
polynomial defined in §24.2(i). 

Lastly, as y — ► ±oo, 

5.11.9 | r(s + iy) | ~ V2^\y\^ {1/2) e~ wM/2 , 
uniformly for bounded real values of x. 


5.11(H) Error Bounds and Exponential 
Improvement 

If the sums in the expansions (5.11.1) and (5.11.2) are 
terminated at k = n — 1 (fc > 0) and z is real and pos- 
itive, then the remainder terms are bounded in mag- 
nitude by the first neglected terms and have the same 
sign. If 2 is complex, then the remainder terms are 
bounded in magnitude by sec 2 " ph z) for (5.11.1), and 
sec 2 " +1 (| phz) for (5.11.2), times the first neglected 
terms. 

For the remainder term in (5.11.3) write 



5.11.11 

\Rk(z)\< 


(i + CW)r(/v) 

2(27t) a ' +1 \z\ K 


^l+min(sec(ph z), 



|ph z\ < 1 7 r, 


where £(A') is 38 i n Chapter 25. For this result and a 
similar bound for the sector < ph 2 < ir see Boyd 
(1994). 

For further information see Olver (1997b, pp. 293- 
295), and for other error bounds see Whittaker and Wat- 
son (1927, §12.33), Spira (1971), and Schafke and Fin- 
sterer (1990). 

For re-expansions of the remainder terms in (5.11.1) 
and (5.11.3) in series of incomplete gamma functions 
with exponential improvement (§2.1 1 (iii) ) in the asymp- 
totic expansions, see Berry (1991), Boyd (1994), and 
Paris and Kaminski (2001, §6.4). 


5.1 1 (iii) Ratios 

In this subsection a, 6, and c are real or complex con- 


stants. 


If 2- 

-7 oo in the sector | ph 2 ] < 7 r 

5.11.12 

T(z + a) _ a _ b 
r (2 + 6) ’ 

5.11.13 

r (2 + a) _a-bV^C'fe( 
F(2 + 6) ~ ^ 2 

Also, with the added condition 3?(6 — 


5.11.14 

r (2 + a) 
T(z + b) 


Here 


a + b — 1 


,—b oo 

E 


H k (a,b) 


k = o (z+ \{a + b— 1)) 


2k ■ 


5.11.15 

G 0 (a, b) = 1, Gi(a, b) = \{a — b)(a + 6—1), 


n t 1 b a 6 

G 2 (a, 6) — — 


(3(a + 6 — l) 2 — (a — 6 + 1)), 


5.11.16 

H 0 (a,b) = 1, Hi(a, b) = ^ b ^j(a -6+1), 

iJ 2 (a, 6) = ^^^ ^ ^ (2(o - 6+ 1) + 5(a - 6+ l) 2 ). 

In terms of generalized Bernoulli polynomials B„\x) 
(§24.16(i)), we have for k = 0, 1, . . . , 

5.11.17 G„(a,b ) = (“ ( B+ l+1, («), 

Lastly, and again if z — ► oo in the sector ph 2 < 
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7 t — 5 (< 7 r), then 

5.11.19 

r (2 + a) r(z + b ) 

r(z + c) 


with the contour as shown in Figure 5.12.1. 


k = o 


fc! 


For the error term in (5.11.19) in the case z = x (> 0) 
and c = 1, see Olver (1995). 

5.12 Beta Function 

In this section all fractional powers have their princi- 
pal values, except where noted otherwise. In (5.12.1)- 
(5.12.4) it is assumed 3?a > 0 and SR& > 0. 

Euler's Beta Integral 

5.12.1 B (a,b)= f 1 t a -\l-t) b - 1 dt= T ^ T ^ 

Jo 

r ir/2 


r(o + b) 

r” m r* 

5.12.2 / sin 2a_1 0 cos 26-1 0 = |B(a, &). 

Jo 


roo j.a—1 


5.12.3 


t a ~ L dt 


Jo (1 + 1) 

5.12.4 

r 1 +a— 1(-\ +\b— 1 


a-\-b 


= B(a, b). 


t““ 1 (l — t) 6 


Jo {t + z ) 

5.12.5 

/■tt/2 


a-\-b 


■ dt = B(a,b)(l + z) a z , | ph 2 r| < 7r. 


> o 


(cosf) a 1 cos (bt) dt 

7T 1 


5.12.6 


5.12.7 


2 a aB(l(a + i+ 1), |(a — & + 1)) 

/* 7T 

/ (sin t) a ~ 1 e ibt dt 

Jo 

7 r e i ’ r6 / 2 

2 a_1 aB(i(a + 6 + 1), |(a - b + 1)) ’ 


3?a > 0. 


5?a > 0. 


cosh(25f) 


dt = A a 1 B(a + b, a — b), 3?a > 


7 0 (coshf) 2a 

5.12.8 

1 f 00 dt {w + z) 1 ~ a ~ b 


27 r y.oo (tu + it) a {z — it) b (a + 6 — 1) B(a, 6) ’ 

3?(a + 6) > 1, Kw > 0, > 0. 

In (5.12.8) the fractional powers have their principal 
values when w > 0 and 2 > 0, and are continued via 
continuity. 

i r c+ooi i 

— / r a {l-t)- 1 ~ b dt = — — — , 

5.12.9 27ns Jc-ooi bB(a,b) 

0 < c< 1, 3?(o + 6) >0. 

5.12.10 

— / ( + V- X (t- l) 6 - 1 ^ = Sm ^ B(a,b), 3?o > 0, 

27T7 ,/n 7T 



Figure 5.12.1: t-plane. Contour for first loop integral for 
the beta function. 

In (5.12.11) and (5.12.12) the fractional powers are 
continuous on the integration paths and take their prin- 
cipal values at the beginning. 

1 /•( o+) 


5.12.11 


- 1 


t a-i (l + t)~ a ~ b dt = B(a, b), 


when 3 % > 0, a is not an integer and the contour cuts 
the real axis between — 1 and the origin. See Figure 
5.12.2. 



Figure 5.12.2: f-plane. Contour for second loop integral 
for the beta function. 

Pochhammer’s Integral 

When a,b £ C 

/■(H-,0+,1-,0-) 

/ f-Vl -tf-'dt 

5.12.12 J P v ' 

= — 4 e 7r h“+ b ) s i n (7r a ) sin(7r6) B(a, b), 
where the contour starts from an arbitrary point P in 
the interval (0,1), circles 1 and then 0 in the positive 
sense, circles 1 and then 0 in the negative sense, and re- 
turns to P. It can always be deformed into the contour 
shown in Figure 5.12.3. 



Figure 5.12.3: t-plane. Contour for Pochhammer’s inte- 
gral. 


5.13 Integrals 
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5.13 Integrals 


In (5.13.1) the integration path is a straight line parallel to the imaginary axis. 

r c+io ° T(a + b)z a 

i -|- u) r yu — s)z us = 

I c— zoo 


5.13.1 


1 r c + io ° T(a + b)z a 

/ r(s + a) T(b — s)z s ds = — r, 3?(a + b) > 0, — 3?a < c < 3 I ph z\ < tt . 

2 7T* J c _ ioo (1 + z) a+b 


5.13.2 

Barnes’ Beta Integral 
5 


1 

2tt 


r( 2 a) 


/ OO 

\na + it)\ 2 e( 2b -^dt = . q , 

-oo (2 sin by a 

1 ^ , , T(a + c)T(a + d)T(b + c)T(b + d) 

.13.3 — / r(a + it) T(b + it) r(c — it) T(d — it) dt = 

2tt J_ 00 


Ramanujan’s Beta Integral 
5.13.4 

dt 


T(u T b T c T d) 

T(u T b - (- c - \- d — 3) 


a > 0, 0 < b < tt . 


, 3?a, 3 3?c, 3?d > 0. 


J_ x r(a + 1) r(& + 1) r( c - 1) r {d -t) r(a + c - 1) r(a + d - 1) r(& + c - 1) r {b + d- 1) 

de Branges-Wilson Beta Integral 

1 f°° lit =i r (°fc + it)T(a k - it) _ rii<j<fc< 4 r K +«fc) 


, 3^(uT&TcTd) > 3. 


5.13.5 


4-7T 


T{2it) T(-2it) dt r(oiV a 2 + a 3 + a 4 ) ’ > °’ * lj 2 ’ 3 ’ 4 ' 


For compendia of integrals of gamma functions see Apelblat (1983, pp. 124-127 and 129-130), Erdelyi et al. 
(1954a, b), Gradshteyn and Ryzhik (2000, pp. 644-652), Oberhettinger (1974, pp. 191-204), Oberhettinger and Badii 
(1973, pp. 307 316), Prudnikov et al. (1986b, pp. 57-64), Prudnikov et al. (1992a, pp. 127-130), and Prudnikov et al. 
(1992b, pp. 113-123). 

5.14 Multidimensional Integrals 

Let V n be the simplex: ii + t 2 + ■ ■ ■ + t n < 1, tk > 0. Then for 3ftefc >0, k = 1, 2, . . . , n + 1, 


5.14.1 


5.14.2 


U”U 2_1 • • • U _1 dti dt 2 ■■■ dtn = 


1 - yi tk ) n * 1 dtk = 


k = 1 


k =1 


iX^) r(z 2 ) • • • r(z n ) 
r(i + z\ + z 2 + • • • + z n ) 

r(^)r(z 2 )---r(^ +1 ) 

r(zi + z 2 + • • • + z n + 1 ) 


Selberg-type Integrals 

Let 

5.14.3 


A(£i,t 2 , ... ,t n ) = ( tj-tk )■ 

l<j<k<n 


Then 


5.14.4 


/ , n 

/ ht 2 ■ • -£ m |A(£i, . . . ,t n )\ 2c TT - tk ) 6_1 dt k = 

■W]“ fc =1 


n 


■■ + (n — k)c 


(T(l + c)) n ^ a + b + (2 n — k — l)c 


n 


fe=i 


T(a + (n — k)c) T(b + (n — fc)c) T(1 + kc) 
T(a + b + (2 n — k — l)c) 


provided that 3?a, 3i6 > 0, 3?c > — min(l/n, 3fa/(n — 1) , 3 %/(n — 1)). 
Secondly, 


k — 1 


r. n m 

/ t!t. 2 ■ ■ ■ tmlAtti, . . . ,t n )\ 2c Y]_tl~ 1 e~ tk dt k = J|(a+(n-fc)c) 

J [Ojoo) 71 k = i 1 — 1 

when 3?a > 0, 3ic > — min(l/n, 3 ?a/(n — 1)). 

Thirdly, 

1 

(27r) n / 2 Jr 


5.14.5 


5.14.6 


mu r(a + (n - k)c) T(1 + kc) 
(T(l + c))» 


[ |A(£i, . . . ,t n )\ 2c exp {-\t 2 k ) dtk = , 3?c > —1/n. 

J (- 00 , 00 )™ £=[ (r(l + c)) n 
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Dyson's Integral 
5.14.7 



r(l + bn) 

(r(i + fe)) n 


5R6 > —l/n. 


5.15 Polygamma Functions 

The functions ip( n \z), n = 1,2,..., are called the 
polygamma functions. In particular, ip'(z) is the 
trigamma function; ip", ip^ 3 \ ipGl are the tetra-, penta-, 
and hexagamma functions respectively. Most properties 
of these functions follow straightforwardly by differen- 
tiation of properties of the psi function. This includes 
asymptotic expansions: compare §§2.1(ii)-2.1(iii). 

In (5.15.2)-(5.15.7) n,m = 1,2,3,..., and for 
C,{n + 1) see §25.6(i). 

\ ^ 

5.15.1 Ip (z) — ^ ^ z y > 0,-1, —2,..., 

5.15.2 iP^ n \l) = (-l) n+1 ?r!C(n+l), 

5.15.3 ip^W) = (— l)” +1 ?r!(2 n+1 — 1) <p(n + 1), 

n— 1 ^ 

5.15.4 ip'(n- l) = (2jfe _ 1)2 » 

5.15.5 ip {n \z + 1) - ip( n \z) + (—l) n n\z~ n ~ 1 , 

5.15.6 

d n 

V- (n) (l - z) + (-1 r-'ipW(z) = (-l) n 7r^cot(7r«), 

az 

1 m_1 / k \ 

5.15.7 V’ ( ” ) W = y ^ V> (n) («+-). 

m n+i v rri J 

k = o v 7 

As 2 — > oo in | ph z| < 7r — S (< 7 r) 

x 1 1 ^ B 2k 

5.15.8 V ,'( z )^_ + _ + ^_. 

fe=l 

For H 2 fc see §24.2(i). 

For continued fractions for ip' {z) and ip" (z) see Cuyt 
et al. (2008, pp. 231-238). 

5.16 Sums 


For related sums involving finite field analogs of the 
gamma and beta functions (Gauss and Jacobi sums) 
see Andrews et al. (1999, Chapter 1) and Terras (1999, 
pp. 90, 149). 


5.17 Barnes’ G-Function (Double Gamma 
Function) 


5.17.1 G{z+l) = T(z)G(z), G(l) = 1, 

5.17.2 G(n) = (n — 2)!(n — 3)! • • • 1!, n = 2,3,.... 
G(z + 1) = (27r) Z//2 exp(-|z(x + 1) - \iz 2 ) 



5.17.4 

Ln G(z + 1) = \z ln(27r) — \z(z + 1) 

+ zLnT(z + 1) — f Lnr(f + 1) dt. 

Jo 

In this equation (and in (5.17.5) below), the Ln’s have 
their principal values on the positive real axis and are 
continued via continuity, as in §4.2(i). 

When z — > oo in | ph z\ < it — 5 (< ir), 

5.17.5 

Ln G(z + 1) ~ \z 2 + zT(z + 1) - (\z{z + 1) + fi) Lnz 

TD 

_ i a , -P2fc+2 . 

^2k(2k + l)(2k + 2)z 2k ’ 

see Ferreira and Lopez (2001). This reference also pro- 
vides bounds for the error term. Here B 2 k +2 is the 
Bernoulli number (§24.2(i)), and A is Glaisher’s con- 
stant, given by 

5.17.6 A = e c = 1.28242 71291 00622 63687 
where 


oo 2 

5.16.1 ^(-l)V(fc) = -y, 
k= 1 

oo 

5.16.2 £-1// 0fc+l) = C(3) = --<(l). 
k = 1 * 

For further sums involving the psi function see 
Hansen (1975, pp. 360-367). For sums of gamma func- 
tions see Andrews et al. (1999, Chapters 2 and 3) and 
§§15.2(i), 16.2. 


5.17.7 

c = £% 0 (lt klnk - (h™ 2 + h n + h) lnn + \ n2 J 

= 7 + ln(27r) _ C'(2) = _ r , ( _. , 

12 2t r 2 12 ^ 1 

and Cf is the derivative of the zeta function (Chapter 
25). 

For Glaisher’s constant see also Greene and Knuth 
(1982, p. 100) and §2.10(i). 
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5.18 q-Gamma and Beta Functions 
5.18(i) q-Factorials 

n — 1 

5.18.1 (a\q) n = ]^(1 - aq k ), n = 0,1,2,..., 

k—0 

5.18.2 

n\ q = 1(1 + q) • • • (1 + q+ • • • + q^ 1 ) = (g; g)„ (1 - g)“". 
When |g| < 1, 

OO 

518 - 3 («;«)oo = 

k = 0 

See also §17.2(1). 

5.18(ii) q-Gamma Function 

When 0 < q < 1, 

5.18.4 T q {z) = {q-q) 00 {l-q) 1 - z /{q z ] q) 00 , 

5.18.5 r,(i) = r,(2) = 1, 

5.18.6 n\ q = T q (n + 1), 

5.18.7 r,(z + l) = ^^-r,(z). 

Also, lnr g (x) is convex for x > 0, and the analog of the 
Bohr-Mollerup theorem (§5.5(iv)) holds. 

If 0 < q < r < 1, then 

5.18.8 r g (x) < r r (x), 
when 0 < x < 1 or when x > 2, and 

5.18.9 r g (x) > r r (x), 
when 1 < x < 2. 

5.18.10 lim Tq(z) = T(z) . 

q -»i- 

For generalized asymptotic expansions of lnr g (z) as 
\z\ —■ ► oo see Olde Daalhuis (1994) and Moak (1984). 


5.18(iii) q-Beta Function 


5.18.11 B q (a,b) = 


r g(«) T q( b ) . 

T q (a + b) 

r 1 t a ~ 1 (tq-q) c 


5.18.12 


P (n h s _ f ta (*«; 9)00 . , 


0 < g < 1, Ro > 0, R6 > 0. 

For g-integrals see §17.2(v). 


Applications 


5.19 Mathematical Applications 

5.19(i) Summation of Rational Functions 

As shown in Temme (1996a, §3.4), the results given in 
§5.7 (ii) can be used to sum infinite series of rational 
functions. 

Example 

00 k 

5191 S = ^ ak ’ Qk = (3fc + 2)(2k + l)(fc + 1) ' 

By decomposition into partial fractions (§1.2(iii)) 

2 11 
ak ~ fcT| " fc+I " k + 1 

U_2p L- 

k + 1 k+\) \k + 1 k + | 

Hence from (5.7.6), (5.4.13), and (5.4.19) 

5.19.3 S = ip{^) — 2^(|) — 7 = 31n3 — 21n2 — l7r\/3. 

5.19(ii) Mellin-Barnes Integrals 

Many special functions f(z) can be represented as a 
Mellin-Barnes integral , that is, an integral of a product 
of gamma functions, reciprocals of gamma functions, 
and a power of z, the integration contour being doubly- 
infinite and eventually parallel to the imaginary axis at 
both ends. The left-hand side of (5.13.1) is a typical 
example. By translating the contour parallel to itself 
and summing the residues of the integrand, asymptotic 
expansions of f(z) for large \z\, or small \z\, can be ob- 
tained complete with an integral representation of the 
error term. For further information and examples see 
§2.5 and Paris and Kaminski (2001, Chapters 5, 6, and 
8 ). 



5.19(iii) n-Dimensional Sphere 


The volume V and surface area S of the ?r-dimensional 
sphere of radius r are given by 


71 

5.19.4 V = ” : S = = -V. 

r(in+l) r(in) r 


5.20 Physical Applications 

Rutherford Scattering 

In nonrelativistic quantum mechanics, collisions be- 
tween two charged particles are described with the aid of 
the Coulomb phase shift phr(£ + 1 + irj)-, see (33.2.10) 
and Clark (1979). 
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Solvable Models of Statistical Mechanics 

Suppose the potential energy of a gas of n point charges 
with positions x\, X 2 , ■ ■ ■ , x n and free to move on the 
infinite line — oo < x < oo, is given by 

1 n 

5.20.1 W=-J2xj- In \xn — Xj\. 

i=l 1 <i<j<n 

The probability density of the positions when the gas is 
in thermodynamic equilibrium is: 

5.20.2 P(x x n ) = Cexp(-W/(kT)), 

where k is the Boltzmann constant, T the temperature 
and C a constant. Then the partition function (with 
/ 3 = l/{kT)) is given by 


ipnifl) = / e pw dx 

J ]g>n, 

5 . 20.3 = (27 T )n/2p-(n/2)-(0 n (n-l)/4) 

n 

7 = 1 

See (5.14.6). 

For n charges free to move on a circular wire of ra- 
dius 1, 

5.20.4 W = - In \e i6 ‘ — e i6i |, 

and the partition function is given by 


ipniP) = [ e ,3W dd i • • • d6 n 

5.20.5 (27 T) n n 

= T(1+ |n/3)(r(l+ i/3))-". 

See (5.14.7). 

For further information see Mehta (2004). 


Elementary Particles 

Veneziano (1968) identifies relationships between par- 
ticle scattering amplitudes described by the beta func- 
tion, an important early development in string theory. 
Carlitz (1972) describes the partition function of dense 
hadronic matter in terms of a gamma function. 


Computation 


5.21 Methods of Computation 

An effective way of computing r(^) in the right half- 
plane is backward recurrence, beginning with a value 
generated from the asymptotic expansion (5.11.3). Or 
we can use forward recurrence, with an initial value ob- 
tained e.g. from (5.7.3). For the left half-plane we can 
continue the backward recurrence or make use of the 
reflection formula (5.5.3). 


Similarly for lnr( 2 ), il>(z), and the polygamma func- 
tions. 

Another approach is to apply numerical quadrature 
(§3.5) to the integral (5.9.2), using paths of steepest 
descent for the contour. See Schmelzer and Trefethen 
(2007). 

For a comprehensive survey see van der Laan and 
Temme (1984, Chapter III). See also Borwein and 
Zucker (1992). 

5.22 Tables 

5.22(i) Introduction 

For early tables for both real and complex variables see 
Fletcher et al. (1962), Lebedev and Fedorova (1960), 
and Luke (1975, p. 21). 

5.22(ii) Real Variables 

Abramowitz and Stegun (1964, Chapter 6) tabulates 
r(x), lnT(x), ip(x), and i/j'(x) for x = 1(. 005)2 to 
10D; and ip( 3 \x) for x = 1(.01)2 to 10D; T(n), 

!/r(n), r(n+i), V>(n), log lo r(n), log lo r(n+|), 

log 10 r(n + |), and log 10 r(n + |) for n = 1(1)101 
to 8-1 IS; T(n+1) for n = 100(100)1000 to 20S. 
Zhang and Jin (1996, pp. 67-69 and 72) tabulates 
r(x), i/r(x), r(-x), inr(x), i/j(x), i/>(-x), ip'(x), 
and ip'(-x) for x = 0(.1)5 to 8D or 8S; r(n+l) for 
n = 0(1)100(10)250(50)500(100)3000 to 51S. 

5.22(iii) Complex Variables 

Abramov (1960) tabulates lnr(x + iy) for x = 1 (.01) 
2, y = 0 (.01) 4 to 6D. Abramowitz and Stegun (1964, 
Chapter 6) tabulates lnT(x + iy) for x = 1 (.1) 2, 
y = 0 (.1) 10 to 12D. This reference also includes 
il){x + iy) for the same arguments to 5D. Zhang and Jin 
(1996, pp. 70, 71, and 73) tabulates the real and imagi- 
nary parts of r(x + iy), lnT(x + iy), and ip(x + iy) for 
x = 0.5, 1, 5, 10, y = 0(.5)10 to 8S. 

5.23 Approximations 

5.23(i) Rational Approximations 

Cody and Hillstrom (1967) gives minimax rational ap- 
proximations for lnr(x) for the ranges 0.5 < x < 1.5, 
1.5 < x < 4, 4 < x < 12; precision is variable. 
Hart et al. (1968) gives minimax polynomial and ratio- 
nal approximations to T(x) and lnr(x) in the intervals 
0<X<1,8<X< 1000, 12 < x < 1000; precision 
is variable. Cody et al. (1973) gives minimax rational 
approximations for ip(x) for the ranges 0.5 < x < 3 and 
3 < x < 00 ; precision is variable. 

For additional approximations see Hart et al. (1968, 
Appendix B), Luke (1975, pp. 22-23), and Weniger 
(2003). 
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5.23(ii) Expansions in Chebyshev Series 

Luke (1969b) gives the coefficients to 20D for the 
Chebyshev-series expansions of r(l + x), l/r(l + a;), 
r(x + 3), lnr(a; + 3), if)(x + 3), and the first six deriva- 
tives of ip(x + 3) for 0 < x < 1. These coefficients are 
reproduced in Luke (1975). Clenshaw (1962) also gives 
20D Chebyshev-series coefficients for r(l + x) and its 
reciprocal for 0 < x < 1. See Luke (1975, pp. 22-23) 
for additional expansions. 

5.23(iii) Approximations in the Complex Plane 

See Schmelzer and Trefethen (2007) for a survey of ra- 
tional approximations to various scaled versions of r(z). 

For rational approximations to ip{z) + 7 see Luke 
(1975, pp. 13-16). 


5.24 Software 

See http : //dlmf . nist . gov/5 . 24. 


References 


General References 

The main references used in writing this chapter are 
Andrews et al. (1999), Carlson (1977b), Erdelyi et al. 
(1953a), Nielsen (1906a), Olver (1997b), Paris and 
Kaminski (2001), Temme (1996a), and Whittaker and 
Watson (1927) . 

Sources 

The following list gives the references or other indica- 
tions of proofs that were used in constructing the various 
sections of this chapter. These sources supplement the 
references that are quoted in the text. 

§5.2 Olver (1997b, Chapter 2, §§1 and 2), Temme 
(1996a, Chapters 1 and 3). 


§ 5.6 Gautschi (1959b, 1974), Alzer (1997a), Laforgia 
(1984), Kershaw (1983), Lorch (2002), Carlson 
(1977b, §3.10), Paris and Kaminski (2001, §2.1.3). 
For (5.6.1) see §5.11(ii). 

§ 5.7 Wrench (1968) (errors on p. 621 are corrected 
here), Erdelyi et al. (1953a, §1.17), Olver (1997b, 
Chapter 2, §2), Temme (1996a, §3.4). (5.7.7) fol- 
lows from (5.7.6) and (5.5.2). 

§5.8 Olver (1997b, Chapter 2, §1), Whittaker and Wat- 
son (1927, §12.13). 

§ 5.9 Olver (1997b, Chapter 2, §§1 and 2), Temme 
(1996a, Chapter 3), Whittaker and Watson (1927, 
§§12.3-12.32 and §13.6). (5.9.3) follows from 

(5.2.1) by a change of variables. (5.9.8) and (5.9.9) 
follow from (5.9.6) and (5.9.7). (5.9.15) and 

(5.9.17) are the differentiated forms of (5.9.10) 
and (5.9.11). (5.9.19) is the differentiated form 
of (5.2.1). 

§ 5.10 Wall (1948, Chapter 19). 

§ 5.11 Olver (1997b, Chapter 3, § 8 , Chapter 4, §5, and 
Chapter 8 , §4), Temme (1996a, §3.6.2), Paris and 
Kaminski (2001, §2.2.5). (5.11.7) and (5.11.9) are 
derived from (5.11.3). 

§ 5.12 Carlson (1977b, §4.2 and p. 70), Nielsen (1906a, 
§64), Temme (1996a, §3.8: an error in Ex.3.13 is 
corrected here), Olver (1997b, p. 38). (5.12.11) 
follows from (5.12.3). 

§ 5.13 Paris and Kaminski (2001, §3.3.4), Titchmarsh 
(1986a, pp. 188 and 194), Andrews et al. (1999, 
§3.6). 

§ 5.14 Andrews et al. (1999, §§1.8, 8 . 1-8. 3, and 8.7), 
Mehta (2004, pp. 224-227). 

§ 5.16 Jordan (1939, pp. 344-345). 

§ 5.17 Whittaker and Watson (1927, p. 264), Olver 
(1997b, Chapter 8 , §3.3), and the differentiated 
form of (25.4.1). 


§5.3 These graphics were computed at NIST. 

§5.4 Olver (1997b, Chapter 2, §§1 and 2), Andrews 
et al. (1999, §1.2). For (5.4.2) use (5.4.6) 
and (5.5.1). For (5.4.20) use (5.11.2) to solve 
ip(l — x) = 7rcot(7rx ) with x = —n + u and n 
large. 

§5.5 Olver (1997b, Chapter 2, §§1 and 2), Temme 
(1996a, Chapter 3), Andrews et al. (1999, §1.9). 
(5.5.9) follows from (5.5.6). 


§ 5.18 Andrews et al. (1999, §§10.1-10.3). 

§ 5.19 Stein and Shakarchi (2003, pp. 208-209) and 
Robnik (1980). The formula for V can also be 
verified by setting tk = ( Xk/r ) 2 and Zk = \,k = 
1,2, ... ,n, in (5.14.1). The formula for S can be 
verified in a similar way from (5.14.2), or derived 
by differentiating the formula for V. 

§ 5.20 Andrews et al. (1999, §8.2), Mehta (2004, Chap- 
ters 4 and 11). 




Chapter 6 

Exponential, Logarithmic, Sine, and Cosine Integrals 

N. M. Tern me 1 


Notation 150 

6.1 Special Notation 150 

Properties 150 

6.2 Definitions and Interrelations 150 

6.3 Graphics 151 

6.4 Analytic Continuation 151 

6.5 Further Interrelations 151 

6.6 Power Series 151 

6.7 Integral Representations 152 

6.8 Inequalities 152 

6.9 Continued Fraction 153 

6.10 Other Series Expansions 153 

6.11 Relations to Other Functions 153 

6.12 Asymptotic Expansions 153 


6.13 Zeros 154 

6.14 Integrals 154 

6.15 Sums 154 

Applications 154 

6.16 Mathematical Applications 154 

6.17 Physical Applications 155 

Computation 155 

6.18 Methods of Computation 155 

6.19 Tables 156 

6.20 Approximations 156 

6.21 Software 157 

References 157 


1 Centra m voor Wiskunde en Informatica, Department MAS, Amsterdam, The Netherlands. 

Acknowledgments: This chapter is based in part on Abramowitz and Stegun (1964, Chapter 5) by Walter Gautschi and William 
F. Cahill. Walter Gautschi provided the author with a list of references and comments collected since the original publication. 
Copyright (c) 2009 National Institute of Standards and Technology. All rights reserved. 


149 


150 


Exponential, Logarithmic, Sine, and Cosine Integrals 


Notation 


6.1 Special Notation 

(For other notation see pp. xiv and 873.) 

x real variable. 
z complex variable. 
n nonnegative integer. 

S arbitrary small positive constant. 

7 Euler’s constant (§5.2(ii)). 

Unless otherwise noted, primes indicate derivatives 
with respect to the argument. 

The main functions treated in this chapter are the 
exponential integrals Ei(a"), E\(z), and Ein(z); the log- 
arithmic integral li(a;); the sine integrals Si(z) and si(z); 
the cosine integrals Ci(z) and Cin(,z). 


Properties 


6.2 Definitions and Interrelations 


6.2(i) Exponential and Logarithmic Integrals 


The principal value of the exponential integral E\ (z) is 
defined by 

r°° e -* 

6.2.1 E- t (z) = / dt, z t^O, 

J Z t 

where the path does not cross the negative real axis or 
pass through the origin. As in the case of the logarithm 
(§4.2(i)) there is a cut along the interval (— oo,0] and 
the principal value is two- valued on (— oo,0). 

Unless indicated otherwise , it is assumed throughout 
this Handbook that Ei(z) assumes its principal value. 
This is also true of the functions Ci(z) and Chi(2) de- 
fined in §6.2(ii). 


6 . 2.2 


6 . 2.3 


E^z) = e~ z [ 
Jo 

Ein(z) = / 

Jo 


t + z 
1 - e~ l 


dt, 


| ph z\ < 7 r. 


t 


dt. 


Ein(z) is sometimes called the complementary exponen- 
tial integral. It is entire. 


6 . 2.4 E 1 (z)= Ein(z) - In 2 - 7. 

In the next three equations x > 0. 


r 00 e -t r x e t 

6 . 2.5 Ei(rr) = — -h dt = ■+ — dt, 

J — X t J — 00 ^ 

r°° e ~ l 

6.2.6 Ei(— x) = — / dt — —E\{x), 

J X t 

6.2.7 Ei(±a;) = — Ein(=Fx) + lnx + 7. 


(Ei(a;) is undefined when x = 0, or when x is not real.) 
The logarithmic integral is defined by 


6 . 2.8 


r x dt 

\i(x)=j- — =Ei(lnx), 


x > 1. 


The generalized exponential integral E p {z), p £ C, 
is treated in Chapter 8. 


6.2(ii) Sine and Cosine Integrals 


6 . 2.9 


. f z sinf 
Si (2) = / dt. 


t 


Si (2) is an odd entire function. 

sin t 


6 . 2.10 


6 . 2.11 




Ci(*) = - / 

J Z 


dt = Si(z) — \n. 
00 cost 


t 


dt, 


where the path does not cross the negative real axis or 
pass through the origin. This is the principal value', 
compare (6.2.1). 


6 . 2.12 


Cin(z) = f 
Jo 


1 — cos t 
t 


dt. 


Cin(z) is an even entire function. 

6 . 2.13 Ci(z) = -Cin(z) + In z + 7. 

Values at Infinity 

6 . 2.14 lim Si(x) = bn, lim Ci(cc) = 0. 

X — *00 ^ X — >00 

Hyperbolic Analogs of the Sine and Cosine Integrals 


6 . 2.15 Shi (7) = [ dt, 

Jo t 


6 . 2.16 


Chi(*) == 7 + In z + f 
Jo 


cosh t — 1 


dt. 


6.2(iii) Auxiliary Functions 


6 . 2.17 

6 . 2.18 

6 . 2.19 

6 . 2.20 

6 . 2.21 


f(z) = Ci(z) sin 2 — si(z) cos z, 
g(^) = — Ci(z) cos 2 — si(z) sin z. 
Si(z) = |7r — f (z) cos z — g (z) sin z, 
Ci(z) = f (z) sin z — g(z) cos z. 
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6.3 Graphics 


6.4 Analytic Continuation 


6.3(i) Real Variable 



Figure 6.3.1: The exponential integrals Ei(x) and Ei(x), 
0 < x < 2. 



Figure 6.3.2: The sine and cosine integrals Si(x), Ci(x), 
0 < x < 15. 


For a graph of li(ar) see Figure 6.16.2. 

6.3(ii) Complex Variable 



Figure 6.3.3: \Ei(x + iy)\, — 4 < x < 4, — 4 < y < 4. 
Principal value. There is a cut along the negative real 
axis. Also, | Ei(z) \ — > oo logarithmically as z — > 0. 


Analytic continuation of the principal value of E\(z) 
yields a multi-valued function with branch points at 
z = 0 and z = oo. The general value of Ei(z) is given 
by 

6 . 4.1 Ei (z) = Ein(z) — Ln z — 7; 
compare (6.2.4) and (4.2.6). Thus 

6 . 4.2 Ei(ze 2m7rl ) = Ei(z) — 2rmri, m £ Z, 
and 

6 . 4.3 

Ei (ze ±7Ti ) = Ein(— z) — ln z — 7 =F 7 ri, | ph z\ <7 r. 
The general values of the other functions are defined 
in a similar manner, and 


6 . 4.4 

Ci (ze ±7r ‘) 

= ± 7 ri + Ci(z), 

6 . 4.5 

Chi (ze ±7Tl ) 

= ±7tz + Chi(^), 

6 . 4.6 

i(ze ±nl ) 

= 7re T “ — f (z), 

6 . 4.7 

g {ze ±m ) 

= =F nie Ttz + g (z) 


Unless indicated otherwise , in the rest of this chap- 
ter and elsewhere in this Handbook the functions Ei(z), 
Ci(z), Chi(2), f (2), and g(z) assume their principal val- 
ues, that is, the branches that are real on the positive 
real axis and two- valued on the negative real axis. 

6.5 Further Interrelations 

When x > 0, 

6 . 5.1 Ei(— x ± zO) = — Ei(x) =F *7 t, 

6.5.2 Ei(x) = — b(Ei (— x + *0) + Ei(—x — *0)), 

6 . 5.3 |(Ei(x) + Ei(x)) = Shi(x) = — iSi(ix), 

6.5.4 b(Ei(x) — Ei{x)) = Chi(x) = Ci (ix) — ri. 

When |phz| < 

6 . 5.5 Si(z) = ^i(Ei(— iz) — Ei(iz)) + \ ■n , 

6 . 5.6 Ci(z) = — ^(Ei(iz) + Ei(—iz)), 

6 . 5.7 g(z) ±if(z) = Ei(^fiz)e Tiz . 

6.6 Power Series 


6.6.1 


6.6.2 


Ei(x) = 7 + lnx + V -j— , 
Z — ' n\ n 


n= 1 
00 


x > 0. 


Ei{z) = —7 — ln z — 


(-1 ) n z r 


n = 1 
00 


n! n 


n—0 


Ei (z) = - ln z + e z — ip(n + 1) 

n\ 


6 . 6.3 
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where denotes the logarithmic derivative of the 
gamma function (§5.2(i)). 


6.6.4 


Em (z) = X] 


(-l) n “V 


6.6.5 Si(» = 


n — 0 


(-1 ) n z 2n+1 
(2n+ l)!(2n + 1)’ 

°° (-1 ) n z 2n 


6.6.6 Ci(z)= 7 + l„z+£ 

n = 1 v 7 v 7 

The series in this section converge for all finite values of 
x and \z\. 


6.7 Integral Representations 
6.7(i) Exponential Integrals 
6.7.1 

po o —at poo iat 

/ dt = — — - dt = e ab EAab), a > 0, b > 0, 

Jo t + b Jo t + ib 

f a -xt 

6 7 2 e* J Y^t dt = Ei (‘ T ) - Ei((l - a)x), 

0 < a < 1, x > 0. 

6.7.3 

fOO „it 


i 2 + t 2 2 a 


6.7.4 

r te u 


z 2 + 1 2 


dt = — (e“ Ei ( x + ia) 


6.7.5 


6.7.6 

r °° te-* 


a 2 + t 2 2 ai 


— e “ E\{x — ia)) , 
a > 0, x € R, 


z 2 + 1 2 


dt = \ (e“ Ei(:r + ia) + e ® a Ei(x — ia)) , 

a > 0, i £ R. 


1,1 e _at sin (bt) 

6.7.7 / : dt = QEin(a + ib), a, 


.70 

'•l at 


t 


6.7.8 


e (1 ~ coa(ti)) dt = SfEinfa + it) - Ein(a), 

a, 6 £ M. 

Many integrals with exponentials and rational func- 
tions, for example, integrals of the type / e z R(z) dz, 
where R(z) is an arbitrary rational function, can be 
represented in finite form in terms of the function Ei(z) 
and elementary functions; see Lebedev (1965, p. 42). 


6.7(ii) Sine and Cosine Integrals 

When z£ C 

r V 2 

6.7.9 si ( 2 ) = — / e~ zcost cos(zsmt) dt, 

Jo 

W 2 

6.7.10 Ein(z) — Cin(^) = / e~ zcost sin(z sin t) dt, 

Jo 


rl (1 — e at ) cos (bt) 


6.7.11 


- dt = 3?Ein(a + ib) — Cin(6), 
a, b £ R. 


6.7(iii) Auxiliary Functions 

roo e it 

6.7.12 g(z) + if(z)=e~ tz — dt, |ph3|<7r. 

J z t 

The path of integration does not cross the negative real 
axis or pass through the origin. 

,, , sin t , f°° e~ zt , 

6713 !{z) = l PTL dt = J 0 PR 1 *' 

, , cos t , te~ zt , 

6711 6(2) = i, i^ dt = l PTY dt 

The first integrals on the right-hand sides apply when 
| pli 2 < 7r; the second ones when iRz > 0 and (in the 
case of (6.7.14)) z / 0. 


a Ei(—a — ix)) , 

When | 

ph z\ < 7 r 

p OO 

a > 0, x > 0, 

6.7.15 

f (z) = 2 / K 0 
Jo 


6.7.16 

/»oo 

g(z) =2 K 0 

“ Ei(—a — ix)) , 

For I\ 0 see 

Jo 

§10.25(ii). 

a > 0, x > 0. 

6.7(iv) Compendia 


For collections of integral representations see Bierens de 
Haan (1939, pp. 56-59, 72-73, 82-84, 121, 133-136, 155, 
179-181, 223, 225-227, 230, 259-260, 374, 377, 397-398, 
408, 416, 424, 431, 438-439, 442-444, 488, 496-500, 
567-571, 585, 602, 638, 675-677), Corrington (1961), 
Erdelyi et al. (1954a, vol. 1, pp. 267-270), Geller and Ng 
(1969), Nielsen (1906b), Oberhettinger (1974, pp. 244- 
246), Oberhettinger and Badii (1973, pp. 364-371), and 
Watrasiewicz (1967). 

6.8 Inequalities 

In this section x > 0. 

6.8.1 ^lnM + - J < e x E 1 (x) <lnM + - J, 


6 . 8.2 

6.8.3 


X + 1 

x(x + 3) 
x 2 + 4x + 2 


X x r-i / , x + 1 

< xe E i(x) < 


< xe x Ei{x) < 


x + 2' 
x 2 + 5x + 2 
x 2 + 6x + 6 


6.9 Continued Fraction 


153 


6.9 Continued Fraction 


6.11 Relations to Other Functions 


e~ z i i 2 2 3 3 

6.9.1 El ^~ z + l+z+l+z+l+z+ ’ 

| ph z\ < 7 r. 

See also Cuyt et al. (2008, pp. 287-290). 

6.10 Other Series Expansions 
6.10(i) Inverse Factorial Series 


E 1 {z) = e~ z ( ^ + Cl 


2 !c 2 


6 . 10.1 


z z(z + 1) z(z+l)(z + 2) 
3!c 3 

z(z + 1 )(z + 2 )(z + 3) 


> 0 , 

where 

6.10.2 Co 1, Ci 1, C2 2? ^3 3? C4 g, 

fe-1 


and 

6.10.3 




= -£ 


1=0 


k ~ j’ 


k > 1. 


For a more general result (incomplete gamma func- 
tion), and also for a result for the logarithmic integral, 
see Nielsen (1906a, p. 283: Formula (3) is incorrect). 

6. 10(ii) Expansions in Series of Spherical Bessel 
Functions 

For the notation see §10.47(ii). 


6.10.4 


Si O) = 2 E 04H) > 

71=0 

OO 

6.10.5 Cin(z) = ^2 a n {in Hz)) 2 , 


6 . 10.6 


UaJ 2 

Ei(a;) = 7 +ln|a;| + ^(-l) ri (x-a n ) , 

n — 0 

a/o, 

where 

6 . 10.7 a n = (2 n + 1) (1 — (—1)" + ip(n + 1) - - i />( 1 )) , 

and ip denotes the logarithmic derivative of the gamma 
function (§5.2(i)). 

6 . 10.8 

Ein(z) = ze ~ z/2 ^ (§*) + £ n{n + \) ' 

For (6.10.4)-(6.10.8) and further results see Harris 
(2000) and Luke (1969b, pp. 56-57). An expansion 
for Ei(z) can be obtained by combining (6.2.4) and 
( 6 . 10 . 8 ). 


For the notation see §§8.2(i) and 13.2(i). 

Incomplete Gamma Function 

6.11.1 e x { z ) = r(o,,z). 

Confluent Hypergeometric Function 

6.11.2 E - l ( z ) = e ~ z U ( l , l , z ), 

6 . 11.3 g(z) + if(z) = [7(1, 1, — iz). 

6.12 Asymptotic Expansions 
6.12(i) Exponential and Logarithmic Integrals 

„ , s e~ z / 1! 2! 3! 

6 . 12.1 x V z z 2 z 3 

z — > oo, | ph z\ < §7r — i5(< 1 7 r). 
When | phz| < ^71 the remainder is bounded in magni- 
tude by the first neglected term, and has the same sign 
when ph z = 0. When ^7r < |phz| < 7r the remainder 
term is bounded in magnitude by csc(| phz|) times the 
first neglected term. For these and other error bounds 
see Olver (1997b, pp. 109-112) with a = 0. 

For re-expansions of the remainder term leading to 
larger sectors of validity, exponential improvement, and 
a smooth interpretation of the Stokes phenomenon, see 
§§2.11 (ii)— 2. 1 1 (iv) , with p = 1. 

6 . 12.2 

1! 2! 3! 

+00. 


Ei(a;) ~ — I 1 -I 1 — ^ -I — ~ 

x \ x x z x J 


If the expansion is terminated at the nth term, then the 
remainder term is bounded by 1 + x( n + 1) times the 
next term. For the function \ see §9.7 (i) . 

The asymptotic expansion of li(zc) as x — > oo is ob- 
tainable from (6.2.8) and (6.12.2). 

6.12(ii) Sine and Cosine Integrals 

The asymptotic expansions of Si(z) and Ci(z) are given 
by (6.2.19), (6.2.20), together with 

,, , 1 / 2! 4! 6! 

6 - 12 - 3 + + - 

. , 1 / 3! 5! 7! 

6.12.4 g(z) ~ ( 1 - + - + 


as z — > oo in | ph z\ < tt — 5 (< 7r). 

The remainder terms are given by 

6.J2.5 fW = ;E(-ir^ + «?>(4, 


m — 0 
n—1 


6.12.6 g( 2 ) = 4 + *»(*), 

771 = 0 
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where, for n = 0,1,2,..., 

po o —ztj2n 

6.12.7 S^\z) = (-l) n J - ?Tr dt , 

/■oo —zt.j.2n+l 

6.12.8 R<f>(z) = (-1)" jf f2 + 1 dt. 

When ph z | < j7r, these remainders are bounded in 
magnitude by the first neglected terms in (6.12.3) and 
(6.12.4), respectively, and have the same signs as these 
terms when ph z = 0. When j7r < ph z\ < | tt the 
remainders are bounded in magnitude by csc(2|ph2|) 
times the first neglected terms. 

For other phase ranges use (6.4.6) and (6.4.7). 
For exponentially-improved asymptotic expansions, use 
(6.5.5), (6.5.6), and §6.12(i). 

6.13 Zeros 


6.14(iii) Compendia 

For collections of integrals, see Apelblat (1983, pp. 110- 
123), Bierens de Haan (1939, pp. 373-374, 409, 479, 
571-572, 637, 664-673, 680-682, 685-697), Erdelyi et al. 
(1954a, vol. 1, pp. 40-42, 96-98, 177-178, 325), Geller 
and Ng (1969), Gradshteyn and Ryzhik (2000, §§5.2-5. 3 
and 6.2-6.27), Marichev (1983, pp. 182-184), Nielsen 
(1906b), Oberhettinger (1974, pp. 139-141), Oberhet- 
tinger (1990, pp. 53-55 and 158-160), Oberhettinger 
and Badii (1973, pp. 172-179), Prudnikov et al. (1986b, 
vol. 2, pp. 24-29 and 64-92), Prudnikov et al. (1992a, 
§§3.4-3. 6), Prudnikov et al. (1992b, §§3.4-3. 6), and Wa- 
trasiewicz (1967). 


6.15 Sums 


The function Ei(x) has one real zero Xq, given by 
6.13.1 x 0 = 0.37250 74107 81366 63446 19918 66580 . . . . 
Ci(ai) and si(x) each have an infinite number of pos- 
itive real zeros, which are denoted by Cfc, s*,, respec- 
tively, arranged in ascending order of absolute value for 

A: = 0,1,2, Values of c\ and C2 to 30D are given by 

MacLeod (1996). 

As k — > oo, 


6.13.2 


1 


Cfc, Sfc ~ ol H — 


16 1 
3 a 3 


1673 1 5 07746 1 


15 a 5 105 a 7 
where a = kn for Ck, and a = (k + ^)tt for Sk- 
For these results, together with the next three terms 
in (6.13.2), see MacLeod (2002a). See also Riekstyns 
(1991, pp. 176-177). 


6.15.1 Ci(7rn) = \ (In 2 — 7), 

n = 1 

00 •/ \ 

E si (7m) 1 

= ^7r(ln 7T — 1) , 


6.15.3 (— l) n Ci(27rn) = 1 — In 2 — ^7, 

n—1 

E , . si(27T77-) . o . 

(-1)"— = 7r(| In 2 — 1). 

n — 1 

For further sums see Fempl (1960), Hansen (1975, 
pp. 423-424), Harris (2000), Prudnikov et al. (1986b, 
vol. 2, pp. 649-650), and Slavic (1974). 


6.14 Integrals 

6.14(i) Laplace Transforms 

r°° 1 

/ e at E\(t) dt = - ln(l + a), 3ta > —1, 
Jo a 

r 00 1 

/ e~ at Ci(t)dt= ln(l + a 2 ), 3?a > 0, 

Jo 2 a 

r°° _ 1 

/ e at si (t) dt= arctan a , 3?a > 0. 

Jo a 

6.14(ii) Other Integrals 

pOO 

/ Ef(t)dt = 2 In 2, 

Jo 


6.14.1 

6.14.2 

6.14.3 


6.14.4 


poo poo 

.14.6 / Ci 2 (t)dt= / si 2 (t) dt = ^7r, 

Jo Jo 

P 00 

/ Ci(t) si(f) dt = In 2. 

Jo 


6 

6.14.7 


Applications 

6.16 Mathematical Applications 

6.16(i) The Gibbs Phenomenon 

Consider the Fourier series 

sin 2; + | sin(3ai) + | sin(5a;) + ■ ■ 



, ^ ^ [ \i r, 

0 < X < 7T, 


6.16.1 4 ’ 



= °> 

H 

II 

O 

1 - 

i-l 77 : 

— TT < X < 0 


The ?rth partial sum is given by 


n—1 . 


6.16.2 


Sn{x) = ^ 


sin((2fc + l)ai) 1 f x sin(2nt) 


k — 0 

1 

2 


2k + 1 


2 J 0 sin t 


dt 


= \ Si(2n2;) + R n { x), 
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where 

6 ' 16 ' 3 R n (x) = ^ sin(2nf) dt. 

2 J 0 \smt tj 

By integration by parts 

6 ' 16 ' 4 R n {x) = O (n,- 1 ) i n—>oo, 

uniformly for x € [— 7r,7r]. Hence, if x is fixed and 
n — > oo, then S n (x) — > | n , 0, or — according as 
0 < x < 7r, x = 0, or — 7T < x < 0; compare (6.2.14). 

These limits are not approached uniformly, however. 
The first maximum of | Si(ir) for positive x occurs at 
x = 7T and equals (1.1789...) x j7r; compare Figure 
6.3.2. Hence if x = 7r/(2 n) and n — > oo, then the lim- 
iting value of S n (x) overshoots by approximately 
18%. Similarly if x = tt/ti, then the limiting value of 
S n (x ) undershoots by approximately 10%, and so 
on. Compare Figure 6.16.1. 

This nonuniformity of convergence is an illustration 
of the Gibbs phenomenon. It occurs with Fourier-series 
expansions of all piecewise continuous functions. See 
Carslaw (1930) for additional graphs and information. 



Figure 6.16.1: Graph of S n (x), n = 250, —0.1 < x < 0.1, 
illustrating the Gibbs phenomenon. 


6.16(H) Number-Theoretic Significance of li(cc) 

If we assume Riemann’s hypothesis that all nonreal ze- 
ros of ((s) have real part of \ (§25.10(i)), then 

6 ' 16 ' 5 \\{x) — tt{x) = 0{\fx\nx), x — > oo , 

where tt(x) is the number of primes less than or equal 
to x. Compare §27.12 and Figure 6.16.2. See also Bays 
and Hudson (2000). 



Figure 6.16.2: The logarithmic integral li(ar) , together 
with vertical bars indicating the value of n(x) for x = 
10 , 20 , ..., 1000 . 


6.17 Physical Applications 

Geller and Ng (1969) cites work with applications from 
diffusion theory, transport problems, the study of the 
radiative equilibrium of stellar atmospheres, and the 
evaluation of exchange integrals occurring in quantum 
mechanics. For applications in astrophysics, see also van 
de Hulst (1980). Lebedev (1965) gives an application to 
electromagnetic theory (radiation of a linear half-wave 
oscillator), in which sine and cosine integrals are used. 


Computation 

6.18 Methods of Computation 
6. 18(i) Main Functions 

For small or moderate values of x and \z\, the expan- 
sion in power series (§6.6) or in series of spherical Bessel 
functions (§6. 10(ii)) can be used. For large x or \z\ these 
series suffer from slow convergence or cancellation (or 
both). However, this problem is less severe for the se- 
ries of spherical Bessel functions because of their more 
rapid rate of convergence, and also (except in the case 
of (6.10.6)) absence of cancellation when z = x (> 0). 

For large x and |z|, expansions in inverse factorial 
series (§6.10(i)) or asymptotic expansions (§6.12) are 
available. The attainable accuracy of the asymptotic 
expansions can be increased considerably by exponen- 
tial improvement. Also, other ranges of phz can be 
covered by use of the continuation formulas of §6.4. 

Quadrature of the integral representations is another 
effective method. For example, the Gauss-Laguerre for- 
mula (§3.5(v)) can be applied to (6.2.2); see Todd (1954) 
and Tseng and Lee (1998). For an application of the 
Gauss-Legendre formula (§3.5(v)) see Tooper and Mark 
(1968). 
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Lastly, the continued fraction (6.9.1) can be used if 
\z\ is bounded away from the origin. Convergence be- 
comes slow when 2 is near the negative real axis, how- 
ever. 


6.18(ii) Auxiliary Functions 


Power series, asymptotic expansions, and quadrature 
can also be used to compute the functions f(z) and g (z). 
In addition, Acton (1974) developed a recurrence pro- 
cedure, as follows. For n = 0,l,2,..., define 

te~ zt ( t 2 \" , 

lo l+t 2 [l + t 2 ) ’ 

e~ zt ( t 2 V* , 

lo 1 + f 2 Vl + i 2 J ’ 


6.18.1 


An — 

B r , = 


C n = 


t 2 


/ 0 \l + t 2 

Then f (z) = B 0 , g (z) = A 0 , and 


dt. 


6.18.2 A„_i - A„ + 2n C n , 
Cn— 1 — (B n B n — , 


B n - 1 — 


2nB„ 


■ zA n _ 


n— 1 


2n — 1 

n = 1,2,3,.... 


Ao, Bo , and Co can be computed by Miller’s algorithm 
(§3.6(iii)), starting with initial values (Ajv, Bn,Cn) = 
(1, 0, 0), say, where N is an arbitrary large integer, and 
normalizing via Cq = 1/z. 


6 . 1 8 ( iii) Zeros 

Zeros of Ci(x) and si(x) can be computed to high pre- 
cision by Newton’s rule (§3.8(ii)), using values supplied 
by the asymptotic expansion (6.13.2) as initial approx- 
imations. 


6.18(iv) Other References 

For a comprehensive survey of computational methods 
for the functions treated in this chapter, see van der 
Laan and Temme (1984, Ch. IV). 

6.19 Tables 


6.19(i) Introduction 

Lebedev and Fedorova (1960) and Fletcher et al. (1962) 

give comprehensive indexes of mathematical tables. 

This section lists relevant tables that appeared later. 

6.19(ii) Real Variables 

• Abramowitz and Stegun (1964, Chapter 5) 
includes x _1 Si(x), — x~ 2 Cin(x), x _1 Ein(x), 

— x _1 Ein(— x), x = 0(.01)0.5; Si(rc) , Ci(x), 
Ei(ai), Ei(x), x = 0.5(.01)2; Si(ir), Ci(a;), 
xe~ x Ei(x), xe x E\(x), x = 2(.1)10; xf(x), 
x 2 g(x), xe~ x Ei(a:), xe x E\(x), x~ x = 0(. 005)0.1; 
Si(7rx), Cin(7ra’), x = 0(.1)10. Accuracy varies but 
is within the range 8S-11S. 


• Zhang and Jin (1996, pp. 652, 689) includes Si(x), 
Ci(x), x = 0(. 5)20(2)30, 8D; Ei(x), E^x), x = 
[0,100], 8S. 

6.19(iii) Complex Variables, z = x + iy 

• Abramowitz and Stegun (1964, Chapter 5) in- 
cludes the real and imaginary parts of ze z Ei{z), 
x = -19(1)20, y = 0(1)20, 6D; e z E^z), x = 
— 4(.5) — 2, y = 0(.2)1, 6D; Ei(z) + lnz, x = 
— 2(.5)2.5, y = 0(.2)1, 6D. 

• Zhang and Jin (1996, pp. 690-692) in- 

cludes the real and imaginary parts of E\(z), 
±x = 0.5,1,3,5,10,15,20,50,100, y = 

0(. 5)1(1)5(5)30, 50, 100, 8S. 

6.20 Approximations 

6.20(i) Approximations in Terms of Elementary 
Functions 

• Hastings (1955) gives several minimax polyno- 
mial and rational approximations for E\ (x) + In x, 
xe x -Ei(x), and the auxiliary functions f(x) and 
g(x). These are included in Abramowitz and Ste- 
gun (1964, Ch. 5). 

• Cody and Thacher (1968) provides minimax ra- 
tional approximations for Ei(x), with accuracies 
up to 20S. 

• Cody and Thacher (1969) provides minimax ra- 
tional approximations for Ei(x), with accuracies 
up to 20S. 

• MacLeod (1996) provides rational approximations 
for the sine and cosine integrals and for the auxil- 
iary functions f and g, with accuracies up to 20S. 


6.20(ii) Expansions in Chebyshev Series 

• Clenshaw (1962) gives Chebyshev coefficients for 
— Ei(x) — In |x| for —4 < x < 4 and e x E\{x) for 
x > 4 (20D). 

• Luke and Wimp (1963) covers Ei(x) for x < —4 
(20D), and Si(x) and Ci(x) for x > 4 (20D). 

• Luke (1969b, pp. 41-42) gives Chebyshev expan- 
sions of Ein(ax), Si(ax), and Cin(ax) for —1 < 
x < 1, a e C. The coefficients are given in terms 
of series of Bessel functions. 
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• Luke (1969b, pp. 321-322) covers Ein(s) and 
— Ein(— x) for 0 < x < 8 (the Chebyshev coef- 
ficients are given to 20D); E\(x) for x > 5 (20D), 
and Ei(:c) for x > 8 (15D). Coefficients for the sine 
and cosine integrals are given on pp. 325-327. 

• Luke (1969b, p. 25) gives a Chebyshev expansion 
near infinity for the confluent hypergeometric U- 
function (§13.2(i)) from which Chebyshev expan- 
sions near infinity for Ei(z), f(z), and g (z) follow 
by using (6.11.2) and (6.11.3). Luke also includes 
a recursion scheme for computing the coefficients 
in the expansions of the U functions. If | ph z\ < ir 
the scheme can be used in backward direction. 

6.20(iii) Pade-Type and Rational Expansions 

• Luke (1969b, pp. 402, 410, and 415-421) gives 
main diagonal Pade approximations for Ein(z), 
Si(z), Cin(z) (valid near the origin), and E\(z) 
(valid for large |z|); approximate errors are given 
for a selection of z- values. 

• Luke (1969b, pp. 411-414) gives rational approx- 
imations for Ein(z). 

6.21 Software 

See http://dlmf.nist.gOv/6.21. 
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Sources 

The following list gives the references or other indica- 
tions of proofs that were used in constructing the various 
sections of this chapter. These sources supplement the 
references that are quoted in the text. 

§ 6.2 Olver (1997b, pp. 40-42). 

§6.3 These graphics were produced at NIST. 

§ 6.4 For (6.4.1) see Olver (1997b, p. 40). (6.4.3) follows 
from (6.6.2) and (6.6.4). (6.4.4) and (6.4.5) follow 
from (6.2.13) and (6.2.16). (6.4.6) and (6.4.7) fol- 
low from (6.2.17), (6.2.18), and (6.4.4). 


§ 6.5 For (6.5.1) and (6.5.2) see Olver (1997b, p. 41). 
(6.5.3) and (6.5.4) follow from (6.6.1), (6.6.2), 
(6.6.5), and (6.6.6). For (6.5.5) and (6.5.6) see 
Olver (1997b, p. 42). (6.5.7) follows from (6.2.10), 
(6.2.17), (6.2.18), (6.5.5), and (6.5.6). 

§6.6 Olver (1997b, pp. 40-43). (6.6.3) follows from 

(6.11.2) and (13.2.9). 

§ 6.7 (6.7.1) and (6.7.2) follow from the definitions 
(§6.2(i)). (6.7.3)-(6.7.6) follow from differentia- 
tion with respect to x. (6.7.7) and (6.7.8) fol- 
low from replacing the trigonometric functions 
by exponentials. For (6.7.9)-(6.7.11) see Nielsen 
(1906b, p. 13: there are sign errors in Eq. (27)). 
(6.7.12)-(6.7.14) follow from (6.5.7), (6.2.1), and 

(6.2.2) ; for the second equations in (6.7.13) and 

(6.7.14) see Temme (1996a, pp. 187-188). For 

(6.7.15) and (6.7.16) use (10.32.10). 

§6.8 See Gautschi (1959b) for (6.8.1), and Luke (1969b, 
p. 201) for (6.8.2) and (6.8.3). 

§ 6.9 Nielsen (1906b, pp. 42-44), or Lorentzen and 
Waadeland (1992, p. 577). 

§6.10 Nielsen (1906a, p. 283). (6.10.3) follows from 

1/(1 — ln(l — *)) = EZo c kt k - 

§ 6.11 Temme (1996a, pp. 180 and 187). For (6.11.3) 
use (6.5.7). 

§ 6.12 For (6.12.2) see Olver (1997b, p. 227). (6.12.3) 
and (6.12.4) follow from (6.7.13) and (6.7.14) 
by applying Watson’s lemma (§2.4(i)). (6.12.5)- 
(6.12.8) follow from (6.7.13), (6.7.14), and 

the identity ( t 2 + l)" 1 = E™=o(-l) m i 2m + 
(— l)"t 2 "(t 2 -|-l) _1 . The error bounds are obtained 
by setting t = sfr in (6.12.7) and (6.12.8), rotat- 
ing the integration path in the r-plane through 
an angle — 2phz, and then replacing |r + 1| by its 
minimum value on the path. 

§ 6.13 See Cody and Thacher (1969) for x 0 in (6.13.1). 

§6.14 Nielsen (1906b, pp. 48-50, 53, and 54: there is 
a I missing in the formula that corresponds to 

(6.14.2) and a sign error in the formula that cor- 
responds to (6.14.7)). 

§ 6.15 Slavic (1974). 

§ 6.16 Temme (1996a, pp. 181-182: the numerical value 
1.089490 ... on p. 182 should be replaced by 
1.1789 ... ). Gibbs reported this phenomenon in a 
letter to Nature , 59 (1899, p. 606). Figures 6.16.1 
and 6.16.2 were produced at NIST. 
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Error Functions, Dawson’s and Fresnel Integrals 


Notation 

7.1 Special Notation 


7.2(ii) Dawson’s Integral 

c z 

7 . 2.5 F{z) = e _z2 / e <2 dt. 

Jo 


(For other notation see pp. xiv and 873.) 

x real variable. 
z complex variable. 
n nonnegative integer. 

S arbitrary small positive constant. 

7 Euler’s constant (§5.2(ii)). 

Unless otherwise noted, primes indicate derivatives 
with respect to the argument. 

The main functions treated in this chapter are the 
error function erf z; the complementary error functions 
erfc z and w(z); Dawson’s integral F(z); the Fresnel in- 
tegrals F{z), C(z), and S'(z); the Goodwin-Staton inte- 
gral G(z); the repeated integrals of the complementary 
error function i"erfc(z); the Voigt functions U(:c,f) and 

Alternative notations are P(z ) = | erfc (— z/\/ 2 ), 
Q(z) = d>(z) = \ erfc(z/v / 2), Erf z = \y/Tteriz, 
Erfiz = e z F(z), Ci(z) = C i^sj2/nz ^ , S'i(z) = 

sl^/Z/'Kz'j, C 2 (z) = c(^/2z/T^j , S 2 (z) = s(^/2z/T^j . 

The notations P(z), Q(z), and <F(z) are used in 
mathematical statistics, where these functions are called 
the normal or Gaussian probability functions. 


7.2(iii) Fresnel Integrals 



P(z), G(z), and S(z ) are entire functions of z, as are 
f(z) and g(z) in the next subsection. 

Values at Infinity 

7 . 2.9 lim C(x) = i lim S(x) = l . 

x-ioo z x — >oo z 

7.2(iv) Auxiliary Functions 

7 . 2.10 

f(z) = (| — S'(z)) cosQ^z 2 ) — (5 — G(z)) sin(i 7 rz 2 ), 

7 . 2.11 

g(z) = (| - C{z)) cos(i 7 rz 2 ) + (J, - S(z)) sin(| 7 rz 2 ). 


Properties 


7.2 Definitions 
7.2(i) Error Functions 


2 f z 2 

7 . 2.1 erf z = —j= / e -t dt, 

Jo 

2 .2 

7 . 2.2 erfcz=— == / e dt = 1 — erf z, 

Jz 

7 . 2.3 

w(z) = e~ z ^1 + — p / eJ dt^j = e~ z erfc(— iz). 

erf z, erfcz, and w(z) are entire functions of z, as is 
F(z) in the next subsection. 

Values at Infinity 

lim erf z = 1, lim erfc z = 0, 

DO 

I ph z | < 1 7 T- 5(< j7 r). 


7.2(v) Goodwin-Staton Integral 


7 . 2.12 


G(z) 



| ph Z | < 7T. 


7.3 Graphics 
7.3(i) Real Variable 



Figure 7.3.1: Complementary error functions erfcx and 
erfc(10a:), — 3 < x < 3. 


7 . 2.4 




7.4 Symmetry 
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Figure 7.3.2: Dawson’s integral F(x), —3.5 < x < 3.5. 



Figure 7.3.3: Fresnel integrals C(x) and S(x), 0 < x < 4. 



Figure 7.3.4: \F(x)\ 2 , —8<x<8. Fresnel (1818) intro- 
duced the integral F(x) in his study of the interference 
pattern at the edge of a shadow. He observed that the 
intensity distribution is given by |.F(:e)| 2 . 


7.3(ii) Complex Variable 



3 


Figure 7.3.5: | erf(x + iy)\, —3<x<3,—3<y<3. 
Compare §7.13(i). 



7.4 Symmetry 

7 . 4.1 erf(— z) = — erf ( 2 :), 

7 . 4.2 erfc(— z) = 2 — erfc(z), 

7 . 4.3 w(— z) = 2e -2 —w{z). 

7.4.4 F(-z) = -F(z). 

7 . 4.5 C(-z) = -C(z), S(-z) = -S(z), 

7 . 4.6 C(iz)=iC(z), S(iz) = —i S(z). 

?47 f(iz) = (l/y/2)e*" i -*” i * a -if(z), 

g(iz) = +ig(z). 



162 


Error Functions, Dawson’s and Fresnel Integrals 


i(~z) = V / 2C0S( j7T + \n tz 2 ) - f(z), 
g(~z ) = V^sin(j7r + \i tz 2 ) -g(z). 


7.5 Interrelations 

7.5.1 F(z) = ^iy / tt (e~ z — w(z)^j = — \i\fTre~ z erf(iz). 

7.5.2 C{z) + i S(z) = \{1 + i) — F(z). 

7.5.3 C(z) = \ + f(.z) sin(|7rz 2 ) - g(z) cosQttz 2 ), 

7.5.4 S(z ) = \ - f(z) cos(^7rz 2 ) — g(z) sin(|7rz 2 ). 

7.5.5 e-i™ 2 F(z) = g{z) + if(z). 

7.5.6 g ± i 7r « 2 (g(z)±?f(2:))= |(l±t)-((7(»)±*S(ar)). 
In (7.5.8)-(7.5.10) 

7.5.7 C = 5V^(! T>)z, 

and either all upper signs or all lower signs are taken 
throughout. 

7.5.8 C( z ) ± i S(z) = |(1 ± i) erf £. 

7.5.9 <?(*) ± * 5(z) = |(1 ± i) (l - «;(fC)) ■ 

7.5.10 g(z) ± ii(z) = |(1 ± erfc£. 

7.5.11 | iF(ai)| 2 = f 2 (ai) + g 2 (x), x > 0, 

I -^(x)! 2 = 2 + f 2 (— a;) + g 2 (— x) 

7 5 12 2"\/2cos(|;7r + ^7rx 2 ) f( x) 

— 2 \/ 2 cos(| 7 r — | 7 ra: 2 ) g(— x), 

x < 0. 

See Figure 7.3.4. 

7.5.13 G(ai) = y/nF(x) — Ei(x 2 ), x > 0. 

For Ei(a;) see §6.2(i). 


7.6 Series Expansions 
7.6(i) Power Series 


7.6.1 

7.6.2 

7.6.3 

7.6.4 


, 2 ^ (_ 1 )n z 2n+l 

^ n\(2n + 1) ’ 

v n—0 v 7 

, 2 J . A 2“2 2 “ +1 

E l. 3 ...(2»+l) ’ 

v n — 0 v 7 


w ( z ) = E 

n — 0 
oo 

CM = E 

n— 0 


(iz)" 

r (l n + 1 )' 
HniE>+i 

(2n)!(4n + 1) ^ 


C(.-) = costing ! + 


7.6.5 


4n+l 


n— 0 
oo 


. ( 1 \n_.2n+l 

+ sin (^E iVl ^ 4n+3 


1 • 3 • • • (4 n + 3) 


7-6.6 S{z) = E 


n — 0 
WiTr'l 2n + 1 




4n+3 


n ^ o (2n + l)!(4n + 3)' 


S(z) = -cosQt rz 2 ) E 


(- 1 ) 


21^271+1 


7.6.7 


n— 0 


1 ■ 3 ■ ■ ■ (4n + 3) 


4n+3 


(-i) r 


+ sin(i7rz 2 ) E 77^7777 


4n+l 


— i 1 - 3 - - • (4n + 1) 

n— 0 v 7 

The series in this subsection and in §7.6(ii) converge for 
all finite values of |z|. 

7.6(ii) Expansions in Series of Spherical Bessel 
Functions 

For the notation see §§10.47 (ii) and 18.3. 

n OO 

7.6.8 erf Z = —J= E(-!) n ('2 n( z2 ) - ' 2 n+l(^ 2 )) 7 

V 77 n = 0 


7.6.9 


erf(az) = a ^ z2 


E T 2"+1 W'nHkz 2 )’ 


n—0 


n V 2 

-1 < a < 1. 


7.6.10 


C{Z) = 


n—0 

oo 


7 7 TZ 


7.6.11 S(z) = Z Ej 2 ^ + l(l 7 , 

n—0 

For further results see Luke (1969b, pp. 57 -58). 

7.7 Integral Representations 

7.7(i) Error Functions and Dawson’s Integral 

Integrals of the type f e~ z ~R(z ) dz, where R(z) is an ar- 
bitrary rational function, can be written in closed form 
in terms of the error functions and elementary functions. 


7.7.1 

7.7.2 


2 

— i 
7 r 


f 2 + l 


dt, |phz|<j7T, 


™{z) = — f 

7 n J _ 


7.7.3 


7.7.4 


— OO 

—at 2 -\-2izt 


t — Z 


2 7, 

e-‘ dt 

> 0 


lo t 2 ~z 2 ’ 

TTl „ 


V a 

-S/a + ip 

v° 

( 7 a)’ 



3?a > 0 


f°° e -a>t 2 

/ dt= \ — e az erfcfv^z), > 0, Sftz > 0. 

Jo Vt + z 2 V a 


7.8 Inequalities 
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7.7.5 


7.7.6 


7.7.7 


,! e —at 2 


j £ 2 _|_ ^ dt = (l — (erf v^) 2 ) j 3?a > 0. 

7*00 

j e -(at 2 +2bt+c) dt 

X 

— - \[^-e < ' b ~ ac ^ a ericf \/ax — ^=V 3ia > 0. 

2 V a V v a / 


+ e 2ab erfc(aa; — (b/x))) , 
a; > 0, | pha| < W. 


7.7.8 


7.7.9 


0 -a 2 t 2 -(b 2 /t 2 ) dt = V^g-2 ab 


2 a 


|pha| < jTT, |ph&| < j7r. 

/•X 1 2 \ 

J erf t dt = x erf x + —j= ye~ x — lj . 


7.7(ii) Auxiliary Functions 

1 e —’ R z 2 t/'2 

7.7.10 f (z) = ^ dt, |phz|<f7T, 


n\/2 Jq \/t(t 2 + 1) 
1 r°° Vte~™ 2tl2 


7111 g( -’ ) = i7fi 0 "tl + 1 dt ’ pll2|£ b. 

7*00 

7.7.12 g(s) + i f (z) = e -™ 2/2 / e mt2 / 2 dt. 

J z 

Mellin-Barnes Integrals 

( 2 tt )~ 3 / 2 r c + io ° 

7.7,3 r ' r(S)r(>+a 

x r ( s + !) r (i ~ s ) 

( 2 tt )~ 3 / 2 r c + io ° 

r ' rwr( ' + » 
x r ( s + i) r (! ~ s ) ds - 

In (7.7.13) and (7.7.14) the integration paths are 
straight lines, £ = ^tt 2 ; 2 ! 4 , an( j c is a constant such 
that 0 < c < | in (7.7.13), and 0 < c < | in (7.7.14). 

7.7.15 J e~ at cos(t 2 ) dt = y^f 3ffa > 0, 


7.7.16 


l e ""»”( f2 )‘ it = \/fg(^). *»>o- 


7.8 Inequalities 

Let M(a) denote Mills’ ratio: 


7.8.1 M(z) = 


L 


00 -* 2 dt 


dt. 


(Other notations are often used.) Then 

7.8.2 


1 


f°° e - a2 * 2 -( b2 / t2 ) dt = ^ (e 2ab erfc (aa + (b/x)) * + ^ 


x + Vx 2 + 2 


< M(a) < 


1 


7.8.3 


7.8.4 


7.8.5 


< M(a) < 


X + yj X 2 T (4/71) 
1 


2^pnx + 2 

M(a) < 

- 2 a 2 (2a 2 + 5) 


x + 1 ’ 


, x > 0, 
a; > 0, 


< 


2a 2 + 1 “ 4a: 4 + 12a; 2 + 3 


sx + V^+l’ x> ^ 


< x M(a) 


2a: 4 + 9a; 2 + 4 a: 2 + 1 

< ^ TTT < 


4a’ 4 + 20a: 2 + 15 2a 2 + 3’ 


x > 0. 


Next, 


7.8.6 


7.8.7 


[ e at dt < ( 2e ax + ax 2 — 2l a,a>0. 

J n oCLOC \ / 


e 4 dt < 


e x - 1 


x > 0. 


7.9 Continued Fractions 


7.9.1 

_ 1 1 3 o 

\fKe z2 erfc z = 2 2 


Z 2 + 1 + 2 2 + 1 + Z 2 


3?z > 0, 


7.9.2 


7.9.3 


w(z) = 


erfc 2 : 




! • 2 


3-4 


2z 2 + 1 — 2z 2 + 5 — 2z 2 + 9 — 


1111 

Jit z — 2 — £ - z— z- 


3 ftz > 0, 


> 0 . 


See also Cuyt et al. (2008, pp. 255-260, 263-267, 
270-273). 

7.10 Derivatives 


7.7 (iii) Compendia 

For other integral representations see Erdelyi et al. 
(1954a, vol. 1, pp. 265-267, 270), Ng and Geller (1969), 
Oberhettinger (1974, pp. 246-248), and Oberhettinger 
and Badii (1973, pp. 371-377). 


7.10.1 

Jra+l f ^ o o 

, n+1 ~ =(-l) n - r H n (z)e~ z , n = 0 , 1 , 2 ,.... 
dz V 7r 

For the Hermite polynomial H n (z) see §18.3. 


7.10.2 w'(z) = —2zw(z) + (2z / a/tt) , 
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7.10.3 

w {n+2 \z) + 2 zu> {n+1 \z) + 2 (n + 1) w (n) (z ) = 0, 

n = 0, 1, 2, ... . 

df(z) . . dg(z) ,, . 

7.10.4 7 = — TTZg(z), — = nzf(z) — 1. 


dz 


7.11 Relations to Other Functions 

Incomplete Gamma Functions and Generalized 
Exponential Integral 

For the notation see §§8.2(i) and 8.19(i). 


7.11.1 

7.11.2 

7.11.3 


1 


erf z = ^7(2,2 ), 

V 77 


erfc z = —i=T(^,z 2 ) 


erfc z = —p= Ei ( z 2 
\fr t 2 v 


Confluent Hypergeometric Functions 

For the notation see §13.2(i). 

7.11.4 erf z=^= M(i |, -^ 2 ) = ^e~* 2 M( 1, §,z s 

V77 

7.11.5 

erfc 2 = -^e - * 2 £/(|, f,z 2 ) = ~j=e~* 2 U(l, \,z 2 ). 


7.11.6 


C(z) + iS(z ) = zM( |, |7ri2: 2 


= / 2 M(1,|,-|7T^ 2 ). 

Generalized Hypergeometric Functions 

For the notation see §§16.2(i) and 16.2(h). 

7.11.7 C(z) = Zl F 2 (\-l,\--±n 2 z A ), 

7.11.8 S(z) = \ttz 3 iF 2 (|; |, |; -^ttV). 


7.12 Asymptotic Expansions 
7.12(i) Complementary Error Function 


As z — 7 00 

7.12.1 

erfc z ~ - 




; 1 ■ 3 ■ 5 ■ ■ ■ (2m - 1) 


m=0 


erfc(— 2 ) ~ 2 — 


_ ~2 00 

e 


ra =0 


(-1) 


(2z 2 ) m 

„ 1 • 3 • 5 • • • (2 to - 1) 

(2^ : 


both expansions being valid when |phz| < ^ 7 r — A 
(< jTr)- 

When | ph z| < )/T the remainder terms are bounded 
in magnitude by the first neglected terms, and have 
the same sign as these terms when phz = 0. When 
jTt < |phz| < r the remainder terms are bounded 
in magnitude by csc(2|phz;|) times the first neglected 


terms. For these and other error bounds see Olver 
(1997b, pp. 109-112), with a = \ and 2 replaced by 
z 2 \ compare (7.11.2). 

For re-expansions of the remainder terms leading to 
larger sectors of validity, exponential improvement, and 
a smooth interpretation of the Stokes phenomenon, see 
§§2.11(ii)-2.11(iv) and use (7.11.3). (Note that some of 
these re-expansions themselves involve the complemen- 
tary error function.) 


7. 12(ii) Fresnel Integrals 

The asymptotic expansions of C(z) and S(z) are given 
by (7.5.3), (7.5.4), and 


7122 

7 rz z — ' 

7.12.3 g ( z ) 


m—0 


, 1 • 3 • 5 • • • (4m - 1) 
( 7 rz 2 ) 2m 


f 3 • 5 • • • (4m + 1) 

* m = 0 


( 7 rz 2 ) 


2m 


as z — > 00 in |phz| < bn — S(< g7r). The remainder 
terms are given by 

7.12.4 f(2) = Tg(-i r T3-.(4m-l) +fi ,„ 

7 TZ ^ {7TZ z ) zrn 


m—0 


7.12.5 


gw = ^E (- 1 )” 1 ’ 3 (I 'XZ + 11 + flifl-i. 

m—0 V ’ 

where, for n = 0,1,2,... and | ph z\ < j7r, 

( 1 \n noo —nz 2 t/2j-2n—(l/2) 

7 126 *?<*>- «■ 

7.12.7 ^ r dt . 

ni/2 Jo t 2 + 1 

When |phz| < |7r, i?n^(-z) and R^\z) are bounded in 
magnitude by the first neglected terms in (7.12.2) and 
(7.12.3), respectively, and have the same signs as these 
terms when ph z = 0. They are bounded by | csc(4 ph z) \ 
times the first neglected terms when |7r < | ph z\ < r. 

For other phase ranges use (7.4.7) and (7.4.8). For 
exponentially-improved expansions use (7.5.7), (7.5.10), 
and §7.12(i). 


7. 12(iii) Goodwin-Staton Integral 

See Olver (1997b, p. 115) for an expansion of G{z) with 
bounds for the remainder for real and complex values of 

z. 


7.13 Zeros 
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7.13 Zeros 
7.13(i) Zeros of erf z 

erf z has a simple zero at z = 0, and in the first quad- 
rant of C there is an infinite set of zeros z n = x n + iy n , 
n = 1,2,3,..., arranged in order of increasing absolute 
value. The other zeros of erf z are — z n , z n , —z n . 

Table 7.13.1 gives 10D values of the first five x n and 


y n . For graphical illustration see Figure 7.3.5. 


Table 7.13.1: Zeros x n + iy n of erf 2. 


n 

X n 

Vn 


1 

1.45061 61632 

1.88094 30002 


2 

2.24465 92738 

2.61657 51407 


3 

2.83974 10469 

3.17562 80996 


4 

3.33546 07354 

3.64617 43764 


5 

3.76900 55670 

4.06069 72339 

As 

n — > 

OO 


7 . 13.1 

where 

X n ~ 

Vn ~ 

^ — 1 + 

A + \y\ 1 + A 

(l-/z+i M 2 )A- 3 - 
(1 — /i+^/i 2 ) A ^ + 

7 . 13.2 

A 

= 

y = ln^Av^^Tr^ . 


7.13(ii) Zeros of erfc z 

In the second quadrant of C, erfc z has an infinite set of 
zeros z n = x n + iy n , n = 1,2,3,..., arranged in order 
of increasing absolute value. The other zeros of erfc 2 
are z n . The zeros of w{z) are iz n and iz n . 

Table 7.13.2 gives 10D values of the first five x n and 
y n . For graphical illustration see Figure 7.3.6. 

Table 7.13.2: Zeros x n + iy n of erfcz. 


n 

X n 

Vn 

1 

-1.35481 01281 

1.99146 68428 

2 

-2.17704 49061 

2.69114 90243 

3 

-2.78438 76132 

3.23533 08684 

4 

-3.28741 07894 

3.69730 97025 

5 

-3.72594 87194 

4.10610 72847 

n — > 

OO 


X n ” 

J — A + \yX 1 - jg 

(1 — 11+ \y 2 )X 3 

Vn ~ 

J A + \y\ 1 + A(1 

— fi + ^/i 2 ) A + 


where 

7 . 13.4 A = yj(n— g)7r, y = ln^2A\/27r^ . 


7.13(iii) Zeros of the Fresnel Integrals 

At 2 = 0, C(z) has a simple zero and S(z) has a triple 
zero. In the first quadrant of C C(z) has an infinite set 
of zeros z n = x n + iy n , n= 1,2,3,..., arranged in order 
of increasing absolute value. Similarly for S(z). Let z n 
be a zero of one of the Fresnel integrals. Then — z n , z n , 
—z n , iz n , — iz n , iz n , —iz n are also zeros of the same 
integral. 

Tables 7.13.3 and 7.13.4 give 10D values of the first 
five x n and y n of C(z) and S(z), respectively. 


Table 7.13.3: Complex zeros x n + iy n of C(z). 


n 

X n 

Vn 

1 

1.74366 74862 

0.30573 50636 

2 

2.65145 95973 

0.25290 39555 

3 

3.32035 93363 

0.22395 34581 

4 

3.87573 44884 

0.20474 74706 

5 

4.36106 35170 

0.19066 97324 

As n —> 00 the x n and y n corresponding to the 
of C(z ) satisfy 

7 . 13.5 Xn ~ 

with 

. a(an — 4) 
A+ 8»V + 

a 

2M ~2A + '' 

7 . 13.6 A 

= V4n — 1 , a = 

= (2/ir) ln(7rA). 

Table 7.13.4: Complex zeros x n + iy n of S(z). 

n 

x n 

Vn 

1 

2.00925 70118 

0.28854 78973 

2 

2.83347 72325 

0.24428 52408 

3 

3.46753 30835 

0.21849 26805 

4 

4.00257 82433 

0.20085 10251 

5 

4.47418 92952 

0.18768 85891 


As n — > oo the x n and y n corresponding to the zeros 
of S(z) satisfy (7.13.5) with 

7 . 13.7 X = 2y/n, a = (2/ 7r) ln(7rA). 

7.13(iv) Zeros of T(z) 

In consequence of (7.5.5) and (7.5.10), zeros of F(z) are 
related to zeros of erfc 2. Thus if z n is a zero of erfc 2 
(§7.13(ii)), then (1 + i)z n /y/ tt is a zero of F(z). 

For an asymptotic expansion of the zeros of 
fg exp(^7rit 2 ) dt (= .F(O) — F(z) = C(z) + iS(z)) see 
Tuzilin (1971). 


Error Functions, Dawson’s and Fresnel Integrals 


166 


7.14 Integrals 
7.14(i) Error Functions 


Fourier Transform 
7.14.1 

roo 


a e C, | ph b\ < r. 

When a = 0 the limit is taken. 

Laplace Transforms 

[ e~ at erf(6t) dt = -e“ ^ ib ^ erfc(^-Y 

7.14.2 Jo a V2 b)' 

9?a > 0, | ph b\ < j7r, 

7.14.3 

1 / b 

/ e _at erf y/btdt—-\ 3?a > 0, > 0, 

Jo a V a+b 

7.14.4 


J e^ a erfc ^y/at + dt 


g— 2( v /ac+ Vbc) 
Vb(y/a+ y/b) ' 


| pha| < ^7r, > 0, 5ic > 0. 


7.14(ii) Fresnel Integrals 

Laplace Transforms 


7.14.5 

/* oo 

/ e~ at C(t) dt = 

= ±f( 

-) 


Jo 

a ' 

k'K / 

7.14.6 

7*00 

/ e~ at S(t) dt = 

= -g( 



Jo 

a ' 

k 7T / 


7.14.7 


7.14.8 


'e-<c(^)dt= ( -^L+l±£l 

l V 7 r / 2a v 7 a 2 + 1 


, 3?a > 0, 


e~ at S ( dt = ( Vo^T^_q) 2 ^ > o 

l V tt ) 2av / ^Tl 


7.14(iii) Compendia 

For collections of integrals see Apelblat (1983, pp. 131— 
146), Erdelyi et al. (1954a, vol. 1, pp. 40, 96, 176-177), 
Geller and Ng (1971), Gradshteyn and Ryzhik (2000, 
§§5.4 and 6.28-6.32), Marichev (1983, pp. 184-189), Ng 
and Geller (1969), Oberhettinger (1974, pp. 138-139, 
142-143), Oberhettinger (1990, pp. 48-52, 155-158), 
Oberhettinger and Badii (1973, pp. 171-172, 179-181), 
Prudnikov et al. (1986b, vol. 2, pp. 30-36, 93-143), 
Prudnikov et al. (1992a, §§3.7-3. 8), and Prudnikov et al. 
(1992b, §§3.7-3. 8). In a series of ten papers Hadzi (1968, 
1969, 1970, 1972, 1973, 1975a, b, 1976a, b, 1978) gives 


many integrals containing error functions and Fresnel 
integrals, also in combination with the hypergeometric 
function, confluent hyper geometric functions, and gen- 
eralized hypergeometric functions. 


7.15 Sums 

For sums involving the error function see Hansen (1975, 
p. 423) and Prudnikov et al. (1986b, vol. 2, pp. 650- 
651). 

7.16 Generalized Error Functions 

Generalizations of the error function and Dawson’s in- 
tegral are fj e~ tV dt and fj e t? dt. These functions can 
be expressed in terms of the incomplete gamma function 
j(a,z) (§8.2(i)) by change of integration variable. 

7.17 Inverse Error Functions 
7. 17(i) Notation 

The inverses of the functions x = erf y, x = erfc y , 
y € R, are denoted by 

7.17.1 y = inverf x, y = inverfcx, 
respectively. 

7.17(ii) Power Series 

With t = ^y/nx, 

7.17.2 inverf x = t + |f 3 + jgt' + ■ ■ ■ , \x\ < 1. 

For 25S values of the first 200 coefficients see Strecok 
(1968). 


7.17 (iii) Asymptotic Expansion of inverfcs for 
Small x 


As x — > 0 

7.17.3 inverfcx~'u -1 / 2 + a2U 3 / 2 + a3'u 5 / 2 -|-a4U 7 / 2 -|-- • • , 
where 

«2 = \v, a 3 = -^(u 2 + 6v - 6), 
a 4 = 3I4 (4u 3 + 27v 2 + 108u — 300), 

7.17.5 u = — 2/ ln(7rx 2 ln(l/x)) , 
and 

7.17.6 v = ln(ln(l/x)) — 2 + In tt. 
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7.18 Repeated Integrals of the 

Complementary Error Function 

7.18(i) Definition 


7.18.1 i _1 erfc(z) = — =e 

V 77 

and for n = 0, 1, 2, ... , 

7.18.2 

i"erfc(z) 


i°erfc(z) = erfc z, 


/»00 c\ /»C 

/ i" _1 erfc(i) dt = —= 

Jz V 77 Jz 




dt. 


7.18(ii) Graphics 



Figure 7.18.1: Repeated integrals of the scaled com- 
plementary error function 2" r(|n + l) i”erfc(x), n = 
0,1,2,4,8,16. 


7.18(iii) Properties 

7.18.3 J-i"erfc(z) = -i n_1 erfc(z), n = 0,1,2,..., 

7 . 18.4 d^\ eZ erfcs)=(-l)"2 W i"erfc(z), 

n = 0 , 1, 2, ... . 

d 2 VF „ dVF „ TT7 „ 

7.18.5 ^ + 22 dT- 2 " lV = °- 

W(*) = Ai"erfc(z) + Ri”erfc(-z), 

where n = 1, 2, 3, . . . , and A, B are arbitrary constants. 


7.18.6 i«erfc(z) = £ — 


(-1 ) k z k 


0 


fc! r(l + |(n — fc)) 


la i"erfc(,z) = — — i" 1 erfc(^) + — i" 2 erfc(,s:), 

f - iO.I J7, 277, 


2n 


n = 1,2,3,.... 


7.18(iv) Relations to Other Functions 

For the notation see §§18.3, 13.2(i), and 12.2. 


Hermite Polynomials 


7.18.8 (-1)” i"erfc(z) + i n erfc(-*) = H n (iz). 

Z n 1 n\ 

Confluent Hypergeometric Functions 

7.18.9 


i n erfc(z) = e 


1 


2-r(in+l) 


M{\n+b, 


2 ’ 2 ’ / 


2"-ir(|n+|) 


TS M{\n+ 1,§,* 2 ) , 


7.18.10 i"erfc(z) = ' 

2 n y/TT 

Parabolic Cylinder Functions 

p-z 2 /2 

7.18.11 i n erfc(z) = , 

Probability Functions 

7.18.12 i"erfc(z) = 


U^n+Hz 2 ). 
= l/(n+ | , zV 2^j . 


V2 n ~ 1 


Hh r . 


2 z). 


See Jeffreys and Jeffreys (1956, §§23.081-23.09). 

7.18(v) Continued Fraction 


7.18.13 

i"erfc(z) _ 1/2 (n + l)/2 (n + 2)/2 
i n_1 erfc(^) z + z + z+ 

See also Cuyt et al. (2008, p. 269). 

7.18(vi) Asymptotic Expansion 


$tz > 0. 


7.18.14 lTlerfc(z) ~ 0F (2 z)^ 1 


E 

m—0 


(—l) m (2m + n)\ 
n!m!(2,z) 2m 


- -> oo, | ph^| < |tt — S(< §7r). 


7.19 Voigt Functions 

7.19(i) Definitions 

For i£R and t > 0, 


7.19.1 U(:r,t) = 

7.19.2 V(x, t) = 


1 


r°° P -(®-y) 2 /( 4t ) 


\/47rt 7_oo 1 + y 2 

1 f 00 t /e -( x -v) 2 /( 4t ) 


■ dy , 


VDrf J-c 


1 + y 2 


dy. 


7.19.3 


U(x,f) + i V(x,t) = y — e z erfcz, 2 = (1 — ix)/(2y/t). 

7.19.4 


iF(a,u) = ^ J 


e“*“ dt 1 f u 1 

_oo (u — t) 2 + a 2 a-y/7r \a4a 2 / 
H(a,u) is sometimes called the Zme broadening func- 
tion-, see, for example, Finn and Mugglestone (1965). 
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7.19(ii) Graphics 




7. 19(iii) Properties 

7.19.5 lim U(.t, t) = * liin V(x, t) = ^ 

7.19.6 U(— x, t) = U(x, t), V(— x, t) = — V(x, t). 

7.19.7 0 < U(x, t ) <1, -1 < V(x, t) < 1. 

7.19.8 V(x, t) = x U(x, t) + ^ , 

7.19.9 U(x,f) = 1 — xM(x,t) - 2t dy ^’^ . 


7.19(iv) Other Integral Representations 


7.19.10 


7.19.11 


U^ — ’ = a J e ai ** cos (ut)dt, 

V^ — ’ 4 ^ 7 ^ = a J e ~ at ~^ t sin {ut)dt. 


Applications 


7.20 Mathematical Applications 
7.20(i) Asymptotics 

For applications of the complementary error function in 
uniform asymptotic approximations of integrals — saddle 
point coalescing with a pole or saddle point coalescing 
with an endpoint — see Wong (1989, Chapter 7), Olver 
(1997b, Chapter 9), and van der Waerden (1951). 

The complementary error function also plays a 
ubiquitous role in constructing exponentially-improved 
asymptotic expansions and providing a smooth inter- 
pretation of the Stokes phenomenon; see §§2.11 (iii) and 
2.11(iv). 


7.20(ii) Cornu’s Spiral 

Let the set { x(t),y(t),t} be defined by x(t) = C(t ), 
y{t) = S(t), t > 0. Then the set {x(t),y(t)} is called 
Cornu’s spiral: it is the projection of the corkscrew 
on the {x, y}-plane. See Figure 7.20.1. The spiral has 
several special properties (see Temme (1996a, p. 184)). 
Let P(t) = P(x(t),y(t)) be any point on the projected 
spiral. Then the arc length between the origin and 
P(t) equals t, and is directly proportional to the cur- 
vature at P(t), which equals 7 it. Furthermore, because 
dy/dx = tan(^7rt 2 ), the angle between the x-axis and 
the tangent to the spiral at P(t) is given by t 2 . 


y 



Figure 7.20.1: Cornu’s spiral, formed from Fresnel inte- 
grals, is defined parametrically by x = C(t), y = S(t), 
t e [0, oo). 
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7.20(iii) Statistics 


The normal distribution function with mean m and 
standard deviation a is given by 


7 . 20.1 

_J_ [ dt 

crv27r J — oo 



For applications in statistics and probability theory, 
also for the role of the normal distribution functions 
(the error functions and probability integrals) in the 
asymptotics of arbitrary probability density functions, 
see Johnson et al. (1994, Chapter 13) and Patel and 
Read (1982, Chapters 2 and 3). 


7.21 Physical Applications 


The error functions, Fresnel integrals, and related func- 
tions occur in a variety of physical applications. Fresnel 
integrals and Cornu’s spiral occurred originally in the 
analysis of the diffraction of light; see Born and Wolf 
(1999, §8.7). More recently, Cornu’s spiral appears in 
the design of highways and railroad tracks, robot tra- 
jectory planning, and computer-aided design; see Meek 
and Walton (1992). 

Carslaw and Jaeger (1959) gives many applications 
and points out the importance of the repeated integrals 
of the complementary error function i"erfc(z). Fried 
and Conte (1961) mentions the role of w(z) in the theory 
of linearized waves or oscillations in a hot plasma; w(z) 
is called the plasma dispersion function or Faddeeva 
function ; see Faddeeva and Terent’ev (1954). Ng and 
Geller (1969) cites work with applications from atomic 
physics and astrophysics. 

Voigt functions can be regarded as the convolution 
of a Gaussian and a Lorentzian, and appear when the 
analysis of light (or particulate) absorption (or emis- 
sion) involves thermal motion effects. These applica- 
tions include astrophysics, plasma diagnostics, neutron 
diffraction, laser spectroscopy, and surface scattering. 
See Mitchell and Zemansky (1961, §IV.2), Armstrong 
(1967), and Ahn et al. (2001). Dawson’s integral ap- 
pears in de-convolving even more complex motional ef- 
fects; see Pratt (2007). 


Computation 


7.22 Methods of Computation 
7.22(i) Main Functions 

The methods available for computing the main func- 
tions in this chapter are analogous to those described in 


§§6.18(i)-6.18(iv) for the exponential integral and sine 
and cosine integrals, and similar comments apply. Ad- 
ditional references are Matta and Reichel (1971) for the 
application of the trapezoidal rule, for example, to the 
first of (7.7.2), and Gautschi (1970) and Cuyt et al. 
(2008) for continued fractions. 

7.22(ii) Goodwin-Staton Integral 

See Goodwin and Staton (1948). 

7.22(iii) Repeated Integrals of the 

Complementary Error Function 

The recursion scheme given by (7.18.1) and (7.18.7) can 
be used for computing i”erfc(a;). See Gautschi (1977a), 
where forward and backward recursions are used; see 
also Gautschi (1961). 

7.22(iv) Voigt Functions 

The computation of these functions can be based on 
algorithms for the complementary error function with 
complex argument; compare (7.19.3). 

7.22(v) Other References 

For a comprehensive survey of computational methods 
for the functions treated in this chapter, see van der 
Laan and Temme (1984, Ch. V). 

7.23 Tables 

7.23(i) Introduction 

Lebedev and Fedorova (1960) and Fletcher et al. (1962) 
give comprehensive indexes of mathematical tables. 
This section lists relevant tables that appeared later. 

7.23(ii) Real Variables 

• Abramowitz and Stegun (1964, Chapter 7) in- 
cludes erfir, (2/y / 7r)e _x2 , x £ [0,2], 10D; 

(2/y / 7r)e -x2 , x £ [2,10], 8S; xe* 2 erfc x, 

x ~ 2 £ [0,0.25], 7D; 2 n r(±n + l) i"erfc(ai), n = 
1(1)6,10,11, x £ [0,5], 6S ; F(x), x £ [0,2], 10D; 
xF{x), x~ 2 £ [0,0.25], 9D; C(x), S(x), x £ [0,5], 
7D; f(s), g(x), x £ [0, 1], x- 1 £ [0, 1], 15D. 

• Abramowitz and Stegun (1964, Table 27.6) in- 
cludes the Goodwin-Staton integral G(x), x = 
1(.1)3(.5)8, 4D; also G(x) + In®, x = 0(.05)1, 4D. 


• Finn and Mugglestone (1965) includes the Voigt 
function H{a 7 u), u £ [0,22], a £ [0, 1], 6S. 

• Zhang and Jin (1996, pp. 637, 639) includes 
(2/V^)e" x2 , erf x, x = 0(.02)1(.04)3, 8D; C(x), 
S( x), x = 0(.2) 10(2) 100(100)500, 8D. 
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7.23(iii) Complex Variables, z = x + iy 

• Abramowitz and Stegun (1964, Chapter 7) in- 
cludes w(z), x = 0(.1)3.9, y = 0(.1)3, 6D. 

• Zhang and Jin (1996, pp. 638, 640-641) in- 
cludes the real and imaginary parts of erf z, 
x e [0,5], y = 0.5(.5)3, 7D and 8D, re- 
spectively; the real and imaginary parts of 
j°° e ±it 2 ^ (1/ v / 7 r)e :Fl ( a:2+ ( 7r / 4 )) J^° e ±lt dt, x = 
0(. 5)20(1)25, 8D, together with the correspond- 
ing modulus and phase to 8D and 6D (degrees), 
respectively. 

7.23(iv) Zeros 

• Fettis et al. (1973) gives the first 100 zeros of erf z 
and w(z) (the table on page 406 of this reference 
is for w(z), not for erfc 2 ), 11S. 

• Zhang and Jin (1996, p. 642) includes the first 10 
zeros of erf z, 9D; the first 25 distinct zeros of C(z) 
and S(z), 8S. 

7.24 Approximations 

7.24(i) Approximations in Terms of Elementary 
Functions 

• Hastings (1955) gives several minimax polynomial 
and rational approximations for erf x, erfc x and 
the auxiliary functions f(s) and g(x). 

• Cody (1969) provides minimax rational approxi- 
mations for erf x and erfc x. The maximum rela- 
tive precision is about 20S. 

• Cody (1968) gives minimax rational approxima- 
tions for the Fresnel integrals (maximum relative 
precision 19S); for a Fortran algorithm and com- 
ments see Snyder (1993). 

• Cody et al. (1970) gives minimax rational approxi- 
mations to Dawson’s integral F{x) (maximum rel- 
ative precision 20S-22S). 

7.24(ii) Expansions in Chebyshev Series 

• Luke (1969b, pp. 323-324) covers \\fnexix and 
e x ~ F{x) for — 3 < x < 3 (the Chebyshev co- 
efficients are given to 20D); y / 7nre a: ~ erfc x and 
2x F(x) for x > 3 (the Chebyshev coefficients are 
given to 20D and 15D, respectively). Coefficients 
for the Fresnel integrals are given on pp. 328-330 
(20D). 
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• Bulirsch (1967) provides Chebyshev coefficients 
for the auxiliary functions f(:r) and g(a;) for x > 3 
(15D). 

• Schonfelder (1978) gives coefficients of Cheby- 
shev expansions for a; -1 erf a; on 0 < x < 2, for 
xe x erfc a; on [2,oo), and for e x erfc a; on [0, oo) 
(30D). 

• Shepherd and Laframboise (1981) gives coeffi- 
cients of Chebyshev series for (1 + 2x)e x erfc a; 
on (0, oo) (22D). 

7.24(iii) Pade-Type Expansions 

• Luke (1969b, vol. 2, pp. 422-435) gives main di- 
agonal Pade approximations for F(z), erf z, erfc z, 
C(z), and S(z); approximate errors are given for 
a selection of 2 -values. 

7.25 Software 

See http : / / dlmf . nist . gov/7 . 25. 
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(7.4.8) and (7.5.11). For (7.5.13) see Olver (1997b, 
p. 44). 



References 


171 
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§ 7.7 (7.7.1), (7.7.2), and (7.7.4) are given in van der 
Laan and Temme (1984, pp. 185-186). (7.7.3) 
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Incomplete Gamma and Related Functions 


Notation 


8.1 Special Notation 


§4.2(i). Except where indicated otherwise in this Hand- 
book these principal values are assumed. For example, 

8.2.3 7(0, z) + T(a, z) = r(a), a ^ 0, — 1, — 2, 

Normalized functions are: 


(For other notation see pp. xiv and 873.) 

x real variable. 

2 complex variable. 

a,p real or complex parameters. 

k,n nonnegative integers. 

6 arbitrary small positive constant. 

r(z) gamma function (§5.2(i)). 

r'(*)/r(*). 

Unless otherwise indicated, primes denote deriva- 
tives with respect to the argument. 

The functions treated in this chapter are the incom- 
plete gamma functions 7 (a, z ), r(a, z), 7 *(o, z), P(a , z), 
and Q(a, 2); the incomplete beta functions B x (a, b) and 
I x (a,b ); the generalized exponential integral E p {z)\ the 
generalized sine and cosine integrals si(a, z), ci (0,2), 
Si(a, z), and Ci(a, z). 

Alternative notations include: Prym’s functions 
P z (a) = 7 (a,z), Q z (a ) = T(a, 2), Nielsen (1906a, 
pp. 25-26), Batchelder (1967, p. 63); (a, z)\ = 

7(0 + 1, z), [a, z]\ = r(a + l,z), Dingle (1973); 

B(a , b, x ) = B x (a, 6), /(a, 6, x) = I x (a , b), Magnus et al. 
(1966); Si(a, x) — > Si(l — a, x), Ci (a, x) — > Ci(l — a, x), 
Luke (1975). 


Incomplete Gamma Functions 


8.2 Definitions and Basic Properties 

8.2(i) Definitions 

The general values of the incomplete gamma functions 
7(0,2) and r(o, z) are defined by 


8 . 2.1 


8 . 2.2 


7 (a,z) = f t' 
Jo 

nOO 

r(a, z) = t' 

J z 




dt , 


dt, 


3?a > 0, 


without restrictions on the integration paths. However, 
when the integration paths do not cross the negative 
real axis, and in the case of (8.2.2) exclude the origin, 
7(0,2) and r(o, z) take their principal values ; compare 


8.2.4 

8.2.5 


P(a,z) = Q(a,z) = 

r(o) 

P(a, z ) + Q(a, z) = 1. 


B(q,g) 

F(o) 


In addition, 

8.2.6 7* (a,z) 

8.2.7 7 *(a, 


= z~ a P(a, z) 


r(o) 

t^e-^ dt 


7(0,2). 


3?o > 0. 


8.2(ii) Analytic Continuation 

In this subsection the functions 7 and T have their gen- 
eral values. 

The function 7* (a, 2) is entire in 2 and a. When 2 7^ 
0, r(o, 2) is an entire function of a, and 7 (a, 2) is mero- 
morphic with simple poles at a = — n, n = 0,1,2,..., 
with residue (— l) n /n!. 

For m £ Z, 

8 . 2.8 7 ( 0 , 2 e") =e“ 7 ( 0 , 2 ), 0 ,- 1 , - 2 ,..., 

8.2.9 r(o, ze 2 ™ 1 ) = e 2 ™ ia r(o, 2) + (1 - e 2wm “) T(o). 

(8.2.9) also holds when o is zero or a negative integer, 
provided that the right-hand side is replaced by its lim- 
iting value. For example, in the case m = — 1 we have 

27T7 

.2.10 e 1 (a , ze )-e L{a,ze ) = _ . , 

without restriction on a. 

Lastly, 

8 . 2.11 r(o, ze ±7Tl ) = T(o)(l - z a e ±7Ila y*(a, -2)). 


8.2(iii) Differential Equations 

If w = 7(0, 2) or r(a, 2), then 


8 . 2.12 


dz 


+ 1 


1 — a\ dw 
dz 


liw = e z z 1 °r(a, 2), then 


8.2.13 


Also, 


d 2 w 
dz 2 


- 1 + 


1 — a \ dw l — o 


dz 


w = 0 . 


d 2 7* 


8.2.14 2 q + (a + 1 + 2) — h 07* — 0. 

dz 2 J ~ 


dy* 

dz 
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8.3 Graphics 
8.3(i) Real Variables 



Figure 8.3.1: r(a, x), a = 0.25, 1, 2, 2.5, 3. 




— 7* (a, x) (= x a Q{a , x)), a = 0.25, 



Figure 8.3.2: 7(0, x), a = 0.25, 0.5, 0.75, 1. 



Figure 8.3.4: 7 *(a,x) (= x a P(a,x)), a = 0.25, 0.5, 
0.75, 1, 2. 



Figure 8.3.6: 7 *(a,x) (= x a P(a,x )), — 4 < x < 4, 
-5 < a < 4. 


Figure 8.3.5: x a 
0.5, 1, 2. 
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Some monotonicity properties of 7* (a, x) and T(a, x) 
in the four quadrants of the (a,ir)-plane in Figure 8.3.6 
are given in Erdelyi et al. (1953b, §9.6). 



4 


Figure 8.3.7: a; a — 7* (a, x) (= x 0 Q(a, x)), 0 < x < 4, 
— 5 < a < 5. 


8.3(ii) Complex Argument 

In the graphics shown in this subsection, height corre- 
sponds to the absolute value of the function and color 
to the phase. See p. xiv. 



Quadrant Colors 


Figure 8.3.8: r(0.25, x + iy), — 3 < x < 3, — 3 < y < 3. 
Principal value. There is a cut along the negative real 
axis. When x = y = 0, r(0.25, 0) = T(0.25) = 3.625 .... 




Quadrant Colors 

Figure 8.3.9: 7(0.25, x + iy), — 3 < x < 3, — 3 < y < 3. Figure 8.3.10: 7*(0.25, x + iy), — 3 < x < 3, — 3 < y < 3. 

Principal value. There is a cut along the negative real 

axis. 


For additional graphics see http : //dlmf . nist . gov/8 . 
3 . ii. 

8.4 Special Values 

For erf(z), erfc(t), and F{z), see §§7.2(i), 7.2(ii). For 
E n (z) see §8.19(i). 

c z 

7Q, z 2 ) =2/ e - * 2 dt = y/nerf(z), 

Jo 


8 . 4.2 

8 . 4.3 

8 . 4.4 


7 * 0 , 0 ) = 


1 

r(a+l) : 

2e 2 ” 


7*(z> z ~) 

/ oo 

t~ 1 e~ t dt = Ei(z), 
T(l,z) = e~ z , 


8 . 4.1 


8 . 4.5 



8.5 Confluent Hypergeometric Representations 
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8.4.6 r( 

POO 

|,z 2 ) = 2 / e _# dt = ’ l / 7 rerfc(z) 

For n 

0,1,2,..., 

8 4.7 

7 {n + 1, z) = n!(l - e~ z e n (z)), 

8.4.8 

r(n + 1 , z) = n\e~ z e n (z), 

8.4.9 

P{n + l,z) = l- e~ z e„(z), 

8.4.10 

Q(n+l,z) = e~ z e n (z), 

where 

8.4.11 

n fc 

e ^ z ) = Y. z ^- 

k—0 

Also 


8.4.12 

II 

sf 

* 

c"~ 

8.4.13 

r(l-n,z) =z 1 ~ n E n (z), 


8.4.14 Q( n +i,z 2 )= e rfc(z)+-= 

v 71 " 


e~ z ^ z 2k ~ l 


k = 1 ( 2 ) fc 


8.4.15 

r(-n, z) 


(~i r 

n! 


n— 1 




fc =0 


( — l) fc A:! \ 
z k+ 1 j 


(~1 ) n 
n! 


(•0(n + 1) — In z) — z n 


fc=0 

k^n 


{-z) k 

k\{k — n ) 


8.5 Confluent Hypergeometric 
Representations 

For the confluent hypergeometric functions M, M. 
U, and the Whittaker functions M KiM and W K)M , see 
§§13.2(i) and 13.14(i). 

8.5.1 

7 ( 0 , z) = a _ 1 z a e _z M(l, 1 + a, z) 

= a~ 1 z a M(a, 1 + a, —z), a/0, —1, —2, 

8.5.2 7 *( a , 2 ) = e " 2 M(l, 1 + a,z) = M(a, 1 + a, -z). 

8.5.3 

T(a, z) = e _z U(1 — a, 1 — a, z) = z a e~ z U( 1, 1 + a, z). 
8-5.4 7 ( a , z) = 

8.5.5 r(a^) = e-5 z ^“-5W |a _i i|o (^). 


8.6 Integral Representations 

8.6(i) Integrals Along the Real Line 

For the Bessel function J„(z) and modified Bessel func- 
tion K„(z), see §§10.2(ii) and 10.25(h). 

8 . 6.1 

z a f n 

7 (a, 3 ) = — r / e zcost cos (at + z sin t) dt, 
sm(7ra) J 0 


8 . 6.2 


8.6.3 


z“e 


8.6.4 T(l-a)J 0 z + t 


8.6.5 r(a, z) = z a e~ z 



a ^ Z, 

[ ^2 Vzt^j dt, 

5ia > 0. 

e _t ) dt, 

5ia > 0. 

a e -t 



(1 + ty~ a 


dt, 

ph z\ < 7 r, -fta < 1, 
dt, 5fz > 0, 


ia„— z r°° 


2zz a e . 

8.6.6 r(a ’* )= r(l-o) ,/ fJ 


e *t 2 “ K a \2\fzi ) dt, 


5fta < 1, 

/»oo 

8.6.7 r(a, z) = z a / exp(af — ze 4 ) dt, 5iz > 0. 

J 0 

8.6(ii) Contour Integrals 


8 . 6.8 

_ j z a r(0+) 

7 (a,z) = — — ; — r- / f a_1 e z4 df, z ^ 0, a £ Z; 

2sm(7ra) 

f a_1 takes its principal value where the path intersects 
the positive real axis, and is continuous elsewhere on 
the path. 


8.6.9 


r(— a, ze ±ni ) 


e z e =F7ria /-oo t a e -zt 

m + ^Jo t- 1 ^ 

5iz > 0, 5Ra > — 1, 


where the integration path passes above or below the 
pole at t = 1, according as upper or lower signs are 
taken. 


Mellin-Barnes Integrals 

In (8.6.10)-(8.6.12), c is a real constant and the path of 
integration is indented (if necessary) so that it separates 
the poles of the gamma function from the other pole in 
the integrand, in the case of (8.6.10) and (8.6.11), and 
from the poles at s = 0, 1, 2, . . . in the case of (8.6.12). 


8 . 6.10 


7( “’" ) = 2 Vi l 


c+ioo p/ \ 

Z a ~ S ds , 


■io o ^ ^ 

plrz| < h r, a/0, —1, —2, . . . , 


178 


Incomplete Gamma and Related Functions 


8 . 6.11 


r (a,z) = ^-/ iXs + aO^ds, |ph2|<i7r, 


(•c+ioo — s 


8 . 6.12 

F(a, z) = - 


z a ~ x e~ z 

r(l - a) 

2 pc-\-ioo 


x d~ r(s+l-a) 


2ni 


— zds, 
sin(7rsj 


8.8 Recurrence Relations and Derivatives 

8.8.1 ^(a + l,z) = a"i(a 1 z) - z a e~ z , 

8.8.2 r(a + 1, z) = aT(a, z) + z a e~ z . 

If w(a, z ) = 7 (a, z) or T(a, z), then 

8.8.3 w(a + 2, z) — (a + 1 + z)w(a + 1, z) + azw(a, z) = 0. 


IpM < |tt, a / 1,2,3,.... 


8.6(iii) Compendia 

For collections of integral representations of 7(0, z) 
and r(o, z) see Erdelyi et al. (1953b, §9.3), Ober- 
hettinger (1972, pp. 68-69), Oberhettinger and Badii 
(1973, pp. 309-312), Prudnikov et al. (1992b, §3.10), 
and Temme (1996a, pp. 282-283). 

8.7 Series Expansions 

For the functions e n (z), i n\z), and L^\x) see (8.4.11), 
§§10.47(ii), and 18.3, respectively. 

8.7.1 

00 k 

z K 


8.8.4 


8.8.5 


8 . 8.6 


z"f*(a+l,z) = 7 *(a,z) - 
P(a + l,z) = P(a,z) - 


r(a+l)' 


Q(a + 1, z) = Q(a, z) + 


r(a + l) : 


r(a+l)' 


For n = 0, 1, 2, ... , 

8.8.7 


7(0 + n,z) = (a) n 7(0, z) - z a e z ^ Yfa+k + l) ^’ 


8 . 8.8 

7 (a,z) 


~( a - n z)- z a ~ 1 e~ z V 1 w 
r(a — n) ^ a n ’" j Lna-k) 


n — 1 


r(a) 


7 *(a,z) = e *E 


OO h. OO / \ h. 

— 1 ^ (-2) 


— k 


E 


r(a + k + 1) r(a) f-^ n fc!(a + k) 

-7 ( a ,x) 

= r(a, x) — r(a, x + y) 


8.8.9 


k — 0 v ' w k — 0 

l{a,x + y) — j(a, x) 


k = 0 
n— 1 


8 ' 7 ' 2 

n— 0 ' ' 


\y\ < 


r(„ + *,*) = («)„ r(«, *) + Ue- •£ 

8 . 8.10 

r(a,z) 

r(a) w ^ a— 1 -2 ^(a) -k 

-i{a — n,z) + z e y, — £ 


r(a — n) 


-^ r (a-*0' 


r(a, 2 ) = r(a) - 




k=0 
n— 1 


/c— 0 


/c!(a + fc) 


8.8.11 P(a + n, z) = P(a, z) — z a e z 


8.7.3 


8.7.4 


OO JU \ 

Z* \ 


/c— 0 
n— 1 


-r(a)fl 2 E r( a + + l) j ’ 8 . 8.12 Q(a + n,z) = Q(a,z) + z a e~ z J2 

V fc_0 , „ „ i k= 0 


« 7^ 0, -1> ^2, 


r(a + k + 1) 


r(a + k + 1 ) 


8.7.5 

1' 


7 (a,x) = r(a)x 2 a e x Y' e„(-l)x^ n I n+a (2x 1/2 ), 

n—0 

«/0, -1, -2, 

n—0 

00 r( a )( \ 

8.7.6 r(a, x) = x a e~ x — — — , x > 0. 

^ n+ 1 

n—0 

For an expansion for 7(0, ix) in series of Bessel func- 
tions J n (x) that converges rapidly when a > 0 and x 
(> 0) is small or moderate in magnitude see Barakat 
(1961). 


= — Ei(z) — In z. 


a—0 


8.03 | 7 (a, 2 ) = -|r(«,3) = 3“-U-, 

8.8.14 _ 7 *( a ,z) 

For Ei(z) see §8.19(i). 

For n = 0, 1, 2, ... , 

<t n 

8.8.15 — (z-“ 7 (a,z)) = (-l)V“-"7(a + n,.), 

m 

8.8.16 — ( 2 -“r(a, 2 )) = (-l)^- a -"r(a + n, 2 ), 
dz 

d n 

8 ' 8 ' 17 = (- 1 ) n ( 1 - a )n e2 7(a-a,z), 

d n 

8.8.18 ^(z“e 2 7* (a, 0)) = ^ a - n e z 7 *(a - n, z), 

8.8.19 £t(e z r(a, z)) = (-!)"(! - a) n e z T(a - n, z). 


8.9 Continued Fractions 
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8.9 Continued Fractions 


8.9.1 r(a + l)e z 7 * (a, z) = 


x (a + 1)2 2z (a + 2)2 3 z 


1 — cz — 1 — a + 2 — cz — 3 — ci - (-4 — u + 5 + o + 6 — 


8.9.2 


z~ a e z r(a, z) = 


z~ l (l-a)z - 1 z - 1 (2-a)z~ 1 2 2" 1 (3 - a ),*" 1 3^ 


1 + 1 + 1 + 1 + 1 + 1 + 


1 + 


a ^ - 1 ,- 2 ,..., 
| ph z\ < IT. 


For these expansions and further information see Jones 
and Thron (1985). See also Cuyt et al. (2008, pp. 240- 
251). 

8.10 Inequalities 

8.10.1 x 1 ~ a e x r(o, x) <1, x > 0, 0 < a < 1, 

x a ~ l 

8.10.2 7 (a,x) > - (1 — e ~ x ), x > 0, 0 < a < 1. 

a 

The inequalities in (8.10.1) and (8.10.2) are reversed 
when a > 1. If i? is defined by 

8.10.3 x 1 ~°e x T(a, x) = 1 + — -■&, 

x 

then d — y 1 as x — * oo, and 

8.10.4 0 < i? < 1, x > 0, a < 2. 

For further inequalities of these types see Qi and Mei 
(1999). 

Pade Approximants 

For n = 1, 2, ... , 

8.10.5 A n < x 1 ~ a e x T(a,x) < B n , x > 0, a < 1, 
where 

x + 1 


A\ = 

8 . 10.6 A 2 = 

B 2 = 


i 1 7 I o 7 

x+1 — a x + 2 — a 

x(x + 3 — a) 

x 2 + 2(2 — a)x + (1 — a)(2 — a) ’ 
x 2 + (5 — a)x + 2 


x 2 + 2(3 — a) x + (2 — a) (3 — a) 

For hypergeometric polynomial representations of A n 
and B n , see Luke (1969b, §14.6). 

Next, define 

8.10.7 1 = ( t a ~ 1 e t dt = r(a)x“ 7 * (a, — x), 3?a > 0. 

J 0 

Then 

(a + 1) (a + 2) — x _ a + 1 

8.10.8 (a + l)(a + 2 + x) a + l + x' 

x > 0, a > 0. 

Also, define 

8.10.9 c a = (r(l + a)) 1 /(“-D ) da= ^(l + a))- 1 / 0 . 


Then 


8 . 10.10 


I, (b + ^T 1 )<*'->• I'M 


< 


— ((i + ^T-i). 

ac a V V x J / 

x > 0, 0 < a < 1, 


and 

8 . 10.11 

(1 - e ~ a °- x ) a < P(a, x)<(l- e~^ x ) a , x > 0, a > 0, 
where 

8 . 10.12 

[l, 0 < a < 1 , f d a , 0 < a < 1 , 

a a — S , Pa — \ 

[da, a > 1, (1, a > 1. 

Equalities in (8.10.11) apply only when a = 1. 

Lastly, 

r(n, n) 1 r(n,n — 1) 

8-10.13 -prV < X < K , , n = 1,2,3,.... 

1 ( 11 ) 2 1 (n) 

8.11 Asymptotic Approximations and 
Expansions 

8. 1 1 (i) Large 2 , Fixed a 

Define 

8.11.1 u k = (-l) fc (l - a) k = (a - l)(a - 2) • • • (a - k), 

8 . 11.2 

r(a, z) = Z a ~ 1 e~ z ^ + R n (a, 2)^ , n= 1,2,.... 

Then as z — > 00 with a and n fixed 

8.11.3 R n (a,z) = 0(z~ n ), | ph z\ < §71 — <5, 

where <5 denotes an arbitrary small positive constant. 

If a is real and 2 (= x) is positive, then R n (a,x) is 
bounded in absolute value by the first neglected term 
u n /x n and has the same sign provided that n > a — 1. 
For bounds on R n {a , z) when a is real and 2 is complex 
see Olver (1997b, pp. 109-112). For an exponentially- 
improved asymptotic expansion (§2.11(iii)) see Olver 
(1991a). 


180 


Incomplete Gamma and Related Functions 


8.11(ii) Large a, Fixed z 


where 


0 ° fc 

8.11.4 7 (a,z) = z a e~ z ^2—^ , a ± 0, -1, -2, . . . . 

fc =0 W fc + 1 

This expansion is absolutely convergent for all finite z, 
and it can also be regarded as a generalized asymptotic 
expansion (§ 2 . 1 (v)) of 7 ( 0 , 2 ) as a — ► 00 in |pha| < 

7T — 5. 

Also, 

P(a,z ) ~ " — r ~ ( 2na)~^e a ~ z (z/a ) a , 

8.11.5 v ' T(l + a) v ' \ / J > 

a —*■ 00 , | ph a| < n — S. 

8 . 1 1 ( iii) Large a, Fixed x/a 


If x = A a, with A fixed, then as a — > +00 

8.11.6 0 < a < 1, 

)H 

(, x — a) 2 


k—0 

oo 


8.11.7 


A>1. 


k = 0 


8.11.8 60 (A) = 1, h( A) = A, 6 2 (A) = A(2A + 1), 

and for fc = 1 , 2 , . . . , 

8.11.9 bk (X) = A(1 - A) 6 ' fc _ 1 (A) + (2k - l)A 6 jt_ 1 (A). 

The expansion (8.11.7) also applies when a — > — 00 
with A < 0, and in this case Gautschi (1959a) supplies 
numerical bounds for the remainders in the truncated 
expansion (8.11.7). For extensions to complex variables 
see Temme (1994a, §4), and also Mahler (1930), Tricomi 
(1950b), and Paris (2002b). 


8.11(iv) Large a, Bounded ( x — a) /(2a) 2 

If 2 = a + (2a) 5 y and a — > + 00 , then 

8 . 11.10 

P(a+ l,x)= \ &dc(-y)-\\[^(l+y 2 )e~ v2 +0(a~ 1 ), 

O V 7TCL 


8.11.11 


7*(1 ^ a,-x) = . 


. . sin(7ra) 2 2n , 

- cos(?ra) H — I 2 Vn F(y) + - y — (l 


W^ 1 "* 9 ) K+ 0 ( a_1 ) 


in both cases uniformly with respect to bounded real 
values of y. For Dawson’s integral F(y) see §7.2(ii). 
See Tricomi (1950b) for these approximations, together 
with higher terms and extensions to complex variables. 
For related expansions involving Hermite polynomials 
see Pagurova (1965). 


8.11(v) Other Approximations 

As 2 —a 00 , 

8.11.12 


r (z,z)~z z - 1 e~ z 


7T 1 1 | y/2TT 4 

2 Z2 “ 3 + 24^1 ~~ 1352 


V2n 8 \ 

+ 5762 I + 2835 z 2+ '"J ’ 

I ph 2 1 < 7T — S. 

For the function e n (z) defined by (8.4.11), 

/ \ | 0, x 1, 

e n (nx) I . 

8.11.13 lim „„ = <L 2 = 1, 


n — kx ) 6 


1, 0 < X < 1. 


With x = 1, an asymptotic expansion of e n (nx)/e n 
follows from (8.11.14) and (8.11.16). 


If S n (x) is defined by 

( 77 

8.11.14 e"* = e n (nx) + { -^-S n (x), 

n\ 

then 


8.11.15 


7(71 + 1 , nx) 

S n [X) = r . 

v ’ (nx) n e~ nx 


As n -a co 

8.11.16 

1 Tt \ 

Q m 2 I 4 T ,- 1 §_ “2_Jfi -3 , 

2 n n 3 ' 135 1 2835 U 8505 n +•••; 

8.11.17 

S n ( — 1 ) ~ — 2 8 n 32 n ~ 12S n — 512 n +•■■■ 

Also, 

oo 

8.11.18 S n (x) ~ dk(x)n~ k , n —y oo, 

k-0 


uniformly for 2 € (— oo, 1 — <5] , with 

8.11.19 4(2) = k = 0,1,2,..., 

and 6 ^( 2 ) as in § 8 . 11 (iii). 

For (8.11.18) and extensions to complex values of 2 
see Buckholtz (1963). For a uniformly valid expansion 
for n — > 00 and 2 £ [ 6 , 1], see Wong (1973b). 


8.12 Uniform Asymptotic Expansions for Large Parameter 
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8.12 Uniform Asymptotic Expansions for 
Large Parameter 


Define 


8 . 12.1 A = z/a, rj = (2(A — 1 — In A)) 1 ^ 2 , 

where the branch of the square root is continuous and 
satisfies 77(A) ~ A — 1 as A — > 1. Then 

12 , , , , dn A - 1 

8.12.2 ^ = Tx = — ■ 

Also, denote 


8 . 12.3 

8 . 12.4 

8 . 12.5 


and 


P(a,z)= \ erfc^— 771/0/2^ —5(0,77), 
Q(a,z) = \ erfc ^771/0/2^ +5(0,77), 

„±7ria 

T(a + l)—r(-a, ze± ™) 

= + 1 erfc ^±7771/0/2^ +*T(o, 77), 


8 . 12.6 

z ~ a 7*(— a , ~ z ) 


= cos(7 ra) — 2 sin(7ra) 



+ T(a,rj ) 


where F[x) is Dawson’s integral; see §7.2(ii). Then as 
a — > 00 in the sector | pho| < 7r — <5(< 7r), 


8 . 12.7 

8 . 12.8 


5(0,77) 
T{a,rj) <■ 



^2c k {ri)a k , 
k—0 



^c fc (?7)(-o) fc , 
k — 0 


in each case uniformly with respect to A in the sector 
| ph A| < 27 t — <5 (< 27t). 

With 77 = A — 1, the coefficients c k {r]) are given by 


/A 1 1 

8 . 12.9 c 0 77 = , 

77 77 


r „3 = i _ JL _ JL _ J _ 

Cl ^ if 7t 3 7 i 2 1277’ 


8 . 12.10 c k (rj) = --^-c fe _i(77) + (-l) fc — , k = 1,2,..., 
?7 dr] 7 i 

where <?*,, A; = 0,1,2,..., are the coefficients that ap- 
pear in the asymptotic expansion (5.11.3) of r(z). The 
right-hand sides of equations (8.12.9), (8.12.10) have re- 
movable singularities at 77 = 0, and the Maclaurin series 
expansion of Ck(i]) is given by 


OO 

8.12.11 <+(77) = ^d fe „77 rl , \r]\<2y/n, 

n —0 

where do,o = — 

8 . 12.12 

d 0 , n = (n + 2)a n+2 , n > 1, 

d k ,n = ( 1) 9 kdo,n T ip T 2)d^_i n _|_22 11 — 0, k + 1, 


and a3, «4 , . . . are defined by 

8 . 12.13 A- 1 = 77 

In particular, 


w 


a ^ 

n = 3 


\v\ < 2 y/n. 


8 . 12.14 


a 3 36 ; 


a 4 270 ’ 0:5 4320 > 

q , 7 = 139 Q, a = I 

54 43200 ’ 2 04120 ' 


a& 17010’ 

For numerical values of d k , n to 30D for k = 0(1)9 and 
n = 0(1 )N k , where N k = 28 — 4 |_fe/2j, see DiDonato 
and Morris (1986). 

Special cases are given by 

8 . 12.15 

1 1 ~ 

- -I 

2 


Q{a,a) 


^c fc (°)c 


— k 


| ph a\ < 7r — <5, 


k = 0 


8 . 12.16 


0 ±7r ia 


2 i sin(7ra) 


Q(-a, 


ae 


±7ri\ 


±--f= 

2 \j2Tta 


^c fc (0)(-a) fc , | ph a| < tt — 6, 


k—0 


where 


Co(0) = -5, Cl(0) = -gig, 


8 . 12.17 c 2 (0) = 


3 
25 

6048 

31 84811 


c 3 (0) = 


540’ 
101 

1 55520’ 


27 45493 


r,i COl = - 8184811 r =+0l = -- 

A-41^7 36951 55200’ 81517 36320' 

For error bounds for (8.12.7) see Paris (2002a). For 
the asymptotic behavior of c k ( 77 ) as k — a 00 see Dunster 
et al. (1998) and Olde Daalhuis (1998c). The last ref- 
erence also includes an exponentially-improved version 
(§2. 1 1 (iii)) of the expansions (8.12.4) and (8.12.7) for 
Q(a,z). 

A different type of uniform expansion with coeffi- 
cients that do not possess a removable singularity at 
z = a is given by 

8 . 12.18 

Q(a,z)' 


P(a,z) 
for z — > 


F(o) 




yk/2 


k—0 k = 1 

00 in |ph z | < |7r, with 3 ft(z — a) < 0 for P(a, z) 
and 3 <t(z — a) > 0 for Q(a,z). Here 

8 . 12.19 

X = (• Z~a)/y/z , d(±x) = y^e* 2/2 erfc(±x/\/2 ), 

and 


8 . 12.20 

A 0 (x) = 1, A 1 (x) = \x + \x\ Bfx) = | + gX 2 - 
Higher coefficients A k {x)i -Sfc(x)> up to k = 8, are given 
in Paris (2002b). 

Lastly, a uniform approximation for r(a, ax) for 
large a, with error bounds, can be found in Dunster 
(1996a). 

For other uniform asymptotic approximations of the 
incomplete gamma functions in terms of the function 
erfc see Paris (2002b) and Dunster (1996a). 
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Inverse Function 

For asymptotic expansions, as a — > oo, of the inverse 
function x = x(a, q) that satisfies the equation 


8.12.21 Q(a,x) = q 

see Temme (1992a). These expansions involve the in- 
verse error function inverfc(2) (§7.17), and are uniform 
with respect to q € [0, 1]. As a special case, 


8 . 12.22 


5 ( a > 2 ) ~ a 3 + 405 


-1 


184 

25515 


-2 


2248 -3 

34 44525 a 

a — > OO. 


8.13 Zeros 

8.13(i) ai-Zeros of 7 *(a,a:) 

The function 7* (a, a;) has no real zeros for a > 0. For 
a < 0 and n = 1, 2 , 3, ... , there exist: 

(a) one negative zero X-(a) and no positive zeros 
when 1 — 2n < a <2 — 2 n; 

(b) one negative zero X-(a) and one positive zero 
X-l- (a) when —2 n < a < 1 — 2 n. 

The negative zero 2_ (a) decreases monotonically in 
the interval — 1 < a < 0, and satisfies 

8 . 13.1 1 + a -1 < x -(a) < In |a|, — 1 < a < 0. 

When — 5 < a < 4 the behavior of the 2-zeros as 
functions of a can be seen by taking the slice 7* (a, 2) = 
0 of the surface depicted in Figure 8.3.6. Note that from 
(8.4.12) 7 *(— n, 0) = 0, n = 1, 2, 3, . . . . 

For asymptotic approximations for 2+ (a) and 2 -(a) 
as a — > — 00 see Tricomi (1950b), with corrections by 
Kolbig (1972b). 

8.13(ii) A-Zeros of 7 ( 0 , Aa) and T(a, Aa) 

For information on the distribution and computation of 
zeros of 7 (a, Aa) and T(a, Aa) in the complex A-plane for 
large values of the positive real parameter a see Temme 
(1995a). 

8.13(iii) a-Zeros of 7 *(a,ic) 

For fixed 2 and n = 1, 2, 3, ... , 7* (a, 2) has: 

(a) two zeros in each of the intervals —2 n < a < 2 — 2n 
when 2 < 0; 

(b) two zeros in each of the intervals —2 n < a < 1 — 2 n 
when 0 < 2 < 2* ; 

(c) zeros at a = —n when 2 = 0. 


As 2 increases the positive zeros coalesce to form a dou- 
ble zero at (a* , 2*). The values of the first six double 
zeros are given to 5D in Table 8.13.1. For values up 
to n = 10 see Kolbig (1972b). Approximations to a*, 
x* for large n can be found in Kolbig (1970). When 
x > 2* a pair of conjugate trajectories emanate from 
the point a = a* in the complex a-plane. See Kolbig 
(1970, 1972b) for further information. 

Table 8.13.1: Double zeros (a*, 2 *) of 7*(a, 2). 


n 

* 

«n 

* 

x n 

1 

-1.64425 

0.30809 

2 

-3.63887 

0.77997 

3 

-5.63573 

1.28634 

4 

-7.63372 

1.80754 

5 

-9.63230 

2.33692 

6 

-11.63126 

2.87150 


8.14 Integrals 


[ e~ ax J^^-dx = 3?a > 0, iRb > -1, 

Jo r 0) a 

1- (l + a)- b 


a 


/»oo 

8.14.2 J e-T( b ,x)dx = T( b y 

3?a > —1, 3 (f6 > — 1. 
In (8.14.1) and (8.14.2) limiting values are used when 
6 = 0 . 

r(o + 6) 

a 

Sfta < 0, 3?(a + 6) > 0, 


pOO 

/ 2 a_1 7(6, 2) dx = — 

8.14.3 J 0 


8.14.4 

poo 


[ x a 1 T(6, 2) dx = ; 3ffa > 0, 3f(a + 6) > 0, 

Jo a 

aOO 

/ 2°~ 1 e _sx 7 ( 6 , 2 ) dx 

Jo 


8.14.5 _ r(a + 6) 


6(1 + s) a+b 


F(l, a + 6; 1 + 6; 1/(1 + s)), 


3is > 0, 3?(a + 6) > 0, 


pOO 

/ x a - 1 e~ sx Y( b ,x)dx 

Jo 


8.14.6 _ r(a + 6) 


F(l, a + 6; 1 -|- aj s/( 1 -I- s)), 


a(l + s) a+b 

Its > —1, 3?(a + 6) > 0, 3ia > 0. 

For the hypergeometric function F(a, b ;c,z) see 
§15.2(i). 


8.15 Sums 
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For additional integrals see Apelblat (1983, §8.2), 
Erdelyi et al. (1953b, §9.3), Erdelyi et al. (1954a, b), 
Gradshteyn and Ryzhik (2000, §6.45), Marichev (1983, 
pp. 189-190), Oberhettinger (1972, pp. 68-69), Prud- 
nikov et al. (1986b, §§1.2, 2.10), and Prudnikov et al. 
(1992a, §3.10). 

8.15 Sums 

°° (1 _ \\k 

8.15.1 7(0, \x) = A a y(a + A;, x ) — — . 

k-0 

For sums of infinite series whose terms include in- 
complete gamma functions, see Prudnikov et al. (1986b, 
§5.2). 

8.16 Generalizations 

For a generalization of the incomplete gamma function, 
including asymptotic approximations, see Chaudhry 
and Zubair (1994, 2001) and Chaudhry et al. (1996). 
Other generalizations are considered in Guthmann 
(1991) and Paris (2003). 


Related Functions 


8.17 Incomplete Beta Functions 


8.17(i) Definitions and Basic Properties 


Throughout §§8.17 and 8.18 we assume that a > 0, 
6 > 0, and 0 < x < 1. However, in the case of §8.17 it 
is straightforward to continue most results analytically 
to other real values of a, 6, and x, and also to complex 


values. 


nx 

8.17.1 

II 

Co' 

53 

PQ 

/ t a -\l-t) b ~ 1 
Jo 

8.17.2 

I x (a,b) 

= B x (a, 6)/B(a, 6) 


where, as in §5.12, B(a, b) denotes the Beta function: 


8.17.3 


B(o, b) 


r(a)r(&) 
r(o + b ) 


8.17.4 I x {a, b) = 1 - Ji_ x (6,a), 


n 

8.17.5 I x {m , n — m + 1) = 

j=m 



x)”-! 


8.17.6 I x (a,a) = |), 0 < x < \. 

For a historical profile of B x (a, b) see Dutka (1981). 


8.17(ii) Hypergeometric Representations 


8.17.7 B x (a, b) = — F(a , 1 — 6 ; a + 1; x ), 

x a (\ — 

8.17.8 B x (a, b) = F(a + 6, 1; a + 1; x), 

a 

„ . x a (l-x) b ~ 1 / 1, 1 — 6 X 

8.17.9 B x (a, 6) = — >- F[ ’ ; 

a \ a + 1 x — 1 

For the hypergeometric function F(a,b',c;z) see 
§15.2(i). 


8.17(iii) Integral Representation 

With a > 0, b > 0, and 0 < x < 1, 

T . „ x a (l — x) b f c+io ° , b ds 

8.17.10 I x (a,b) = — v ; / s _a (l-s) _b 


2tT7 J c—ioo S 

where x < c < 1 and the branches of s~ a and (1 — s)~ b 
are continuous on the path and assume their principal 
values when s = c. 

Further integral representations can be obtained by 
combining the results given in §8.17 (ii) with §15.6. 


8.17(iv) Recurrence Relations 

With 

8.17.11 x' = 1 — x, c=a + b—l, 

8.17.12 7 x (a, b) = x I x (a —1,6) + x' I x (a, 6—1), 

8.17.13 (a + 6) I x (a, 6) = a I x (a + 1, 6) + 6 I x (a, b + 1), 

8.17.14 

(a + bx) I x (a , 6) = xbl x {a — 1, 6 + 1) + a I x (a + 1, 6), 

8.17.15 

(6 + ax') I x (a , 6) = ax' I x (a + 1, 6 — 1) + bl x {a 1 b + 1), 


8.17.16 

a I x (a + 1, 6) = (a + cx ) I x (a 1 6) — cx I x (a — 1,6), 

8.17.17 

bl x (a, 6 + 1) = (b + ex') I x (a, 6) - cx' I x (a,b— 1), 


8.17.18 

8.17.19 


Ixifli 6) — I x {a +1,6—1) + 


Ix{a, 6) = I x (a — 1,6 + 1) — 


x a {x') b ~ 1 
aB(a, 6) 

x^ix'Y 

6B(a, 6) ’ 


8.17.20 


I x (a, 6) — I x (a + 1, 6) + 


x a {x') b 
aB(a, 6) ’ 


x a {x') b 
6B(a, 6) 


8.17.21 


I x (u, 6) I x (n, 6+1) 
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8.17(v) Continued Fraction 


8 . 17.22 I x (a,b) = 
where 


'(1 - x) b ( 1 d\ d 2 d 3 


aB (a, 6) l 1+ 1+ 1+ 1+ 
m{b — m)x 


8 . 17.23 


2m (a + 2m — l)(a + 2m) ’ 
(a + m)(a + b + m)x 


^2m+l — 


(a + 2m) (a + 2 to + 1) 

The 4m and 4 m+ 1 convergents are less than I x (a,b), 
and the 4 m + 2 and 4?n + 3 convergents are greater than 
lx (a, b ) . 

See also Cuyt et al. (2008, pp. 385-389). 

The expansion (8.17.22) converges rapidly for x < 
(a + l)/(a + b + 2). For x > (a + l)/(a +6 + 2) or 
1 — x < (b + l)/(a + 6 + 2), more rapid convergence is 
obtained by computing Ii_ x (b,a) and using (8.17.4). 

8.17(vi) Sums 

For sums of infinite series whose terms involve the in- 
complete Beta function see Hansen (1975, §62). 

8.18 Asymptotic Expansions of I x ( a,b ) 

8.18(i) Large Parameters, Fixed x 

If 6 and x are fixed, with 6 > 0 and 0 < x < 1, then as 
a — > oc 

8 . 18.1 

I x (a, b) = r(a + 6)x a (l — x) b 

/ 71 — 1 


\b — 1 


1 


\k = 0 


r(a + k + 1) r(6 — k) \1 — x 


x 


+ o 


1 


^T(a + n + 1) / 

for each n = 0,1,2,.... If 6 = 1, 2, 3, . . . and n > 6, 
then the O-term can be omitted and the result is exact. 

If 6 — > oo and a and x are fixed, with a > 0 and 
0 < x < 1, then (8.18.1), with a and 6 interchanged and 
x replaced by 1 — x, can be combined with (8.17.4). 


uniformly for x G (0,1). The functions F k are defined 
by 

8.I8. 4 a F k+ 1 = (k + b- a£)F k + k£F k _ 1, 
with 

8185 F 0 = a~ b Q(b,aO, F i = ^^F 0 + 

a al (6) 

and Q(a, z) as in §8.2(i). The coefficients d k are defined 
by the generating function 


8 . 18.6 


1 — e 

~t 


= X>(*-o fc - 


k = 0 


In particular, 


b - 1 


a,a , rf0= (+L)T 

Compare also §24.16(i). 

Symmetric Case 

Let 

818 - 8 xq = a/ (a + 6). 

Then as a + 6 — > 00 , 


8 . 18.9 


„(a,6) ~ ±erfc(-rjy/b/2) + — == 
V 7 a / 27 T 


(a + 6) 


x , x X fl-x) b y^ (-l) k c k (r/) 

[xoj \1 - x 0 J —J (a + 6) fc ’ 


uniformly for x G (0,1) and a/(a + 6), 6/(a + 6) G 
[6, 1 — 6] , where S again denotes an arbitrary small pos- 
itive constant. For erfc see §7.2(i). Also, 


8 . 18.10 _ lr , 2 _ 


\r] 2 = x 0 ln^-^ + (1 - x’o)ln^ 
with ?;/ (x — xq) > 0, and 


1 — x 
1 - Xq 


8.18(ii) Large Parameters: Uniform Asymptotic 
Expansions 

Large a, Fixed b 

Let 

8 . 18.2 £ = — lnx. 

Then as a — > 00 , with 6 (> 0) fixed, 

T . ,, r(a + 6) ^ 

8 . 18.3 J »( a , 6 ) , > dfeFfc , 

I (a) f— ' 

v 7 /c — 0 


8 . 18.11 


co(?7) 


1 _ ^0(1 - Xq) 
77 X — Xq 


with limiting value 


81812 *( 0 ) = - 

3\/ a:o(l ^ x 0 ) 

For this result, and for higher coefficients c k {r]) see 
Temme (1996a, §11.3.3.2). All of the c k [if) are analytic 
at r] = 0. 


8.19 Generalized Exponential Integral 
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General Case 

Let r(z) denote the scaled gamma function 

8.18.13 f{z) = {2n)~ 1/2 e z z {1,2) ~ z T{z), 

/.i = b/a, and Xq again be as in (8.18.8). Then as a —> oo 

8.18.14 

Ix(a,b) ~ Q(b, a() 

_ (2nb)~ 1/2 / x\“ / 1 - x V' yC MCV 
f (6) \x 0 ) \l-xo) ^ a fc 

uniformly for b £ (0, oo) and x £ (0, 1). Here 

8.18.15 

/xlnC — C = lnx + /xln(l — x) + (1 + /x) ln(l + /x) — /x, 
with (( — /x)/(xo — x) > 0, and 

8.18.16 VC, *0 = M (1 + ^ ' ) , 

VC -/■« x 0 -x / 

with limiting value 

5.18.17 

For this result and higher coefficients h k ( C,/x) see 
Temme (1996a, §11.3.3.3). All of the /ife(C, m) are ana- 
lytic at C = /x (corresponding to x = xo). 

Inverse Function 

For asymptotic expansions for large values of a and/or 
b of the x-solution of the equation 

8.18.18 I x (a,b)=p , 0 < p < 1, 

see Temme (1992b). 

8.19 Generalized Exponential Integral 

8. 19(i) Definition and Integral Representations 

For p,z £C 

8.19.1 E p (z) = z p - 1 T(l-p,z). 

Most properties of E p (z) follow straightforwardly from 
those of r(a, z). For an extensive treatment of E-\ (z) 
see Chapter 6. 



When the path of integration excludes the origin and 
does not cross the negative real axis (8.19.2) defines the 
principal value of E p (z), and unless indicated otherwise 
in this Handbook principal values are assumed. 

Other Integral Representations 


8.19.3 


8.19.4 


E p {z) 



I ph z\ < V 


E p {z) 


z p ~ 1 e~ z 

~^W~ 



t p ~ x e~ zt 

1 + t 


dt, 


| phz| < \-k, Hip > 0. 

Integral representations of Mellin-Barnes type for 
E p {z) follow immediately from (8.6.11), (8.6.12), and 
(8.19.1). 


8.19(ii) Graphics 



In Figures 8.19.2 and 8.19.3, height corresponds to the 
absolute value of the function and color to the phase. 
See p. xiv. 


8.19.2 
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Figure 8.19.2: Ei(x + iy), — 4 < a; < 4, — 4 < y < 
4. Principal value. There is a branch cut along the 
negative real axis. 


Figure 8.19.3: E\ (x + iy), — 4 < a; < 4, — 4 < y < 
4. Principal value. There is a branch cut along the 
negative real axis. 


For additional graphics see http://dlmf.nist.gOv/8.19.ii. 


8.19(iii) Special Values 

8.19.5 

8.19.6 E p ( 0) = 


E 0 (z) = z 1 e z , 

1 


P-1’ 


z ^ 0, 
3 ftp > 1, 


8.19.7 


W + T^Tu E <" - - 2 ) ! (-T • 


n— 1 


(«-!)! 


( n — 1)! 


k = o 


n= 2,3,.... 


8.19(iv) Series Expansions 

For n = 1, 2, 3, ... , 

8.19.8 

E„(z) = ’ 


W = TILT! 1,1 ? tid-n + t) ’ 


and 

8.19.9 

E n {z) = 


(-1 ) n z 


k = 0 
k^n—1 


n— 1 




k = 1 


^n— 1 °° 


6 2 ( — z) r . v 

+ („_!). Efc,^ fc + 1 )’ 

v 2 fc— o 


with | phz| < 7r in both equations. For ip(x) see §5.2(i). 
When p £ C 


8.19.10 F; p (z) = t p_1 r(l -p) - ^ 


(-*)* 


k = 0 


fc!(l — p + k) 


8.19.11 

( °° k \ 

again with |phz| < 7r in both equations. The right- 
hand sides are replaced by their limiting forms when 
p= 1,2,3, .... 

8.19(v) Recurrence Relation and Derivatives 

8.19.12 pE p+ i(z) + zE p (z) = e~ z . 

8.19.13 E p (z) = - E p _i(z), 

8.19.14 ^{e z E p {z)) = e z E p {z)(l + P —\ 

dz y z J z 

p-Derivatives 

For j = 1,2,3, ..., 

8.19.15 

93 Ep ^ = (-1 y [ (In t)h- p e~ zt dt, 5 iz > 0. 

dp J J i 

For properties and numerical tables see Milgram (1985), 
and also (when p = 1) MacLeod (2002b). 

8.19(vi) Relation to Confluent Hypergeometric 
Function 

8.19.16 E p (z) = z p - 1 e~ z U(p,p,z). 

For U(a,b,z) see §13.2(i). 


8.20 Asymptotic Expansions of E p (z) 


187 


8.19(vii) Continued Fraction 


8.19.17 


. -J 1 P 1 P+1 2 

e p(z ) = e — — — — 


z+ 1+ z+ 1+ z ■ 


| ph 2| < 7 r. 


See also Cuyt et al. (2008, pp. 277- 285). 


8. 19(viii) Analytic Continuation 


The general function E p (z) is attained by extending the 
path in (8.19.2) across the negative real axis. Unless p 
is a nonpositive integer, E p (z) has a branch point at 
z = 0. For z ^ 0 each branch of E p (z) is an entire 
function of p. 


8.19.18 


E p (ze 2m ™) 


2irie mpm sm(mpn) 1 

z** 

r(p) sin(p7r) 


E p (z), 


m£Z, z/0. 


8.19(ix) Inequalities 

For n = 1,2,3,... and x > 0, 
n — l 


8.19.19 

8.19.20 

8.19.21 

8.19.22 


E n ( x ) <C F/ n _|_i(x) <C U n (x), 

1 1 

( E n (x)f < E n _ 1 (x) E n+1 (x), 

1 < e x E n (x) < 


x + n ' x + n — 1 

d E n {x) Q 


dx £„_i( x) 

8.19(x) Integrals 

/ OO 

E p _i(t) dt = E p (z), | ph x: | < 7r, 


pOO 

/ e~ at E n (t) dt 
Jo 


8.19.24 


8.19.25 


(-ir 


ln(l + a) + ^ 


(-1) A 


pOO 

/ g-ot^b- 1 E p (t) dt = 
Jo 


8.19.26 

where 

8.19.27 


pOO 

/ E p (t) E q (t) dt = 
Jo 


k = 1 / 

n — 1, 2, . . . , -Ra > —1, 

T(6)(l + a)~ b 
p + b- 1 

x F(l, b;p + b; a/(l + a)), 
3?a > — 1, 3 ?(p + 6) > 1. 

+ L (g) 

p + q-1 

p > 0, q > 0, p + q > 1, 


r°° 1 

L(p) = / e t E p (t)dt= — F(l,l; 1 +p; i), p > 0. 
Jo 


For the hypergeometric function F(a, b\ c; z) see 
§15.2(i). When p = 1, 2, 3, ... , L{p) can also be evalu- 
ated via (8.19.24). 

For collections of integrals involving E p (z), espe- 
cially for integer p , see Apelblat (1983, §§7.1 7.2) and 
LeCaine (1945). 

8.19(xi) Further Generalizations 

For higher-order generalized exponential integrals see 
Meijer and Baken (1987) and Milgram (1985). 

8.20 Asymptotic Expansions of E p (z ) 

8.20(i) Large z 


8 . 20.1 

E p {z) 





As z 


oo 


n = 1,2,3,.... 


P —z °° 

8.20.2 Ep (z)~—^(- l) fe WW> |pM< §7T-$, 

fc= 0 

and 


8.20.3 


E p (z) 


Ini n: P 7r i p - 1 

r( P ) 


£ 

k = 0 


(-i) fc (p) fc 


+ 5 < ± ph z < t — 6, 
S again denoting an arbitrary small positive constant. 
Where the sectors of validity of (8.20.2) and (8.20.3) 
overlap the contribution of the first term on the right- 
hand side of (8.20.3) is exponentially small compared to 
the other contribution; compare §2.11(ii). 

For an exponentially-improved asymptotic expan- 
sion of Ep(z) see §2.11(iii). 


8.20(ii) Large p 


For x > 0 and p > 1 let x = Xp and define A 0 (A) = 1, 

8.20.4 = (- 1 - — 2kX)A k (X) + X(X + 1) — 

* = 0 , 1 , 2 ,..., 

so that Afc(A) is a polynomial in A of degree k — 1 when 
k > 1. In particular, 

8.20.5 

.Ai(A) = 1, A 2 (A) = 1-2A, A 3 (A) = 1-8A + 6A 2 . 

Then as p — > oo 


8 . 20.6 


E p (Xp) 


e Xp y- 4lfc(A) 1 
(A + 1 )p (A + l) 2fc p k 1 


uniformly for A € [0,oo). 

For further information, including extensions to 
complex values of x and p , see Temme (1994a, §4) and 
Dunster (1996b, 1997). 
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8.21 Generalized Sine and Cosine Integrals 8.21(iv) Interrelations 


8.21(i) Definitions: General Values 

With 7 and T denoting here the general values of the 
incomplete gamma functions (§8.2(i)), we define 

8.21.1 ci (a,z) ± i si(a, z) = e ±s™ r(a, ze T ^^ , 

8.21.2 Ci(a, z) ± i Si(a, z) = e**™ 7(0, . 

From §§8.2(i) and 8.2(ii) it follows that each of the 
four functions si(a, z), ci (a, z), Si(a, z), and Ci(a, z) is a 
multivalued function of z with branch point at 2 = 0. 
Furthermore, si(a, z) and ci(a, z) are entire functions 
of a , and Si(a, z) and Ci (a,z) are meromorphic func- 
tions of a with simple poles at a — —1, —3, —5, . . . and 
a = 0, —2, —4, . . . , respectively. 


8.21.8 

Si(a, z) = T(a) sin(^7ra) — si(a, z ), a 7^ —1, —3, —5, . . . , 

8 . 21.9 

Ci(a, z) = T(a) cos(^7ra) — ci(a, z), a/0, —2, —4, 

8.21(v) Special Values 

8.21.10 si(0, z) = — si(z), ci(0, z) = — Ci(z), 

8-21.11 Si(0, z) = Si(z). 


8.21 (ii) Definitions: Principal Values 

When phz = 0 (and when a 7^ —1, —3, —5, . . . , in the 
case of Si(a, z), or a / 0,-2, —4,..., in the case of 
Ci(a, z)) the principal values of si(a, z), ci(a, z), Si(a, z), 
and Ci (a,z) are defined by (8.21.1) and (8.21.2) with 
the incomplete gamma functions assuming their princi- 
pal values (§8.2(i)). Elsewhere in the sector |phz| < n 
the principal values are defined by analytic continuation 
from phz = 0; compare §4.2(i). 

From here on it is assumed that unless indicated 
otherwise the functions si(a, z), ci(a, z), Si(a, z), and 
Ci(a, z ) have their principal values. 

Properties of the four functions that are stated be- 
low in §§8.21(iii) and 8.21(iv) follow directly from the 
definitions given above, together with properties of the 
incomplete gamma functions given earlier in this chap- 
ter. In the case of §8.21(iv) the equation 

/•OO 

8 . 21.3 / t a ~ 1 e ±it dt=e ± i nia T(a), 0 < Ra < 1, 

Jo 

(obtained from (5.2.1) by rotation of the integration 
path) is also needed. 

8.21(iii) Integral Representations 


For the functions on the right-hand sides of (8.21.10) 
and (8.21.11) see §6.2(ii). 

8.21.12 Si(a, 00) = r(a) sin(i7ra), - 1,-3,— 5 ,..., 

8 . 21.13 Ci(a, 00) = T(a) cos(|7ra), a/0,— 2, — 4, 


8.21(vi) Series Expansions 
Power-Series Expansions 


B . 21.14 2 


(-1 ) k z 2k+1 


8 - 21.14 ^ ^ (2fc + a + l)(2fc+l)!’ 


1, 3, 5, . . . , 


8 . 21.15 


Ci(a, z) = z a 


(- 1 ) 


fc_2fc 


k = 0 


(2k + a)(2k)\ 


, a 7^ 0,-2, -4, 


Spherical-Bessel-Function Expansions 


8 . 21.4 

si(a, z) = 

/•OO 

/ t a ~ 1 sintdt . , 

Ra < 1, 

8 . 21.5 

ci(a, z) = 

J Z 
/•OO 

/ f a_1 cosfdi, 

J Z 

Ra < 1, 

8 . 21.6 

Si(a, z) = 

f f a_1 sintdf, 

Jo 

Ra > — 1, 

8 . 21.7 

Q 

jT 

II 

j t 11 - 1 cos tdt, 

Jo 

Ra > 0. 


In these representations the integration paths do not 
cross the negative real axis, and in the case of (8.21.4) 
and (8.21.5) the paths also exclude the origin. 


8 . 21.16 


„ , (2k + |) (1 - la). 

Si («, 2) = z Q > ^ V n 2 is 2 )k i 2 k+i (z), 


OO 


k = 0 


(I + *«) 


2 a /fc+l 


1, 3, 5, . . . , 


8 . 21.17 


Ci(a, z) = z a ^2 


(2k 


:§-**)* 


k—0 


(s a ) 


} 2 k(z), 

fc+l 

a 7^0, -2, -4, 


For j n (z) see §10.47(ii). For (8.21.16), (8.21.17), and 
further expansions in series of Bessel functions see Luke 
(1969b, pp. 56-57). 
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8.21(vii) Auxiliary Functions 

8.21.18 /(a, z) = si(a, z) cos 2 — ci(a, z) sin z, 

8.21.19 g(a, z) = si(a, 2) sin z + ci(a, z) cos z. 

8.21.20 si(a, z) = f(a, z) cos 2 + g(a, z) sin 2, 

8.21.21 ci(a, 2) = —/(a, 2) sin 2 + g(a, 2) cos 2. 

When | ph z\ < n and 3?a < 1, 

nOO • 1 

\ / sint 

82122 = Jt+w^ dt ' 

, x r°° cos t 

8.21.23 g(a,z)= / 7 77 — dt. 

y ’ Jo ( t + z y- a 

When |ph2| < r, 

8.21.24 

z a 

f(a, z ) = 2 I ((■*■ + ii J a ~ 1 + ( 1 “ ?7 )"“ ;l ) e ~ zt dt > 

8.21.25 

2 a r°° 

g{a, z ) = Yi J _ ii J a ~ 1 ~ t 1 + it ) a ~ 1 ) e ~ zt dt - 


8.21 (viii) Asymptotic Expansions 

- S (< 7 r), 
(-l) fc (l-a) 


When 2 

— > 00 with | ph z\ < 

OO 

8.21.26 

/(a, 2) ~ 2 a 

k = 0 

OO 

8.21.27 

g(a,z) ~ 2° 

k = 0 


2k 


y 2k 


( a )2k+l 

z 2k+l 


For the corresponding expansions for si(a, 2) and 
ci(a, 2) apply (8.21.20) and (8.21.21). 
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8.22 Mathematical Applications 

8.22(i) Terminant Function 

The so-called terminant function F p (z), defined by 

8.22.1 Fp (z) = ^2 1 -^(z) = ® r(l-p,2), 

plays a fundamental role in re-expansions of re- 
mainder terms in asymptotic expansions, including 
exponentially-improved expansions and a smooth inter- 
pretation of the Stokes phenomenon. See §§2.11 (ii)— 
2.11(v) and the references supplied in these subsections. 


8.22(ii) Riemann Zeta Function and Incomplete 
Riemann Zeta Function 

The function T(a, 2), with |pha| < \t: and ph2 = 
has an intimate connection with the Riemann zeta func- 
tion C(s) (§25.2(i)) on the critical line 3ffs = See Paris 
and Cang (1997). 

If f x (s ) denotes the incomplete Riemann zeta func- 
tion defined by 

8 . 22.2 Y( s ) = —J^ —— dt , 9ts>l, 
so that lim^^oo ^(s) = C(s), then 

OO 

8.22.3 Us) = ^ k ~ S P(s,kx), > 1. 

fc= 1 

For further information on C®( s )i including zeros and 
uniform asymptotic approximations, see Kolbig (1970, 
1972a) and Dunster (2006). 


8.23 Statistical Applications 

The functions P(a, x) and Q(a, x) are used extensively 
in statistics as the probability integrals of the gamma 
distribution; see Johnson et al. (1994, pp. 337-414). 
Particular forms are the chi-square distribution func- 
tions; see Johnson et al. (1994, pp. 415-493). The func- 
tion B a; (a, b) and its normalization I x (a : b) play a similar 
role in statistics in connection with the beta distribu- 
tion; see Johnson et al. (1995, pp. 210-275). In queue- 
ing theory the Erlang loss function is used, which can 
be expressed in terms of the reciprocal of Q(a,x ); see 
Jagerman (1974) and Cooper (1981, pp. 80, 316-319). 


8.24 Physical Applications 

8.24(i) Incomplete Gamma Functions 

The function 7 (a, x) appears in: discussions of power- 
law relaxation times in complex physical systems (Sor- 
nette (1998)); logarithmic oscillations in relaxation 
times for proteins (Metzler et al. (1999)); Gaussian 
orbitals and exponential (Slater) orbitals in quantum 
chemistry (Shavitt (1963), Shavitt and Karplus (1965)); 
population biology and ecological systems (Camacho 
et al. (2002)). 

8.24(ii) Incomplete Beta Functions 

The function I x {a 1 b) appears in: Monte Carlo sam- 
pling in statistical mechanics (Kofke (2004)); analy- 
sis of packings of soft or granular objects (Prellberg 
and Owczarek (1995)); growth formulas in cosmology 
(Hamilton (2001)). 
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8.24(iii) Generalized Exponential Integral 

The function E p ( x), with p > 0, appears in theories 
of transport and radiative equilibrium (Hopf (1934), 
Kourganoff (1952), Altag (1996)). 

With more general values of p, E p (x) supplies fun- 
damental auxiliary functions that are used in the com- 
putation of molecular electronic integrals in quantum 
chemistry (Harris (2002), Shavitt (1963)), and also wave 
acoustics of overlapping sound beams (Ding (2000)). 


Computation 


8.25 Methods of Computation 
8.25(i) Series Expansions 

Although the series expansions in §§8.7, 8.19(iv), and 
8.21(vi) converge for all finite values of z, they are cum- 
bersome to use when \z\ is large owing to slowness of 
convergence and cancellation. For large \z\ the corre- 
sponding asymptotic expansions (generally divergent) 
are used instead. See also Luke (1975, pp. 101-102) 
and Temme (1994a). 


8.25(ii) Quadrature 

See Allasia and Besenghi (1987a) for the numerical com- 
putation of r(a, z) from (8.6.4) by means of the trape- 
zoidal rule. 


8.25(iii) Asymptotic Expansions 

DiDonato and Morris (1986) describes an algorithm for 
computing P(a,x) and Q(a, x) for a > 0, x > 0, and 
a + x ^ 0 from the uniform expansions in §8.12. The 
algorithm supplies 14S accuracy. A numerical inver- 
sion procedure is also given for calculating the value of 
x (with 10S accuracy), when a and P(a,x) are speci- 
fied, based on Newton’s rule (§3.8(ii)). See also Temme 
(1987, 1994a). 


8.25(v) Recurrence Relations 

Expansions involving incomplete gamma functions of- 
ten require the generation of sequences P(a + n,x), 
Q(a + n,x), or 7 *(a + n,x) for fixed a and n = 
0,1,2,.... An efficient procedure, based partly on the 
recurrence relations (8.8.5) and (8.8.6), is described in 
Gautschi (1979a, 1999). 

Stable recursive schemes for the computation of 
E p (x) are described in Miller (1960) for x > 0 and inte- 
ger p. For x > 0 and real p see Amos (1980) and Chiccoli 
et al. (1987, 1988). See also Chiccoli et al. (1990) and 
Stegun and Zucker (1974). 

8.26 Tables 
8.26(i) Introduction 

For tables published before 1961 see Fletcher et al. 
(1962) and Lebedev and Fedorova (1960). 

8.26(ii) Incomplete Gamma Functions 

• Khamis (1965) tabulates P(a,x) for a = 
0.05(.05)10(.1)20(.25)70, 0.0001 < x < 250 to 
10D. 

• Pagurova (1963) tabulates P(a,x ) and Q(a, x) 
(with different notation) for a = 0(.05)3, x = 
0(.05)1 to 7D. 

• Pearson (1965) tabulates the function I(u,p ) (= 
P(p+l,u)) for p = — 1(.05)0(.1)5(.2)50, u = 
0(.l)u p to 7D, where I(u,u p ) rounds off to 1 to 
7D; also I(u,p) for p = — 0.75(.01) — 1, u = 0(.1)6 
to 5D. 

• Zhang and Jin (1996, Table 3.8) tabulates 
7 (a,x) for a = 0.5,1,3,5,10,25,50,100, x = 
0(1)1(1)3,5(5)30,50,100 to 8D or 8S. 

8.26(iii) Incomplete Beta Functions 

• Pearson (1968) tabulates I x (a,b) for x = 
0.01(.01)1, a, b = 0.5(. 5)11(1)50, with b < a, to 
7D. 

• Zhang and Jin (1996, Table 3.9) tabulates I x (a,b) 
for x = 0(.05)1, a = 0.5,1,3,5,10, b = 1,10 to 
8D. 


8.25(iv) Continued Fractions 

The computation of 7(0, z) and T(a, z) by means of con- 
tinued fractions is described in Jones and Thron (1985) 
and Gautschi (1979a, §§4.3, 5). See also Jacobsen et al. 
(1986) and Temme (1996a, p. 280). 


8.26(iv) Generalized Exponential Integral 

• Abramowitz and Stegun (1964, pp. 245-248) tab- 
ulates E n {x) for n = 2,3,4,10,20, x = 0(.01)2 
to 7D; also (x + n)e x E n (x) for n = 2,3, 4, 10, 20, 
x- 1 = 0(.01)0.1(.05)0.5 to 6S. 
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• Chiccoli et al. (1988) presents a short table of 

E p (x) for p = — 1(1) — 0 < x < 200 to 14S. 

• Pagurova (1961) tabulates E n (x) for n = 0(1)20, 
x = 0(.01)2(.1)10 to 4-9S; e x E n (x) for n = 
2(1)10, x = 10(.1)20 to 7D; e x E p (x) for p = 
0(1)1, x = 0.01(.01)7(.05)12(.1)20 to 7S or 7D. 

• Stankiewicz (1968) tabulates E n (x) for n = 
1(1)10, x = 0.01(.01)5 to 7D. 

• Zhang and Jin (1996, Table 19.1) tabulates 

E n (x) for n = 1,2,3,5,10,15,20, x = 

0(.1)1, 1.5, 2, 3, 5, 10, 20, 30, 50, 100 to 7D or 8S. 

8.27 Approximations 

8.27(i) Incomplete Gamma Functions 

• DiDonato (1978) gives a simple approximation for 
the function F(p, x) = x~ p e x / 2 J^° e~ f / 2 t p dt 
(which is related to the incomplete gamma func- 
tion by a change of variables) for real p and 
large positive x. This takes the form F(p,x ) = 
4 x/h(p,x), approximately, where h(p,x) = 3(x 2 — 
p) + \J ( x 2 — p) 2 + 8(x 2 + p) and is shown to pro- 
duce an absolute error 0{x~ 7 ) as x — > oo. 

• Luke (1975, §4.3) gives Pade approximation meth- 
ods, combined with a detailed analysis of the er- 
ror terms, valid for real and complex variables ex- 
cept on the negative real 2 -axis. See also Temme 
(1994a, §3). 

• Luke (1969b, pp. 25, 40-41) gives Chebyshev- 
series expansions for r(a,wz) (by specifying pa- 
rameters) with 1 < u> < oo, and y(a, u>z) with 
0 < uj < 1; see also Temme (1994a, §3). 

• Luke (1969b, p. 186) gives hypergeometric poly- 
nomial representations that converge uniformly on 
compact subsets of the 2 -plane that exclude 2 = 0 
and are valid for |ph 2 | < ir. 

8.27 (ii) Generalized Exponential Integral 

• Luke (1975, p. 103) gives Chebyshev-series expan- 
sions for Ei(x) and related functions for x > 5. 

• Luke (1975, p. 106) gives rational and Pade ap- 
proximations, with remainders, for E\(z) and 
2 — 1 fg t _1 (l — e~ t ) dt for complex 2 with |ph z\ < 
7 r. 

• Verbeeck (1970) gives polynomial and rational ap- 
proximations for E p (x) = (e~ x /x)P(z), approxi- 
mately, where P(z) denotes a quotient of polyno- 
mials of equal degree in 2 = x ~ 1 . 


8.28 Software 

See http : // dlmf . nist . gov/8 . 28. 
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§8.4 Erdelyi et al. (1953b, Chapter 9). (8.4.14) follows 
from (8.4.6) and (8.8.6). (8.4.15) follows from the 
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term k = n of the series, then taking the limit as 
a — > —n. 

§8.5 Slater (1960, §5.6) and §13.2(vii). For (8.5.4) see 

(13.18.4) . 

§8.6 For (8.6.1) use (8.6.8), replacing t by e lt with 
— 7T < t < 7T. For (8.6.2) substitute for J a (2\fzt ) 
by (10.2.2), integrate term by term and refer to 

(8.7.1) and (8.2.6). (8.6.6) may be proved in 

a similar manner with the aid also of (10.25.2), 

(10.27.4) , (8.2.3), and analytic continuation when 
a = —2, —3, — 4 , For (8.6.3) and (8.6.7) apply 
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ables 2 e =F *. For (8.6.4) and (8.6.5) see Temme 
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(8.6.9) see Temme (1996b). For (8.6.10)-(8.6.12) 
see Paris and Kaminski (2001, §3.4.3). 
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§8.8 Erdelyi et al. (1953b, Chapter 9). These results 
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§8.11 Olver (1997b, pp. 66, 109-112), Temme (1996a, 
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(1959a) and Temme (1994a). (8.11.12) can be 

obtained from (8.12.15), (8.2.4), and (5.11.3). 

(8.11.15) follows from (8.4.7) with z = nx. For 

(8.11.16) see Ramanujan (1962, pp. 323-324). For 

(8.11.17) see Copson (1933). 

§8.12 Temme (1979b, 1992a, 1996b), Paris (2002b), 
and Ferreira et al. (2005). 

§8.13 Erclelyi et al. (1953b, §9.6), Tricomi (1950b), 
Lew (1994), and Kolbig (1972b). 
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integration using (8.7.1) and (8.7.3). (8.14.3)- 
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(13.10.11), (13.10.3), (13.10.4) by means of 

(8.5.1)-(8.5.3). 

§8.15 Tricomi (1950b). 

§8.17 Temme (1996a, §§11.3-11.3.2). For (8.17.5) com- 
bine (8.17.8) and (15.8.1). For (8.17.6) combine 
(8.17.8), (15.8.18), and (15.8.1). For the last para- 
graph of §8.17(v) see Zhang and Jin (1996, p. 65). 

§8.18 Temme (1996a, §§11.3.3.1-11.3.3.3). For (8.18.1) 
use (8.17.9) and apply §15.12(ii). 

§8.19 For (8.19.1)-(8.19.4) see Temme (1996a, p. 180). 
For (8.19.5)-(8.19.7) use (8.19.1), (8.19.3), 

(8.4.15). (8.19.8) follows from (8.4.13) and 

(8.4.15). (8.19.9) follows from (6.6.3), (8.19.1), 
and (8.4.15). (8.19.10) and (8.19.11) follow from 
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(8.19.1) and (8.7.3). For (8.19.12)-(8.19.16) com- 
bine (8.19.1) with (8.8.2), (8.8.16), (8.8.19), and 
(8.5.3). For (8.19.17) combine (8.9.2) and (8.19.1). 
For (8.19.18) see Olver (1994b). For (8.19.19)- 

(8.19.22) see Hopf (1934, pp. 26-27). For 

(8.19.23) use (8.19.13). For (8.19.24)-(8.19.27) 
see Kourganoff (1952, Appendix 1). The graph- 
ics were produced at NIST. 

§8.20 Olver (1991a), Gautschi (1959a). 

§ 8.21 For §8.21(iii) follow the prescription given in the 
final paragraph of §8.21 (ii) . Thus for (8.21.4) 
and (8.21.5) replace 2 by iz with phz = 0 in 
(8.2.2), deform the path of integration to run 
along the positive imaginary axis, and replace t 
by it. Then extend to the sector |phz| < tt 
by analytic continuation. Similarly for (8.21.6) 
and (8.21.7). For §8.21(iv) temporarily restrict 
0 < 3 ?a < 1. Then (8.21.8) and (8.21.9) follow im- 
mediately from (8.21.3)-(8.21.7). Subsequently, 
ease the restrictions on a by analytic continuation 
with respect to a; compare §8.21 (i) . For (8.21.12) 
and (8.21.13) use (8.21.8) and (8.21.9), and also 
(8.21.4) and (8.21.5). (8.21.14) and (8.21.15) are 
obtained by expansion of the trigonometric func- 
tions in (8.21.6), (8.21.7), and termwise integra- 
tion. See also Luke (1975, p. 115). (8.21.22) and 

(8.21.23) follow from (8.21.4), (8.21.5), (8.21.18), 
and (8.21.19). For (8.21.24) and (8.21.25) as- 
sume ph z = 0, and in the integrals for ci (a, z) ± 
isi(a, z) obtained from (8.21.4) and (8.21.5) set 
t = (1 + r)z, rotate the integration paths in 
the r-plane through ±|7r, and apply (8.21.18) 
and (8.21.19). The restriction ph z = 0 is eased 
to |phz| < -j7r by analytic continuation. For 
(8.21.26) and (8.21.27) apply Watson’s lemma to 

(8.21.24) and (8.21.25), and then extend the sector 

of validity from | ph z\ < — 5 to | ph z\ < n — 5; 

see §2.4(i). 
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Notation 

9.1 Special Notation 


9.2(iii) Numerically Satisfactory Pairs of 
Solutions 

Table 9.2.1 lists numerically satisfactory pairs of solu- 
tions of (9.2.1) for the stated regions; compare §2.7(iv). 


(For other notation see pp. xiv and 873.) 


k 

x 

z(= x + iy) 
5 

primes 


nonnegative integer, except in §9.9(iii). 

real variable. 

complex variable. 

arbitrary small positive constant. 

derivatives with respect to argument. 


The main functions treated in this chapter are the 
Airy functions Ai(z) and Bi(z), and the Scorer func- 
tions Gi(z) and Hi(z) (also known as inhomogeneous 
Airy functions). 

Other notations that have been used are as fol- 
lows: Ai(— x) and Bi(— x) for Ai(x) and Bi(x) (Jef- 
freys (1928), later changed to Ai(a?) and Bi(x)); U(x) = 
y / 7rBi(a;), V(x) = y / 7rAi(x) (Fock (1945)); A(x) = 
3 _1 / 3 7rAi(— 3 _1/,3 x) (Szego (1967, §1.81)); eo(x) = 
7rHi(— x), eo(x) = — 7rGi(— x) (Tumarkin (1959)). 


Airy Functions 


Table 9.2.1: Numerically satisfactory solutions of Airy’s 
equation. 


Pair 

Region 

Ai(x),Bi(x) 

— OO < X < OO 

Ai(z), Bi(z) 

| IpM < gTT 
[ — 00 < z < 0 

Ai(z),Ai(ze- 2 "/ 3 ) 

— §tt < ph z < 7r 

Ai(z),Ai(ze 2 ™/ 3 ) 

— 7 r < ph z < ^7 r 

Ai (ze T27 ”/ 3 ) 

|ph(-2)| < §7 r 


9.2(iv) Wronskians 

9.2.7 ^{Ai(z),Bi(z)} = 

7 r 

9.2.8 W {Ai(z), Ai(ze T2 ” /3 ) j = , 

9.2.9 ir{Ai( ze 2,ri / 3 ),Ai(ze 2 ™ /3 )} = 


9.2 Differential Equation 
9.2(i) Airy’s Equation 

d 2 w 


9.2.1 


dz 


All solutions are entire functions of z. 
Standard solutions are: 


9.2.2 


w = Ai(z), Bi(z), Ai(ze T27ri/3 ). 


9.2(ii) Initial Values 


9.2.3 Ai(0) = 


1 


= 0.35502 80538 . . . . 


3 2/3 r(§) 

9.2.4 Ai'(O) = 3 i /3 r ( , ) = ^°- 25881 94037 


9.2.5 Bi(0) = 


1 


31/6 r (|) 


= 0.61492 66274 . . . . 


3 i/6 


9.2.6 Bi'(0) = —fjy = 0.44828 83573 

r(§) 


9.2(v) Connection Formulas 

9.2.10 Bi(z) = e~™ /6 Ai (ze" 2 " /3 ) + e™/ 6 Ai (ze 2 " /3 ) . 
Ai(ze T2,ri/3 ) = \e T ™ /3 (Ai(z) ± «Bi(z)) . 


9.2.11 

9.2.12 


Ai(z) + e~ 2m/3 Ai(ze" 27ri/3 ) + e 2 ™/ 3 Ai(ze 2,H / 3 ) = 0, 

9.2.13 

Bi(z) + e- 2 "/ 3 Bi(ze- 27ri/3 ) + e 27ri/3 Bi(ze 2,H/3 ) = 0. 

9.2.14 Ai(-z) = e™ /3 Ai (ze™/ 3 ) + e~” i/3 Ai (ze"™ /3 ) , 

9.2.15 Bi(-z) = e" 7ri/6 Ai(ze 7ri/3 ) +e 7ri/6 Ai(ze- 7ri/3 ). 

9.2(vi) Riccati Form of Differential Equation 

dW 


9.2.16 


dz 


+ W = z, 


W = (1 /w) dw/dz , where w is any nontrivial solution 
of (9.2.1). See also Smith (1990). 
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9.3 Graphics 
9.3(i) Real Variable 



Figure 9.3.1: Ai(x), Bi(ir), M(x). For M(x) see §9.8(i). 

9.3(ii) Complex Variable 

In the graphics shown in this subsection, height corres 
phase. See also p. xiv. 



Figure 9.3.3: Ai (x + iy). 



Quadrant Colors 



Figure 9.3.2: Ai'(x), Bi'(ir), N(x). For N(x) see §9.8(i). 


to the absolute value of the function and color to the 



Quadrant Colors 


Figure 9.3.4: Bi (x + iy). 



Quadrant Colors 


Figure 9.3.5: Ai '(x + iy). 


Figure 9.3.6: Bi '(x + iy). 
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9.4 Maclaurin Series 

For z £ C 

9.4.1 Ai(» = Ai(0) U + ^z 3 + 


1- 4 
6 ! ' 

2- 5 


1 • 4 • 7 


9! 


9.4.2 Ai'O) = Ai'(O) ( 1 + 7^ 3 + -^-z 6 + 

9.4.3 Bi(z) = Bi(0) ( 1 + + ^A Z ' 


6 ! 


9.4.4 Bi'(^) = Bi'(O) 1 + -z 3 + —z~ 


3! 


6 ! 


2-5-8 

1-4-7 

~VT Z 


9! 


z 9 H + Ai'(O) z + -z 4 + -—z 7 + 


2-5 7 2-5-8 


,10 


4! 


7! 


10 ! 


Wn , , 1 2 1-4 5 1-4-7 o 

+ Ai (o)(^ + ~^r z 4 — gj — ~ ■ 


2 • 5 


+ ---)+Bi , (0)(^+-2 4 +— z 7 + 


2-5-8 


.10 


7! 


10 ! 


+ Bi(0) 


2 ! 


1-4 


1-4-7 

8 ! * 


9.5 Integral Representations 

9.5(i) Real Variable 

1 f°° 

9.5.1 Ai(x) = — / cos ^t 3 + xt) dt. 

71 Jo 

9.5.2 

„ 1/2 /-oo 

Ai(— x) = — J cos^a; 3 / 2 (gl 3 + t 2 — |)J dt, x > 0. 

9.5.3 

Bi(x) 

1 f°° 1 f°° 

= exp(— |t 3 + xt) dt H — / sin(|t 3 + xt) dt. 

n J o n Jo 

See also (9.10.19), (9.11.3), (36.9.2), and Vallee and 
Soares (2004, §2.1.3). 


9.5(ii) Complex Variable 


^ nooe ' 

9.5.4 Ai(z) = - — / exp (\t 3 — zt) dt , 

J ooe-^/3 
^ r ooe 77 ^ 3 

Bi(z) = — — / exp(gf 3 — zt) dt 

^ J — OO 


9.5.5 


' — OO 
2 nooe~ 

2n 


i /3 


exp(gt 3 — zt) dt. 


Vs 


f — OO 
POO 


9.5.6 M(z) = — j exp (---^3 )dt. 


2n 


t 3 z 3 


9.5.7 


Ai (z)=- — J exp^— z 1 / 2 ^ cos(gi 3 ) dt, |ph 

e~V~ 1/6 


Z\ < 7T. 


9.5.8 

Ai(^) = 


^(48)‘/«r(|)i e “‘*“ 1/a ( 2+ t) dt ’ 

I ph z| < g 7T . 


In (9.5.7) and (9.5.8) C= |^ 3/2 - 
See also (9.10.18) and (9.11.4). 


9.6 Relations to Other Functions 

9.6(i) Airy Functions as Bessel Functions, 

Hankel Functions, and Modified Bessel 
Functions 

For the notation see §§10.2(ii) and 10.25(ii). With 
9.6.1 £ = lz 3/2 , 

Ai (z) = 7 r^ 1 Vz/ 3 K ±1/3 (() 

= \Vz (I- 1/3(C) ~ ^1/3(0) 

= H™J Ce-/ 2 ) 

= I y/VjSe- 2 ™/ 3 H^l (Ce"^/ 2 ) 

= l^V/Se-^ 3 
Ai'(z) = -7r _1 (0/V3)/v ±2/3 (C) 

= (*/ 3 ) (/ 2 / 3 (C)--f- 2 / 3 ( 0 ) 

= i(z/V3)e-"/ 6 7?W ( Ce W 2 ) 

= \{z/Vs)e~^ i/& H {4) 2/3 (Ce™ /2 ) 

= g (2:/ v / 3 )e 57ri / 6 HV2/3 (C e_7ri ^ 2 ) , 

Bi(«) = V^ 73 (/ 1 / 3 (C) + /- 1 / 3 (C)) 

= iv^73(e W6 <^(Ce- W2 ) 

9.6.4 + e -’ ri/6 i7j 2 ^(Ce 7ri/2 )) 

= i V ^73(e--/ 6 7?i 1 1 ) /3 (Ce— / 2 ) 

+ e" /6 ffi 2 1 ) /3 ((e" /2 )) , 


9.6 Relations to Other Functions 
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Bi'(z) — ( 2 // 3) (/ 2 / 3 (C) + ^-2/3(0) 

= \{z/Vz) (e ni ^ 3 # 2/3 (C e_7ri/2 ) 

+ e" m/3 17^(Ce W2 )) 
= |(VV3) (e~^ 3 H% 3 (Ce~^ 2 ) 

+ e™' 3 H™ /3 ( Ce" 72 )) , 


9.6.6 

Ai(— 2 ) = {y/z/2>) (Ji/ 3 (C) + 1/3(0) 

= | x/^3 (e"/ 6 ^(C) + e-"/ 6 ff$(0) 

= \yf^jZ (e-”/ 6 JtS / 3 (C) + e^/ 6 ^3(0) , 

9.6.7 

Ai^-O = (z/3) (^ 2 / 3(0 ~ ^- 2 / 3 ( 0 ) 

= |(*/\/3) (e--/ 6 if$(0 + e-/ 6 H®( ()) 

= \{z/y/Z) (e-™' 6 H™ /3 (C) 

+ e 5 " /6 fl%(C ) ), 


9.6.8 

Bi(-0 = \A7s (J-iMO - J 1/3 (0) 



9.6.9 

Bi 7 (— z) = (z/V3) (J_ 2 / 3(0 + ^ 2 / 3 ( 0 ) 

= |(«/V3) (e-/ 3 JT$ (0 + e --/ 3 IT$(0) 

= i(*/V3) (e-^/^yo 

+ e"/ 3 i7i 2 2 ) /3 (C)). 


9.6(ii) Bessel Functions, Hankel Functions, and 
Modified Bessel Functions as Airy 
Functions 

Again, for the notation see §§10.2(ii) and 10.25(ii). 
With 

9.6.10 2 = (§C) 2/3 , 

9.6.11 J±i/ 3 (C) = \V%Iz ( 1/3 Ai(— 2 ) =F Bi(-z)^ , 

9.6.12 J ±2 / 3 (0 = |(V3/0 (±a/ 3 Ai'(-z) + Bi'(— 2 :)) , 

9.6.13 /±i/ 3 (0 = \\f3/z (t/ 3 Ai(z) + Bi(z)^ , 

9.6.14 / ±2 / 3 (0 = |(V3/2) (±V3 Ai/ 2 ) + Bi'(z)) , 


9.6.15 A ±1/3 (0=^v / 3/^Ai(2), 

9.6.16 A' ±2/3 (C) = -tt(V 3 /z) Ai \z), 

9.6.17 <3(0 = e-^ /3 < ) /3 (0 

= e-”/ 6 ^/3 Tz (Ai( 2 ) - i Bi(- 2 )) , 

9.6.18 ff $«> = ^“ /3 A I 2 , /3 (0 

= e m/6 (V3 / 2 ) (Ai'(-z) - *Bi , (-2)) 


9.6.19 *$«> = *” /a "%(0 


= e 77 */ 6 1 / 3/2 (Ai(— 2 ) + iBi(-2)) , 


9.6.20 H vs(0 = e^/ 3 H%(0 


= e"™ / 6 (/3 /z) (Ai '(- 2 ) + /Bi'(- 2 )) . 


iry Functions as Confluent 
ypergeometric Functions 


see 


mcu 1 uiieuuno 

§§13.1, 13.2, and 13.14(i). With < 

2 2- 1/4 Wo, 1/3(20 

-1/2a 2/3 c -C TT( 5 


1 — 1/2 — 
■7T ' 2 


2 

= 3“ 1/6 7r- 1 / 2 C 2/3 - 
: -W-V2 


! e- C t/(|,|,2C), 


-Itt-V 2 ^/ 4 ^3(20 

_3 1 / 6 7 r- 1 / 2 c 4/ 3 e -f [; (l, 


2 1 / 3 r(|) z / m °’-i/3( 2 0 

+ 2 5 / 3 r(|) 2_1/4 m °’ 1/3 ( 2 0> 

2 1 / 3 

: j^yy2 1 / 4 M 0 _ 2 / 3 (2() 

+ 2 10 /3 r(|) 2:1/4 m °’ 2/3 ( 2 ^)’ 

3 i/6 r (|) e Cl_Fl (6’ 3 ’ 2 0 

l 24' [ i) C i ' 3 <- 1 iFi(l ; !;i() 1 

3 1 / 6 , 

£2 , 


•iAi(-I;-i;20 

76 

^4/3 e -C lFl fl. 7.^1 

p^2^ ^ e 1 V 6 ’ 3’ V‘ 
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9.7 Asymptotic Expansions 


Table 9.7.1: X (n). 


9.7(i) Notation 

Here <5 denotes an arbitrary small positive constant and 

9.7.1 c = i* 3/2 - 
Also uq = vq = 1 and for k = 1 , 2 ,..., 

(2k + 1) (27c + 3)(2fc + 5) • • ■ (6 k - 1) 

9.7.2 Uk ~ (216) fc (fc)! ’ 


n 

xW 

n 

X(n) 

n 

X(n) 

n 

X(n) 

i 

1.57 

6 

3.20 

ii 

4.25 

16 

5.09 

2 

2.00 

7 

3.44 

12 

4.43 

17 

5.24 

3 

2.36 

8 

3.66 

13 

4.61 

18 

5.39 

4 

2.67 

9 

3.87 

14 

4.77 

19 

5.54 

5 

2.95 

10 

4.06 

15 

4.94 

20 

5.68 


9.7(ii) Poincare-Type Expansions 

As z — > oo the following asymptotic expansions are valid 
uniformly in the stated sectors. 


6fc + 1 

Vk = r^6 k Uk - 

Lastly, 

9.7.3 X (n) = 7 r 1 /2 r (i n+1 ) / r(i n+ i). 

Numerical values of this function are given in Table 9.7.1 
for n = 1(1)20 to 2D. For large n, 

9JA x(n) ~ (\™) 1/2 . 


9.7.5 Ai(z) 

9.7.6 M'(z) 


9.7.7 Bi(z) 

9.7.8 Bi'(^) 



oo 


E(-D 


k U k 

£k ’ 


A/ 4 e-g 

20r 


OO 


E(-d 


k^k 


e ^ 


E Uk 

7k’ 

i — n ^ 


z 1 / 4 ^ 


E Vk 
Sk ’ 

T— n 


| ph z| <7 r — <5, 
| ph z| < n — 5, 

I ph z| < -jtt — 6, 

| ph tt| < — <y 


9.7.9 


/ OO oo \ 

Ai E)~ fcos(C-|7r)^(-l) fc p + sin(C-^)^(-l) fc pg[j , 

\ k — 0 fe — 0 / 


D/4 


fc =0 

fc 4'2fc+l \ 
U2fe+1 I ’ 
fc =0 S / 


9.7.10 Ai'(-z) ~ ( sin(C - \n r) EE)*^ ~ cos (C “ l 71 ") E* -1 )' 

-, / OO OO \ 

9.7.11 Bi(— 2 ) ~ f-sin(C-i7r)E(- 1 ) fc pT+ cos (C-l7r)^(- 1 ) fe pgi) 

\ fe— 0 k~ = - 0 / 

1/4 / 00 00 \ 

9.7.12 Bi'(-*) ~ -J= ( cos(C - \n) f^(-l) k ^ + sin(C - \n) E^EpriJ > 


k = 0 


9.7.13 


Bi 


| ph z\ < |7T — (5, 


I ph z| < ?7T — (5, 


I ph-| < ^7r — A, 


I ph z\ < §7T — (5. 


/ 9 _±Tvi/6 ( °° 00 \ 

cos(C - Ittt |iln2) ^(- 1 )^ + sin(C- iTTT |iln2) £(-l) fe ^g- , 

\ fc =0 S fc =0 s / 

I ph2| < 1 7 r — <5, 


9.7.14 

Bi 


'(“ ± " /S ) ~ /W (— sin(C - 1 .T lil« 2 ) E(-l)*p| + <*»« ~ S*T Iiln 2 ) , 

\ /c — 0 /c — 0 / 


C 2fc+1 y 

| phz| < §7r — 6. 


9.8 Modulus and Phase 
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9.7 (iii) Error Bounds for Real Variables 


In (9.7.5) and (9.7.6) the nth error term, that is, the er- 
ror on truncating the expansion at n terms, is bounded 
in magnitude by the first neglected term and has the 
same sign, provided that the following term is of op- 
posite sign, that is, if n > 0 for (9.7.5) and n > 1 for 
(9.7.6). 

In (9.7.7) and (9.7.8) the nth error term is bounded 
in magnitude by the first neglected term multiplied by 
2 x(n) exp (an/(72()) where a = 5 for (9.7.7) and cr = 7 
for (9.7.8), provided that n > 1 in both cases. 

In (9.7.9)-(9.7.12) the nth error term in each infinite 
series is bounded in magnitude by the first neglected 
term and has the same sign, provided that the following 
term in the series is of opposite sign. 

As special cases, when 0 < x < oo 


9 . 7.15 

Ai(x) < 


e ^ 

2y / 7nE 1 / 4 ’ 


I Ai'(x)| < 


x 1 / 4 e ? 
2y/n 



9 . 7.16 


Bi(x) < 
Bi'(x) < 


1/4 


/7 TX 

x 1,/4 e^ 


5-7T 


1 + — — exp — — 


72£ 

7 7T 

1+ 72/ eXp 


57T 


72^ 

7n 

72£ 


where £ = |x 3 / 2 . 


with n = [2ICIJ- Then 

9 . 7.20 

Rn{z) = (-1)" £ (-l) fc Mfc g "-* (2C) + ^{Z), 

k = 0 ^ 

9 . 7.21 

S n {z) = (-1)"- 1 53 {-l) k v k Gn ~^ K) + S m , n {z), 

k = 0 ^ 

where z 

9.7.22 g p {z) = |-r(p)r(i -p,z). 

(For the notation see §8.2(i).) And as z — > oo with m 
fixed 

9 . 7.23 

Rm,n(z),S m , n (z) = 0^e _2|cl C _m ), | ph z\ < §7 r. 

For re-expansions of the remainder terms in (9.7.7)- 
(9.7.14) combine the results of this section with those 
of §9.2(v) and their differentiated forms, as in §9.7(iv). 

For higher re-expansions of the remainder terms see 
Olde Daalhuis (1995, 1996), and Olde Daalhuis and 
Olver (1995a). 

9.8 Modulus and Phase 
9.8(i) Definitions 

Throughout this section x is real and nonpositive. 


9.7(iv) Error Bounds for Complex Variables 

When n > 1 the nth error term in (9.7.5) and (9.7.6) is 
bounded in magnitude by the first neglected term mul- 
tiplied by 

9717 iexp (m)' 2 * (n)exp (ib) 

4x(n) ^ ( an \ 

| cos(ph <C)|" 6XP \36|3?CI / 

according as |phz| < ^n, ^n < |phz| < |7T, or 
|7r < ph z\ < n. Here cr = 5 for (9.7.5) and a = 7 
for (9.7.6). 

Corresponding bounds for the errors in (9.7.7) to 
(9.7.14) may be obtained by use of these results and 
those of §9.2(v) and their differentiated forms. 

For other error bounds see Boyd (1993). 

9.7(v) Exponentially-Improved Expansions 

In (9.7.5) and (9.7.6) let 

9718 Ai M = ^74 (| ( - 1)fc ^ + ’ 

9.7.19 Ai'{z) = (£V 1)fc ^ + 5 "(*)) ’ 


9 . 8.1 Ai(x) = M(x) smd(x), 

9 . 8.2 Bi(x) = M(x) cos9(x), 

9 . 8.3 M(x) = ^Ai 2 (x) +Bi 2 (x), 

9.8.4 9{x) = arctan(Ai(x)/Bi(x)). 

9 . 8.5 Ai'(x) = N{x) sin^)(x), 

9 . 8.6 Bi'(x) = N(x) cos 4>{x), 

9 . 8.7 N(x) = \J Ai , '(x) + Bi'“(x), 

9 . 8.8 <j>(x) = arctan(Ai'(x)/Bi , (x)). 

Graphs of M(x) and N(x) are included in §9.3(i). 
The branches of 0(x) and <j>(x) are continuous and fixed 
by 0(0) = — <£(0) = g7r. (These definitions of 9(x) and 
4>{x) differ from Abramowitz and Stegun (1964, Chap- 
ter 10), and agree more closely with those used in Miller 
(1946) and Olver (1997b, Chapter 11).) 

In terms of Bessel functions, and with £ = ||x| 3 / 2 , 

9 . 8.9 \x\ 1 ' 2 M\x) = §£ (j? /3 (0 + n%(0) , 

9 . 8.10 I *!- 1 / 2 n 2 (x) = §£ ( j 2 2/3 (0 + y 2 2 /3 (o) , 

9.8.11 9{x) = |tt + arctan(y 1/3 (0/ Ji /3 (0), 

9 . 8.12 cj>(x) = §7r + arctan(y 2/3 (^)/ J 2/3 (0)- 
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9.8(ii) Identities 

Primes denote differentiations with respect to x, which 
is continued to be assumed real and nonpositive. 

9.8.13 M(x) N(x) sin (9(x) — 4>(x)) = n _1 , 

9 8 14 m2( < x ) 9 '^ = ~ 7r_1 > N 2 (x) <f>' {x) = tt~ 1 x , 

N( x) N'(x) = xM(x) M\x ) , 

7V 2 (x) = M ,2 (x) + M 2 (x) 6' 2 (x) 

9.8.15 w „ ' „ n 

= M' (x) + 7T 2 M "(x), 

x 2 M 2 (x) = N' 2 (x ) + N 2 {x) 4> ,2 (x) 

9.8.16 w 9 ' J 

= N' (x)+7T ~x 2 N 2 (x), 

tan(6»(x) - <j>(x)) = 1/(t tM{x)M'(x)) 

= -M(x)0'(x)/M'(x), 

M"(x) = xM{x) + 7t _ 2 M _3 (x) , 

9 ' 8 ' 18 (M 2 )"\x) - 4x (M 2 )\x) - 2 M 2 (x) = 0, 

9.8.19 9' 2 {x) + \{9"'{x)/ 9\x)) - §(0"(x)/ 9'{x)) 2 = -x. 

9.8(iii) Monotonicity 

As x increases from — oo to 0 each of the functions M (x), 
M'(x), |x| ~ 1//4 N(x), M(x) N(x), 9'(x), <j>'(x) is increas- 
ing, and each of the functions |x| 1//4 M(x), 9(x), <j>{x) is 
decreasing. 


For higher terms in (9.8.22) and (9.8.23) see Fabi- 
jonas et al. (2004). Also, approximate values (25S) of 
the coefficients of the powers x -15 , x -18 , . . . , x -56 are 
available in Sherry (1959). 


9.9 Zeros 

9.9(i) Distribution and Notation 

On the real line, Ai(x), Ai'(x), Bi(x), Bi'(x) each have 
an infinite number of zeros, all of which are negative. 
They are denoted by a k , a' k , b k , b' k , respectively, ar- 
ranged in ascending order of absolute value for k = 

1 , 2 ,.... 

Ai(z) and Ai^z) have no other zeros. However, Bi(z) 
and Bi 7 ( 0 ) each have an infinite number of complex ze- 
ros. They lie in the sectors | n < phz < and 
— < ph z < — g7T, and are denoted by /3 k , (3 k , re- 
spectively, in the former sector, and by j3 k , 0 k , in the 
conjugate sector, again arranged in ascending order of 

absolute value (modulus) for k = 1,2, See §9.3(ii) 

for visualizations. 

For the distribution in C of the zeros of Ai 7 ^) — 
aAi(z), where a is an arbitrary complex constant, see 
Muravei (1976). 


9.8(iv) Asymptotic Expansions 


As x — y — oo 

9.8.20 

M 2 (x) 


9.8.21 

N 2 (x) 

9.8.22 

6{x) 


9.8.23 

0(x) 


1 • 3 • 5 • • • (6k — 1) 1 


E i • o • o • • • 

hUQ i 


7r(— x) 1 / 2 fc! (96) A 


r 3k > 


(-x) 1 / 2 
7 r 


^ 1 • 3 • 5 • • • (6fe - 1) 1 + 6fc 1 
/c!(96) fc 1 — 6fc x 3fe ’ 




5 1 1105 1 
32 x 3 6144 x 6 


+ 


82825 1 12820 31525 1 


65536 x 9 


7T 2 

4 + 3 

4 95271 1 


587 20256 x 12 
1463 1 




6144 x 6 
2065 30429 1 


3 27680 x 9 83 88608 x 12 


In (9.8.20) and (9.8.21) the remainder after n terms 
does not exceed the (n+l)th term in absolute value and 
is of the same sign, provided that n > 0 for (9.8.20) and 
n > 1 for (9.8.21). 


9.9(ii) Relation to Modulus and Phase 


9.9.1 

9.9.2 


9{a k ) = <t>(a k+1 ) = kn, 
9{b k ) = <j>{b' k ) = (k- \)-k. 


f_l')fe - 1 ('-l ') fc_1 

9 " Ai “*‘> = ^W = 

9.9.4 Ai(afc) = ( ~y \ Bi(b 7 fc ) = ( ~^ fc 
^K) * N(b' k ) 


9.9(iii) Derivatives With Respect to k 

If k is regarded as a continuous variable, then 

,, s 

See Olver (1954, Appendix). 
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9.9(iv) Asymptotic Expansions 

For large k 

9.9.6 a k = -T (§7r(4fc - 1)) , 

9.9.7 Ai \a k ) = (-l) fe -V (§tt(4 k - 1)) , 

9.9.8 a' k = -U (|7r(4fc - 3)) , 

9.9.9 Ai(4) = (-l^W (|7t(4 k - 3)) . 

9.9.10 b k = -T(§7r(4A;- 3)) , 

9.9.11 Bi'(b k ) = (-l) fc “V (§7r(4fc - 3)) , 


9.9.12 b' k = —U (§7r(4A; — 1)) , 

9.9.13 Bi(i/ fc ) = {—l) k W (§7r(4& — 1)) . 

9.9.14 

Pk = e 7ri / 3 T ( | 7 t(4/c — 1) + I* In 2) , 

9.9.15 

Bi'(/3 fc ) = (— l) fe v / 2e _7I ’ i / 6 y (§7r(4fc - 1) + ft In 2) , 

9.9.16 

P'k = e 7Ti / 3 U (g7r(4/e — 3) + filn2) , 

9.9.17 

Bi(/%) = (— l) fe_1 v / 2e 7ri,/6 W r (|7r(4Jfe - 3) + filn2) 


Here 


9.9.18 

9.9.19 

9.9.20 


T(t)~t 2/3 (l + ^t~ 2 - 
\ 48 

U(t) ~ t 2 ' 3 (l - ^t~ 2 - 

(l +-t~ 2 
\ 48 


5 4 77125 1080 56875 8 16 23755 96875 in \ 

36 82944 69 67296 3344 30208 J 

35 _ 4 1 81223 _ 6 186 83371 _ 8 9 11458 84361 _ 10 \ 

288^ _ 2 07360 i + 12 44160 1 1911 02976 * + '"J 

1525 _ 4 23 97875 _ 6 7 48989 40625 _ 8 14419 83037 34375 
" 4608 + 6 63552 1 ~ 8918 13888 ? + 4 28070 66624 


t ~ 10 


9.9.21 

W(t) 





1673 

6144^ 


-4 


843 94709 _ 6 
265 42080 t 


78 02771 35421 
1 01921 58720 t 


20444 90510 51945 
6 52298 15808 



For higher terms see Fabijonas and Olver (1999). 

For error bounds for the asymptotic expansions of a k , b k , a' k , and b' k see Pittaluga and Sacripante (1991), and a 
conjecture given in Fabijonas and Olver (1999). 


9.9(v) Tables 

Tables 9.9.1 and 9.9.2 give 10D values of the first five real zeros of Ai, Ai 7 , Bi, Bi 7 , together with the associated values 
of the derivative or the function. Tables 9.9.3 and 9.9.4 give the corresponding results for the first five complex zeros 
of Bi and Bi 7 in the upper half plane. 

For versions of Tables 9. 9. 1-9. 9. 4 that cover k = 1(1)10 see http://dlmf.nist.gOv/9.9.v. 

Table 9.9.1: Zeros of Ai and Ai 7 . 


k 

Ofc 

Ai'(a fc ) 

<4 

Ai «) 

1 

-2.33810 74105 

0.70121 08227 

-1.01879 29716 

0.53565 66560 

2 

-4.08794 94441 

-0.80311 13697 

-3.24819 75822 

-0.41901 54780 

3 

-5.52055 98281 

0.86520 40259 

-4.82009 92112 

0.38040 64686 

4 

-6.78670 80901 

-0.91085 07370 

-6.16330 73556 

-0.35790 79437 

5 

-7.94413 35871 

0.94733 57094 

-7.37217 72550 

0.34230 12444 


Table 9.9.2: Real zeros of Bi and Bi 7 . 


k 

bk 

Bi 7 (6 fe ) 

b' k 

Bi (b' k ) 

1 

-1.17371 32227 

0.60195 78880 

-2.29443 96826 

-0.45494 43836 

2 

-3.27109 33028 

-0.76031 01415 

-4.07315 50891 

0.39652 28361 

3 

-4.83073 78417 

0.83699 10126 

-5.51239 57297 

-0.36796 91615 

4 

-6.16985 21283 

-0.88947 99014 

-6.78129 44460 

0.34949 91168 

5 

-7.37676 20794 

0.92998 36386 

-7.94017 86892 

-0.33602 62401 


202 


Airy and Related Functions 


Table 9.9.3: Complex zeros of Bi. 



e 71-2 

/3 fJ k 

Bi 7 (/3fc) 

k 

modulus 

phase 

modulus 

phase 

1 

2.35387 33809 

0.09533 49591 

0.99310 68457 

2.64060 02521 

2 

4.09328 73094 

0.04178 55604 

1.13612 83345 

-0.51328 28720 

3 

5.52350 35011 

0.02668 05442 

1.22374 37881 

2.62462 83591 

4 

6.78865 95301 

0.01958 69751 

1.28822 92493 

-0.51871 63829 

5 

7.94555 90160 

0.01547 08228 

1.33979 47726 

2.62185 44560 


Table 9.9.4: Complex zeros of Bi 7 . 



e 7n 

/3 Pk 

Bi($) 

k 

modulus 

phase 

modulus 

phase 

1 

1.12139 32942 

0.33072 66208 

0.75004 14897 

0.46597 78930 

2 

3.25690 82266 

0.05938 99367 

0.59221 66315 

-2.63235 40329 

3 

4.82400 26102 

0.03278 56423 

0.53787 06321 

0.51549 32992 

4 

6.16568 66408 

0.02266 24588 

0.50611 02160 

-2.62362 85920 

5 

7.37383 79870 

0.01731 96481 

0.48406 00643 

0.51928 28169 


9.10 Integrals 

9.10(i) Indefinite Integrals 


9.10.7 


7*00 

9.10.1 / Ai(t) dt = it (Ai(^) Gi 7 (;z) — Ai 7 (,z) Gi(z)) , 

J Z 

9.10.2 / Ai(f) dt = 7r (Ai(z) Hi 7 (2) — Ai 7 (z) Hi(z)) , 

J — OO 

Bi(f) dt = f Bi(£) dt 
x> Jo 


9.10.3 


= 7t (Bi 7 (z) Gi(z) — Bi(z) Gi 7 (2)) 

= 7r (Bi(z) Hi 7 (z) — Bi' (z) Hi(je)) . 
For the functions Gi and Hi see §9.12. 

9. 10(ii) Asymptotic Approximations 

9.10.4 

f Ai(f) dt ~ 57T -1 / 2 aT 3 / 4 expf— |a; 3 / 2 'j , x — > cx 

J X ' ' 

9.10.5 

J Bi(f) dt ~ 7r _1 / 2 a; _3 / 4 exp^|x 3 / 2 ^, a: — > cx 


/o 

9.10.6 


f Ai(f) dt = 7T 1 ^ 2 (— x) 3 / 4 cosf|(— x) 3 / 2 + j7r'j 
J — OO ' ' 

+ o(M" 9/4 ), 


[ Bi(£) dt = Tr-^i-x)- 3 / 4 sin(f(-x) 3 / 2 + ^tt) 

J — OO ^ ^ 

+ 0(|x|- 9 / 4 ), 


X — > — OO. 


For higher terms in (9.10.4)-(9.10.7) see Vallee and 
Soares (2004, §3.1.3). For error bounds see Boyd (1993). 
See also Muldoon (1970). 

9. 10(iii) Other Indefinite Integrals 

Let w(z) be any solution of Airy’s equation (9.2.1). 
Then 


9.10.8 


9.10.9 


9.10.10 


J zw(z ) dz = w'(z), 

J = -'(*)-*»( », 


J z n+3 w(z) dz = z n+2 w\z ) - (n + 2)z n+1 u>(z) 
+ (n+l)(n + 2) J z n w(z) dz, 


n = 0 , 1 , 2 ,.... 


x — > — OO, 


See also §9.11(iv). 

9.10(iv) Definite Integrals 

/•OO />0 

9.10.11 / Ai(t) d£ = j , / Ai(f) dt = | , 

J 0 J —oo 


9.11 Products 
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9.10.12 


f Bi(f) dt = 0. 

J — OO 


9.10(v) Laplace Transforms 

/ oo 

e pt Ai(t) dt = e p ^ 3 , > 0. 

-OO 


9.10.14 


e~ pt Ai(t) dt = e" p3 / 3 ^ - 


— p 3 / 3 1 ( 3 ’ 3’ 3 P ) 

34/3 r (l) 
p 2 ^(bbhp 3 ) 


+ 


35/3 r(|) 


P eC. 


9.10.15 


/»oo 

/ e~ pt Ai{-t)dt 

J 0 


= -e^ 3 


r (j|p 3 ) | r (l >§ p 3 ) 
r(|) + r(f) 

/*oo 

/ e _pt Bi(— f) dt 

Jo 


$lp > 0, 


9.10.16 


= P' 

V3 


1 p 3 /3 f r (l>;b 3 ) r (i|p 3 ) 


v r (§) r d) r 

> 0 . 

For the confluent hypergeometric function \F\ and the 
incomplete gamma function T see §§13.1, 13.2, and 
8 . 2 (i). 

For Laplace transforms of products of Airy functions 
see Shawagfeh (1992). 


9.10(vi) Mellin Transform 
9.10.17 


/»oo 

/ t Q_1 Ai(f) dt = 

Jo 


F(a) 


3 (a+2)/3 r (l a+ 2) 


, Ka > 0. 


9. 10(vii) Stieltjes Transforms 
9.10.18 


9. 10(viii) Repeated Integrals 

9.10.20 

n V [>X 

Ai (t)dtdv = x / Ai(t) dt — Ai^a;) + Ai^O), 
Jo 

9.10.21 

n v px 

Bi (t)dtdv = x / Bi(f) dt — Bi^a;) + Bi^O), 
Jo 

9.10.22 

,00,00 ,00 2cos(i(n-l)7r) 

LL-L .A ,; ) • 


^3 ' 3) 

n= 1,2,.... 


9.10(ix) Compendia 

For further integrals, including the Airy transform, 
see §9.11(iv), Widder (1979), Prudnikov et al. (1990, 
§1.8.1), Prudnikov et al. (1992a, pp. 405-413), Prud- 
nikov et al. (1992b, §4.3.25), Vallee and Soares (2004, 
Chapters 3, 4). 


9.11 Products 

9.11(i) Differential Equation 


9.11.1 


W = IC1W2, 


d 3 w , dw 

— 5 — 4 z— 2 w = 0, 

dz 3 dz 

where W\ and w 2 are any solutions of (9.2.1). For 
example, w = Ai 2 (z), Ai(z) Bi(z), Ai(^) Ai(,ze T27ri / 3 ), 
M 2 (z). Numerically satisfactory triads of solutions can 
be constructed where needed on R or C by inspection 
of the asymptotic expansions supplied in §9.7. 

9. 1 1 (ii) Wronskian 

9.11.2 lT{Ai 2 (z),Ai(z)Bi(z),Bi 2 (z)} = 2 tt- 3 . 

9.1 1 (iii) Integral Representations 


Ai(z) = 


1 f 

0 5/4 e -(2/ 3 ) 2 3 / 2 r°° t-^e-W)* 3 ' 2 Ai(t) , 9.11.3 Ai 2 (x) = - — -= / J 0 (Af 3 + xt)tdt, x>0, 

— 2 w; — L zVi + en — dt - , , „ w “. 


| phz| < 1 7 r. 


where Jo is the Bessel function (§10.2(ii)). 

9.11.4 


9.10.19 


Bi(a;) = 


1 

X 0 /A e ( 2 l 3 )x^ yoo t - l/ 2 e -( 2 / 3 )t 3 / 2 ^ Ai 2 (z) + Bi 2 (z) = ^ ^ exp (zt - ^t 3 )^ 2 dt. 

77^70 r tTt TtTt dt, ________ 


2 5 / 2 tt Jo X 3 ' 2 - 1 3 / 2 

x > 0, 

where the last integral is a Cauchy principal value 
(§l-4(v)). 


For an integral representation of the Dirac delta in- 
volving a product of two Ai functions see §1.17(ii). 

For further integral representations see Reid (1995, 
1997a, b). 
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9.11(iv) Indefinite Integrals 

Let vji,W 2 be any solutions of (9.2.1), not necessarily 
distinct. Then 


9.11.5 

9.11.6 

9.11.7 


J W\W 2 dz = —W 1 W 2 + ZW 1 W 2 , 

J W 1 W 2 dz = | (lUi W 2 + ziV W 2 }) , 


J w[w' 2 dz= ^(wiw ' 2 + tv' 1 W2 + Zw\w ' 2 — Z 2 W\W2), 

9.11.8 

J zw\w 2 dz = ^(wiw ' 2 + w[w 2 ) — ^(zw[w 2 — z 2 w\w 2 ), 

9.11.9 j zw\w 2 dz = ^w'iw'2 + \z 2 W 

J zw[w 2 dz = + zw \W 2 + zw[w 2) 


9.11.10 


+ Uz 2 w' 1 w ' 2 - Z 3 WiW 2 ). 


For f z n w\w 2 dz, J z n wiw 2 dz, f z n w' 1 w' 2 dz, where 
n is any positive integer, see Albright (1977). For re- 
lated integrals see Gordon (1969, Appendix B). 

For any continuously-differentiable function / 


9.11,1 J 
Examples 

9.11.12 

9.11.13 

9.11.14 I 


\f(— ) dz = 
W 1 \ W 1 


W {w 1 ,w 2 } 


'£)• 


dz Bi(z) 

= 7T- 


Ai 2 (z) Ai(z)' 


dz 


Ai(z) Bi(z) 


= 7rln 


Ai(z) Bi(z) 


Bi(*) 

Ai (z)J’ 

■dz = l m2{z) 


(Ai 2 (z) + Bi 2 (z)) 2 Ai (z) + Bi (z) 


9.11(v) Definite Integrals 


9.11.15 


t a 1 Ai 2 (t)dt = 


2F(a) 


7r l/2 12 (2a+5)/6 r (l a+ |)> 

Via > 0. 


9.11.16 


9.11.17 


9.11.18 


9.11.19 


Ai 3 (f) dt = 


Ai 2 (f) Bi(f) dt = 

pOO 

/ Ai i {t)dt = 

J 0 


E!iil 

47T 2 ’ 

£!iil 

4\/37r 2 
In 3 


dt 


24t r 2 ’ 

tdt 


Jo Ai (t) + Bi ( t ) J 0 Ai / (t) + Bi 7 ( t ) ® 


For further definite integrals see Prudnikov et al. 
(1990, §1.8.2), Laurenzi (1993), Reid (1995, 1997a, b), 
and Vallee and Soares (2004, Chapters 3, 4). 


Related Functions 


9.12 Scorer Functions 


9.12(i) Differential Equation 


9 

dz 7 r 

Solutions of this equation are the Scorer functions and 
can be found by the method of variation of parameters 
(§1.13(iii)). The general solution is given by 

9.12.2 w(z) = Awi(z) + Bw 2 (z) + p(z), 

where A and B are arbitrary constants, w\ (z) and W 2 (z) 
are any two linearly independent solutions of Airy’s 
equation (9.2.1), and p(z) is any particular solution of 
(9.12.1). Standard particular solutions are 

9.12.3 — Gi(z) , Hi(z) , e :p27ri/3 Hi(ze T27ri / 3 ), 

where 


poo pz 

9.12.4 Gi(z) = Bi(z) / Ai(t) dt + Ai(z) / Bi (t) dt, 

J z Jo 

9.12.5 Hi(z) = Bi(z) f Ai(f) dt — Ai(z) f Bi(t) dt. 

J— OO J— OO 

Gi(z) and Hi(z) are entire functions of z. 


9 . 1 2 (ii) Graphs 

See Figures 9.12.1 and 9.12.2. 


9.12(iii) Initial Values 

Gi(0) = §Hi(0) = §Bi(0) 

9 ‘ 12 ‘ 6 =lj (V /6 r(§)) = 0.20497 55424 

9 12 7 Gi'(0) = | Hi'(0) = | Bi'(0) = l/ (3 5 / 6 rQ)) 

= 0.14942 94524 .... 

9.12(iv) Numerically Satisfactory Solutions 

— Gi(x) is a numerically satisfactory companion to the 
complementary functions Ai(x) and Bi(x) on the inter- 
val 0 < x < 00 . Hi (a;) is a numerically satisfactory com- 
panion to Ai(x) and Bi(x) on the interval — cxz < x < 0. 

In C, numerically satisfactory sets of solutions are 
given by 

9.12.8 


Gi(z),Ai(z),Bi(z), | phz| < Att, 



9.12 Scorer Functions 
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Figure 9.12.1: Gi(a;), Gi'p). 


9.12.9 

Hi(z),Ai(ze- 2 "/ 3 ),Ai(ze 2 "/ 3 ), |ph(-*)| < |vr, 

and 

9 12 10 e=F27ri/3 Hi(^e =F27ri/3 ), Ai(z), Ai(^e ±27ri / 3 ), 

— 7T < ± ph Z < 1 7T . 

9.12(v) Connection Formulas 

9.12.11 Gi(z) + Hi(z) = Bi(z), 

9.12.12 

Gi(z) = Hi(ze 27ri/3 ) , 

9.12.13 Gi(z) = e T ™ /3 Hi(ze ±2 ™ /3 ) ± i Ai(z), 

9.12.14 

Hi(z) = e ±2 " /3 Hi(ze ±27ri/3 ) +2e T7ri/6 Ai (ze T2,ri/3 ) . 


9.12(vi) Maclaurin Series 

9.12.15 


3" 2 / 3 ^ f 2k — 1 \ k + 1\ (3 1/3 z) a 

G '(*-) = — r J — ir- 


9.12.16 


o-l/3 °° 

Gi'(z) = cos 


k = 0 


2k + 1 _\ r fk + 2\ (&*z) 
3 ) kT 


7 r r 


» 2 ,z H i W = ^£r(i±A)< 3,,3 *>‘ 


fc =0 


k\ 


9.12.18 Hi'(z) = 


3-V 3 


k = 0 v 7 



9.12(vii) Integral Representations 

9.12.19 Gi(a;) = sin(|t 3 + xt) dt , x £ R. 

71 Jo 
1 f°° 

9.12.20 Hi(z) = J exp(-4f 3 + zt) dt, 

9.12.21 

1 r°° / s 

Gi(z) = J exp(— |t 3 — | zt ) cos^|-\/3zt + § 7 rJ dt. 

If £ = |z 3 / 2 or |* 3 / 2 , and i\i / 3 is the modified 
Bessel function (§10.25(ii)), then 

4z 2 r°° K 1/3 (t) 

9.12.22 Hi(-z) = jf ^ + f2 dt, |phz| < 3 it, 

9.12.23 Gi(x)=^^j- dt , x>0, 

where the last integral is a Cauchy principal value 

(§l-4(v)). 

Mellin-Barnes Type Integral 

9.12.24 

o-2/3 fioo 

Hi^ = ^ ij ioo T ^ + h)n-m i/3 e* i z) t dt, 

where the integration contour separates the poles of 
r(4 + 4f) from those of T(— t). 


9. 12( viii) Asymptotic Expansions 

Functions and Derivatives 

As z — > oo, and with S denoting an arbitrary small pos- 
itive constant, 


, 1 ^ (3fc)! 

9.12.25 Gi(z) ~ 7rz^k!(3z 3 ) k 


, | ph z\ <b t-S, 


r\-t f \ 1 V - ^ (3fc + 1)! , - I r 

9.12.26 Gl (z) ~ — nz 2 Zr 1 {Z? 3 )k ’ I ph^l ^ 3 ^ — $• 


k—0 


k\(3z 3 ) h 


9.12.27 


(3 fc)! 


“W-'-gsPy. |ph(-z)|<f„-J, 
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9.12.28 


Hi'M 


1 


TTZ 


oo 


E 


(3fc+ 1)! 
k\{3z 3 ) k ' 


I Ph(— -)| < |tt — 5. 


For other phase ranges combine these results with 
the connection formulas (9.12.11)-(9.12.14) and the 
asymptotic expansions given in §9.7. For example, with 
the notation of §9.7(i). 


H'M ~ (3fe)- e ^ sr' Wfc 

3.12.29 nz kl(3z 3 ) k s/Ttz 1 /^ C, k ’ 

k=0 fe — 0 


| ph z\ < n — 5. 


Integrals 

9.12.30 


^ 1, 2 7 + ln3 l^(3fc-l)! 

/ Gi (t)dt lnz+ — > v ’ 

Jo 7T Z-n- -rr ^ 


37 t 7 r fc!(3z 3 ) fc 


r i 

/ Hi(— t) dt ~ — lnz + 
Jo 71 


I ph z\ < | 7 T — <5. 

2 7 + In 3 
37T 


9.12.31 


1 v^/ i Nfc— i 1)! 

7 T k\(3z 3 ) k ’ 


fc= 1 


I phz| < §7T — 5, 


where 7 is Euler’s constant (§5.2(ii)). 


9.12(ix) Zeros 

All zeros, real or complex, of Gi(z) and Hi(z) are simple. 

Neither Hi(z) nor Hi 7 (z) has real zeros. 

Gi(z) has no nonnegative real zeros and Gi^z) 
has exactly one nonnegative real zero, given by z = 
0.60907 54170 7.... Both Gi(z) and Gi'(z) have an 
infinity of negative real zeros, and they are interlaced. 

For the above properties and further results, includ- 
ing the distribution of complex zeros, asymptotic ap- 
proximations for the numerically large real or complex 
zeros, and numerical tables see Gil et al. (2003c). 

For graphical illustration of the real zeros see Fig- 
ures 9.12.1 and 9.12.2. 


9.13 Generalized Airy Functions 


9.13(i) Generalizations from the Differential 
Equation 


Equations of the form 


9.13.1 


d 2 w 

~d? 


= z w, 


n = 1 , 2 , 3, — 


are used in approximating solutions to differential equa- 
tions with multiple turning points; see §2.8(v). The 
general solution of (9.13.1) is given by 


9.13.2 

where 

9.13.3 p = 


w 


= z 1 / 2 iF p (C), 


1 


c = 


„(n+2)/2 


= 2 pz 


1/(2 P) 


n + 2 ’ ’ n + 2 

and 3f p is any linear combination of the modified Bessel 
functions I v and e pm K p (§10.25(ii)). 

Swanson and Headley (1967) define independent so- 
lutions A n {z) and B n (z) of (9.13.1) by 


9.13.4 


A n (z) = (2p/n) sin(p 7 r)z 1/2 K p (() , 


B n (z) = (pz ) 1 / 2 {I- p (0 + I p (0) , 
when z is real and positive, and by analytic continuation 
elsewhere. (All solutions of (9.13.1) are entire functions 
of z.) When n = 1, A n (z) and B n (z) become Ai(z) and 
Bi(z), respectively. 

Properties of A n (z) and B n (z) follow from the cor- 
responding properties of the modified Bessel functions. 
They include: 

A n (0) = p 1 / 2 B n (0) = pl P 

9.13.5 _p 

-<(0)=p 1 / 2 S / „(0)= p 


F(1 -PY 

p p 

WY 



pz 1/2 ( J- P (0 + J P { 0) . n odd, 

p 1 / 2 B n {z), n even, 

(pz ) 1 / 2 (J- P (C) - J p ( 0) , n odd, 
p _ 1 / 2 A„(z), n even. 


9.13.8 W {A n (z), B n (z)} = — p 1 / 2 sin(p7r). 

7 r 


As z - 

-> OO 

9.13.9 

A n (z) 

9.13.10 

An(-Z ) 

9.13.11 

B n {z) 

9.13.12 

B n {-z ) 


A n {z) = y/p/n sin(p 7 r)z n/4 e c (l + 0(( 1 )) , 

( 2\/pJY cos(^pn) z - "/ 4 (cos(C - j 7 r) + e |acl 0( C -1 )) , 
\ y/p/Yz~ n / 4 e (: (1 + 0(C -1 )) , 
n -l/2 z - n / 4 e C (l + 0 (C _ 1 )) , 

f — (2/y^r) sin(|p 7 r)z - "/ 4 (sin(C - \n) + 0(C -1 )) 

\ ( !/ V 77 ) sin(p 7 r)z -n / 4 e - ^ (l + 0( C -1 )) , 


| ph z | < 3p7r — S, 

| ph z| < 2p7r — 5, n odd, 

I ph z\ < pn — S, n even, 

I ph z | < p7T — <5, 

| ph z | < 2p7r — 5,n odd, 

|phz| < 3p7r — 6, n even. 
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The distribution in C and asymptotic properties of the 
zeros of A n (z), A' n (z), B n (z), and B' n (z ) are investi- 
gated in Swanson and Headley (1967) and Headley and 
Barwell (1975). 

In Olver (1977a, 1978) a different normalization is 
used. In place of (9.13.1) we have 


9.13.13 


d 2 i 

dt 


1 _2im-2 

2 = jm t w, 


where m = 3,4, 5, ... . For real variables the solutions 
of (9.13.13) are denoted by U m (t ), U m (—t ) when to is 
even, and by V m {t), V m (t) when to is odd. (The over- 
bar has nothing to do with complex conjugates.) Their 
relations to the functions A n {z) and B n {z) are given by 


9.13.14 to = n + 2 = 1/p, t = (± TO )- 2/m + = C 2/m , 

V^7T (| TO )^ m 1 ^ m csc(7 j/m)A n {z) 

9.13.15 j U m (t ), to even, 

| V m (t) , to odd, 

V7t(|to) csc(7 T/m) B n (z) 

9.13.16 fC7 m (— t), to even, 

\v m (t), to odd. 

Properties and graphs of U m (t), V m (t), V m (t) are 
included in Olver (1977a) together with properties and 
graphs of real solutions of the equation 


9.13.17 


dt 2 


= -3 mH" 


w , 


to even, 


which are denoted by W m (t), W m (—t). 

In C, the solutions of (9.13.13) used in Olver (1978) 
are 


9.13.18 w = U m (te~ 2j ^ m ), j = 0, ±1, ±2, . . . . 

The function on the right-hand side is recessive in the 
sector — (2j — 1)7 t/to < phz < (2 j + 1)7t/to, and is there- 
fore an essential member of any numerically satisfactory 
pair of solutions in this region. 

Another normalization of (9.13.17) is used in 
Smirnov (1960), given by 


9.13.19 — T +x a w = 0, 

dx 2 

where a > —2 and x > 0. Solutions are w = U\{x,a), 
1 / 2 ( 2 ;, a), where 


9.13.20 

Ui(x,a) 


(a + 2)V(«*+2) 


x r 


a-hl\ 1/2 


— jx J_ 1/(q+2) ,_ 


_(a+2)/2 


9.13.21 

U 2 (x,a) = (a + 2) 1 / (a+2) 
(x + 3 


x r 


1/2 T 

X Jl/(a+2) 


r (a+ 2)/2 


and J denotes the Bessel function (§10.2(ii)). 

When a is a positive integer the relation of these 
functions to W m (t ), W m (—t) is as follows: 


9.13.22 a = m — 2, x=(m/2) 2 / m t, 


9.13.23 

7T 1 / 2 

l/l(a;, a) = 2 ( m+2 )/( 2m ) T(1 /to) + ’ 


9.13.24 

U 2 (x,a) 


7 r 1 / 2 rn 2 /m 

2(m+2)/(2m)Y(-l/m) 


(W m {t)-W m {-t)) . 


For properties of the zeros of the functions defined 
in this subsection see Laforgia and Muldoon (1988) and 
references given therein. 


9.13(ii) Generalizations from Integral 
Representations 

Reid (1972) and Drazin and Reid (1981, Appendix) in- 
troduce the following contour integrals in constructing 
approximate solutions to the Orr-Sommerfeld equation 
for fluid flow: 

9.13.25 Ak ^ = 2 lih k * _PeX P( 2 * - 5 <3 ) dt ' 

k = 1,2,3, pgC, 

9.13.26 B o( z ^P) = ^tij^ rP exp ( 2i “ ¥*) dt » 

p = 0,±l,±2,..., 

9 13 27 Bk( ' Z - p '> = J y f _P exp (zt- |t 3 ) dt, 

k = 1,2,3, p = 0, ±1, ±2, . . . , 

with z € C in all cases. The integration paths Jz? 0 , -Sul, 
^ 2 , -S ?3 are depicted in Figure 9.13.1. J>\, are 

depicted in Figure 9.13.2. When p is not an integer 
the branch of t~ p in (9.13.25) is usually chosen to be 
exp(— p(ln |f| + *phi)) with 0 < phi < 27 t. 
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When 

p = 0 

9.13.28 

Ai(z,0) = Ai (z), 


A 2 (z, 0) = e 27Ti/3 Ai(ze 2 ™ /3 ) , 

9.13.29 

A 3 (z, 0) = e~ 2m/3 Ai (ze" 2 ™/ 3 ) , 

and 


9.13.30 

Bq(z, 0) = 0 , B 1 (z,0)=7rHi(«) 


Each of the functions A^z.p) and Bk{z,p) satisfies 
the differential equation 

d 3 w dw . „ . 

9.13.31 — T - z— + {p-l)w = 0, 

dz dz 

and the difference equation 

9.13.32 f(p - 3) - zf{p - 1) + (jp - 1 )f(p) = 0. 

The Ak(z,p) are related by 

A 2 (z,p) = , 

A 3 (z,p) = . 

Connection formulas for the solutions of (9.13.31) in- 
clude 

9.13.34 Ai(z,p) + A 2 (z,p) + A 3 (z,p) + B 0 (z,p) = 0, 

9.13.35 B 2 (z,p) - B 3 (z,p) = 2niA 1 (z,p), 

9.13.36 B 3 (z,p) - Bi(z,p) = 27 nA 2 (z,p), 

9.13.37 Bi(z,p) — B 2 (z,p ) = 2ni A 3 (z,p). 

Further properties of these functions, and also of 

similar contour integrals containing an additional fac- 
tor (lnt) 9 , q = 1 , 2 ,..., in the integrand, are derived 


in Reid (1972), Drazin and Reid (1981, Appendix), and 
Baldwin (1985). These properties include Wronskians, 
asymptotic expansions, and information on zeros. 

For further generalizations via integral representa- 
tions see Chin and Hedstrom (1978), Janson et al. (1993, 
§10), and Kamimoto (1998). 

9.14 Incomplete Airy Functions 

Incomplete Airy functions are defined by the con- 
tour integral (9.5.4) when one of the integration lim- 
its is replaced by a variable real or complex param- 
eter. For information, including asymptotic approxi- 
mations, computation, and applications, see Levey and 
Felsen (1969), Constantinides and Marhefka (1993), and 
Michaeli (1996). 


Applications 

9.15 Mathematical Applications 

Airy functions play an indispensable role in the con- 
struction of uniform asymptotic expansions for contour 
integrals with coalescing saddle points, and for solu- 
tions of linear second-order ordinary differential equa- 
tions with a simple turning point. For descriptions of, 
and references to, the underlying theory see §§2.4(v) 
and 2.8(iii). 
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9.16 Physical Applications 

Airy functions are applied in many branches of both 
classical and quantum physics. The function Ai(a;) first 
appears as an integral in two articles by G.B. Airy on 
the intensity of light in the neighborhood of a caustic 
(Airy (1838, 1849)). Details of the Airy theory are given 
in van de Hulst (1957) in the chapter on the optics of a 
raindrop. See also Berry (1966, 1969). 

The frequent appearances of the Airy functions in 
both classical and quantum physics is associated with 
wave equations with turning points, for which asymp- 
totic (WKBJ) solutions are exponential on one side and 
oscillatory on the other. The Airy functions consti- 
tute uniform approximations whose region of validity in- 
cludes the turning point and its neighborhood. Within 
classical physics, they appear prominently in physical 
optics, electromagnetism, radiative transfer, fluid me- 
chanics, and nonlinear wave propagation. Examples 
dealing with the propagation of light and with radiation 
of electromagnetic waves are given in Landau and Lif- 
shitz (1962). Extensive use is made of Airy functions in 
investigations in the theory of electromagnetic diffrac- 
tion and radiowave propagation (Fock (1965)). A quite 
different application is made in the study of the diffrac- 
tion of sound pulses by a circular cylinder (Friedlander 
(1958)). 

In fluid dynamics, Airy functions enter several 
topics. In the study of the stability of a two- 
dimensional viscous fluid, the flow is governed by the 
Orr-Sommerfelcl equation (a fourth-order differential 
equation). Again, the quest for asymptotic approxima- 
tions that are uniformly valid solutions to this equa- 
tion in the neighborhoods of critical points leads (af- 
ter choosing solvable equations with similar asymptotic 
properties) to Airy functions. Other applications ap- 
pear in the study of instability of Couette flow of an in- 
viscid fluid. These examples of transitions to turbulence 
are presented in detail in Drazin and Reid (1981) with 
the problem of hydrodynamic stability. The investiga- 
tion of the transition between subsonic and supersonic 
of a two-dimensional gas flow leads to the Euler-Tricomi 
equation (Landau and Lifshitz (1987)). An application 
of Airy functions to the solution of this equation is given 
in Gramtcheff (1981). 

Airy functions play a prominent role in problems de- 
fined by nonlinear wave equations. These first appeared 
in connection with the equation governing the evolution 
of long shallow water waves of permanent form, gener- 
ally called solitons, and are predicted by the Korteweg- 
de Vries (KdV) equation (a third-order nonlinear partial 
differential equation). The KdV equation and solitons 
have applications in many branches of physics, including 
plasma physics lattice dynamics, and quantum mechan- 


ics. (Ablowitz and Segur (1981), Ablowitz and Clarkson 
(1991), and Whitham (1974).) 

Reference to many of these applications as well as 
to the theory of elasticity and to the heat equation 
are given in Vallee and Soares (2004): a book devoted 
specifically to the Airy and Scorer functions and their 
applications in physics. 

An example from quantum mechanics is given in 
Landau and Lifshitz (1965), in which the exact solu- 
tion of the Schrodinger equation for the motion of a 
particle in a homogeneous external field is expressed in 
terms of Ai(a;). Solutions of the Schrodinger equation 
involving the Airy functions are given for other poten- 
tials in Vallee and Soares (2004). This reference pro- 
vides several examples of applications to problems in 
quantum mechanics in which Airy functions give uni- 
form asymptotic approximations, valid in the neighbor- 
hood of a turning point. A study of the semiclassical 
description of quantum-mechanical scattering is given 
in Ford and Wheeler (1959a, b). In the case of the rain- 
bow, the scattering amplitude is expressed in terms of 
Ai(ic), the analysis being similar to that given originally 
by Airy (1838) for the corresponding problem in optics. 

An application of the Scorer functions is to the prob- 
lem of the uniform loading of infinite plates (Rothman 
(1954a, b)). 


Computation 

9.17 Methods of Computation 
9.17(i) Maclaurin Expansions 

Although the Maclaurin-series expansions of §§9.4 and 
9.12(vi) converge for all finite values of z , they are cum- 
bersome to use when \z\ is large owing to slowness of 
convergence and cancellation. For large |z| the asymp- 
totic expansions of §§9.7 and 9.12(viii) should be used 
instead. Since these expansions diverge, the accuracy 
they yield is limited by the magnitude of \z\. How- 
ever, in the case of Ai(z) and Bi(u) this accuracy can 
be increased considerably by use of the exponentially- 
improved forms of expansion supplied in §9.7(v). 

9.17(ii) Differential Equations 

A comprehensive and powerful approach is to integrate 
the defining differential equation (9.2.1) by direct nu- 
merical methods. As described in §3.7(ii), to ensure sta- 
bility the integration path must be chosen in such a way 
that as we proceed along it the wanted solution grows 
at least as fast as all other solutions of the differential 
equation. In the case of Ai(x), for example, this means 
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that in the sectors ^7r < | ph z\ < n we may integrate 
along outward rays from the origin with initial values 
obtained from §9.2(ii). But when | phz| < ^tt the inte- 
gration has to be towards the origin, with starting values 
of Ai(z) and Afi(z) computed from their asymptotic ex- 
pansions. On the remaining rays, given by phz = ±^vr 
and 7 r, integration can proceed in either direction. 

For further information see Lozier and Olver (1993) 
and Fabijonas et al. (2004). The former reference in- 
cludes a parallelized version of the method. 

In the case of the Scorer functions, integration of 
the differential equation (9.12.1) is more difficult than 
(9.2.1), because in some regions stable directions of in- 
tegration do not exist. An example is provided by Gi(x) 
on the positive real axis. In these cases boundary-value 
methods need to be used instead; see §3.7(iii). 

9.17(iii) Integral Representations 

Among the integral representations of the Airy func- 
tions the Stieltjes transform (9.10.18) furnishes a way 
of computing Ai(z) in the complex plane, once values 
of this function can be generated on the positive real 
axis. For details, including the application of a gener- 
alized form of Gaussian quadrature, see Gordon (1969, 
Appendix A) and Schulten et al. (1979). 

Gil et al. (2002a) describes two methods for the 
computation of Ai(z) and Ai'(z) for z £ C. In the 
first method the integration path for the contour inte- 
gral (9.5.4) is deformed to coincide with paths of steep- 
est descent (§2.4(iv)). The trapezoidal rule (§3.5(i)) is 
then applied. The second method is to apply general- 
ized Gauss-Laguerre quadrature (§3.5(v)) to the inte- 
gral (9.5.8). For the second method see also Gautschi 
(2002a). The methods for Ai'(z) are similar. 

For quadrature methods for Scorer functions see 
Gil et al. (2001), Lee (1980), and Gordon (1970, Ap- 
pendix A); but see also Gautschi (1983). 

9.17(iv) Via Bessel Functions 

In consequence of §9.6(i), algorithms for generating 
Bessel functions, Hankel functions, and modified Bessel 
functions (§10.74) can also be applied to Ai(z), Bi(z), 
and their derivatives. 

9.17(v) Zeros 

Zeros of the Airy functions, and their derivatives, can be 
computed to high precision via Newton’s rule (§3.8(ii)) 
or Halley’s rule (§3.8(v)), using values supplied by the 
asymptotic expansions of §9.9(iv) as initial approxima- 
tions. This method was used in the computation of the 
tables in §9.9(v). See also Fabijonas et al. (2004). 

For the computation of the zeros of the Scorer func- 
tions and their derivatives see Gil et al. (2003c). 


9.18 Tables 

9.18(i) Introduction 

Additional listings of early tables of the functions 
treated in this chapter are given in Fletcher et al. (1962) 
and Lebedev and Fedorova (1960). 


9.18(ii) Real Variables 

• Miller (1946) tabulates Ai(x), Ai'(x) for x = 
— 20( .01)2; log 10 Ai(x), Ai'(x)/Ai(x) for x = 
0(. 1)25(1)75; Bi(x), Bi'(x) for x = -10(1)2.5; 
log 10 Bi(x), Bi'(x)/Bi(x) for x = 0(1)10; M(x), 
N(x), 0(x), </>(x) (respectively F’(x), G(x), x(x), 
-0(x)) for x = —80(1) — 30(1)0. Precision is gen- 
erally 8D; slightly less for some of the auxiliary 
functions. Extracts from these tables are included 
in Abramowitz and Stegun (1964, Chapter 10), 
together with some auxiliary functions for large 
arguments. 

• Fox (1960, Table 3) tabulates 27r 1 / 2 :r 1 / 4 x 
exp(|x 3 / 2 ) Ai(x), 27r 1 / 2 x _1/,4 exp(|x 3 / 2 ) Ai'(x), 
7r 1 / 2 x 1 / 4 exp(— |x 3 / 2 ) Bi(x), and 7r 1 / 2 x" 1 / 4 x 
exp(— |x 3 / 2 ) Bi'(x) for |x -3 / 2 = 0(. 001)0. 05, to- 
gether with similar auxiliary functions for negative 
values of x. Precision is 10D. 

• Zhang and Jin (1996, p. 337) tabulates Ai(x), 
Ai'(x), Bi(x), Bi'(x) for x = 0(1)20 to 8S and 
for x = -20(1)0 to 9D. 

• Yakovleva (1969) tabulates Fock’s functions 
U{x) = ^/^r'Bi(x), U'{x) = -y/n-Bi^x), V(x) = 
\/7rAi(x), V'{x) = y^Ai^x) for x = — 9(. 001)9. 
Precision is 7S. 


9.18(iii) Complex Variables 

• Woodward and Woodward (1946) tabulates the 
real and imaginary parts of Ai(z), Ai^z), Bi(z), 
Bi'(z) for 3 ftz = -2.4(.2)2.4, 3z = -2.4(.2)0. Pre- 
cision is 4D. 

• Harvard (1945) tabulates the real and imaginary 
parts of hi(z), h[(z ), h 2 (z), h 2 (z) for — Xo < 
5iz < x 0 , 0 < 3z < I / O , \xq + iyo\ < 6.1, 
with interval 0.1 in 3?z and 3z. Precision is 8D. 
Here /i x (z) = -2 4 / 3 3 1 / 6 * Ai(e" ,ri / 3 z), h 2 (z) = 
2 4 / 3 3 1 / 6 i Ai {e Ri ^z) . 
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9.18(iv) Zeros 

• Miller (1946) tabulates a k , Ai'(afc), a' k , Ai(a' fc ), 

k = 1(1)50; b k , b' k , Bi(6' fc ), k = 1(1)20. 

Precision is 8D. Entries for k = 1(1)20 are repro- 
duced in Abramowitz and Stegun (1964, Chap- 
ter 10). 

• Sherry (1959) tabulates a k , Ai'(afc), a' k , Ai(a).), 
k = 1(1)50; 20S. 

• Zhang and Jin (1996, p. 339) tabulates a k , Ai '{ak), 
a' k , Ai «), b k , Bi '(b k ), b' k , Bi(6' fe ), k = 1(1)20; 8D. 

• Corless et al. (1992) gives the real and imaginary 
parts of (3 k for k = 1(1)13; 14S. 

• See also §9.9(v). 

9.18(v) Integrals 

• Rothman (1954a) tabulates f ( ‘ Ai(i) dt and 
JgBi(t)dt for x = — 10(.l)oo and — 10(.1)2, re- 
spectively; 7D. The entries in the columns headed 
f ' Ai(— x) dx and f x Bi(— x) dx all have the wrong 
sign. The tables are reproduced in Abramowitz 
and Stegun (1964, Chapter 10), and the sign er- 
rors are corrected in later reprintings. 

• NBS (1958) tabulates f x Ai(— t) dt and 

f Q l fg Ai(—t) dt dv (see (9.10.20)) for x = 
— 2(.01)5 to 8D and 7D, respectively. 

• Zhang and Jin (1996, p. 338) tabulates f x Ai(t) dt 
and Jq Bi (t) dt for x = — 10(.2)10 to 8D or 8S. 

9.18(vi) Scorer Functions 

• Scorer (1950) tabulates Gi(x) and Hi(— x) for x = 
0(.1)10; 7D. 

• Rothman (1954b) tabulates Gi(t) dt, Gi'(x), 
f 0 x Hi (-t) dt, - Hi'(-x) for x = 0(.1)10; 7D. 

• NBS (1958) tabulates A 0 (x) = 7rHi(— a:) and 
-A' 0 {x) = TrHi'(-x) for x = 0(.01)1(.02)5(. 05)11 
and 1/x = 0.01(. 01)0.1; f x A 0 (t)dt for x = 
0.5,1(1)11. Precision is 8D. 

• Nosova and Tumarkin (1965) tabulates eo(x) = 

7rHi(— x), e(,(x) = —ttB.\'(—x), eo(— x) = 

— 7rGi(x), e^— x) = 7rGi'(x) for x = — 1(. 01)10; 
7D . Also included are the real and imaginary parts 
of eo (z) and ie' 0 (z), where z = iy and y = 0(.01)9; 
6-7D. 

• Gil et al. (2003c) tabulates the only positive zero 
of Gi'(z), the first 10 negative real zeros of Gi(z) 
and Gi'(£), and the first 10 complex zeros of Gi(z), 
Gi 7 (^), Hi( 2 ), and H\ (z). Precision is 11 or 12S. 


9.18(vii) Generalized Airy Functions 

• Smirnov (1960) tabulates U\(x,a), U 2 (x,a), 
defined by (9.13.20), (9.13.21), and also 

dU\(x,a)/dx, dU 2 {x,a)/dx, for a = 1, x = 
— 6(. 01)10 to 5D or 5S, and also for a = ±|, ±|, 
±|, ±|, ±|, l, 1, 1,2,* = 0(.01)6; 4D. 


9.19 Approximations 

9.19(i) Approximations in Terms of Elementary 
Functions 

• Martin et al. (1992) provides two simple formu- 
las for approximating Ai(x) to graphical accuracy, 
one for — oo < x < 0, the other for 0 < x < oo. 

• Moshier (1989, §6.14) provides minimax ratio- 
nal approximations for calculating Ai(x), Ai'(x), 
Bi(x), Bi^x). They are in terms of the variable (, 
where £ = §x 3//2 when x is positive, ( = |(— x) 3//2 
when x is negative, and ( — 0 when x = 0. The 
approximations apply when 2 < ( < oo, that is, 
when 3 2 / 3 < x < oo or — oo < x < — 3 2 / 3 . The 
precision in the coefficients is 2 IS. 


9.19(ii) Expansions in Chebyshev Series 

These expansions are for real arguments x and are sup- 
plied in sets of four for each function, corresponding 
to intervals — oo < x < a, a < x < 0, 0 < x < b, 
b < x < oo. The constants a and b are chosen numer- 
ically, with a view to equalizing the effort required for 
summing the series. 

• Prince (1975) covers Ai(x), Ai'(x), Bi(x), Bi'(x). 
The Chebyshev coefficients are given to 10-11D. 
Fortran programs are included. See also Razaz 
and Schonfelder (1981). 

• Nemeth (1992, Chapter 8) covers Ai(x), 

Ai'(x), Bi(x), Bi'(x), and integrals f*Ai(t)dt, 
f^Bi(t)dt, rf ( n °Ai (t)dtdv, [„ Bi(f) dt dv 

(see also (9.10.20) and (9.10.21)). The Cheby- 
shev coefficients are given to 15D. Chebyshev 
coefficients are also given for expansions of the 
second and higher (real) zeros of Ai(x), Ai'(x), 
Bi(x), Bi'(x), again to 15D. 

• Razaz and Schonfelder (1980) covers Ai(x), 
Ai'(x), Bi(x), Bi'(x). The Chebyshev coefficients 
are given to 30D. 
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9. 19(iii) Approximations in the Complex Plane 

• Cor less et al. (1992) describe a method of approx- 
imation based on subdividing C into a triangular 
mesh, with values of Ai(z), Ai'(z) stored at the 
nodes. Ai(z) and Ai'(z) are then computed from 
Taylor-series expansions centered at one of the 
nearest nodes. The Taylor coefficients are gener- 
ated by recursion, starting from the stored values 
of Ai(z), Ai'(z) at the node. Similarly for Bi(z), 

Bi'(z). 

9.19(iv) Scorer Functions 

• MacLeod (1994) supplies Chebyshev-series expan- 
sions to cover Gi(ai) for 0 < x < oc and Hi(ai) for 
— oo < x < 0. The Chebyshev coefficients are 
given to 20D. 


9.20 Software 

See http : //dlmf .nist . gov/9 . 20. 
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ated form with the first of (9.10.11). For (9.10.2) 
combine (9.12.11) and its differentiated form with 

(9.10.1) , then apply (9.2.7) and (9.10.11). (9.10.3) 
is proved in a similar manner. For (9.10.4)- 
(9.10.7) integrate the leading terms of the asymp- 
totic expansions given in §9.7(ii) and use (9.10.11), 
(9.10.12). To verify (9.10.8)-(9.10.10)— and also 
(9.10.20), (9.10.21)— differentiate, and refer to 

(9.2.1) . For (9.10.11) and (9.10.12) see Olver 
(1997b, p. 431). For (9.10.13) see Widder (1979). 
For (9.10.14)-(9.10.16) see Gibbs (1973, problem 
72-21). For (9.10.17) see Olver (1997b, p. 338). 
For (9.10.18) and (9.10.19) see Schulten et al. 
(1979). To verify (9.10.20) and (9.10.21) differen- 
tiate, and refer to (9.2.1). For (9.10.22) see Olver 
(1997b, pp. 342-344). 

§ 9.11 For (9.11.1) see §1.13(v). For (9.11.2) use (9.2.1) 
and (9.2.7). For (9.11.3) and (9.11.4) see Lebedev 
(1965, p. 142) and Muldoon (1977). For (9.11.5)- 

(9.11.14) see Albright (1977) and Albright and 
Gavathas (1986). For (9.11.15) see Reid (1995). 
For (9.11.16) and (9.11.17) see Reid (1997a). For 
(9.11.18) see Laurenzi (1993). 

For (9.11.19) extend the definitions of §9.8(i) to 
positive values of x, obtain the indefinite inte- 
grals of 1/ M 2 (x) and x/ N 2 (x) via the first two 
of (9.8.14), then combine the values of 0(0) and 
given in §9.8(i) with 0(+oo) = </>(+oo) = 0 
obtained from (9.8.4), (9.8.8), and §9.7(ii). (Com- 
municated by M.E. Muldoon.) 
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§ 9.12 For (9.12.1)-(9.12.7) see Olver (1997b, pp. 430- 

431) . For §9.12(iv) refer to the asymptotic expan- 
sions given in §§9.7 (ii) and 9.12(viii). (9.12.11)- 
(9.12.14) can be verified with the aid of §§9.2(ii) 
and 9. 12(iii) . For (9.12.17) expand the integral in 
(9.12.20) in powers of zt and integrate term-by- 
term by means of (5.2.1). For (9.12.15) substi- 
tute into (9.12.11) by means of (9.12.17), (9.4.3), 
(9.2.5), (9.2.6), and use (5.5.3). For (9.12.16) and 
(9.12.18) use differentiation. (9.12.20) can be ver- 
ified by showing that the right-hand side satisfies 
the differential equation (9.12.1) and the initial 
conditions given in §9.12(iii). For (9.12.19) com- 
bine (9.5.3) and (9.12.11). For (9.12.21), see Lee 
(1980). For (9.12.22), (9.12.23) see Gordon (1970, 
Appendix A). For (9.12.24) see Exton (1983). For 
(9.12.25), (9.12.27) see Olver (1997b, pp. 431- 

432) . For (9.12.26), (9.12.28) refer to §2.1(ii). 
Except for the constant term, (9.12.31) can be 


verified by termwise integration of (9.12.27). To 
evaluate the constant term replace z by —x (< 
0) in (9.12.20) and integrate (§1.5(v)) to ob- 
tain 7T J' 0 c Hi(— t)dt = J 0 °°( 1 — e~ xt )e~^ t3 t~ 1 dt. 
Next, integrate the right-hand side of this equa- 
tion by parts — integrating the factor f” 1 and dif- 
ferentiating the rest. As x — » oo the asymp- 
totic expansions of xe~ xt e~ s* (In t) dt and 
J 0 °° e~ xt t 2 e~^ t3 (In t) dt follow from (2.3.9). Also, 
/ 0 °° f 2 e“5 t3 (lnt) dt can be found by replacing |f 3 
by t and referring to the first of (5.9.18). For 
(9.12.30) integrate (9.12.25) and obtain the con- 
stant term by combining (9.12.12) and (9.12.31). 
(Equations (9.12.30) and (9.12.31) first appeared 
in Rothman (1954b). As noted in this reference 
these results were derived by the author of the 
present DLMF chapter, but the proof was not in- 
cluded.) The graphs were produced by NIST. 
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. 10.2(ii) Standard Solutions 

Notation 

Bessel Function of the First Kind 


10.1 Special Notation 

(For other notation see pp. xiv and 873.) 

m, n integers. In §§10.47-10.71 n is nonnegative. 

k nonnegative integer (except in §10.73). 

x , y real variables. 

z complex variable. 

v real or complex parameter (the order). 

6 arbitrary small positive constant. 

d z(d/dz). 

4>(x) V (x) / T(x): logarithmic derivative of the 

gamma function (§5.2(i)). 

primes derivatives with respect to argument, except 
where indicated otherwise. 

The main functions treated in this chapter are the 
Bessel functions J v {z) 7 Y u (z); Hankel functions H^\z), 
Hi, J (z); modified Bessel functions I v (z), K v (z)\ spher- 
ical Bessel functions j n (z), y n (z), h^z), h n\z)', mod- 
ified spherical Bessel functions in ^( 2 ), i n\z), k . n {z)\ 
Kelvin functions ber u (x), bei„(a;), ker„(ir), kei„(:r). For 
the spherical Bessel functions and modified spherical 
Bessel functions the order n is a nonnegative integer. 
For the other functions when the order v is replaced by 

n, it can be any integer. For the Kelvin functions the 
order v is always assumed to be real. 

A common alternative notation for Y v (z) is N v (z). 
Other notations that have been used are as follows. 

Abramowitz and Stegun (1964): jn(z), y n (z), 
hn\z), hn\z), for j n (z), y n {z ), hi 1} ( 2 ), h n\z), respec- 
tively, when n > 0. 

Jeffreys and Jeffreys (1956): Hs„( 2 ) for H^\z), 
Hi „(z) for h1 2 \z), Kh„( 2 ) for ( 2 / 7 t)K„(z). 

Whittaker and Watson (1927): K u (z) for 

cos(^7r) K„(z). 

For older notations see British Association for the 
Advancement of Science (1937, pp. xix-xx) and Watson 
(1944, Chapters 1-3). 


Bessel and Hankel Functions 


10.2 Definitions 
10.2(i) Bessel’s Equation 


10 . 2.1 


w 


dw , 2 2 \ 

2 — — b (2 - V )w = 0. 


dz z dz 

This differential equation has a regular singularity at 
z = 0 with indices ±iq and an irregular singularity at 
2 = 00 of rank 1; compare §§2.7(i) and 2.7(ii). 


00 / 1 2 \k 

. 0 . 2.2 ^) = (brE(-o %, r ;;( +ir 

fc = 0 v ' 

This solution of (10.2.1) is an analytic function of z € C, 
except for a branch point at 2 = 0 when v is not an in- 
teger. The principal branch of J„(z) corresponds to the 
principal value of (^z) u (§4.2(iv)) and is analytic in the 
2 -plane cut along the interval (— 00 , 0]. 

When v = n (gZ), J v (z) is entire in 2 . 

For fixed 2 (yb 0) each branch of J„{z) is entire in v. 

Bessel Function of the Second Kind (Weber's Function) 


10.2.3 


Y v {z) = 


J v {z) cos(^7r) — J-„(z ) 


sin(^7r) 

When v is an integer the right-hand side is replaced by 
its limiting value: 


194(2) , (-1 YdUz ) 

10.2.4 " ~ 7T dv „ =n 7 r dv v ___ n ’ 

n = 0 , ± 1 , ± 2 , 

Whether or not v is an integer Y„(z) has a branch point 
at 2 = 0. The principal branch corresponds to the prin- 
cipal branches of J±„(z) in (10.2.3) and (10.2.4), with 
a cut in the 2 -plane along the interval (— 00 , 0 ]. 

Except in the case of J± n (z) 7 the principal branches 
of Jv(z) and Y„(z) are two- valued and discontinuous on 
the cut ph 2 = ± 7 r; compare §4.2(i). 

Both J„(z) and Y u (z) are real when v is real and 
ph 2 = 0 . 

For fixed 2 ( 7 ^ 0) each branch of Y„(z) is entire in v. 


Bessel Functions of the Third Kind (Hankel Functions) 

These solutions of (10.2.1) are denoted by H^\z) and 
(2) 

Hi (z), and their defining properties are given by 

10 . 2.5 H£\z) ~ 

as 2 — >■ 00 in — 7r + S < ph 2 < 2ir — d, and 

10.2.6 Hl 2 \z) ~ 

as 2 — > 00 in — 27 t + <5 < ph 2 < 7r — <5, where S is an 
arbitrary small positive constant. Each solution has a 
branch point at 2 = 0 for all v £ C. The principal 
branches correspond to principal values of the square 
roots in (10.2.5) and (10.2.6), again with a cut in the 
2 -plane along the interval (— 00 , 0]. 

The principal branches of H^\z) and H^\z) are 
two- valued and discontinuous on the cut ph 2 = ±7r. 

For fixed 2 (/ 0) each branch of H^\z) and H^\z) 
is entire in v. 
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Bessel Functions 


Branch Conventions 

Except where indicated otherwise , it is assumed through- 
out this Handbook that the symbols J v (z), Y v (z), 
Hi ,' 1 (z), and H^ {z) denote the principal values of these 
functions. 

Cylinder Functions 

The notation ^(z) denotes J v {z), Y„(z), h[}\z), 

(o) 

Hi '( z), or any nontrivial linear combination of these 
functions, the coefficients in which are independent of z 
and v. 

10.2(iii) Numerically Satisfactory Pairs of 
Solutions 

Table 10.2.1 lists numerically satisfactory pairs of so- 
lutions (§2.7(iv)) of (10.2.1) for the stated intervals or 


regions in the case > 0. When < 0, v is replaced 
by — v throughout. 


Table 10.2.1: Numerically satisfactory pairs of solutions 
of Bessel’s equation. 


Pair 

Interval or Region 

Ji/(x } , 

0 < x < 00 

J v {z),Y„{z) 

neighborhood of 0 in [ pli z\ < n 

J v (z),H^(z) 

0 < ph 2 < 7T 

Mz),H™(z) 

— 7T < plr z < 0 

Hl 1 \z),Hl 2 \z) 

neighborhood of 00 in | ph z\ < n 


10.3 Graphics 

10.3(i) Real Order and Variable 

See Figures 10.3.1-10.3.8. For the modulus and phase functions M v (x), 9 v {x), N v (x), and <j> v {x) see §10.18. 






Figure 10.3.4: 65 (x) , (j)$ (x) , 0 < x < 15. 
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Figure 10.3.7: J'(x), 0 < x < 10, 0 < v < 5. Figure 10.3.8: l^(x),0.2 < x < 10, 0 < v < 5. 
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Bessel Functions 


10.3(ii) Real Order, Complex Variable 

See Figures 10.3.9-10.3.16. In these graphics, height corresponds to the absolute value of the function and color to 
the phase. See also p. xiv. 



Quadrant Colors 


Figure 10.3.9: Jq(x + iy), — 10 < x < 10, — 4 < y < 4. 



Quadrant Colors 


Figure 10.3.10: H^\x + iy), —10 < x < 5, —2.8 <y< 
4. Principal value. There is a cut along the negative 
real axis. 



Quadrant Colors 

Figure 10.3.11: J\(x + iy), —10 < a; < 10, — 4 <y< 4. 



Quadrant Colors 


Figure 10.3.12: h[ 1 \x + iy), —10 < x < 5, —2.8 <y< 
4. Principal value. There is a cut along the negative 
real axis. 
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Quadrant Colors 


Figure 10.3.13: J${x + iy), —10 < x < 10, — 4 < y < 4. 



Quadrant Colors 


Figure 10.3.15: < 75 . 5 ( 0 ; + iy ), —10 < x < 10, — 4 < y < 4. 
Principal value. There is a cut along the negative real 
axis. 



Quadrant Colors 


Figure 10.3.14: H^\x + iy), —20 < x < 10, — ^ 4 < y < 
4. Principal value. There is a cut along the negative 
real axis. 



Quadrant Colors 


Figure 10.3.16: (x + iy), —20 < a; < 10, — 4 <y< 

4. Principal value. There is a cut along the negative 
real axis. 


10.3(iii) Imaginary Order, Real Variable 



Figure 10.3.17: J 1 / 2 (x),Y 1 / 2 (x),0.01 <x< 10. 



Figure 10.3.18: Ji(ai), Yi(ar), 0.01 < x < 10. 
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Bessel Functions 



Figure 10.3.19: J5 (a;), Y$(x), 0.01 < x < 10. 


10.4 Connection Formulas 

Other solutions of (10.2.1) include J-„(z), Y_ v (z), 
H ( -l{z), and H^l(z). 


10 . 4.1 


10 . 4.2 


10 . 4.3 


J- n {z) = (-1 ) n J n (z), 

Y_ n (z) = (~l) n Y n (z), 

HV{z) = {-l) n H£\z), 

H { y n (z) = (-l) n H^(z). 

Hi 1 \z) = J v (z) + iY„(z), 
H<?\z) = J v (z)-iY v (z), 


10 . 4.4 


J u (z)=-(H?\z) + Hj?\z)), 

M z ) = Yi - H?\z)) . 
10 . 4.5 J„(z) = csc(u7r) (Y-„(z) — Y„(z) cos(u7r)) . 


10 . 4.6 


H { y v (z) = H^iz), 
H l 3{z)=e~™HW{z). 


10 4 7 = *csc(utt) (e m J v (z) - J- V {z)) 

= csc(u7r) (Y_„(z) - e - "" Y v (z )) , 

H^\z) = i csc(u7r) (J- v (z) - e?™ M z )) 

= csc(u7r) {Y- v {z) - e V7ri Y v {z)) . 

In (10.4.5), (10.4.7), and (10.4.8) limiting values are 
taken when v = n\ compare (10.2.3) and (10.2.4). 

See also §10.11. 


10 . 4.8 


10.5 Wronskians and Cross-Products 


10.5.1 

W {J„(z),J- v (z)} = MM) M(z) + Mz) M~M) 

= — 2sin(u7r)/(7 tz), 

10 . 5.2 

W {M z )iY v {z)} = M i(z)Y„(z) - M Z )Y V + M) 

= 2/(7 TZ), 

10 . 5.3 

W{M z ),hP(z)} = MM) H<U(z) - M Z ) nl%(z) 

= 2 i/(nz), 

10 . 5.4 

W{Mz),Hl 2 \z)} = MM) H™{z) - Mz) Hl%(z) 

= -2i/(irz), 


W {hW(z),h1 2 \z)} 

— Hv + 1 (z)hW(z) 


10 . 5.5 




= — Ai/ipz). 

10.6 Recurrence Relations and Derivatives 

10.6(i) Recurrence Relations 

With %,(z) defined as in §10.2(ii), 

M-i ( z ) + M+M) = ( 2 v/z) % ' v (z), 


10 . 6.1 


10 . 6.2 


10 . 6.3 


^v-i(z) — M+i (z) — 2 c t6‘l(z). 

^ l(z ) = M-i (z) - {u/z)M{z), 
&M) = -&V+1 {z) + {v/z)^ v {z)- 


Mz) = -Ji(z), 


YM) = -YM), 


(z) = - {z) = - HY\z). 

If f v {z) = z p M{Xz q ), where p, q, and A (^ 0) are 
real or complex constants, then 

MM) + MM) = (2i//A )z~ q Mz), 

10 . 6.4 (p + vq)MM) + {p - vq)fv+i (z) 

= (2u/X)z 1 - q f'M). 


10 . 6.5 


zfi(z) = Xqz g MM) + {p- vq)Mz), 
zfl(z) = -Xqz q f v+ M) + ( P+vq)f v {z ). 

10.6(ii) Derivatives 

For k = 0,1,2,..., 


1 d 
z dz 

10 . 6.6 , ' xfc 

1 d ' 

: dz 


{z v Mz)) = z v - k Mk{z), 
(z-'Mz)) = (-1 ) k z- u - k Mk{z). 


10 . 6.7 k \z ) = ^ ^(- 1 ) 


2 k 


n — 0 


^v— k-\-2n(z) • 
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10.6(iii) Cross-Products 

Let 


Pv = J v {a) Y v {b) ~ Jv{b) Y v (a) , 
10 g g Qv = Jvifl) Y v {b) — J v (b) Y„{a), 

r v = Jl(a) Y v [b) - J v {b) Yl{a), 
Su = J'M) Y&b) - J' v (b) Yl(a), 
where a and b are independent of v. Then 

2v 2v 

Pv+i -p v -i = q v — t-t v , 

a b 


10.6.9 


v v+ 1 

q v + 1 + r v = -p v —p v+1 , 

a b 

v v+1 

r v + 1 + q„ = -p v p v + 1 , 

b a 


= \Pv+l + \Pv-l - ~^Pv, 


and 


10 . 6.10 p u s u - q u r„ = A/(iT 2 ab). 


10.7 Limiting Forms 

10.7(i) z-> 0 

When v is fixed and z — > 0, 

10.7.1 Jo(*)-l, Y 0 {z)~{2/iT)\nz, 

10.7.2 H^\z) ~-H {2 \z) ~ (2i/ir) In z, 

10.7.3 J v ( z ) ~ (\ Z y /T{v+l), v± -1,-2, -3,..., 

10.7.4 

Y v (z)~-{ l/ii)T{v){\z)- v , 

3?i/> 0 or v = — 

1Q 7 5 ~ — (1/tt) cos(i/tt) 

3?i/> 0, 


10.7(ii) z — * oo 

When i/ is fixed and z — > oo, 

10.7.8 

7i/(^) = \/ 2/ (ttz) (cos(z - iz/7T - j7r) + e 1 ® 21 o(l)) , 
Y v (z) = \f2[{ 7rz) ^sin(z - - \n) + e 1 ® 21 o(l)) , 

IpM < 7 r — <5(< 7r). 

For the corresponding results for H^\z) and 
Hl 2 \z) see (10.2.5) and (10.2.6). 

10.8 Power Series 


For J„(z) see (10.2.2) and (10.4.1). When v is not an in- 
teger the corresponding expansions for Y v {z), H„ \z), 
and Hl 2 \z) are obtained by combining (10.2.2) with 
(10.2.3), (10.4.7), and (10.4.8). 

When n = 0, 1, 2, ... , 


Y n (z) = - 


&)- n ^(n-k- 1 )! n ~ k 


E 

k — 0 


k\ 


10 . 8.1 


o /l, 'in 00 

+ - ln(|z) J n (z) y2(ip(k + 1) 

7T 7T L ^ 


/c— 0 


(~jz 2 ) fc 

’ k\{n + fc)! ’ 

where ijj( x) = r'(a;)/r(a;) (§5.2(i)). In particular, 


+ ip{n + k + 1)): V 4 ~ 


10 . 8.2 

Y 0 (z)=* (ln(±z)+ 7 ) J 0 (2) + ^ (^^2 


(l + s) 


(|E! 

(2!) 2 


W v J- t- 2 -I- 3 ) ^,s 2 J ’ 

where 7 is Euler’s constant (§5.2(ii)). 

For negative values of n use (10.4.1). 

The corresponding results for Hn\z) and Hn\z) 
are obtained via (10.4.3) with v = n. 


10.8.3 


J v {z)J,{z) = {\zY^Y. 

k —0 


{v + p + k + l) k (-\z 2 ) k 
k\T{u + k + l)T{p + k+l)' 


_ (csdiH 1 ^ 

10.7.6 wK) T(l-iu) [2 1 

+ e |l/ph2| o(l), 

See also §10.24 when z = x (> 0). 


i coth(i/7r) 1 1 Ail/ 
T{l + iu) 

and v ^ 0. 


10.7.7 

H£\z) ~-Hl 2 \z) ~ -{i/-K)V{v){\z)-\ Mv> 0. 

For H^l(z) and H^l(z) when -fti/ > 0 combine 

(10.4.6) and (10.7.7). For H^\z) and H- 2 \z) when 
v £ R and v ^ 0 combine (10.4.3), (10.7.3), and 

(10.7.6) . 


10.9 Integral Representations 
10.9(i) Integrals along the Real Line 


Bessel’s Integral 
10.9.1 


1 r 1 r 

Jq(z) = — / cos(zsin0) dO = — / cos(zcos0) dO, 
n Jo 71 Jo 

1 r 

J n (z) = — / cos(z sin 9 — n9) dO 
77 Jo 


10.9.2 


1 008(710) dd, 


n £ Z. 


224 


Bessel Functions 


Neumann's Integral 
10.9.3 

Y 0 (z) = I cos(t:cos 9 ) (7 + ln(2zsin 2 d)) d 9 , 

77 Jo 

where 7 is Euler’s constant (§ 5 . 2 (ii)). 

Poisson’s and Related Integrals 

J v (z) = 1 ^ ^ — — [ cosfz cos 9 ) (sin 9 ) 2i/ d 9 

7 T 2 r(u+ ±) Jo 


10.9.12 


2 {\x )-" 

Z 100 sin(xt) dt 

71-2 r(i -1/) „ 

/ 1 (Z 2 -!)^!’ 

2 (^)-" 

Z 100 cos(xt) dt 

7r = r (i 

1 Ji ( Z 2 - l)"+i 


| 3 ft/| < x > 0. 


10.9.4 


2 


2 (h) 


7r ® r ( iy + 5) -A> 
W = -“ v * 


— f (1 -t 2 y 2 cos (zt)dt, 
h) Jo 




10.9.13 


3 ft/ > — 


‘KW ' rl 
7rlr (^+ 1) 


10.9.5 


^ (1 — t 2 )" - ^ sin(.zt) dt 

J e~ zt (l + t 1 y~ 1 idt S j, 

9 ft/ > — |, | ph.z| < | 7 T. 


= - [ e (cose cos (2 sin 9 - v 0 ) d 9 

77 Jo 

pOO 

I g— £ cosh t— z sinh t— vt 

J 0 


sin(u 7 r) 

77 70 


3 f (2 + C) > 0, 


10.9.14 


Schlafli’s and Related Integrals 
10.9.6 


z + C 
z-C 
1 


Y v ((z 2 -e)i) 

[ e C c °s 0 s in(2 sin 9 — u 9 ) dO 
Jo 


r 

1 Z 100 

- - / (e^+Ccosht + e -^i-C cosht cos / NN 

/ cos(z sin 0 — t/0) dd 

/o 

77 do V 


sin(uTr) -^ sinht _ vt 


dt, | ph^| < 1 7 r, 


10.9.7 


Y v (z) = — [ sin(zsind — vQ) d 9 
11 Jo 
1 r°° 

- - / (e* + e - "* cos(uTr)) e~ zsinht dt, 

71 Jo 


X e~ zsinht dt, 

z ± C 

c 


3f(z±C) > 0 . 


7 + CV /f<«(u 2 -c 2 )») 


10.9.15 1 1 r 00 

__g — / ^22: cosh sinh t—vt ^ 


7 TI 


| phz| < j 7 r. 


^(-±0 > 0 , 


Mehler-Sonine and Related Integrals 

2 f°° 

J„(x) = — / sin(xcoshZ — iu7r) cosh(ut) dZ, 

77 Jo 

2 ,00 

1^(2:) = / cos(x cosh Z — it/7r) cosh(z/Z) dZ, 

77 Jo 

1 3 ft/ 1 < 1 , a; > 0. 

In particular, 

2 Z 100 

Jo(x) = — / sin(xcosht) dt, x > 0, 

77 70 

2 Z 100 

Yo(x) = / cos(xcoshZ) dt, x > 0 . 

77 70 


10.9.16 1 


" + <V ff' 2 | (( 7 - ( 2 )>) 

/ oo 

g— £2: cosh i— sinh t—vt ^ 
-00 


3(z ± C) < 0 . 


10.9.9 


10.9(ii) Contour Integrals 

Schlafli-Sommerfeld Integrals 

When | phz| < \i r, 


10 9 17 •«’> = 2S 


^00 + 7 T 2 


sinh t—vt 


dt, 


10.9.10 

Hl'Hz) = 

10.9.11 


— ■kisni r 00 


e 2 


e tzcosht-^ dt> 0<phz<7T, 


and 


10.9.18 


pjj/TTi ("OO 

H^\z) = / g-*2 cosht-^t dt, -7T<phz<0. 

™ J- 00 


^ 1 } ( 2 ) = - / 

7 T?. J_ 

m ]_ 


oo+ 7 ri 


e 

—00 

oo — ni 


z sinh t—vt 


' dt, 

0 z sinh t—vt ^ 
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Schlafli’s Integral 
10.9.19 J v (z) = 


{\z) V 


r(°+) 


exp t — 


dt 


2 ni J y 4 1 J t v+1 ’ 

where the integration path is a simple loop contour, and 
t v+1 is continuous on the path and takes its principal 
value at the intersection with the positive real axis. 

Hankel's Integrals 

In (10.9.20) and (10.9.21) the integration paths are sim- 
ple loop contours not enclosing t = — 1. Also, (f 2 — l)" - 5 
is continuous on the path, and takes its principal value 
at the intersection with the interval (l,oo). 

10.9.20 


Ju{z) = 


r (l-z'KH" [ {1+) 


3 . 

7T 2 Z 


cos (zt)(t 2 — 1)" 2 dt , 




10.9.21 


Hi l \z) = 
Hl 2 \z) = 


r (s ~ v )i\z) 


v /■(!+) 


e lz \t 2 -l ) v ~*dt, 




' 1+200 
^ /■(!+) 


e~ iz \t 2 - iy-i dt, 

' 1 — 200 

£>§>•••> IpM < \' K - 


n^i 


Mellin-Barnes Type Integrals 
10.9.22 


Jy(x) — 


1 


r {-t)[\ x ) v+2t 


dt , > 0, x > 0, 


2 tt* 7„ ioo r(z/ + t + i) 

where the integration path passes to the left of t = 

0 , 1 , 2 ,.... 

^ /» — oo+2C 

10.9.23 J v {z) = 


m 


( 1 \v—2t ji 

2irij_ 00 _ ic ry-t + iy 2 > 

where c is a positive constant and the integration path 

encloses the points t = 0, —1, —2, 

In (10.9.24) and (10.9.25) c is any constant exceed- 
ing max(5Ri/, 0). 

10.9.24 


H?\z) = - 


e ~ /»C+200 


27T 2 


r(i)T(t - v)(-\iz) v - 2t dt, 

0 < ph Z < 7T, 


10.9.25 


dt. 


„ ^ WKl PC- 1-200 

H {2 \z) = — T{t)T{t-v){\iz) 

J C— 200 

—7 r < ph z < 0. 

For (10.9.22)-(10.9.25) and further integrals of this 
type see Paris and Kaminski (2001, pp. 114-116). 


10.9(iii) Products 


10.9.26 


10.9.27 


2 [ ' 

Ju(z) J v (z) = — / Ju+jy(2zcos0) cos (/r — v)6 dO, 

n Jo 

J v (z) J V (Q = - J Jiv ^2 (z() 5 sin d'j cos ((z - £) cos 0) dO, 


where the square root has its principal value. 


10.9.28 


^ t-C+lOO / 

A( 2 )A(C) = s -y_ exp^-t 


z 2 + C s 

2 1 




where c is a positive constant. For the function /„ see §10.25(ii). 

Mellin-Barnes Type 

T(-t) T(2t + n + u + 1 )(\xY +, ' +2t 


10.9.29 


1 r 

Mx) J v {x) = — j 


dt, 


3 + v) > —1. 

3 > —\, 

> — 1, 


I —iao r(t + H + 1) F (t + v + 1) F(f + [X + v + 1) 
where the path of integration separates the poles of T(—t) from those of T(2f + p + v + 1). See Paris and Kaminski 
(2001, p. 116) for related results. 

Nicholson's Integral 

8 f°° 

10.9.30 J 2 (z) + Y 2 (z) = — ^ / cosh(2ut) Ko (2 zsinht) dt, |phz|<+. 

7r “ Jo 

For the function Kq see §10.25(ii). 
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10.9(iv) Compendia 

For collections of integral representations of Bessel and 
Hankel functions see Erdelyi et al. (1953b, §§7.3 and 
7.12), Erdelyi et al. (1954a, pp. 43-48, 51-60, 99-105, 
108-115, 123-124, 272-276, and 356-357), Grobner and 
Hofreiter (1950, pp. 189-192), Marichev (1983, pp. 191— 
192 and 196-210), Magnus et al. (1966, §3.6), and Wat- 
son (1944, Chapter 6). 

10.10 Continued Fractions 


10 . 11.8 

HW(ze m ™) = (-1 r n {mH^(z) + (m+1) H<?\z)). 
For real u, 

J u (z) = J„(z), Y v (z) = Y u (z), 

10.11.9 — — — ^ 

(z) = (z) , H& (*) = h1 1 \z). 

For complex v replace v by V on the right-hand sides. 

10.12 Generating Function and Associated 
Series 


Assume J v -\{z) ^ 0. Then 

10 . 10.1 

Jv{z) 




1 


1 


1 


2 vz 1 — 2 (u+l )z 1 — 2 (u + 2 )z 1 — 


z^ 0 , 


10 . 10.2 

Jy{z) 

Jy— 1 (^) 

\z/v \z 2 /{v(v+l)) \z 2 /{{v + l)(i/ + 2)) 

1- 1- 1- 

i/^O, -1,-2,.... 

See also Cuyt et al. (2008, pp. 349-356). 

10.11 Analytic Continuation 

When mtZ, 

10.11.1 Jy(ze mm ) = e mv ™ J v (z), 

10 . 11.2 

Y v (ze mm ) = Y v (z) + 2zsin(rm/7r) cot(u7r) J„{z). 

10.11.3 

sin(u7r) (ze mni ) = - sin ((m - 1 )i/tt) H^(z) 
-e~ v ™ sin(mvTr)Hl 2 Xz), 

10.11.4 

sin(uTr) ( ze mm ) = e™ sin(muTr) H^{z) 

+ sin ((to + l)u7r) H^ 2 \z). 


10.11.5 


H?Xz), 

H^{ze~ Ti ) = -e vni H^Xz). 


H^(ze wi ) = — e _I/7ri 


If v = n (s Z), then limiting values are taken in 
(10.11.2)— (10.11 .4) : 

10.11.6 Y n (ze mm ) = (-1 ) mn (Y n (z) + 2 imJ n {z)), 

10.11.7 

H i 1] (ze mm ) = (-l) mn - 1 ((m 1) H « (z) + m (2)) , 


For z £ C and t £ C \{0}, 

OO 

10.12.1 e! 2(t - t_1) = tmj m(z). 

m——oo 

For z,9 £ C, 

OO 

cos(2sin0) = Jq{z) + 2 55 J 2 k{z) cos(2 kO), 


10 . 12.2 


10.12.3 


k - 1 


sin(zsin0) = 2 55 J 2 k+i{z) sin((2fc + 1)0), 


k = o 


cos(2cos0) = Jq(z) + 2 J 2k (z) cos(2 k0), 

k = 1 
oo 

sin(2:cos0) = 2 l) fc J 2 k+i(z) cos((2 k + 1)0). 


k=0 


10.12.4 1 — Jq(z) + 2J2(z) + 2 / 4 ( 2 ) + 2Jg(z) + • • • , 

cos z = Tq(z) — 2 / 2 ( 2 ) T 2 / 4 ( 2 ) — 2 J 6 (z) — 1~ * * * , 


10.12.5 


sin z = 2/4(2) — 2/3(2) + 2J 5 (z) — 


^2 cos 2 = Ji(a:) — 9 Jz{z) + 25/5(2) — 49/7(2) + 


10 . 12.6 

h zcc 

izsin 2 = 4 / 2 ( 2 ) ^ 16/4(2) + 36 Jq(z) — • • • . 

10.13 Other Differential Equations 

In the following equations u, A : p,q, and r are real or 
complex constants with A 7^ 0, p / 0, and q ^ 0. 

2 1 ' 

10.13.1 w" + [ A 2 7 ) W = 0, W = 25 ^(A 2 ), 


10.13.2 w 


A 2 u 2 — 1\ 1 / 1 \ 

,42 ~ ™ = °’ w = zl ^\ Xzl )’ 

10.13.3 w” + A 2 z p ~ 2 w = 0, w = zi Y>\/ v [2Xz^ p /pj , 

10.13.4 w" — w' + A 2 u> = 0, w = z v %,(Az), 


z 2 w" + (1 - 2 r)zw' + (A 2 q 2 z 2q + r 2 - v 2 q 2 )w 


10.13.5 


10.13.6 


= 0 , 


W = 2 r ^,(A2«), 


+ (A 2 e 2z — u 2 )w = 0, w = ^(Ae z ), 
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z 2 (z 2 — v 2 )w" + z(z 2 — 3v 2 )w' 

10.13.7 + {(z 2 - v 2 ) 2 - (z 2 + v 2 ))w = 0, 

10.13.8 

w (2n) = (_1)"A 2n z~ n w, 

w = 25" (2Xe kni / n z^, k = 0, 1, . . . , 2n - 1. 

In (10.13.9)-(10.13.11) ^( 2 ), S'ii(z) are any cylin- 
der functions of orders v, n, respectively, and = 
z(d/dz). 

10.13.9 

z 2 w'" + 3 zw" + (4 2 2 + 1 — Av 2 )w' + 4 zw = 0, 

w = ^( 2 )^( 2 ), 

10.13.10 

z 3 w'" + 2(42 2 + 1 - 4i/ 2 )k/ + (4u 2 - l)w = 0, 

w = z c ^’ u (z)S> u (z), 

10.13.11 

(tf 4 - 2(u 2 + /x 2 )tf 2 + {v 2 - fi 2 ) 2 ) w 
+ 42 2 (i? + 1)(i? + 2)w = 0, w = tf v (z)%{z). 
For further differential equations see Kamke (1977, 
pp. 440-451). See also Watson (1944, pp. 95-100). 

10.14 Inequalities; Monotonicity 


Kapteyn’s Inequality 


10.14.8 


I Jn{nz ) I < 


2 " exp^n(l — 2 2 ) 2 j 


l+(l-2 2 )5 


, = 0, 1, 2, ... , 


where (1 — 2 2 )5 has its principal value. 

1014 ' 9 | J n (nz)\ < 1, 7i = 0, 1,2, . . . , 2 G K, 


where K is defined in §10.20(ii). 

For inequalities for the function T{v + 1)(2 /x) v J v (x) 
with v > — \ see Neuman (2004). 

For further monotonicity properties see Landau 
(1999, 2000). 


10.15 Derivatives with Respect to Order 


Noninteger Values of v 


10.14.1 


10.14.2 


I Ju{x) | < 1, 

| Jv{x) | < 2-5, 

0 < J v (v) < 


2s 


v > 0, x e K, 

,? r C2\ i’ v > 0- 

33 r (3)^ 3 

For monotonicity properties of J u (v) and J' v (y) see 
Lorch (1992). 

10.14.3 | Jn{z)\ < e |Sz| , Tie Z. 

l-2l"el 9z l 

m14 - 4 
10.14.5 

x v exp [v{l — £ 2 )5 j 

\J v {yx)\< — 7 ,w ■, u>0, 0<a;<l; 


V > “2- 


see Siegel (1953). 


(l + (1 — x 2 ) 2 j 

(1 + x 2 ) s ^ ex P (K 1 - ^ 2 ) 5 ) 


10.14.6 a;(27ru)5 h + (! _ x 2)i j 

v > 0, 0 < x < 1; 

see Watson (1944, p. 255). For a related bound for 
Y v (vx) see Siegel and Sleator (1954). 

10.14.7 1 < u > 0, 0 < £ < 1; 

a; 14 J„(u) 

see Paris (1984). For similar bounds for < ^„( x ) 
(§10.2(ii)) see Laforgia (1986). 


10.15.1 

dJyjz) 

dv 


= Jv{z) In (| 2) 

^^zYY j (-i) k ^ {v + k + l) ^ z2)k 


k—0 


T(v + k + 1) A:! 


dY v {z) ( dJ u (z) 

—r = cot(uTr) — 7 tY„(z) 

10.15.2 dv V dv 

— csc(vtt) — —ttJ v {z). 


dv 


Integer Values of v 


10.15.3 

dJ„{z) 

dv 

10.15.4 

dY v (z) 


! ■/*(*) 
^2 "7 k=0 


_ n n 

~2 n ^ + 2 (r z) n^ fcl(n-fc) 


dv 

10.15.5 

dJ v {z) 


dv 


!/=0 


( , . 71 ! ^ (|*)*y fc (2) 

2 " 2 (| 2 )"^ fc!(n-fc) ’ 

“2 lo(z) ’ ^ 


i /=0 


= — 2 J o00- 
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Half-Integer Values of v 

For the notations Ci and Si see §6.2(ii). When x > 0, 


10.15.6 

dJ„(x) 

dv 

10.15.7 

dJ v {x ) 


dv 

10.15.8 

dY v {x) 


(Ci(2x) sin x — Si(2x) cos x ) , 


(Ci(2x) cos x + Si(2x) sin x ) , 


dv 


10.15.9 

dY v {x) 

dv 


= \ — (Ci (2x) cos x 

7TX 


+ (Si(2x) — 7 r) sinx) , 


(Ci(2x) sinx 


— (Si(2x) — 7r) cosx) . 

For further results see Brychkov and Geddes (2005) 
and Landau (1999, 2000). 


10.16 Relations to Other Functions 

Elementary Functions 

J h {z) = Y_ h {z) = 

10 . 16.1 

J_k(z) = —Yi(z) = ( — ) cosz, 

2V 2 \nz J 

H?\z) = -iHW (z) = -i(— Y e te , 

2 2 V 'KZ J 

10 . 16.2 i 

H (2 \z) =iH {2 l (z) = if — Y e~ ix . 

2 2 \' KZ J 

For these and general results when v is half an odd 
integer see §§10.47 (ii) and 10.49(i). 

Airy Functions 

See §§9.6(i) and 9.6(ii). 

Parabolic Cylinder Functions 

With the notation of §12. 14(i) , 

10 . 16.3 

Ji (z) = ~^z~i (w(o,2z^ - w(ft, -2z^^j , 

J_i (z) — 2~i7r~^z~i (w(ft,2z^ + w(o, -2z^^j . 

10 . 16.4 

Js(z) = -2~^7r~h~i (\V' ^0,2z^ - W’[q, -2z^ S j , 

J_3(z) = - 2 -in-h-i (V(o, 2 z^ + W"(o, - 2 «s)) . 



Principal values on each side of these equations corre- 
spond. 


Confluent Hypergeometric Functions 


10.16.5 J v (z) = 

H£\z) 

10.16.6 Hl 2 \z) 


(lz\ V P^ iZ 

2 M(y + 2v + 1, ±2iz ) , 


r(u + i) 


= ^-^ie^\2z) v 
x e ±iz U{v + ±,2v + l,T2iz). 


For the functions M and U see §13.2(i). 


10 


.16.7 J ~ 02v 


D = F ( 2 ^+ l ) 7 Ti /4 


2 2l 'T(v + 1) 


(2 z) 2 M 0 ,„(±2Lz), 

2v 7^ —1, —2 — 3, ... , 


io - 16 - 8 

For the functions Mo,„ and W o, v see §13. 14(i) . 

In all cases principal branches correspond at least 
when | ph z\ < \tt. 

Generalized Hypergeometric Functions 


10.16.9 Mz)= T ^ +l) 0^1 (-; V+1\ -|z 2 ). 

For 0 Fi see (16.2.1). 

With F as in §15.2(i), and with z and v fixed, 

10.16.10 J v {z) = (| z) v lim F (A, /U; v + 1; — z 2 /(4A/r)) , 

as A and — > oo in C. For this result see Watson (1944, 
§5.7). 


10.17 Asymptotic Expansions for Large 
Argument 

10. 17(i) Hankel’s Expansions 

Define ao(v) = 1, 

10.17.1 

. , (4u 2 — 1 2 )(4 u 2 — 3 2 ) • • • (4v 2 — (2k — l) 2 ) 

°‘ w = Sis® ’ 

k > 1, 


10.17.2 ui = z — \vi r — j7T, 

and let 8 denote an arbitrary small positive constant. 
Then as z — > oo, with v fixed, 


Mz) 


10.17.3 



^COSW 


k = 0 


— sin a; 




k = 0 


| phz\ <7 r — 5, 
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„ , s / 2 V / . ^sk a 2kiy) 


7TZ y 


r 2fc 


10.17.4 


10.17.5 


10.17.6 


H^iz) 


Hl 2 \z) 


k = 0 


cos a; 


E(-d 


k a 2k + i{v) 


y 2k+l / ’ 


k=0 


I phz| < 7T — (5, 


A v 

7TZ / 


| e<“£* 


•feOfeM 


rfc ’ 


k—0 

— 7T + <5 < ph z < 27r — (5, 

fe=0 

— 27T + 5 < ph 2 < 7T — 5, 


where the branch of z? is determined by 
10.17.7 z h — exp (i In |z| + |*phz) . 

Corresponding expansions for other ranges of ph 2 
can be obtained by combining (10.17.3), (10.17.5), 
(10.17.6) with the continuation formulas (10.11.1), 
(10.11.3), (10.11.4) (or (10.11.7), (10.11.8)), and also 
the connection formula given by the second of (10.4.4). 


10.17(ii) Asymptotic Expansions of Derivatives 

We continue to use the notation of §10.17(i). Also, 
bo(v) = 1, b\{v) = (4u 2 + 3)/8, and for k > 2, 


10.17.8 b k (is) = 

Then as z — > oo with v fixed, 


((4i/ 2 — 1 2 )(4 u 2 — 3 2 ) • • • (4 v 2 — (2k — 3) 2 )) (4u 2 + 4 k 2 — 1) 

k\ 8 k 


10.17.9 


10.17.10 


10.17.11 


10.17.12 


J'M ~ 

Yl(z) ~ 


2 
7 TZ 


i\k b 2 kiy) 

sin to ^^(— l) fc — ^ + cos ui 


~2k 




k—0 


k—0 


COSUJ 


sr^ ( i\kb2k(y) 

^(-1) ^-sinw 


,2 k 


D-O'tstv). 


k—0 


k—0 




■kh{ v) 


k—0 


' ' k—0 


;sk b k(v) 


,k ’ 


| ph z\ < 7T — <5, 
I ph z\ <7 r — 6, 

—7 r + S < ph 2 < 27 t — 5, 

—2n + <J<ph£<7r — 5. 


10. 17(iii) Error Bounds for Real Argument and 
Order 


In the expansions (10.17.3) and (10.17.4) assume that 
v > 0 and z > 0. Then the remainder associated 
with the sum 5Zfe=o(~ 0 k(l 2 k( 1/ )z~ 2k does not exceed 
the first neglected term in absolute value and has the 
same sign provided that i > max(^u — |,1). Simi- 
larly for J 2 [~o(-O ka 2 k+i(v)z~ 2k ~ 1 , provided that l > 
ma x(|i/- |,1). 

In the expansions (10.17.5) and (10.17.6) assume 
that v > — | and z > 0. If these expansions are ter- 
minated when k = l — 1, then the remainder term is 
bounded in absolute value by the first neglected term, 
provided that £ > max(z/ — 1,1). 


10.17(iv) Error Bounds for Complex Argument 
and Order 


For (10.17.5) and (10.17.6) write 


10.17.13 

Hl 2 \z) ] 


Then 



i - 1 


B ±; > 


;>k a kM , D ± 


Kk—0 


+ Rf(u,z)J , 

£= 1 , 2 ,.... 


\Rf(v,z) < 2 \ae(v) \V z ,± ioo (t e ) 

10.17.14 /, 2 1 , / 

x exp (|u 2 - \\ V Zl ± ioo (t )) , 

where V denotes the variational operator (2.3.6), and 
the paths of variation are subject to the condition that 
|3f| changes monotonically. Bounds for V z ,ioo (t _f ) are 
given by 
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10 . 17.15 


{ \z\~ e , 0<phz<7T, 

-\k < phz < 0 or 7T < phz < §7r, 
2x(i)\^sz\~^ , — 7T < phz < — ^7r or |7r < phz < 27r, 


where %(•£) = ni + l) /r(|f? + |); see §9.7(i). The 
bounds (10.17.15) also apply to V 2 ,_ioo(t~ C ) in the con- 
jugate sectors. 

Corresponding error bounds for (10.17.3) and 
(10.17.4) are obtainable by combining (10.17.13) and 
(10.17.14) with (10.4.4). 


10.17(v) Exponentially-Improved Expansions 

As in §9.7(v) denote 


10 . 17.16 


Gp ( z ) = ^ r b)r(i -p,z), 


where T(1 — p, z) is the incomplete gamma function 
(§8.2(i)). Then in (10.17.13) as z — > oo with \l — 2|z|| 
bounded and m (> 0) fixed, 

Rf ( u , z ) = (— 1) £ 2cos(u7t) 

x (j2(±i) ka ^p-G e - k (T‘2iz) 


10 . 17.17 


\k = 0 


+ R t A y z ) > 


where 

10 . 17.18 


RtM-) = o(e ~ 2 |ph(ze^")l 


< 7 r. 


For higher re-expansions of the remainder terms see 
Olde Daalhuis and Olver (1995a) and Olde Daalhuis 
(1995, 1996). 


10.18 Modulus and Phase Functions 
10. 18(i) Definitions 

For v > 0 and x > 0 

10 . 18.1 M u {x)e iBAx) = H g \ x ), 

10 . 18.2 N v {x)e irt, ^ x) = H^\x), 

where M v (x) (> 0), N v (x) (> 0), 9„{x), and <j) v (x) are 
continuous real functions of v and x, with the branches 
of 9„(x) and <j) v (x) fixed by 


10 . 18.3 


0 v (x) — > — J7T, <t>v(x) — * §7r, x — * 0+. 


10.18(ii) Basic Properties 


10 . 18.4 


10 . 18.5 


10 . 18.6 


10 . 18.7 


10 . 18.8 


J v (x) = M v (x)cos9 v (x), 
Y v (x) = M u (x) sin 9 v (x), 

J' v {x) = N v {x) cos (j) v {x), 
Yl{x) = N„(x) sin <j> v (x), 

M„{x) = (J 2 (x) + Y 2 {x)f , 
N v {x)= (J' v \x) +Yl\x)J , 

9 v (x) = Arctan (Y v (x)/ J„(x)), 
<j) v (x) — Arctan (Yl(x)/ J' v {x)). 


M 2 (x) 9' v (x) = — , N 2 {x) (j>' v (x) = ^ 


10 . 18.9 

N 2 (x) 


= M' v \x) + M 2 {x) C(*) = + 


nx 


r 2 / \ n /2 


7nc J 


/2, 


(7ra; M u (x)) 2 


10 . 18.10 

(x 2 — v 2 ) M v {x) M' v (x ) + x 2 N„(x) N' v {x) + x N 2 (x ) = 0. 


10 . 18.11 


tan(0„(x) - 9„(x)) = 


M u (x) 9' u (x) 


M' v {x) irx M v {x) M' v (x) 


10 . 18.12 M v { x) N v (x) sin(</v(:r) - 9 v (x)) = — . 

7 TX 

10 . 18.13 

„2 at" 


x 2 M"{x) + x Ml(x) + (x 2 — v“) M v (x) = 


2 M*(xy 


10 . 18.14 


1 _ J , 2 

..// I I 1 I 4 " 


w" + | 1 + - — s — ) w = , w = x 2 M„(x), 


10 . 18.15 


x i w'" + x{Ax 2 + 1 — 4 v 2 )w' + (4u 2 — 1) i 


= 0, 


w = x M 2 (x) . 


10 . 18,6 

" W 2 9l(x) 4U(i) 
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10.18(iii) Asymptotic Expansions for Large Argument 

As x — > oo, with v fixed and /a = 4 v 2 , 


10 . 18.17 

10 . 18.18 

Also, 

10 . 18.19 


Mi{x) ~ — 1 + - 


1/a-l 1 ■ 3 (/x — 1 )(a* — 9) 1 - 3 • 5 (/x — l)(/x — 9)(/x — 25) 


2 (2a:) 2 


2-4 


(2x) 4 


2-4-6 


(2xY 


0 v (x) ~a:— (-j/+-)7r + 


H- 1 (/x — 1) (/x — 25) (/a- 1) (/a 2 - 114/a + 1073) 


2(4#) 


6(4t) s 


5(4a;) E 


+ 


(/a - 1) (5/a 3 - 1535 /a 2 + 54703/a - 3 75733) 


14(4a:) 7 


IV 2 (a;) 


7ra; 


1 - 


l/a-3 1 (/a — 1) (/x — 45) 


2 (2a:) 2 2 • 4 (2a;) 4 

the general term in this expansion being 

(2k - 3)!! (/a - l)(/a - 9) • • • (/a - (2 k- 3) 2 )(/a - (2k + 1)(2 k - l) 2 ) 


10 . 18.20 

and 

10 . 18.21 




(2k)\\ 

■*- (!"- 1. 1 


(2x) 2k 

/a + 3 /a 2 + 46/a — 63 /a 3 + 185/a 2 — 2053/a + 1899 


k > 2, 


2(4#) 6(4#) 3 5(4#) 5 

The remainder after k terms in (10.18.17) does not exceed the (fc + l)th term in absolute value and is of the same 
sign, provided that k> v — 


10.19 Asymptotic Expansions for Large 
Order 

10. 19(i) Asymptotic Forms 

If v — > oo through positive real values, with z (g 0) 
fixed, then 

1 ( ez\y 


If v — > oo through positive real values with /3 
(g (0, \n)) fixed, and 

10 . 19.5 £ = i/(tan/3 — 0) — \k, 

then 


Mz) 




\2v ) ’ 


10 . 19.1 

10 . 19.2 

Yu(z) ~ ~ ~ -/u (gr • 

10. 19(ii) Debye’s Expansions 

If aa — > oo through positive real values with a (> 0) 
fixed, then 

10 . 19.3 

J„(v sech a) 


10 . 19.6 

J v (v sec 0) 


7 tv tan (3 


cos 


eE 


U 2k (i cot 0 


,2k 


k = 0 


— i sin £ 


U 2k+1 (i COt j3) 


,2k+l 


Y v ( a a sec /3) 


7n/ tan /3 


fc= o 


sin^E 


U 2k (i cot 0) 


,2k 


k—0 


ZCOS 


0 i/(tanh ot—a) 00 


(27raa tanh a) 2 




[4 (coth a) 


eE 

fc=0 


U 2k+1 (i cot 0) 

jj2k-\-l 




10 . 19.7 


Y„(i7sech q) ~ — 


0 v{ot — tanh a) 


(i7natanha)2 “ 


T EM) 


k Uk ( coth a) 


fe=o 


/ sin (2/3) \ 3 / “ 

0(12 seep) ~ I — I I — sin £ 2_^ 


V 2k (i cot /?) 


,2/c 


k—0 


10 . 19.4 


— ZCOS 


j;(^cha)~ (?5MMY g 

\ ' k = 0 


Ffc (coth a) 


Y^z/secha) 

/ sinh(2a) 


w'/ ^ sin (2/3) V 

Y v (v sec 0) ~ I ^ 1 


cos 


V 


O i/{ot — tanh a) 


E(-d 


k V k (cotha) 


eE 

k—0 

oo 

*E 

fc=0 

00 


— a sin £ 


fe =0 


fc =0 


Y 2 fc+i(*cot 0) 

u 2k+l 

V 2k (icot 0) 

l/ 2k 

V 2k +i(icot 0) 

j/2fc+l 
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In these expansions U k (p) and Vk(p) are the polynomials 
in p of degree 3k defined in §10.41 (ii). 

For error bounds for the first of (10.19.3) see Olver 
(1997b, p. 382). 


10. 19(iii) Transition Region 

As v — » oo, with o(G C) fixed, 


10 . 19.8 

Also, 

10 . 19.9 


Hi, 

H, 


( 2 ) 


p- + »*) ~ | "(-*»•) £ ^ + v "'(-»*“) £ 


k = 0 


Pk(a) 

j,2fc/3 


2a 


/ 1 \ 

2s 

_ / 1 \ 

Av + av s / 

^ 1 

Bif -23a) 

V / 

V 3 

V / 

(z/H-az/J ) j 

2§ 

e =F7Ti/3 a;P : 

> x< 

^ r 

1 V + au3 1 1 

Z/3 

V 


Pk{a) 

2—, v 2k/3 
k = 0 


25 

V 


k—0 

oo 


Qk(tt) 

jy2k/3 ’ 


Bi'(-2ia)^ 


k—0 


Qk (a) 

y 2k/3 ■ 


I ph z^| < Att — ^ 


I ph v\ < ^7r — <5. 


o- ^ f \ O - 

ll e TW3 Ai(e T7ri/3 25a) ]T + ^e ±,ri/3 Ai'(e =F7ri/3 25 a ) ]T 


k=0 


k—0 


Qk (a) 

y2kj3 ’ 


with sectors of validity — ^7r + 5 < ±phz/ < |7T — 5. 
Here Ai and Bi are the Airy functions (§9.2), and 

10 . 19.10 

P 0 (a) = 1, Pi(a) = -ga, P 2 {a) = -^a 5 + ^a 2 , 

p ( n \ — WL„ 6 _ AZ3_„3 p_ 

- r 3W — 7000 u 3150 a 225’ 

P I'rtl = 27 10 _ 23573 7 , 5903 4 , 947 

4W 20000 “ 1 47000 _1 " 1 38600 u 3 46500 u > 

Qo(a) = ^a 2 , Qi(a) = -i^a 3 + 

10.19.11 Q2(a) = — 1000 a 3150 a ~ 3150°’ 

O fnl — 549 8 _ 1 10767 5 , 79 2 
^3 28000 6 93000 “ r 12375 ' 

For corresponding expansions for derivatives see 
http : //dlmf .nist .gov/ 10.19. iii. 

For proofs and also for the corresponding expansions 
for second derivatives see Olver (1952). 

For higher coefficients in (10.19.8) in the case a = 0 
(that is, in the expansions of J u (v) and Y v (u)), see Wat- 
son (1944, §8.21) and Temme (1997). 

10.20 Uniform Asymptotic Expansions for 
Large Order 

10.20(i) Real Variables 

Define C, = C(~) to be the solution of the differential 
equation 

'dC 2 

. dz , 


10 . 20.1 


1 -z 2 

CP 


that is infinitely differentiable on the interval 0 < z < 
oo, including z = 1. Then 

10 . 20.2 

2 <I 


t 


-y/l- P, 

0 < z < 1, 


-(-C)»= f 

10 . 20.3 3 ^ J 1 




dt= \/z 2 — 1 — arcsec z, 
1 < z < oo, 

all functions taking their principal values, with C = 
oo, 0, — oo, corresponding to z = 0, 1, oo, respectively. 
As v — > oo through positive real values 

4C Y / Ai (^ § c) “ A fc (0 

, 2/1 ,1 2 ^ 1,2k 


Jv {vz) 


1-z 5 


10 . 20.4 


10 . 20.5 


V3 k = 0 V 

Ai'(^c) ~ Bk (0 

^ h - 2fc 


Bi 


i (" S 0 A 5 fe(C)) 

h ) 


nl 2 > (vz)f U-*V l vi h vl h - 2k I 


I 1 


10 . 20.6 
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10.20.7 


10 . 20.8 


10.20.9 


, 2/1 -A' 1 


' Ai(i/§c) 


E 


cuo 


Ai'^te) 


1/5 “o 17 


2k 


E 


MO 


v ~ z “o v 


2 k 


Y>z) 


2 /1-z 


2\4 




E 


cue) 


Bi'(i^ie) 


1/3 “o v 


2 k 


E 


£>ue) 


1/5 “o " 


2/c 


E")! 4 e T2/ri/3 / 1 - Z 2 Y /e T2,ri/ 3 Ai^e ±2,ri/ 3^U^ 00 Ai'^e ±2,ri/ 3^U^ 00 


!#> 

h1 2) \vz). 


4e 


E 

k—O 


,2k 


■E 

/c— 0 


MO 


,2k 


uniformly for z £ (0, oo) in all cases, where Ai and Bi 
are the Airy functions (§9.2). 

In the following formulas for the coefficients A k {Q, 
B k (0, cue), and D k (0, u k , Vk are the constants de- 
fined in §9.7(i), and U k (p), V k (p) are the polynomials in 
p of degree 3 k defined in §10.41(ii). 

Interval O < z < 1 

2k 

io.2o.io A fc (e) = E(f) iv ie _3i/2 ^-i ((! - * 2 ) -1 ) , 


B k (o = -M E (iy^c 3 i/ 2 u 2 k- j+ i ((i - * 2 r*) , 

j=o 

10 . 20.12 

2fc+l 

cue) = -c 1 E (l) j M~ 3 j/ 2 Y2 k - j + 1 ((i - z 2 )-*) , 

3=0 

2k 

10.20.13 D k (0 = E(I) j ^C- 3i/2 ^-i ((1 - U)-i) . 

3 = 0 

Interval 1 < z < oo 

In formulas (10.20.10)-(10.20.13) replace £s, 
(~ 3j/2 , and (1 - z 2 )~ 2 ^by -i(~OK *(-£) _ », 
i 3j (-0~ 3i/a , an d *( z2 — 1) _5 , respectively. 

Note: Another way of arranging the above formu- 
las for the coefficients A k ((), B k ((), C k ((), and D k (0 
would be by analogy with (12.10.42) and (12.10.46). In 
this way there is less usage of many- valued functions. 

Values at £ = 0 


10.20.14 


A o (0) = 1, A 1 (0) = ~^ E , 

^2(0) = Em> M0) = 


8872 78009 
250 49351 25000 ’ 


B 0 (0) = A 2 l 3, Bi(0) 


1213 
10 23750 


23 


b 2 (0) 


1 65425 37833 
3774 32055 00000 z ’ 


B 3 ( 0) = - 


430 99056 39368 59253 on 
5 68167 34399 42500 00000 ‘ 


Each of the coefficients Afc(£), B k ((), Cfc(£), and 
Dfc(e), k = 0,1,2,..., is real and infinitely differen- 
tiable on the interval — oo < £ < oo. For (10.20.14) 


and further information on the coefficients see Temme 
(1997). 

For numerical tables of £ = £(z), (4£/(l — z 2 )) 3 
and A k ( £), S fc (£), C fc (£), and D k (Q see Olver (1962, 
pp. 28-42). 

10.20(ii) Complex Variables 

The function £ = £(z) given by (10.20.2) and (10.20.3) 
can be continued analytically to the z-plane cut along 
the negative real axis. Corresponding points of the map- 
ping are shown in Figures 10.20.1 and 10.20.2. 

The equations of the curved boundaries DiEi and 
D 2 E 2 in the £-plane are given parametrically by 

10.20.15 £= (|)3(r =F 777 ) 3 , 0 < r < 00 , 

respectively. 

The curves BP 1 E 1 and BP 2 E 2 in the z-plane are 
the inverse maps of the line segments 

10.20.16 £ = e T ” r/3 Tj 0 <t<(|tt)5, 
respectively. They are given parametrically by 

10.20.17 

z = ±(rcothr — r 2 ) 5 ± i(r 2 — rtanhr) 5 , 0 < r < To, 
where tq = 1.19968 ... is the positive root of the equa- 
tion t = cothr. The points P\,P 2 where these curves 
intersect the imaginary axis are ±ic, where 

10.20.18 c= (tq - I)® = 0.66274... . 

The eye-shaped closed domain in the uncut z-plane 
that is bounded by BP 1 E 1 and BP 2 E 2 is denoted by 
K; see Figure 10.20.3. 

As v — > 00 through positive real values the expan- 
sions (10.20.4)-(10.20.9) apply uniformly for |phz| < 
77 - 5, the coefficients A fc (£), B fc (£), C k ((), and D t c (£), 
being the analytic continuations of the functions defined 
in §10.20(i) when £ is real. 

For proofs of the above results and for error bounds 
and extensions of the regions of validity see Olver 
(1997b, pp. 419-425). For extensions to complex v see 
Olver (1954). For resurgence properties of the coeffi- 
cients (§2.7(ii)) see Howls and Olde Daalhuis (1999). 
For further results see Dunster (2001a), Wang and Wong 
(2002), and Paris (2004). 
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Figure 10.20.1: z-plane. Pi and P 2 are the points ±ic. 
c= 0.66274.... 



Figure 10.20.2: C-plane. Pi and E 2 are the points 

g^i/ 3 (371/2) 2 / 3 . 



Figure 10.20.3: z-plane. Domain K (unshaded), c = 0.66274. . . . 
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10.20(iii) Double Asymptotic Properties 


If is a zero of ^((z), then 


For asymptotic properties of the expansions (10.20.4)- 
(10.20.6) with respect to large values of 2 see §10.41(v). 

10.21 Zeros 

10.21(i) Distribution 

The zeros of any cylinder function or its derivative are 
simple, with the possible exceptions of 2 = 0 in the 
case of the functions, and 2 = 0, ±is in the case of the 
derivatives. 

If v is real, then J v {z ), J' v {z ), Y v (z), and Yl(z), each 
have an infinite number of positive real zeros. All of 
these zeros are simple, provided that v > —1 in the case 
of J'(z), and v > — \ in the case of Y' v {z). When all of 
their zeros are simple, the ?nth positive zeros of these 
functions are denoted by j v , m , j' vm , y^ m , and y' v m re- 
spectively, except that 2 = 0 is counted as the first zero 
of J' 0 {z). Since J' 0 (z) = — Ji( 2 ) we have 

10.21.1 Jo,l = jo } rn = jl,m—l > m = 2,3,.... 
When v > 0, the zeros interlace according to the 

inequalities 

jv, 1 < jv+ 1,1 < jv, 2 < ju+ 1,2 < jv,3 < • • • , 

10 . 21.2 

Visa < Vv+1,1 < Vv,2 < y v + 1,2 < Vv,3 < • • • , 

10 . 21.3 

v < j' v , 1 < y V A < y' v ,i < j v , 1 < jl, 2 < y v , 2 < • ■ ■ • 

The positive zeros of any two real distinct cylinder 
functions of the same order are interlaced, as are the 
positive zeros of any real cylinder function ( io v {z) and 
the contiguous function c if lJ+1 (z). See also Elbert and 
Laforgia (1994). 

When v > — 1 the zeros of J v {z ) are all real. If 
v < — 1 and v is not an integer, then the number of 
complex zeros of J v (z) is 2 J'j- If [~v\ is odd, then 
two of these zeros lie on the imaginary axis. 

If v > 0, then the zeros of J' u (z) are all real. 

For information on the real double zeros of ./' ( 2 ) 
and Yl{z) when v < — 1 and v < — respectively, see 
Doring (1971) and Kerimov and Skorokhodov (1986). 
The latter reference also has information on double zeros 
of the second and third derivatives of J v (z) and Y v {z). 

No two of the functions Jo(z), J\(z), J 2 (z ), . . . , have 
any common zeros other than 2 = 0; see Watson (1944, 
§15.28). 


10 . 21.6 (a u ) = — %,+i (<?„). 

v v 

The parameter t may be regarded as a continuous 
variable and p v , a „ as functions p v (t), a v (t) of t. If 
v > 0 and these functions are fixed by 

10 . 21.7 p v (0) = 0, av(0) = jl A , 

then 

10 . 21.8 

jv,m Pvijfl), yv,m Pv(rn 2 )’ ^ — 1, 2, . . ., 

10 . 21.9 i' v > m = au(jU ~ y '^ m = a ^ rn ~ 

m = 1,2,.... 


10 . 21.10 




2/»; 


2 dt 

2 dpi, d p u 


dt dt 3 


10 . 21.11 


-3 pi 


dt 2 


%(ov) = 


- 4 n 2 pl 


a 2 - v 2 dcr,. 


2 a v 


dfv 

dt 


dt 


dp v 


+ (4rf + l-4,^ = j=0. 

The functions Pv(t) and a v (t) are related to the in- 
verses of the phase functions 9 u (x) and <j>v(x) defined in 
§10.18(i): if v > 0, then 


10 . 21.12 


0v(jv,m) = {m- |)7T, 0v{yv,m) = (™ ~ 1)tT, 

m= 1 , 2 ,..., 


10 . 21.13 = ( m - <!>v(y'v,m) = m ”, 

m = 1,2, ... . 

For sign properties of the forward differences that 
are defined by 

10 2114 A Pv(t)= Pv{t + 1)~ Pv(t), 

A 2 pv(t) = A p„{t + 1) - Apv(t ), . . . , 

when t = 1,2,3,..., and similarly for a v (t ) , see Lorch 
and Szego (1963, 1964), Lorch et al. (1970, 1972), and 
Muldoon (1977). 


10.21 (iii) Infinite Products 


10.21 (ii) Analytic Properties 

If p„ is a zero of the cylinder function 

10.21.4 Y> v {z) = Jv(z) cos(7rf) + Y v (z) sin(7 rt), 
where t is a parameter, then 

10.21.5 *£(p„) = *1-1 (Pv) = - *1+1 (pv)- 


10.21.15 J v (z) 


(hr 

r( z/ + 1) 




10.21.16 J'(z) 


(hr- 1 

2T(z/) 


OO 


n 



v > 0, 


v > 0. 
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10.21(iv) Monotonicity Properties 


Any positive zero c of the cylinder function x ) and 
any positive zero d of ‘/(cc) such that d > \v\ are de- 
finable as continuous and increasing functions of v. 


10 . 21.17 



A' 0 (2csinhf)e 2vt dt, 


10 . 21.18 


dd 

dv 


o / roo 

= -2 2 / (c /2 cosh(2f) 

c - v A Jo 

x Ko(2d smht)e~ 2vt dt, 


- 2 ) 


where I\q is defined in §10.25(ii). 

In particular, j v>m , y v ^ m , j’ v m , and y’ vm are increas- 
ing functions of v when v > 0. It is also true that the 
positive zeros j" and j"' of J”(x) and J'”(x ), respec- 
tively, are increasing functions of v when v > 0, pro- 
vided that in the latter case j’" > >/3 when 0 < v < 1. 


jv,mlv and j' vm /v are decreasing functions of v 
when v > 0 for m = 1, 2, 3, ... . 

For further monotonicity properties see Elbert 
(2001), Lorch (1990, 1993, 1995), Lorch and Szego 
(1990, 1995), and Muldoon (1981). For inequalities for 
zeros arising from monotonicity properties see Laforgia 
and Muldoon (1983). 

10.21(v) Inequalities 

For bounds for the smallest real or purely imaginary 
zeros of J v {x) when v is real see Ismail and Muldoon 
(1995). 

10.21(vi) McMahon’s Asymptotic Expansions 
for Large Zeros 

If v (> 0) is fixed, /i = 4u 2 , and to — > oo, then 


10 . 21.19 


Ju,m i 


H-l 4(/x — l)(7yu — 31) 32(/Li — 1)(83/ — 982/x + 3779) 

~8a 3(8a) 3 15(8a) 5 

64/ - 1)(6949/ - 1 53855/ + 15 85743/r - 62 77237) 
105(8a) 7 


where a = ( m + — j)t r for j Vim , a = (to + — |)7 r for y„ jm . With a = (t + — I/, the right-hand side is the 

asymptotic expansion of p„(t) for large t. 


p + 3 4(7 / + 82p - 9) 32(83/ + 2075/ - 3039/r + 3537) 

" ~8b 3(86) 3 15(86) 5 

64(6949/ + 2 96492 / - 12 48002/ + 74 14380/r - 58 53627) 

105(86) 7 


where 6 = (to. + \v — |)7r for j ' vm , 6 = (to + \v — r 
for / m , and 6 = (t + + \)-k for oy(f). 

For the next three terms in (10.21.19) and the 
next two terms in (10.21.20) see Bickley et al. (1952, 
p. xxxvii) or Olver (1960, pp. xvii-xviii). 

For error bounds see Wong and Lang (1990), Wong 
(1995), and Elbert and Laforgia (2000). See also Lafor- 
gia (1979). 

For the mth positive zero j" rn of J”(x) Wong and 
Lang (1990) gives the corresponding expansion 


10 . 21.21 j' v 


c — 


/i + 7 
8c 


28/ + 424/z + 1724 
3(8c) 3 


where c = (to + / — |)7r if 0 < v < 1, and c = 
(m + \v — |)7r if v > 1. An error bound is included 
for the case v > |. 


10.21 (vii) Asymptotic Expansions for Large 
Order 

Let p v (t), and oy(t) be defined as in §10.21 (ii) 

and M(x ), 0(x), N(x), and <f>{ x) denote the modulus 


and phase functions for the Airy functions and their 
derivatives as in §9.8. 

As v — > oo with t (> 0) fixed, 


10 . 21.22 


Pv(t) 


OO 




^ k 

jy2k/3 ’ 


10 . 21.23 </„(*)) 


(2/u)§ (3 k 

ttM(- 2sa) t'o^ 3 ' 


where a is given by 


10 . 21.24 



= 7 rf, 


and 

10 . 21.25 


ao — 1, «i — a, 0.2 — , 

q/o = E a 3 , J_ a . = 479_ 4 

3 350 ^ 70 1 4 63000 


« 5 


20231 5 551 2 

80 85000 u 1 61700 u ’ 


3150'- 


10 . 21.26 

Po = 1> Pi = -fa, 

/?, = — —a 3 - AM 

315 u 1575’ 


02 = 
Pa = 


is a 2 

35^ ’ 
79586 4 

6 06375 ^ 


9824 
6 06375 


a. 
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As v — > oo with t (> — g) fixed 

10.21.27 


3- 

fc= 0 


10.21.28 ^ v {a v {t)) 


where a' is given by 


(2/V) 


ErE 




k = 0 


A_ 

;2k/3 ’ 


10.21.29 


0( 

—23 a 

') = 7Tt, 


and 






10.21.30 






a 0 = 

1 ' 

1, = 

a’, 

a' 2 = 

= —a' 2 — 
10 

10 ’ 

/ 

1 /3 

1 

1 

/— 3 


a 3 ~ 

350 a 

25 

200 

a , 


/ 

a 4 = 

479 /4 

63000 ^ 

+ 

509 , 

31500 ^ 

' + a' 

' 1500 

~ 2 - -d— a ' 
2000 

10.21.31 







-5 


/a/ -1 /V 1 / q! 9 i 1 1 

Po = E Pi = -5«, P 2 =^ a + 


89 


5 

47 


350 
1 -a'" 3 


100 " 


^0 

& = 

In particular, with the notation as below, 

OO 

a k 


10.21.32 


10.21.33 


Jv,r 

Vv,r 


Z^ jy'2k/3 1 
k = 0 
oo 

a k 


Z^ jj2k/3 ’ 
k — 0 


10.21.34 J(,(j„, m ) ~ (-l) r 


(2 M 


77 M ( a m) ^ ^ 


& 

Z^ ,,2k/3 ’ 


10.21.35 

and 

10.21.36 

10.21.37 

10.21.38 

10.21.39 


KC^.m) ~ (-1)’ 


»-i (2/^)* ^ fa 


E 


nM(b m ) ^ jy2k/3 ’ 




2A,m ~ 


E 

fc=0 ' 
oo 

E- 

k = 0 


,2k 1 3 ’ 


a k 

y2k/3 ’ 


J (f ) „ (V 17 )" E $ 


77 JVK) ^ 2fe/3 ’ 

-i (2/^)5 ~ 


y («' 1 ^ f-ir- 1 ^ ; V 


nN ( b ™) V 2k/3 ' 


Here a m , b m , a' m , 6J n are the ?nth negative zeros of 
Ai(a;), Bi(a;), Ai'(a;), Bi 7 (x), respectively (§9.9), ak, (3 k, 
a' k , (3' k are given by (10.21.25), (10.21.26), (10.21.30), 
and (10.21.31), with a = —2~ s a m in the case of 
j v ,m and J' v (j v , m ), a = -2“ 3 b m in the case of y v<m 
and Yl{y v>m ), a 1 = —2“ 5 o! m in the case of j' vm 
and J v (j' vrn ), a' = — 2 _ s b' m in the case of y' vm and 

For error bounds for (10.21.32) see Qu and Wong 
(1999); for (10.21.36) and (10.21.37) see Elbert and 
Laforgia (1997). See also Spigler (1980). 

For the first zeros rounded numerical values of the 
coefficients are given by 


j„, i ~ v + 1.85575 71^5 + 1.03315 0iz~s _ Q.00397^” 1 - 0.0908z/“5 + 0.043^“? + • • • , 

y v> i ~ v + 0.93157 68^ + 0.26035 lv~* + O.OllOS^ 1 - 0.0060i/"3 - 0.001z/“3 + • • • , 

~ -1.11310 28^"5 4- (1 + 1.48460 6^"5 + 0.43294i/"5 - 0.1943^" 2 + 0.019 j/ _ § + •••), 
Y'(y v , i) ~ 0.95554 86^"5 -4 (1 + 0.74526 1 v~t> + 0.10910^"5 - 0.0185^ -2 - 0.003^"i +•••), 
j' vl ~v+ 0.80861 65^5 + 0.07249 0iz“5 - 0.05097t/~ 1 + 0.0094z/“l + • • • , 

y’ vA ~ v + 1.82109 80^5 + 0.94000 7^”5 - 0.05808W 1 - 0.0540i/“t + • • • . 

J v (f Vt i) ~ 0.67488 51i/“ 5(1 - 0.16172 3^"5 + 0.02918^5 - 0.0068^” 2 + • • •), 

Y„(y '„ t J ~ 0.57319 40^5(1 - 0.36422 0v~i + 0.09077^5 + 0.0237^" 2 + •••)• 


For numerical coefficients for m = 2, 3,4,5 see Olver 10.21 (viii) Uniform Asymptotic Approximations 
(1951, Tables 3-6). for Large Order 


As v — » oo the following four approximations hold uni- 
formly for m = 1,2,...: 


The expansions (10.21.32)-(10.21.39) become pro- 
gressively weaker as m increases. The approximations 
that follow in § 10.21 (viii) do not suffer from this draw- 
back. 


10.21.41 ju.rn = vz(0 + 


z(O(h(Q) 2 B 0 (O 

2v 


O 


C = v 3 a r , 
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10.21.42 

^v(jv,rn) 


2 Ai'(a m ) 
v\ z( OHO 




10.21.43 


Ji/.m 


-^ (0+ ^) ( Mom ( o +0 fi 

2Qv 


C = y- 


3 Q"m ■> 


> - 2 , 
C = ^ 3 a; 


10.21.44 

'A (jij.rn 


MO Ai(a^) 
1 

Z/3 


^1 + 0 



C = u- 


Here a m and denote respectively the zeros of the 
Airy function Ai(z) and its derivative Ai'(z); see §9.9. 
Next, z(£) is the inverse of the function ( = ((z) defined 
by (10.20.3). B 0 (C) and Co(C) are defined by (10.20.11) 
and (10.20.12) with k = 0. Lastly, 


10.21.45 h( C) = (4C/(1 - z 2 )) 4 . 

(Note: If the term M0(M0) 2 M)(0/(2C0 in (10.21.43) 
is omitted, then the uniform character of the error term 
0( l/v) is destroyed.) 

Corresponding uniform approximations for y u , m , 
Yl{yv,m), y' Vt mi and Y v (y’ vm ), are obtained from 
(10.21.41)-(10.21.44) by changing the symbols j, J, Ai, 
Ai 7 , a m , and a' m to y, Y, — Bi, — Bi 7 , b m , and b' m , re- 
spectively. 

For derivations and further information, including 
extensions to uniform asymptotic expansions, see Olver 
(1954, 1960). The latter reference includes numerical 
tables of the first few coefficients in the uniform asymp- 
totic expansions. 


10.21(ix) Complex Zeros 

This subsection describes the distribution in C of the 
zeros of the principal branches of the Bessel functions 
of the second and third kinds, and their derivatives, in 
the case when the order is a positive integer n. For fur- 
ther information, including uniform asymptotic expan- 
sions, extensions to other branches of the functions and 
their derivatives, and extensions to half-integer values 
of the order, see Olver (1954). (There is an inaccuracy 
in Figures 11 and 14 in this reference. Each curve that 
represents an infinite string of nonreal zeros should be 
located on the opposite side of its straight line asymp- 
tote. This inaccuracy was repeated in Abramowitz and 
Stegun (1964, Figures 9.5 and 9.6). See Kerimov and 
Skorokhodov (1985a, b) and Figures 10.21.3-10.21.6.) 

See also Cruz and Sesma (1982); Cruz et al. (1991), 
Kerimov and Skorokhodov (1984c, 1987, 1988), Kokolo- 
giannaki et al. (1992), and references supplied in 
§10.75(iii). 

Zeros of Y n (nz) and Y^(nz) 

In Figures 10.21.1, 10.21.3, and 10.21.5 the two contin- 
uous curves that join the points ±1 are the boundaries 


of K, that is, the eye-shaped domain depicted in Figure 
10.20.3. These curves therefore intersect the imaginary 
axis at the points z = He, where c = 0.66274 .... 

The first set of zeros of the principal value of Y n ( nz ) 
are the points 2 = y n , m /n, to = 1, 2, . . . , on the positive 
real axis (§10.21(i)). Secondly, there is a conjugate pair 
of infinite strings of zeros with asymptotes 'Az = Ha/n, 
where 

10.21.46 a = | In 3 = 0.54931 . . . . 

Lastly, there are two conjugate sets, with n zeros in each 
set, that are asymptotically close to the boundary of K 
as n — > oo. Figures 10.21.1, 10.21.3, and 10.21.5 plot 
the actual zeros for n = 1, 5, and 10, respectively. 

The zeros of Y'(nz) have a similar pattern to those 
of Y n {nz). 

Zeros of H^\nz), H^\nz), (nz), H ^ (nz) 

In Figures 10.21.2, 10.21.4, and 10.21.6 the continuous 
curve that joins the points ±1 is the lower boundary of 

K. 

The first set of zeros of the principal value of 
Hn\nz) is an infinite string with asymptote Sz = 
— id/n , where 

10.21.47 d= i In 2 = 0.34657 . . . . 

The only other set comprises n zeros that are asymp- 
totically close to the lower boundary of K as n — > oo. 
Figures 10.21.2, 10.21.4, and 10.21.6 plot the actual ze- 
ros for n — 1,5, and 10, respectively. 

The zeros of Hn ; (nz) have a similar pattern to 
those of Hn\nz). The zeros of Hn\nz) and Hn' 1 (nz) 
are the complex conjugates of the zeros of Hn(nz) and 
Hn ’ (nz), respectively. 

Zeros of J 0 (z) — ij^(z) and J„(z) — i J„_)_i(z) 

For information see Synolakis (1988), MacDonald (1989, 
1997), and Ikebe et al. (1993). 


10.21(x) Cross-Products 

Throughout this subsection we assume v > 0, x > 0, 
A > 1, and we denote 4u 2 by y. 

The zeros of the functions 


10.21.48 J v (x) Y v (Xx) — Y v (x) J„(\x) 
and 


10.21.49 J' ( x) Yl( Xx) - Yl(x) J' (Ax) 

are simple and the asymptotic expansion of the mth 
positive zero as to — > oo is given by 


10.21.50 a + — 

a 


q — p 2 r — Apq + 2 p 3 


or 


cr 
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Figure 10.21.1: Zeros ••• of Y n (nz) in|phz|<7r. Case 
n= 1, -1.6 < 3fc < 2.6. 



Figure 10.21.2: Zeros • • • of Hn\nz ) in |phz| < 7r. 
Case n = 1, —2.8 < 3 ftz < 1.4. 




Figure 10.21.3: Zeros ••• of Y n (nz) in |ph;z| < n. Case Figure 10.21.4: Zeros • • • of Hn\nz) in |phz| < 7r. 
n= 5, -2.6 < IStz < 1.6. Case n = 5, -2.6 < Rz < 1.6. 




Figure 10.21.6: Zeros • • • of Hn\nz) in |ph^| < 7 r. 
Case n = 10, —2.3 < < 1.9. 


Figure 10.21.5: Zeros ••• of Y n (nz) in |ph^| < 7r. Case 
n = 10, -2.3 <3 ?2 < 1.9. 
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where, in the case of (10.21.48), 

10 . 21.51 

TO7T /X — 1 (p-l)(p-2b)(\ 3 -l) 

“ A-l’ P 8A ’ q 6(4A) 3 (A — 1) 

l)(/i 2 - 114/i + 1073)(A 5 - 1) 

5(4A) 5 (A — 1) ’ 


and, in the case of (10.21.49), 

(m — l)-7r u + 3 

a = — — , p = 


10 . 21.52 q = 


A — 1 8A 

(/i 2 + A6p — 63) (A 3 — 1) 

6(4A) 3 (A — 1) ’ 

(p 3 + 185m 2 - 2053/i + 1899)(A 5 - 1) 


5(4A) 5 (A-1) 

The asymptotic expansion of the large positive zeros 
(not necessarily the mth) of the function 


10 . 21.53 J' (a;) Y v (\x) - Yf{x) J„ (Ax) 
is given by (10.21.50), where 


10 . 21.54 


(m — \)i r 

A-l ’ 


P = 


(p + 3)A — (p - 1) 
8A(A — 1) 


q = 


(, p 2 + 46m - 63)A 3 - {p - 1)(m - 25) 
6(4A) 3 (A — 1) ’ 


(p 3 + 185 p 2 - 2053 p + 1899) A 5 -(p- 1 ){p 2 - 114 p + 1073) 
5(4A) 5 (A — 1) ' 


Higher coefficients in the asymptotic expansions in 
this subsection can be obtained by expressing the cross- 
products in terms of the modulus and phase functions 
(§10.18), and then reverting the asymptotic expansion 
for the difference of the phase functions. 

For further information see Cochran (1963, 1964, 
1966a, b), Kalahne (1907), Martinek et al. (1966), Mul- 
doon (1979), and Salchev and Popov (1976). 

10.21(xi) Riccati-Bessel Functions 

The Riccati-Bessel functions are -J v {x) and 

(! 2 nx )2 Y v (x) . Except possibly for x = 0 their ze- 
ros are the same as those of J v [x) and Y u (x ) , respec- 
tively. For information on the zeros of the derivatives 
of Riccati-Bessel functions, and also on zeros of their 
cross-products, see Boyer (1969). This information in- 
cludes asymptotic approximations analogous to those 
given in §§10.21(vi), 10.21(vii), and 10.21(x). 


10.21 (xii) Zeros of a J v (x) + x J' u (x) 

For properties of the positive zeros of the function 
a (x) + x J' (x ) , with a and v real, see Landau (1999). 

10.21(xiii) Rayleigh Function 

The Rayleigh function <J n {y) is defined by 

OO 

10 . 21.55 a n [v) = ^ {j v , m )~ 2n , n= 1,2,3,.... 

m — 1 

For properties, computation, and generalizations see 
Kapitsa (1951a), Kerimov (1999), and Gupta and Mul- 
doon (2000). See also Watson (1944, §§15.5, 15.51). 

10.21(xiv) iz-Zeros 

For information on zeros of Bessel and Hankel functions 
as functions of the order, see Cochran (1965), Cochran 
and Hoffspiegel (1970), Hethcote (1970), and Conde and 
Kalla (1979). 


10.22 Integrals 
10.22(i) Indefinite Integrals 

In this subsection c € v {z) and ^n(z) denote cylinder functions(§10.2(ii)) of orders v and p, respectively, not necessarily 
distinct. 


10 . 22.1 


/ 


V+X ‘tfvi.z) dz = z v+1 J z U+1 dz = —z v+lc t> v _x (z). 

z Uc tf v (z) dz = T(v + I) 2 lf€ v {z ) H v -i(z) - ^ v -\ (z) H v {z )) , 




10 . 22.2 
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For the Struve function H v (z) see §11.2(i). 

[ e iz z v tf v (z) dz 


10 . 22.3 


e iz z~ Vc £ v (z) dz 


„iz z u + 1 

2 v + l ~~ 

p iz z — v+1 

— — — (‘ tfv ( z ) + i ^- i ( z )), 


Products 

10 . 22.4 


J z e &i 1 (az)@n(bz) dz 


z(a c ^’ l _ l+1 {az)S' l _ l {bz) - b c t^ ll {az)^ IJ , +1 (bz)) 
a 2 — b 2 


10 . 22.5 

10 . 22.6 


10 . 22.7 


J z c £ ll {az)f$ ll (az) dz 

f dz 

I ^, j ,( az )%( az ) — 


\z 2 (2 ^’ tl (az)S> fJ (az) - < if /J - 1 (az)% +1 (az) - < ^ /i+1 (az)%- 1 (az)) , 

az( c ^ tl+ \(az)S> v (az) — ( €^(az)S> v+ \(az)) ( €^(az)S> v {az) 

M 2 - v 2 + H+v ’ 



U+1 ( to^ l (az)S> l ,(az) dz 
V+1 c ^^,{az)S> u (az) dz 


2 (/x + v + 1 ) 

z —[ i — v+2 

2(1 — /i — u ) 


(^(az)%(az) + c ^ ll+1 {az)% + i{az )) , 
( e te l _ l (az)%(az) + ^-i(az)%- 1 (az)) , 


v ^\. 

a 2 ± b 2 , 


M 2 * ^ 
H + v ^- 1 , 
H + v 


10.22(ii) Integrals over Finite Intervals 

Throughout this subsection x > 0. 


10 . 22.8 

10 . 22.9 

10 . 22.10 

10 . 22.11 

10 . 22.12 


> — 1 . 


r x _ _ 

I Ju(t) dt — 2 ^ ^ J l ,j r 2k-\-l ('f')i 

k = 0 

nX nX n—1 „ x n 

/ J 2 n{t)dt= J 0 (t)dt-2^J 2k+1 (x), / J 2 n+i(t) dt= 1 - J 0 (x) - 2 J 2 k{x), n = 0, 1, 


r(^+ i) v (z/ + 2 k + l)r(|z/ — ^/i + ^ H - &) 


dt = xfi r }i 1 r, in n 

r ( 2 ^^ 2 M + 2 ) tZ 0 


T {\ V + \ d '+ | + fc ) 


J v-\-2k-\-l (•t') ; + 1/ + 1) > 0. 


i ^( t ) d( = 1 g 


1 — Jo(t) 


/ c=l 

00 


dt = 2 ^ 2 ( 2 k + 3 )(ip(k + 2 ) - ^( 1 )) J 2 k+s{x) 


fc =0 


= a: - 2Ji(a;) + 2^(2fc + 5) (-(/'(A: + 3) - i/>(l) - 1) ^+ 5 ( 2 ;), 


fc =0 


where ii>(a;) = r'(a;)/r(a;) (§5.2(i)). See also (10.22.39). 

Trigonometric Arguments 


10 . 22.13 

10 . 22.14 

10 . 22.15 

10 . 22.16 


/-2 7r 

/ J 2l ,(2z cos 0) cos(2/id) d6 = |7T J„ +m (,z) J„-^(z), 

Jo 

> — 2 

/ J2!/(22sin0) cos(2/rd) dd = 7rcos(/x7r) ^+^( 2 ) J„_ M (2), 

Jo 

»!/ > 

/ J 2 „(2zsind) sin(2/rd) dd = 7rsin(/r7r) J^+^z) J u _^(z), 

Jo 

3?^ > — 1 

-7T 

[ J 0 (2z sin d) cos(2nd) dd = |7r J 2 (z), 

Jo 

n = 0, 1, 2, . . . 
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10 . 22.17 

L 

10 . 22.18 

10 . 22.19 

10 . 22.20 

10 . 22.21 

10 . 22.22 


Y 2v (2zcos0) cos(2 fxO) d6 = i7rcot(2u7r) J v+I1 (z) J v -^(z) - ;|7rcsc(2u7r) J^_ v (z) — \ < Whs < 

- 7 T 

f Y 0 (2zsmd) cos(2n0) dO = J n (z) Y n (z), n = 0,1,2, 

Jo 

/ J M (zsin0)(sin0) /i+1 (cos0) 2! ' +1 dO = 2 v T{v + l)z~ u ~ 1 J^ + „ + i{z), > —1, > — 1, 

Jo 

/ J fl (zsm0)(sm9) fl (cos0) 2fl dO = 7r^2 fJ '~ 1 z~ fl r(/x + Ji/x > — 

•xo 

- 7 T 

f y M (2sin0)(sin0) M (cos0) 2A1 dO = 7r52 M_1 2T M T(/l + |) Y^(|z), 

Jo 


Jfyi > — i. 


<7^ (z sin 2 0) J„(z cos 2 0)(sin0) 2M+1 (cos0) 2! ' +1 dO = 


r (^ + \) T { V + I) 

(8772) 5 r(/i + u + 1) 


, | | . 


10 . 22.23 


10 . 22.24 


Jp(z sin 2 0) J„(z cos 2 0)(sin0) 2 “ 1 sec 8 dd = (m + ^ +^) J M+ „ +a (z), 


uT (/ x + l ) z ° 


10 . 22.25 

For /„ see §10.25(ii). 

1 

10 . 22.26 

Jo 

Products 

10 . 22.27 

10 . 22.28 

10 . 22.29 

10 . 22.30 

Convolutions 

10 . 22.31 

10 . 22.32 

10 . 22.33 

10 . 22.34 


I 2 

/ J M (zsin 2 0) J„ (zcos 2 0) cot Odd = \n-~ 1 J M + y (z), 

Jo 

r 2 ^ F ( — v — i T 

/ J / x(zsin0)/ I ,(zcos0)(tan0) At+1 d0 = — ^ J v {z), 
Jo 2f ii/+i/t + l 


J M (z sin 0) J l/ (£cos0)(sin0) M+1 (cos0) 1/+1 d0 = 


2r(iu + 5/7 + l) 

z ' V - W ^ n / C ^ 


(£2 + 2 2 ) i ( M +^+ l ) 


3^(77 + a) > 0 , SRu > 0 . 
3?/i > 0,3iu > -1. 

> 3 fyz > — 1 . 

> — 1 , 3 ?u > — 1 . 


/» a : 00 

/ tJ^_ 1 (t)dt = 2 V(i/ + 2 fc) J 2 +2k (x), 

J° fc= 0 

[ Jl +l (t)) dt = 2vJl{x), 

Jo 

[ t Jq (£) dt = \x 2 (Jq{x) + Ji (^)) . 

</o 

r x n 00 

/ J n (t) J n+1 {t)dt= |(1- J 0 2 (ic)) ^fe(x)= ^ Jfc(a;), 

J 0 7. 1 7„ ^ 1 1 


> 0 , 

3 ?u > 0 , 


k = n -\- 1 


pX 00 

/ -t)dt = 2 ^(-l) fc J^+^fc+ifx), 

X° fe=0 

r 

/ Ju{t) Ji_ v {x — t) dt = Jq{x) — cos a:, 

Jo 

r 

/ J v {t) J- V [x — t) dt = sinx, 

Jo 

[ t" 1 J^(t) J v {x — t)dt= ; 

Jo M 


n = 0 , 1 , 2 , ... . 

SR/r > — 1 , 5Ru > — 1 . 

-1 < 5Ru < 2 . 
| Ri /| < 1 . 
5R/r > 0,5Ru > -1. 
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10 . 22.35 

Fractional Integral 

10 . 22.36 


d (t ) Jv(x t) dt (/r -|- ^) 


t(x — t) 




> 0,3?^ > 0. 


1 


T(a) 


nX °° ( \ 

/ (s-i ) 0 " 1 J v {t)dt = 2 a Y J K -^ Jv+*+ 2 k(x), Ra>0,Ki/>0. 

■'° fc=0 

When a = m = 1, 2, 3, . . . the left-hand side of (10.22.36) is the mth repeated integral of J„(x) (§§1.4(v) and 1.15(vi)). 

Orthogonality 

If v > — 1, then 


10 . 22.37 


t Ji J v (jJ,mt) dt — 


where and j„ jm are zeros of J„(ir) (§10.21(i)), and (5^ m is Kronecker’s symbol. 
Also, if a, 6, ^ are real constants with b ^ 0 and v > — 1 , then 


10 . 22.38 


J t J v {a t t) J u (a m t) dt = 5^ m + a\ - 


where and a m are positive zeros of a J„(x) + bx Jl(x). (Compare (10.22.55)). 

10.22(iii) Integrals over the Interval ( x , oc ) 

When x > 0 

r mo 


10 . 22.39 


10 . 22.40 


t 




fc=l 


J x ( ln (^) + 7) 2 + | ^ £(-l) fc (W + !) + ^ - Ml*)) 


(^) 2fe 


2k{k\f 


where 7 is Euler’s constant (§5.2(ii)). 

10.22(iv) Integrals over the Interval (0,oo) 

7*00 

/ J v {t)dt= 1, 

J 0 


10 . 22.41 


10 . 22.42 


10 . 22.43 


10 . 22.44 


10 . 22.45 


10 . 22.46 


10 . 22.47 


t" J„(t) dt = 2» 


7*00 

/ Y^(£) dt = — tan(^z/7r), 

Jo 

Y(\v+\n+\) 


Y(\v-\ii+\y 

r°° 2 M 

/ y„(t) dt = r(i/X + 5 V + !) r(i/X - + 5) Sin(^/J - |zz)7T, 

Jo 7 r ' ' 


1 - J 0 (t) 7rsec(i/i7r) 


Jo 

f I ' +1 J u {cit) 


dt = 


VYifa+i)' 

a^b 1 '-^ 


> — 1, 

|Ri/| < 1. 

3? (/i + v) > — 1, 3 fy/ < 

3?(/i ± 1/) > —1, 3fyt < 

1 < K/j < 


(t 2 + b 2 )^ 1 2^ r(/r + 1) 

f 00 ^^(at) 


Ky-^ab), a > 0, 3?5 > 0, -1 < $h> < 23fy + 


/o 


t 2 + 6 2 


dt=—b' y 1 K„(ab), a > 0, > 0, — \ < $iv < 


For K v see §10.25(ii). 

10 . 22.48 


7*00 

/ (x cosh (/>) (cosh 0) 1_M (sinh 0) 2l/+1 drf> = 2 V T{v + 1 )x~ iy ~ 1 J^- v - i(x), x > 0, 5Rz/ > —1, 5R/i > 25 Rzj + 
./o 


toll - 1 IO lot to 1 00 CO toll-* toll-* 
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10 . 22.49 


10 . 22.50 


r°° (-bY / 

J o Y- 1 e~ at Mbt)dt=^L T(h + v)F^ 


^ + + ; v + 1; — -I, 3?(/t + v) > 0, 5R(a ± ib) > 0, 

) n & ' 


2 ’ 


[ Y- x e- at Y v {bt)dt = cot{vK) ^ + ^ i/ + 1; ^ ) 

7o ; ( a 2 + & 2 )i(/,+^) V 2 2 a 2 + b 2 J 


b 2 \ 


— csc(u7 r) 


(§&) I /) p--v 1 -/ 1 - 

( a 2 + ti 2 ) iY - l/ ) 


-; 1 -o 

a 2 


b 2 \ 


For the hypergeometric function F see §15.2(i). 


10 . 22.51 

10 . 22.52 

10 . 22.53 


b u 

( 2 p 2 ) v+1 


4 p 2 / ’ 


nOO 

/ J u (bt ) exp(— p 2 £ 2 )^ +1 dt = 

Jo 

l JUW)exp(Vt 2 )<it=^exp(-i,)u /2 (p), 


+ & V ’ 

3?/i > |3ffu|, 9? (a ± *6) > 0. 

> — 1 , 3 ?( p 2 ) > 0 , 

> — 1, 9i(p 2 ) > 0, 


J Y 2u (bt)exp(-p 2 t 2 )dt = -J^exp^--^-Jj ^I v ta,n(un) + ^ K v sec(uTr)^ , \$h>\ < 5i(p 2 ) > 0. 

For / and K see §10.25(ii). 


10 . 22.54 


j o °° Jjbt) exp (V^r 1 dt = exp f_^ m( + i, I, + i, ^ ) , 


4p 2 


For the confluent hypergeometric function M see §13.2(i). 

Orthogonality 


10 . 22.55 


pOO 

/ t J y+ 2 i+l{t) J v+ 2 m+l(t) dt = 

Jo 


2 ( 2 £ + u + 1 ) ’ 


2 2 1 ’ 1 ’ 4p2 ^ 

?ft(p + u) > 0, 3?(p 2 ) > 0. 


V + l + TO > —1. 


Weber-Schafheitlin Discontinuous Integrals, including Special Cases 


10 . 22.56 


J M (af) J v (bt) 
t x 


dt = 


a ^ T {\ u +\d-\ X +\) 

2 x b ^- x + 1 T{\v - l/i + + 1 ) 


F ( ^(/r + u — A+l)l(/t — u — A+l);/t + l;— ), 


2U ~ ' " 1 ~' ,f ~ 1 & 2 , 

0 < a <b, 3?(/i + u + 1) > 3?A > — 1. 


If 0 < b < a, then interchange a and 6, and also /i and u. lib = a, then 


10 . 22.57 


10 . 22.58 


d ^( at ) J „( af ) 


J v {at) J v {bt) 


dt = 


(g«) A ^ r (§M + |A+ |)r(A) 


2 r(iA + ii / -i/t+i)r(iA + i/i-iu+i)r(iA+i/t+iu+i) 

3?(/t + u+l) > 3?A > 0. 


_ (a^rp-lA+l) / 2 u + 1 — A 2 ^+ 3 -A 

2 A ( a 2 + 6 2 ) i /_ 2 A +5 r(lA + |) V 4 ’ 4 ’ + ’ 


4a 2 b 


2 l 2 


4 ’’ ' (a 2 + 6 2 ) 2 ;’ 

a/i), 3?(2 j/+ 1) > KA > -1. 


When 3?/t > — 1 


10 . 22.59 


10 . 22.60 


e lbt Jfj,{at) dt = 


e lbt Y 0 (at) dt = 


exp(ip arcsin( 6 /a)) 

(a 2 - 6 2 )2 ’ 

ia ^ exp(l/i 7 ri) 

(& 2 — a 2 ) s (b 2 — a 2 )$y 

( 2 t/ 7 r)(a 2 — 6 2 )“3 arcsin( 6 /a), 
( 6 2 - a 2 )-5 ^- 1 + * ln ( 


0 < b < a, 
0 < a < b. 


b + (b 2 — a 2 ) 2 


0 < b < a, 
, 0 < a < b. 


10.22 Integrals 
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When 3 fyt > 0, 

10 . 22.61 

When 3 (fi/ > 3ftp > — 1, 

r 

10 . 22.62 

Jo 

When 3fyz > 0, 

10 . 22.63 


! (l//z)exp(z/zarcsin(&/a)), 0 < b < a, 
/i(5+(6 2 -a 2 )s) 


0, 


t^~ v+1 J^(at) J v {bt) dt = l 2 ^ +1 a^{b 2 - a 2 ) 1 '"'" 


-u-l 


6 i/ r(^ - /z) 


0 < b < a, 
0 < a < b. 


0 < & < a, 

J Mat) J^-i(bt) dt= < (2&) _1 , b = a(> 0), 


0 < a < b. 


When n = 0, 1, 2, . . . and 3 fyz > — n — 1, 


10 . 22.64 


10 . 22.65 


r^r(„ + n + i) F f_ n 

/■ I a^ +1 n! \ 

J J/j.+2n+i[ a t) Jn(bt) dt = ^ l) n /(2a) 


10, 


n + 1; /z + 1; J , 0 < & < a, 

b = a(> 0), 
0 < a < b. 


r°° dt fo 

' Mat) (Mbt) - Met)) Y = \ Z 


0 < b < a,0 < c < a, 
) ln(c/a), 0 < b < a < c. 


Other Double Products 

In (10.22.66)-(10.22.70) a, b, c are positive constants. 

1 


10 . 22.66 


10 . 22.67 


pOO 

/ e~ at J„{bt) J„(ct) dt = 
Jo 


n(bc) 


i Qu-b 


a 2 + b 2 + c 2 


2 be 


10 . 22.68 


10 . 22.69 


10 . 22.70 


J f exp(-p 2 f 2 ) J v (at) J v (bt) dt = ^ exp ° ^ 

J f exp(-p 2 f 2 ) Mat) Y 0 (at) dt = exp 


ab 

vy ’ 


Ko 


3?z/ > — |. 

3?^ > —1, 3f?(p 2 ) > 0. 

3?(p 2 ) > 0. 


a 

2 p 2 J ’ 

For the associated Legendre function Q see §14.3(ii) with /i = 0. For I and K see §10.25(ii). 

J v {bz) H^\az), a > b 1 
t 2 — z 2 | i J v (az) H^\bz), b>a J 

” n ' ” a > b > 0, 3tiy > — |, > 0. 


M at ) JvM) 

o 

Y v {at) J v+ i (bt) 


3 > —1, Qz > 0. 


t 2 _ „2 = 2 n Jv +^ bz ) H v 1] ( az ), 


Equation (10.22.70) also remains valid if the order v + 1 of the J functions on both sides is replaced by v + 2n — 3, 
n = 1 , 2 ,..., and the constraint 3 ?j/ > — | is replaced by 3 > —n + 

See also §1.17(ii) for an integral representation of the Dirac delta in terms of a product of Bessel functions. 

Triple Products 

In (10.22.71) and (10.22.72) a, b, c are positive constants. 


10 . 22.71 


10 . 22.72 Jo 


I fmti 2 i 

Jfi{at) J v (bt) Mct^-^dt = ' 1 P^_ i (cos <t >) , 


(27t) 2 a v 

3ftp >— 1, |6 — c| < a < b + c, cos <f> = {b 2 + c 2 — a 2 )/(2 be). 


Mat) MU) - W- 1 co,(^)(sinhri--i (cosh x) , 

(^7 T s )2a^ 2 


5R/i > — 5Rz/ > — 1, a > b + c, coshx = (a 2 — b 2 — c 2 )/{2bc). 
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For the Ferrers function P and the associated Legendre function Q, see §§14.3(i) and 14.3(ii), respectively. 
In (10.22.74) and (10.22.75), a,b,c are positive constants and 

10.22.73 A = s(s — a)(s — b)(s — c), s=^(a + 6+c). 

(Thus if a, b , c are the sides of a triangle, then Ah is the area of the triangle.) 

If > — |, then 


10.22.74 


J J v (at) J v (bt) J v {ct)t 1 v dt = < 7T2 (abc] v T(u + |) 


If \v\ < |, then 


0, 


(abc) v (-A )- v - 5 


10.22.75 


POO 

/ Y v (at) J v [bt) J l/ (cf)t 1+u dt = < 

Jo 


Trh ^ 1 r(| - v) ' 

0 , 

(abcYi-A^-i 


A > 0, 

A < 0. 

0 < a < \b — c|, 

|6 — c| < a < b + c, 
a > b + c. 


Additional infinite integrals over the product of three Bessel functions (including modified Bessel functions) are 
given in Gervois and Navelet (1984, 1985a, b, 1986a, b). 


10.22(v) Hankel Transform 

The Hankel transform (or Bessel transform) of a func- 
tion f{x) is defined as 

p CO 

10.22.76 g(y)= / f{x) J u (xy)(xy)^ dx. 

Jo 

Hankers inversion theorem is given by 

POO 

10.22.77 f(y)= / g(x) J v (xy)(xy)i dx. 

Jo 

Sufficient conditions for the validity of (10.22.77) are 
that f^ c \f(x)\dx < oo when v > — |, or that 

/ 0 °° \f(x)\ dx < oo and x u+ ^\f(x)\dx < oo when 
— 1 < v < — see Titchmarsh (1986a, Theorem 135, 
Chapter 8) and Akhiezer (1988, p. 62). 

For asymptotic expansions of Hankel transforms see 
Wong (1976, 1977) and Frenzen and Wong (1985). 

For collections of Hankel transforms see Erdelyi et al. 
(1954b, Chapter 8) and Oberhettinger (1972). 

10.22(vi) Compendia 

For collections of integrals of the functions J u (z), Y v (z), 
Hi 1 \z), and H„ 2 \z), including integrals with respect 
to the order, see Andrews et al. (1999, pp. 216-225), 
Apelblat (1983, §12), Erdelyi et al. (1953b, §§7.7.1— 
7.7.7 and 7.14-7.14.2), Erdelyi et al. (1954a, b), Grad- 
shteyn and Ryzhik (2000, §§5.5 and 6. 5-6. 7), Grobner 
and Hofreiter (1950, pp. 196-204), Luke (1962), Mag- 
nus et al. (1966, §3.8), Marichev (1983, pp. 191-216), 
Oberhettinger (1974, §§1.10 and 2.7), Oberhettinger 
(1990, §§1.13-1.16 and 2.13-2.16), Oberhettinger and 
Badii (1973, §§1.14 and 2.12), Okui (1974, 1975), Prud- 
nikov et al. (1986b, §§1.8-1.10, 2.12-2.14, 3.2.4-3.2.7, 


3.3.2, and 3.4.1), Prudnikov et al. (1992a, §§3.12-3.14), 
Prudnikov et al. (1992b, §§3.12-3.14), Watson (1944, 
Chapters 5, 12, 13, and 14), and Wheelon (1968). 

10.23 Sums 


10.23(i) Multiplication Theorem 


10.23.1 




k = 0 


k\ 


|A 2 - 1| < 1. 

If to = J and the upper signs are taken, then the restric- 
tion on A is unnecessary. 


10.23(ii) Addition Theorems 


Neumann's Addition Theorem 


10.23.2 <g v {u±v)= ^2 Jk(v), M < M- 

k——oo 

The restriction |u| < it is unnecessary when 'to = J and 
v is an integer. Special cases are: 

OO 

10.23.3 J 0 2 (z)+2^J 2 (^) = 1, 

k = 1 

2 n 

5^(-l) fe J k {z) J 2n -k{z) 

10.23.4 k=0 

OO 

+ 2 J k {z) J 2n +k{z) = 0, n>l, 

k = 1 

10.23.5 

n oo 

y Jk{z) j n ~k{z ) + 2 yy~i) fc j k (z) j n +k(z ) = j n {2z). 

k = 0 k— 1 


10.23 Sums 
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Graf’s and Gegenbauer’s Addition Theorems 

Define 

10 23 6 w = V^ 2 + v 2 — 2uv cos a , 

u — v cos a = w cos y, v sin a = w sin %, 

the branches being continuous and chosen so that w — > u 
and \ — ► 0 as v — > 0. If u, v are real and positive and 
0 < a < 7 r, then w and \ are real and nonnegative, and 
the geometrical relationship is shown in Figure 10.23.1. 



Figure 10.23.1: Graf’s and Gegenbauer’s addition theo- 
rems. 


& v (w) Ox) = Y tf„ +k (u)J k (v) t0b (ka), 
10.23.7 Sin v w tv/ v ' sin 


k=— 


\ve ±xa \ < Id. 


10.23.8 

^ v {w) 

W v 


2 v T(u) 

k—0 

v± 0,-1,..., \ve ±ia \ < M, 


where (cos a) is Gegenbauer’s polynomial (§18.3). 
The restriction |ue ±l “| < |u| is unnecessary in (10.23.7) 
when < d = J and v is an integer, and in (10.23.8) when 
<€ = J. 

The degenerate form of (10.23.8) when u = oo is 
given by 


10.23.9 

giv cos a 


7 T“T“ y(y + k )i k Jv+ k (v) C k ] { cos a), 

\-2 v ) fc— n 


Partial Fractions 

For expansions of products of Bessel functions of the 
first kind in partial fractions see Rogers (2005). 


10.23(iii) Series Expansions of Arbitrary 
Functions 

Neumann’s Expansion 

OO 

10.23.10 f(z) = a 0 J 0 {z) + 2 E •/ k(z) i \z\ < C, 

k = 1 

where c is the distance of the nearest singularity of the 
analytic function f(z) from z = 0, 


10.23.11 


«fe = x— f f(t ) Ofe(t) dt, 0 < d < c, 

2th J \ z \= c ' 


and O k (t) is Neumann's polynomial , defined by the gen- 
erating function: 

10.23.12 

1 °° 

— = J 0 {z) O 0 (t ) + 2V J k (z) O k (t), \z\ < \t\. 

— V • 


t — z 


k = 1 


O n (t) is a polynomial of degree n+1 in 1/t : Oo(f) = 
1/t and 

10.23.13 

1 L n / 2 J ( i ui / 0 v»-2k+l 

E ! " 1 W 


k = 0 


k\ 


, n = 1 , 2 ,.... 


For the more general form of expansion 

OO 

10.23.14 z v f{z) = a 0 J„{z) + 2 E Jv + k ( z ) 

fc = 1 

see Watson (1944, §16.13), and for further generaliza- 
tions see Watson (1944, Chapter 16) and (Erdelyi ef al., 
1953b, §7.10.1). 

Examples 


fU-'-W E 2k) + fc) / v 

.23.15 ^ fc ! ^+2 fcU ), 


10 


10.23.16 


k = 0 


o 4 ^ 

y o(z ) = - (ln(|z) + 7 ) ^ 0 ( 2 ) - - E(-!) 


v ^ 0 , - 1 ,- 2 , . . . , 

J2k{z) 


IT • 
k = 1 


yM »i(i*)-" v (5 *)' Jk ^ 

n[Z, ~ - ^ k\(n — fc) 


7T 


/c=0 


10.23.17 


+ - (in (§ 2 :) - ip(n + 1)) J n (z) 
_ 2 yr ^ k ( n + 2k) J n+ 2k(z ) 

TT Z- — J 


k= 1 


k{n + fc) 


where 7 is Euler’s constant and ip(n +1) = 

r(n + l)/r(n+l) (§5.2). 

Other examples are provided by (10.12.1)-(10.12.6), 
(10.23.2), and (10.23.7). 
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Fourier-Bessel Expansion 

Assume /(f) satisfies 

10.23.18 f t^\f(t)\dt<oo, 

Jo 

and define 

10.23.19 

2 f 1 

a m = 71 T- 7W / */(*) dt, v > 

where j v . m is as in §10.21(i). If 0 < x < 1, then 

OO 

10.23.20 §/(x-) + \ f{x+) = ^2 a m Ju(ju,mX ), 

m = 1 

provided that f(t) is of bounded variation (§1.4(v)) on 
an interval [a, b] with 0<a<x<6<l. This re- 
sult is proved in Watson (1944, Chapter 18) and further 
information is provided in this reference, including the 
behavior of the series near x = 0 and x = 1 . 

As an example, 

10.23.21 x v = Y . y > 0, 0 < g < 1. 

m=1 3v,m Jv+l\Jv,m) 

(Note that when x = 1 the left-hand side is 1 and the 
right-hand side is 0 .) 

Other Series Expansions 

For other types of expansions of arbitrary functions 
in series of Bessel functions, see Watson (1944, Chap- 
ters 17-19) and Erdelyi et al. (1953b, §§ 7.10.2-7.10.4). 
See also Schafke (1960, 1961b). 

10.23(iv) Compendia 

For collections of sums of series involving Bessel or Han- 
kel functions see Erdelyi et al. (1953b, §7.15), Grad- 
shteyn and Ryzhik (2000, §§8.51-8.53), Hansen (1975), 
Luke (1969b, §9.4), Prudnikov et al. (1986b, pp. 651- 
691 and 697-700), and Wheelon (1968, pp. 48-51). 

10.24 Functions of Imaginary Order 

With z = x and v replaced by iv, Bessel’s equation 
( 10 . 2 . 1 ) becomes 

0 d 2 w dw . 0 9 , 

10.24.1 x 2 — T + x— + (x 2 + is 2 )w = 0. 

dx 2 dx 

For v £ R. and x £ (0, oo) define 



J„(x) = sech 

Qthz) 

10.24.2 



Y v [x) = sech 

(\kv) iR(Y iv (x)), 

and 

T{l + iv) = ^ 

■nv V 

10.24.3 

• , , N ) e ! 

smn(7rz/j / 


where is real and continuous with 70 = 0 ; compare 
(5.4.3). Then 

10.24.4 J-v(x) = J v (x ), Y_ v (x) = Y„(x), 

and J„(x), Y v (x) are linearly independent solutions of 
(10.24.1): 

10.24.5 W{J v (x),Y v (x)j = 2/('kx). 

As x — > + 00 , with v fixed, 


10.24.6 


J„(x) = \/2/(7rx) cos (x - \i r) + O ^x _ 5j , 
Y v (x) = 1 / 2 / (7 tx) sin (x - j7r) + O ^x - ^ . 
As x — » 0+, with v fixed, 


10.24.7 J„(x) = 


2 tanh(|7 tv) 


7TU 
„ 2 \ 


10.24.8 Y v (x) = 


+ 0(x 2 ), 
2 coth (|7 tv) 


7TIS 

2\ 


+ 0(x ), 


cos (v ln(|x) — 7 „) 

sin (uln(|x) - 7 „) 

v > 0 , 


and 


~ 2 

10.24.9 Y 0 {x) = Y 0 {x) = — (ln(|x) + 7 ) + 0(x 2 lnx), 

where 7 denotes Euler’s constant §5.2(ii). 

In consequence of (10.24.6), when x is large ./„ (x) 
and Y„(x) comprise a numerically satisfactory pair of 
solutions of (10.24.1); compare §2.7(iv). Also, in con- 
sequence of (10.24.7)-(10.24.9), when x is small either 
Jiy(x) and tanh (^7 tv) Y v (x) or J v (x ) and Y„(x) comprise 
a numerically satisfactory pair depending whether v /0 
or v = 0 . 

For graphs of J v {x) and Y v (x) see §10.3(iii). 

For mathematical properties and applications of 
J„(x) and Y v (x) , including zeros and uniform asymp- 
totic expansions for large v, see Dunster (1990a). In 
this reference J„(x) and Y v (x) are denoted respectively 
by F iv (x) and G iv (x). 


Modified Bessel Functions 


10.25 Definitions 

10.25(i) Modified Bessel’s Equation 


10.25.1 


2 d 2 w dw . 2 


— 9 - + z— - (z + v )w = 0 . 
dz 2 dz 


This equation is obtained from Bessel’s equation 
( 10 . 2 . 1 ) on replacing z by ±iz, and it has the same kinds 
of singularities. Its solutions are called modified Bessel 
functions or Bessel functions of imaginary argument. 



10.26 Graphics 
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10.25(ii) Standard Solutions 


10 . 25.2 I v (z) = &y'E 


(\z 2 ) k 


k = 0 


k\ T(y + k + 1) 


This solution has properties analogous to those of J„(z), 
defined in §10.2(ii). In particular, the principal branch 
of I v {z) is defined in a similar way: it corresponds to the 
principal value of (^z) y , is analytic in C\(— oo,0], and 
two-valued and discontinuous on the cut phz = ±7 r. 

The defining property of the second standard solu- 
tion K v (z) of (10.25.1) is 


10 . 25.3 Kv (z) ~ 

as z — > oo in pli z\ < |7r — S (< |7r). It has a branch 
point at z = 0 for all v £ C. The principal branch 
corresponds to the principal value of the square root in 
(10.25.3), is analytic in C\(— oo,0], and two-valued and 
discontinuous on the cut phz = ±7r. 

Both I v (z) and K v (z) are real when v is real and 
phz = 0. 

For fixed z (^ 0) each branch of I v {z) and K v (z) is 
entire in v. 


Branch Conventions 

Except where indicated otherwise it is assumed through- 
out this Handbook that the symbols I v (z) and K„(z) 
denote the principal values of these functions. 

Symbol J^(z) 

Corresponding to the symbol ^ introduced in §10.2(ii), 
we sometimes use 3f v (z) to denote I v (z), e vm K v (z), or 
any nontrivial linear combination of these functions, the 
coefficients in which are independent of z and v. 

10.25(iii) Numerically Satisfactory Pairs of 
Solutions 

Table 10.25.1 lists numerically satisfactory pairs of solu- 
tions (§2.7(iv)) of (10.25.1). It is assumed that IRn > 0. 
When < 0, I„(z) is replaced by I_ v {z). 

Table 10.25.1: Numerically satisfactory pairs of solu- 
tions of the modified Bessel’s equation. 


Pair 

Region 

I v {z),K v (z ) 

1 ph z | < \tt 

I v {z),K v {ze**) 

^7T < ± pll 2 < |7T 


10.26 Graphics 

10.26(i) Real Order and Variable 

See Figures 10.26.1-10.26.6. 




Figure 10.26.2: e x Io(x),e x Ii(x), e x K 0 (x), e x Ki(x), 
0 < x < 10. 
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Figure 10.26.5: I' v {x), 0 < x < 5, 0 < v < 4. Figure 10.26.6: K' v (x), 0.3 < x < 5, 0 < v < 4. 

10.26(ii) Real Order, Complex Variable 

Apply (10.27.6) and (10.27.8) to §10.3(ii). 

10.26(iii) Imaginary Order, Real Variable 

See Figures 10.26.7-10.26.10. For the notation, see §10.45. 




Figure 10.26.7: Ii/ 2 {x),K 1 / 2 {x), 0.01 < x < 3. Figure 10.26.8: Kx(x), 0.01 < x < 3. 


10.27 Connection Formulas 
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Figure 10.26.9: h{x), K 5 (x), 0.01 < x < 3. 



Figure 10.26.10: A' 5 (:r),0.01 < x < 3. 


10.27 Connection Formulas 

Other solutions of (10.25.1) are I_„(z) and A'_„(z). 

10.27.1 /-„(*) = /»(*)> 

10.27.2 I-u{z) = I v {z) + (2/ 7r ) sin(z/7r) K v (z), 

10.27.3 K_ v {z) = K v (z). 


10.27.4 


K v (z) = \k 


i F— i/ ( z) 


(-1)"- 1 

/ 97 y (z) 

dl v (z) 

2 

( <9u 



2 sin(u7r) 

When v is an integer limiting values are taken: 

10.27.5 

K n (z) = 

~ \ u—n 

n = 0,±1,±2, 

In terms of the solutions of (10.2.1), 

10.27.6 

I v {z) = J„(ze ± '*' l /' 2 ' S j , —7 r < ±phz < |7r, 

10.27.7 

I v {z) = \e Tv ™ /2 (h^ (ze ±7ri/2 ) + tf( 2) (ze ±7ri/2 )) , 

— 7r < ± ph z < ^7 r. 

10.27.8 

K v {z) 

_ I \me vvi ! 2 Hl 1] (ze”/ 2 ) , -tt < ph z < §7r, 

~ 1 -\me~ v ™/ 2 Hl 2) (ze""/ 2 ) , - |tt < ph z < tt. 


10.27.9 


t r* J„(z) = e~ v ™/ 2 K v (ze- ni ' 2 \ 

— e v ’ Ki ! 2 K v ( jze ™/ 2 ^ , | ph 


z| < 5 tt- 


IO. 27.10 


— 7r Y v (z) = e~^ l/2 K v (ze"" /2 ) + e V7ri I 2 K v (ze™/ 2 ) , 


I Phz| < |tt. 


y„(z) = e ±{v+1)vi/2 /„(ze T,r</2 ) 

10 ' 27 - n - {2/-K)e^ i/2 A^(ze T,ri/2 ), 

— i^7T < ±phz < 7T. 

See also §10.34. 

Many properties of modified Bessel functions follow 
immediately from those of ordinary Bessel functions by 
application of (10.27.6)-(10.27.8). 


10.28 Wronskians and Cross-Products 


10.28.1 

IV {/„(*), /_„(*)} = I v {z) I- u -i(z) - I v +l{z) I- V (z) 
= — 2 sin(u7r)/(7rz), 


10.28.2 

TtV{K„(z),I v (z)} 


A(z) A' 1/+ i(z) + I v+1 (z) AT„(z) 
l/z. 


10.29 Recurrence Relations and Derivatives 


10.29(i) Recurrence Relations 

With ar v (z) defined as in §10.25(ii), 

10 29 1 - ^+\{z) = (2 v/z) 2?„{z), 

^_ 1 (z) + X+ 1 (z) = 2^ , («). 


■^(2) = ^-i(z) - (*V*) ^(z), 
X(z) = 2?v+l{z) + W 2 ) -^(z)- 


10.29.3 J'(z)=J 1 (z), A'(,(z) = — Ad(z). 
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10.29(ii) Derivatives 

For k = 0, 1, 2, ... , 


10.29.4 


10.29.5 


{ z v & v { z )) = Z v ~ h 

(*-" ;r„(*)) = z-"~ k 3r v +k(z). 

^ (X-fcW + Q) ^-fc+2W 

+ ^y-fe+4(~) + • • • + <^/+fc(^)^ • 


10.30 Limiting Forms 

10.30(i) z -c 0 

When v is fixed and z — > 0, 

10.30.1 4(2) ~ {\z) v /T(v+l), v± -1,-2, -3,..., 

10.30.2 K v {z) ~ 5 r(u)(i^) _J/ , > 0, 

10.30.3 A'oU) In z. 

For K v (x), when v is purely imaginary and x — > 0+, 
see (10.45.2) and (10.45.7). 


10.30(H) z — » 00 

When v is fixed and z 00, 
10.30.4 I v {z) ~ 1 


10.30.5 


4(2:) 


nz, 

oM v + 


| ph z\ < — <5, 

~ z /V2nz, 

\-K + S < ± ph Z < §7T — <5. 


For K v (z) see (10.25.3). 


10.31 Power Series 


For I„(z) see (10.25.2) and (10.27.1). When v is not 
an integer the corresponding expansion for K u (z) is ob- 
tained from (10.25.2) and (10.27.4). 

When n = 0, 1, 2, ... , 


K n (z) 


10.31.1 


n— 1 


(n-fctt 1)!, r ji\k 

k\ 


k—0 

+ (-l)” +1 ln (\z)l n {z) 

OO 

+ (-i) n 3 (^) n Ew fc+ i) 

+ v,( " + ‘ + 1 )) s|tu!' 


where V’(a^) = r'(x)/r(x) (§5.2(i)). In particular, 

10.31.2 


K 0 (z) = - (in (±z) + 7) I 0 {z) + 


1 ^2 


( l !) 2 


(-■? 2 ) 2 (- z 2 1 3 

+ n + 1 ) l4 ~ ’ + (1 + 1 + hliil 

( 21)2 ( 31)2 


For negative values of n use (10.27.3). 

10.31.3 

j l2 ~ j ^fc!r(u + fc + i)r(/i + /t + i)' 

10.32 Integral Representations 
10.32(i) Integrals along the Real Line 
10.32.1 

Io(z) = — [ e ±zcosS dd = — [ cosh(zcosd) dd. 
tt do tt Jo 


(hr 


\is pi r 

/ ,Aiz cos 0/_* n\2is 


10.32.2 


W = n / e V^dd 

7T2 T(u + 2 ) Jo 

— I (1 -t 2 ) v ~*e ±st dt, 


(hr 


?r ^ r ( iy + 1) j -i 

10.32.3 I n ( z )=-[ e zcos0 cos (nd)dd. 

tt do 


> — i. 


10.32.4 


Uz) = - [ e zcos6 cos{yd) dd 
74 d 0 


sin(u7r) 


z cosh t—vt 


dt , | phz| < W 


10.32.5 

K 0 (z) = - 

10.32.6 


(z) = -- [ e ±zcos e ( 7 + ln(2^(sin6») 2 )) dd. 

74 Jo 


10.32.7 


/■°° f°° cos ixt) 

K 0 (x) = / cos(xsinht) dt = / ; dt , x > 0. 

do Jo vt 2 + l 

pOO 

K v (x) = sec(gi27r) / cos(xsinhf) cosh(uf) dt 

pOO 

= csc(|u7r) / sin(xsinhf) sinh(i/f) dt, 
\^Sh/\ < 1, x > 0. 

■wii-zY r°° 

KJz) = / 2 , e- zcosht (sinhf) 2l/ dt 

r(u + 5) do 

+ 2) dl 

> — i, | phz| < ^7T. 

pOO 

K u (z) = / e _2COsht cosh(i/f) dt, | ph 2; | < ^ 7r . 
do 


10.32.8 


10.32.9 


10.33 Continued Fractions 
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10 . 32.10 

KJz) = 


exp [ -t-'— ) I ^ rT , | ph z\ < \n. 


w = 5 ( W 1 '/ exp - it ’ 

Basset's Integral 

r , , , T{v+\)(2zY f 00 cos(a :t)dt 

Kv(xz) — ! 

10 . 32.11 7T2X 


0 {t 2 + z 2 y+* 


SRz' > — L a; > 0, | ph z| < 1/T. 


10.32(ii) Contour Integrals 


10 . 32.12 


W - si 


r* 00 + 477 


0 2 cosh t—vt 


Mellin-Barnes Type 


rc+ioc 

K v {z)= y Y r / r(t)r(t-i/)(^)- 2 ‘dt, 

^iTTZ J Q—ioo 

c > max(3?u, 0), | ph z | < ir. 


10 . 32.13 


10 . 32.14 


KAz) = + ©’ <r ' c “ (ra) 

/ ioo 

r(t) r(| — t — v) r(| — t + u)(2 z)* dt, 

-ioo 

v — \ ^ Z, | ph z\ < §7T. 

Mellin-Barnes Type 


In (10.32.14) the integration contour separates the poles 
of r(f) from the poles of r(| — t — 1 /) T(| —t + u). 

10.32(iii) Products 
10 . 32.15 

2 f 

IJz)I v (z) = - / J„ + „(2z cos 0) cos((/x — v)9) d0, 

n Jo 

3 ?(/i + 1') > —1. 


10 . 32.16 


/•OO 

dt, | ph < |tt. T h( x ) K v( x ) = J J^± v {2xsmht)e < '~^ ±v)t dt, 


5?+ =F v) > — \, 3?(/t ± 1 /) > —1, a; > 0. 

10 . 32.17 

/» OO 

K^z) K u (z) = 2 / 7+-t„(2a:cosht) cosh((/x i/)t) dt, 

do 

I phz| < j7T. 

10 . 32.18 

AV(^) -Ky(C) 

W “ 


ex P “A ^ 


10 . 32.19 


K ^=Yr T{t+i » +¥} ^ 

o7TZ J c — ioo 


|phz| < 7T, I ph Cl < 7T, |ph(2+C)| < J7T. 


5 /*- ^) r (t- Hn \—2t 


r(2t) 


-(§*)"" dt, 
c > |(|5fyt| + |3?i/|), | phz| < +. 


For similar integrals for .7^ ( 2 ) K v (z) and I v {z) K u (z) see 
Paris and Kaminski (2001, p. 116). 

10.32(iv) Compendia 

For collections of integral representations of modified 
Bessel functions, or products of modified Bessel func- 
tions, see Erclelyi et al. (1953b, §§7.3, 7.12, and 7.14.2), 
Erdelyi et al. (1954a, pp. 48-60, 105-115, 276-285, and 
357-359), Grobner and Hofreiter (1950, pp. 193-194), 
Magnus et al. (1966, §3.7), Marichev (1983, pp. 191— 
216), and Watson (1944, Chapters 6, 12, and 13). 

10.33 Continued Fractions 

Assume I u -i(z) Y 0- Then 

10 . 33.1 

I„(z) 1 1 1 


I u -i(z) 2vz 1 + 2(u + l)z 1 + 2(v + 2)z 1 + 

zk 0, 


10 . 33.2 

J u{z) 


L-l(z) 

_ \z/v \zY(y(y + 1)) \z 2 /{{v + !)(!/ + 2)) 


1+ 


1+ 


1+ 

t^O, -1,-2,.... 

See also Cuyt et al. (2008, pp. 361-367). 

10.34 Analytic Continuation 

When meZ, 

10 . 34.1 I v (ze m7ri ) = e mvni I v (z), 

10 . 34.2 

K u (ze mm ) = e _miy7r * K„(z) — 7r* sin(mu7r) csc(un) I v (z). 
I v (ze mni ) = (*/tt) (±e rnvni K v (ze ±ni ) 

Te ( mT l f 

K v (ze mm ) =csc(un) (±sin(m^7r) K v (ze± m ) 

=F sin((m =F l)u7r) K v {z)) . 


10 . 34.3 


10 . 34.4 
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If v = n(£ Z), then limiting values are taken in 
(10.34.2) and (10.34.4): 

10.34.5 

K n (ze m ™) = (-l) mn K n (z) + (-1 ^-^rmrilniz), 

10 34 6 Kn ( * e "*' ") = ±(-l) n(m-1) ™ K n (ze ±ni ) 

=F (— l) nm (m=F 1) K n (z). 

For real v, 

10.34.7 I v (z) = /„(z), K v (z) = K v (z). 

For complex v replace v by v on the right-hand sides. 

10.35 Generating Function and Associated 
Series 

For z £ C and t £ C\{0}, 

OO 

10 . 35.1 e | zit+t- 1 ) = ^ t m I m (z). 

m —— oo 

For z,9 £ C, 

OO 

10.35.2 e zcose = / o (z)+2^/ fe (z)cos(fc0), 

k= 1 

10.35.3 

oo 

e zsinfl = I 0 (z) + 2 ^(-l) fe I 2 k + i(z) sin(( 2 k + 1)9) 

k = 0 
oo 

+ 2^(-l ) k I 2k {z) cos(2 k9). 
k = 1 

10.35.4 1 = Io{z) — 2 / 2 ( 2 :) + 2 / 4 ( 2 :) — 2 / 5 ( 2 :) + • • • , 

10.35.5 e ±z = /„(z) ± 2 h(z) + 2 I 2 (z) ± 2 / 3 ( 2 ) + • • • , 

„ , cosh 2 = / 0 (z) + 2 / 2 ( 2 ) + 2 / 4 ( 2 ) + 2 / 5 ( 2 ) + . . . , 

10.35.6 

sinh 2 = 2 / 1 ( 2 ) + 2 / 3 ( 2 ) + 2 / 5 ( 2 ) + 


10.36 Other Differential Equations 

The quantity A 2 in (10.13.1)-(10.13.6) and (10.13.8) can 
be replaced by —A 2 if at the same time the symbol 'rf in 
the given solutions is replaced by 2f. Also, 

z 2 (z 2 + v 2 )w" + z(z 2 + 3v 2 )w' 

10.36.1 _ + ^ 2)2 + z 2 _ ^ w = Q) w= ^ (z)( 

10.36.2 

z 2 w" + 2(1 ± 2 z)w' + (±2 — v 2 )w = 0 , 

w = e Tz 3f v (z). 

Differential equations for products can be obtained 
from (10.13.9)— (10.13.11) by replacing 2 by iz. 


10.37 Inequalities; Monotonicity 

If v (> 0) is fixed, then throughout the interval 0 < 
x < 00 , I v (x) is positive and increasing, and /\„( x) is 
positive and decreasing. 

If x (> 0) is fixed, then throughout the interval 
0 < v < 00 , I u (x) is decreasing, and K v (x) is increasing. 

For sharper inequalities when the variables are real 
see Paris (1984) and Laforgia (1991). 

If 0 < v < [x and | ph z\ < 7 r, then 
10 . 37.1 \K v (z)\<\K„(z)\. 

See also Pal'tsev (1999) and Petropoulou (2000). 

10.38 Derivatives with Respect to Order 


10.38.1 

dl v (z) 
dv 

dK u (z) 

10.38.2 dv 


= w(H - (H" f^*^ +k + 11 ( b 2 >‘ 


k—0 


T(v + k + 1) k\ 


1 t \ ( dI -Az) dl v (z) 

= I"*w (-%; -to- 

— 7rcot(u7r) K„(z), 


v 4 Z. 


Integer Values of v 
10.38.3 


10.38.4 


dv 


dK v (z) 

dv 

dl v (z) 


= ~K n (z) 


n— 1 


u: v-/ ^\k (.2 Z ) k Ik(z) 

2 ( 5 -) to k\(n-k) '■ 


n\ n ^(\z) k K k (z) 
2 (.\ z ) n h k\(n — k) ' 


k — 0 


dK v (z) 

dv 


= 0 . 


10.38.5 : v " =-K 0 (z), 

v=0 v=0 

Half-Integer Values of v 

For the notations E\ and Ei see §6.2(i). When x > 0, 

10.38.6 


dl v (x) 

dv 


1 


10.38.7 


„=±A 

dK v (x) 


(E 1 (2x)e x ±Ei(2x)e~ x ) , 


dv 


= ± 


v=±i 


E 1 (2x)e x . 


For further results see Brychkov and Geddes (2005). 

10.39 Relations to Other Functions 


Elementary Functions 

10.39.1 

h(z) = ( — | sinh 2 , /_i(z) = ( — ) cosh z, 

2 \7T2 ) 2 \7T2 ) 

10.39.2 K h (z) = K_ 1 ( 2 ) = (^) 2 e"*. 

For these and general results when v is half an odd in- 
teger see §§10.47 (ii) and 10.49(h). 


10.40 Asymptotic Expansions for Large Argument 
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Airy Functions 

See §§9.6(i) and 9.6(ii). 

Parabolic Cylinder Functions 

With the notation of §12.2(i), 

10.39.3 K i (z) = 7t 2 4 u(o, 2z% ^ , 

10.39.4 

Ki(z) = \i t?z~^ u(l,2z?^ + u(— l, 2 ,z 3 ^ . 

Principal values on each side of these equations corre- 
spond. For these and further results see Miller (1955, 
pp. 42-43 and 77 79). 

Confluent Hypergeometric Functions 

(-zYe ±z 

10 . 39.5 I v (z) = r 2 (;/ + 1) M(y+±,2v+l,^2z), 

10.39.6 K„(z ) = 7 T 3 (2 z) v e~ z U(v + 2v + 1 , 2 z), 


10.39.7 


J u(z) 


{2z)~l M 0tV {2z) 

2 2 i/ r(i/ + 1 ) 


2^-1, -2, -3,..., 


10.39.8 tf„(z) = (^) 2 W 0 , v (2z). 

For the functions M , U, M 0 ^, and ll'o^ see §§13.2(i) 
and 13.14(i). 


Generalized Hypergeometric Functions and 
Hypergeometric Function 

10.39.9 I v (z) = ^ 0 Fi(~; v + 1; ^ 2 ), 

10.39.10 Iv{z) = ( 52 )" lim F (A, /i; u + 1; z 1 / (4A/i)) , 

as A and /r — » 00 in C, with 2 and u fixed. For the 
functions 0 -F 1 and F see (16.2.1) and §15.2(i). 


10.40 Asymptotic Expansions for Large 
Argument 


10.40(i) Hankel’s Expansions 

With the notation of §§10.17(i) and 10.17(h), as z — > 00 
with v fixed, 


10.40.1 

Iu{z) 


(27 Tz) 2 


fc =0 


10.40.2 



00 / \ 

2 V- OfeW) 
e ~fe ’ 

k = 0 


I ph ~| < |7r — S, 

I ph -I < f 7T — <5, 


10.40.3 




(2irz) 


rE(-4 


■A(v) 


k — 0 


| ph z| < i 7 r — 6, 


10.40.4 

K(z) 



-z ST' b k {v) 

^ z k ' 
k — 0 


I ph z| < §7T — <5. 


Corresponding expansions for I v (z), K v (z), I' v (z), 
and K' v (z) for other ranges of ph z are obtainable by 
combining (10.34.3), (10.34.4), (10.34.6), and their dif- 
ferentiated forms, with (10.40.2) and (10.40.4). In par- 
ticular, use of (10.34.3) with m = 0 yields the following 
more general (and more accurate) version of (10.40.1): 


I„(z) 


(2irz) 


rEi- 1 ) 1 


,a fc (u) 


k—0 


10.40.5 


j- 00 / \ 

±ie ±-<_f_ r y'2t M 

— ^ir + 5 < ztph z < § 7 r — 5. 


Products 

With fj, = 4u 2 and fixed, 


10.40.6 

L(z) K v (z) 


— (l- -- — 1 

2 z V 2 ( 2 z) 2 


l-3 (/x-l)fc-9) 
2 • 4 (2z ) 4 


10.40.7 


1 L^-3 1 (m-1)(m-45) 

2z ^ 2 (2z ) 2 2 • 4 (2z ) 4 


as 2 — > 00 in | ph z\ < g 7 r — <5. The general terms in 
(10.40.6) and (10.40.7) can be written down by analogy 
with (10.18.17), (10.18.19), and (10.18.20). 

i/- Derivative 

For fixed v, 


10.40.8 


dl\ v (z) ( 7 T \l ve 


dv 


(£) ! f z 

k = 0 


a k ( v) 

(8 z) k ’ 


as z — > 00 in | ph z\ < § 7 r — 5. Here ao(t') = 1 and 


10.40.9 


otk(v) = 


(4 v 1 — 1 2 )(4u 2 — 3 2 ) • • • (4u 2 — (2k + l) 2 ) 
(k + 1 )! 

1 ; 1 

4u 2 - l 2 + 4u 2 - 3 2 + ” ’ 

1 


4u 2 — (2k + iy 


10.40(ii) Error Bounds for Real Argument and 
Order 

In the expansion (10.40.2) assume that z > 0 and the 
sum is truncated when k = £ — 1. Then the remain- 
der term does not exceed the first neglected term in 
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absolute value and has the same sign provided that 
i > max(|u| — 1). 

For the error term in (10.40.1) see §10.40(iii). 


For higher re-expansions of the remainder term see 
Olde Daalhuis and Olver (1995a), Olde Daalhuis (1995, 
1996), and Paris (2001a, b). 


10.40(iii) Error Bounds for Complex Argument 
and Order 


For (10.40.2) write 


10.40.10 



Then 


Rt{v,z)j , 

£= 1 , 2 ,.... 


10.40.11 

\Rt{v,z)\ < 2\at(v)\ V Zt00 (t~ e ) exp {\v 2 -\\V z ,oo(t -1 )) , 
where V denotes the variational operator (§2.3(i)), and 
the paths of variation are subject to the condition that 
|9?i| changes monotonically. Bounds for V Zi00 (t~ e ) are 
given by 

10.40.12 

\ \z \- 1 , I ph^l < |tt, 

Vz,oo(t~ e ) < < xWkl'“*» < | ph z\ < 7 r, 

[2 X (£)|^|-^, 7T< |ph*| < fir, 

where x(-Q = t/ r(f£ + l)/r(|£+ 1); see §9.7(i). 

A similar result for (10.40.1) is obtained by combin- 
ing (10.34.3), with m = 0, and (10.40. 10)-(10.40. 12); 
see Olver (1997b, p. 269). 


10.40(iv) Exponentially-Improved Expansions 

In (10.40.10) 

10.40.13 

Rg(v,z) = (— l) f 2cos(u7r) 

x ( ^2 ~i~ G t-k{2z) + RmA u > z ) 

\k=0 

where G p (z) is given by (10.17.16). If 2 — » oo with 
\t — 2\z\\ bounded and m (> 0) fixed, then 

10.40.14 RmA V i Z ) = O , |ph^|<7T. 



10.41 Asymptotic Expansions for Large 
Order 

10.41 (i) Asymptotic Forms 

If v — » ex) through positive real values with z{^ 0) fixed, 
then 

t / \ 1 (ez\ v 

,0.41.1 /,(*) ~ ( jj) , 


10.41.2 


K v {z) 


7TU 

7T fez'-" 
2v \2 v / 


10.41 (ii) Uniform Expansions for Real Variable 

As v — > oo through positive real values, 


10.41.3 I v (yz) 


P wn 


Uk(p) 

(27tu)5(1 + z 2 A k=0 vk 


1 — l/Tj OO 

10.41.4 K v {uz) ~ (/V — ' r V(-l) 

\2v) (i + z 2 )i^ 


k U k {p ) 

k ’ 


10.41.5 J: 


LO.41.6 

K 


(1 + y fc (p) 

u\yz) ~ i / j ^ 

(27TZ/) S Z U 


B- 1 ' 

/c— 0 




miformly for 0 < z < oo. Here 
10.41. 7 r) = (1 + z 2 / + In 


1 + (l + z*)i 

.0.41.8 p= (1 + z 2 )~K 

vhere the branches assume their principal values. Also, 
Jk(p) and Vkip) are polynomials in p of degree 3 k, given 
>y U 0 (p) = V 0 (p) = 1, and 


U k+ i(p) = \p 2 {l-p 2 )U' k {p) + \ [ {l-5t 2 )U k {t)dt, 

n.9 “ 8 Jo 

V k+ i(p) = U k+1 (p) - \p{l -p 2 )U k (p) - p 2 (l - p 2 )U' k (p), k = 0,1,2, . . .. 

For k — 12 3 

Ui(p) = /(3 P - 5 /), 1/2 (p) = //Si/ - 462 P 4 + 385/), 

' t/ 3 (p) = (30375/ - 3 69603/ + 7 65765/ - 4 25425/), 

(1 n Vi(p) = jj(— 9p + 7/), V 2 (p) = 4a (-135 / + 594/ - 455/), 

‘ ' V 3 (p) = 4/720 (-42525/ + 4 51737/ - 8 83575/ + 4 75475/). 


10.41 Asymptotic Expansions for Large Order 

For Ui{p), U$(jp), Ue(p), see Bickley et al. (1952, 
p. xxxv). 

For numerical tables of 77 = 77(2) and the coefficients 
Uk(p), Vk (p), see Olver (1962, pp. 43-51). 

10.41 (iii) Uniform Expansions for Complex 
Variable 

The expansions (10.41.3)-(10.41.6) also hold uniformly 
in the sector pli 2 < \tv — 6 (< r), with the branches 

of the fractional powers in (10.41.3)-(10.41.8) extended 
by continuity from the positive real 2-axis. 
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Figures 10.41.1 and 10.41.2 show corresponding 
points of the mapping of the 2-plane and the 77-plane. 
The curve E 1 BE 2 in the 2-plane is the upper boundary 
of the domain K depicted in Figure 10.20.3 and rotated 
through an angle Thus B is the point 2 = c, 

where c is given by (10.20.18). 

For derivations of the results in this subsection, and 
also error bounds, see Olver (1997b, pp. 374-378). For 
extensions of the regions of validity in the 2-plane and 
extensions to complex values of v see Olver (1997b, 
pp. 378-382). 




For expansions in inverse factorial series see Dunster 
et al. (1993). 

10.41(iv) Double Asymptotic Properties 

The series (10.41.3)-(10.41.6) can also be regarded as 
generalized asymptotic expansions for large \z\. Thus 
as 2 — > 00 with i (> 1) and v (> 0) both fixed, 

10 . 41.12 

„„ /e-i 


I„(vz) = 


(27nz) 2(1 + 2 2 ) 4 


I £ 


Uk(p) 


o( 4 


\k=0 


I ph2| < W — 5, 


( 7T \2 


Ku(uz)=[-) . 

\ 2 v ) ( 14 - z 2 )* 


10 . 41.13 


e - 1 


B-‘) 


■Uk{p) 


■01 -4 


\k = 0 


| ph 2 1 < §7T — (5. 


In the case of (10.41.13) with positive real values of 
2 the result is a consequence of the error bounds given 
in Olver (1997b, pp. 377-378). Then by expanding the 
quantities 77, (1 + 2 2 )“4 ; and Uk(p ), k = 0, 1 , . . . , l — 1, 
and rearranging, we arrive at an expansion of the 
right-hand side of (10.41.13) in powers of 2 -1 . More- 
over, because of the uniqueness property of asymptotic 
expansions (§2.1(iii)) this expansion must agree with 
(10.40.2), with 2 replaced by vz , up to and including 
the term in 2~*^ -1 ). It also enjoys the same sector of 
validity. 


To establish (10.41.12) we substitute into (10.34.3), 
with m = 0 and 2 replaced by vz, by means of (10.41.13) 
observing that when |2| is large the effect of replacing 
2 by 2e ±7 ” is to replace 77, (1 + z 2 )*, and p by —77, 
±*(1 + 2 2 )4, and —p, respectively. 


Similarly for (10.41.5) and (10.41.6). 
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10.41(v) Double Asymptotic Properties 
(Continued) 


Similar analysis can be developed for the uniform 
asymptotic expansions in terms of Airy functions 
given in §10.20. We first prove that for the expan- 
sions (10.20.6) for the Hankel functions H^\vz) and 
Hi '{i >z) the ^-asymptotic property applies when z — > 
±*oo, respectively. This is a consequence of the er- 
ror bounds associated with these expansions. We then 
extend the validity of this property from z — > ±zcx) 
to 2 — > oo in the sector — n + 5 < ph z < 2ir ~ 5 
in the case of H^\vz), and to z — > oo in the sec- 
tor — 2-7T + <5<phz<7r — 5 in the case of Hi {vz). 
This is done by re-expansion with the aid of (10.20.10), 
(10.20.11), and §10.41 (ii) , followed by comparison with 
(10.17.5) and (10.17.6), with 2 replaced by vz. Lastly, 
we substitute into (10.4.4), again with z replaced by vz. 
The final results are: 


10 . 41.14 

J v {vz) 


4C 

1-z 2 


I / Ai^u3(^ 

l i/i 

Ai'(V§c) 


V2> \k = 0 v 


y MQ _L 

7 ,2 k ^ V 


5 

IS 3 


l j2 B 4^+o 


,2k 


Kk = 0 


1 

£3f+l 


10 . 41.15 

Y v (vz) 


4C 

1 — z 1 


z / Bi^i/a^ 
l 1/3 

Bi'(i/§c) 


yMO+of— 

Z_^ 7/ 2 k \ £3^+3 


\k=0 


5 

IS 3 


a - 1 

E 

\k = 0 


B k (C) 


,2k 


+ o 


1 

^37+1 


as z — > oo in | ph z\ < tt — 5, or equivalently as £ — > oo in 
| ph(— £)| < 1 7 r — 5, for fixed i (> 0) and fixed v (> 0). 

It needs to be noted that the results (10.41.14) and 
(10.41.15) do not apply when z — > 0+ or equivalently 
£ — ► -Too. This is because A fc (£) and £“ 2 J3 fc (£),fc = 
0,1,..., do not form an asymptotic scale (§2.1(v)) as 
( — ► +oo; see Olver (1997b, pp. 422-425). 


10.42 Zeros 

Properties of the zeros of I v {z) and K„(z) may be de- 
duced from those of J„(z) and Hl 1 \z), respectively, 
by application of the transformations (10.27.6) and 
(10.27.8). 

For example, if v is real, then the zeros of I v (z) are 
all complex unless —2 i < v < — (2£— 1) for some positive 
integer t, in which event I„{z) has two real zeros. 


The distribution of the zeros of K n {nz) in the sector 
— §7r < ph 2 < 4 7r in the cases n = 1, 5, 10 is obtained on 
rotating Figures 10.21.2, 10.21.4, 10.21.6, respectively, 
through an angle — \t: so that in each case the cut lies 
along the positive imaginary axis. The zeros in the sec- 
tor — < ph .2 < |7r are their conjugates. 

K n {z) has no zeros in the sector |phz| < r; this 
result remains true when n is replaced by any real num- 
ber v. For the number of zeros of K u {z) in the sector 
| ph z\ < 7 r, when v is real, see Watson (1944, pp. 511— 
513). 

See also Kerimov and Skorokhodov (1984b, a). 

10.43 Integrals 

10.43(i) Indefinite Integrals 

Let 3f v ( z ) be defined as in §10.25(ii). Then 

J Z v+1 2f v (z) dz = z v+1 %, +1 (z), 

10 . 43.1 f 

/ z~ u+1 3T v (z) dz = z~ u+1 3T V -1 (z). 

10 . 43.2 

J z v 2? v {z) dz = 7r 5 2 ly_1 T(u + 4)2 

x (X,(z)L v -!(z) - 3r v -!(z)L „(*)), 

V S 

For the modified Struve function L v {z) see §11.2(i). 

10 . 43.3 

r p ±z r v+i 

J e ±z z" 2T v (z) dz = x {2? v {z) T &V+1 (z )) , 

v i A ~b 

/ p±Z z - v+1 

e ±z z~ v 2r„(z) dz = ' x ~_ 2v m*) T %,-i (z )) , 

u/4. 

10.43(ii) Integrals over the Intervals (0,®) and 

(x, 00 ) 


10 . 43.4 


Mt) - 1 


t 

OO 


dt 




k= 1 


= - V(-l) fe ( 2 fc + 3 )ty(k + 2 ) - ^( 1 )) h k+3 {x). 

X z ' 
k = 0 

10 . 43.5 

I' K °^ dt= | (\n(lx) + nr) 2 +*--yU(k + i) 


t 


k= 1 


Yk - ln (T) 


(T)“ 


2 k(k\) 


2 ’ 
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where if = T'/r and 7 is Euler’s constant (§5.2). 

10.43.6 

[ e -t I n (t) dt = xe~ x (I 0 (x) + I 1 (x))+n(e~ x I 0 (x ) - 1) 

Jo 

n— 1 

+ 2e~ x ^{n - k) I k {x), 


fe= 1 


10 


10.43.8 


n = 0 , 1 , 2 ,.... 

r x p ±x r v+i 

.43.7 Jo 

3?^ > — 

r x p ±x -v+i 

J e ±t t~ v Ip(t) dt = -- 7 ^— — (/„(x) + /„_i(a;)) 

0 — ^+1 

- 1 - Z / j 

T ( 21 / - 1 ) r(i/) ’ ^ 2 ’ 

13.9 

r x ±x v+i 

J e ±4 P K v (t ) dt = ^ +i (K u (x) ± K v+ \(x)) 

ov r/i, _i_ 1 'i 

3faz > — 1 , 


10.43.9 


2i/ + l 

^ 2 iy r( I / + i) 

F 21 / + 1 ’ 


10.43.10 


e a: 2 _I ' +1 


pOO 

J eH K u {t) dt = " 2 "_ i (Kp(x) + K v _x(x)), 


$tis > 


10.43(iii) Fractional Integrals 


The Bickley function Ki a (:c) is defined by 

10 . 43.11 Ki a (a:) = yrr r 

T(a) 

when 3?a > 0 and x > 0 , and by analytic continuation 
elsewhere. Equivalently, 


(t — x) a 1 K 0 (t) dt, 


10.43.12 


Ki a (a;) 



p —x cosh t 

. , . dt, 

(cosht) Q 


x > 0 . 


Properties 


10.43.13 

poo 

Ki a (x) = / Ki a _x(t)dt, 

J X 

10.43.14 

Ki 0 ( 2 ) = K 0 (x), 

10.43.15 

d n 

Ki-„(ar) = (~l) n — K 0 (x), n= 1,2,3, 

10.43.16 

. . v / 7rr(ia) 

Ki " (0) =2r<| all)' ”^ 0 -- 2 - 4 ’ 

a Ki Q+ i(a:) + 2 Ki a (:r) 

10.43.17 + v ; v ' 


+ (1 — a) Ki a _ 1 (a;) — x Ki a _ 2 (x ) = 0. 

For further properties of the Bickley function, in- 
cluding asymptotic expansions and generalizations, see 
Amos (1983, 1989) and Luke (1962, Chapter 8 ). 


10.43(iv) Integrals over the Interval (0, 00 ) 

poo 

/ K v (t) dt = sec(^Tris) , |3?z/| < 1. 

Jo 


10.43.18 

10.43.19 


p OO 

/ t^- 1 K„(t ) dt = 2»~ 2 r(ip - \v) r(|/i + \v), 

JO 

|SRz/| < 5R/i. 


10.43.20 / cos(at) Ko(t) dt = 
Jo 

pOO 

10.43.21 / sin(at) K 0 (t) dt = 

Jo 

When 3 fyx > |3fh/|, 


2(1 + a 2 ) 2 
arcsinh a 
(1 + a 2 )i 


r, l^a| < 1 , 
Sal < 1 . 


10.43.22 / t^~ 1 e~ at K v {t) dt 


(|tt) 1 IV - y) r(M + !/)(l - a 2 )- 5 ^+l P j£*(a), -1 < a < 1, 
(§tt) ’ r(/z - 1 /) T{pt + jz)(a 2 - 1 )-bM +3 P~^(a), Ra > 0 , a ^ 1 . 


For the second equation there is a cut in the a-plane along the interval [0, 1], and all quantities assume their principal 
values (§4.2(i)). For the Ferrers function P and the associated Legendre function P, see §§14.3(i) and 14.21 (i) . 


10.43.23 


10.43.24 


10.43.25 


r°° h v f h 2 \ 

J t [ r+1 exp(-p 2 i 2 ) dt = (V) , +1 exp J , 

l W»M-pV)dt= ^exp(A) 

, 0 ° / yz \ / yz \ 

J o K^bt)exp(-pH 2 )dt= -^secGHexp^j 


3?^ > — 1 , 3fi i(p 2 ) > 0 , 
3?^ > — 1 , 3?(p 2 ) > 0 , 
|3?i/| < 1, 3?(p 2 ) > 0. 
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K^(at) J v (bt)_ dt = \X + \y,+ \)T{\v - |A- \n+\) 


t x 


10.43.26 


x F 


2A+I.Q1/-A+ 1 

v — X + fj,+ l v — A — /-i - 1-1 


For the hypergeometric function F see §15.2(i). 


10.43.27 


10.43.28 


10.43.29 


(2q) M (2b) 1 ' T(p + u + 1) 
(a 2 + b 2 )^ +u+ 1 


poo 

/ e +v+1 K^at) J v {bt)dt = 

Jo 

l { c 

J texp(-p 2 t 2 ) I v {at) I v (bt) dt = ^ exp ( - 

J o teM~P 2 t 2 ) lo (at) K 0 {at ) dt = E exp I< a , 


4p 2 

2 


ab 

V 


; ^ + 1; a 2 / ’ 

3t(i/ + l- A) > |3fyi|,fta > |36|. 

3?(u + 1) > |9fyx| , 3 ?a > |36| . 
, 3iu > —1, 3i(p 2 ) > 0, 

3i(p 2 ) > 0. 


For infinite integrals of triple products of modified and unmodified Bessel functions, see Gervois and Navelet 
(1984, 1985a, b, 1986a, b). 


10.43(v) Kontorovich-Lebedev Transform 

The Kontorovich-Lebedev transform of a function g(x) 
is defined as 

‘Zy poo n(x') 

10.43.30 f{y) = — } sinh(7ry) / -K iy {x)dx. 

Jo x 


Then 

10.43.31 


p oo 

g(x)= / f{y)K iv (x)dy, 
Jo 


provided that either of the following sets of conditions 
is satisfied: 

(a) On the interval 0 < x < oo, x~ 1 g( x) is con- 
tinuously differentiable and each of xg{x) and 
x d(xT x g(xf) j dx is absolutely integrable. 

(b) g(x) is piecewise continuous and of bounded varia- 
tion on every compact interval in (0, oo), and each 
of the following integrals 


10.43.32 


g(x) 


In ( — ) dx, 


\g( x )\ 


X? 


dx , 


converges. 


For asymptotic expansions of the direct transform 
(10.43.30) see Wong (1981), and for asymptotic ex- 
pansions of the inverse transform (10.43.31) see Naylor 
(1990, 1996). 

For collections of the Kontorovich-Lebedev trans- 
form, see Erdelyi et al. (1954b, Chapter 12), Prudnikov 
et al. (1986b, pp. 404-412), and Oberhettinger (1972, 
Chapter 5). 


10.43(vi) Compendia 

For collections of integrals of the functions I v (z) and 
K v {z), including integrals with respect to the order, see 


Apelblat (1983, §12), Erdelyi et al. (1953b, §§7.7.1-7.7.7 
and 7.14-7.14.2), Erdelyi et al. (1954a, b), Gradshteyn 
and Ryzhik (2000, §§5.5, 6. 5-6. 7), Grobner and Hofre- 
iter (1950, pp. 197-203), Luke (1962), Magnus et al. 
(1966, §3.8), Marichev (1983, pp. 191-216), Oberhet- 
tinger (1972), Oberhettinger (1974, §§1.11 and 2.7), 
Oberhettinger (1990, §§1.17-1.20 and 2.17-2.20), Ober- 
hettinger and Badii (1973, §§1.15 and 2.13), Okui (1974, 
1975), Prudnikov et al. (1986b, §§1.11-1.12, 2.15-2.16, 
3.2.8-3.2.10, and 3.4.1), Prudnikov et al. (1992a, §§3.15, 
3.16), Prudnikov et al. (1992b, §§3.15, 3.16), Watson 
(1944, Chapter 13), and Wheelon (1968). 

10.44 Sums 


10.44(i) Multiplication Theorem 


10.44.1 


00 (\ 2 — ilOi o* 

ar v {Xz) = x ±l ' E - .. 2 ~ %. 


k = 0 


k\ 




(-)> 


|A 2 -1| < 1. 

If = I and the upper signs are taken, then the re- 
striction on A is unnecessary. 


Examples 


10.44.2 

OO k OO k 

k(z) = E J v+k {z), Mz) = E(- 1 ) fc |i W*)- 

k—0 k = 0 


10.44(ii) Addition Theorems 

Neumann's Addition Theorem 


10.44.3 

OO 

2?„{u±v)= ^2 (±l) k 2f u+k (u) I k {v), |v| < |u|. 

k— — oo 

The restriction |u| < \u\ is unnecessary when 3f = I and 
v is an integer. 
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Graf’s and Gegenbauer’s Addition Theorems 

For results analogous to (10.23.7) and (10.23.8) see Wat- 
son (1944, §§11.3 and 11.41). 


10.44(iii) Neumann-Type Expansions 


10.44.4 


Y'y i\fc ( v + 2fc) r (^ + *0 T / \ 

fc, Iv+2k{Z), 


k = 0 


10.44.5 K 0 (z) = - (ln(l^) + 7) Io{z) +2^ 


z/^0,-1,-2,.... 

hk{z) 


k — 1 


K n {z) = 


10.44.6 


l)k &) k h(z) 

2 fc! (n — k) 

+ (-l)"- 1 (ln(^) — ip(n + 1)) I n {z) 
(n + 2k) I n + 2 k(z) 


(-i) n E 


k=l 


k(n + k) 


where 7 is Euler’s constant and if = T' /T (§5.2). 


10.44(iv) Compendia 

For collections of sums and series involving modi- 
fied Bessel functions see Erdelyi et al. (1953b, §7.15), 
Hansen (1975), and Prudnikov et al. (1986b, pp. 691- 
700). 


10.45 Functions of Imaginary Order 

With z = x, and v replaced by iv, the modified Bessel’s 
equation (10.25.1) becomes 

9 drw dw , 9 9 . 

10.45.1 x 2 — 7T + X— 1- (v 2 — x 2 )w = 0. 

dx 2 dx v ; 

For v £ K and x £ (0, 00) define 

10.45.2 J„(x) = 3 ?(/ iv (x)), K v [x) = K iv (x). 

Then 

10.45.3 I-v{x) = /„(x), K— v{x) = K v (x) t 

and J„(x), K v (x) are real and linearly independent so- 
lutions of (10.45.1): 

10.45.4 W{K„(x),I v (x)} = 1/x. 

As x — > +00 

I„(x) = (27rx)“5 e x (l -I- 0(x -1 )) , 

10.45.5 ~ 1 , , 

K v (x) = (7r/(2x)) 2 e x (l + 0(x l )) . 

As x — > 0+ 

10.45.6 

1 

/ sinh(7ru) y 


A(x) = 


V 7TZ/ 


cos(uln(ix) - 7^) + 0(x 2 ), 


where 7^ is as in §10.24. The corresponding result for 
K v {x) is given by 


10.45.7 

1 

when v > 0, and 


lv) + 0(x 2 ), 


10.45.8 Kq(x) = A'o(x) = — ln(|x) — 7 + 0[x 2 In x), 
where 7 again denotes Euler’s constant (§5.2(ii)). 

In consequence of (10.45.5)-(10.45.7), I v (x) and 
Kv(x) comprise a numerically satisfactory pair of solu- 
tions of (10.45.1) when x is large, and either I u (x) and 
(l/7r) sinh(7rz/) K v (x), or I u {x) and A'„(x), comprise a 
numerically satisfactory pair when x is small, depend- 
ing whether v ^ 0 or v = 0. 

For graphs of A,(x) and K v (x) see §10.26(iii). 

For properties of I„{x) and I\ u (x), including uni- 
form asymptotic expansions for large v and zeros, see 
Dunster (1990a). In this reference I v (x) is denoted by 
(l/7r) sinh(7ru)L il/ (x). See also Gil et al. (2003a) and 
Balogh (1967). 


10.46 Generalized and Incomplete Bessel 
Functions; Mittag-Leffler Function 


The function /3; z) is defined by 

00 k 

10.46.1 0(p,ft») = E Mr( ^ + ; 8 ) , 

From (10.25.2) 

10.46.2 I v {z) = (\z) v (f(\,v + V, \z 2 )- 

For asymptotic expansions of <f(p, (3\ z) as 2 — > 00 
in various sectors of the complex 2-plane for fixed real 
values of p and fixed real or complex values of (3, see 
Wright (1935) when p > 0, and Wright (1940b) when 
— 1 < p < 0. For exponentially-improved asymp- 
totic expansions in the same circumstances, together 
with smooth interpretations of the corresponding Stokes 
phenomenon (§§2.11(iii)-2.11(v)) see Wong and Zhao 
(1999a) when p > 0, and Wong and Zhao (1999b) when 

-1 < p < 0. 

The Laplace transform of <f>(p, j3\ z) can be expressed 
in terms of the Mittag-Leffler function: 


10.46.3 


E a ,b{z) = E 


k = 0 


T(ak + b ) ’ 


a > 0. 


See Paris (2002c). This reference includes 
exponentially-improved asymptotic expansions for 
E a ,b(z) when \z\ — > 00, together with a smooth interpre- 
tation of Stokes phenomena. See also Wong and Zhao 
(2002a), and for further information on the Mittag- 
Leffler function see Erdelyi et al. (1955, §18.1) and 
Paris and Kaminski (2001, §5.1.4). 
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For incomplete modified Bessel functions and Han- 
kel functions, including applications, see Cicchetti and 
Faraone (2004). 


Spherical Bessel Functions 


10.47 Definitions and Basic Properties 
10.47(i) Differential Equations 

nd 2 UI „ dw / 9 , 

10.47.1 2 — tt + 2 z — — I- (z 1 — n(n + 1)) w = 0, 

dz dz v 7 

r,d 2 w „ dw , o , ,, 

10.47.2 z 2 — j + 2z- (z 2 + n(n + 1)) w = 0. 

dz dz 

Here, and throughout the remainder of §§10.47-10.60, 
n is a nonnegative integer. (This is in contrast to 
other treatments of spherical Bessel functions, including 
Abramowitz and Stegun (1964, Chapter 10), in which 
n can be any integer. However, there is a gain in sym- 
metry, without any loss of generality in applications, on 
restricting n > 0.) 

Equations (10.47.1) and (10.47.2) each have a reg- 
ular singularity at 2 = 0 with indices n, — n — 1, and 
an irregular singularity at 2 = oo of rank 1; compare 
§§2-7(i)— 2.7 (ii) . 

10.47 (ii) Standard Solutions 

Equation (10.47.1) 

10.47.3 

j n(z) = \J / 2 J n+ i(z) = ( — f zY_ n _\(z), 

10.47.4 

ln(z) = \! \-* / zY n+ i( Z ) = {-l ) n+1 ^ / Z J_„_l(z), 


10.47.5 

h f f) 



j n (z) and y n {z) are the spherical Bessel functions of the 
first and second kinds , respectively; hf (z) and h ^ 2 ' ) ( 2 ) 
are the spherical Bessel functions of the third kind. 

Equation (10.47.2) 


10.47.7 

iff) = ' 

\J\ir/zI n+ i{z) 

10.47.8 

II 

\Jh/ z i- n -\(z) 

10.47.9 

II 

e 

K n+i ( 2 ) = \J\^/zK_ n _x{z) 


iff), i f (z), and k„(z) are the modified spherical 
Bessel functions. 

Many properties of j „(z), y„(z), h f (z), h f (z), 
iff), i f f), and k„(z) follow straightforwardly 
from the above definitions and results given in 
preceding sections of this chapter. For exam- 
ple, z~ n j n (z), z n+1 y„f ), z" +1 hf(z), z" +1 hf(z), 
z“”if(z), z" +1 if f), and z n+1 k n (z) are all entire 
functions of 2 . 


10.47(iii) Numerically Satisfactory Pairs of 
Solutions 

For (10.47.1) numerically satisfactory pairs of solutions 
are given by Table 10.2.1 with the symbols J, Y, H , and 
v replaced by j, y, h, and n , respectively. 

For (10.47.2) numerically satisfactory pairs of solu- 
tions are i f f ) and k n ( 2 ) in the right half of the 2 -plane, 
and in if) and k n (— z) in the left half of the 2 -plane. 


10.47(iv) Interrelations 

10.47.10 

hf f) =in(z) + iy n (z), hf f) = j„(z) -*y„f). 
1.0. 47. 11 k„f) = flf+f 7T (iff) - if ( 2 )) . 

10.47.12 iff) = i""j n (*z), if ( 2 ) = i~ n ~ x y n (iz). 

10.47.13 k n (z) = -\ni n h f (iz) = xi~ n hf (— iz). 

10.47(v) Reflection Formulas 

10.47.14 

j n{~z) = (-1)” jn(2), y n(~z) = (-1)” +1 y „f ), 

10.47.15 

hf (- 2 ) = (-1)" hf ( 2 ), hf (- 2 ) = (-1)" hf ( 2 ). 


10.47.16 



if (~z) 

= (-l)"iff), 

I— 1 

II 

22? 

10.47.17 

k n (— 2 ) = — §7T ( 

;e>w + e’w) 


10.48 Graphs 

For unmodified spherical Bessel functions see Fig- 
ures 10.48.1-10.48.4. For modified spherical Bessel 
functions see Figures 10.48.5-10.48.7. 



10.48 Graphs 
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Figure 10.48.1: j n (x),n = 0(1)4, 0 < x < 12. Figure 10.48.2: y n (x),n = 0(1)4, 0 < x < 12. 




12 . 
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10.49 Explicit Formulas 

10.49(i) Unmodified Functions 

Define a k {v) as in (10.17.1). Then 

(n + fc) ! 


10.49.1 


a k (n +|)=<( 2 k k\(n - k)\ 

0, 


, fc = 0,l,...,n, 

k = n . + 1 , n + 2 , . . . . 


10.49.2 

|_n/2j / -j% 

j n(z) = sin (z - \nn) (- 1 )* °^”* 2 
k—0 

L(n— l)/2j f 

+ cos(, — Inn) J2 (-l) fc02fe+l(n+ ^ 


fc= o 


,. 2fc+2 


10.49.3 


10.49.4 


... sm, sm, cos, 

J °(-) = — , h(z)=— 2 — , 

k( z ) = (“E Ji) sin ~- Ji cos ^ 


Ln/2J 


Y n(z) = - cos (, - \nn) ^ (- 1 )' 


,a 2 fe(n+ |) 


7 2fe+l 


fc— 0 

L(n-1)/2J / . lx 

+ sin( S -§n 7 r) E (-I)" +l( 2) 


k—0 


z 2k+2 


10.49.5 


cos z , . cos 2 sm 2 

Yo(^) = , Yi(^) = — 2 > 

z z z z 

y 2 (z) = ( % ) cos z 77 sm 2 . 


10.49.6 hW(z)=e iz ^]: 


■k-n-1 a k(n+ 2 ) 


yk -\- 1 


/c— 0 


10.49.7 h<?>(z) = e"“£(— i) fc - n - l0fc(n+ ^ 




k—0 


10.49(ii) Modified Functions 

Again, with a k {n + I) as in (10.49.1), 

e>w=^E(-i)‘ 0 ‘ ( " +i) 


yk -\- 1 


10.49.8 


k—0 


+ (-l 

fc— 0 

.(i) sinh 2 .(i). N sinh 2 cosh 2 : 


rw = 


™ = — -*- + 


10 . 49.9 


0 v~y 5 ’i v~y 9 

z Z A z 


;(!) 

'2 


(,) = ( - + J sinh z — \ cosh z. 


10.49.10 


10.49.11 


.(' 2 ')/ x cosh 2 .( 2 ), x cosh 2 sinh 2 

'0 W = — . >1 (*) = 7^ + ^^’ 

' 2 ] ( z ) = [l + d) cosh,- ^sinh,. 


10.49.12 k n (z) = lne~ z afc( r n fc + 1 ^ ) - 


k—0 


k 0 (,) = \n , ki(,) = 


2 ,x •> rx i v^y o ttc . 1 ~ 

Z 2 Z V 2 Z Z 


■ / \ 1 /I 3 3 

k 2(2) = jTre - + + 


10.49.13 


Sfc=o° fe ( n + l)z n ~ k is sometimes called the Bessel 
polynomial of degree n. For a survey of properties of 
these polynomials and their generalizations see Gross- 
wald (1978). See also §18.34, cle Bruin et al. (1981a, b), 
and Dunster (2001c). 

10.49(iii) Rayleigh’s Formulas 


j n (z) = Z U - 


10.49.14 


1 d\ sin , 
z dz 


. 1 d cos , 

>'” <2) = - 2 I -zdi) —■ 


1 d V sinh z 


10.49.15 


i«(,) = , 


z dz J z 

1 d \" cosh , 


10.49.16 k„(,) = (-l)"i7r, n 


1 d \ n e" 2 


z dz J z 


10.49(iv) Sums or Differences of Squares 

Denote 

1 (2fc)!(n + fc)! 

10.49.17 s k {n+\)= n2kn _,^,_ — txt, fc = 0, 1, . . . , n. 


2 2fc (fc!) 2 (n-fc)!’ 

Sfc(n. + t,) 


r 2 fc +2 


Then 

n 

10.49.18 j 2 W + y 2 (*) = E 

/c— 0 

10.49.19 

JS(*) + yo(*) = * -2 , J? (*) + y?(*) = ~” 2 + 

j 2 (z) + y\ (,) = ,~ 2 + 3z~ 4 + 9 z~ 6 . 


10.49.20 


2 2 

(ii 1} (*)) - (£ 2) (*)) = (-l) n+1 E^ 1 ) 


fc s fc( n + 2) 

r 2fc+2 


k—0 


10.50 Wronskians and Cross-Products 
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10.49.21 


(i^)) -('0 2) w) = “* 2 , 

( i 2 1> (-)) -(' 2 2) ( 2 )) = -z~ 2 + 3 z~' l -9z~ 6 . 

10.50 Wronskians and Cross-Products 

W {\n(z),y n {z)} = z ~ 2 , 


10.51 (ii) Modified Functions 

Let g n (z) denote i£^(z), i n\z), or (-l) n k n (z). Then 

g n -i(z) - g n +i{z) = ((2 n + 1 )/z)g n {z) 

10.51.4 ng n -i(z ) + (n + l)g n+ \{z) = (2 n + 1 )g' n {z), 

n= 1 , 2 ,..., 


10.51.5 


10.50.1 


10.50.2 


W \ = -2iz~ 2 . 


w 


g' n ( z ) = 9n-\(z)-((n+l)/z)g n (z), n = 1 , 2 ,..., 
9n( z ) = 9n+i{z) + ( n/z)g n {z ), n = 0, 1, . . . . 

1 d \ Tn 

(z n+1 g n (z)) = z n - m+1 g n - m (z), 

to = 0, 1, . . . , n, 


{'n^W.'n 5 ^)} = (-!)" +1 ^ 2 , 

10.51.6 

fid 

' ji^fz), k„(z)| = W {ii 2) (^), k n (z)} 



— 1 — 2 
2 ttz 


\n+l{z) y n(z) - j n(z) Y„ + l (z) = Z 2 , 

10 ' 50 ' 3 j „+2 (z) y n(z) - j n (z) y n +2 (z) = (2 n + 3)z” 3 . 

}o(z) }n(z) + yo(z) y n{z) 

|_n/2j , 

= cos(ln7r) Yj (-l) fc a2fc 2 ^ 2 2 

10.50.4 k—0 


I (n— 1)/2 1 / 1 \ 

• / 1 \ / 1 ^fc a 2fc+l(^ + 2 ) 

+ sm(in7r) ^ (~l) fc 2 

fc=0 


z 2k+3 ’ 


where ak(n+ |) is given by (10.49.1). 

Results corresponding to (10.50.3) and (10.50.4) for 
in^(z) and i n\z) are obtainable via (10.47.12). 

10.51 Recurrence Relations and Derivatives 

10.51(i) Unmodified Functions 

Let f n (z) denote any of j„(z), y „(z), h^z), or h^ 2) (z). 
Then 

fn-l(z) + fn+l(z) = ((2n + l)/z)f n (z), 

10.51.1 n/ n _i(z) - (n + l)f n+ i(z) = (2 n + 1 )f n (z), 

n= 1,2,..., 


10.51.2 


10.51.3 


fn( z ) = fn-l(z)~((n+l)/z)f n (z), H = 1,2,..., 
fn( z ) = -fn+l(z) + {n/z)f n (z), n = 0, 1, ... . 

1 rl \ m 

~ Tz J ( zn+1 fn(z)) = Z n ~ m + 1 f n - m (z), 

m = 0, 1, . . . , n, 

1 d \ m 

~zdz) = (-1 ) m Z- n ~ m fn + m(z), 


m = 0 , 1 ,... . 

10.52 Limiting Forms 
10.52(i) z -*■ 0 

10.52.1 j n(z),\ ( n ) (z) ~ z n /(2n + 1)!!, 

10.52.2 

-y„(z),ihW(z), -* h,[, 2) (z), (-1)" i^ 2) (z), (2 /tt) k n (z) 
~ {2n-l)\\/z n+1 . 

10.52(ii) z — y oo 

j n {z) = z" 1 sin(z - in7r) + e' 9 *' 0(z~ 2 ), 


10.52.3 


y n (z) = —z 1 cos(z — |n7r) + 0(z 2 ), 


10.52.4 h«(z) ~ i~ n -'z~ x e iz , h £\z) ~ * n+1 z _1 e-”, 


10.52.5 


'n\ z )~ 'n\ z )~\ z ^ IpM < Itt), 


10.52.6 


k„(z) ~ \ttz l e z . 


10.53 Power Series 


00 ( 1 ~2\fc 

10.53.1 j n (z) = Z n Y 


k = 0 


fc!(2n + 2fc + 1)!! ’ 


10.53.2 


1 ^{2n-2k-m\z- 2 ) k 

y«w = -^Trz^ — 

fc= o 


fc! 


(_l)n+i g (-lz 2 ) fe 


"+ 1 ^ fc!(2fc-2n-l)!!' 

k=n + 1 v ' 


m = 0,1, 
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10.53.3 i £\z) = z n Y / 


00 /1^2 \k 


(§* 2 r 


k = 0 


k\(2n + 2k + !)!!’ 


, (2) = (-IT A (2n - 2fc - l)\\(—^z 2 ) k 

n \ J ~n+ 1 / -j 


10.53.4 


k = 0 


fc! 


1 ^ ( \_z 2 ) k 


E 


z n+i k\(2k — 2n — 1)!! ' 

fc=n+l v ' 

For h^(,z) and h n\z) combine (10.47.10), (10.53.1), 
and (10.53.2). For k n (z) combine (10.47.11), (10.53.3), 
and (10.53.4). 

10.54 Integral Representations 

10.54.1 y n (z) = ~ / cos(z cos 0)(sin 0) 2n+1 dd. 

A n\ Jn 


10.54.2 j n (z) = 


(_ 7 -)n fir 
V L ) I Az cos 6 


e izcosv sin 6 dd. 


r f co 

10.54.3 k n (z) = - / e~ zt P n (t) dt, | pli z\ < 

10.54.4 m=-L- L e “ QMdt - 


| ph^| < 1 7 r. 


10.54.5 


. , C—j ' \ n + l n d +> 

hi 1} W = — / e izt Q n (t) dt, 

. . f_ 7 *^+l /*(-!+) 

hl 2) W = — / e izt Q n (t)dt, 

^ J 200 


| ph^| < |7T. 

For the Legendre polynomial P„ and the associated Leg- 
endre function Q n see §§18.3 and 14.21 (i) , with fj, = 0 
and v = n. 

Additional integral representations can be obtained 
by combining the definitions (10.47.3)-(10.47.9) with 
the results given in §10.9 and §10.32. 

10.55 Continued Fractions 

For continued fractions for ] n+ i{z) / ] n {z) and 
■n+i^)/ 'n\z) see Cuyt et al. (2008, pp. 350, 353, 
362, 363, 367-369). 

10.56 Generating Functions 

OO 

E — J 


When 2|f | < |*|, 

cos V z 2 — 2 zt cos z AA t n . 


10.56.1 


z * — ' n\ 

n = 1 


sin V z 2 — 2 zt sin z AA t n . . 

= — + E “I yn-i(z). 

z z n\ 

n—1 


10.56.3 

cosh \J z 2 + 2 izt 

cosh 2: | 

z 

z 1 E 

n—1 

10.56.4 

sinh V z 2 + 2 izt 

■ -1 OO 

smh z ^ 

z 

z 1 E 

n=l 

10.56.5 




(ay 


n\ 


;(!) 




M>) (z) 

n\ n ~ Ah 


exp ( — V z 2 + 2 izt) 


e~ z 2 AA ( -it) n , 

= + “E 

z 7T z ' n\ 


10.57 Uniform Asymptotic Expansions for 
Large Order 

Asymptotic expansions for j„((ro + | », yn({n+\)z), 
h, ( l 1) ((n+ ±)z), hl 2) ((n+ \)z), in' ((n + 5)2), and 

k«((n + 5)2) as n — ► 00 that are uniform with respect 
to z can be obtained from the results given in §§10.20 
and 10.41 by use of the definitions (10.47.3)-(10.47.7) 
and (10.47.9). Subsequently, for i n\{n+ |)z) the con- 
nection formula (10.47.11) is available. 

For the corresponding expansion for ]' n \(n+^)z) 
use 
10.57.1 

1 

j U( n +l)z) = 77iEErWX J n+i(( n + \) z ) 


((2 n + 1)2)2 


J„+i((n+ \)z). 


((2 n + 1 )z) i - 

Similarly for the expansions of the derivatives of the 
other six functions. 

10.58 Zeros 

For n > 0 the mth positive zeros of j n (x), }' n (x), y„(x), 
and y' n (x) are denoted by a„, m , a’ nrn , &„, m , and 6'„ m , 
respectively, except that for n = 0 we count x = 0 as 
the first zero of jo (a;). 

With the notation of §10.21(i), 

10.58.1 a n,m = j n +imi ^n,m = 2/n+A 


j n( a n,m) — 


J Jn+i,r, 


Ai+ 1 {jn+\ ,m) > 


10.58.2 


4(Vro) “ (*"+*•")■ 

Hence properties of a nim and 5„ im are derivable 
straightforwardly from results given in §§10.21(i)- 
10.21(iii), 10.21(vi)-10.21(viii), and 10.21(x). However, 
there are no simple relations that connect the zeros 
of the derivatives. For some properties of a! n m and 
b' n rn , including asymptotic expansions, see Olver (1960, 
pp. xix-xxi). 

See also Davies (1973), de Bruin et al. (1981a, b), 
and Gottlieb (1985). 


10.56.2 


10.59 Integrals 
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10.59 Integrals 


10.60(iii) Other Series 


10.59.1 


e j n(t) dt = 


7 Ti n P n (b), 

r(±*)", 

0, 


-1 < b < 1, 
b = Al, 

A6 > 1, 


where P n is the Legendre polynomial (§18.3). 

For an integral representation of the Dirac delta in 
terms of a product of spherical Bessel functions of the 
first kind see §1 . 17 (ii) , and for a generalization see Max- 
imon (1991). 

Additional integrals can be obtained by combining 
the definitions (10.47.3)-(10.47.9) with the results given 
in §10.22 and §10.43. For integrals of products see also 
Mehrem et al. (1991). 


10.60 Sums 

10.60(i) Addition Theorems 


Define u, v, w, and a as in §10.23(ii). Then with P n 
again denoting the Legendre polynomial of degree n, 


cos w 

10.60.1 w 


OO 

y^(2n+ l)jn(u) y w (rt) P ra (cosa), 

n—0 


\ve ±xa \ < Id. 


10.60.2 = V(2n+l)j„(u)j„(R)P„(cosa). 

w ' 

n — 0 


e 


—w 


10.60.3 W 


2 ^ 

- VV2n A 1) i^(v) k n (u) P n { cos a), 

7 r z ' 

n— 0 

\ve ±la \ < |u|. 


10.60(ii) Duplication Formulas 


10.60.4 

jn(2 z) 


—n\z n+1 Y 
k = 0 


2n — 2 k + 1 . , . , x 

k\(2n-k+iy. in ~ k[Z) y ”“ fcl [Zh 


10.60.5 

Yn( 2z) 


= n\z n+1 Y 

k=0 


n — k+ \ 
k\(2n — k A 1)! 


0 n— fc(^) Yn— fc(~))> 


10.60.6 

k„(2 z) 


n 

-n\z n+1 Y 

IT z -— ' 

k — 0 


(-1)* 


2 n — 2k A 1 
k\(2n — k A 1)! 


k n-fc(d)- 


10.60.7 e lzcosa = ^(2 n+ l)i n ] n (z) P„(cosa), 

n—0 

oo 

10.60.8 e zcosa = y ^(2 n A 1) i^(z) P n ( cos a), 


n—0 

oo 


10.60.9 e ~ zcosa = ^](-l) n (2n+l)i) l 1) (2)P„(cosa). 

n—0 

10.60.10 

^ /" o \ | 

Jo {z sin a) = Y ( 4n + 4 ) 2 2n( n i)2 J2 n(z) Pin (COS a) . 


n—0 


10.60.11 £.£(*) = 


Si(2z) 


n—0 


22 


For Si see §6.2(ii). 


10.60.12 


5Z( 2n + 1 )jn( 2: ) = !. 


n—0 


10.60.13 f](-l)"(2n+ l)j 2 (z) = Sm( ^ } 


n—0 


22 ’ 


10.60.14 


£(2n+i)a;(2)) 2 = |. 


n—0 


For further sums of series of spherical Bessel 
functions, or modified spherical Bessel functions, see 
§6.10(ii), Luke (1969b, pp. 55-58), Vavreck and Thomp- 
son (1984), Harris (2000), and Rottbrand (2000). 

10.60(iv) Compendia 


For collections of sums of series relevant to spherical 
Bessel functions or Bessel functions of half odd integer 
order see Erdelyi et al. (1953b, pp. 43-45 and 98-105), 
Gradshteyn and Ryzhik (2000, §§8.51, 8.53), Hansen 
(1975), Magnus et al. (1966, pp. 106-108 and 123-138), 
and Prudnikov et al. (1986b, pp. 635-637 and 651-700). 
See also Watson (1944, Chapters 11 and 16). 


Kelvin Functions 

10.61 Definitions and Basic Properties 
10.61(i) Definitions 

Throughout %10.61-%10.71 it is assumed that x > 0, 
v £ R, and n is a nonnegative integer. 

10.61.1 

bei'j, x A i beR x = J v ^e 3 ™/ 4 ^ = e vm J v 
= e"™/ 2 I v (ze™/ 4 ) 

= e 3 ^/2 lJxe- 3ni / A ), 
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ker„ x + i kei„ x = e" 1 '™/ 2 K v (xe”/ 4 ) 

10 . 61.2 = \it i (xe 3ni/4 ^ 

= -\i Tie-™ H® (xe-™'*). 

When v = 0 suffices on her, bei, ker, and kei are usually 
suppressed. 

Most properties of ber„ x, bei„ x, ker„ x, and kei;, x 
follow straightforwardly from the above definitions and 
results given in preceding sections of this chapter. 

10.61 (ii) Differential Equations 


w = 

ber„ 

x + i bei;. 

X, 

ber. 

x + i bei. 

-v X 


ker„ 

x + i kei„ 

X, 

ker_ 

x + i kei_ 

X. 

4 d 4 w 


d 3 w 



2 d 2 w 

dw\ 

.4 

+ 2x 3 

— t - (1 

+ 2z/" 

x — g- — X 

dx J 

dx 4 


dx 3 



, dx 2 

+ (^ 4 

- 4u : 

2 + X 4 )w - 

= 0, 





w = ber±„ x, bei±j, x, ker±;, x, kei±„ x. 


10.61 (iii) Reflection Formulas for Arguments 

In general, Kelvin functions have a branch point at 
x = 0 and functions with arguments xe ±7 ” are com- 
plex. The branch point is absent, however, in the case 
of berj, and bei„ when v is an integer. In particular, 

10 . 61.5 

ber„(— x) = (— l)"ber„x, bei„(— x) = (— l) n bei n x. 

10.61(iv) Reflection Formulas for Orders 


ber_„ x = cos(z/7r) ber^ x + sin(u7r) beij, x 
+ (2/7t) sin(u7r) ker„ x, 

10 . 61.6 b e j_^ x = — sin(u 7 r) ber„ x + cos(u 7 r) bei;, x 
+ (2 / 7r) sin(u7r) kei;, x. 


ker_j, x = cos(u7r) ker„ x — sin(i/7r) kei„ x, 
kei-;, x = sin(u7r) ker^ x + cos(W) kei^ x. 

ber_„ x = (—1)" ber„ x, bei_ n x = (—1)™ bei„ x, 
ker_„ x = (— l) n ker„ x, kei_ n x = (— l) ra kei„ x. 


10.61(v) Orders ±| 


10 . 61.9 



beii (xV^J 



\pKX 


(e x cos ^x + ^ 

- e _x cos(x - , 

^e x sin^x + ^ 

+ e _x sin^x — . 



10.62 Graphs 


See Figures 10.62.1-10.62.4. For the modulus functions M(x) and N(x) see §10.68(i) with v = 0. 




10.63 Recurrence Relations and Derivatives 



10.63 Recurrence Relations and Derivatives 

10.63(i) berate, beijy x, ker„x, keij, x 

Let fv(x), g v (x) denote any one of the ordered pairs: 
ber„ x, bei„ x; bei„ :r, — ber„ :r; 
ker^ x, kei„ x\ kei^ x , — ker„ x. 

Then 

10.63.2 

fv-i(x) + f v +i(x) = ~{v\/2/x) (f„(x) - g v ( x)) , 
fv+i(x) + 9v+i(x) - f„- i(x) - g v - i(x) = 2V2 fi(x), 
fU x ) = -(Vv^) {fv-i(x) + g„-i(x)) - (v/x)f v (x), 
fl( x ) = (!/v^) {f v +i(x) +g v+x {x)) + (v/x)f v (x). 

y/2 ber' x = beri x + beii x, 

V2 bei' x = — beri x + beii x. 

y/2 ker 7 x = keri x + keii x, 
y/2 kei 7 x = — keri x + keii x. 


10.63.3 

10.63.4 


and 

10.63.7 p v s v = rl + ql . 

Equations (10.63.6) and (10.63.7) also hold when the 
symbols ber and bei in (10.63.5) are replaced through- 
out by ker and kei, respectively. 

10.64 Integral Representations 

Schlafli-Type Integrals 

10.64.1 

cos(a; sin t—nt) cosh(irsinf) dt, 

10.64.2 

sin(a; sin t — nt ) sinh(ic sin t) dt. 

See Apelblat (1991) for these results, and also for simi- 
lar representations for ber„(:r\/2), bei 1/ (xv / 2), and their 
^-derivatives. 




10.63(ii) Cross-Products 

Let 

10.63.5 

p v = ber 2 x + bei 2 x, q v = ber„ x bei), x — ber), x bei„ x, 
r v = ber„ x ber), x + bei;, x bei), x, 
s v = (ber), x)~ + (bei), x)“ . 

Then 

Pv + 1 = Pu-i - {4v/x)r u , 
q v +i = -( v/x)p v + r„ = -q v _ 1 + 2 r v , 
r v+ 1 = -{{v + l)/x)p v+1 + q v , 

Si> — 2PV+1 t 2P u ~ 1 (y l x )Pu * 


10.65 Power Series 
10.65(i) beiv x and bei^ x 

. , q N i ,v^ cos (!*' 7r +|fc7r) 1 

ber„x=(|ir) 2 


10.65.1 


k—0 


k! r(i; + fc + 1 ) V4 “ 


, . ,i sin(|u7r+ |&tt) 

be, ' x = (h) E Mr^ + t + i) 

/c— 0 v ' 


(W) k - 


ber ar = 1 — 
bei x = \x 2 


(I* 2 ) 2 . (I* 2 ) 4 

(2!) 2 (4!) 2 

(|x 2 ) 3 (lx 2 ) 5 

(3!) 2 (5!) 2 


10.63.6 


10.65.2 
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10.65(ii) ker„ x and keij, x 

When v is not an integer combine (10.65.1) with (10.61.6). Also, with ip(x) = T'(x)/T(x), 
ker„a; = |(| x)~ n ^ ^ — — cos(fn7r + |fc7r)(|a; 2 ) fe — ln(|x) ber„ x 


10.65.3 


10.65.4 


k — 0 


+ \Trbei n x+ |(H” J2 U ' {L + k + ^ cos(|n7r + \kn){\x 2 ) k , 


k=0 


kei n x = -\(\x) n ~ Tj" ~ sin(|n7r + ifc7r) {\x 2 ) k — ln(|a;) bei n x 


k = o 


- |7rber» x + f (§a:)” ^ ^ + ~ + ^ sin (f^ + |fc7r)(|ir 2 ) fc . 


fc =0 


10.65.5 


ker x = -ln(ia;) berx+ |7rbei a; + ^](-l) fe ^^y^(ia; 2 ) 2fc , 


k—0 


keia;= -ln(|®) bei x - i^ber x + ^(-l) fe ^^t|^(ix 2 ) 2fc+1 . 


k—0 


10.65(iii) Cross-Products and Sums of Squares 

oo 

ber 2 x + bei 2 x = (^x) 21 ' ^ 


10.65.6 


10.65.7 


10.65.8 


10.65.9 


(i* 2 ) 2fc 


k = 0 


r(u + k + 1) r(u + 2k + 1) k\ ’ 


ber t x beij, x - ber^ x bei„ x = (|x) 2 "« g r(l/ + t + 1} r(l/ + 2t + 2) 


(jx 2 )“ 
jfe! 


ber„ xbev' v x + bei„ cc bei^ x = |(| a; ) 2 " 1 ^ 


(^ 2 ) 2fc 


fe =0 


r(u + k + 1) r(u + 2k) k\ ’ 


2k 2 + 2uk + \v 2 (t® 2 ) 


(ber'„x) + (ba'„x) = g r( „ + t + 1) I> + Tk + 1) 


2fc 


fc! 


10.65(iv) Compendia 

For further power series summable in terms of Kelvin functions and their derivatives see Hansen (1975). 


10.66 Expansions in Series of Bessel Functions 


10 . 66.1 


u , u . _ ^ e (3u+k)ni/4 x k J v+k ( x ) ^g e (3*+3fcW ± x k I v+k {x) 

ber^ x + % bei^ x - 2_^ ok/ 2 u ~ 2_^ 


k = 0 


k = 0 


2 k / 2 k\ 


10.66.2 berJxV2)= (-l) n+k J n+2k (x) I 2k (x) , bei n (xV2 )= ]T(-1 ) n+k J n+2k+1 (x) I 2k+1 (x). 

k =— 00 k =— 00 


10.67 Asymptotic Expansions for Large Argument 
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10.67 Asymptotic Expansions for Large Argument 

10.67(i) berv x, bei„ x, ker^ x, kei^ x, and Derivatives 

Define ak(y) and bkiy) as in §§10.17(i) and 10. 17(ii) . Then as x — > oo with is fixed, 


10.67.1 


10.67.2 


10.67.3 beiv x ‘ 


10.67.4 beL 


10.67.5 


10.67.6 


10.67.7 ber' x ' 


10.67.8 bei' 


keiT 


k—0 
i oo 


(21) ^ x k ' C0 \V2 V 2 ■ 4 


z/V 2 


keijy x ~ — e 

OO 

X E — ^ cos 


k—0 


i 2 ™)- fc=0 

c/ ^ — «fc(u) 


C 

V7I 


afc(u) . / a: 
— 7 — sin 


72 


u k 
2 + 4 


afc(u) /x / 1/ 3fc 1\ \ 1 . . , , . , 

— 7 — cos — = + — H — 7r (sm(2u7r) ker„ x + cos( 2 u 7 t) kei„ x), 

x K \ \/2 V 2 4 oil 7 r 


ixE 


(2 ttx)- fe=Q 
ker„ x 


, sin( 7L + (x + -7- — xl 7I 'l+ — (cos( 2 u 7 t) ker^ x — sin(2u7r) kei„ x). 

x fc V\/2 V 2 4 8 // 7r 


_ 6 -x/a/2 


1 OO 

(s)'£ 


*-t*~«- / ’ /, (s) , E 


&fc(7 
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gx/vX bk(is) . ( x f is 3 k 1\ \ 1, 

a E Sln (^7f + (b + _ r + x) 7r ) + x( cos (2^) ker„ x - sin(2i/7r) kei^ x). 


( 2 ™) L fc =o 

The contributions of the terms in ker^x, kei^x, ker(, x, and kei(, x on the right-hand sides of (10.67.3), (10.67.4), 
(10.67.7), and (10.67.8) are exponentially small compared with the other terms, and hence can be neglected in the 
sense of Poincare asymptotic expansions (§2. 1 (iii)) . However, their inclusion improves numerical accuracy. 


10.67(ii) Cross-Products and Sums of Squares in the Case u = 0 

As x — > 00 
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10.68 Modulus and Phase Functions 
10.68(i) Definitions 

10.68.1 My(x)e ie ' , ^ x ' > = beiv x + i befy x, 

10.68.2 N v (x)e l ^' , ^ x ' > = ker y x + i kefy x, 

where M v (x) (> 0), N v (x ) (> 0), 9 u (x), and <j> v (x) are continuous real functions of x and v, with the branches of 
6 v (x) and (j> v (x) chosen to satisfy (10.68.18) and (10.68.21) as x — > oo. (See also §10.68(iv).) 

10.68(ii) Basic Properties 


10 . 68.3 

ber„ x = M v (a;) cos 9 v (x), 

befy x = My(x) sin 9 v (x), 

10 . 68.4 

ker„ x = Ny(x) cos <j> v (x), 

keii , x = Ny (x) sin 4>y(x). 

10 . 68.5 

My(x) = (ber 2 x + bei 2 x) l ^ 2 , 

Ny(x) = (ker 2 x + kei 2 x) 1 / 2 , 

10 . 68.6 

9y(x) = Arctafybefy ai/ber v x), 

4>y(x) = Arctan(kefy a;/ ker v x) 

10 . 68.7 

M_ n (x) = M n ( x), 

9—n(x) = 9 n (x) - nir. 


With arguments (x) suppressed, 


befy x = \ M v+1 cos(0„ + i - |7r) - \ M u _i cos(0„_i -\-k) 

= (v/x) M v cos9 v + M„ + 1 cos(^ l /_)_i - \n) = -(v/x) M v cos9 v - M„_i cos(0„_i -j7r), 

befy x=\ M u+1 sin(0„ +1 - \-k) - \ M v _ i sin(0 I/ _ 1 -\tt) 

= (v/x) M v sin 9 V + Afy+i sin(0„ + i -\n) = -(v/x) M„sin0 w - 1 sin(0„_i - \-k). 

ber' x = MiCOs(9\ — jtt), bei'a; = Misin(0i — j7r). 

M' = (v/x) M v + M v+ i cos (6^+1 - 9„ -\is) = -(v/x) M v - M v _ i cos(0„_i - 0„ - \tt), 

9^ = (M v+X / M v )sm.(9 v+1 - 9 V -\-k) = -(M„_ i/ M„) sin(0„_i - 9 V -j7r). 

Mq = Mi cos (0i — 9 0 — j7r), 0 q = (Mi/M o )sin(0 1 -0 o -i7r). 

d(x M/ 9’ v ) /dx = x Ml, x 2 M" +x M' - v 2 Afy = x 2 My 9’J . 

Equations (10.68.8)-(10.68.14) also hold with the symbols ber, bei, M, and 0 replaced throughout by ker, kei, 
N, and </>, respectively. In place of (10.68.7), 

10.68.15 N_y(x) = N v (x), (j)-v(x) = (j> v (x) + vi r. 

10.68(iii) Asymptotic Expansions for Large Argument 

When v is fixed, /i = 4v 2 , and x — > oo 
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10 . 68.9 
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10 . 68.11 
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10.68(iv) Further Properties 

Additional properties of the modulus and phase functions are given in Young and Kirk (1964, pp. xi-xv). However, 
care needs to be exercised with the branches of the phases. Thus this reference gives <^>i(0) = |/T (Eq. (6.10)), and 
linx^oo (cj)i (x) + ( x/\j2 )) = — |7r (Eqs. (10.20) and (Eqs. (10.26b)). However, numerical tabulations show that if 
the second of these equations applies and 4>i(x) is continuous, then (^i(0) = — j7 r; compare Abramowitz and Stegun 
(1964, p. 433). 


10.69 Uniform Asymptotic Expansions for Large Order 


Let Uk{p) and 14 (p) be the polynomials defined in §10.41(ii), and 
10 . 69.1 £=(1 + ix 2 ) 1/2 . 

Then as v — > +oo, 


10 . 69.2 


10 . 69.3 


10 . 69.4 


10 . 69.5 


bei ~v{yx) + i bei„(z/:r) 


kei v (vx) + ikeiv^x) 


ber(, (vx) + i be\ v ( vx ) 


kex' u (vx) + ikei v (vx) 


(2t rvtf 1 / 2 V ! + U ^ " k 




1/2 


xe 


3iri/4 


i + £ 


E(-d 


Mr 1 ) 


k = 0 



me 

i.k 




uniformly for x £ (0, oo). All fractional powers take their principal values. 

All four expansions also enjoy the same kind of double asymptotic property described in §10.41(iv). 

Accuracy in (10.69.2) and (10.69.4) can be increased by including exponentially-small contributions as in (10.67.3), 
(10.67.4), (10.67.7), and (10.67.8) with x replaced by vx. 


10.70 Zeros 


Asymptotic approximations for large zeros are as follows. Let p = 4v 2 and /(f) denote the formal series 

10 70 l 1 , M-l (/r- 1)(5^ + 19) 3(/r — l) 2 

16f 32t 2 1536t 3 512t 4 


If m is a large positive integer, then 


zeros of ber„ x ~ \/2(f — /(f)), t = (m — \v — |)7r, 

10 . 70.2 zeros of bei^ x ~ V2(t — /(f)), t={m—\v+\) 7r, 

zeros of ker^ x ~ y/2(t + /(— t)), t= (m—\v — |)7r, 

zeros of kei„ x ~ V2(f + /(— t)), f = (m — — |)7r. 

In the case ^ = 0, numerical tabulations (Abramowitz and Stegun (1964, Table 9.12)) indicate that each of 
(10.70.2) corresponds to the mth zero of the function on the left-hand side. For the next six terms in the series 
(10.70.1) see MacLeod (2002a). 
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10.71 Integrals 
10.71(i) Indefinite Integrals 

In the following equations f v ,g v is any one of the four ordered pairs given in (10.63.1), and fv,dv is either the same 
ordered pair or any other ordered pair in (10.63.1). 

10.71.1 J x 1 +u f„dx = -^=-(/ h-i - 9 u+ 1 ) = -x 1+v g v - g'^j , 

10.71.2 J x x ~ u f v dx = ~ 9v- 1 ) = x l ~ v (^g v + g'^j . 


10.71.3 


J x(f v gv g v fv) dx — 2^/2 9v+i) g^ifv+1 9v+ 1) fv(fv+i g^+i) gv(fv+i 9v+i)^ 


= - fufl + g' v g v - gudl), 


10.71.4 / x(f u g u + g u fv) dx — . x fv-\gv-\-\ fu-\-i9v—i~\~^ , 9ufi' 9u—i fu-\-i 9v-\-ifv—i)' 


10.71.5 


J" 4~ 9v)dx x(fv9v fv9v) ^j^ifvfv+i 4“ g^gv+i Lgv+i 4~ fv+igv)> 


10.71.6 

10.71.7 
Examples 



xf v g v dx 

- gl) dx 


4 x (2f v g v fv— igv+\ f v+igv— 1) j 

2® (fi/ fv—lfv+1 Si/ 4” g^— lSl'+l) ■ 


10.71.8 


J x [x)dx = x (ber^ x bei(, x — ber(, x bei^ x) , J xN*(x) dx = x(ker v xkei' v x - ker^ xkei„ x), 


where M v (x) and N v (x) are the modulus functions introduced in §10.68(i). 


10.71 (ii) Definite Integrals 

See Kerr (1978) and Glasser (1979). 

10.71 (iii) Compendia 

For infinite double integrals involving Kelvin functions 
see Prudnikov et al. (1986b, pp. 630-631). 

For direct and inverse Laplace transforms of Kelvin 
functions see Prudnikov et al. (1992a, §3.19) and Prud- 
nikov et al. (1992b, §3.19). 


Applications 

10.72 Mathematical Applications 

10.72(i) Differential Equations with Turning 
Points 

Bessel functions and modified Bessel functions are of- 
ten used as approximants in the construction of uniform 
asymptotic approximations and expansions for solutions 
of linear second-order differential equations containing a 


parameter. The canonical form of differential equation 
for these problems is given by 

d“^ 7/j 

10 - 72 - 1 -r-o = (u 2 f{z) + g{z))w, 

dz 

where z is a real or complex variable and u is a large 
real or complex parameter. 

Simple Turning Points 

In regions in which (10.72.1) has a simple turning point 
zq, that is, f(z ) and g(z) are analytic (or with weaker 
conditions if z = x is a real variable) and Zq is a sim- 
ple zero of f(z), asymptotic expansions of the solutions 
w for large u can be constructed in terms of Airy func- 
tions or equivalently Bessel functions or modified Bessel 
functions of order | (§9.6(i)). These expansions are uni- 
form with respect to z, including the turning point zq 
and its neighborhood, and the region of validity often 
includes cut neighborhoods (§1.10(vi)) of other singu- 
larities of the differential equation, especially irregular 
singularities. 

For further information and references see §§2.8(i) 
and 2.8(iii). 
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Multiple or Fractional Turning Points 

If f(z) has a double zero zq, or more generally zq is a 
zero of order to, to = 2,3,4, , then uniform asymp- 
totic approximations (but not expansions) can be con- 
structed in terms of Bessel functions, or modified Bessel 
functions, of order 1 /(to + 2). The number to can also 
be replaced by any real constant A (> —2) in the sense 
that (z — zq) f(z) is analytic and nonvanishing at 
2 0 ; moreover, g(z) is permitted to have a single or dou- 
ble pole at z 0 . The order of the approximating Bessel 
functions, or modified Bessel functions, is l/(A + 2), ex- 
cept in the case when g(z) has a double pole at zq. See 
§2.8(v) for references. 

10.72(ii) Differential Equations with Poles 

In regions in which the function f(z) has a simple pole 
at z = zq and [z — zo) 2 g(z) is analytic at z = zq (the 
case A = — 1 in §10.72(i)), asymptotic expansions of the 
solutions w of (10.72.1) for large u can be constructed 
in terms of Bessel functions and modified Bessel func- 
tions of order ±\/l + 4 p, where p is the limiting value of 
{z — zo) 2 g{z) as z Zq. These asymptotic expansions 
are uniform with respect to z, including cut neighbor- 
hoods of Zq, and again the region of uniformity often 
includes cut neighborhoods of other singularities of the 
differential equation. 

For further information and references see §§2.8(i) 
and 2.8(iv). 

10.72(iii) Differential Equations with a Double 
Pole and a Movable Turning Point 

In (10.72.1) assume f(z) = f(z,a) and g(z ) = g(z,a ) 
depend continuously on a real parameter a , f(z,a) has 
a simple zero 2 = Zo(a) and a double pole z = 0, ex- 
cept for a critical value a = a, where Zo( a ) = 0. Assume 
that whether or not a = a, z 2 g(z , a) is analytic at z = 0. 
Then for large u asymptotic approximations of the solu- 
tions w can be constructed in terms of Bessel functions, 
or modified Bessel functions, of variable order (in fact 
the order depends on u and a). These approximations 
are uniform with respect to both z and a, including 
z = zo(a), the cut neighborhood of z = 0, and a = a. 
See §2.8(vi) for references. 

10.73 Physical Applications 

10.73(i) Bessel and Modified Bessel Functions 

Bessel functions first appear in the investigation of a 
physical problem in Daniel Bernoulli’s analysis of the 
small oscillations of a uniform heavy flexible chain. For 
this problem and its further generalizations, see Ko- 
renev (2002, Chapter 4, §37) and Gray et al. (1922, 
Chapter I, §1, Chapter XVI, §4). 


Bessel functions of the first kind, J n (x), arise nat- 
urally in applications having cylindrical symmetry in 
which the physics is described either by Laplace’s equa- 
tion V 2 V = 0, or by the Helmholtz equation (V 2 + 
k 2 )il> = 0. 

Laplace’s equation governs problems in heat conduc- 
tion, in the distribution of potential in an electrostatic 
field, and in hydrodynamics in the irrotational motion of 
an incompressible fluid. See Jackson (1999, Chapter 3, 
§§3.7, 3.8, 3.11, 3.13), Lamb (1932, Chapter V, §§100- 
102; Chapter VIII, §§186, 191-193; Chapter X, §§303, 
304), Happel and Brenner (1973, Chapter 3, §3.3; Chap- 
ter 7, §7.3), Korenev (2002, Chapter 4, §43), and Gray 
et al. (1922, Chapter XI). In cylindrical coordinates r, 
<j>, z, (§1.5(ii) we have 


2 19 

10.73.1 V 2 V = - — 

r or 


dV 

dr 


1 d 2 V 
^ 9 ^ 


d 2 V n 

T = 

dz 2 


and on separation of variables we obtain solutions of the 
form j n ( Kr ) 5 from which a solution satisfying 

prescribed boundary conditions may be constructed. 

The Helmholtz equation, (V 2 + k 2 )ip = 0, follows 
from the wave equation 


9 1 d 2 4> 

10.73.2 V 2 ^^, 

on assuming a time dependence of the form e ±lkt . This 
equation governs problems in acoustic and electromag- 
netic wave propagation. See Jackson (1999, Chap- 
ter 9, §9.6), Jones (1986, Chapters 7, 8), and Lord 
Rayleigh (1945, Vol. I, Chapter IX, §§200-211, 218, 219, 
221a; Vol. II, Chapter XIII, §272a; Chapter XV, §302; 
Chapter XVIII; Chapter XIX, §350; Chapter XX, §357; 
Chapter XXI, §369). It is fundamental in the study 
of electromagnetic wave transmission. Consequently, 
Bessel functions J n (x), and modified Bessel functions 
I n (x), are central to the analysis of microwave and 
optical transmission in waveguides, including coaxial 
and fiber. See Krivoshlykov (1994, Chapter 2, §2.2.10; 
Chapter 5, §5.2.2), Kapany and Burke (1972, Chap- 
ters 4-6; Chapter 7, §A.l), and Slater (1942, Chapter 4, 
§§20, 25). 

Bessel functions enter in the study of the scatter- 
ing of light and other electromagnetic radiation, not 
only from cylindrical surfaces but also in the statisti- 
cal analysis involved in scattering from rough surfaces. 
See Smith (1997, Chapter 3, §3.7; Chapter 6, §6.4), 
Beckmann and Spizzichino (1963, Chapter 4, §§4.2, 4.3; 
Chapter 5, §§5.2, 5.3; Chapter 6, §6.1; Chapter 7, §7.1.), 
Kerker (1969, Chapter 5, §5.6.4; Chapter 7, §7.5.6), and 
Bayvel and Jones (1981, Chapter 1, §§1.6.5, 1.6.6). 

More recently, Bessel functions appear in the in- 
verse problem in wave propagation, with applications in 
medicine, astronomy, and acoustic imaging. See Colton 
and Kress (1998, Chapter 2, §§2.4, 2.5; Chapter 3, §3.4). 
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In the theory of plates and shells, the oscillations of a 
circular plate are determined by the differential equa- 
tion 

,8 2 W 


10 . 73.3 


V W + A 


dr 


= 0. 


See Korenev (2002). On separation of variables into 
cylindrical coordinates, the Bessel functions J n (x ), and 
modified Bessel functions I n {x) and K n (x ) . all appear. 


10.73(ii) Spherical Bessel Functions 


The functions ] n {x), y n (x), hn ; (a;), and hn\x) arise 
in the solution (again by separation of variables) of 
the Helmholtz equation in spherical coordinates p, 9 , <f> 
(§1.5(ii)): 


10 . 73.4 


1 d 


1 

+ ~2 - 
p- sin 


1 


d 


p 2 sin 9 89 
k 2 f. 


■ n d f 
Sine 86 


2 df 

P dp, 

8 2 f 

i 2 9 8(f)' 2 

With the spherical harmonic Ye, m (0, </») defined as 
in §14.30(i), the solutions are of the form / = 
9e(kp) Ye, m {0, </>) with g e = ] t , y t , or hf } , depending 

on the boundary conditions. Accordingly, the spherical 
Bessel functions appear in all problems in three dimen- 
sions with spherical symmetry involving the scattering 
of electromagnetic radiation. See Jackson (1999, Chap- 
ter 9, §9.6), Bayvel and Jones (1981, Chapter 1, §1.5.1), 
and Konopinski (1981, Chapter 9, §9.1). In quantum 
mechanics the spherical Bessel functions arise in the so- 
lution of the Schrodinger wave equation for a particle 
in a central potential. See Messiah (1961, Chapter IX, 
§§7-10). 


10.73(iii) Kelvin Functions 

The analysis of the current distribution in circular 
conductors leads to the Kelvin functions ber x, bei x, 
kerir, and kei x. See Relton (1965, Chapter X, §§10.2, 
10.3), Bowman (1958, Chapter III, §§51-53), McLach- 
lan (1961, Chapters VIII and IX), and Russell (1909). 
The McLachlan reference also includes other applica- 
tions of Kelvin functions. 


10.73(iv) Bickley Functions 

See Bickley (1935) and Altag (1996). 

10.73(v) Rayleigh Function 

For applications of the Rayleigh function er„(u) 
(§10.21 (xiii)) to problems of heat conduction and dif- 
fusion in liquids see Kapitsa (1951b). 


Computation 


10.74 Methods of Computation 
10.74(i) Series Expansions 

The power-series expansions given in §§10.2 and 10.8, 
together with the connection formulas of §10.4, can be 
used to compute the Bessel and Hankel functions when 
the argument x or z is sufficiently small in absolute 
value. In the case of the modified Bessel function K„(z) 
see especially Temme (1975). 

In other circumstances the power series are prone to 
slow convergence and heavy numerical cancellation. 

If x or \z\ is large compared with |u| 2 , then the 
asymptotic expansions of §§10.17(i)— 10.17 (iv) are avail- 
able. Furthermore, the attainable accuracy can be 
increased substantially by use of the exponentially- 
improved expansions given in §10.17(v), even more so 
by application of the hyperasymptotic expansions to be 
found in the references in that subsection. 

For large positive real values of v the uniform asymp- 
totic expansions of §§10.20(i) and 10.20(ii) can be used. 
Moreover, because of their double asymptotic properties 
(§10.41(v)) these expansions can also be used for large 
x or \z\, whether or not v is large. It should be noted, 
however, that there is a difficulty in evaluating the co- 
efficients A k (Q, -Bfc(C), C'fe(C), and D k ( £), from the ex- 
plicit expressions (10.20.10)-(10.20.13) when z is close 
to 1 owing to severe cancellation. Temme (1997) shows 
how to overcome this difficulty by use of the Maclaurin 
expansions for these coefficients or by use of auxiliary 
functions. 

Similar observations apply to the computation of 
modified Bessel functions, spherical Bessel functions, 
and Kelvin functions. In the case of the spherical Bessel 
functions the explicit formulas given in §§10.49(i) and 
10.49(ii) are terminating cases of the asymptotic expan- 
sions given in §§10.17 (i) and 10.40(i) for the Bessel func- 
tions and modified Bessel functions. And since there are 
no error terms they could, in theory, be used for all val- 
ues of z; however, there may be severe cancellation when 
1 2 1 is not large compared with n 2 . 

10.74(ii) Differential Equations 

A comprehensive and powerful approach is to integrate 
the differential equations (10.2.1) and (10.25.1) by di- 
rect numerical methods. As described in §3.7(ii), to 
insure stability the integration path must be chosen in 
such a way that as we proceed along it the wanted so- 
lution grows in magnitude at least as fast as all other 
solutions of the differential equation. 
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In the interval 0 < x < v, J„( x) needs to be inte- 
grated in the forward direction and Y,y(x) in the back- 
ward direction, with initial values for the former ob- 
tained from the power-series expansion (10.2.2) and for 
the latter from asymptotic expansions (§§10.17 (i) and 
10.20(i)). In the interval v < x < oo either direction of 
integration can be used for both functions. 

Similarly, to maintain stability in the interval 0 < 
x < oo the integration direction has to be forwards in 
the case of I v {x) and backwards in the case of K IJ (x), 
with initial values obtained in an analogous manner to 
those for J„(x) and Y I/ (x). 

For z £ C the function H^ l \z), for example, can 
always be computed in a stable manner in the sector 
0 < ph z < 7r by integrating along rays towards the 
origin. 

Similar considerations apply to the spherical Bessel 
functions and Kelvin functions. 

For further information, including parallel methods 
for solving the differential equations, see Lozier and 
Olver (1993). 

10.74(iii) Integral Representations 

For evaluation of the Hankel functions H„(z) and 
Hi) (z) for complex values of v and z based on the in- 
tegral representations (10.9.18) see Remenets (1973). 

For applications of generalized Gauss-Laguerre 
quadrature (§3.5(v)) to the evaluation of the modified 
Bessel functions K v (z) for 0 < v < 1 and 0 < x < co 
see Gautschi (2002a). The integral representation used 
is based on (10.32.8). 

For evaluation of K v {z) from (10.32.14) with v = n 
and z complex, see Mechel (1966). 

10.74(iv) Recurrence Relations 

If values of the Bessel functions J„(z), Y v (z), or the 
other functions treated in this chapter, are needed for 
integer-spaced ranges of values of the order v, then a 
simple and powerful procedure is provided by recurrence 
relations typified by the first of (10.6.1). 

Suppose, for example, v = n £ 0,1,2,..., and 
x £ (0, oo). Then J n (x) and Y n {x) can be generated 
by either forward or backward recurrence on n when 
n < x, but if n > x then to maintain stability J n (x) has 
to be generated by backward recurrence on n, and Y n {x) 
has to be generated by forward recurrence on n. In the 
case of J n (x), the need for initial values can be avoided 
by application of Olver’s algorithm (§3.6(v)) in conjunc- 
tion with Equation (10.12.4) used as a normalizing con- 
dition, or in the case of noninteger orders, (10.23.15). 

For further information see Gautschi (1967), Olver 
and Sookne (1972), Temme (1975), Campbell (1980), 
and Kerimov and Skorokhodov (1984a). 


10.74(v) Continued Fractions 

For applications of the continued-fraction expansions 
(10.10.1), (10.10.2), (10.33.1), and (10.33.2) to the com- 
putation of Bessel functions and modified Bessel func- 
tions see Gargantini and Henrici (1967), Amos (1974), 
Gautschi and Slavik (1978), Tretter and Walster (1980), 
Thompson and Barnett (1986), and Cuyt et al. (2008). 


10.74(vi) Zeros and Associated Values 

Newton’s rule (§3.8(i)) or Halley’s rule (§3.8(v)) can be 
used to compute to arbitrarily high accuracy the real or 
complex zeros of all the functions treated in this chapter. 
Necessary values of the first derivatives of the functions 
are obtained by the use of (10.6.2), for example. New- 
ton’s rule is quadratically convergent and Halley’s rule 
is cubically convergent. See also Segura (1998, 2001). 

Methods for obtaining initial approximations to 
the zeros include asymptotic expansions (§§10.21(vi)- 
10.21(ix)), graphical intersection of 2 D graphs in R 
(e.g., §10.3(i)) with the x-axis, or graphical intersection 
of 3 D complex-variable surfaces (e.g., §10.3(ii)) with the 
plane z = 0. 

To ensure that no zeros are overlooked, standard 
tools are the phase principle and Rouche’s theorem; see 
§1.10(iv). 

Real Zeros 

See Olver (1960, pp. xvi-xxix), Grad and Zakrajsek 
(1973), Temme (1979a), Ikebe et al. (1991), Zafiropou- 
los et al. (1996), Vrahatis et al. (1997a), Ball (2000), 
and Gil and Segura (2003). 

Complex Zeros 

See Leung and Ghaderpanah (1979), Kerimov and 
Skorokhodov (1984b, c, 1985a, b), Skorokhodov (1985), 
Modenov and Filonov (1986), and Vrahatis et al. 
(1997b). 

Multiple Zeros 

See Kerimov and Skorokhodov (1985c, 1986, 1987, 
1988). 

10.74(vii) Integrals 
Hankel Transform 

See Cornille (1972), Johansen and Sprensen (1979), 
Gabutti (1979), Gabutti and Minetti (1981), Candel 
(1981), Wong (1982), Lund (1985), Piessens and Bran- 
ders (1985), Hansen (1985), Bezvoda et al. (1986), Pu- 
oskari (1988), Christensen (1990), Campos (1995), Lu- 
cas and Stone (1995), Barakat and Parshall (1996), Sidi 
(1997), Secada (1999). 


278 


Bessel Functions 


Fourier-Bessel Expansion 

For the computation of the integral (10.23.19) see 
Piessens and Branders (1983, 1985), Lewanowicz (1991), 
and Zhileikin and Kukarkin (1995). 

Spherical Bessel Transform 

The spherical Bessel transform is the Hankel transform 
(10.22.76) in the case when v is half an odd positive 
integer. 

See Lehman et al. (1981), Puoskari (1988), and 
Sharafeddin et al. (1992). 

Kontorovich-Lebedev Transform 

See Ehrenmark (1995). 

Products 

For infinite integrals involving products of two Bessel 
functions of the first kind, see Linz and Kropp (1973), 
Gabutti (1980), Ikonomou et al. (1995), and Lucas 
(1995). 

10.74(viii) Functions of Imaginary Order 

For the computation of the functions /„( x) and K v (x) 
defined by (10.45.2) see Temme (1994b) and Gil et al. 
(2002b, 2003a, 2004a). 

10.75 Tables 

10.75(i) Introduction 

Comprehensive listings and descriptions of tables of 
the functions treated in this chapter are provided in 
Bateman and Archibald (1944), Lebedev and Fedorova 
(1960), Fletcher et al. (1962), and Luke (1975, §9.13.2). 
Only a few of the more comprehensive of these early ta- 
bles are included in the listings in the following subsec- 
tions. Also, for additional listings of tables pertaining 
to complex arguments see Babushkina et al. (1997). 

10.75(ii) Bessel Functions and their Derivatives 

• British Association for the Advancement of 

Science (1937) tabulates Jo{x), Ji(x), x = 
0(.001)16(. 01)25, 10D; Y 0 (x), Yi(x), x = 

0.01(. 01)25, 8-9S or 8D. Also included are aux- 
iliary functions to facilitate interpolation of the 
tables of Yq (x) , Y\{x) for small values of x, as well 
as auxiliary functions to compute all four func- 
tions for large values of x. 

• Bickley et al. (1952) tabulates J n (x), Y n (x ) or 
x n Y n {x), n = 2(1)20, x = 0(.01 or .1) 10(.1)25, 
8D (for J n (x)), 8S (for Y n ( x) or x n Y n (x)); J n {x), 
Y n (x ), n = 0(1)20, x = 0 or 0.1(1)25, 10D (for 
J n \x)), 10S (for Y n (x)). 


• Olver (1962) provides tables for the uniform 
asymptotic expansions given in §10.20(i), includ- 
ing ( and (4£/(l — x 2 ))* as functions of x (= z ) 
and the coefficients A k ((), B k ((), C k ( <), £>k(() 
as functions of (. These enable J„(vx), Y„(ux), 
J' v (vx)i Yf(vx) to be computed to 10S when u > 
15, except in the neighborhoods of zeros. 

• The main tables in Abramowitz and Stegun (1964, 
Chapter 9) give Jq{x) to 15D, J\{x), J 2 (:r), 
Y' 0 (a;), Yi(x) to 10D, Y 2 (x) to 8D, x = 0(1)17.5; 
Y n (x) — (2/n) J n [x) In x, n = 0, 1, x = 0(1)2, 
8D; J„( x), Y n (x), n = 3(1)9, x = 0(.2)20, 5D 
or 5S; J n {x), Y n ( x), n = 0(1)20(10)50,100, x = 
1,2,5,10,50,100, 10S; modulus and phase func- 
tions y/xM n (x), 0 n (x) — x, n = 0,1,2, 1/x = 
0(. 01)0.1, 8D. 

• Achenbach (1986) tabulates Jq(x ), Ji(x), Y 0 (x), 
Y^x), x = 0(1)8, 20D or 18-20S. 

• Zhang and Jin (1996, pp. 185-195) tab- 

ulates J n (x), J' n {x), Y n (x), Yf(x), n = 
0(1)10(10)50,100, x = 1, 5, 10, 25, 50, 

100, 9S; J n+a (x) 

5 Jn+a (^)) Y„_ \- a {x), Y n + a (x), 
n = 0(1)5,10,30,50,100, a = |, |, |, |, 

x = 1,5,10,50, 8S; real and imaginary parts 

of Jn+a{.z), Jn+a^ z )i ^n+a{z), ^n+ct( Z )i n = 
0(1)15,20(10)50, 100, a = 0, z = 4+2i, 20+101, 
8S. 

10.75(iii) Zeros and Associated Values of the 
Bessel Functions, Flankel Functions, 
and their Derivatives 

Real Zeros 

• British Association for the Advancement of 
Science (1937) tabulates j 0 ,m, Ji(jo.m), ji,m, 
Jo(ji,m), rn = 1(1)150, 10D; y 0 ,m, Pi(2/o,m), yi,m, 
Yo(yi.m), rn = 1(1)50, 8D. 

• Olver (1960) tabulates j n , m , J' n (jn,m), j' n ,mi 

Jn(,jn,m) 1 Un,mi Y n {yn,m)i y n ,nm i n = 

0(5)20|, to = 1(1)50, 8D. Also included are ta- 
bles of the coefficients in the uniform asymptotic 
expansions of these zeros and associated values as 
n — > 00 ; see §10.21 (viii), and more fully Olver 
(1954). 

• Morgenthaler and Reismann (1963) tabulates j' n m 
for n = 21(1)51 and f n m < 100, 7-10S. 

• Abramowitz and Stegun (1964, Chapter 9) tabu- 
lates jn,mi J n {jn,m)i j n ,mi Jn{jn,m) 1 n = ^(1)8, 
TO = 1(1)20, 5D (10D for n = 0), y n>m , Yf{y n ^ m ), 
y'n,m , Yn{y'n,m), Tl = 0(1)8, TO = 1(1)20, 5D 
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(8D for n = 0), Jo(jo,mx), m = 1(1)5, x = 
0(.02)1, 5D. Also included are the first 5 zeros of 
the functions x J\(x) — X Jo(x ), J\{x) — Xx Jo(x), 
J 0 (x)Y 0 (Xx) - Y 0 (x)J 0 (Xx), Ji(x)Y 1 (Xx) - 
Yi(x) Ji(Xx), J\(x) lo(Ax) — Yi{x) Jo (Ax) for vari- 
ous values of A and A -1 in the interval [0, 1], 4-8D. 

• Abramowitz and Stegun (1964, Chapter 10) 

tabulates J„ (jv.rn ) ? j u.r a , '1 v ( jy ,m) > Uv,mi 

y'v,mi v = K 1 ) 19 ^ m = 

1(1)771;,, where m u ranges from 8 at v = 1 down 
to 1 at v = 19l, 6-7D. 

• Makinouchi (1966) tabulates all values of j^ >rn and 
7/„ im in the interval (0,100), with at least 29S. 
These are for v = 0(1)5, 10, 20; v = 

v = 771/71 with 771 = l(l)u — 1 and n = 3(1)8, 
except for v = 1 . 

• Doring (1971) tabulates the first 100 values of v 
(> 1) for which J'_ u {x) has the double zero x = v, 
10D. 

• Heller (1976) tabulates j 0 ,m, Ji(jo,m), ji,m, 

Jim, for 771 = 1(1)100, 25D. 

• Wills et al. (1982) tabulates j 0 ,m, ji, m , Vo ,m, yi, m 
for m = 1(1)30, 35D. 

• Kerimov and Skorokhodov (1985c) tabulates 201 
double zeros of JZ„(x), 10 double zeros of J//(x), 
101 double zeros of Y/„(x), 201 double zeros of 
K"„(x), and 10 double zeros of Y"' v (x), all to 8 or 
9D. 


• Kerimov and Skorokhodov (1985a) tabulates 5 
(nonreal) complex conjugate pairs of zeros of the 
principal branches of Y n (z ) and Y' n {z) for n = 
0(1)5, 8D. 

• Kerimov and Skorokhodov (1985b) tabulates 50 
zeros of the principal branches of Hq 1 \z) and 
H?\z), 8D. 

• Kerimov and Skorokhodov (1987) tabulates 100 
complex double zeros v of y/(^e _7rl ) and 

H^' (ze~ wi ), 8D. 

• MacDonald (1989) tabulates the first 30 zeros, in 
ascending order of absolute value in the fourth 
quadrant, of the function Jq(z) — iJ\(z), 6D. 
(Other zeros of this function can be obtained by 
reflection in the imaginary axis). 

• Zhang and Jin (1996, p. 199) tabulates the real 
and imaginary parts of the first 15 conjugate pairs 
of complex zeros of Y 0 (z), Yi (z), Y{(z) and the 
corresponding values of Yi(z), Y 0 (z), Yi(z), re- 
spectively, 10D. 

10.75(iv) Integrals of Bessel Functions 

• Abramowitz and Stegun (1964, Chapter 11) tab- 

ulates fg Jo(t) dt, Y 0 (t) dt, x = 0(.1)10, 10D; 
J 0 X t~\l - J 0 (t))dt, t- 1 Y 0 (t) dt, x = 0(.1)5, 

8D. 

• Zhang and Jin (1996, p. 270) tabulates f 0 ' Jg(t) dt, 

- J 0 (t))dt , fg Y 0 (t) dt, XT t- 1 Y 0 (t) dt, 
x = 0(.1)1(.5)20, 8D. 


Zhang and Jin (1996, pp. 196-198) tabulates j n ,m, 
j'n,m ) Vn,m, 77. = 0(1)3, 771 = 1(1)10, 8D; 

the first five zeros of J n (x ) Y n (Xx) — J n ( Xx) Y n (x), 
J'n( x ) Y^(Xx) - J^Xx)Y'(x), 71 = 0,1,2, A = 
1. 1(. 1)1.6, 1.8, 2(.5)5, 7D. 


Complex Zeros 

• Abramowitz and Stegun (1964, p. 373) tabulates 

the three smallest zeros of Y t) (z) , Y\{z ), Y{(z) in 
the sector 0 < ph z < n, together with the cor- 
responding values of (z) , Y 0 (z), K| (z) , respec- 

tively, to 9D. (There is an error in the value of 
Y 0 (z) at the 3rd zero of Y\ (z): the last four digits 
should be 2533; see Amos (1985).) 

• Doring (1966) tabulates all zeros of Y 0 (z ), Y 1 (z), 
Hg^^z), H^\z), that lie in the sector \z\ < 158, 

| phz| < 7T, to 10D. Some of the smaller zeros of 
Y n (z) and Hn\z) for n = 2,3,4,5,15 are also 
included. 


10.75(v) Modified Bessel Functions and their 
Derivatives 

• British Association for the Advancement of Sci- 
ence (1937) tabulates J 0 (x), h(x), x = 0(. 001)5, 
7-8D; A'q (x ) , K x {x), x = 0.01(.01)5, 7-10D; 
e~ x I 0 (x), e~ x h(x), e x K 0 (x), e x I<i(x), x = 
5(.01)10(.1)20, 8D. Also included are auxiliary 
functions to facilitate interpolation of the tables 
of K 0 (x), A'i(x) for small values of x. 

• Bickley et al. (1952) tabulates x~ n I n (x) or 
e~ x I„(x), x n K n (x) or e x K n (x), n = 2(1)20, 
x = 0(.01 or .1) 10(.l) 20, 8S; I n (x), K n (x), 
n = 0(1)20, x = 0 or 0.1(.1)20, 10S. 

• Olver (1962) provides tables for the uniform 
asymptotic expansions given in §10.41(ii), includ- 
ing 77 and the coefficients Uk(p), Vk{p) as func- 
tions of p = (1 + x 2 ) _ i. These enable I u {vx ), 
A^(tix), /(,( vx), I\' v (vx) to be computed to 10S 
when v > 16. 
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• The main tables in Abramowitz and Stegun (1964, 
Chapter 9) give e~ x I n { x), e x K n (x), n = 0,1,2, 
x = 0(.1)10(.2)20, 8D-10D or 10S; y/xe~ x I n (x), 
(v^/tt) e x K n {x), n = 0,1,2, l/x = 0(.002)0.05; 
Ko(x) + /o(a;)lna;, x(Ki(x) — Ii(a;)lnx), x = 
0(1)2, 8D; e~ x I n {x), e x I< n {x), n = 3(1)9, 
x = 0(.2)10(.5)20, 5S; I n (x), K n (x), n = 
0(1)20(10)50, 100, x = 1, 2, 5, 10, 50, 100, 9-10S. 

• Achenbach (1986) tabulates Iq(x), h(x), K 0 (x), 
A-i(x), x = 0(1)8, 19D or 19-21S. 

• Zhang and Jin (1996, pp. 240-250) tabu- 

lates I n (x ), I' n (x), K n (x), K' n (x), n = 
0(1)10(10)50,100, x = 1,5,10,25,50,100, 9S; 
In+a(x), I n+a (x), K n + a (x), K n+a (x), 71 = 0(1)5, 
10, 30, 50, 100, a = §, |, f , x = 1, 5, 10, 50, 

8S; real and imaginary parts of I n + a (z), I' n+a {z), 
K n +a(z), K' n+a {z), n = 0(1)15, 20(10)50, 100, 
a = 0, 1, z = 4 + 2*, 20 + 10*, 8S. 

10.75(vi) Zeros of Modified Bessel Functions 
and their Derivatives 

• Parnes (1972) tabulates all zeros of the principal 
value of K n (z), for n = 2(1)10, 9D. 

• Leung and Ghaderpanah (1979), tabulates all ze- 
ros of the principal value of K n (z), for n = 2(1)10, 
29S. 

• Kerimov and Skorokhodov (1984b) tabulates all 
zeros of the principal values of K n (z) and K' n (z), 
for n = 2(1)20, 9S. 

• Kerimov and Skorokhodov (1984c) tabulates all 

zeros of I „ i ( 2 ) and /' 1 (*) in the sector 

0 < phz < j7r for n = 1(1)20, 9S. 

• Kerimov and Skorokhodov (1985b) tabulates all 

zeros of K n (z) and K' n (z ) in the sector — < 

ph z < §7r for n = 0(1)5, 8D. 

10.75(vii) Integrals of Modified Bessel 
Functions 

• Abramowitz and Stegun (1964, Chapter 11) tabu- 
lates e~ x fg Io(t) dt, e x J K 0 (t) dt, x = 0(.1)10, 
7D; e~ x t _1 (/ 0 (t) - 1) dt, xe x /“ t” 1 K 0 (t) dt, 
x = 0(.1)5, 6D. 

• Bickley and Nayler (1935) tabulates Ki n (x) 
(§10.43(iii)) for n = 1(1)16, x = 0(.05)0.2(.l) 2, 3, 
9D. 

• Zhang and Jin (1996, p. 271) tabu- 

lates e~ x fg Io(t) dt, e~ x fgt~ 1 (I o(t) — 1 ) dt, 
e x / x °° K 0 (t) dt, xe x K 0 (t) dt, x = 

0(.1)1(.5)20, 8D. 


10.75(viii) Modified Bessel Functions of 
Imaginary or Complex Order 

For the notation see §10.45. 

• Zurina and Karmazina (1967) tabulates K v (x) for 
v = 0.01(.01)10, x = 0.1(.1)10.2, 7S. 

• Rappoport (1979) tabulates the real and imag- 
inary parts of Ki +iT (x) for r = 0.01(. 01)10, 
x = 0.1(.2)9.5, 7S. 2 


10.75(ix) Spherical Bessel Functions, Modified 
Spherical Bessel Functions, and their 
Derivatives 

• The main tables in Abramowitz and Stegun (1964, 
Chapter 10) give ] n (x), y n (x) n = 0(1)8, x = 
0(.1)10, 5-8S; j„(®), y n (x) n = 0(1)20(10)50, 
100, x = 1,2,5,10,50,100, 10S; ii 1} (a;), k„(cc), 
n = 0,1,2, x = 0(.1)5, 4-9D; i^^), k n (x), 
n = 0(1)20(10)50, 100, x = 1, 2, 5, 10, 50, 100, 10S. 
(For the notation see §10.1 and §10. 47(h).) 

• Zhang and Jin (1996, pp. 296-305) tabulates 

j n{x), i' n (x), y n (x), y' n {x), i^ 1} (a;), ii 1} (x), k n (x), 
k' n (x), n = 0(1)10(10)30, 50, 100, x = 1, 5, 10, 25, 
50, 100, 8S; x] n {x), (xj n {x))', xy n (x), ( xy n (x ))' 
(Riccati-Bessel functions and their derivatives), 
n = 0(1)10(10)30, 50, 100, x = 1, 5, 10, 25, 
50, 100, 8S; real and imaginary parts of j n (z), 

j'„0), Yn{z), y' n {z), i n\z), i.^ (z), k n (z), k' n (z) , 
n = 0(1)15, 20(10)50, 100, z = 4 + 2 i, 20 + 10*, 
8S. (For the notation replace j,y,i,k by j, y, K 1 ), 
k, respectively.) 


10.75(x) Zeros and Associated Values of 
Derivatives of Spherical Bessel 
Functions 

For the notation see §10.58. 

• Olver (1960) tabulates a' nrn , j K,m, 
y n (pn,m) , n = 1(1)20, m = 1(1)50, 8D. Also in- 
cluded are tables of the coefficients in the uniform 
asymptotic expansions of these zeros and associ- 
ated values as n — » oo. 
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10.75(xi) Kelvin Functions and their Derivatives 

• Young and Kirk (1964) tabulates ber„ x, bei n x, 
ker^x, kei„x, n = 0,1, x = 0(.1)10, 15D; ber n x, 
bei„ x, ker n x, kei n x, modulus and phase func- 
tions M n (x), 9 n (x), N n (x), (j) n {x), n = 0,1,2, 
x = 0(.01)2.5, 8S, and n = 0(1)10, x = 0(.1)10, 
7S. Also included are auxiliary functions to facili- 
tate interpolation of the tables for n = 0(1)10 for 
small values of x. (Concerning the phase functions 
see §10.68(iv).) 

• Abramowitz and Stegun (1964, Chapter 9) tab- 

ulates ber„ x, bei n x, ker„ x, kei n x, n = 0,1, 
x = 0(.1)5, 9-10D; x"(ker„ x + (ber„ x)(lnx)), 
x n (ke\ n x + (bei„ x)(lnx)), n = 0,1, x = 

0(.1)1, 9D; modulus and phase functions M n (x), 
9 n (x), N n (x), </>„(x), n = 0,1, x = 

0(.2)7, 6D; M n (x), 9 n (x) - (x/y/2), 

yfxe x !'^ N n (x), </>„(x) + (x/y/2), n = 0,1, 1/x = 
0(. 01)0. 15, 5D. 

• Zhang and Jin (1996, p. 322) tabulates berx, 
ber'x, bei x, bei'x, ker x, ker'x, kei x, kei'x, x = 
0(1)20, 7S. 

10.75(xii) Zeros of Kelvin Functions and their 
Derivatives 

• Zhang and Jin (1996, p. 323) tabulates the first 20 
real zeros of ber x, ber'x, bei x, bei'x, ker x, ker'x, 
kei x, kei'x, 8D. 

10.76 Approximations 
10.76(i) Introduction 

Because of the comprehensive nature of more recent 
software packages (§10.77), the following subsections in- 
clude only references that give representative examples 
of the kind of approximations that can be used to gen- 
erate the functions that appear in the present chapter. 
For references to other approximations, see for example, 
Luke (1975, §9.13.3). 

10.76(ii) Bessel Functions, Flankel Functions, 
and Modified Bessel Functions 

Real Variable and Order : Functions 

Luke (1971a, b, 1972), Luke (1975, Tables 9.1, 9.2, 9.5, 
9.6, 9.11-9.15, 9.17-9.21), Weniger and Cizek (1990), 
Nemeth (1992, Chapters 4-6). 

Real Variable and Order : Zeros 

Piessens (1984, 1990), Piessens and Ahmed (1986), 
Nemeth (1992, Chapter 7). 


Real Variable and Order : Integrals 

Luke (1975, Tables 9.3, 9.4, 9. 7-9.9, 9.16, 9.22), Nemeth 
(1992, Chapter 10). 

Complex Variable; Real Order 

Luke (1975, Tables 9.23-9.28), Coleman and Monaghan 
(1983), Coleman (1987), Zhang (1996), Zhang and Bel- 
ward (1997). 

Real Variable; Imaginary Order 

Poquerusse and Alexiou (1999). 

10.76(iii) Other Functions 

Bickley Functions 

Blair et al. (1978). 

Spherical Bessel Functions 

Delic (1979). 

Kelvin Functions 

Luke (1975, Table 9.10), Nemeth (1992, Chapter 9). 

10.77 Software 

See http://dlmf.nist.gov/10.77. 


References 

General References 

The main references used in writing this chapter are 
Watson (1944) and Olver (1997b). 

Sources 

The following list gives the references or other indica- 
tions of proofs that were used in constructing the various 
sections of this chapter. These sources supplement the 
references that are quoted in the text. 

§ 10.2 Olver (1997b, pp. 57, 237-238, 242-243) and 
Watson (1944, pp. 38-45, 57-64, 196-198). The 
conclusions in §10.2(iii) follow from §2.7(iv) and 
the limiting forms of the solutions as z — > 0 and 
as z — > oo; see §10.7. 

§ 10.3 These graphics were produced at NIST. 

§ 10.4 Olver (1997b, pp. 56, 238-239, 242-243) and 
Watson (1944, pp. 74-75). 

§ 10.5 For the Wronskians use (1.13.5) and the limiting 
forms in §10.7. Then for the cross-products apply 
( 10 . 6 . 2 ). 
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§ 10.6 For (10.6.1) and (10.6.2) see Olver (1997b, 
pp. 58-59, 240-242) or Watson (1944, pp. 45, 66, 
73-74). (10.6.3) are special cases, and (10.6.4), 
(10.6.5) follow by straightforward substitution. 
For (10.6.6) see Watson (1944, pp. 46). For 

(10.6.7) use induction combined with the second 
of (10.6.1). For (10.6.8)-(10.6.10) see Goodwin 
(1949b). 

§ 10.7 For (10.7.1) and (10.7.3) use (10.2.2) and 

(10.8.2) . For (10.7.2) use (10.4.3) and (10.7.1). 
For (10.7.4) and (10.7.5) use (10.2.3) and (10.7.3) 
when v is not an integer; (10.4.1), (10.8.1) other- 
wise. For (10.7.6) use (10.2.3) and (10.7.3). For 

(10.7.7) use (10.4.3), (10.7.3), and (10.7.4). For 

(10.7.8) see (10.17.3) and (10.17.4). 

§ 10.8 Olver (1997b, p. 243) and Watson (1944, p. 147). 

§ 10.9 Watson (1944, pp. 19-21, 47-48, 68-71, 150, 
160-170, 174-180, 436, 438, 441-444). For 

(10.9.3) see Olver (1997b, p. 244) (with “Exer- 
cises 2.2 and 9.5” corrected to “Exercises 2.3 and 
9.5”). For (10.9.5), (10.9.10), (10.9.11), (10.9.13), 
(10.9.14) see Erdelyi et al. (1953b, pp. 18, 21, 82). 
(The condition 3?(^ ± £) > 0 in (10.9.14) is weaker 
than the corresponding condition in Erdelyi et al. 
(1953b, p. 82, Eq. (18)).) (10.9.15), (10.9.16) fol- 
low from (10.9.10), (10.9.11) by change of vari- 
ables 2 = £cosh(£, t — > t — lntanh(|0), <j> > 0. 
For (10.9.27) see Erdelyi et al. (1953b, p. 47). See 
also Olver (1997b, pp. 340-341). 

§ 10.10 Watson (1944, §§5.6, 9.65). 

§ 10.11 For (10.11.1)— (10.11.5) use (10.2.2), (10.2.3), 

(10.4.3) . For (10.11.6)— (10.11.8) take limits. For 
(10.11.9) use the Schwarz Reflection Principle 
(§1.10(ii)). 

§ 10.12 For (10.12.1) see Olver (1997b, pp. 55-56). For 
(10.12.2)-(10.12.6) set t = e l8 and ie z0 , and ap- 
ply other straighforward substitutions, including 
differentiations with respect to 6 in the case of 

(10.12.6) . See also Watson (1944, pp. 22-23). 

§ 10.13 These results are obtainable from (10.2.1) by 
straightforward substitutions. See also §1.13(v). 

§ 10.14 Watson (1944, pp. 49, 258-259, 268-270, 406) 
and Olver (1997b, pp. 59, 426). 

§ 10.15 For (10.15.1) see Watson (1944, pp. 61-62) or 
Olver (1997b, p. 243). For (10.15.2) use (10.2.3). 
For (10.15.3)-(10.15.5) see Olver (1997b, p. 244). 

(10.15.6) -(10.15.9) appear without proof in Mag- 
nus et al. (1966, §3.3.3). To derive (10.15.6) 


the left-hand side satisfies the differential equa- 
tion x 2 (d 2 W/dx 2 ) + x(dW/dx ) + ( x 2 — \)W = 
-v/2/(7rx) since, obtained by differentiating (10.2.1) 
with respect to u, setting v = 1 , and referring 
to (10.16.1) for w. This inhomogeneous equation 
for W can be solved by variation of parameters 
(§1. 13(h)), using the fact that independent so- 
lutions of the corresponding homogeneous equa- 
tion are J i(x) and Yi (a;) with Wronskian 2/(nx), 
and subsequently referring to (6.2.9) and (6.2.11). 
Similarly for (10.15.7). (10.15.8) and (10.15.9) 

follow from (10.15.2), (10.15.6), (10.15.7), and 
(10.16.1). 

§ 10.16 For (10.16.3), (10.16.4) see Miller (1955, p. 43). 
For (10.16.5) and (10.16.6) see Olver (1997b, 
pp. 255, 259) and apply (10.27.8). For (10.16.7) 
and (10.16.8) apply (13.14.4) and (13.14.5). For 
(10.16.9) combine (10.2.2) and (16.2.1). 

§ 10.17 Olver (1997b, pp. 237-242, 266-269), Watson 
(1944, pp. 205-206). (10. 17.8)-(10. 17.12) follow 
by differentiation of the corresponding expansions 
in §10.17(i); compare §2.1(iii). For (10.17.16)- 
(10.17.18) see Olver (1991b, Theorem 1) or Olver 
(1993a, Theorem 1.1), and (10.16.6). 

§ 10.18 For (10.18.3) see §10.7(i). (10.18.4)-(10.18.16) 
are verifiable by straightforward substitutions. 
For (10.18.17), and also the concluding para- 
graph of §10.18(iii), see Watson (1944, pp. 448- 
449). For (10.18.19) substitute into N 2 (x) = 

(x) (x) by means of (10.17.11), 

(10.17.12). The general term in (10.18.20) can 
be verified via (10.18.10). For (10.18.18) the first 
two terms can be found from (10.18.7), (10.17.3), 
(10.17.4), except for an arbitrary integer multiple 
of 7 r. Higher terms can be calculated via (10.18.8), 
(10.18.17). By continuity, the multiple of 7r is in- 
dependent of u, hence it may be determined, e.g. 
by setting v = ^ and referring to (10.16.1). Sim- 
ilar methods can be used for (10.18.21), together 
with the interlacing properties of the zeros of 
Yi/2 (z), and their derivatives (§10.21(i)). 
See also Bickley et al. (1952, p. xxxiv). 

§ 10.19 (10.19.1), (10.19.2) follow from (10.2.2), 

(10.2.3) , (10.4.3), (10.8.1), (5.5.3), (5.11.3). For 

(10.19.3) and (10.19.6) see Watson (1944, pp. 241- 
245) and Bickley et al. (1952, p. xxxv). The ex- 
pansions for the derivatives are established in a 
similar manner, with the coefficients calculated by 
term-by-term differentiation; compare §2.1(iii). 

§ 10.20 Olver (1997b, pp. 419-425), Olver (1954). 
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§ 10.21 For §10.21 (i) see Watson (1944, pp. 477-487), 
Olver (1997b, pp. 244-249), Doring (1971), and 
Kerimov and Skorokhodov (1985a). For §10.21 (ii) 
see Watson (1944, pp. 508 and 510) and Olver 
(1950). (In the latter reference t in (10.21.4) is re- 
placed by —t.) (10.21.5) and (10.21.6) follow from 

(10.6.2) . (10.21.12) and (10.21.13) follow from 

(10.18.3), (10.21.2), (10.21.3), and the fact that 
9 V ( x) is increasing when x > 0, whereas <j)„(x ) 
is decreasing when 0 < x < v and increasing 
when x > v; compare (10.18.8). For (10.21.15), 
(10.21.16) see Watson (1944, pp. 497-498). For 
§10.21(iv) see Watson (1944, pp. 508-510), Lorch 
(1990, 1995), Wong and Lang (1991), McCann 
(1977), Lewis and Mulcloon (1977), and Mercer 
(1992). For (10.21.19) see Watson (1944, pp. 503- 
507) or Olver (1997b, pp. 247-248). Similar meth- 
ods can be used for (10.21.20). For (10.21.22)- 
(10.21.40) see Olver (1951, 1952). The zeros de- 
picted in Figures 10.21.1-10.21.6 were computed 
at NIST using methods referred to in §10.74(vi). 
For (10.21.48)-(10.21.54) see McMahon (9495), 
Gray et al. (1922, p. 261), and Cochran (1964). 

§ 10.22 For (10.22.1)-(10.22.3) differentiate and use 

(10.6.2) , (11.4.27), (11.4.28). For (10.22.4)- 

(10.22.7) see Watson (1944, pp. 132-136). For 

(10.22.8) -(10.22.12) see Luke (1962, pp. 51-53). 
To verify (10.22.13) construct the expansion of 
the left-hand side in powers of z by use of 

(10.2.2) , followed by term-by-term integration 
with the aid of (5.12.5) and (5.12.1). Then com- 
pare the result with the corresponding expan- 
sion of the right-hand side obtained from (10.8.3). 
Next, the result J 2l s(2zsind)e ±2ltJ ' e d9 = 
7re ±i,i7r J„ +At (z) Jv-^z), Jftr' > — is proved in 
a similar manner with the aid of (5.12.6) in place 
of (5.12.5)— from which (10.22.14) and (10.22.15) 
both follow. (10.22.17) follows by combining 

(10.22.13) and (10.2.3); (10.22.16) is a special 
case of (10.22.14). For (10.22.18) replace 9 by 
^7r — 9 and set /i = n in (10.22.17); then apply 

(10.2.3) and let z/ -> 0. For (10.22.19), (10.22.22), 
(10.22.25), (10.22.26) see Watson (1944, Chap- 
ter 12). (In the case of (10.22.25), page 374 of this 
reference lacks a factor ^ on the right-hand side.) 
The verification of (10.22.20) is similar to that of 

(10.22.13) , the role of (5.12.5) now being played 
by (5.12.2). For (10.22.21) combine (10.2.3) and 
(10.22.20). For (10.22.23) and (10.22.24) see 
Luke (1962, p. 302 (36) and p. 303 (39), respec- 
tively). For (10.22.27) see Watson (1944, p. 151). 
For (10.22.28), (10.22.29) differentiate and use 

(10.6.2). For (10.22.30) with n > 1 it follows by 


differentiation and use of (10.6.2) that the left- 
hand side equals J)j' t~ l J^(t) dt — | J^{x ); appli- 
cation of Watson (1944, p. 152) yields the second 
result, then for the first result refer to (10.23.3). 
Some modifications of the proof of (10.22.30) are 
needed when n = 0. For (10.22.31)-(10.22.35) see 
Watson (1944, p. 380). For (10.22.36) replace t 
by z — t, substitute for t a via (10.23.15) (with z 
replaced by t , and v replaced by a), and then ap- 
ply (10.22.34). For (10.22.37) use (10.22.4) and 
(10.22.5); a similar proof applies to (10.22.38) af- 
ter replacing ^±1 (az) and 9>,i±\{bz) by az ) 

and q -^(bz), respectively, by means of (10.6.2). 
For the first result in (10.22.39) use (10.22.43) 
with v = 0 and /r replaced by [i — 1, split the 
integration range at t = x and take limits as 
fi — > 0; for the second result substitute into the 
first result by (10.2.2) and integrate term by term. 
(10.22.40), is proved in a similar manner, start- 
ing from (10.22.44) and substituting by means of 

(10.8.2) and (10.2.2) with v = 0 for the term- 

by-term integration. For (10.22.41)-(10.22.45) see 
Luke (1962, pp. 56-57). For (10.22.46) see Erdelyi 
et al. (1953b, p. 96). (10.22.47) is the special 

case of Eq. (6) of Watson (1944, §13.53) obtained 
by setting fj, = b = 0, p = u + 1, and sub- 
sequently replacing k by b. For (10.22.48) see 
Sneddon (1966, Eq. (2.1.32)). For (10.22.49)- 

(10.22.59) see Watson (1944, pp. 385, 394, 403- 
405, 407; there is an error in Eq. (1), p. 407). For 

(10.22.60) differentiate (10.22.59) with respect to 

fj, and use (10.2.4) with n = 0. For (10.22.61) see 
Watson (1944, p. 405). (10.22.62) follows from 
(10.22.56) with A = — /j. — 1 and (15.4.6). For 

(10.22.63), (10.22.64) see Watson (1944, p. 404). 
For (10.22.65) apply (10.22.56) with fi = v = 0, 
then let A — » 1. For (10.22.66), (10.22.67) see 
Watson (1944, pp. 389, 395). For (10.22.68) set 
a = b in (10.22.67), differentiate with respect to v 
and apply (10.2.4) and (10.27.5) with n = 0. For 
(10.22.69), (10.22.70), see Watson (1944, p. 429, 
Eqs. (3), (4), with fi = v+1 in (3)). For (10.22.71), 
(10.22.72) see Watson (1944, pp. 411, 412). For 
(10.22.74), (10.22.75) see Watson (1944, pp. 411) 
and Askey et al. (1986). 

§ 10.23 Watson (1944, §§5.22, 11.3, 11.4, 16.11 and 
pp. 64, 67, 71, 138). (10.23.2) is obtained from 
(10.23.7) by taking % = 0 and a = 0,7r. For 
(10.23.21) see Temme (1996a, p. 247). 

§ 10.24 (10.24.6)-(10.24.9) follow from (10.24.2)- 
(10.24.4) combined with (10.2.2), (10.2.3), 

(10.8.2) , (10.17.3), and (10.17.4). (10.24.5) can 
be verified from (1.13.5) and either (10.24.6) or 
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(10.24.7) -(10.24.9) and their differentiated forms. 

§10.25 Olver (1997b, pp. 60, 236-237, 250). The con- 
clusions in §10.25(iii) follow from §2.7(iv) and the 
limiting forms of the solutions as z — > 0 and z — > 
oo; see (10.25.3) and §10.30. See also (10.27.3). 

§10.26 These graphics were produced at NIST. 

§10.27 For (10.27.1)-(10.27.6) and (10.27.8) see Olver 
(1997b, pp. 60-61 and 250-252), Watson (1944, 
pp. 77-79), and (10.11.5). For (10.27.7), 
(10. 27. 9), -(10. 27. 11) combine these results with 

(10.4.4), and also use (10.34.2) with to = 1. 

§10.28 For the Wronskians use (1.13.5) and the limit- 
ing forms in §10.30. For the cross-products apply 

(10.29.2) . 

§10.29 Watson (1944, p. 79). For (10.29.5) use induc- 
tion combined with the second of (10.29.1). 

§10.30 For (10.30.1) use (10.25.2). For (10.30.2) and 

(10.30.3) use (10.27.4) when v is not an inte- 
ger; (10.27.3), (10.31.1) otherwise. For (10.30.4), 

(10.30.5) use (10.40.1) and (10.34.1) with to = ±1. 

§10.31 Olver (1997b, p. 253) or Watson (1944, p. 80). 
For (10.31.3) combine (10.8.3) and (10.27.6). 

§10.32 Watson (1944, pp. 79, 80, 172, 181-183, 191, 
193, 439-441), Erdelyi et al. (1953b, p. 82, 97- 
98), Paris and Kaminski (2001, p. 114). Also 
use (10.27.8). For (10.32.16) see Dixon and Fer- 
rar (1930). (An error in the conditions has been 
corrected.) For (10.32.19) see Titchmarsh (1986a, 
Eq. (7.10.2)). 

§10.33 Combine (10.10.1), (10.10.2) with (10.27.6). 

§10.34 Watson (1944, p. 80) and Olver (1997b, pp. 253, 
381). For (10.34.3) take m = ± 1 in (10.34.2), and 
combine with (10.34.1). 

§10.35 For (10.35.1) replace z and t in (10.12.1) by 
iz and —it, respectively, and apply (10.27.6). 

(10.35.2) -(10.35.6) are obtained by setting t = e lB , 
t = —ie lB , together with other straightforward 
substitutions. 

§10.37 Olver (1997b, pp. 251-252). For (10.37.1) see 
Everitt and Jones (1977). 

§10.38 (10.38.1) is obtained by differentiation of 

(10.25.2) ; compare (10.15.1). For (10.38.2) use 

(10.27.4) . (10.38.3)-(10.38.5) are proved in a sim- 
ilar way to (10.15.3)-(10.15.5). (10.38.6) and 

(10.38.7) are stated without proof and in a slightly 
different notation in Magnus et al. (1966, §3.3.3). 


Both cases of (10.38.6) can be derived by a 
method analogous to that used for (10.15.6) and 

(10.15.7) . (10.38.7) follows from (10.38.2) and 

(10.38.6) . 

§10.39 For (10.39.5)-(10.39.10) combine (10.16.5)- 
(10.16.10) with (10.27.6) and (10.27.8). 

§10.40 Watson (1944, pp. 202-203, 206-207), Olver 
(1997b, pp. 250-251, 266-269, 325). Also use 

(10.27.8) . (10.40.3) and (10.40.4) are obtained 

by differentiation of (10.40.1) and (10.40.2); com- 
pare §2.1(iii). (10.40.6) and (10.40.7) are ob- 

tained by multiplication of (10.40.1)-(10.40.4): 
that the coefficients are the same as in (10.18.17) 
and (10.18.19) is a consequence of the fact that 
I v (x) K u (x) and I' v {x) K' v (x) satisfy the same dif- 
ferential equations as M 2 { x) = \ = 

H[}\x) Hl 2 \x) and N 2 (x) = (x)\ 2 = 

Hi ’ ( x ) Hi ’ (cc) , respectively, except for replace- 
ment of x by ix. For the statement concerning the 
accuracy of (10.40.5) use the error bounds given 
by (10.40. 10)-(10.40.12). For (10.40.14) see Olver 
(1991b) together with (10.39.6). 

§10.41 Olver (1997b, pp. 374-378). For (10.41.1), 

(10.41.2) combine (10.19.1), (10.19.2) with 

(10.27.6) , (10.27.8). 

§10.42 Watson (1944, pp. 511-513) and Olver (1997b, 
p. 254). 

§10.43 For (10.43.1)-(10.43.3) differentiate, apply 

(10.29.2) , and also (11.4.29) and (11.4.30) in the 
case of (10.43.2). For (10.43.4) replace x by ix 
in (10.22.11), (10.22.12) and use (10.27.6). For 

(10.43.5) combine (10.22.39) and (10.22.40) by 
means of (10.4.3) to obtain an expansion for 
j^{H^\t)/t)dt\ then replace x by ix and use 

(10.27.8). For (10.43.6)-(10.43.10) differentiate, 
apply §10.29(i) and also verify the limiting behav- 
ior as x — > 0 or x — > oo. For (10.43.12) substitute 
into (10.43.11) by means of (10.32.9) with v = 0, 
invert the order of integration and apply (5.2.1). 
(10.43. 13)-(10.43. 16) follow from (10.43.12), and 
in the case of (10.43.16), (5.12.1). For (10.43.17) 
see Bickley and Nayler (1935). For §10.43(iv) see 
Watson (1944, pp. 388, 394-395, 410). For some 
results it is necessary to use the connection formu- 
las (10.27.6); for example, to obtain (10.43.23) set 
a = ib in Watson (1944, p. 394, Eq. (4)). Equa- 
tions (10.43.22) follow from Eq. (7) of Watson 
(1944, §13.21). For (10.43.25) see Erdelyi et al. 
(1953b, p. 51). For (10.43.29) combine (10.22.68), 
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(10.27.6), (10.27.10). In §10.43(v), for Condi- 
tions (a) see Sneddon (1972, pp. 359-361). For 
Conditions (b) see Lebedev et al. (1965, pp. 194- 
196). 

§10.44 For (10.44.1) combine (10.23.1) with (10.27.6) 
or with (10.27.8). Equations (10.44.2) are 
special cases of (10.23.1) and (10.44.1) with 
A = i. For (10.44.3) combine (10.23.2) and 

(10.27.1) with (10.27.6) or with (10.27.8). For 

(10.44.4) -(10.44.6) combine (10.23. 15)-(10.23. 17) 
with (10.27.6), (10.27.8), and (10.4.3). 

§ 10.45 Equations (10.45.5)-(10.45.8) follow from 

(10.25.2) , (10.27.4), (10.31.2), (10.40.1), and 

(10.40.2) . The Wronskian (10.45.4) can be verified 
from (1.13.5) and either (10.45.5) or (10.45.6)- 

(10.45.8) and their differentiated forms. 

§ 10.47 For (10.47.3)-(10.47.9) use (10.2.3), (10.4.6), 

(10.27.3) . For §10.47(iii) use §10.52. For 

(10.47.10)-(10.47.13) use (10.4.3), (10.27.4), 

(10.27.6) , (10.27.8), and the definitions (10.47.3)- 

(10.47.9) . For (10.47.14)-(10.47.16) use (10.11.1), 
(10.11.2), (10.34.1), with m = 1 in each case, and 
the definitions (10.47.3)-( 10.47.9). For (10.47.17) 
use (10.47.11) and (10.47.16). 

§10.48 These graphs were produced at NIST. 

§ 10.49 For (10.49.1)-(10.49.7) observe that when v = 
n + A the asymptotic expansions (10.17.3)- 

(10.17.6) terminate, and as a consequence of the 
error bounds of §10.17(iv) they represent the left- 
hand sides exactly. For (10.49.8)-(10.49.13) use 
the same method as for (10.49.1)-(10.49.7), or 
combine the results of §10.49(i) with (10.47.12) 
and (10.47.13). For the first of (10.49.14) combine 
the second of (10.51.3), with n = 0 and m = n, 
and the first of (10.49.3). Similarly for the second 
of (10.49.14) and also (10.49.15), (10.49.16). For 
(10.49.18) observe that from (10.18.6), (10.47.3), 
and (10.47.4), ] 2 n {z) +yl(z) = (tt/(2 z))M 2 + ^(z). 
Then apply (10.18.17). To derive (10.49.20) com- 
bine (10.47.12) and (10.49.18). 

§ 10.50 That the Wronskians are constant multiples of 
z~ 2 follows from (1.13.5). The constants can be 
found from the limiting forms (and their deriva- 
tives) given in §§10.52(i) or 10.52(ii). For (10.50.3) 
combine (10.50.1) with (10.51.1) and (10.51.2). 
For (10.50.4) use (10.49.2)-(10.49.5). 

§ 10.51 For (10.51.1) and (10.51.2) combine (10.6.1) 
and (10.6.2) with the definitions (10.47.3)- 

(10.47.5) . For (10.51.3) apply induction with the 


aid of (10.51.2). For (10.51.4) and (10.51.5) com- 
bine (10.29.1) and (10.29.2) with the definitions 

(10.47.7) and (10.47.9). For (10.51.6) apply in- 
duction with the aid of (10.51.5). 

§10.52 For (10.52.1), (10.52.2) use §10.53. For 

(10.52.3) -(10.52.6) use (10.49.2), (10.49.4), 

(10.49.6)-(10.49.8), (10.49.10), and (10.49.12). 

§10.53 Combine (10.2.2) and (10.25.2) with (10.47.3), 

(10.47.4) , and (10.47.7). 

§10.54 Watson (1944, pp. 50 and 174-175). For 

(10.54.1) use (10.9.4). 

§10.56 To verify (10.56.1) and (10.56.2) show that 
each side of both equations satisfies the differen- 
tial equation (2 t — z)(d 2 w / dt 2 ) + (dw/dt) = zw 
via the first of (10.51.1) and (10.49.3), (10.49.5). 
Then check the initial conditions at f = 0. 

(10.56.3) and (10.56.4) follow from (10.56.1) and 

(10.56.2) via (10.47.12); then (10.56.5) follows 
from (10.47.11). 

§10.57 For (10.57.1) use the differentiated form of the 
first of (10.47.3). 

§10.59 For (10.59.1) suppose first b ^ 0. The left-hand 
side is 2 i / 0 °° sin(6t) j„(f) dt or 2 / 0 °° cos(6t) j„(f) dt 
according as n is odd or even, see (10.47.14). 
Next, apply (10.22.64) with a = 1, jj = ^ or 
— A, and subsequently replace 2n + 1 or 2 n by n. 
For J±(i/ 2 ){bt) and J n +( we have (10.16.1) 

and (10.47.3); also the function 2 F-| is interpreted 
as a Legendre polynomial for both odd and even 
n via (14.3.11), (14.3.13), and (14.3.14). When 
6 = 0, use (10.22.43), (10.47.3), and also P„(0) = 

(—1)1” (|)i n j (I 71 )- or 0, according as the non- 
negative integer n is even or odd; see (14.5.1) and 
§5.5. 

§10.60 For (10.60.1)-(10.60.3) use (10.23.8) with v = \ 
and Yi = Y, J, ijW; subsequently apply (10.47.12) 
and (10.47.13) in the case of (10.60.3). For 

(10.60.4) set = Y v , u = v = z, v = 
— n — ij, and a = n in (10.23.8). Then re- 
fer to (10.47.3), (10.47.4), and also apply the 
following results obtained from Table 18.6.1: 

cj, n 2 \— 1) equals (2n + l)!/(fc!(2n + 1 — fc)!) 
when k = 0, 1 , . . . , 2n + 1 , and equals 0 when 
k = 2n + 2, 2n + 3, . . . . For (10.60.5) use the same 
procedure, but with = J u . (10.60.6) follows by 
combining (10.60.4) and (10.60.5) with §10.47(iv). 
For (10.60.7)-(10.60.9) see Watson (1944, pp.368- 
369). For (10.60.10) use Watson (1944, p. 370, 
Eq. (9)) with v = </> = a, <// = r; also 
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Eq. (18.7.9). For (10.60.11) see Watson (1944, 
p. 152). For (10.60.12) and (10.60.13) substitute 
u = v = z, with a = 0 and 7 r, into (10.60.2). For 
(10.60.14) see Vavreck and Thompson (1984). 

§ 10.61 For (10.61.3) set 2 = ire 3 ™/ 4 in (10.2.1). 

(10.61.4) follows by taking real and imagi- 
nary parts, and straightforward substitutions. 
For (10.61.5)— (10.61.8) see Whitehead (1911). 
(10.61.11) and (10.61.12) follow from the termi- 
nating forms of (10.67.1) and (10.67.2). Then 
(10.61.9) and (10.61.10) follow from these re- 
sults and the terminating forms of (10.67.3) and 

(10.67.4) . (Compare the derivation of the results 
given in §10.49(i) from (10.17.3)-(10.17.6).) The 
version of (10.61.9)— (10.61.10) given in Apelblat 
(1991) contains two sign errors. 

§ 10.62 These graphs were produced at NIST. 

§ 10.63 For (10.63. 1)-(10.63.4) set 2 = xe 3 ™/ 4 in 

(10.6.1) and (10.6.2). For (10.63.5)-(10.63.7) set 
a = xe 3m '/ 4 . Then from (10.61.1) and (10.63.5) 
d i/ (u) ./ v (u) — Pi/, ( 7i/(^) Jvip*) — Svi 'A'(a) '^(u) — 
e 37ri / 4 (rv - iq„), J„(a) J'(a) = e~ 3m/4 (r„ + iq v ). 
Combine these results with (10.6.2) and eliminate 
the derivatives. See also Petiau (1955, pp. 266- 
267) (but this reference contains errors). For 
the functions ker„ x and kei„ x use the second of 

(10.61.2). 

§ 10.65 Whitehead (1911). For (10.65.1), (10.65.2) 
combine (10.2.2), (10.61.1). For (10.65.3)- 

(10.65.5) combine (10.31.1), (10.61.1), and 

(10.61.2); see also Young and Kirk (1964, p. x). 

§ 10.66 For (10.66.1) apply (10.23.1) with ( & = J and 
A = e 3 ™/ 4 ; also (10.44.1) with if = 1 and A = 


eW 4 . For (10.66.2) apply (10.23.2) with = J, 
v = n, u = — x , v = ix, and equate real and 
imaginary parts. 

§ 10.67 For (10.67.1)-(10.67.8) combine (10.61.1), 

(10.61.2), and their differentiated forms with 

(10.40.1) -(10.40.4). To obtain the exponentially- 
small terms in (10.67.3), (10.67.4), (10.67.7), 
and (10.67.8), use the identity nil v ( xe™/ 4 ) = 
K v (xe~ 3 ™/ A ) — e"™ K v (xe™/ 4 ), obtained from 

(10.27.6) and (10.27.9). The final sentence in 
§10.67 (i) is justified by error bounds obtained as in 
§10.40(iii). For (10.67.9)-(10.67.16), first replace 
the cos and sin functions in (10.67.1)-(10.67.4) 
by exponential functions by constructing the cor- 
responding expansions for ber^ x ± i beC x and 
ker„ x ± i kei„ x and discarding the exponentially- 
small terms. Then set v = 0 and apply straight- 
forward manipulations. 

§ 10.68 (10.68.3)-(10.68.15) are derived from the defini- 
tions §10.68(i), the differential equation (10.61.3), 
the reflection formulas in §10.61(iv), and re- 
currence relations in §10.63(i) by straightfor- 
ward manipulations. For (10.68.16)-(10.68.21) 
combine (10.68.5) and (10.68.6) with (10.67.1)- 
(10.67.4), ignoring the exponentially-small terms 
in (10.67.3) and (10.67.4). See also Whitehead 
(1911) and Young and Kirk (1964, pp. xiv-xv). 

§ 10.69 Combine the results given in §§10.41(ii) and 
10.41(iii) with the definitions (10.61.1) and 

(10.61.2) . 

§ 10.70 Revert (10.68.18) and (10.68.21) (§2.2). 

§ 10.71 Differentiate and use (10.63.2) and (10.68.5). 
See also Young and Kirk (1964, pp. xvi-xvii). 
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Notation 


11.1 Special Notation 

(For other notation see pp. xiv and 873.) 
x real variable. 
z complex variable. 
v real or complex order. 
n integer order. 
k nonnegative integer. 

8 arbitrary small positive constant. 

Unless indicated otherwise, primes denote deriva- 
tives with respect to the argument. For the functions 
J v {z), Y„(z), H^\z), H„ 2 \z), I v {z), and K v {z) see 
§§10.2(ii), 10.25(h). 

The functions treated in this chapter are the Struve 
functions H v {z) and K „(z), the modified Struve func- 
tions L„(z) and M y (z), the Lommel functions s fJ , :U (z) 
and S lh v(z), the Anger function J „(z), the Weber func- 
tion E„(z), and the associated Anger- Weber function 
A „{z). 


Struve and Modified Struve 
Functions 


11.2 Definitions 


11.2(i) Power-Series Expansions 


00 f_1 Wl \2n 

11.2.1 H„(z) = (h)^ 1 V —7 vy, 

2 ^o r («+!) r {n + v+lY 


L v (z) = —ii 


11 . 2.2 


n— 0 

r$™n v (iz) 

oo 


= (^r +1 E 


(h) 2n 


T" 0 r ( n + i) r ( n + ^+ I) 


n— 0 


Principal values correspond to principal values of 
(| z ) v+1 ; compare §4.2(i). 

The expansions (11.2.1) and (11.2.2) are absolutely 
convergent for all finite values of z. The functions 
z -v-\ H„(z) and z~ u ~ 1 L v (z) are entire functions of 0 
and v. 


11.2.3 H 0 (z) 

11.2.4 L 0 (z) 


2 

7T 



l 2 • 3 2 


l 2 . 32 . 52 


2 

7T 



z 

l 2 • 3 2 


I 2 . 32 . 52 


11.2.5 K v (z) = U v {z)-Y v (z), 

11.2.6 M„(z) = h v (z) — I v (z). 


Principal values of K v (z) and M „(z) correspond to 
principal values of the functions on the right-hand sides 
of (11.2.5) and (11.2.6). 

Unless indicated otherwise, H v (z), K u (z), L v (z), 
and M„(j) assume their principal values throughout 
this Handbook. 


11.2(ii) Differential Equations 

Struve’s Equation 


11.2.7 


d 2 w 1 dw . . 

dz 2 + z dz + [ z 2 ) W 




V-l 


Vnr(v+ \y 


Particular solutions: 

11.2.8 w = H „(z),K u (z). 

Modified Struve's Equation 


11.2.9 


d 2 w 1 dw_( ( \z ) v - 1 

dz 2 + Z dz V + z 2 J U v^rT ( j/+§)‘ 


Particular solutions: 

11.2.10 w = L v {z),M v (z). 


1 1 .2 (iii) Numerically Satisfactory Solutions 

In this subsection A and B are arbitrary constants. 

When z = x, 0 < x < 00 , and iftv > 0, numerically 
satisfactory general solutions of (11.2.7) are given by 

11 . 2.11 w = H v (x) + A J v (x) + B Y v (x), 

11.2.12 w = K„(a;) + A J v {x) + B Y„(x). 

(11.2.11) applies when x is bounded, and (11.2.12) ap- 
plies when x is bounded away from the origin. 

When z £ C and dlis > 0, numerically satisfactory 
general solutions of (11.2.7) are given by 

11.2.13 w = YL v {z) + AJ v (z) + BH^{z), 

11.2.14 w = H u (z) + A (z) + B ( 2 ) , 

11.2.15 w = K „(z) + AH^\z) + BH<?\z). 

(11.2.13) applies when 0 < phz < tt and \z\ is bounded. 

(11.2.14) applies when — n < phz < 0 and \z\ is 
bounded. (11.2.15) applies when pli 2 : < n and z is 
bounded away from the origin. 

When > 0, numerically satisfactory general so- 
lutions of (11.2.9) are given by 

11.2.16 w = L v (z) + A K v (z) + BI v {z), 

11.2.17 w = M„(z) + A K v (z) + BI v [z). 

(11.2.16) applies when |phz| < with \z\ bounded. 

(11.2.17) applies when |phz| < \ 7r with 2 bounded 
away from the origin. 
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11.3 Graphics 
11.3(i) Struve Functions 



nil 3 n o 
2 ’ 2 ’ ° 



Figure 11.3.3: H^{x) for 0 < x < 12 and v = 

—3 —2 — - —1 —1 

2 5 -*-5 2 ' 



Figure 11.3.4: K„(x) for 0 < x < 16 and v = 

— 4 , — 3 , — 2 , — 1, 0. If v = — |, ..., then K„(:r) is 

identically zero. 



Figure 11.3.5: H„(i) for 0 < x < 8 and —4 < v < 4. 



Figure 11.3.6: K„(i) for 0 < x < 8 and —4 < v < 4. 
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Figure 11.3.7: |H 0 (a; + ij/)| for — 8 < x < 8 and —3 < 
V < 3. 


Figure 11.3.8: |K 0 (a: + i2/)| (principal value) for —8 < 
x < 8 and —3<y<3. There is a cut along the 
negative real axis. 


For further graphics see http : //dlmf . nist . gov/11 . 3 . i. 


11.3(ii) Modified Struve Functions 



Figure 11.3.13: L„(x) for 0 < x < 4.38 and v = 

nil 1 o o 
2 5 ‘ L ’ 2 5 



fill i n o 



Figure 11.3.15: L l/ (a:) for 0 < x < 4.25 and v = 
—3 —2 —4 —i _ i 



Figure 11.3.16: M t/ (a;) for 0 < x < 16 and v = 
—3 —2 — - —1 — 1 
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Figure 11.3.18: M„(ir) for 0 < x < 8 and —4 < v < 4. 

For further graphics see http://dlmf.nist.gOv/ll.3.ii. 


11.4 Basic Properties 
11.4(i) Half-Integer Orders 


For n = 0, 1, 2, ... , 


11.4.1 K n+ i (z) 



f- ( 2w ) !2 ~ 2m (l z )n-2™ 

^ m! in — to)! 2 

m — 0 ' 


11.4.2 

I— n— ^ 


11.4.3 

11.4.4 

11.4.5 

11.4.6 


11.4.7 

11.4.8 

11.4.9 

H|(*) 


pV y (~l) m (2TO)!2- 2 - _ 2m 

\7rz/ to! (n — to)! 2 ^ 

v 7 m =o v ' 


Hi(z) = 

H_i(z) = 

2 v ' 


L |W = 
L -|W = 




11.4.10 

11.4.11 




11.4(ii) Inequalities 

11.4.13 H I/ (a:) >0, x > 0, v > 

11.4.14 

2f ir’) 1/ + 1 

H ^ ) = ^r 2 Y+f) (1 + ^ |,-f, 

where 

11.4.15 W<|exp(^-l), 

and 1 ^ 0 + 1 1 is the smallest of the numbers |^ + § |, \v+ 1 1, 

k+ll,-... 

11.4(iii) Analytic Continuation 

11.4.16 H „(ze m7ri ) = e m "('' +1 ) H „(*), m£ Z, 

11.4.17 L u (ze m ™) = e mm{v+1) L „(z), to £ Z. 
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11.4(iv) Expansions in Series of Bessel 
Functions 

11.4.18 

H „(z) = 


7T 1 / 2 r(u+ i) 

(2fc + is + 1) T(k + v + 1) T ( ^ 

X ^ k\{2k+ l)(2fc + 2zz + 1) 2k +v+i(z), 

-1,-2, -3,..., 

\l/2^ (\ Z ) k 


k —0 


,1.4.19 H„(4)=(T) 

' 1 . \ /y-l-I OO 


11.4.20 H ,(*) = =?— 


(§*)* 


1 \ d k+h ( Z )’ 


r (^+ 5 ) S, + 2 ) ' 5 


11.4.21 


TT / A 4: ^ J 2 k + l{z) 0 V^/ life T2 n \ 


7T ' 2fc + 1 
fc =0 


k = 0 


H I (4) = ?(i-j oW ) + if; 

77 77 ^ ^ 


11.4.22 


7T 2- ^ 4fc 2 — 1 
k = 1 


— ^2A;+i ( 2 ^) ^2fe+| ( 2 ^)' 


k =0 

For these and further results see Luke (1969b, §9.4.5), 
and §10.23(iii). 

11.4(v) Recurrence Relations and Derivatives 

11.4.23 

Hn-i(z) + H„ + i(z) = — H v \z 
z 

11.4.24 

H v - 1 (z)-H v+1 (z) = 2H! v (z)- 

11.4.25 


(hr 


V 7 rF(i/+ I) ’ 

(i*)" 


\ /7rr (^+ |) ’ 


Oils ( — z) 1 ' 

Ll4-l(~) — Ly+l (z) = L v(z) H — ■ 3V 

z V7rr(i/+ f) 


11.4.26 

L„_i(z) + L„ + i(z) = 2L(,(z) — 
d 


(hr 


11.4.27 


dz 


\ /7rr (^+ !) ' 

(z v H v (z)) = z t/ H u - 1 (z), 




11.4.29 


dz 


(z v L 1 ,(;s)) = z , 'L I ,_ 1 (z), 


11.4.30 (z^L^z)) = 2 . ^ 

dz V W ' 0iT(i/+§) 


+ z !y L^ +1 (z). 


11.4.31 


1 d 


H u - m (z) = z m -' ( ) (z^z)), m = 1,2,3,..., 


where 7d„(z) denotes either H „(z) or L „(z). 

11.4.32 H(,(z)= --H^z), y(zH 1 (z)) = zH 0 (z), 

7 r az 

11.4.33 L' 0 (z) = - + Li(z), -f-(zLi(z))=zL 0 (z). 

7 r dz 

11.4(vi) Derivatives with Respect to Order 

For derivatives with respect to the order v , see Apelblat 
(1989) and Brychkov and Geddes (2005). 

11.4(vii) Zeros 

For properties of zeros of H 1 / (.t) see Steinig (1970). 

For asymptotic expansions of zeros of Ho (a;) see 
MacLeod (2002a). 


11.5 Integral Representations 
11.5(i) Integrals Along the Real Line 
11.5.1 

H ^(-) = rlh\ n ( ( l ~ t2 r ~ * sin (^) dt 

V 7T T(u + 2 ) J Q 


2 (hr 


r n/2 


\) JO 


sin(z cos 6 ) (sin d) 2v dd , 
'Stv > — 1, 


11.5.2 

K„(z) = 

11.5.3 


2 (hr 


\ZnT(v + \) Jo 

K 0 (z) = - 
7 r 




^ — 2: sinh t 


dt , 


3?z > 0, 


2 (hr 


M„(z) = — , 1 

11.5.4 \pK V(v -\- 2) Jo 


[ e~ zt {l -t 2 r~idt, 

Jo 


> — |, 


11.5.5 

11.5.6 


2 / >7r / 2 
M 0 (z) = - / 1 

^ Jo 


d0, 


L„(z) = 


2 (hr 


r tt/2 


0rr(u + |) Jo 


11.5.7 = 


l- v ( x) - li V (x) 

2 (hr 


\Trr(is+ \) Jo 


sinh(zcosd)(sin d) 2u dd , 
;Ru > — 1, 


(1 + f 2 ) 1 ' 2 sin(ad) dt, 

x > 0, < |. 


11.5(ii) Contour Integrals 

For loop-integral versions of (11.5.1), (11.5.2), (11.5.4), 
and (11.5.7) see Babister (1967, §§3.3 and 3.14). 


11.6 Asymptotic Expansions 
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Mellin-Barnes Integrals 
11.5.8 

(ia:) - " -1 H u (x) 

-_JL TT CSC (its) 2 y d 

2niJ- ioo r(l + s)r(l + v + s y iX ’ as ’ 

X > 0, $tis > — 1 , 


/ M 0 (t) dt + -(ln(2z) + 7) 

J 0 7r 


n.b.4 2 ^ (2fe)!(2fc — 1)! 

n (k\) 2 (2z) 2k 

where 7 is Euler’s constant (§5.2(ii)). 


| phz| r — <5, 


11.5.9 

r +) ^CSC(7TS) l z 2 Vd 

27 TiL r(| + s)r(| + ^ + s) 2 j 

In (11.5.8) and (11.5.9) the path of integration separates 
the poles of the integrand at s = 0,1,2 ,... from those 
at s = —1, —2, —3, 

11.5(iii) Compendia 

For further integral representations see Babister (1967, 
§§3.3, 3.14), Erdelyi et al. (1954a, §§5.17, 15.3), Mag- 
nus et al. (1966, p. 114), Oberhettinger (1972), Ober- 
hettinger (1974, §2.7), Oberhettinger and Badii (1973, 
§2.14), and Watson (1944, pp. 330, 374, and 426). 

11.6 Asymptotic Expansions 
11.6(i) Large \z\, Fixed v 


11.6(ii) Large \u\, Fixed z 

11.6.5 n„(z),L„(z) ~ (f^) ’ | ph J^| < 7r — 6. 

More fully, the series (11.2.1) and (11.2.2) can be re- 
garded as generalized asymptotic expansions (§2.1(v)). 


11.6(iii) Large \v\, Fixed z/v 

For fixed A(> 1) 


11 . 6.6 

K„(Ai/) 


{\\v) 


V-\ 


^ r ("+i)S 

and for fixed A (> 0) 


k\c k (X) 


I ph v\ < ^7T — 5, 


M„(Ai/) 

11.6.7 

Here 


( 2 A^) v 1 ^ k\ck(iX) 
uk ’ 

I ph v\ < ^7T — 6. 


11 . 6.1 

K „{z) 


1 - r(fe + A)(A ^)- 2fc - 1 

"h •>+!-*) 


I ph z\ < 7T — 6, 


where S is an arbitrary small positive constant. If the 
series on the right-hand side of (11.6.1) is truncated 
after m(> 0) terms, then the remainder term R m (z) is 
0(z" -2m-1 ). If v is real, z is positive, and m+\ — v > 0, 
then Rm{z) is of the same sign and numerically less than 
the first neglected term. 


M„(«) 

11 . 6.2 


-f>i ) fe+1 

7 r * ^ 


r(fc + i)(W) 


\v— 2k — 1 


k—0 


T i v +\- k ) 


I ph z\ < — 1 5. 

For re-expansions of the remainder terms in (11.6.1) 
and (11.6.2), see Dingle (1973, p. 445). 

For the corresponding expansions for H„(z) and 
L v (z) combine (11.6.1), (11.6.2) with (11.2.5), (11.2.6), 
(10.17.4), and (10.40.1). 


11.6.3 


[ K 0 (f) dt — — (ln(2z) + 7) 
Jo 71 


-EH) 

7 r * ^ 


k = 1 


fc + i (2fc) !(2fc — 1)! 

{k\) 2 (2z) 2k ’ 


| phz| <7 r — S, 


co (A) = 1, ci(A) = 2A" 2 , 

11.6.8 c 2 (A) = 6A" 4 - |A” 2 , c 3 (A) = 20A -6 — 4A -4 , 

c 4 (A) = 70A- 8 -fA- 6 +|A- 4 , 

and for higher coefficients c k { A) see Dingle (1973, 
p. 203). 

For the corresponding result for H v (\v) use (11.2.5) 
and (10.19.6). See also Watson (1944, p. 336). 

For fixed A (> 0) 

11.6.9 h v {\v) ~ I v (\v), | ph < ^7 t — 6, 

and for an estimate of the relative error in this approx- 
imation see Watson (1944, p. 336). 

11.7 Integrals and Sums 
11.7(i) Indefinite Integrals 

11.7.1 J z v H„_i(z) dz = z v H „(*), 

11.7.2 

j z "H u+1 (z)dz = -z ^ { z )+ ^ T[v+iy 

11.7.3 


z v L u -i{z) dz = z v L v {z) 
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11.7.4 / z V L „ + i(z) dz = z v L v (z) — 


2 ~ v z 


V 7rr (^ + 1) ' 


M*) = [ t v n v (t)dt, 
Jo 


If 

11.7.5 

then 

U+i(z) = (2u + 1 )/„(*) - z" +1 H v (z) 

11.7.6 (Jz 2 )^ 1 

+ (v + i)v^Fr(i/ + |) ’ 

11.7(ii) Definite Integrals 

[ ! Hissing) ^ Sln6> ?l +1 dd 


ytv > — 1 . 


2~ v 


(cos 9) 

r(i - v)z v ~ 1 {\-cosz), — | 


dt 


dt 


11.7.8 / H 0 (f) — = 5 7T, / H 1 (t)- F =W 


f 2 


11.7.9 

11.7.10 

11.7.11 


nOO 

/ H^(t) dt = — cot(|7Ti/), — 2 < 5 Rz/ < 0 , 

/»oo 

l t- v ~ 1 n v (t)dt = 2v+1 *'^„ t »«/>-!, 


dt = 


'+ 1 r(z/ + i) ; 

r(|/i)2 M_l/_1 tan(|7T/u) 

r (^- !) 

|5ft/i| < 1, > dlfj, — |, 


11.7.12 


poo 

/ t~^~ v H A( (t) H^(t) dt 

Jo 

^F(/j + v) 


2^T^ + u+J)T( f ,+ J)T(iy+J)’ 

3 ?(/z + i/) > 0. 

For other integrals involving products of Struve func- 
tions see Zanovello (1978, 1995). For integrals involving 
products of M„(t) functions, see Paris and Sy (1983, 
Appendix) . 

11.7(iii) Laplace Transforms 

The following Laplace transforms of H„(t) require 3?a > 
0 for convergence, while those of L„(t) require 3?a > 1. 

11.7.13 


7*00 

/ e~ at Ho(£) dt = 
Jo 


7r\/l + a 2 


In 


1 + \/\ + a 2 


11.7.14 


2 2a ln / 1 + y/lTa 2 


e _at Hx(£) dt= 


7*00 

11.7.15 / e _at L 0 (f) dt = 

Jo 


7ra 7r\/l + a 2 
2 


r\/a 2 — 1 


arcsm - 


11.7.16 

7*00 


7*00 

/ e _at L 1 (£)d£ = 

Jo 


2 a 


arctanl - 


iVa 2 — 1 V Va 2 — 1 


2 

7ra 


11.7(iv) Integrals with Respect to Order 

For integrals of H„(a;) and L„(a;) with respect to the 
order v, see Apelblat (1989). 


11.7(v) Compendia 

For further integrals see Apelblat (1983, §12.16), Babis- 
ter (1967, Chapter 3), Erdelyi et al. (1954a, §§4.19, 
6.8, 8.15, 9.4, 10.3, 11.3, and 15.3), Luke (1962, 
Chapters 9, 11), Gradshteyn and Ryzhik (2000, §6.8), 
Marichev (1983, pp. 192-193 and 215-216), Oberhet- 
tinger (1972), Oberhettinger (1974, §1.12), Oberhet- 
tinger (1990, §§1.21 and 2.21), Oberhettinger and Badii 
(1973, §1.16), Prudnikov et al. (1990, §§1.4 and 2.7), 
Prudnikov et al. (1992a, §3.17), and Prudnikov et al. 
(1992b, §3.17). 

For sums of Struve functions see Hansen (1975, 
p. 456) and Prudnikov et al. (1990, §6.4.1). 


11.8 Analogs to Kelvin Functions 

For properties of Struve functions of argument xe ±im ^ 
see McLachlan and Meyers (1936). 


Related Functions 


11.9 Lommel Functions 
11.9(i) Definitions 

The inhomogeneous Bessel differential equation 


11.9.1 


d 2 w 1 dw / _ v 


dz 2 z dz \ z 


+ 1 - u; = z^ 1 


can be regarded as a generalization of (11.2.7). Pro- 
vided that fj, ± v ^ — 1, — 3, — 5, . . . , (11.9.1) has the 
general solution 

11.9.2 w = s M>v (z) + A J v (z) + BY„(z), 

where A, B are arbitrary constants, is the Lom- 

mel function defined by 


s nA z ) = z ‘ 


— 




~2k 


k = 0 


afe+i(/x, v) ’ 


11.9.3 

and 

11.9.4 


aki^v) = ((/z + 2 to - l) 2 - v 2 ) , k = 0 , 1 , 2 ,.... 

m—1 
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Another solution of (11.9.1) that is defined for all values of p, and v is where 

11.9.5 S^„(z) = s Mil/ (z) + 2 M_1 T (|/x +5^+5) r (§// -5^+5) (sin (| ( a* - v)*) J v {z ) - cos(i(/x - v)n) Y v (z)) , 
the right-hand side being replaced by its limiting form when /r ± v is an odd negative integer. 

Reflection Formulas 

11-9.6 Sju,— i'(.z) — s^„(z), *5*^ 

For the foregoing results and further information see Watson (1944, §§10.7-10.73) and Babister (1967, §3.16). 


11.9(H) Expansions in Series of Bessel Functions 

When /./ ± u 7^ —1, —2, —3, . . . , 

(2/c + fi + 1) r(fc + fi + 1) 


11.9.7 


.Az) = 2 


k = 0 


fc!(2fc -|- /i — z/ -J- l)(2/c H- H- H- 1) 


^2fc+M+l( z ); 


(£*)* r M 


11.9.8 *„,„(*) = 2 C^- 1 )/ 2 r(i/x + ^ + i)*^ 1 -)/ 2 E fc,( 2fc +;_„+!) ^+1(^+1) 

For these and further results see Luke (1969b, §9.4.5). 


11.9(iii) Asymptotic Expansion 


11.10 Anger-Weber Functions 


For fixed /r and u, 

OO 

n 9 9 ~ ^ _1 E^ 1 )* 0 *^. ")*~ 2fc > 

fe =0 

z — > 00, | ph z | <7 r — <5(< 7r ) . 

For afe(/x, v) see (11.9.4). If either of n±v equals an odd 
positive integer, then the right-hand side of (11.9.9) ter- 
minates and represents S fl ^(z) exactly. 

For uniform asymptotic expansions, for large v and 
fixed [x = —1, 0, 1, 2 , ... , of solutions of the inhomoge- 
neous modified Bessel differential equation that corre- 
sponds to (11.9.1) see Olver (1997b, pp. 388-390). 

11.9(iv) References 

For further information on Lommel functions see Wat- 
son (1944, §§10.7—10.75) and Babister (1967, Chap- 
ter 3). For descriptive properties of s^ v { x) see Steinig 
(1972). 

For collections of integral representations and inte- 
grals see Apelblat (1983, §12.17), Babister (1967, p. 85), 
Erdelyi et al. (1954a, §§4.19 and 5.17), Gradshteyn and 
Ryzhik (2000, §6.86), Marichev (1983, p. 193), Ober- 
hettinger (1972, pp. 127 128, 168-169, and 188-189), 
Oberhettinger (1974, §§1.12 and 2.7), Oberhettinger 
(1990, pp. 105-106 and 191-192), Oberhettinger and 
Badii (1973, §2.14), Prudnikov et al. (1990, §§1.6 and 
2.9), Prudnikov et al. (1992a, §3.34), and Prudnikov 
et al. (1992b, §3.32). 


11 . 10.1 


11 . 10.2 


11.10(i) Definitions 

The Anger function J„(z) and Weber function E„(z) 
are defined by 

1 r 

J„(z) = — / cos(v9 — zsin0) dO, 
n Jo 
1 r 

E„ (z) = — / sin(i/f? — zsin0) d6. 

7T Jo 

Each is an entire function of z and v. Also, 

11.10.3 

1 [ 2lT 

— / cos(v9 — zsinf?) dd = (1 + cos( 27 tu)) 3 v (z) 
n Jo 

+ sin(27ru) E„(z). 

The associated Anger-Weber function A„(z) is de- 
fined by 

1 


11.10.4 


A „(z) = 


—i/t—z sinh t 


dt , 


3 ftz > 0. 


(11.10.4) also applies when 3?z = 0 and tRix > 0. 

ll.lO(ii) Differential Equations 

The Anger and Weber functions satisfy the inhomoge- 
neous Bessel differential equation 

d 2 w 1 dw f v 2 \ . . 

11.10.5 —t + -- 5 -+(1 n)w = f(v,z), 


dz z dz 


where 

11 . 10.6 

or 

11.10.7 


/(i/,z) = — — ^sin(7ri/), w = J v (z), 


f{v, z) = 2 (z + V + (z - v) cos(7Ti/)), w = E„(z). 
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ll.lO(iii) Maclaurin Series 

11.10.8 J„(z) = cos(^7r^) Si(u, z) + sin(^7ri/) S^iy, z), 

11.10.9 E v (z) = sin(i7r^) Si(p, z ) — cos(|7r^) S 2 (y, z), 
where 


11.10.10 Si{v 7 z) 


E 


k=0 


(-1 ) k {\z) 2k 

v(k+\v + 1) r(fc— \v+i) ’ 


11.10.11 S 2 {v,z ) = 


( -l) fe (^) 2fc+ i 


fc=0 r ( fc+ ^ + l) r ( fc "^ + l) 

These expansions converge absolutely for all finite val- 
ues of z. 


11.10(iv) Graphics 




Figure 11.10.1: Anger function J^ar) for -8 < x < 8 Figure 11.10.2: Weber function E„(x) for -8 < x < 8 
and v = 0, 1, and z/ = 0, 1, |. 



Figure 11.10.3: Anger function 3 u (x) for -10 < x < 10 Figure 11.10.4: Weber function E„(x) for -10 < x < 10 
and 0 < v < 5. and 0 < v < 5. 


11.10(v) Interrelations 

11.10.12 3 v (-z) = E„(-z) = -E_„(z). 

11.10.13 sin(7ru) 3„(z) = cos(7rz/) E v (z) — E _„(z), 

11.10.14 sin(7ru) E v (z) = 3- v (z) — cos(7 ru) 3„(z). 

11.10.15 J v (z) = J v {z ) + sin(7ri/) A v (z), 

11.10.16 E„(z) = — Y„(z) — cos(7ri/) A„(z) — A - v (z). 


ll.lO(vi) Relations to Other Functions 


11.10.17 J„(z) = (s 0 ,v(z) - vs-i „(z)), 

7 r 

E v (z) = (1 + cos(7 tv)) s 0iI/ (z) 

11.10.18 n 

(1 - C0S(7TZ/)) S-i t „(z). 
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J -i0) 

11 . 10.19 

Ji (z) 

11 . 10.20 

where 


Ei (z) 

( \nz )~ - s ( A+ ( X ) cos z - A_ (x) sin z ) , 

-E_.(z) 

2 v 7 

(|7rz) _ * ( A (x) sin z + A_ (x) cos z ) , 


ll.lO(ix) Recurrence Relations and Derivatives 

11 . 10.32 J„_i (z) + J„+i(z) = — J„(z) - — sin(7 ru), 

Z 7 TZ 

11 . 10.33 

E + E v +i(z) = — E„(z) - — (1 - cos(7ru)). 

Z 7T Z 


11 . 10.21 A ± { x ) = C( X ) ± S( X ), x = (2z/tt) 3. 
For the Fresnel integrals C and S see §7.2(iii). 
For n = 1,2,3,..., 


11 . 10.22 

E n (z) 


and 


1 _ mi _ 

-H n (z) + -£ 

7 r ' 

k = 0 


^(^+ 2 ) /I \ra-2fc-l 

T(n+\-k)^ ] 


11 . 10.23 

E_ n (z) 


where 


= -h_„(*) 

, (~i ) n+1 

7 r 


A r(n-Ai-|) x +2k+1 

h r ( fc +i) 13 J 


11 . 10.24 mi = [Jn — ij , m 2 = — |] . 

ll.lO(vii) Special Values 


11 . 10.25 


J„(0) 


sin(7ru) 

7 TV 


11 . 10.26 E 0 (z) = -H 0 (z), 


7T1S 

E 1 (z)=--U 1 (z). 

7T 


11 . 10.27 


_ 5 _ 

<9u 


J„(*) 


j /=0 


57tH 0 (z), 


11 . 10.28 


c) 

<9u 


E „(z) 


y=0 


§7tJ 0 (z). 


11 . 10.29 J n (z) = J„(z), n G Z. 

ll.lO(viii) Expansions in Series of Products of 
Bessel Functions 


11 . 10.30 

J „(*) = 

OO 

2sin(iu7r) ^(-l) fc J k _ i „ + 1 (\z) J fc+ i„ + i (|z) 
k = 0 

00 

+ 2cos(iu7r) Y, (~l) fc 4- % v (h z ) J k+ 

fc =0 

11 . 10.31 

E„(z) = 

OO 

-2cos(i^) J](-l) fe J fc _i v+ i (§*) ■/*-!>+*(§*) 

fc=0 

00 

+ 2sin(i;/7r) ^ (-l) fc J k _i u (\z) J fc+ i„(|z), 

k = 0 

where the prime on the second summation symbols 
means that the first term is to be halved. 


11.10.34 2 J' v (z) = J„_i(z) - J u+i(z), 

11.10.35 2 E'„(z) = E„_!(z) - E „ + i(z), 

11 . 10.36 zJ' v (z) ± i7j„(z) = ±zJ„ Tl (z) ± — -, 

7 r 

11 . 10.37 

zK(z) ±vE „(z) = ±zE„ t1 (z) ± (1 ~ C ° s(7ri/)) . 

7 r 


11.10(x) Integrals and Sums 

For collections of integral representations and integrals 
see Erdelyi et al. (1954a, §§4.19 and 5.17), Marichev 
(1983, pp. 194-195 and 214-215), Oberhettinger (1972, 
p. 128), Oberhettinger (1974, §§1.12 and 2.7), Oberhet- 
tinger (1990, pp. 105 and 189-190), Prudnikov et al. 
(1990, §§1.5 and 2.8), Prudnikov et al. (1992a, §3.18), 
Prudnikov et al. (1992b, §3.18), and Zanovello (1977). 

For sums see Hansen (1975, pp. 456-457) and Prud- 
nikov et al. (1990, §§6.4.2-6.4.3). 


11.11 Asymptotic Expansions of 
Anger-Weber Functions 

ll.ll(i) Large \z\, Fixed v 

Let Fq(u) = Gq(u) = 1, and for k = 1, 2, 3, ... , 

11 . 11.1 

F k (u) = (v 2 - l 2 )(u 2 - 3 2 ) • • • (v 2 - (2k - l) 2 ), 
G k (u) = (u 2 - 2 2 )(u 2 - 4 2 ) • • • (u 2 - (2fc) 2 ). 
Then as z — > 00 in | ph z\ < ir — S (< 7 r) 

11 . 11.2 

J is(z) ~ Jv(z) 


sin(Tru) ( A F k (v) _ v_ A G k (v) 

/ ^ g2k 2, ' ^ z ^ 
\k—0 k — 0 / 


7 TZ 


E V (z)~-Y„(z)- 


1 + cos(niy) A F k (v) 


7T Z 


11 . 11.3 


E 

k = 0 

1 — C0S(7T1/)) ^ Gk(v) 


y 2 k 


7 TZ* 


y 2 k 


k = 0 


. . . 1 A F k (v) V A G k (v) 

n . n .4 a„( 2 )~-£ 


7 TZ * — ' 

k=0 


y 2k 


k—0 
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ll.ll(ii) Large \u\, Fixed 2 


If 2 is fixed, and v — > 00 in | ph z/| < n in such a way 
that v is bounded away from the set of all integers, then 


, . . sin(7rz/) / vz 

11.11.5 J v (z) = — - — - I 1 - 


7 TV 


Oli 


E„(*) = 


11 . 11.6 




v 2 — 1 \ v 

vz 


v 2 — 1 


cos 2 (^ 7 rz/) 




If v = n((E Z), then (11.10.29) applies for 3 n (z), and 

2z 


E 2n{z) 


11.11.7 


(4n 2 — 1)77 ’ 

E2 ”« (2) ~+dnp n ^ ±co ’ 


ll.ll(iii) Large u, Fixed z/v 

For fixed A (> 0), 


11 . 11.8 


where 




77 *■ — ' V* 

k — 0 


V — > OO, I ph v\ <77 — 5 (<77), 

A 


a 0 = 


11.11.9 


1 + A ’ 


ai = — 


2(1 + A) 4 ’ 

225A 3 - 54A 2 + A 
“ 2 ~ 24(1 + A) 7 ’ 720(1 + A) 10 


9A 2 - A 
4(1 + 

For fixed A(> 1), 


, ,, . 1 ++ ( 2 Jfc)!o fc (— A) 

uni 0 a - v (\ v )~-- y , { - ; 2fc+ \ *'->+«>• 

k = 0 

For fixed A, 0 < A < 1, 

11 . 11.11 

r 2 


OO / 1 s 


A_„(Ai/) r 

where 

11.11.12 n = \J\ - A 2 - In 

and 


- V ^ L ( 2 )fcMA) 

777/ Z/ fe 


, V — > +00, 


k=0 


'1 + VT^J 2 ' 


11.11.13 


60 (A) = 
62 (A) = 


1 7 / \ \ 2 + 3A 2 

, MA) = 


(1 - A 2 ) 1 / 4 


12(1 — A 2 ) 7 / 4 ’ 


4 + 300A 2 + 81A 4 
864(1 - A 2 ) 13 / 4 ' 
In particular, as v — > + 00 , 

1 


11.11.14 


A- V (\v) 


nv(X — 1) ’ 


A > 1, 


11.11.15 


A f \ \ 1 2 y /2 A + yr^Y 

-.(Aia) ~ ( ( A ) (! — A 2 ) 4 / 4 5 


0 < A < 1. 


Also, as v ► + 00 , 

11.11.16 A _„(z/) 


2 4 / 3 


3 7 /er(|) t/ 1 / 3 ’ 


and 

11.11.17 

A.^zz + m/ 1 / 3 ) =2 1 / 3 7/-i/ 3 Hi(-2 1 / 3 a) +0(z/- 1 ), 

uniformly for bounded real values of a. For the Scorer 
function Hi see §9.12(i). 

All of (11.11.10)— (11. 11.17) can be regarded as spe- 
cial cases of two asymptotic expansions given in Olver 
(1997b, pp. 352-357) for A^ v {Xv) as v — > + 00 , one be- 
ing uniform for 6 < A < 1, where S again denotes an 
arbitrary small positive constant, and the other being 
uniform for 1 < A < 00 . (Note that Olver’s definition 
of At, ( 2 ) omits the factor 1/77 in (11.10.4).) See also 
Watson (1944, §10.15). 

Lastly, corresponding asymptotic approximations 
and expansions for J„(Az/) and E„(Az/) follow from 
(11.10.15) and (11.10.16) and the corresponding asymp- 
totic expansions for the Bessel functions J v (z) and 
Y„(z); see §10. 19(ii) . In particular, 


11.11.18 


11.11.19 


3 v {v) ~ 

2 1 / 3 

v — » +OO 

3 2 / 3 r(§)z/V 3 ’ 

E„(i/) - 

2 1 / 3 

v — » +OO 

3 7 / 6 r(|) 7/1/3’ 


Applications 


11.12 Physical Applications 

Applications of Struve functions occur in water-wave 
and surface-wave problems (Hirata (1975) and Ahmadi 
and Widnall (1985)), unsteady aerodynamics (Shaw 
(1985) and Wehausen and Laitone (I960)), distribu- 
tion of fluid pressure over a vibrating disk (McLachlan 
(1934)), resistive MHD instability theory (Paris and Sy 
(1983)), and optical diffraction (Levine and Schwinger 
(1948)). More recently Struve functions have appeared 
in many particle quantum dynamical studies of spin 
decoherence (Shao and Hanggi (1998)) and nanotubes 
(Pedersen (2003)). 
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11.13 Methods of Computation 
11.13(i) Introduction 

Subsequent subsections treat the computation of Struve 
functions. The treatment of Lommel and Anger- Weber 
functions is similar. For a review of methods for the 
computation of H„(z) see Zanovello (1975). 


11.13(v) Difference Equations 

Sequences of values of H„(z) and L l/ (z), with z fixed, 
can be computed by application of the inhomogeneous 
difference equations (11.4.23) and (11.4.25). There are 
similar problems to those described in §11.13(iv) con- 
cerning stability. In consequence forward recurrence, 
backward recurrence, or boundary-value methods may 
be necessary. See §3.6 for implementation of these meth- 
ods, and with the Weber function E n (x) as an example. 

11.14 Tables 


11.13(ii) Series Expansions 

Although the power-series expansions (11.2.1) and 
(11.2.2), and the Bessel-function expansions of §11.4(iv) 
converge for all finite values of z, they are cumbersome 
to use when \z\ is large owing to slowness of convergence 
and cancellation. For large \z\ and/or \v\ the asymptotic 
expansions given in §11.6 should be used instead. 

11.13(iii) Quadrature 

For numerical purposes the most convenient of the rep- 
resentations given in §11.5, at least for real variables, 
include the integrals (11.5.2)-(11.5.5) for K u (z) and 
M„(;r). Subsequently H„(z) and L „(z) are obtainable 
via (11.2.5) and (11.2.6). Other integrals that appear 
in §11.5(i) have highly oscillatory integrands unless z is 
small. 

For complex variables the methods described in 
§§3.5(viii) and 3.5(ix) are available. 

11.13(iv) Differential Equations 

A comprehensive approach is to integrate the defin- 
ing inhomogeneous differential equations (11.2.7) and 
(11.2.9) numerically, using methods described in §3.7. 
To insure stability the integration path must be chosen 
so that as we proceed along it the wanted solution grows 
in magnitude at least as rapidly as the complementary 
solutions. 

Suppose v > 0 and x is real and positive. Then from 
the limiting forms for small argument (§§ 1 1.2(i) , 10.7 (i), 
10.30(i)), limiting forms for large argument (§§11.6(i), 
10.7 (ii) , 10.30(h)), and the connection formulas (11.2.5) 
and (11.2.6), it is seen that H„(x) and L„(x) can be 
computed in a stable manner by integrating forwards, 
that is, from the origin toward infinity. The solution 
K„ (x) needs to be integrated backwards for small x, 
and either forwards or backwards for large x depending 
whether or not v exceeds \. For M„(x) both forward 
and backward integration are unstable, and boundary- 
value methods are required (§3.7(iii)). 


11.14(1} Introduction 

For tables before 1961 see Fletcher et al. (1962) and 

Lebedev and Fedorova (1960). Tables listed in these 

Indices are omitted from the subsections that follow. 

11.14(ii) Struve Functions 

• Abramowitz and Stegun (1964, Chapter 12) tab- 
ulates H„(x), H n (x) — E n (x), and I„(x) — L n (x) 
for n = 0, 1 and x = 0(.1)5, x -1 = 0(.01)0.2 to 6D 
or 7D. 

• Agrest et al. (1982) tabulates H n (x) 

and e~ x L n (x) for n = 0,1 and x = 

0(.001)5(.005)15(. 01)100 to 11D. 

• Barrett (1964) tabulates L„(x) for n = 0,1 and 
x = 0.2(.005)4(.05)10(. 1)19.2 to 5 or 6S, x = 
6(. 25)59. 5(. 5)100 to 2S. 

• Zanovello (1975) tabulates H„(x) for n = —4(1)15 
and x = 0.5(.5)26 to 8D or 9S. 

• Zhang and Jin (1996) tabulates H„(x) and L n (x) 
for n = —4(1)3 and x = 0(1)20 to 8D or 7S. 

11.14(iii) Integrals 

• Abramowitz and Stegun (1964, Chap- 
ter 12) tabulates fg(Io(t) — L 0 (t)) dt and 
(2/w) f£° t~ x H 0 (f) dt for x = 0(.1)5 to 5D or 
7D; /;(H 0 (f) - y„(t)) dt - (2/-7t) lnx, /*(/„(*) - 
L 0 (t)) dt-(2/n) lnx, and f™ t~ x -Y 0 (t)) dt 
for x" 1 = 0(.01)0.2 to 6D. 

• Agrest et al. (1982) tabulates J^tl 0 (t)dt and 
e~ x f 0 x L 0 (t) dt for x = 0(.001)5(.005)15(.01)100 
to 11D. 

11.14(iv) Anger-Weber Functions 

• Bernard and Ishimaru (1962) tabulates J u (x) and 
E„(x) for v = -10(1)10 and x = 0(1)10 to 5D. 

• Jahnke and Emde (1945) tabulates E n (x) for n = 
1,2 and x = 0(. 01)14. 99 to 4D. 
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11.14(v) Incomplete Functions 


Sources 


• Agrest and Maksimov (1971, Chapter 11) defines 
incomplete Struve, Anger, and Weber functions 
and includes tables of an incomplete Struve func- 
tion H n (x,a) for n = 0, 1, x = 0(.2)10, and 
a = 0(.2)1.4, together with surface plots. 


11.15 Approximations 

11.15(i) Expansions in Chebyshev Series 

• Luke (1975, pp. 416-421) gives Chebyshev-series 
expansions for H„(x), L n (x), 0 < |x| < 8, 
and H„(a;) — Y n (x), x > 8, for n = 0,1; 
f*t- m H 0 (t)dt, f*t~ m Lo(t)dt, 0 < \x\ < 8, 
m = 0, 1 and / 0 x (H 0 (t) -Y 0 (t)) dt , f x °° ^(Hq^)- 
Yq (t) ) dt , x > 8; the coefficients are to 20D. 

• MacLeod (1993) gives Chebyshev-series expan- 
sions for L 0 (a;), Li(:r), 0 < x < 16, and I 0 (x ) — 
Lo(x), I\(x) — Li(x), x > 16; the coefficients are 
to 20D. 


11.15(ii) Rational and Polynomial 
Approximations 

• Newman (1984) gives polynomial approximations 
for H„ (x) for n = 0, 1, 0 < x < 3, and rational- 
fraction approximations for H n (cc) — Y n ( x) for 
n = 0, 1, x > 3. The maximum errors do not 
exceed 1.2xl0 -8 for the former and 2.5xl0 -8 for 
the latter. 


11.16 Software 

See http : //dlmf .nist . gov/11 . 16. 
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10). For additional bibliographic reading see Erdelyi 
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Parabolic Cylinder Functions 


Notation 


12.1 Special Notation 

(For other notation see pp. xiv and 873.) 

x , y real variables. 

0 complex variable. 

n, s nonnegative integers. 

a, v real or complex parameters. 

S arbitrary small positive constant. 

Unless otherwise noted, primes indicate derivatives 
with respect to the variable, and fractional powers take 
their principal values. 

The main functions treated in this chapter are the 
parabolic cylinder functions (PCFs), also known as 
Weber parabolic cylinder functions: U(a,z), V(a,z), 
U(a, z), and W(a, z ). These notations are due to Miller 
(1952, 1955). An older notation, due to Whittaker 
(1902), for U(a,z) is D„{z). The notations are related 
by U(a,z ) = D_ a _i(z). Whittaker’s notation D v (z) is 
useful when v is a nonnegative integer (Hermite poly- 
nomial case). 


V(a,x) when x is positive, or U(a,—x) and V(a,—x) 
when x is negative. For (12.2.3) W(a,x) and W(a,—x) 
comprise a numerically satisfactory pair, for all x G R. 
The solutions W(a,±x) are treated in §12.14. 

In C, for j = 0,1, 2, 3, £/((— l) J-1 a, (— i) J ' _1 z) and 
£/((— l) J a, (— ipz) comprise a numerically satisfactory 
pair of solutions in the half-plane |(2 j — 3)7r < pli 2 < 
\(2j + l)n. 


12.2(ii) Values at z = 0 


12.2.6 U(a, 0) 

12 . 2.7 [/'(a, 0) 

12.2.8 V (a, 0) 

12 . 2.9 U'(a,0) 


23“+ir(| + ia) 


2§°-ir(i + Ia)’ 

7r22“+s 

(r(i-ia)) 2 r(* + §< 

7r25 a +i 

(r(|-i a )) 2 r(i + §< 


12.2(iii) Wronskians 


Properties 


12.2 Difrerential Equations 


12.2(i) Introduction 

PCFs are solutions of the differential equation 

cPw , 9 , 

12.2.1 — T + ( az z + bz + c) w = 0, 

dz 

with three distinct standard forms 


d 2 w ,, o s 

12.2.2 — j - (\z 2 + a) w = 0, 
dz 

d 2 w 2 , 

12 . 2.3 — s - + (\z 2 -a)w = 0 , 
d 2 w / i i ox 

12 . 2.4 — + (y+l-l 3 ?) w = 0. 

Each of these equations is transformable into the 
others. Standard solutions are f/(a, ±z), V(a, ± 2 ), 
U(a,±x) ( not complex conjugate), U(—a,±iz) for 
(12.2.2); W{a,±x) for (12.2.3); D v {±z) for (12.2.4), 
where 

12 . 2.5 D v (z) = U(-\-v,z). 

All solutions are entire functions of 2 and entire func- 
tions of a or v. 

For real values of z (= x), numerically satisfactory 
pairs of solutions (§2.7(iv)) of (12.2.2) are U(a,x) and 


12.2.10 W {U(a, z),V(a, z)} = \/ 2 / 7r, 

12.2.11 W {U(a,z),U(a,-z)} = x , 

r (2 + «) 

12.2.12 W {U(a, z),U(—a, ±iz)} = =F ie ±in ^ a+ ^\ 

12.2(iv) Reflection Formulas 


For n = 0, 1, ... , 


12 . 2.13 U(-n-\,-z) = (-l) n U(-n- \,z), 

12 . 2.14 V(n+ ±,-z) = {-l) n V(n+ ±,z). 

12.2(v) Connection Formulas 

12 . 2.15 


U (a, —z) = — sin(7ra) U (a, z) + 


r(| + a ) 


V(a, 2 ), 


12 . 2.16 V (a, — 2 ) = ^ U (a, 2 ) + sin(7ra) V (a, 2 ). 

r (i - a) 


12 . 2.17 


V2 nU(-a, ±iz ) = r(§ + a) J) U(a, 2 ) 

+ e ±^(ia-i )u( a ,-z)^ . 

12 . 2.18 

V2^U(a,z) = T(l-a) (e Tin ^ a+ i ) U(-a,±iz) 

+ e ±l7r( 3 a+ i) U(—a, Tiz)') , 
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U[a,z) = ±ie ±i7ra U(a, —z) 

12.2.19 V27T 


+ 


r (| -Fa) 


e ±*7r( 3 a-j) U{—a,±iz). 


12 . 2.20 

V(a,z) 




r(|-a) 


U{a,z)+ x -e^^ a ~^U{-a,±iz). 


12.2(vi) Solution U(a,x ); Modulus and Phase 
Functions 


When x (= ai) is real the solution U (a, x) is defined by 

12 . 2.21 U(a,x) = r(| — a) V(a,x), 

unless a = , in which case U(a, x) is undefined. 

Its importance is that when a is negative and |a| is large, 
U(a, x) and U(a,x) asymptotically have the same enve- 
lope (modulus) and are \i r out of phase in the oscil- 
latory interval —2 \[^a < x < 2 \J—a. Properties of 


U (a, x) follow immediately from those of V (a, x) via 

( 12 . 2 . 21 ). 

In the oscillatory interval we define 

12.2.22 U{a , x) + iU(a, x) = F{a, x)e W(a ’ x \ 

12.2.23 U'(a,x) +iu\a,x) = -G(a,x)^ a ’ x \ 

where F(a, x) (>0), 9(ci,x), G(a,x ) (>0), and i p(a,x) 
are real. F or G is the modulus and 9 or ip is the corre- 
sponding phase. 

For properties of the modulus and phase func- 
tions, including differential equations, see Miller (1955, 
pp. 72-73). For graphs of the modulus functions see 
§12.3(i). 

12.3 Graphics 
12.3(i) Real Variables 


\ V \ 3 


\ \ \\ 2 


8\ 5 \ \ \ 


\ \3-5\ 


-3 -2 -1 0 

1 2 3 


Figure 12.3.1: U(a,x), a = 0.5, 2, 3.5, 5, 8. 



Figure 12.3.3: U(a,x ), a = —0.5, —2, —3.5, —5. 


0.5\ 8 / 2 

/ / 2 / 



-3 -2 -1 / 

0 1 2 3 


-1 

3.5 / 

-2 


-3 


Figure 12.3.2: V(a,x), a = 0.5, 2, 3.5, 5, 8. 



Figure 12.3.4: V(a,x), a = -0.5, -2, -3.5, -5. 
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Figure 12.3.5: U(-8,x), U(-8,x), F(-8,x), -4^2 < Figure 12.3.6: U'(- 8,x), u'(-8,x), G(- 8,x), -4^2 < 
x < 4\/2. x < 4\/2. 



Figure 12.3.7: U(a,x), —2.5 < a < 2.5, —2.5 < x < 2.5. Figure 12.3.8: V(a,x ), —2.5 < a < 2.5, —2.5 < x < 2.5. 


12.3(ii) Complex Variables 

In the graphics shown in this subsection, height corresponds to the absolute value of the function and color to the 
phase. See also p. xiv. 
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Quadrant Colors 


Quadrant Colors 


Figure 12.3.9: t/(3.5, x + iy), —3.6 < x < 5, —5 < y < 

5. 


Figure 12.3.10: U{-3.5, x + iy), -5 < x < 5, -3.5 < 
y < 3.5. 


12.4 Power-Series Expansions 

12.4.1 U(a, z) = U(a, 0)wi(a, z) + U'(a, 0)it2(a, z), 

12.4.2 V (a, z) = V (a, 0)wi(a, z) + V\a, 0)v,2(a, z), 
where the initial values are given by (12.2.6)-(12.2.9), 
and u\{a, z) and u 2 (a, z) are the even and odd solutions 
of (12.2.2) given by 


ui(a,z) = e 4 Z " I 1 + (a + Dtw 


12.4.3 


12.4.4 


+ (a + 5 )(a + 2)^1 ) > 


u 2 {a,z) =e 4 2 l z + (a+ 


+ (a + §)(a + I) + ' 

Equivalently, 

12.4.5 

u 1 (a,z) = ei * 2 + + + 


12.4.6 


u 2 (a,z) = e* z ~ ^+(a-|)^- + (a-|)(a-|)^- + - 
These series converge for all values of z. 

12.5 Integral Representations 

12.5(i) Integrals Along the Real Line 


~3 r 5 

3 _ 7 1 


12.5.1 


U{a,z) = 


_i, 2 

e 4 


r(| + a) Jo 


t a ~2 e -2 *-**dt, 3?a>-i 


12.5.2 




U{a,z) = —n 


12.5.3 


r (i + h a ) Jo 


fOO 


U{a,z) = r(3 IX / 
1 ( 4 + 2 a ) Jo 


12.5.4 

^(M = t/f 6 "" 2 


(z 2 + 2t) 50 3 dt, 
| ph z\ < \tt, 3?a > — \ , 

(z 2 +2t)~ ia ~ i dt, 
| ph z\ < \tt, 3?a > — | , 


/•OO 

x / r“”5e _ 5* cos(zt + (^a + j) 7r) dt, 

Jo 


3?a < | . 

12.5(ii) Contour Integrals 

The following integrals correspond to those of §12.5(i). 

U{a,z)= V ^~ a) e-^ r +) e zt -^t a ~idt, 

12.5.5 2m J ^ 

\ , § , | , . . . , — 7T < ph f < 7T. 

Restrictions on a are not needed in the following two 
representations : 


U(a,z) = ^-= 

12.5.6 iV^Jc-ioo 


12.5.7 


e 2t+2 4 t a 2 dt, 

— \i r < pht < |7T, c > 0 , 


p-|z / r-jc-t-oo pic+oo\ 

V(a,z ) = — (I + I I e zt_2 ‘ t a ~ 2 dt 


2n 


— 1C— OO <7 7C 


— OO / 

— 7T < phf < 7T, C > 0. 
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For proofs and further results see Miller (1955, §4) 
and Whittaker (1902). 


12.7(ii) Error Functions, Dawson's Integral, and 
Probability Function 


12.5(iii) Mellin-Barnes Integrals 


12.5.8 

U(a, z ) 


27T*r(i 


X 



\ +a-2t)2 t z 2t dt, 


a T /: §>-§!■■•) IpM < l 71- ) 

where the contour separates the poles of T(t) from those 
of r(| + a-2t). 


12.5.9 

V (a, z) 


64 


7r 27 ri r ( 4 — a) 

/ ioo 

T(t) r(| — a — 2t')2 t z 2t cos (7rf) dt, 

-ioo 


bb §>•••> IpM < M 

where the contour separates the poles of T(t) from those 
of T ( | — a — 2t). 


12.5(iv) Compendia 

For further collections of integral representations see 
Apelblat (1983, pp. 427-436), Erdelyi et al. (1953b, 
v. 2, pp. 119-120), Erdelyi et al. (1954a, pp. 289- 
291 and 362), Gradshteyn and Ryzhik (2000, §§9.24— 
9.25), Magnus et al. (1966, pp. 328-330), Oberhet- 
tinger (1974, pp. 251-252), and Oberhettinger and Badii 
(1973, pp. 378-384). 


12.6 Continued Fraction 


For a continued-fraction expansion of the ratio 
U(a,x)/U(a — l,x) see Cuyt et al. (2008, pp. 340-341). 

12.7 Relations to Other Functions 

12.7(i) Hermite Polynomials 

For the notation see §18.3. 

12.7.1 U(-\,z)=D 0 {z) = e~ k * z2 , 

U(-n - \,z) = D n (z) = e _ M He n (z) 



12.7.3 

V(n+ \,z) = yj2/ne^ z (-*)" He n (iz) 

= y/^e* z \-i) n 2~i n H n (iz/V2}, 

n = 0, 1, 2, ... . 


For the notation see §§7.2 and 7.18. 

12 . 7.4 V{-\,z) = (2/v/tt )eM F^z/\/2), 

12.7.5 [/(§> z) = D_i(z) = erfc^2:/\/2^, 

12.7.6 

U(n+\,z) = H_ n _i( 2 ) 



n = 0,l,2,..., 


U(n + \, z) = e± z Hh n (z ) 

12-7.7 = v ^r25("- 1 ) e ^ 2 Perfc^/V^), 

n = —1, 0, 1, ... . 


12.7(iii) Modified Bessel Functions 

For the notation see §10.25(ii). 


12.7.8 


U{-2,z) = 


z ' 5 / 2 
4\/27t ^ 4 

3/2 


12.7.9 U ( — 1, z) = 

12 . 7.10 U(0,z) = 


(2K,(lz 2 )+3K i (\z 2 )-K i (lz 2 
(K^+Ksdz 2 )), 


2 

z 


*,*»«**) 


, 3/2 


12.7.11 




For these, the corresponding results for U(a,z) with 
a = 2, ±3, — I , — |, — |, and the corresponding re- 
sults for V(a, z) with a = 0, ±1, ±2, ±3, §, §, see 

Miller (1955, pp. 42-43 and 77-79). 


12.7(iv) Confluent Hypergeometric Functions 

For the notation see §§13.2(i) and 13.14(i). 

The even and odd solutions of (12.2.2) (see (12.4.3)- 
(12.4.6)) are given by 


12.7.12 

Ui(a 

,z) = e 4 Z M(\a+ |, \z 2 ) 

1 o 



= M(-\a+\,\,-\z 2 ), 

12.7.13 

u 2 (a, 

z) = ze~ 4 Z M(\a+ §, §, \z 2 ) 

1 o 



= ze± z ~ M(-\a+\,l,-\z 2 ). 

Also, 




U(a, 

Z ) = 2 -l-^e-^ 2 U{\a+\,\,\z 2 ) 

12.7.14 


= 2--±- 1 * a ze-^U{\a+l,l\z 2 



= 2 -i*z-iw_ |oi± l(^ 2 ). 


12.8 Recurrence Relations and Derivatives 


(It should be observed that the functions on the right- 
hand sides of (12.7.14) are multivalued; hence, for ex- 
ample, z cannot be replaced simply by — 2 .) 


12.8 Recurrence Relations and Derivatives 
12.8(i) Recurrence Relations 

12 . 8.1 z U(a, z) — U(a — 1, z) + (a + |) U(a + 1, z) = 0, 

12 . 8.2 U'(a, z) + \z U(a, z) + (a+ |) U(a + 1, z) = 0, 

12.8.3 U’(a, z) — \z U(a, z) + U(a — 1, z) = 0, 

12.8.4 2 U'(a, z) + U(a — 1, z) + (a + |) U(a + 1, z) = 0. 

(12.8.1)-(12.8.4) are also satisfied by U(a,z). 

12.8.5 2 V(a, z) — V(a + 1, z) + (a — V{a — 1, z) = 0, 

12 . 8.6 V'(a, z) — ^z V(a, z) — (a — |) V(a — 1, z) = 0, 

12.8.7 V'(a, z) + \z V(a, z) — V(a + 1, z) = 0, 

12 . 8.8 2 V'(a, z) - V{a + 1, z) - (a - \) V{a - 1 ,z) = 0. 


12.8(ii) Derivatives 

For m = 0, 1, 2, . . . , 

(e^ 2 U(a, z)) = (-l) m G + «) m e^ 2 U(a + m, z), 


12.8.9 

d r 
dz 


12 . 8.10 


dz r 


12 . 8.11 


(e"i z2 U(a, 2 )) = (-l) m e"3 22 U{a - m, z), 
(ei z2 V(a,z)^j = e^ 2 " V(a+m,z), 


12 . 8.12 dz 


dm (e-i z2 V(a,z)) 


= (-l) m (i -a) m e-*‘ V(a — m, z). 


12.9 Asymptotic Expansions for Large 
Variable 


12.9(i) Poincare-Type Expansions 

Throughout this subsection S is an arbitrary small pos- 
itive constant. 

As 2 — * oo 

00 / 1 I \ 


12.9.1 


12.9.2 


U(a, z) ~ e-^ 2 2-“-5 £(-!)* V2 " >2s 


s=0 


s\(2z 2 ) s ’ 


V(a,z) 


2 l z 2 ... 

e 4 Z z ’ 


|ph2| < §7r- S(< |tt) , 

o-i v 2 ' ~ a )2s 

s\(2z 2 y ’ 

|ph*| < J7T- (5(< W) . 
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12.9.3 

U(a, z) 


12.9.4 

V(a,z) 


_ I 2 2 —a— — 
e a z z ° 




1 

s V 2 


s = 0 




±i ,f* , e n 

F ( 2 +£l ) 


e 4 2 “ 


' s!(22 2 ) s 

s=0 v ' 

j7T + (5 < ± ph 2 < 1 7T — 5 , 


-es 2 V-*^ V2 

7 r 


’ 2s 


^ s!(2^ 2 ) s 

s— 0 v ’ 


± 


oo 

l V — -\ 


' 2s 


\ + a ) 

, , 2 4 7 1 — ' 1 - 

r 0-«) h 

— \t: + S < ± ph 2 < j7r — 5. 


U(-1 )■ s!M ,. 


12.9(ii) Bounds and Re-Expansions for the 
Remainder Terms 

Bounds and re-expansions for the error term in (12.9.1) 
can be obtained by use of (12.7.14) and §§13.7(ii), 
13.7(iii). Corresponding results for (12.9.2) can be ob- 
tained via (12.2.20). 


12.10 Uniform Asymptotic Expansions for 
Large Parameter 

12.10(i) Introduction 

In this section we give asymptotic expansions of PCFs 
for large values of the parameter a that are uniform with 
respect to the variable 2 , when both a and 2 (= x) are 
real. These expansions follow from Olver (1959), where 
detailed information is also given for complex variables. 
With the transformations 

12 . 10.1 a = ±^ 2 , x = ntV 2, 

(12.2.2) becomes 

12.10.2 = n 4 (t 2 ± 1 )w. 

With the upper sign in (12.10.2), expansions can be 
constructed for large /r in terms of elementary functions 
that are uniform for t £ (— 00 , 00 ) (§2.8(ii)). With the 
lower sign there are turning points at t = ±1, which 
need to be excluded from the regions of validity. These 
cases are treated in §§ 12. 10(ii)— 12. 10(vi) . 

The turning points can be included if expansions 
in terms of Airy functions are used instead of elemen- 
tary functions (§2.8(iii)). These cases are treated in 
§§12. 10(vii)— 12.10(viii). 

Throughout this section the symbol S again denotes 
an arbitrary small positive constant. 
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12. 10(ii) Negative a, 2 y/ —a < x < oo 

As a — > — oo 

d -m 2 £ 00 


12.10.3 U{- 

12.10.4 




ff(^)e M 2 A(t) 

(* 2 - i )* s ' 


U'(-\g 2 ,gW‘. 2 ) ~ -~^=g(g){t 2 - 1)2 e 

v(-p,/W2) ~ jyryr 


s=0 

»m 2 £ 


12.10.5 


V' (— /ztv^) 


r(i + ^ 2 ) ( t 2 _ i)i 

s=0 ^ 

1+2 


12 . 10.6 


r(| + |M 2 ) 


x e 




E(-D 




s=0 


uniformly for t G [1 + <5, oo), where 

12.10.7 £ = - 1 - §ln(t + \A 2 - l). 

The coefficients are given by 

mo.. AW = B.(t) = ”' (<) 


(f 2 -l)fs' ~“ w (t 2 _!)§*’ 

where u s (t) and v 8 (t) are polynomials in t of degree 3s, 
(s odd), 3s — 2 (s even, s > 2). For s = 0,1,2, 

. . . . t(t 2 — 6) 

u 0 (t) = 1, Ui(t) = 

12.10.9 


24 


u 2 (t) = 


-9 1 4 + 249t 2 + 145 


1152 


Vo (t) = 1, Vi(t) = 


12 . 10.10 


t(t 2 + 6) 
24 : 


v 2 (t) = 


15t 4 - 327t 2 - 143 
1152 ' 


Higher polynomials u s (t) can be calculated from the re- 
currence relation 

12.10.11 (t 2 — l)u g (t) — 3 stu s (t) = r s _i(t), 

where 


8 r s (t) = (3t 2 + 2 )u s (t) - 12(s + l)fr s _i(f) 

12 . 10.12 

+ 4(t -1 )r a _ 1 (t), 
and the f s (t) then follow from 

12.10.13 v s (t) = u s (t) + |tu s _i(t) - r g _ 2 (t). 

Lastly, the function g(^) in (12.10.3) and (12.10.4) 
has the asymptotic expansion: 

12.10.14 g{g) ~ fcfa) ^ E (py) > 

where 

12.10.15 /i(/z) = 2“i' ,2_ Je"2'‘ 2 /i^ 2 "L 
and the coefficients y s are defined by 


12.10.16 r(| + z) ~ V2n e~ z z z y^ y ^; 

s=o zS 


compare (5.11.8). For s < 4 


12.10.17 


70 = 1, 71 = -^, 72=TT52> 

_ 1003 _ 4027 

' 3 4 14720’ ' 4 398 13120' 


12. 10(iii) Negative a, — oo < x < —2y/ —a 

When /i — > oo, asymptotic expansions for the func- 
tions C/ ( — ^M 2 , — /xtx/2) and V (—\g 2 ,—gt\/ 2) that are 
uniform for f 6 [1 + i5, oo) are obtainable by substitu- 
tion into (12.2.15) and (12.2.16) by means of (12.10.3) 
and (12.10.5). Similarly for U ' (— \g 2 , — gt\/2) and 
V’(-±g 2 ,-gty/2). 


12.10(iv) Negative a, — 2y/—a < x < 2 y/—a 

As a — > — oo 


12.10.18 

12.10.19 

12 . 10.20 

12 . 10.21 


U(^\g 2 ,gt 

U'(-\g 2 ,gW 2) 

v , gtVzj 

V'(~lg 2 ,gtV2) 


cos 


2^(-l) A sms 


,4s 


E(-d 


i -^2s+l(i) 


4s+2 


2 g(M) 

(i-* 2 ) 4 V S' ' ^ S * 

gV2g{g){l-t 2 )i sinK^(-l) s pS + C0SK E( -1 ) 


COS K 

s = 0 n s—0 

oo 


i^S + lft) 
,,4s+2 


2g(n) ^S 2s (t) .SwW 


r (l + 5M 2 )(l-* 2 )" 

-t 2 )* ( 


cos\ 




s—0 




4s 


smx 


Ei - o - 


s—0 




4s+2 


^2s+l(^) 


r(i + ifA) 


s—0 ^ s—0 ^ 
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uniformly for t £ [— 1 + 5, 1 — $]. The quantities k and 
X are defined by 

12.10.22 k = fOr] — ^7r, X = Hv+\^, 
where 

12.10.23 rj = \ arccosf - \t\J 1 - t' 2 , 

and the coefficients A s {t) and B s (t) are given by 

12.10.24 A s (t) = r Ms( ? n3 , B s (t) = Vs ® ■ 


(l-t 2 )f i 


(l-f 2 )** 


compare (12.10.8). 


12.10(v) Positive a, — oo < x < oo 

As a — > oo 

12.10.25 


U i 




(f 2 + l)i ^(f 2 + l)® s A 2s ’ 


uniformly for f sR. Here bars do not denote complex 
conjugates; instead 

12.10.26 £= iiV't 2 + l + !ln(i+Vt 2 + 1 ) > 

12.10.27 = i s U s (-ft), 

and the function g(/x) has the asymptotic expansion 

1 


12.10.28 g( M ) 


p :\/2/i( n) 


1 + 5E (- 0' 7 a 




where /i(/x) and 7 S are as in §12.10(ii). 
With the same conditions 

12.10.29 

t/'(i/U 2 ,/Xf 

OO _ 


.(*) 1 


s ^ 0 (f 2 + l)§*M 2s ’ 


where 

12.10.30 


v s (t) = i s v s {-it). 


12.10(vi) Modifications of Expansions in 
Elementary Functions 

In Temme (2000) modifications are given of Olver’s ex- 
pansions. An example is the following modification of 
(12.10.3) 


12.10.31 U (--\n 2 , /itO^ 


h(/j)e ^ A s(t) 
(t 2 - 1 )j ^ " 2s 


s=0 


A 


where £ and h{fi) are as in (12.10.7) and (12.10.15) , 

1 ( t 

12.10.32 r = - . - 1 

2 \VWM 

and the coefficients A s (t) are the product of r s and a 
polynomial in r of degree 2s. They satisfy the recursion 


A s+ i(t) = — 4t 2 (t + l) 2 — Afyr) 


12.10.33 


— - (20u 2 + 20m + 3) A s (u) du, 

4 Jo 

s = 0 , 1 , 2 ,..., 

starting with A d (t) = 1. Explicitly, 

a i(t) = — jbr(20r 2 + 30r + 9), 

12.10.34 A 2 (t) = 2gsT 2 (6160T 4 + 18480r 3 + 19404r 2 

+ 8028r + 945). 

The modified expansion (12.10.31) shares the prop- 
erty of (12.10.3) that it applies when // — > oo uniformly 
with respect to t £ [1 + 8, oo). In addition, it enjoys a 
double asymptotic property: it holds if either or both 
H and t tend to infinity. Observe that if t — > oo, then 
A s (r) = 0{t ~ 2s ), whereas A s (t) = 0(1) or 0(f -2 ) ac- 
cording as s is even or odd. The proof of the double 
asymptotic property then follows with the aid of error 
bounds; compare §10.41(iv). 

For additional information see Temme (2000). See 
also Olver (1997b, pp. 206-208) and Jones (2006). 

12.10(vii) Negative a, —2 y/—a < x < oo. 
Expansions in Terms of Airy 
Functions 

The following expansions hold for large positive real val- 
ues of /i, uniformly for t € [—1 + 8, oo). (For complex 
values of /x and t see Olver (1959).) 


12.10.35 


12.10.36 


U , IJ-tV 2^ ~27T2/x3 5 (/x)0(C) ( Ai (/^C)5I 


MO 


Ai'(^c) 


,4s 


8 

A 3 


E 


B,( 0 


s—0 


(277)2^3 g(n) 


(,k) 


HO 


E 


C.(c) 


A 5 “o V 


4s 


■ Ai 


■fyc)E 


0.(0 


,4s 


s—0 
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12.10.37 


12.10.38 


2) 

2) 


27T2/X3 g(fi)<f>(C) 



'('■*<) y- B»«) 


s— 0 




a 


£>.(C) 


,4s 


s— 0 


The variable £ is defined by 


12.10.39 


§C S =£> l<t,(C> 0 ); 

K-o 1 ^, -i<t<i,(c<o), 


where £, 77 are given by (12.10.7), (12.10.23), respec- 
tively, and 

c 


12.10.40 


0(0 = 


o 2 -o 

The function £ = £(£) is real for t > — 1 and analytic at 
t = 1. Inversely, with w = 2~ 3 


12.10.41 


t 1 + w 1Q W + 350^ 63000 


823 w 4 


1 50653 „„5 


242 55000 *" 1 ‘I ICI < (4^) ’ 

For g(/j,) see (12.10.14). The coefficients A s (£) and 
B s (0 are given by 

12.10.42 

2s 

MO = C 3S E M0(O f {2S - m) U2s-m(t), 


771= 0 


2s+l 


c 2 b s ( 0 = -r 3s E am( 0 (O) 6 ( 2 s - m+ 1 ) « 2 s - m+ i(t), 


771=0 


where </>(£) is as in (12.10.40), u/-(t) is as in § 12. 10(ii) , 
«o = 1, and 

(2m + l)(2ro + 3) • • • (6m — 1) 




12.10.43 


a _ 6m+l n 
Pm — ^ 


i!(144) r 


6m — 1 

The coefficients C s (0 and D S (Q in (12.10.36) and 
(12.10.38) are given by 

c.(Q = x(0M0 + MO + (B s (0, 


12 . 10.44 

where 

12.10.45 


d s { 0 = MO + xiOBsMO + b' s _ 1 ( 0 , 


x(C) = 


0'(C) 1 - 2t(0(O) £ 

0(0 " 


4C 


Explicitly, 

12.10.46 


2s+l 


cc s (0 = -C 3s E /U 0 (O) 6 ( 2 s “ m+ 1 W m+ 1 (i), 


771=0 


2s 


D.{ 0 = C 3S E MmM a - m) V2s-m{t), 


771=0 


where Vk(t) is as in §12.10(ii). 


Modified Expansions 

The expansions (12.10.35)-(12.10.38) can be modified, 
again see Temme (2000), and the new expansions hold if 
either or both fj, and t tend to infinity. This is provable 
by the methods used in §10.41(v). 

12. 10(viii) Negative a, — 00 < x < 2 \/ —a. 
Expansions in Terms of Airy 
Functions 

When /i — > 00, asymptotic expansions for 
U(—\n 2 ,—yLt\/ 2) and V{— — fit^/2) that are uni- 

form for t £ [— 1 + (5, 00) are obtained by substitution 
into (12.2.15) and (12.2.16) by means of (12.10.35) 
and (12.10.37). Similarly for U'(— ^{J, 2 , — fity/2) and 
V'(-^fj, 2 ,-/ut02). 

12.11 Zeros 

12. 1 1 (i) Distribution of Real Zeros 

If a > — \ , then U(a,x ) has no real zeros. If — § < 
a < — then U(a,x) has no positive real zeros. If 
—2 n — | < a < —2 n + |, n = 1,2,..., then U(a, x) 
has n positive real zeros. Lastly, when a = —n — 
n = 1,2,... (Hermite polynomial case) [/(a, x) has n 
zeros and they lie in the interval [— 2\J — a, 2 y/—a\. For 
further information on these cases see Dean (1966). 

If a > then V(a,x) has no positive real zeros, 
and if a = 3 — 2 n, n £ Z, then V (a, x) has a zero at 
x = 0. 

12. 1 1 (ii) Asymptotic Expansions of Large Zeros 

When a > U(a,z ) has a string of complex zeros that 

approaches the ray ph;z = |7r as z — > 00, and a conju- 
gate string. When a > — 4 the zeros are asymptotically 
given by z a<s and z ajS , where s is a large positive integer 
and 


12 . 11.1 

Za,e = e 3 *" *VM(l~ mXs 




2 T s 


2a 2 A 2 — 8a 2 A s + 4a 2 + 3 
16t 2 


0( A 


3 -3' 

S 1 S } 


with 


12.11.2 r, = 


(2s + \ — a) 7T + i In ^7r 2 2 a 2 r(4 + a)^, 
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and 

12.11.3 X s = lnr s — i. 

When a = \ these zeros are the same as the zeros of 
the complementary error function erfc(z/V2); compare 
(12.7.5). Numerical calculations in this case show that 
z i s corresponds to the sth zero on the string; compare 
§7.'l3(ii). 

12.11(iii) Asymptotic Expansions for Large 
Parameter 


For large negative values of a the real zeros of U(a,x), 
U'(a,x), V(a,x), and V'(a,x) can be approximated 
by reversion of the Airy-type asymptotic expansions of 
§§12.10(vii) and 12.10(viii). For example, let the sth 
real zeros of U(a,x) and U'{a,x), counted in descend- 
ing order away from the point z = 2 y/—a, be denoted 
by u a ,s and u' a respectively. Then 


, / Pi (a) P2M 

25/x (p 0 (a +^V + ^V 

1 /t 4 /i s 


as /i (= y/—2a) — > 00 , s fixed. Here a = a s 

denoting the sth negative zero of the function Ai (see 
§9.9(i)). The first two coefficients are given by 


12.11.5 Po«) = *(C), 

where t(() is the function inverse to £(£), defined by 
(12.10.39) (see also (12.10.41)), and 


12.11.6 pi(C) = 


t 3 - 6 1 


24(£ 2 — l) 2 48((£ 2 -l)C 3 )5 

Similarly, for the zeros of U'{a,x) we have 


12.11.7 < s ~25 M U 0 (/3) + 


Qiifi) , <72 (/?) 






where (3 = y 3 a' s , a' s denoting the sth negative zero of 
the function Ai ? and 


12.11.8 «o(C) = t( 0 - 

For the first zero of U(a,x ) we also have 

12.11.9 

u a< 1 ~ 25/i (l - 1.85575 708 /i" 4/3 - 0.34438 34/W s/3 

- 0.16871 5/i -4 - 0.11414/t -16 / 3 - 0.0808/W 2O/3 

-•). 

where the numerical coefficients have been rounded off. 

For further information, including associated func- 
tions, see Olver (1959). 


12 . 12.2 

poo 


p OO 

/ t _a_ l U(a,t) dt 

Jo 

= 2* + 5 a r(— a — cos((ja + |)7r), 5Ra < — |, 

POO 

/ e _ J* 2 £ _a_ 5 (x 2 + f 2 ) -1 U(a, t) dt 

Jo 


12.12.3 


= y/n/2T( \ — a)x a ?e iX U(—a,x), 


3 ?a < J , x > 0 . 


Nicholson-type Integral 


12.12.4 


{U{a,z)) 2 + {U(a,z)f 




f*oo g2at-\-^z 2 tanh t 

3 \J sinh (2 t) 


dt, 3 ?a < 


When z (= x) is real the left-hand side equals (F(a, x)) 2 ; 
compare (12.2.22). 

For further integrals see §§13.10, 13.23, and use 
(12.7.14). 

For compendia of integrals see Erdelyi et al. (1953b, 
v. 2, pp. 121-122), Erdelyi et al. (1954a, b, v. 1, pp. GO- 
61, 115, 210-211, and 336; v. 2, pp. 76-80, 115, 151, 
171, and 395-398), Gradshteyn and Ryzhik (2000, §7.7), 
Magnus et al. (1966, pp. 330-331), Marichev (1983, 
pp. 190-191), Oberhettinger (1974, pp. 144-145), Ober- 
hettinger (1990, pp. 106-108 and 192), Oberhettinger 
and Badii (1973, pp. 181-185), Prudnikov et al. (1986b, 
pp. 36-37, 155-168, 243-246, 289-290, 327-328, 419- 
420, and 619), Prudnikov et al. (1992a, §3.11), and 
Prudnikov et al. (1992b, §3.11). 

See also Barr (1968) and Lowdon (1970). 


12.13 Sums 

12.13(i) Addition Theorems 
12.13.1 

oo ( \m 

U(a, x + y) = ez xy +* y — — — U(a — m,x ), 

' ml 

m = 0 


U(a,x + y) 


12.13.2 


o 2 x y 4 y 


OO 

E 

m = 0 


y m U(a + m, x), 


12.12 Integrals 


12.12.1 


1 U(a,t)dt 


yfH2-W+a+\) F ( m ) 
r(i(/r + a + !)) 

3?/t > 0 , 


12.13.3 


00 / _ 1\ 

V(a,x + y) = e^ xy+ i y ^ ( 2 J y m V(a — m, x), 

m—0 \ m / 

00 yti 

12.13.4 V(a,x + y) = e~^ xy ~* v E E V(a + m,x ). 

z—/ rri l 


m — 0 
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12 . 13.5 

U (a, x cos t + y sin t) 

^ ^ (x sin t — y cos t ) 2 

OO /_ _ 1 \ 

x ^ ( 2 J (tan t) m U{m + a,x)U(—m — \,y), 

5fta < — |,0 < t < |7r. 

12 . 13.6 

n\ U(n + z) = i n e~2 z eric(z/V2) U(—n — \,iz) 

\_h n +h\ 

+ U(2m-n-\,z), 

m—1 

n = 0 , 1, 2, 

For erfc see §7.2(i). 

12. 13(ii) Other Series 

For other series see Dhar (1940), Hansen (1975, pp. 421- 
422), Hillion (1997), Miller (1974), Prudnikov et al. 
(1986b, p. 651), Shanker (1940b, a, c), and Varma (1941). 


12.14 The Function W(a,x ) 

12. 14(i) Introduction 

In this section solutions of equation (12.2.3) are consid- 
ered. This equation is important when a and z (= a;) 
are real, and we shall assume this to be the case. In 
other cases the general theory of (12.2.2) is available. 
W(a,x) and W(a,—x) form a numerically satisfactory 
pair of solutions when —oo<x<oo. 


12.14(ii) Values at z = 0 and Wronskian 

r (l + ¥ a ) 


12 . 14.1 W(a, 0) = 2 _I 

12 . 14.2 W'(a, 0) = -2~t 


F(| + |ia) 


12 . 14.3 


r (i + b a ) 

T (l + ¥ a ) 

{W(a, x), W (a, — x)} = 1. 


12. 14(iii) Graphs 

For the modulus functions F(a , x) and G(a, x) see 
§12.14(x). 



Figure 12.14.1: k 1 / 2 W( 3, x), fc 1 / 2 W(3,—x), F(3,x), 
0 < x < 8. 



Figure 12.14.2: k 1 / 2 FF'(3, x), k 1 / 2 W'(3, — a;), G(3, x), 
0 < x < 8. 




Figure 12.14.3: k 1 / 2 W(— 3, a:), fc 1 / 2 W(— 3, — x), Figure 12.14.4: k 1//2 W'(— 3, a;), k 1 / 2 W'(— 3, — x), 

F(—3,x), 0 < x < 8. G(— 3, a;), 0 < x < 8. 
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12.14(iv) Connection Formula 


12.14.4 


where 


W(a,x) = y/kj2e^ a (e ip 

+ e- ip u(-ia,a , 


12.14.5 k = \/\ + e 2 ™ - e™, l/k= y/l + e 2 ™ + e na , 

12.14.6 p = \tt + | 0 2 , 

12.14.7 02 = ph r(l + ia) , 

the branch of ph being zero when a = 0 and defined by 
continuity elsewhere. 


12.14(v) Power-Series Expansions 

12.14.8 W (a, x ) = W(a, 0)u>i(a, x ) + W' (a, 0 ) 1 / 22 ( 0 , x). 

Here W\ (a,x) and 1x2(0, x) are the even and odd solu- 
tions of (12.2.3): 

x 2n 

12.14.9 W]_(a,x) = } a„(a)—— 7 , 

(Zn ! 

n— 0 V ' 

00 x 2n+1 

12.14.10 w 2 (a,x) = Y^Pn(a) , 2n+ , 

n — 0 ' ’ 

where a n (a) and ( 3 n (a ) satisfy the recursion relations 

a n+2 = aa n+ i - \ (n + l)(2n + l)a„, 

12 - 14 ' n /3„+2 = a/3 n+1 - §(n + l)(2n + 3)/3„, 

with 

12.14.12 

ao(a) = 1) aq(a) = a, Po(o) = 1, Pi (a) = a. 
Other expansions, involving cos(|a; 2 ) and sin(|a; 2 ), 
can be obtained from (12.4.3) to (12.4.6) by replacing 
a by —ia and z by xe m ^ A \ see Miller (1955, p. 80), and 
also (12.14.15) and (12.14.16). 

12.14(vi) Integral Representations 


Confluent Hypergeometric Functions 

For the notation see §13.2(i). 

The even and odd solutions of (12.2.3) (see 
§12.14(v)) are given by 


12.14.15 


12.14.16 


w\(a,x) = e M(| — \ia, \ix 2 ) 

= e i lx M(\ + \ia,\,-\ix 2 ), 

w 2 (a,x) = xe~* lx M(| - \ia, §, \ix 2 ) 
= xe* lx M(| + \ia, |, — \ix 2 ). 


12. 14(viii) Asymptotic Expansions for Large 
Variable 


Write 

12.14.17 W(a,x) = 

12.14.18 


(si(a, x) cos w — S 2 (a, x) sin a;) , 


W (a, —x) = \ - — (si(a,x) sin a; + s 2 (a, x) cosw) 
V kx 

where 

12.14.19 w = \x 2 — alna; + j7T + ^0 2 , 
with 02 given by (12.14.7). Then as x — > 00 

12.14.20 

d 2 C4 d,Q C8 


l!2cc 2 2!2 2 x 4 3!2 3 a; 6 4!2 4 a; 8 

C 2 d^ ce d$ 


si(a, x) ~ 1 + 

12.14.21 

s 2 (a,x) ~ 112a; 2 2!2 2 a; 4 ' 3!2 3 x 6 ' 4!2 4 s 8 

The coefficients c 2r and d 2r are obtainable by equating 
real and imaginary parts in 

T(2r 

12.14.22 c 2r + id 2r = — — 1 
Equivalently, 


r U + ia ) 


12.14.23 si(q, x) + is 2 (a , x) ~ y^(— z) r 


r— 0 


,2+ la >2r 

2 r r\x 2r 


These follow from the contour integrals of §12.5(ii), 
which are valid for general complex values of the ar- 
gument z and parameter a. See Miller (1955, p. 26). 

12. 14(vii) Relations to Other Functions 

Bessel Functions 

For the notation see §10.2(ii). When x > 0 

12.14.13 W( 0, ±a;) = 2~^ypxx (yJ-\ {\x 2 ) T (j* 2 )) ) 

12.14.14 

^W(0,±x) = -2-’ixVdrx.[j l (\x 2 )±J_ l (\x 2 )) . 


12.14(ix) Uniform Asymptotic Expansions for 
Large Parameter 


The differential equation 


12.14.24 


w 

da 


= /(l ~t 2 )i 


dr 

follows from (12.2.3), and has solutions 
W(} 2 p 2 , ±pt^2). For real p and t oscillations occur 
outside the t-interval [—1,1]. Airy- type uniform asymp- 
totic expansions can be used to include either one of 
the turning points ±1. In the following expansions, 
obtained from Olver (1959), p is large and positive, and 
S is again an arbitrary small positive constant. 
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Positive a, 2 \fa < x < oo 


w 


12.14.25 


12.14.26 


(^n 2 ,ntV' 2) 

2-5e"J ^ 2 |(/i) 

(i 2 - 1.) * 


COS (7 


s— 0 P 


— sin <7 


E(-d 


s *4 2 s+i(t) 

,4s+2 




2^e^ 7rM /(//) 


s—0 


sm cr 


E(-‘) 


, -^2s (i) 


,4s 


s—0 


coscr 


E(-d 


s-^2s+l(0 


s=0 




4s+2 


uniformly for £ £ [1 + 5, 00). Here .4 S (£) is as in 
§12.10(ii), a is defined by 

12.14.27 a = n 2 (, + l 7T, 
with £ given by (12.10.7), and 

12.14.28 Z(/x) = 


with g(fj) as in §12.10(ii). The function Z(/x) has the 
asymptotic expansion 


12.14.29 


with 


l{g) 


2J ~ l 

urE 


4s * 


s—0 


12.14.30 Z 0 = 1, Zl = - 1 ^ 2 , ^2 

Positive a, — 2y/a < x < 2^(1 


16123 
398 13120’ 


12.14.31 




M V 


oo 


25ei 7r/42 (l-* 2 )5 “ 


(-1) 




,2s 


uniformly for £ € [—1 + 5,1 — 5], with 77 given by 
(12.10.23) and A s (£) given by (12.10.24). 

The expansions for the derivatives corresponding to 
(12.14.25), (12.14.26), and (12.14.31) may be obtained 
by formal term-by-term differentiation with respect to 
£: compare the analogous results in §§12.10(ii)-12.10(v). 


Airy-type Uniform Expansions 


12.14.32 Wlk 




s=0 




s—0 




12.14.33 W[%li 2 ,-iiW 2 


( *(-,»{) d- 

s=0 ' s=0 


7T 2 /X3 £(|u) 
2 2 e 4 


uniformly for £ £ [—1 + 5, 00), with £, </>(£), A s (£), and B S (Q as in §12.10(vii). For the corresponding expansions for 
the derivatives see Olver (1959). 


Negative a, —x < x < x 

In this case there are no real turning points, and the solutions of (12.2.3), with z replaced by x, oscillate on the 
entire real auaxis. 


12.14.34 w(-±g 2 ,g 1 tV2 S J 

12.14.35 W' (-\n 2 , ntV^j 


Kv) 

(£ 2 + 1)3 



72 


Z( M )(£ 2 + 1)4 


( — 1) S U2s(£) . ( — l) S U2s+l(£) \ 

(£ 2 + l) 3 s /r 4s “ Sm<J f ^ 0 (£ 2 + l) 3s+ i /r 4s + 2 J ’ 


OO 

sin a > 


(-l) S +2s(t) 

(£ 2 + l) 3s /t 4s 


OO 

+ cos a 

s=0 


(~l) a u 2 s+i(£) \ 

(£ 2 + l ) 3 s + l ^ 4s + 2 y 


uniformly for £ £ R, where 

12.14.36 a = n 2 £+j 7T, 

and £ and the coefficients u s (£) and u s (£) as in §12.10(v). 


12.14(x) Modulus and Phase Functions 

As noted in §12.14(ix), when a is negative the solutions 
of (12.2.3), with z replaced by x, are oscillatory on the 
whole real line; also, when a is positive there is a cen- 
tral interval — 2y / a < x < 2 sja in which the solutions 


are exponential in character. In the oscillatory intervals 
we write 

12.14.37 

k ~ 1/2 W(o, *) + ik 1/2 W(a, -x) = F{a, x)e ^ a ’ x) , 
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12.14.38 

fc " 1/2 W'(a,x)+ik 1/2 W'{a,-x ) = -G(a, x)e i ^ a ’ x \ 

where k is defined in (12.14.5), and F(a, x ) (>0), 9(a, x), 
G(a,x ) (>0), and ip(a,x) are real. F or G is the mod- 
ulus and 9 or ip is the corresponding phase. Compare 
§ 12 . 2 (vi). 

For properties of the modulus and phase functions, 
including differential equations and asymptotic expan- 
sions for large x, see Miller (1955, pp. 87-88). For 
graphs of the modulus functions see §12.14(iii). 

12.14(xi) Zeros of W(a,x), W'(a,x ) 

For asymptotic expansions of the zeros of W(a,x) and 
W'{a,x), see Olver (1959). 

12.15 Generalized Parabolic Cylinder 
Functions 


12.17 Physical Applications 


The main applications of PCFs in mathematical physics 
arise when solving the Helmholtz equation 

12.17.1 V 2 w + k 2 w = 0, 

where k is a constant, and V 2 is the Laplacian 


12.17.2 


V 2 = 


d 2 d 2 d 2 

dx 2 d y 2 dz 2 

in Cartesian coordinates x, y, z of three-dimensional 
space (§1.5(ii)). By using instead coordinates of the 
parabolic cylinder 77 , defined by 


12.17.3 x = ^h y=\^ 2 -\ri 2 , z = C, 
(12.17.1) becomes 


12.17.4 


£ 2 + V 2 V dt 


w 
■ 2 


d 2 w 

dp 2 


d 2 w 

lx 2 


+ k 2 w = 0. 


letting w = U(0V( V )W(0 and separating variables, 


The equation 

12.15.1 + (u + A -1 — X~ 2 z x ) w = 0 

dz 2 

can be viewed as a generalization of (12.2.4). This 
equation arises in the study of non-self-adjoint elliptic 
boundary- value problems involving an indefinite weight 
function. See Faierman (1992) for power series and 
asymptotic expansions of a solution of (12.15.1). 


Applications 

12.16 Mathematical Applications 

PCFs are used as basic approximating functions in 
the theory of contour integrals with a coalescing sad- 
dle point and an algebraic singularity, and in the the- 
ory of differential equations with two coalescing turn- 
ing points; see §§2.4(vi) and 2.8(vi). For examples see 
§§13.20(iii), 13.20(iv), 14.15(v), and 14.26. 

Sleeman (1968b) considers certain orthogonality 
properties of the PCFs and corresponding eigenvalues. 
In Brazel et al. (1992) exponential asymptotics are con- 
sidered in connection with an eigenvalue problem in- 
volving PCFs. 

PCFs are also used in integral transforms with re- 
spect to the parameter, and inversion formulas exist for 
kernels containing PCFs. See Erdelyi (1941a), Cherry 
(1948), and Lowdon (1970). Integral transforms and 
sampling expansions are considered in Jerri (1982). 


— 2- + (ct£ 2 + A) U — 0, 

X 

d 2 V 

12.17.5 —2 + ( 0 - 77 2 - A) V = 0, 

fK + (*2 _ ff ) w = 0j 

d( 

with arbitrary constants a, A. The first two equations 
can be transformed into (12.2.2) or (12.2.3). 

In a similar manner coordinates of the paraboloid of 
revolution transform the Helmholtz equation into equa- 
tions related to the differential equations considered in 
this chapter. See Buchholz (1969, §4) and Morse and 
Feshbach (1953a, pp. 515 and 553). 

Buchholz (1969) collects many results on boundary- 
value problems involving PCFs. Miller (1974) treats 
separation of variables by group theoretic methods. 
Dean (1966) describes the role of PCFs in quantum me- 
chanical systems closely related to the one-dimensional 
harmonic oscillator. 

Problems on high-frequency scattering in homoge- 
neous media by parabolic cylinders lead to asymptotic 
methods for integrals involving PCFs. For this topic and 
other boundary-value problems see Boyd (1973), Hillion 
(1997), Magnus (1941), Morse and Feshbach (1953a, b), 
Muller (1988), Ott (1985), Rice (1954), and Shanmugam 
(1978). 

Lastly, parabolic cylinder functions arise in the de- 
scription of ultra cold atoms in harmonic trapping po- 
tentials; see Busch et al. (1998) and Edwards et al. 
(1999). 
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Computation 


12.18 Methods of Computation 

Because PCFs are special cases of confluent hypergeo- 
metric functions, the methods of computation described 
in §13.29 are applicable to PCFs. These include the use 
of power-series expansions, recursion, integral represen- 
tations, differential equations, asymptotic expansions, 
and expansions in series of Bessel functions. See, espe- 
cially, Temme (2000) and Gil et al. (2004b, 2006b, c). 

12.19 Tables 

• Abramowitz and Stegun (1964, Chapter 19) in- 
cludes U(a,x) and V(a,x) for ±a = 0(.1)1(.5)5, 
x = 0(.1)5, 5S; W(a,±x) for ±a = 0(.1)1(1)5, 
x = 0(.1)5, 4-5D or 4-5S. 

• Miller (1955) includes W(a,x), W(a, —x), and re- 
duced derivatives for a = —10(1)10, x = 0(.1)10, 
8D or 8S. Modulus and phase functions, and also 
other auxiliary functions are tabulated. 

• Fox (1960) includes modulus and phase functions 
for W(a,x) and W(a,—x), and several auxiliary 
functions for x~ x = 0(. 005)0.1, a = —10(1)10, 8S. 

• Kireyeva and Karpov (1961) includes D p (x( 1 + i)) 
for ±x = 0(.1)5, p = 0(.1)2, and ±x = 5(.01)10, 
p = 0(.5)2, 7D. 

• Karpov and Cistova (1964) includes D p {x) for 
p = — 2(.1)0, ±x = 0( .01) 5; p = — 2(.05)0, 
±x = 5(. 01)10, 6D. 

• Karpov and Cistova (1968) includes 
e _ J x2 D p {—x) and e~^ D p [ix) for x = 0(.01)5 
and x~ x = 0(.001 or .0001)5, p = — 1 (.1) 1, 7D or 
8S. 

• Murzewski and Sowa (1972) includes D_ n {x) 

(= U (n - x)) for n = 1(1)20, x = 0(.05)3, 7S. 

• Zhang and Jin (1996, pp. 455-473) includes 

U(±n — \,x), V[±.n — \,x), U(±v-\,x), 

P(±u— i,x), and derivatives, v = n + 

n = 0(1)10(10)30, x = 0.5,1,5,10,30,50, 8S; 
W{a,±x), W(—a,±x), and derivatives, a = 
/i(l)5 + h, x = 0.5, 1 and a = h( 1)5 + h, x = 5, 
h = 0,0.5, 8S. Also, first zeros of U(a,x ), V(a,x), 
and of derivatives, a = — 6(.5) — 1, 6D; first three 
zeros of W(a, — x) and of derivative, a = 0(.5)4, 
6D; first three zeros of W(—a,± x) and of deriva- 
tive, a = 0.5(.5)5.5, 6D; real and imaginary 


parts of U(a,z), a = —1. 5(1)1. 5, z = x + iy, 
x = 0.5,1,5,10, y = 0(. 5)10, 8S. 

For other tables prior to 1961 see Fletcher et al. 
(1962) and Lebedev and Fedorova (1960). 

12.20 Approximations 

Luke (1969b, pp. 25 and 35) gives Chebyshev-series 
expansions for the confluent hypergeometric functions 
U(a,b,x ) and M(a,b,x ) (§13.2(i)) whose regions of va- 
lidity include intervals with endpoints x = oo and 
x = 0, respectively. As special cases of these results 
a Chebyshev-series expansion for U(a,x) valid when 
A < x < oo follows from (12.7.14), and Chebyshev-series 
expansions for U (a, x) and V (a, x) valid when 0 < x < A 
follow from (12.4.1), (12.4.2), (12.7.12), and (12.7.13). 
Here A denotes an arbitrary positive constant. 

12.21 Software 

See http : //dlmf . nist . gov/ 12.21. 
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Olver (1997b), and Temme (1996a). 

Sources 

The following list gives the references or other indica- 
tions of proofs that were used in constructing the various 
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§ 12.8 See Miller (1955, p. 65). (12.8.9), (12.8.10), 
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Notation 


13.1 Special Notation 

(For other notation see pp. xiv and 873.) 

m integer, 

n, s nonnegative integers. 

x , y real variables, 

z complex variable. 

S arbitrary small positive constant. 

7 Euler’s constant (§5.2(ii)). 

r(ai) Gamma function (§5. 2(i)). 

ipix) T'(x)/T(x). 

The main functions treated in this chapter are the 
Kummer functions M(a,b,z ) and U(a,b 1 z), Olver’s 
function M (a, 6, z), and the Whittaker functions 
M k ^(z) and W K ^(z). 

Other notations are: iFi(a;6;z) (§16.2(i)) and 
d>(a;6;z) (Humbert (1920)) for M(a, 6, z); 'F( a;b;z ) 
(Erdelyi et al. (1953a, §6.5)) for U(a,b,z); V(b — 
a, 6, z) (Olver (1997b, p. 256)) for e z U(a,b, — z); 
T(1 + 2/r).# KiA1 (Buchholz (1969, p. 12)) for M KjM (z). 

For an historical account of notations see Slater 
(1960, Chapter 1). 


Kummer Functions 


13.2 Definitions and Basic Properties 

13.2(i) Differential Equation 
Kummer’s Equation 

d 2 w ,, .dw 

13.2.1 z — =- + (6 — z) — aw = 0. 

dz 2 dz 

This equation has a regular singularity at the origin 
with indices 0 and 1 — 6, and an irregular singularity 
at infinity of rank one. It can be regarded as the lim- 
iting form of the hypergeometric differential equation 
(§15. 10(i)) that is obtained on replacing z by z/b , let- 
ting b — > 00 , and subsequently replacing the symbol c 
by b. In effect, the regular singularities of the hypergeo- 
metric differential equation at b and 00 coalesce into an 
irregular singularity at 00 . 


Standard Solutions 

The first two standard solutions are: 


13.2.2 


71 r/ 7 \ v — 7 (o)„ , . a a(a + 1 ) 2 
M(a, 6, z) = = 1 + T z + , ^ L. z 2 




and 


13.2.3 M(a,b,z) = y; 


b~ ' 6(6+1)21' 
(°) s 


s=0 


r(6 + s)s! 


except that M (a, 6, z) does not exist when 6 is a non- 
positive integer. In other cases 


13.2.4 M(a, 6, z) = r(6) M(a, 6, z). 

The series (13.2.2) and (13.2.3) converge for all 
z £ C. M(a,b,z) is entire in z and a, and is a mero- 
morphic function of 6. M(a, 6, z) is entire in z, a, and 
6 . 

Although M(a,b,z ) does not exist when 6 = —n, 
n = 0,1,2,..., many formulas containing M(a,b,z) 
continue to apply in their limiting form. In particular, 


13.2.5 


lim 

b — >—n 


M(a, 6, z) 

r(6) 


M(a, — n, z) 

«+i w+ ! M(a + n + i „ + 2j z ). 

[n + 1) ! 


When a = —n, n = 0,1,2,..., M(a, 6, z) is a poly- 
nomial in z of degree not exceeding 71; this is also true of 
M(a, 6, z) provided that 6 is not a nonpositive integer. 

Another standard solution of (13.2.1) is U(a,b,z), 
which is determined uniquely by the property 


13.2.6 U(a, 6, z) ~ z “, z — > 00 , | phz| < §7r — <5, 

where S is an arbitrary small positive constant. In gen- 
eral, U(a, 6, z) has a branch point at z = 0. The princi- 
pal branch corresponds to the principal value of z~ a in 
(13.2.6), and has a cut in the z-plane along the interval 
(—oo,0]; compare §4.2(i). 

When a = — n, n = 0,1,2,..., U(a,b,z) is a poly- 
nomial in z of degree n: 


13.2.7 U(—n, 6, z) = (-1 )"£ f n )(6+ S )„_ s (-z) s . 

s— 0 

Similarly, when a — 6 + 1 = — 71 , n = 0, 1, 2, . . ., 


13.2.8 U(a 1 a + n + 1, z) = z “ ( j (a) 


s=0 
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When b = n + 1, n = 0, 1, 2, , 


13.2.9 


U(a,n + 1, z) 


-pr? V i , r n 2 * ( ln z + ip(a + k)- ip{ 1 + k)-ip(n + k + 1)) 

n\T{a-n ) ^ (n+l) k k\ 

1 (fc — 1)!(1 — a + k) n _ k ^_ fc 
r («) (n-k)! 


if a ^ 0, —1, —2, . . . , or 

13.2.10 

U(a, n + l,z) = (-1)“ ^ ("“) (n + k + l)_ a _ fc (-z) fc , 
k — 0 ' ' 

if a = 0,-1, -2,.... 

When b = — n, n = 0,1,2,..., the following equa- 
tion can be combined with (13.2.9) and (13.2.10): 

13.2.11 U(a, —n, z) = z n+1 U(a + n + l,n + 2, z). 


13.2(ii) Analytic Continuation 


When meZ, 


13.2.12 

U(a,b, ze 2 ™ m ) 


2tt ie 7Tlbm sin(7r6m) 
T(1 + a — b) sin(7r&) 
+ e- 2nibm U ( a ,b, z ). 


M(a, b, z ) 


Except when z = 0 each branch of U (a, b, z) is en- 
tire in a and b. Unless specified otherwise, however, 
U(a , b , z) is assumed to have its principal value. 


13.2(iii) Limiting Forms as z — >0 


13.2.18 


jjr u .a ^(6 1) „i-b . r(l b) 

y+ + r(«-t + i ) +0(3 >' 

1 < SR6 < 2, b ^ 1, 


13.2.19 


C/ (a, 1, z) = -—a- (In 2 + iZ’(a) + 2y) + 0(z ln z), 

r(a) 


13.2.20 


U(a,b,z) = r . F(1 +Q(z 1 - SRb ), 0 < m < 1, 

1 (a — o + 1) 


13.2.21 


U(a,0,z) = 


r(a+l) 


+ 0(z ln z), 


13.2.22 


U(a,6,z)= F(1 ^ +0(z), 3?6< 0,6^0. 

1 (a — o + 1) 


13.2(iv) Limiting Forms as z — » oo 

Except when a = 0, — 1, . . . (polynomial cases), 

13.2.23 M(a, 6, z) ~ e s z a_& /r(a) , |phz|<|7T — 5, 
where S is an arbitrary small positive constant. 

For U(a,b,z) see (13.2.6). 


13.2.13 M(a,b,z) = 1 + O(z). 

Next, in cases when a = —n or — n + 6 — 1, where n 
is a nonnegative integer, 

13.2.14 U(- n ,b,z) = (-l) n (b) n + 0(z), 

13.2.15 

U(—n + 6 — 1, 6, z) = (— l) n (2 — 6) n z 1_b + 0(z 2_b ). 
In all other cases 

13.2.16 

U (a, 6, z) = M^ + 0 (,2-»), m>2,b^2, 

13.2.17 

U (a, 2, z) = + O(lnz), 

r(o) 


13.2(v) Numerically Satisfactory Solutions 

Fundamental pairs of solutions of (13.2.1) that are nu- 
merically satisfactory (§2.7(iv)) in the neighborhood of 
infinity are 

e z U(b — a, 6, e~ m z), 

— < phz < §7 r, 

e z U(b — a , 6, e nl z), 

— |7T < phz < ^7T. 

A fundamental pair of solutions that is numerically 
satisfactory near the origin is 

13.2.26 


13.2.24 


U (a, 6, z) , 


13.2.25 


U(a,b, z) , 


M(a,b,z), z 1 b M(a — b + 1, 2 — 6, z), 6 ^ Z. 
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When b = n + 1 = 1, 2, 3, . . . , a fundamental pair that is numerically satisfactory near the origin is M(a , n + 1, z) 


and 

13.2.27 


E ll 

(n. — 


n!(fc-l)! k ( a ) k k 


(n — fc)!(l — a) k ^{n + l) k k\ 


~E 


z k (In 2 + if>(a + k) — ip(l + k) — ip(n + k + 1)) , 


k = l v ' v k = o 

if a — n ^ 0, —1, —2, . . . , or M(a,n+ 1, z ) and 


13.2.28 


y- n -(fc ~ 1)! _-k 

^(n-fe)!(l-a) fc 


-E ,„ [“!; (In ■. + «!- » - t) - ^(1 + k ) - ,»(» + k + 1)) + (-!)'-(-<,)! £; ( * 1 


(n + !)**! 


/c— 0 


/c— 1 — a 


(?r + l) fc fc! 


if a = 0, —1, —2, . . . , or M(a , n + 1, 2 :) and 

n 

13.2.29 ^ 




k—a 


(n — fc)!(fc — a)! 


if a = 1, 2, . . . , n. 

When b = — n = 0,-1,— 2,..., a fundamental pair that is numerically satisfactory near the origin is z n+1 x 
M(a + n + 1, n + 2, z) and 


13.2.30 

n+1 


E 7 1)1 7 zn ~ k+1 E { 7 ± ^TT zn+k+1 (In -2 + ip(a + n + k + 1) - ip(l + k ) - +n + k + 2)) 

^ (n- k + l)\(-a-n) k (n+ 2) k kl 


k = 1 v ’ v fc=0 

if a ^ 0, —1, —2, . . . , or z n+1 M(a + n+l,n+ 2, z) and 

n+1 


(n + l)!(fc — 1)! z n- k+ i 
fri {n — k+ 1)!(— a — n) k 


13.2.31 


- E z n+k+1 (In z + ip (—a — n — k)— -0(1 + k) - ip(n + fc + 2)) 


k—0 


( n + 2) fc fc! 




(fc + a + n)! +fe+1 


13.2.32 


if a = 0, —1, . . . , —n. 


E 


(n + 2) fc fc! 

k——a—n ^ 

if a = —n — 1, — n — 2, — n — 3, . . . , or z n+1 M(a + n + 1, n + 2, 2 ) and 

” +1 (fc-1)! 


n— fc+1 


/c=a+n+l 


(n — fc + l)!(fc — a — n — 1)! 


13.2(vi) Wronskians 


13.2.33 

13.2.34 

13.2.35 

13.2.36 

13.2.37 

13.2.38 


'W {M(a, b, z), z 1 b M(a — b + 1, 2 — b, z)} = su+frjz b e z /-K, 

W {M(a, b , z),U(a, b, z)} = - z~ b e z /T{a) , 

W {M(a, b, z),e z U(b - a, b, e ±vi z) } = e^ bwi z~ h e z /T{b - a) , 
W {z 1 - b M{a-b + l,2-b,z),U{a,b,z)} = - z~ b e z /T{a - b + 1) , 
W + 1_b M(a - b + 1, 2 - b, z), e z U(b - a, 6, e ±7Ti z) } = - z~ b e z /T(l - a) , 

W {U(a, b, z),e z U(b - a, b, e ±m z) } = e ±(a ~ b)m z~ b e z . 
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13.2(vii) Connection Formulas 
Kummer’s Transformations 

13.2.39 

13.2.40 

1 


M(a , 6 , z) = e z M(b — a, b, —z), 

U(a , b, z ) = ^ 1 - f> C/(a - b + 1, 2 - b, z). 


d T a7T2 


D ±(b— a)7ri 


r(6) M <“- 6 ' 2 > = r^) + ^ - »■ 4 ' 


13.2.41 

Also, when 6 is not an integer 

13.2.42 U(a,b,z) = , r ^ ^ M(a,b,z ) + ^ M(o - 6 + 1, 2 - 6, 2 ). 

I (a — b + 1) 1 (a) 

13.3 Recurrence Relations and Derivatives 
13.3(i) Recurrence Relations 

13.3.1 (6 — a) M(a — 1, b, z) + (2a — b + z) M(a, b, z) — a M(a + 1, 6, z) = 0, 

13.3.2 6(6 — 1) M(a, 6 — 1, 2 ) + 6(1 — b — z) M(a, b , 2 ) + z(b — a) M (a, b + 1, z) = 0, 

13.3.3 (a — b + 1) M(a, b, z) — a M(a + 1, b, z) + (6 — 1) M(a, b — 1, z) = 0, 

13.3.4 bM{a, b, z) — b M{a — 1, b,z) — z M(a, b + 1, z) = 0, 

13.3.5 6(a + z) M(a , b , 2 ) + z(a — 6) M(a, 6 + 1, z) — abM(a + 1, b , 2 ) = 0, 

13.3.6 (a — 1 + z) M(a , 6, 2 ) + (6 — a) M(a — 1, b , 2 ) + (1 — 6) M(a, b — 1, 2 ) = 0. 

13.3.7 ?7(a — 1, 6, 2 ) + (6 — 2a — 2 ) /7(a, b, 2 ) + a(a — b + 1) [/(a + 1, b, 2 ) = 0, 

13.3.8 (6 — a — 1) U{a , 6 — 1, 2 ) + (1 — b — 2 ) J7(a, 6, 2 ) + 2 U{a , b + 1, 2 ) =0, 

13.3.9 U(a,b,z ) — a [/(a + 1, 6, 2 ) — U(a,b — 1 , 2 ) =0, 

13.3.10 (5 — a) C/(a, 6, 2 ) + [/(a — 1, b, 2 ) — 2 £/(a, b + 1, 2 ) = 0, 

13.3.11 (a + 2 ) [/ (a, 6, 2 ) — 2 U(a, b + 1, 2 ) + a(6 — a — 1) U(a + 1, b, 2 ) = 0, 

13.3.12 (a — 1 + 2 ) U(a, b, 2 ) — [/(a — 1, b, 2 ) + (a — b + 1) U(a, b — 1, 2 ) = 0. 
Kummer’s differential equation (13.2.1) is equivalent to 

13.3.13 ( a + 1 )zM(a + 2, b + 2, 2 ) + (6 + 1)(6 — 2 ) M{a + 1, b+ 1, 2 ) — 6(6 + 1) M(a, b, z) = 0, 
and 

13.3.14 (a + 1)2 U{a + 2, b + 2, 2 ) + (2 — b) U{a + 1, b + 1, 2 ) — U (a, 6, 2 ) = 0. 


13.3(ii) Differentiation Formulas 

13.3.15 — M(a, b,z) = y M(a + 1,6 + 1, 2 ), 

az b 

rl n (n) 

13 - 316 ~Tn M (+ &, z ) = 77 +^ M(a + n, 6 + n, 2 ) , 

dz (b) n 

13.3.17 

( 2 ^ ( 2 0 - 1 M(a, 6, 2 )) = (a) n 2 a+n_1 M(a + n, 6, 2 ), 

13.3.18 

d n 

-pj ( 2 b_1 M(a,b,z)) = (6 — n) n 2 f>_ra_1 M(a, 6 — n, 2 ), 


13.3.19 


13.3.20 


(z b - a - 1 e~ z M(a,b,z)) 

= (6 - a) n 2 b - a+n - 1 e" z M(a - n, 6, 2 ), 


(e z M(a,b,z)) 

= (-l) n ^^e-*M(a,b + n,z), 


13.3.21 ^ 

= (6 - n) n z b ~ n ~ 1 e~ z M(a -n,b-n,z). 
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13.3.22 

13.3.23 

13.3.24 

13.3.25 

13.3.26 


— U{a,b,z ) = —aU(a+l,b+l,z), 
dz 
d n 

-j—jj; U (a, b, z) = {-l) n {a) n U{a + n,b + n,z), 

= («)n( a ~ b + 1 )n 2:a+ " _1 U(a + n, b, z), 
d n 

(/ _1 U(a,b,z)) 

= (-1)> - b + l) n z b ~ n ~ 1 U{a, b - n, z), 
(z b ~ a ~ 1 e~ z U(a, b, z)) 

= (-1 )n,6-a+„- 1 e -z ^ b ^ ^ 


13.3.27 z C/(a, b, z)) = (— l) n e 2 C/(a, b + n, z), 


13.3.28 dz 


~^n (z b ~ 1 e~ z U(a, b, z)') 

= (-1 ) n z b ~ n - 1 e~ z U (a — n,b — n, z). 


Other versions of several of the identities in this sub- 
section can be constructed with the aid of the operator 
identity 


13.3.29 


dz 


z \ = z 


dz' 


,z n , n = 1,2,3, 


13.4.6 

U(a,b, z) 

(-1 )n z i-b-n r°° M(b-a,b,t)e~ t t b+n ~ 1 

~ T{l + a-b) J 0 TT~z M ’ 

|ph z\ < 7r, n = 0, 1, 2, . . . , —3 % < n < 1 + 3?(a — b), 


U(a,b, z) = 


2z? 


o o u 


r(a)r(a-6+l) 


13.4.7 




2 Ffh-i ^2v zij dt, 
3f?a > max (5R6 — 1, 0), 


13.4.8 

[/(as, b, z) = z c_a 

/•OO 

x / e _2t t c_1 2Fi(a, a — & + 1; c; — t) dt, 
Jo 

I phz| < ^TT, 

where c is arbitrary, 3?c > 0. For the functions 
and 2F1 see §10.25(ii) and §§15.1, 15.2(i). 


13.4(ii) Contour Integrals 
13.4.9 

M (a, b, z) = F(1 + ° ~ b) / (1+) e zt t a ~ 1 (t - I) 6 - 0 " 1 dt, 
2mT(a) J Q 

b-a^ 1,2,3,..., 5Ra > 0. 


13.4 Integral Representations 


13.4(i) Integrals Along the Real Line 
13.4.1 

M(a, b, z) = — — J- y [ e zt t a -\l - t) 6 " 0 " 1 dt, 

T(a)T(b-a) J n 

$lb > 3?a > 0, 


13.4.2 

M(a, b, z) = — -J- — - [ M(a, c, zt)t c ~ 1 { 1 - t) h_c_1 dt, 
F (6- c) Jo 

3% > 5ic > 0, 


13.4.3 


M(a, b, —z) = 


-ib r°° 


Z 2 2 

T(aT 


e t t a 2 b j J fc _ 1 ( 2\/zt) dt, 


3?a > 0. 


For the function Jf,_ 1 see §10.2(ii). 

1 r°° 

U(a,b,z)=— e- z H a ~\l + t) 

13.4.4 r(a) Jo 


b—a—1 


dt, 

3?a > 0, | ph z\ < \n r, 


13.4.5 

U(a,b, z) 

z 1 ~ a f 00 U{b - a,b,t)e~ t t a ~ 1 

~ r(a) r(i + 0 - b) J 0 t + ~z dt ’ 

| ph z\ < 7 r, 3 ?a > max (3 % — 1, 0), 


13.4.10 

M(a, b, z) 

= -ani r ( 1 -«) 

2TTiT{b — a) 


n(0+) 

a Jl,2,3,..., 3f?(& — a) > 0. 



Figure 13.4.1: Contour of integration in (13.4.11). 
(Compare Figure 5.12.3.) 


13.4.11 

M(a, b, z) 

= e~ b7vi T(1 — a) T(1 + a — b) 


dO+,1+,0-,1-) 


47T 2 


e^-^l -t) b ~a~ x dt, 

a, b — a ^ 1, 2 , 3, ... . 


The contour of integration starts and terminates at a 
point a on the real axis between 0 and 1. It encircles 
t = 0 and t = 1 once in the positive sense, and then 
once in the negative sense. See Figure 13.4.1. The frac- 
tional powers are continuous and assume their principal 


13.5 Continued Fractions 
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values at t = a. Similar conventions also apply to the 
remaining integrals in this subsection. 

13.4.12 

M(a, c, z) 


/' (0+ ’ 1+) 
27Ti 


/ I U -T jJ-Tj 

e zt t~ b 2Fi(a, 6; c; 1 /t)dt, 

-OO 

6 t^O, - 1,-2,..., |ph«| < |tt. 

At the point where the contour crosses the interval 
(l,oo), t~ h and the 2F1 function assume their princi- 
pal values; compare §§15.1 and 15.2(i). A special case 


is 


13.4.13 




1—b + 0 +. 1 +) / 1 

zt.-b I - 1 


e z t~ ( 1 — - J dt, 
| ph z\ < bir. 


13.4.14 

U(a,b,z) 

rn — a 1 /• c°+) 

= e~ an ^ — 1 / e" 2:t f a - 1 (l + f) b - a - 1 df, 

a ^ 1,2,3,..., |phz| < |t 7. 

The contour cuts the real axis between —1 and 0. At this 
point the fractional powers are determined by ph t = 77 
and ph(l + t) = 0. 


13.4.15 


U(a, b , z ) 


yi-c /■(<)+) 


r(c)T(c-6+l) 27ri 


e zt t~ c 


2F X ( a, c; a + c — 6 + 1; 1 ) dt, 


|ph z\ < b 77 


Again, t~ c and the 2F 1 function assume their princi- 
pal values where the contour intersects the positive real 
axis. 

13.4(iii) Mellin-Barnes Integrals 


If a ^ 0, —1, —2, . . . , then 

13.4.16 

M(a, b, —z) = 


T(a + t) r(— t) , 


z dt, 


2niT(a) J~ ioo T(b + t) 

I ph z\ < 577, 

where the contour of integration separates the poles of 
T(a + t) from those of T(—t). 

If a and a — b+ 1^0, — 1, —2, . . . , then 

13.4.17 

U(a,b, z) 

i-ico 


Z 

277 * 


T(a + t) T(1 + a — b + 1 ) r(— t) _ 


r(a) r(l + a — b) 


* dt. 


I ph z\ < §77, 

where the contour of integration separates the poles of 
r(a + t) T(1 + a — b + t) from those of I\— t). 

13.4.18 


U(a,b, z) = 


Z l-b e z ri 00 


277 * 


T(b-l + t)T(t) _ t ^ 

tv — r+i 0 dt > 

r(a + 1 ) 


I ph z\ < |77, 

where the contour of integration passes all the poles of 
r(6 — 1 + t) T(t) on the right-hand side. 

13.5 Continued Fractions 


where 

13.5.2 


a — b — n 


U2n+1 — 

U2n = 


( b + 2 n)(b + 2n + 1) ’ 
a + n 


0, 1, 2 , ... , then 

M(a, b, z ) 


Ad (a + 1, 6 + 1, 2) 


= 1 + 



13.6.1 

Ad (a, a, z ) 

!, —3, . . . , and a - fc / 

13.6.2 

M(l, 2, 2z) 


13.6.3 

M(0,b,z) 

**l2 U2Z 



1+1+ 

13.6.4 

U(a,a + 1, 2) 


(b + 2n — 1)(6 + 2 n) 

This continued fraction converges to the meromorphic 
function of z on the left-hand side everywhere in C. For 
more details on how a continued fraction converges to a 
meromorphic function see Jones and Thron (1980). 

If a, b € C such that a/0, — 1, —2, . . . , and b — a/ 
2, 3, 4, ... , then 

13 .5.3 ^(q,M 

U(a, b—l,z) 1+1 + 

where 

13.5.4 V 2 n+i = a + n , V 2 n = a — b + n + 1 . 

This continued fraction converges to the meromorphic 
function of 2 on the left-hand side throughout the sector 

I phz| <77. 

See also Cuyt et al. (2008, pp. 322-330). 


13.6 Relations to Other Functions 
13.6(i) Elementary Functions 


e 

2 


13.5.1 
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13.6(ii) Incomplete Gamma Functions 

For the notation see §§6.2(i), 7.2(i), 8.2(i), and 8.19(i). 
When a — b is an integer or a is a positive integer 
the Kummer functions can be expressed as incomplete 
gamma functions (or generalized exponential integrals). 
For example, 

13.6.5 

M(a, a + 1, —z) = e~ z M(l, a + 1, z) = az~ a 7 (a, z), 
U(a,a,z) = z l ^ a U(l,2-a,z) 

= Z 1 ~ a e z E a {z) = e z T(1 - a, z). 
Special cases are the error functions 

13.6.7 M(H-z 2 ) = ^-erf(z), 

13.6.8 U{\, |, z 2 ) = \pKe z erfc (z). 

13.6(iii) Modified Bessel Functions 


When b = 2a the Kummer functions can be expressed 
as modified Bessel functions. For the notation see 
§§10.25(ii) and 9.2(i). 

13.6.9 

M(v+±,2v + l,2z) = T{l + v)e z {z/2)-'' I v {z) 7 

13.6.10 

U(v+ |,2i/ + 1 , 2 z) = A=e z ( 2 z)~ v K v {z), 


13.6.11 U | 


( 5 5 4 r 3/2\ 


; 3 5 / 6 exp(|^/ 2 ) 


22 / 3 , 


Ai(^). 


13.6(iv) Parabolic Cylinder Functions 

For the notation see §12.2. 

13.6.12 XJ{\a+ |, 1, 1 z 2 ) = 2s a+ Je* 22 U(a,z), 

13.6.13 U(\a+ f , | ,±z 2 ) =2^ a+ i e ^—U(a,z). 

25 a_ s r(|a + |)es 2 


13.6.14 


13.6.15 




M(\a+ §, §, \ z 2 ) - 


x (U(a,z) + U(a, —z )) , 
25 a -tr(lo+ l)ei 22 

Zy/TT 

x (U(a,-z)-U(a,z)). 


13.6(v) Orthogonal Polynomials 

Special cases of §13.6(iv) are as follows. For the nota- 
tion see §§18.3, 18.19. 

Hermite Polynomials 


13.6.16 

M(-n, l,z 2 ) 


13.6.17 

M (—n, §, z 2 ) 

= {2n + l)\2z H2n+1 

13.6.18 

u {\-\ n ibz 2 ) 

= 2~ n z~ l H n (z). 

Laguerre Polynomials 


13.6.19 




U(—n, a + 1, z) = (— l) n {a + l) n M(—n, a + 1, z) 
= (— 1 ) n n!L^(z). 


Charlier Polynomials 

13.6.20 

U(—n, z — n + 1, a) — {—z) n M(—n, z — n + 1, a) 

= a n C n {z 1 a). 

13.6(vi) Generalized Hypergeometric Functions 

13.6.21 U (a, b, z) = z~ a 2 -F 0 (a, a — b + 1; — ; — z^ 1 ) . 

For the definition of 2 ^ 0 ( 0 , a — b + 1; — ; — z -1 ) when 
neither a nor a — b+ 1 is a nonpositive integer see §16.5. 


13.7 Asymptotic Expansions for Large 
Argument 


13.7(i) Poincare-Type Expansions 

As x — > 00 


S! 


13.7.! 

1 (a) ' 

v ’ s — 0 

provided that a yf 0, — 1, .... 

As z — > 00 


13.7.2 

M(o, b , z ) 


(l-a )a( &-aT , , e ± ™z-“^(a) s (a-6+l) i 


e 2 


r («) n 

v ' s=0 


E 


_ , v 

s! r(6-a) f^ 0 s! 

unless a = 0, —1, . . . and b — a = 0, —1, .... Here <5 denotes an arbitrary small positive constant. Also, 


( — z) S , —7 t7T + S < iphz < I7T — 


U(a, b, 7) ~ *- £) M. ( “- | t + 1) » (_,)- | 


s=0 


13.7.3 


| ph z\ < |7T - (5. 
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13.7(ii) Error Bounds 



Figure 13.7.1: Regions Ri, R 2 , R 2 , R 3 , and R 3 are 
the closures of the indicated unshaded regions bounded 
by the straight lines and circular arcs centered at the 
origin, with r = \b — 2a\. 


13 . 7.4 


U(a, b , 2 ) = z~ a £ (a)s( ° J +1)s (-z)~ s + e n (z), 


s—0 


where 


\£ n (z)\, P \e n (z)\ 


13 . 7.5 


< 2 aC n 


(a)„(a- 6 + !) r 


exp 


n \ z a+n 

and with the notation of Figure 13.7.1 


(2apCA 

V N )' 


13 . 7.6 C n = 1 , x(n) , (x(n) + av 2 n ) v n , 

according as 


13 . 7.7 2 € Ri , 2 £ R 2 U R 2 , 2 £ R 3 U R ,3 , 

respectively, with 

13 . 7.8 

cr = |(6 — 2a) I z | , v = ~ 4cr 2 ^ 

X(n) = y/T:T(\n+ l)/r(|n+ \) ■ 

Also, when 2 £ Rj U R 2 U R 2 


13 . 7.9 


a = 


1 

1 — a ’ 



cr 2 + a\z\ 

2(1 


-1 


p = \ 1 2 a 2 — 2 ab + b 


cr(l+ ler) 


and when 2 £ R 3 U R 3 a is replaced by va and 1 2 1 ~ 1 is 
replaced by v\z\~ x everywhere in (13.7.9). 

For numerical values of xi n ) see Table 9.7.1. 
Corresponding error bounds for (13.7.2) can be con- 
structed by combining (13.2.41) with (13.7.4)-(13.7.9). 


13.7(iii) Exponentially-Improved Expansion 


Let 

13 . 7.10 

and 

13 . 7.11 


n— 1 


U(a, b,z) = z a ]T (a)s(a | &+ 1 ^ s (- 2 ) s + R n (a,b } z), 


s—0 


Rn{a,b,z) = 




(-l) n 27T2' 


r(a) r(a — 6+1) 


£ (1 a)a f a)s {-z)- s G n+2a - b - s {z) + (1 - a)Jb - a) m R m , n (a, 6, 2 ) ) , 


. s=0 


where m is an arbitrary nonnegative integer, and 


13 . 7.12 


G p (z) = -r(p)r(i- P ,z). 


py ~' 2tt 

(For the notation see §8.2(i).) Then as 2 — > 00 with \\z\ — n\ bounded and a,b,m fixed 


13 . 7.13 


m ’ n( ’ ’ ’ { 0(e*z~™), tt < |ph»| < §tt-6 . 


For proofs see Olver (1991b, 1993a). For extensions to hyperasymptotic expansions see Olde Daalhuis and Olver 
(1995a). 
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13.8 Asymptotic Approximations for Large 
Parameters 

13.8(i) Large |b|, Fixed a and z 

If b — > oo in C in such a way that \b + n\ > S > 0 for all 
n = 0, 1 , 2 , , then 

n — 1 , s 

13.8.1 M(a,b,z) = jrfhz 8 + 0(\b\~ n ). 

s=0 ^ 0) s S - 

For fixed a and z in C 

13.8.2 M(a,b,z ) ~ ^(a) s g s (z,a)6~ s ~ a , 

1 l 0 a > «=n 


as b — > oo in | ph6| < n — 5, where qo(z, a) = 1 and 

13.8.3 

OO 

(e‘ - 1)° _1 exp(i + z( 1 - e-‘)) = £ q s (z, o)*^ 0 " 1 . 

s=0 

When the foregoing results are combined with Rum- 
mer’s transformation (13.2.39), an approximation is ob- 
tained for the case when |fe| is large, and | b — a\ and \z\ 
are bounded. 

13.8(ii) Large b and z, Fixed a and b/z 

Let A = z/b > 0 and £ = a/ 2(A — 1 — In A) with 
sign(C) = sign(A — 1). Then 



f c y\ u(a-l-{Jb)\ 
U-1 )) cVb ) 



as b — > oo, uniformly in compact A-intervals of (0,oo) and compact real a-intervals. For 
function U see §12.2, and for an extension to an asymptotic expansion see Temme (1978). 
Special cases are 


13.8.6 


M(a, b , b) = \Jtt 



(r(i(a + l)) 


(a + 1) y/8jb 

3r(|o) 



the parabolic cylinder 


and 

13.8.7 


U(a,b,b)=^(2b)-^ a 


(r(i(a + l)) 


(a + 1)^/Sj b 
3F(|a) 



To obtain approximations for M(a,b,z) and U(a,b,z) that hold as b — > oo, with a > 1 — b and z > 0 combine 
(13.14.4), (13.14.5) with §13.20(i). 

Also, more complicated but more powerful — uniform asymptotic approximations can be obtained by combining 
(13.14.4), (13.14.5) with §§13.20(iii) and 13.20(iv). 


1 3 . 8 ( iii) Large a 


For the notation see §§10.2(ii), 10.25(h), and 2.8(iv). 
When a — > +oo with b (< 1) fixed, 


13.8.8 


U(a, b, 



l-b 


K 1 _ b (2(3a) + a 


■0 


1 + /3 


l-b 


o-20a 


0 ( 1 ) 


where w = arccosh(l + (2a) _1 x), and (3= (w + sinh w) /2 . (13.8.8) holds uniformly with respect to x £ [0,oo). For 
the case b > 1 the transformation (13.2.40) can be used. 

For an extension to an asymptotic expansion complete with error bounds see Temme (1990b), and for related 
results see §13.21(i). 

When a — ► — oo with b (> 1) fixed, 


13.8.9 


M(a, b, x) = Y{b)e^ x ((\b — a)x) 2 2& (^J b -i (^y/2 x(b — 2 a)j + euvJ b -i(^\/2x(b — 2 a)j 0^|a| , 
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and 

13 . 8.10 


U(a, 6, x) =T(\b — a + ^)e 2X x 2 2b ^cos(a7r) Jb-\ ^\/2 x(b — 2a ) ^ — sin(a7r) Yb-i (^\/2x[b — 2a ) ^ 

+ envYb-i ( \/2x(b - 2a)) ^(M” 5 )) , 


uniformly with respect to bounded positive values of a; in each case. 

For asymptotic approximations to M(a,b,x) and U(a 7 b,x) as a — > — oo that hold uniformly with respect to 
x 6 (0, oo) and bounded positive values of (6 — 1)/ |a|, combine (13.14.4), (13.14.5) with §§13.21(ii), 13.21(iii). 


13.9 Zeros 


13.9(i) Zeros of M(a,b,z) 

If a and b — a ^ 0, — 1, —2, . . . , then M(a, b, z) has in- 
finitely many z-zeros in C. When a, b £ R the number of 
real zeros is finite. Let p(a , b) be the number of positive 
zeros. Then 

13 . 9.1 p(a, 6) = [— a] , a < 0, b > 0, 

13 . 9.2 p(a,6) = 0, a>0, 6 > 0, 

13 . 9.3 p(a, 6) = 1, a > 0, — 1 < b < 0, 


13 . 9.4 p(a,b) = [— ^b\ — [— §(& + 1)J ) a > 0, 6 < — 1. 


13 . 9.5 

p(a , 6) = [—a] — [—6] , [—a] > [—6], a < 0, b < 0, 

13 . 9.6 

P (a,b) = ii (r- 6 i - r-ai + i)j - LKr-61 - r-«i)j , 

[—6] > [—a] > 0. 

The number of negative real zeros n(a, b) is given by 


13 . 9.7 n(a,b) = p(b — a,b). 

When a < 0 and b > 0 let <j> r , r = 1, 2, 3, . . . , be the 
positive zeros of M{a, 6, x) arranged in increasing order 
of magnitude, and let jb-i,r be the rth positive zero of 
the Bessel function Jb-i(x) (§10.21(i)). Then 


13 . 9.8 

j. J6-l,r (, , 2b (b ~ 2) + 

■ r 2b - 4a \ 3(2 b - 4a) 2 j 



as a — > — oo with r fixed. 

Inequalities for <p r are given in Gatteschi (1990), and 
identities involving infinite series of all of the complex 
zeros of M(a,b,x) are given in Ahmed and Muldoon 
(1980). 

For fixed a, b € C the large z-zeros of M(a, 6, z) sat- 
isfy 


z = ±(2n + a)ni + \n( ^ ^ (±2rt7rz) fc 2a ^ 

13 . 9.9 \ T(b- a) J 

+ 0(?r _1 Inn), 

where n is a large positive integer, and the logarithm 
takes its principal value (§4.2(i)). 


Let P a denote the closure of the domain that is 
bounded by the parabola y 2 = 4 a(x + a) and con- 
tains the origin. Then M(a,b,z) has no zeros in the 
regions P 6 / a , if 0 < b < a; Pi, if 1 < a < 6; P Q , 
where a = (2a — b + ab)/(a(a + 1)) , if 0 < a < 1 
and a < b < 2a/ (1 — a). The same results apply for 
the nth partial sums of the Maclaurin series (13.2.2) of 
M(a, b, z). 

More information on the location of real zeros can 
be found in Zarzo et al. (1995). 

For fixed b and z in C the large a-zeros of M(a, b, z) 
are given by 

13.9.10 

a = ~Yz ( n2 + ( b ~l) n ) 

- lfc ( (i> - 1 )V + b 2 - 8(> ( z - o - 41,2 - 3 ) 

+ 0(n _1 ), 

where n is a large positive integer. 

For fixed a and z in C the function M (a, 6, z) has 
only a finite number of 6-zeros. 

13.9(ii) Zeros of U(a,b,z) 

For fixed a and 6 in C, U(a , 6, z) has a finite number of 
2 :-zeros in the sector |phz| < |7r — <5(< §7 r). Let T(a,b) 
be the total number of zeros in the sector |phz| < 7r, 
P(a, 6) be the corresponding number of positive zeros, 
and a, 6, and a — b + 1 be nonintegers. For the case 
6 < 1 

13.9.11 

T(a, 6) = [-a] +1, a < 0, T(a) T(a — 6+1) >0, 

13.9.12 T(a, 6) = [-a] , a < 0, T(a) T(a — 6+1) <0, 

13.9.13 T(a, 6) = 0, a > 0, 

and 

13.9.14 P(a , 6) = [6 — a — 1] , a + 1 < 6, 

13.9.15 P(a, 6) = 0, a + 1 > 6. 

For the case 6 > 1 we can use T(a, 6) = T(a — 6+1, 2 — 6) 
and P(a, 6) = P(a — 6 + 1, 2 — 6). 

In Wimp (1965) it is shown that if a, 6 £ R. and 
2a — b > —1, then U(a , 6, z) has no zeros in the sector 
|phz| < ± 7 r. 

Inequalities for the zeros of U(a 1 b,x) are given in 
Gatteschi (1990). 


332 


Confluent Hypergeometric Functions 


For fixed b and z in C the large a-zeros of U (a, b, z) 
are given by 

13.9.16 

2 , — 2z lt j 
a ~ — n V- 2171 2 + 2 " + I 

, * 2 (I-4T- i ) + z-(l’-l) i + S , c /l\ 

47 x^fzn \ n J 

where n is a large positive integer. 

For fixed a and z in C, 17 (a, b , z) has two infinite 
strings of b - zeros that are asymptotic to the imaginary 
axis as |6| — > oo. 


13.10 Integrals 

13. 10(i) Indefinite Integrals 

When a/1, 

13.10.1 / M(a, b, z ) dz = M(a — l,b—l,z), 

J a - 1 

13.10.2 j U(a,b,z)dz= U(a — 1, b — 1, z). 

Other formulas of this kind can be constructed by in- 
version of the differentiation formulas given in §13.3(ii). 


13. 10(ii) Laplace Transforms 

For the notation see §§15.1, 15.2(i), and 10.25(ii). 


13.10.3 


pOO 

/ e _z4 f b_1 M(a, c, kt) dt = r(6)z _b 2 Fi(a, 6; c; k/z), 

J o 

5 lb > 0, 3?z > max (5R7, 0), 
13.10.4 I™ e~ zt t b - 1 M(a,b,t)dt = z- b (l-^j , 


pOO 

/ e -4 ! 4 ^ 1 M (a,c,t)dt = 

,!0.5 J Q 


13 


13.10.6 


3?6 > 0, 3?z > 1, 

r(6)r(c-a-6) 

r(c — a) r(c — b) 1 
3?(c — a) > M)> 0, 


13.10.7 


pOO 

/ e- zt - t 2 t 2 b ~ 2 M(a,b,t 2 )dt 

= \Tt-^T(b~\)U(b-\,a+\,\z 2 ), 

Stb > 7, 3?Z > 0, 

poo 

/ e _z 4 f b_1 U(a, c, i) dt 

Jo 

= r(6)r(6-c + i) 

x z' b 2 F i ^a, 6; a + b - c + 1; 1 - ^ , 

3?6 > max(3?c— 1,0), 3ftz > 0. 


Loop Integrals 


1 

27T7 


r( 0+) 

: / e tz t~ a M(a, 6, y/t) dt 
1 J — oo 

^i(2a- 6 -l) y i(l-6 )/ 6 _ l(2v ^y), 


13.10.8 


' — oo 
1 

r(o+) 


3£z > 0. 


13.10.9 


1 

— e tz t~ a U(a,b, y/t) dt 

2 7T* 7-00 

2^j( 2 o- 6 - i )yi( 1 - b ) 


r / \ r / , ,,X K b _ x (2^zy), 3f?z > 0. 
I (a) 1 (a — o + 1) 

For additional Laplace transforms see Erdelyi el al. 
(1954a, §§4.22, 5.20), Oberhettinger and Badii (1973, 
§1.17), and Prudnikov et al. (1992a, §§3.34, 3.35). In- 
verse Laplace transforms are given in Oberhettinger and 
Badii (1973, §2.16) and Prudnikov et al. (1992b, §§3.33, 
3.34). 

13. 10(iii) Mellin Transforms 

T(A) T(a - A) 


13.10.10 

roo 


, 0 < 3?A < 3?a, 


pOO 

/ t x ~ 1 M(a,b,-t)dt = 

Jo F(a) r(o — A) 

13.10.11 

Jo r(a) r(a — o+l) 

max (3% — 1, 0) < SRA < 3 ?a. 
For additional Mellin transforms see Erdelyi et al. 
(1954a, §§6.9, 7.5), Marichev (1983, pp. 283-287), and 
Oberhettinger (1974, §§1.13, 2.8). 

13.10(iv) Fourier Transforms 


13.10.12 


cos(2 xt) M(a, b, —t 2 ) dt 


3?a > 0. 

For additional Fourier transforms see Erdelyi et al. 
(1954a, §§1.14, 2.14, 3.3) and Oberhettinger (1990, 
§§ 1 . 22 , 2 . 22 ). 

13.10(v) Hankel Transforms 

For the notation see §10.2(ii). 

roo . 

/ e -4 * 6-1- * 1 ' M(a, 6, t) J„y2\/xtJ dt 

131013 = x - a +h" e - x M (u - b + 1,1/ - a + 1 , x), 

x > 0, 23 < 3?u + |, 3?& > 0, 

,°o 

J e~ t fi l/ M(a, b, t) J u \2Vxij dt 
U(a, a — b + v + 2, x), 


13.10.14 


r (b-a) 


> 0, -1 < 3?u < 23 ?(6-a) - §, 
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13.10.15 



t* v U(a,b,t) J u ( 2 \fxtj dt 
T(v-b + 2) , 

=— x 2 U(v - b + 2, v - a + 2,x), 

1 (a) 

x > 0, max (5R6 — 2, —1) < < 23f a + 


1 

2 > 


13.10.16 


e t t 2 ' / U{a 1 b,t) J v [2\fxi) dt 


= T{v — b + 2)x^ u e~ x M(a, a — b + v + 2, x), 

x > 0, max (SR6 — 2, —1) < 9?z/. 
For additional Hankel transforms and also other 
Bessel transforms see Erdelyi et al. (1954b, §8.18) and 
Oberhettinger (1972, §§1.16 and 3.4.42-46, 4.4.45-47, 
5.94-97). 


13.10(vi) Other Integrals 

For integral transforms in terms of Whittaker functions 
see §13.23(iv). Additional integrals can be found in 
Apelblat (1983, pp. 388-392), Erdelyi et al. (1954b), 
Gradshteyn and Ryzhik (2000, §7.6), Magnus et al. 
(1966, §6.1.2), Prudnikov et al. (1990, §§1.13, 1.14, 2.19, 
4.2.2), Prudnikov et al. (1992a, §§3.35, 3.36), and Prud- 
nikov et al. (1992b, §§3.33, 3.34). See also (13.4.2), 
(13.4.5), (13.4.6). 


13.11 Series 


For z GC, 

M(a,b,z) = T(a- \)e^ z (\z) 2 

x y' (2a - l) s (2a - b) s 
13.11.1 ^ (b) s s\ 

x (a- \ + s) I a _i +S (\z), 

a + \,b 7^ 0, —1, —2, 

(13.6.9) is a special case. 

For additional expansions combine (13.14.4), 
(13.14.5), and §13.24. For other series expansions see 
Hansen (1975, §§66 and 87), Prudnikov et al. (1990, 
§6.6), and Tricomi (1954, §1.8). See also §13.13. 

13.12 Products 


13.12.1 

M(a, b, z) M(—a , —b, — z ) 

+ 7 ; r+r Af(l + a, 2 + b, z) M(1 — a, 2 — b, — z ) = 1. 

o z ( 1 — tr) 

For generalizations of this quadratic relation see Ma- 
jima et al. (2000). 

For integral representations, integrals, and series 
containing products of M(a,b,z ) and U(a,b,z ) see 
Erdelyi et al. (1953a, §6.15.3). 


13.13 Addition and Multiplication 
Theorems 


13.13(i) Addition Theorems for M(a,b, z) 

a M 

OO 

E 


The function M(a,6, x + y) has the following expan- 
sions: 

(a) n y r 


13.13.1 

13.13.2 


' (b) n ! 

n = 0 V ,n 


M(a + n, b + n, x), 


x + y 


1—6 00 


/ rj.l 


n— 0 


13.13.3 


x 


E 


(a) n y r ‘ 


x + yJ + 0 n K x + yy 


\y\ < M, 


M(a + n,b,x), 5 \(y/x)>—\, 


!3. 1.3.4 y)n M(a,b + n,x), 


n—0 


( b )n n[ 


13.13.5 


13.13.6 


X 

x + y 


b—a 00 


E 

n— 0 


(' h -a)nV " 

n\(x + y) n 


xM(a — n,b,x ), $t((y + x)/x) > h, 


x + y 


1—6 00 


E 


(i -b) n (- y y 


n\x 


! T. n 


n = 0 

x M(a — n, 6 — n, x), 


\y\ < M- 

13. 13(ii) Addition Theorems for U(a,b,z ) 

The function t/(a, 6, a: + y) has the following expansions: 

13.13.7 V (a )" ( , ' 7) t/(a + b + n, x), \y\ < |x|, 


n—0 


13.13.8 


x + y 


13.13.9 


1—6 00 


(1 + a -&)„(- y/x) n 
+ ~y U(a, b — n, x), 


n—0 


\y\ < M, 


x + y 


E 

n—0 


(°)n( 1 + a ~ h ) n y 


n\(x + y) r 


' — U(a + n , b, x), 

M(y/x) > -§, 


13.13.10 


13.13.11 


'E 

n—0 


(- y Y 


x + y 


ni 

b—a 00 


U(a,b + n,x), \y\ < |x|, 


E 


{-y) r 


n—0 


n!(x + y )’ 


U(a — n,b, x), 

$t{y/x) > -b, 


13.13.12 


x + y 

X 


1 — 6 00 


E ^ U(a-n,b-n,x ), |y| < |x|. 


n—0 


n!x 
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13. 13(iii) Multiplication Theorems for 

M(a,b, z) and U(a,b,z) 

To obtain similar expansions for M(a,b,xy) and 
U(a,b 1 xy), replace y in the previous two subsections 

by (y - l)z- 


Whittaker Functions 


13.14 Definitions and Basic Properties 


13.14(i) Differential Equation 


Whittaker's Equation 


13.14.1 


d 2 W 
dz 2 


1 

"4 


W = 0. 


This equation is obtained from Rummer’s equation 
(13.2.1) via the substitutions W = e~^ z z^ +fl w, n = 
— a, and /x = It has a regular singularity at 

the origin with indices |±/x, and an irregular singularity 
at infinity of rank one. 


Standard Solutions 

Standard solutions are: 


13.14.2 M k ^(z) = e~i z z^ +fl M(± + y- K,l + 2y,z), 

13.14.3 W K ^{z) = e-4***+' i U^ + n-K,l + 2fM,z), 

except that M Ktfl (z) does not exist when 2 fj = 
-1,-2, -3,.... 


Conversely, 

13.14.4 M(a,b, z) = e? z z-^ b M hb _ aihb _i(z), 

13.14.5 U(a,b,z ) = e^ z z~^ b Wi b _ a i b _i(z). 
The series 


13.14.6 


M (z) = e-? z z? + ^ ^ s 

kA ) ^ (1 + 2 y)s\ 


s = 0 


= z^Y j2 Fi 


n— 0 


-n, \+y-n \ (-§ z) n 

1 + 2/x ’ ) n! ’ 

- 1 ,- 2 , - 3 ,..., 


converge for all z £ C. 

In general M K4i (z) and W^^{z) are many- valued 
functions of z with branch points at z = 0 and 
z = oo. The principal branches correspond to 
the principal branches of the functions Z 2 +fi and 
U{\ + y — k, 1 + 2/x, 2 ) on the right-hand sides of the 
equations (13.14.2) and (13.14.3); compare §4.2(i). 

Although M Ktl j(z) does not exist when 2/x = 
— 1, —2, —3, . . . , many formulas containing M Ktfl (z) con- 
tinue to apply in their limiting form. For example, if 
n = 0, 1, 2, ... , then 


13.14.7 


lim 




(~2 n - K )n+l 


2/i — >—n— 1 T(2/x T 1) (?r T 1)! 

= e~i z z~i n 


M, 


k, i(n+l) 


(*) 


oo/l \ 

2 ,s z s . 


s—n-\-l 

If 2 p, = ±n, where n = 0,1,2,..., then 


T(s — n)s! 


(t 


n!(fc — 1)! 


-fc 


13.14.8 


or 


13.14.9 


! r (| — |n — k) \“(n- *:)!(«+ § -|n) fc 

(lnz + V’dn + | — K + fc) — ^(1 + fc) - 1 p{n + 1 + fc))^ , 


OO 

E 

k—0 


( 2 n + 2 K ) fc ^fc 

(n + l) fe fc! 


W K , ± UZ) = (-1 )- 5 n- 3e - 5 ^ 5 n +3 


1 - \ 


fc =0 


k — bn — 1 


2 k 2 )(n+l + fc)*_ fc _ in _4 (-«)*, k- In- 1 =0,1,2,.... 


13. 14(ii) Analytic Continuation 

13.14.10 M K ,4*e ±7H ) = ite*"” M_ k ,„(z). 

In (13.14.11)-(13.14.13) m is any integer. 

M Ktfl (ze 2m7ri ) = (-l) m e 2m ^ M k Jz). 


13.14.11 
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13.14.12 


13.14.13 


nu» a "“) = + (-1 re- 2 ”"" W„,(z). 


r(| — fi — k) T(1 + 2 n) sin(27r/i) 


(-1 ) m W^(ze 2mm ) = - 


e 2nm s j n (2m^t7r) + sin((2m — 2)/z7r) 
sin(2/Mr) 

sin(2m/.i7r)27r*e K7r ® 

sin(2/U7r) r(|+/R — k) T — n — k) 


W Ktll (z) 


W- Klli {ze” 


Except when z = 0, each branch of the functions 
+ 1 ) and W K ^(z) is entire in k and /z. 
Also, unless specified otherwise and W Kitl (z) 

are assumed to have their principal values. 

13.14(iii) Limiting Forms as z — ► 0 

13 . 14.14 

M Ktli (z) = z^ (1 + 0{z)) , 2/z ^ -1, -2, -3, . . . . 
In cases when ^ — k ± /i = —n, where n is a nonneg- 
ative integer, 

13 . 14.15 

Wi ±M (z) = (- 1)"(1 ± 2 n) n z^ + o{z^) . 

In all other cases 


13.14.16 


W^(z) = 


r( 2 /x) 


13.14.17 W K I (z) = 


r (i + /x-k) 

i 


o 




r(i - «) 


+ 0(z In z), 


13.14.18 


W K ,p(z) = 


r(2/i) 


r(i + /i-«) 


Z 2-V + 


r (~ 2 ^) _* +u 
r(i- M - K ) 


0 < 9fyz < |, /z 7 ^ 0 , 


W*,o(z) = ~ x (ln-z + V’d “ K ) +27) 

1 l 2 “ M 


13.14.19 


+ o(z 3/2 In Z y 

For W Kili (z) with 3ff/z < 0 use (13.14.31). 

13.14(iv) Limiting Forms as z — 3-00 

Except when /z — n = — — |, . . . (polynomial cases), 

m k ~ r(i + 2 /j,)e 2 ‘'z K /r(| + n — k) , 

13.14.20 / w ' 

|ph ^:| < Ayr — $ ; 

where 5 is an arbitrary small positive constant. Also, 

13.14.21 W KiAt (z) ~ e“5 z 0 K , |phz| < §7r - A 

13.14(v) Numerically Satisfactory Solutions 

Fundamental pairs of solutions of (13.14.1) that are nu- 
merically satisfactory (§2.7(iv)) in the neighborhood of 
infinity are 

13.14.22 W K ^(z), W- K ^(e~ m z), -\-k < phz < §7T, 

13.14.23 W KiM (z), W-^^z), — §7T < phz < §7T. 


A fundamental pair of solutions that is numerically 
satisfactory in the sector | ph z | < ir near the origin is 

13.14.24 M KiM (z), _ m (z), 2/z^Z. 

When 2/z is an integer we may use the results of 
§13.2(v) with the substitutions b = 2/z+l, a = /z— K+g, 
and IF = e“s z z3 +/ 1 zi;, where IF is the solution of 
(13.14.1) corresponding to the solution w of (13.2.1). 


13.14(vi) Wronskians 

13.14.25 ‘r{M Ktli (z),M K> -p(z)} = — 2 /z, 

13.14.26 yF {M^z), w KlM (z)} = + 2m) 


r(| + m - r) 


13.14.27 


13.14.28 r {M«,_„( 2 ),IC,,„( 2 )} = --A 1 ~ 2,,) 


13.14.29 


r(|-/z-K)’ 

^{M Ki _ M (z),W_ (ClM (e ±,ri z)} 

_ r ( 1 ~ 2 ^) 

r(§-M + «) 

13.14.30 fT{!F K , M ( 0 ),IF_ Ki/i (e ±w ^)} = e^\ 

13.14(vii) Connection Formulas 


W K>lt (z) = W K ^(z). 


13.14.31 

13.14.32 

1 e ±(/i— /x-i)7i ri 

r(i + 2/z) = r(i + / z + K ) 

„±K7ri 

When 2/z is not an integer 


13.14.33 


r (2 -m-k) 

r( 2 /i) 


r(| + /i-«) 


M k _^(z). 
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13.15 Recurrence Relations and Derivatives 
13. 15(i) Recurrence Relations 


13.15.1 

13.15.2 

13.15.3 

13.15.4 

13.15.5 

13.15.6 

13.15.7 

13.15.8 

13.15.9 

13.15.10 

13.15.11 

13.15.12 

13.15.13 

13.15.14 


(k - M - |) K-i ,n{z) +{z- 2k) M Ktli (z) + (k + /i + i) ¥^ 1 ^( 2 ) = 0, 
2m( 1 + 2/i)\/zM ) ._i # _i(z) — (2 + 2/x)(l + 2^x) M K ^{z) + (k + /x + = 0, 

+ (l + 2^)v^M K)At (z) - (k + /x + 5) M K+ i )jU+ i (2) = 0, 

2/iM s _i # _i(z) -2/11^1^1(2) - VzM k ^(z) = 0, 

2/x(l + 2/x) M k ^{z) - 2/i(l + 2/i)v/zM t _i )(1 _i(z) - (k - /x - ^)n/zM k _i #+ i(z) = 0, 
2/x(l + 2 /x)VzM k+ i ji _i(z) + (2 - 2/x)(l + 2/x) M Ktft (z) + (k - /x - ^M K _i iJt+ i(z) = 0, 
2/x(l + 2/j.)\/z M k+ i ^_i(z) -2/x(1 + 2 fj) M KiIJ {z) + (k + /x + §)-y/z M k+ i >/i+ 1 ( 2 ) = 0. 

W K+ i )#t+ i(z) - v/iW*,^) + (k-/x- |)W k _i i(1+ i(z) = 0 , 
W K+ i )M _i(z) - v^W / k,r(2) + (k + /x- i) W k _i )M _i(2;) = 0, 

2/xW«,m( 2 ) - \/iW K+ 1^1(2) + v / iW / K+ i , M - 1(2) = 0, 
Wk+I./xW + (2k - 2) + (k - /x - |)(« + M - |) W«_i, M («) = 0, 

(k-/x - |)v / 2ff s -i, p+ iW + 2/x^ # (z) -(« + //- 5)^2 VF k _i > a1 _ 1(2) = 0, 
(« + /x~ - (2 + 2/x) W Ki#t (z) + \/z^ + i i(1+ i(z) = 0, 

(«-M~ p+ i(z) - ( 2 ;- 2/x) W«, M (ar) + ^^+ 1 ^ 1 ( 2 ) = 0. 


13.15(H) Differentiation Formulas 


13.15.15 

13.15.16 

13.15.17 

13.15.18 

13.15.19 

13.15.20 

13.15.21 

13.15.22 

13.15.23 

13.15.24 

13.15.25 

13.15.26 


cP 

cP 


_cf> 

dz 

d 

Z dz Z 


(e^z^ M k ^{z)) = (-l)"(-2 / x) ra e^^-i("+ 1 )M K _ |n!#i _ |n (2), 

^ (eK"""* M^)) = M K _i„ >;t+ L„(2), 

2^2^ (e5 z 2“ K_1 M Kifi (z)J = (5 + /x ^ K) n e5 z 2i n- '' i-1 M K _ n ^(z), 

(e~^z^ M Kilt (z)) = (-l)"(- 2 M ) n e-^^- 3 (»+ 1 ) M K+W _ |n (2), 

(e-i*z-»~i M k ,„(z)) = (-l)-ii±^±^e-^^-iP+ 1 ) M„ + i Bi|t+ i n (*), 

\n 

j M k ^(z)) = (\+ii + K) n e-^z K+n - x M K+n ^(z). 

_ W*,^)) = (-1)"(| + n - K) n e^z-»-^ + ^ ^_|„ iM+ |„(2), 

= (-!)"(§ - M - «) n ei*^-^" +1 ) W B _i ni/1 _ *„(*), 
( Z ^ Z ) ( e ® 2 -” K_1 W«,A*(^)) = (| + M M “ K) n e 5 2 2 "" K - 1 W K -„ 1([1 (2), 

rfn , x 

_ (e-i**-/*-. W*,^)) = (-l)"e->*z-^<" +1 ) ^ + . ni(1+ .„(z), 

rl n / \ 

_ ^(2)) = (-l)"e^-*<» +1 > 

(2^2) (e-^^- 1 ^^)) =(-l)"e-^2 K +"- 1 lP K+ „, M (2). 

Other versions of several of the identities in this subsection can be constructed by use of (13.3.29). 


13.16 Integral Representations 
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13.16 Integral Representations 
13. 16(i) Integrals Along the Real Line 

In this subsection see §§10.2(ii), 10.25(h) for the functions J 2 ^, hfj, and K 2/1 , and §§15.1, 15.2(i) for 2 Fi. 


13.16.1 M k ^(z) = 


r(l + 2 /r)^+ 52 - 2 ^ r 1 

r(^+/r — «;)r(i+/r + K) J _ i 


e5 2t (l + 1 - ty- 3 +K dt, 


13.16.2 M K>fl (z) = 


T(l + 2n)z> 


13.16.3 


13.16.4 


13.16.5 


13.16.6 


r(l + 2^-2A)r(2A) J 0 

1 


r(i + 2 M ) Mk ’^ z) r(± + /x + «)_/„ 

1 ,, , x yfze~* z f 

r(l + 2/i) K A z )~ r n 


[ M K -x,n~x(zt)e^ z< ' t ~ 1 h' J ‘~ x ~^ (1 - t ) 2A - 1 dt, 
Jo 

Jze^ 


e 2 J 2/J ,(2\/zt) dt, 


s l t K 2 / 2/i ( 2y/zt\ dt, 


3 fyx + | > |SRk|, 
3 ^/i -t- ^ > 5 RA > 0 , 

5R(k + /x) + \ > 0, 
5R(k — /x) — ^ > 0. 


W K ,„(z) = 


e~i z z K+1 


r(| + M-«) 

pOO 

Y / e-5 zt (f-l)^- 2 - K (f+l)^-5 +K dt, 3?/r+ i > |phz| < ivr, 

) Ji 


r 00 x 

Wk,m(*)=wT 


r(i + /r - 


r(| + /r — «)r(i — /x — «) 


t + z 


dt, | ph z| < 7 r, + /x ~ k) > max(29fyx, 0), 


13.16.7 


13.16.8 


w K)M (z) = 


(-l)"e-2 2 z 2 


± — fi—n poo 




r(i + 2/x)r(i - h-k) Jo 


t + z 


dt, 


| ph z| < 7r, n = 0, 1, 2, . . . , — 3?(1 + 2fj) < n < |9fyx| + 5 Rk < |, 




2 sjze 2 ' 


e 4 f K 2 K 2/1 ( 2V zf ) dt, 


3ft(// - k) + \ > 0, 


\+ H~ k, /x — K 


; —t, I dt, 


I ph z\ < |tt, 


r(| + // — k) r(| — n — k) 

poo 

13.16.9 W K ^(z) = e~i z z K+c e~ zt t c - 1 2 Fi 

Jo 

where c is arbitrary, Sftc > 0. 

13.16(ii) Contour Integrals 

For contour integral representations combine (13.14.2) and (13.14.3) with §13.4(ii). See Buchholz (1969, §2.3), Erdelyi 
et al. (1953a, §6.11.3), and Slater (1960, Chapter 3). See also §13.16(iii). 

13.16(iii) Mellin-Barnes Integrals 

If | + /i-k^ 0, —1, —2, . . . , then 


13.16.10 


, , - . e §*±(i+M)»ri f io ° T(t-K)T(±+H-t) t , , 

"- <e 4 = 2 »ir(i + u- A J- ioc r(i + „ + 0 2rf *' |pl,2|< ^ 


r(i + 2/x) ^ ,AIV ’ 27 rir(i + /x - «) J_ ioo r(i + /i + t) 

where the contour of integration separates the poles of T(f — k) from those of r(| + /x — i). 


If ^ ± /x — k ^ 0, — 1, —2, . . . , then 


13.16.11 


W Ktli (z) = 


2ni 


r(| + /x + t)r(| - n + t) r (— k - 1) ^_ t 

r(| + n — k) r(| — /x — k) 


I Ph 2 1 < §7T, 


-z " dt, 

where the contour of integration separates the poles of T(| + /x + t) r(| — /x + t) from those of r (— n — t). 

rxr / \ e ^ z f°° r(| + m + ^) r(| — + 0 _t , iuii 

131612 h, ^W = 2 Vij_ ioo r(i -* + t) 2 dt ’ Ip14< 5 *. 

where the contour of integration passes all the poles ofr(^+/x + t)r(^ — /x + t) on the right-hand side. 


338 


Confluent Hypergeometric Functions 


13.17 Continued Fractions 


If re, /z G C such that /z± (re — I) ^ —1, —2, —3, . . . , then 


13.17.1 

where 


y/zM K ^{z) _ U2 z_ 

!+ ! + 


\ + n + re + n 

U 2 n+i - — ^ + 2n + 1) (2/z + 2n + 2) ’ 

13.17.2 \ ' 

5 + /z — re + 7i 

“ 2n “ (2/z + 2n)(2/z + 2n + 1) ' 

This continued fraction converges to the meromorphic 
function of z on the left-hand side for all z € C. For 
more details on how a continued fraction converges to a 
meromorphic function see Jones and Thron (1980). 

If re, /z G C such that /z+^±(k+ 1) ^ —1, —2, —3, . . . , 
then 


13.18.5 i# ,(z) = e W*"" r(2/z, ^). 

Special cases are the error functions 

13.18.6 M_i ,i(~ 2 ) = |e 32: v / 7rzerf(z), 

13.18.7 W_i_i (a; 2 ) = e5 z2 v / 7rierfc(z). 

13. 18(iii) Modified Bessel Functions 

When re = 0 the Whittaker functions can be expressed 
as modified Bessel functions. For the notation see 
§§10.25(ii) and 9.2(i). 

13.18.8 M 0} „(2z) = 2 2 " + 5 T(1 + v)sfzl v {z), 

13.18.9 W 0tV (2z) = y/2z/-K K v (z), 

13.18.10 W 0 l = 2y/TTZ* Ai( 2 ). 


13.17.3 

where 


W K ,n(z) 

VzW K _i^_i(z) 


VjJz_ V2 [z_ 

+ 1 + 1 + 


13.17.4 u 2n +i = ^ + fj, — k + n, v 2n = \ ~ re + n. 

This continued fraction converges to the meromorphic 
function of z on the left-hand side throughout the sector 
| phz| < 7 r. 

See also Cuyt et al. (2008, pp. 336-337). 


13.18(iv) Parabolic Cylinder Functions 


For the notation see §12.2. 


13.18.11 

13.18.12 


13.18.13 


w -l«,±'S‘ 2 ) = 2’V5£7(a,*), 

x (U (a, z) + U (a, — 2 )) , 

M_i 0) r(^ 2 )=2^- 2 r(|a+i) x /v7 

X ( U(a,-z ) - U(a,z)) . 


13.18 Relations to Other Functions 


13.18(v) Orthogonal Polynomials 


13.18(i) Elementary Functions 

13.18.1 M 0 i(2z) = 2sinh z, 

13.18.2 

M^_ h _{z) = W KK _i(z) = W K ._ K+ i(z) = e~5 z z K , 

13.18.3 M k _ k _i(z) = e^ z z~ K . 

13.18(ii) Incomplete Gamma Functions 

For the notation see §§6.2(i), 7.2(i), and 8.2(i). When 
I — re±/i is an integer the Whittaker functions can be ex- 
pressed as incomplete gamma functions (or generalized 
exponential integrals). For example, 

13.18.4 M^_i t/l (z) = 2^ z zi~ ll 'y{2n,z), 


Special cases of §13.18(iv) are as follows. For the nota- 
tion see §18.3. 

Hermite Polynomials 


13.18.14 (z 2 ) = (-l) n — e -i z2 ^H 2n (z), 

13.18.15 


13.18.16 Wi + i n ,i (z 2 ) =2 ~ n e~^ z2 y/zH n (z). 

Laguerre Polynomials 


13.18.17 

^jO+j+n^ait 2 ) 


(-l) n (a + l) n Mi a+k+niia (z) 
(-l)”n!e-5 2 2 5«+l L^\z). 


13.19 Asymptotic Expansions for Large Argument 
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13.19 Asymptotic Expansions for Large Argument 


As a; -mx) 

13 . 19.1 

As z — > oo 


13 . 19.2 


M Ktli (x) 


T(l + 2n) i x _ K {\ ~^ + k ) s (s + M + k) s _ 


r(| + n- k) 


E 

s=0 


X , [i tv ^ 2 5 2 ’ * * * * 




r(l + 2/i) -« V- (5 “M + 


r(| + /*-«) 


E 

3 = 0 


5 ! 


+ 


r (i + 2/i) i - ± (i +M _ K ) 7ri _ /K ^ (2 + ^ K ) S G ^ K ) s / 

r(i + M + K ) e ^ »J 1,1 


— |7T+A<±ph2< |7T — S, 


provided that both /iik / — A — I, . . . . Again, A denotes an arbitrary small positive constant. Also, 


13 . 19.3 


W K ^(z) ~ e^V 6 £ ^ + M ^ 2 ^ I pM < § 7T — <5. 

s=0 S ' 


Error bounds and exponentially-improved expan- 
sions are derivable by combining §§13.7(ii) and 13.7 (iii) 
with (13.14.2) and (13.14.3). See also Olver (1965). 

For an asymptotic expansion of W Ky/1 (z) as z — > 00 
that is valid in the sector | ph^| < 7r — S and where the 
real parameters k, /i are subject to the growth condi- 
tions k = o{z ), n = o(y/z), see Wong (1973a). 

13.20 Uniform Asymptotic Approximations 
for Large n 


13.20(i) Large / 1 , Fixed k 

When /i — > 00 in the sector | ph/i| < At — <5(< \tt), with 
k(£ C) fixed 

13 . 20.1 M Kt „(z) = zv+v (l + O^- 1 )), 

uniformly for bounded values of |z|; also 

13 . 20.2 

W K ^(x) = 7 r"5 T(k + n) (A *) 2 M (l + 0 (/i -1 )) , 
uniformly for bounded positive values of x. For an 
extension of (13.20.1) to an asymptotic expansion, to- 
gether with error bounds, see Olver (1997b, Chapter 10, 
Ex. 3.4). 

13.20(ii) Large jj,, 0 < k < (1 — 5)/x 


Let 


13 . 20.3 X = \J 4/i 2 - 4kx + x 2 . 

Then as /i — > 00 


13 . 20.4 

M K}I1 (x) 


2/rx 

X 


4/i 2 x 


2/i 2 — kx + /iX 


2(/i — k) 
X + x — 2k 


A x ~n 


l + O 



13 . 20.5 


W^(x) = J- 


l~x~ ( 2 fj, 2 — kx + fiX Y ( X + x — 2 k 
(/i — k)x 


x e~^ x ~ K ‘ (l + O ' 1 
' M 


uniformly with respect to x £ (0, 00 ) and k £ [0, (1 — 
<5)/i], where S again denotes an arbitrary small positive 
constant. 


13.20(iii) Large /x, —(1 — S)/x < k < fx 

Let 

13 . 20.6 a = a/2|r - mI/m, 

13 . 20.7 X = ^/\x 2 -4«x + 4/i 2 |, 


13 . 20.8 <1>(k, / i,x) = 


2 — 2nfj, + 2/i 

x 2 — 4 kx + 4/i 2 


2\4 


with the variable ( defined implicitly as follows: 

(a) In the case —fx < k < /i 

13 . 20.9 

C\/C 2 + 0 + + a 2 arcsinh^— ^ 

X 2k, ( X + x — 2 k\ 01 f /iX + 2/i 2 — kx 


= In 


M M \2^JF zr K 2 

(b) In the case /i = k 


- 2 In 


Vm 2 - ■ 


13 . 20.10 


C = ±\ 


— — 2 — 2 In ( — . , 

m vw 

the upper or lower sign being taken according as x ^ 2/i. 

(In both cases (a) and (b) the x-interval (0, 00 ) is 
mapped one-to-one onto the ((-interval (— 00 , 00 ), with 
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x = 0 and oo corresponding to £ = — oo and oo, respec- 
tively.) Then as ix — > oo 

13.20.11 

W Ktli (x) = (\n) 4 (^— —J $(k,h,x) 

x u(jx- k.CV^A*) (l + 0(/z _1 ln/x)) , 

13.20.12 

i /2u\ 2,i / e V (K+At) 

M KiM (x) = (8 M ) 1 (—J $(*,(*,*) 

x U^jx — re, — £-\/2/zj (l + 0(/i _1 In /i)) , 


uniformly with respect to a; £ (0, oo) and re £ [—(1 — 
S)fj,,n]. For the parabolic cylinder function U see §12.2. 

These results are proved in Olver (1980b). This ref- 
erence also supplies error bounds and corresponding ap- 
proximations when x, re, and /z are replaced by ix, in, 
and ifi, respectively. 

13.20(iv) Large H, /z < k < n/8 

Again define a, X, and $(«,//, a; ) by (13.20.6)- 
(13.20.8), but with £ now defined by 


13.20.13 


£\/C 2 — a 2 — a 2 arccosh ( — ^ = — — — In ( 
\aj /x (x y 


2re , ( X + x — 2k \ ( kx — uX — 2/t 2 

— 2 In 


2 a/ k 2 — /z 2 


;-\/k 2 — n 2 


>2k + 2\J k 2 — /x 2 , 


13.20.14 


. / — ~ 2 . / £ \ A 2k ( x — 2 k\ f kx — 2 u 2 \ 

(ya- — £ 4 + a arcsm — = 1 arctan — 2 arctan , 

\aj ix ix \ X J \ /xX J 

2k — 2\J K 2 — [X 2 < X < 2k + 2yJ K 2 — /X 2 , 


13.20.15 


~C\/C 2 — a 2 — a 2 arccoshf— — ^ = -H — — ln( 

\ a) ix ix y 


X 2k , / 2k — X — x \ / uX + 2/z 2 — kx 

+ 2 In r 


2x/^ 


K 2 - { 


0 < x < 2ac — 2a/ k 2 — /z 2 , 

when ix < k, and by (13.20.10) when n = k. (As in §13.20(iii) x = 0 and oo correspond to £ = — oo and oo, 
respectively). Then as /z — + °o 


13.20.16 W Klli (x) = (\ix) 


13.20.17 M Kj/i (/) = (8/z) 3 


K + IX 


e 

\2m 




$(re,/z,a;) (u^fx- + env£/(/z-re, £ v / 2a<) o(jx , 

( q / \ (/^3— |— /x) 

-j -) \JXYyx ) $('b/T a; ) (tl(M - «,-£v^) + envf/(/z - k,£a/2/) , 


uniformly with respect to £ £ [0,oo) and k £ [/z,/z/<5]. 
Also, 

, ^ ^ \U K +v) 

13.20.18 IF, 

13.20.19 

M Kjfl (x) = (M 1 


L / _ 1 _ 

k.a/z) = (|m) 4 ( ^ e A J $(re,/z,a;) (^(a 4 - k,£\/2/z) + envt/(/z- re, -£ a/2/z) i 


2m\ 


2fi 


e J \k + n 




$(re, ix, x) {u(jx — k, — £a/2/z^ + env[/^/z — k, —^y/tyxj O^/z 


uniformly with respect to £ £ (— oo,0] and re £ [/z, /z/5]. 

For the parabolic cylinder functions U and U see 
§12.2, and for the env functions associated with U and 
U see §14.15(v). 

These results are proved in Olver (1980b). Equa- 
tions (13.20.17) and (13.20.18) are simpler than (6.10) 
and (6.11) in this reference. Olver (1980b) also supplies 
error bounds and corresponding approximations when 


x, re, and fx are replaced by ix, Ik, and i/x, respectively. 

It should be noted that (13.20.11), (13.20.16), and 
(13.20.18) differ only in the common error terms. Hence 
without the error terms the approximation holds for 
— (1 — 5)n < re < fx/S. Similarly for (13.20.12), 
(13.20.17), and (13.20.19). 


13.21 Uniform Asymptotic Approximations for Large k 
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13.20(v) Large fi, Other Expansions 

For uniform approximations valid when /x is large, x/i £ 
(0, oo), and n/i £ [0 ,(x/S], see Olver (1997b, pp. 401- 
403). These approximations are in terms of Airy func- 
tions. 

For uniform approximations of M K> in(z) and 
W K! ifj,(z), k and /x real, one or both large, see Dunster 
(2003a). 

13.21 Uniform Asymptotic Approximations 
for Large k 


13.21 (i) Large n, Fixed fx 

For the notation see §§10.2(ii), 10.25(h), and 2.8(iv). 

When k — > oo through positive real values with /x 
(> 0) fixed 


13.21.1 


M Ktfl (x) = y/xT(2fj, + 1)k m (j 2/i ( 2 a/xk) 

+ env J 2fl (2 y/xK) O , 


13.21.2 

W« i#t (x) = \/xT (k+ \) (sm(KTT - iin) J 2fl (2^xK) 

— cos(k 7 r — fjTi) Y 2lx (2y/xK) 

+ envY 2 ^(2^XK) ; 

W-^xe-™) = ^ (jy«(2^) 

13.21.3 1 + 2/ 

+ envT^^-y/x/c) > 

^ e~^ « } (2v^) 

13.21.4 1 + 2/ 

+ envF 2#1 ( [2yfxn ) O 5 ^ , 


uniformly with respect to x £ (0, A] in each case, where 
A is an arbitrary positive constant. 

Other types of approximations when k — > oo 
through positive real values with /x (> 0) fixed are as 
follows. Define 


13.21.5 2 yY = \J x + x 2 + \n(y/x + \J\ + x) . 

Then 


13.21.6 

M_ K)# ,(4kx) 


2r(2/x+l) / xC 


ft* 2 


1 + X 


13.21.7 

W_ KiM (4kx) 

_ \/8Ae K 


1 + x 


/ 2ai (4rC^)(1 + 0(k- 1 )), 




uniformly with respect to x £ (0,oo). 

For (13.21.6), (13.21.7), and extensions to asymp- 
totic expansions and error bounds, see Olver (1997b, 
Chapter 12, Exs. 12.4.5, 12.4.6). For extensions to com- 
plex values of x see Lopez (1999). 


13.21(ii) Large n, 0 < /x < (1 — 5)k 

Let 1 , 

13.21.8 cKri = ^‘v / b(^) (^)’ 


13.21.9 X = \J\xA - Akx + 4/j 2 1 , 

T , , ( 4/x 2 — k( V !- 

13.21.10 + V«, 

with the variable £ defined implicitly by 


,/ 2l.+ y/V- K A _ | / ,, 

13.21.11 v \2n- VV-kC / 1 


2/x 2 — kx + /J.X 


2 \A 2 - M 2 \ 

2 K-x-X)' 

0 < x < 2k — 2\J k 2 — /x 2 , 


and 


13.21.12 


\/ — 4/lx 2 — 2/x arctan 


/ x//< - V 2 
V 2/x 


= ^ (X — 7r/x) — /x arctan ( 


/xk- 2/x- 




k arcsm 


2yX 2 — /.x 2 


HX 

2k — 2 K 2 — /X 2 < X < 2k + 2\J K 1 — /X 2 . 


Then as k — > oo 


13.21.13 

( 2 

k2 ^ 2 J yt+fi) (^(vYk) + env j 2m (vYY) °( K_1 )) i 

13.21.14 

g-fllTl 

W K ^(x) = r(« + /X + i) r(« - /X + i) c(k,/x)W(k,/x,x) 

x ^sin(K7r — /X7r) J 2/i - cos(«7T - /X7r) +envF 2At ^vY>t^ 0 (k -1 )) > 
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13.21.15 

W- K ^{xe~ m ) = c(k, (j,,x) (ff^(VCK) 

+ envV 2M (i/C«) °( K_1 )) i 


13.21.16 


W- Kifl (xe"~) = e 


c) (H, 


( 2 ) 

2m 


7ri ) = e 2/i7r *c(/c, /x)^(k, /x, x) 

+ envF 2At (\/0«) 0(k -1 )^ , 

uniformly with respect to /t £ [0,(1 — <5 )k] and x £ 
0,(1-<5)(2 k + 2a/k^ — fj, 2 ) , where 5 again denotes an 


arbitrary small positive constant. For the functions J 2/J , 
Y 2/j , and see §10.2(ii), and for the env func- 
tions associated with J 2/i and Y 2/J see §2.8(iv). 

These approximations are proved in Dunster (1989). 


This reference also includes error bounds and extensions 
to asymptotic expansions and complex values of x. 

13.21 (iii) Large k, 0 < \x < (1 — 5)k 
(Continued) 

Let 

13.21.17 = , 

\K + HJ \K- - /I 2 ) 

13.21.18 X = \/\x 2 — 4 kx + 4/i 2 |, 

13.21.19 U«,M,»)=( 3]2 _ 4 £ + v ) * 
and define the variable £ implicitly by 


13.21.20 


c = 


and 

13.21.21 

Then as k — * oo 


3/1 

— — X + 2/iarctan 

2k 2 


I xk — X\J k 1 — fj ' 2 — 2/t 2 




p.X 


k arccos 


x — 2k 
2\J k? — / t 2 


\ 2/3 


c = 


A 1 

2k l 2 


X + /i In 


Ca/k 2 — 




2 k — 2 a/k 2 — /t 2 < X < 2 k + 2\J K 1 — /J, 2 , 
\ \ 2 / 3 


kx — 2/r 2 — /tX 


Kin 


2 




x — 2 k + X 


, x > 2k + 2 a/k 2 — /i 2 . 


M Ktli (x) = — r(2/i + l) T(k- n+ \) c(k,h) 'Sf(k,h,x) 

13 ' 21 ' 22 / 

x (sin(K7r — fin) Ai( k 5 £ ) + cos(k7t — /i7r) Bi( k s C) + envBif k 3 C) 0(k _1 ) ) , 

13.21.23 W re>M (x) = V2ttk^ x ) (ai(k 3 (f) + envAi^K^c) ^(k -1 )^ , 

13.21.24 W- K ^(xe~ m ) = e^ K_ s^ 7rl c(K, / t)T(k, / r, x) ^A^K^Ce - ^ 7 ”^ +envBi^KS^j 0 (k -1 )^ , 

13.21.25 W- Kili {xe m ') = e -(«-|)«c(K,At)T(K,/r,x) ^Al^K^Ces 7 ™^ +envBi^K^^ 0 (k -1 )^ , 


uniformly with respect to /i £ [0,(1 — <5 )k] and x £ 
(1 + <5)(2 k- 2 a/^ — /t 2 ),oo^. For the functions Ai 

and Bi see §9.2(i), and for the env functions associated 
with Ai and Bi see §2.8(iii). 

These approximations are proved in Dunster (1989). 
This reference also includes error bounds and extensions 
to asymptotic expansions and complex values of x. 

13.21(iv) Large k, Other Expansions 

For a uniform asymptotic expansion in terms of Airy 
functions for VF K!A1 (4 kx) when k is large and positive, 
fi is real with |/t| bounded, and x £ [5, oo) see Olver 
(1997b, Chapter 11, Ex. 7.3). This expansion is simpler 


in form than the expansions of Dunster (1989) that cor- 
respond to the approximations given in §13. 21 (iii), but 
the conditions on /t are more restrictive. 

For asymptotic expansions having double asymp- 
totic properties see Skovgaard (1966). 

See also §13.20(v). 

13.22 Zeros 

From (13.14.2) and (13.14.3) M K /l (z) has the same zeros 
as M(l+/x — k, 1 + 2/i, z) and W Ktli (z) has the same 
zeros as t/ (| + /t — k, 1 + 2/j, z ) , hence the results given 
in §13.9 can be adopted. 

Asymptotic approximations to the zeros when the 
parameters k and/or /t are large can be found by rever- 
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sion of the uniform approximations provided in §§13.20 
and 13.21. For example, if /z(> 0) is fixed and k(> 0) is 
large, then the rth positive zero (f> r of M K J z ) is given 

by 


where is the rth positive zero of the Bessel func- 

tion J2i_i(x) (§10.21(i)). (13.22.1) is a weaker version of 
(13.9.8). 


13 . 22.1 


4*r ~ + jlv,,r O 2 ^, 


13.23 Integrals 

13.23(i) Laplace and Mellin Transforms 

For the notation see §§15.1, 15.2(i), and 10.25(h). 

J°° e-^"- 1 M^{t) dt = + ^ + + + + ^ + I) > 0, SR, > |. 

0 \ Z + 2 ) ~ 2 

r i i 

/ e- zi f-5 ¥ K ,,(f) dt = r( 2 g + 1) ( 2 + if" -5 (z ^ if" -5 , SR^>-|,SR z>\, 

JO 

r(/x + v + |) r(« — v) 


13 . 23.1 


13 . 23.2 


13 . 23.3 


13 . 23.4 


13 . 23.5 


13 . 23.6 


13 . 23.7 


— — — — r- / e 2< t y 1 M K Jt)dt = , , 2 l - SR/r < SRi/ < SRk. 

r(i + 2 n) J 0 ; r(i + M + K )r(i + M - l /)’ 2 


\ — H+v, + 

; 2 ~ z u 


V — K + 1 


j e- zt t''- 1 W^{t)dt = T(\+^ + u)T(\- ^ + u) 2 F 1 \ 

SR(z/ + ^) > |SR/i|, SR z > — 

r dt = + + | R | _ | < s „ < 

jo r (= + fx - k r » - [i - k) 


r(0+) 


r(l + 2fi)2iri J _ 

l r( 0 +) 

27 n J_n 


e zt+- 2 t~ t * M ^{t- 1 )dt = 


r(| + fi- k) 

2z~ K ~^ 


zi+^i t K W K ,Jt~ 1 )dt= , 


M 2 yfz), 

K 2 ^2y/z), 


SRz > 0. 


SRz > 0. 


For additional Laplace and Mellin transforms see Erdelyi et al. (1954a, §§4.22, 5.20, 6.9, 7.5), Marichev (1983, 
pp. 283-287), Oberhettinger and Badii (1973, §1.17), Oberhettinger (1974, §§1.13, 2.8), and Prudnikov et al. (1992a, 
§§3.34, 3.35). Inverse Laplace transforms are given in Oberhettinger and Badii (1973, §2.16) and Prudnikov et al. 
(1992b, §§3.33, 3.34). 

13.23(ii) Fourier Transforms 


13 . 23.8 


1 POO 19 . / 7TP 2 1 

— 7- / cos(2 xf)e _5t t _2/i_1 -M K „(t 2 ) dt = T . r- Wi z i K+ i (x 2 ), SR(k + /x) > 

r(l + 2/r)7 0 v 7 ,/n ’ 2T(1+h + k) °- k 2 ^. 2 «+ 2 ^V J’ k rj 2 

For additional Fourier transforms see Erdelyi et al. (1954a, §§1.14, 2.14, 3.3) and Oberhettinger (1990, §§1.22, 

2 . 22 ). 

13.23(iii) Hankel Transforms 

For the notation see §10.2(ii). 


13 . 23.9 


r M^(t) J„( 2 >/S) dt = r(1 + 2 ^) Mx (K+ 3 /i _ !/+|)>|(K _ /i+I/ _ i) (o ; ), 

JO ' ' ^V2 fJ> ~r K ~r IS ) 

x > 0, — 1 < SR n < SR(k + \v) + |, 


344 


Confluent Hypergeometric Functions 


13.23.10 T(1 + 2/i) 


/i qq _1. ^ ^ j ^ 

y n M Kili (t) J„(2Vxtj dt= e r ^ ^ 




13.23.11 Jo 


13.23.12 




2Vxt J dt = 


+ pi + K) 


I>-2/x + l) Ax ^_ k _3 


x > 0, — 1 < Sftu < 2 $t(p + r) + |. 


e2 x X 2^- K ~2> w 1, 


-i)0)> 


r(i +/X- «) ^ ^ rK i(fC + 3/i-^-i),|(K-/i + y+i)^ 

x > 0, max(2-Kp, — 1, —1 ) < < 23?(^ — k) + |, 


^°° W K , M (t) J„( 2 Vxt) dt = r( T e-K^-D 


k 2 ■ H ~ K + V ) 

x > 0, max(25f/r — 1, —1) < SRu. 

For additional Hankel transforms and also other Bessel transforms see Erdelyi et al. (1954b, §8.18) and Oberhet- 
tinger (1972, §1.16 and 3.4.42-46, 4.4.45-47, 5.94-97). 


13.23(iv) Integral Transforms in terms of Whittaker Functions 

Let f(x) be absolutely integrable on the interval [r, R) for all positive r < R, /(x) = O(x po ) as x — > 0+, and 
/(x) = 0(e~ PlX ) as x — > +oo, where p\ > |. Then for \i in the half-plane Jip, > pi > max (—po, SRk — 5) 

13.23.13 g{p) = r( . 1 + 2 ^ J f(x)x~ 3 M Kttl {x)dx, 

^ rpi+ioo 

13.23.14 /(x) = r / /xg(/x)r(i +/x- k) 1F k ^(x) d/i. 

n VX Jpi— zoo 

For additional integral transforms see Magnus et al. (1966, p. 189), Prudnikov et al. (1992b, §§4.3.39-4.3.42), and 
Wimp (1964). 

13.23(v) Other Integrals 

Additional integrals involving confluent hypergeometric functions can be found in Apelblat (1983, pp. 388-392), 
Erdelyi et al. (1954b), Gradshteyn and Ryzhik (2000, §7.6), and Prudnikov et al. (1990, §§1.13, 1.14, 2.19, 4.2.2). 
See also (13.16.2), (13.16.6), (13.16.7). 


13.24 Series 


13.24(i) Expansions in Series of Whittaker Functions 

For expansions of arbitrary functions in series of M KjM (z) functions see Schafke (1961b). 

13.24(ii) Expansions in Series of Bessel Functions 

For z £ C, and again with the notation of §§10.2(ii) and 10.25(ii), 


13.24.1 

m k 

and 

13.24.2 


A z ) = r(« + p)2 (« + p + 3) I K+li+a (±z), 2p, K + pjt-1, -2, —3, . . . , 

s— 0 G + 

OO 

r(1 + 2 } = 2 2p z p A (2^)-^- S J2, +s ( 2V^), 


s—0 


where p^X z ) = 1, p^X z ) = 1 z 2 , and higher polynomials pA( z ) are defined by 


13.24.3 


exp —\z ( cotht — 


1\\ / t 


t 1 I \ sinh t 


1 — 2/i 00 




s=0 


(13.18.8) is a special case of (13.24.1). 

Additional expansions in terms of Bessel functions are given in Luke (1959). See also Lopez (1999). 
For other series expansions see Prudnikov et al. (1990, §6.6). See also §13.26. 
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13.25 Products 

13.25.1 

M k 

+ 4 M (1 + ^)(1 + 2 M )2 M k ,-„( z ) - 1 . 

For integral representations, integrals, and series 
containing products of M K}fl (z) and W K ^(z) see Erdelyi 
et al. (1953a, §6.15.3). 

13.26 Addition and Multiplication 
Theorems 

13.26(i) Addition Theorems for M^^z) 

The function M K Jl (x + y) has the following expansions: 

°° (-2/x)„ f-y' 


sv 


e 2 


E 


, x + u ) z — ' n\ 

13.26.1 "=° 

X M k -In.p-hW- 


\y\ < 1*1, 


13.26.2 


13.26.3 


e 2i 


^ + #r +J y'(5 + /*-*), 


x ’ “ti ( 1 + 2 m)„»! 


e 2 


X M K _i n41+ i n (x), 

K 00 + 


-iy (^±1 \ ^ 

n = 0 


n!(x + y) r 


M K — n,/x(^) 5 


3?(y/a:) > 


e 2i 


£ oo 


E 


(~ 2 y) n f-y 


n\ 


, x + y ) 

13.26.4 n=0 

X M K+\n,n-\n{ X ), 


|y| < 1*1, 


13.26.5 


13.26.6 


. _|_ y Y+2 ^ (2 + /i+ k)„ ^ — y 


n—0 


(! + 2y) n n\ \^x 


x M K+ i n>/i+ i n (x), 






* + */,/ ^ n\{x + y) 


^ ((2/ + *)/*) > 


13.26(ii) Addition Theorems for ^( 2 ) 

The function W K ^(x + y) has the following expansions: 


13.26.7 


13.26.8 


-i,( * re* 

-y-*)n 

(~y T 

h+y) h 

n\ 

\v*J 

x W K _ A„ iM _i„(ar), 


\y\ < 1* 

/ 1 \^+5 00 f 1 

.-iv( x + y\ 

+ y~ K )n 

(~y\ 

v 7 n—0 

n\ 

\V^J 

x W re _i„ iM+ i„(a;), 


\y\ < 1* 


13.26.9 


-bv f X + y\ (2 + ^ K )n( 2 y K ) r 


E 

n—0 


).! 


2/ 


e 2 


52/ 


13.26.10 


13.26.11 


13.26.12 


* + y 
x 

x + y 


W K - n>ll (x), 3?(y/z) > - 3. 
M-i 00 2 


E 


n—0 

x W re+ I nift _i n (a:), 
M+i 00 


\n 

n\ \^/x J 


e hvt x+ y 


Y-(— 

7 -— ' n\ \ ifcr. 


n—0 

X W K+ i„ i/i+ i n (x), 


e 2 


2 y 


2 '"’A* r 2 
vK OO 


\K OO 1 / 

* \ y- 

x + y J n! \ x + y 


\y\ < 1*1, 

M < 1*1, 

9i(y/*) > -|- 


13.26(iii) Multiplication Theorems for M K ^(z) 
and W K)M («) 

To obtain similar expansions for M Kifl (xy) and 
W KilJ ,(xy), replace y in the previous two subsections by 

(y - 1)*- 


Applications 


13.27 Mathematical Applications 

Confluent hypergeometric functions are connected with 
representations of the group of third-order triangular 
matrices. The elements of this group are of the form 

/I a 0\ 

13.27.1 <7= 0 7 8 , 

Vo 0 l) 

where a, (3, 7, S are real numbers, and 7 > 0. Vilenkin 
(1968, Chapter 8) constructs irreducible representations 
of this group, in which the diagonal matrices correspond 
to operators of multiplication by an exponential func- 
tion. The other group elements correspond to integral 
operators whose kernels can be expressed in terms of 
Whittaker functions. This identification can be used 
to obtain various properties of the Whittaker functions, 
including recurrence relations and derivatives. 

For applications of Whittaker functions to the uni- 
form asymptotic theory of differential equations with a 
coalescing turning point and simple pole see §§2.8(vi) 
and 18. 15(i) . 
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13.28 Physical Applications 

13.28(i) Exact Solutions of the Wave Equation 

The reduced wave equation V 2 w; = k 2 w in paraboloidal 
coordinates, x = 2y/£j,cos4>, y = 2y/£rjsm<fi, z = 
^ — 77, can be solved via separation of variables w = 
fi(Oh(v)e lpcl> , where 

13.28.1 

/i(0 = r h V^l p (2ikO , Mr,) = V -iv^ p (-2 iky ) , 

and (z) , j = 1,2, denotes any pair of solutions of 

Whittaker’s equation (13.14.1). See Hochstadt (1971, 
Chapter 7). 

For potentials in quantum mechanics that are solv- 
able in terms of confluent hypergeometric functions see 
Negro et al. (2000). 

13.28(ii) Coulomb Functions 


13.29(H) Differential Equations 

A comprehensive and powerful approach is to integrate 
the differential equations (13.2.1) and (13.14.1) by di- 
rect numerical methods. As described in §3.7 (ii) , to 
insure stability the integration path must be chosen in 
such a way that as we proceed along it the wanted so- 
lution grows in magnitude at least as fast as all other 
solutions of the differential equation. 

For M(a,b,z) and M K}ll (z) this means that in the 
sector pli z\ < n we may integrate along outward rays 
from the origin with initial values obtained from (13.2.2) 
and (13.14.2). 

For U(a,b,z) and we may integrate along 

outward rays from the origin in the sectors M < 
| ph < |7r, with initial values obtained from connec- 
tion formulas in §13.2(vii), §13.14(vii). In the sector 
IpM < r the integration has to be towards the ori- 
gin, with starting values computed from asymptotic ex- 
pansions (§§13.7 and 13.19). On the rays phz = ±^7r, 
integration can proceed in either direction. 


See Chapter 33. 


13.28(iii) Other Applications 

For dynamics of many-body systems see Meden and 
Schonhammer (1992); for tomography see D’Ariano 
et al. (1994); for generalized coherent states see Barut 
and Girardello (1971); for relativistic cosmology see 
Crisostomo et al. (2004). 


Computation 


13.29 Methods of Computation 
13.29(i) Series Expansions 

Although the Maclaurin series expansion (13.2.2) con- 
verges for all finite values of z, it is cumbersome to use 
when 1 2 1 is large owing to slowness of convergence and 
cancellation. For large \z\ the asymptotic expansions 
of §13.7 should be used instead. Accuracy is limited 
by the magnitude of \z\. However, this accuracy can 
be increased considerably by use of the exponentially- 
improved forms of expansion supplied by the combina- 
tion of (13.7.10) and (13.7.11), or by use of the hyper- 
asymptotic expansions given in Olde Daalhuis and Olver 
(1995a). For large values of the parameters a and b the 
approximations in §13.8 are available. 

Similarly for the Whittaker functions. 


13.29(iii) Integral Representations 

The integral representations (13.4.1) and (13.4.4) can be 
used to compute the Kummer functions, and (13.16.1) 
and (13.16.5) for the Whittaker functions. In Allasia 
and Besenghi (1991) and Allasia and Besenghi (1987b) 
the high accuracy of the trapezoidal rule for the compu- 
tation of Kummer functions is described. Gauss quadra- 
ture methods are discussed in Gautschi (2002b). 


13.29(iv) Recurrence Relations 

The recurrence relations in §§13.3(i) and 13. 15(i) can 
be used to compute the confluent hypergeometric func- 
tions in an efficient way. In the following two examples 
Olver’s algorithm (§3.6(v)) can be used. 

Example 1 

We assume 2y^ -1,-2,— 3, Then we have 

z 2 (n + n - |) ((rt + /x + - n 2 ) 

(n + fx) (n + y + \ ) (n + y + 1) 

13 ' 29 ' X + 16 ({n + y) 2 - \nz - \) y(n) 

- 16 ((n + /r) 2 - |) y{n - 1) = 0, 
with recessive solution 


13.29.2 y(n) = z n p * M K , n+ll (z), 

normalizing relation 


13.29.3 e“5 z 

and estimate 


OO 


E 


( 2 ^) s (s+ /*- K )s 

( 2 m) 2s s! 


(-z) s y(s), 


13.29.4 


y(n) = l-t-0(n 1 ), 
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Example 2 

We assume a, a + 1 — b ^ 0, —1, —2, Then we have 

13 29 5 ( n+a)w(n)-(2(n+a+l) + z-b)w(n + 1) 

+ (n + a — b + 2)w(n + 2) = 0, 

with recessive solution 


13 . 29.6 w(n) = (a) n U(n + a,b,z), 
normalizing relation 

(a — b + 1) . . 

13 . 29.7 z ~ a = 22~ 1 —w(s), 

s—0 

and estimate 


13 . 29.8 w(n) 


^/nei z zi < ' Aa ~ 2b+1 '> 
r(a)T(a + l-6) 


n l(4a-2h-3) 


e -2 Vnz 


as n — > oo. See Temme (1983), and also Wimp (1984, 
Chapter 5). 


13.30 Tables 

• Zurina and Osipova (1964) tabulates M(a,b,x) 
and U(a,b,x) for b = 2, a = — 0.98(.02)1.10, 
x = 0(.01)4, 7D or 7S. 


13.31(ii) Pade Approximations 

For a discussion of the convergence of the Pade approxi- 
mants that are related to the continued fraction (13.5.1) 
see Wimp (1985). 


13.31 (iii) Rational Approximations 


In Luke (1977a) the following rational approximation is 
given, together with its rate of convergence. For the 
notation see §16.2(i). 

Let a, a + 1 — b ^ 0, — 1, —2, . . . , | ph z\ <7 r, 


13 . 31.1 


A = (~ n )a( n + 1 )s( a )s(^) 

' 2^ (n - Lll 7L_Ll'l fr,n2 


s = 0 

x 3F3 


(a + l) s (6+l) s (n!) 2 

— n + s, n + 1 + s, 1 


l + s,a+l + s,6+l + s 
— n. n + 1 


and 

13 . 31.2 B n (z) = 2 F 2 
Then 

13 . 31.3 z a U(a, 1 + a — b, z) = lim 


a + 1, 6 + 1 


\-z\. 


A n (z) 
B n (z) ‘ 


13.32 Software 


• Slater (1960) tabulates M(a,b, x) for a = — 1(.1)1, 
b = 0.1(.1)1, and x = 0.1(.1)10, 7-9S; M(a,b, 1) 
for a = — 11(.2)2 and b = — 4(.2)1, 7D; the 
smallest positive x-zero of M(a,b,x ) for a = 
— 4(.l)— 0.1 and b = 0.1(. 1)2.5, 7D. 

• Abramowitz and Stegun (1964, Chapter 13) tab- 
ulates M(a,b,x) for a = — 1(.1)1, b = 0.1(.1)1, 
and x = 0.1(. 1)1(1)10, 8S. Also the smallest pos- 
itive x-zero of M(a,b,x) for a = — l(.l)— 0.1 and 
b = 0.1(.1)1, 7D. 

• Zhang and Jin (1996, pp. 411-423) tabulates 
M(a, b, x) and U(a,b,x) for a = — 5(.5)5, b = 
0.5(.5)5, and x = 0.1,1,5,10,20,30, 8S (for 
M(a,b,x)) and 7S (for U(a,b,x)). 

For other tables prior to 1961 see Fletcher et al. 

(1962) and Lebedev and Fedorova (1960). 


13.31 Approximations 

13.31 (i) Chebyshev-Series Expansions 

Luke (1969b, pp. 35 and 25) provides Chebyshev-series 
expansions of M(a,6, x) and U(a, b, x) that include the 
intervals 0 < x < a and a < x < 00 , respectively, where 
a is an arbitrary positive constant. 


See http://dlmf.nist.gov/13.32. 


References 
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The main references used in writing this chapter are 
Buchholz (1969), Erdelyi et al. (1953a), Olver (1997b), 
Slater (1960), and Temme (1996a). For additional bib- 
liographic reading see Andrews et al. (1999), Hochstadt 
(1971), Luke (1969a, b), Wang and Guo (1989), and 
Whittaker and Watson (1927). 

Sources 

The following list gives the references or other indica- 
tions of proofs that were used in constructing the vari- 
ous sections this chapter. These sources supplement the 
references that are quoted in the text. 

§13.2 Olver (1997b, Chapter 7, §§3, 9, 10), Slater 
(1960, §§1.5, 1.5.1, 2.1.2), and Temme (1996a, 
§§7.1, 7.2). (13.2.7) and (13.2.8) are terminat- 
ing forms of the asymptotic expansion (13.7.3) 
(that the ~ sign can be replaced by = in these 
circumstances follows from (13.7.4) and (13.7.5).) 
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To verify (13.2.12) replace the U functions by M 
functions by means of (13.2.42) and (13.2.4), then 
recall that each M function is an entire function 
of 2 . For (13.2.13)-(13.2.22) see Temme (1996a, 
Ex. 7.6: an error in the equation that corresponds 
to (13.2.19) has been corrected). For (13.2.23) 
see (13.7.2). (13.2.27)-(13.2.32) are obtained by 
considering limiting forms of the connection for- 
mulas in §13.2(vii); see Olver (1997b, Chapter 7, 
Ex. 10.6) and Slater (1960, §§1.5-1.5.1). 

§ 13.3 Slater (1960, §§2.1, 2.2). Note that in this ref- 
erence (2.2.7) and (2.1.32) contain errors. The 
correct versions are (13.3.13) and (13.3.28), re- 
spectively. To see that (13.3.13) and (13.3.14) are 
equivalent to (13.2.1) use (13.3.16) and (13.3.23). 
For the operator identity (13.3.29) see Fleury and 
Turbiner (1994). 

§ 13.4 Buchholz (1969, §1.4), Erdelyi et al. (1953a, 
§6.11), and Slater (1960, Chapter 3). For (13.4.5) 
use (13.2.41); compare the proof of Lemma 3.1 in 
Olde Daalhuis and Olver (1994). For (13.4.16)- 
(13.4.18) combine the results of Buchholz (1969, 
§5.4) with (13.14.2), (13.14.3). 

§ 13.5 Jones and Thron (1980, Theorems 6.3 and 6.5). 

§ 13.6 See Temme (1996a, §§7.2-7. 3 and p. 254) and 
Buchholz (1969, §3.3). In the former refer- 
ence each of the equations on p. 180 that cor- 
respond to (13.6.7) and (13.6.8) contains an er- 
ror. For (13.6.16)— (13.6.18) combine §13.6(iv) 
with §12.7(i) and (18.5.18). (The last equation 
is needed to illustrate that x n H. n {x ) is an even 
function of x.) For (13.6.19) see (18.11.2). For 

(13.6.20) combine (18.20.8) with (16.2.3), replace 
the li 7 ! notation by M (§13.1), and then use 
(13.2.42) (in which the final term vanishes). Alter- 
natively, for (13.6.20) combine (16.2.3) with An- 
drews et al. (1999, p. 347). When neither a nor 
a — b+ 1 is a nonpositive integer (13.6.21) can be 
verified by comparison of (13.4.17) and (16.5.1). 
If a is a nonpositive integer, then both sides of 

(13.6.21) reduce to a polynomial in z (compare 
§§13.2(i) and 16.2(iv)), and (13.6.21) follows by 
comparing coefficients. Similarly if a — b + 1 is a 
nonpositive integer, then both sides of (13.6.21) 
reduce to z x ~ b times a polynomial in z with iden- 
tical coefficients. 

§ 13.7 Temme (1996a, §7.2) or Olver (1997b, pp. 256- 
258), and Olver (1965). 

§ 13.8 Slater (1960, §4.3), Temme (1978), and Temme 
(1990b). For (13.8.2) and (13.8.3) use Watson’s 


lemma for loop integrals (Olver (1997b, §4.5)) and 
(13.4.10). 

§ 13.9 Buchholz (1969, Chapter 17), Erdelyi et al. 
(1953a, §6.16), Slater (1960, Chapter 6), and Tri- 
comi (1950a). The proof of (13.9.8) is given in 
Tricomi (1947). (13.9.9) follows from (13.7.2). 

For the paragraph following (13.9.9) see Andrews 
et al. (1999, §4.16). For (13.9.10) and (13.9.16) use 

(13.8.9) , (13.8.10), and the asymptotics of zeros of 
Bessel functions (§10.21(vi)). For the final para- 
graph of §13.9(ii) apply Rummer’s transformation 
(13.2.39) to the final term in the connection rela- 
tion (13.2.42) and then use the asymptotic rela- 
tion (13.8.1). 

§ 13.10 Erdelyi et al. (1953a, §§6.10, 6.15.2) and Slater 
(1960, Chapter 3). Also Buchholz (1969, §11.1), 
including the references given there. (13.10.14) 
and (13.10.16) are from Erdelyi et al. (1954b, 
§8.18). For (13.10.14) substitute the integral 
(13.4.1) for M(a, b,t), interchange the order of 
integration, then apply (13.4.3) and (13.6.1) fol- 
lowed by (13.4.4). For (13.10.16) interchange the 
roles of (13.4.1) and (13.4.4). 

§ 13.11 Slater (1960, §2.7.3: Eq. (2.7.14) has errors). 

§ 13.12 (13.12.1) follows from the fact that its left- 
hand side is bounded at infinity: use (13.2.39), 

(13.2.41) , and (13.7.3). 

§ 13.13 Erdelyi et al. (1953a, §6.14) and Slater (1960, 
§§2.3-2. 3. 3). In the first reference Equation (2) 
needs the constraint | A — 1 1 < 1 and Equation (6) 
should have no constraint. In the second reference 
Eq. (2.3.6) contains an error: ( x + y) n should be 
replaced by (x + y)~ n . 

§ 13.14 Olver (1997b, Chapter 7, §§9-11, and Ex. 11.2), 
Buchholz (1969, §2.3a), Slater (I960, §§1.7.1, 
2.4.2), Temme (1996a, §7.2). For (13.14.8) and 

(13.14.9) take limiting values in (13.14.33), using 
(13.14.2) and (13.2.2). For (13.14.14)-(13. 14.19) 
combine §13.2(iii) and (13.14.4), (13.14.5). For 
(13.14.20), (13.14.21) use (13.19.2), (13.19.3). For 
(13.14.32) and (13.14.33) combine (13.2.41) and 

(13.2.42) with (13.14.4) and (13.14.5). (13.14.31) 
follows from (13.14.33). 

§ 13.15 Slater (1960, §§2.4, 2.4.1, 2.5). Note that 
(2.5.4) and (2.5.10) contain errors: the correct ver- 
sions are (13.15.2) and (13.15.10), respectively. 

§ 13.16 Buchholz (1969, §5.4), Erdelyi et al. (1953a, 
§6.11), and Slater (1960, Chapter 3). For §13.16(i) 
combine §13.4(i) with (13.14.4) and (13.14.5). 
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§ 13.17 Jones and Thron (1980, Theorems 6.3 and 6.5). 

§ 13.18 Combine §13.6 with (13.14.4) and (13.14.5). 

§ 13.19 Temme (1996a, §7.2). 

§ 13.20 Olver (1997b, Chapter 7 , §11.2). For (13.20.2) 
use (13.14.3) and apply the method of steepest 
descents (§2.4(iv)) to the integral representation 
(13.4.14). 

§ 13.21 Slater (1960, §4.4.3). The asymptotic approxi- 
mations (13.21.2)-(13.21.4) follow from §13.21 (ii) 
and (5.11.7). 

§ 13.22 Olver (1997b, Chapter 12, (7.05)). 


§ 13.23 Buchholz (1969, §§10, 11.1), Erdelyi et al. 
(1953a, §§6.10, 6.15.2), Slater (1960, ^ Chapter 
3), and Snow (1952, Chapter XI). (13.23.3) and 
(13.23.5) can also be derived as limiting forms 
of (13.23.1) and (13.23.4), respectively; com- 
pare (15.4.20). For (13.23.9)-(13.23.12) combine 
§13.10(v) with (13.14.4) and (13.14.5). 

§13.24 Slater (1960, §2.7.3) and Buchholz (1969, §7.4). 
In the first reference (2.7.16) contains an error. 

§ 13.25 For (13.25.1) combine (13.12.1) with (13.14.4). 

§ 13.26 Slater (1960, §§2.6-2.6.3). Note that (2.6.3) 
and (2.6.6) contain errors; the correct versions are 
(13.26.3) and (13.26.6), respectively. 
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Legendre and Related Functions 


Notation 


14.1 Special Notation 


(For other notation see pp. xiv and 873.) 


x, y, t 

z = x + iy 
m , n 

/b v 
“5 +iT 
7 
S 

V’O) 

F(a, b; c ; z) 


real variables, 
complex variable. 

nonnegative integers used for order and 
degree, respectively, 
general order and degree, respectively, 
complex degree, r £ R. 

Euler’s constant (§5.2(ii)). 
arbitrary small positive constant, 
logarithmic derivative of gamma function 

(§5-2(i)). 
dip(x)/dx . 

Olver’s scaled hypergeometric function: 
F(a 7 b; c; z)/T(c). 


Multivalued functions take their principal values 
(§4.2(i)) unless indicated otherwise. 

The main functions treated in this chapter are the 
Legendre functions P„(x), Q„(x), Pv { z ), Q „{ z ); Ferrers 
functions P£(x), Q()(x) (also known as the Legendre 
functions on the cut); associated Legendre functions 
P{t{z), Q${z)\ conical functions P% +ir (x), 

Q-i+irW’ P -\ +*»’ ( also 


known as Mehler functions). 

Among other notations commonly used in the lit- 
erature Erdelyi et al. (1953a) and Olver (1997b) de- 
note P()(x) and Q()(x) by P£(x) and Q(J(x), respectively. 
Magnus et al. (1966) denotes P £(x), Q()(x), PJf(z), and 
QZ(z) by P£{x), QZ(x), W(z), and respectively. 

Hobson (1931) denotes both P£(x) and P£(x) by P£{x)\ 
similarly for Q£(x) and Q£(x). 


Real Arguments 


14.2(ii) Associated Legendre Equation 


14 . 2.2 

z . d 2 w „ dw ( . , . 

( 1 -x)^-2x- + (^ + 1) 




1 — X 5 


w = 0. 


Standard solutions: Pj)(±x), P„ M (±x), Q()(±x), 

Q(Vi(±z), P?(±x), P-^±x), Q£(±x), QVr(±x). 

(14.2.2) reduces to (14.2.1) when /z = 0. Fer- 
rers functions and the associated Legendre functions 
are related to the Legendre functions by the equa- 
tions P°(x) = P„(x), Q°(x) = Q,y(x), P°(x) = P„(x), 
Q°(x) = Q v (x), Q°(x) = Q v (x) = Q v {x)/T{v + \). 

P£(x), P(\ (x), and Q£(x) are real when iz, /z, 

and r £ R, and x £ (—1,1); P^(x), Q()(x), and Q%(x) 
are real when u and /z £ R, and x £ (1, oo). 

Unless stated otherwise in §§14.2-14.20 it is assumed 
that the arguments of the functions P£ (x) and (x) lie 
in the interval (—1, 1), and the arguments of the func- 
tions P{f(x), Q„(x), and Q^{x) lie in the interval (1, oo). 
For extensions to complex arguments see §§14.21-14.28. 


14.2(iii) Numerically Satisfactory Solutions 

Equation (14.2.2) has regular singularities at x = 1, —1, 
and oo, with exponent pairs { — |/z, 9 /z}, { — 
and { — v — 1 , u}, respectively; compare §2.7(i). 

When \i — v / 0,-1,— 2,..., and /z + v ^ 

— 1, — 2, — 3, . . . , P“^(x) and P“ M (— x) are linearly in- 
dependent, and when SR/z > 0 they are recessive at 
x = 1 and x = — 1, respectively. Hence they comprise 
a numerically satisfactory pair of solutions (§2.7(iv)) of 
(14.2.2) in the interval — 1 < x < 1. When /z — v = 
0, —1, —2, . . . , or fi + v = —1, —2, —3, . . . , P“ M (x) and 
P“ M (— x) are linearly dependent, and in these cases ei- 
ther may be paired with almost any linearly indepen- 
dent solution to form a numerically satisfactory pair. 

When 3fyz > 0 and Rz/ > — \ , P“ M (x) and <50 (x) 
are linearly independent, and recessive at x = 1 and 
x = oo, respectively. Hence they comprise a numeri- 
cally satisfactory pair of solutions of (14.2.2) in the in- 
terval 1 < x < oo. With the same conditions, P“ M (— x) 
and QO(-x) comprise a numerically satisfactory pair of 
solutions in the interval — oo < x < —1. 


14.2 Differential Equations 


14.2(iv) Wronskians and Cross-Products 


14.2(i) Legendre’s Equation 

, 9N d 2 w dw 

14 . 2.1 (l — x 2 ) — j ~~ 2x— b v{v + l)w = 0. 

dx dx 

Standard solutions: P„(±x), Q„(±x), Q_ i/ _i(±x), 
P v (±x), Q v (±x), <5_„_i(±x). P„(x) and Q„(x) are 

real when v £ R and x £ (—1, 1), and P„(x) and Q v (x) 
are real when v £ R and x £ (1, oo). 


it{p^(x),p-^(-x)} 

14 . 2.3 2 


14 . 2.4 lT{P0(x),Q0(x)} = 


r(/z - v) r(u + n + 1) (i - x 2 ) ’ 
r(zz + n + 1) 


r(u - n + 1) (i - x 2 ) ’ 


14 . 2.5 P£ +1 (x) Q0(x) - P£(x) Q^ +1 (x) = - 


r(u + + 1) 


r(i/-/z + 2)’ 
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14 . 2.6 

14 . 2.7 

14 . 2.8 

14 . 2.9 


r {P^(x),QS{x)} = 


cos(/x7r) 


yf{p-^x),p?(x)} = - 

W{P-^x),Q^{x)} = - 


1 — x 2 ’ 

2 sin(/i7r) 


7 r ( x 2 — 1) ' 
1 


V {Qi{x),Qt v - 1 (*)} = 


T(v + /x + 1) (x 2 - 1) : 
cos(i/7r) 


x 2 -l ’ 


14 . 2.10 

{*?(*)> Q2(®)} 


in H M + 1) 

r(z/-/i + i) (x 2 -i)’ 


14 . 2.11 


p^ +1 (^) Qv(%) — p„(x) q: + 1 (x) 


_ e M7ri r (^ + A* + 1) 

r(z 7 — /x + 2) 


14.3 Definitions and Hypergeometric Representations 


14.3(i) Interval —1 < a; < 1 

The following are real-valued solutions of (14.2.2) when /x, i/ € K. and x € (—1, 1). 

Ferrers Function of the First Kind 


14 . 3.1 


K(x) 



F(u + l,-i/-l- fi-,1 



Ferrers Function of the Second Kind 


14 . 3.2 


QS(z) 


7 r 

2sin(/x7r) 



r(ix + /x + 1) 

r(i/-/x + i) 


/ 1 _ x W 2 

(iTt) + + 



Here and elsewhere in this chapter 

14 . 3.3 


F(a, b; c; x) 


1 

rW 


P(o, 6; c; x) 


is Olver’s hypergeometric function (§15.1). 

P£(x) exists for all values of /x and za Q()(x) is undefined when /x + u = — 1, —2, —3, 

When n = m = 0,1,2,..., (14.3.1) reduces to 


14 . 3.4 


P™(*) = (-1)' 


r(t 


i) 


(l — x 2 ) m/2 F(jx + m + 1, to — v\ m + 1; | — |x):f 


2 m r(i/ — to + 1) 


equivalently, 

14 . 3.5 


P?(s) = (-1)’ 


^(zz + to + I) ( 1 — x N 
r(ix — to + 1) 


_ \ m/2 

F(i/+l,-i/;m + l;§ - |x). 


When /x = to (G Z) (14.3.2) is replaced by its limiting value; see Hobson (1931, §132) for details. See also (14.3.12)- 
(14.3.14) for this case. 


14.3(ii) Interval 1 < x < oo 

Associated Legendre Function of the First Kind 
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Associated Legendre Function of the Second Kind 
14.3.7 

. 7T 1 / 2 T(y + /x + 1) (x 2 — l) M ^ 2 f, , 1 , , , 1 

Qvi x ) = 2 u+ 1 a ; w +a »+ 1 F ( 2^ + 2A 1 + 2^ + 2^ + 2! v + 2’ GF )> M + v ^ -1,-2, -3, . . . . 

When fi = m = 1,2,3,..., (14.3.6) reduces to 

T(u + m+ 1) 


14.3.8 


= 


(a: 2 — l) m,/2 F(i 2 + m + 1, m — v; m + 1; | — |x). 


2 m T(u — to + 1) 

As standard solutions of (14.2.2) we take the pair P~ fl (x) and Q„(x), where 

/ x — 1 V 1 / 2 

Pu^ix) = ( J F(i^+ l,-i/;/x + 1; | - fr), 

and 

14.3.10 Qf{x) = e _,i7ri - 


14.3.9 


<30 (®) 


r(t/ + /x + 1) 

Like Pjf{x), but unlike Q£(x), Q£(x) is real- valued when u, /x G R. and a; G (1, 00 ), and is defined for all values of v 
and jji. The notation Qf(x) is due to Olver (1997b, pp. 170 and 178). 


14.3(iii) Alternative Hypergeometric Representations 


14.3.11 

14.3.12 

where 

14.3.13 

14.3.14 

14.3.15 

14.3.16 


Pf{x) = cos(l(u + n)if)w\{v, n, x) + sin(|(u + (a)t r)w 2 (^, /7, x), 

Q„(x) = — |7rsin(h(i/ + fj)n)wi(u, /r, x) + l7rcos(|(i/ + ji) n)w 2 (n, H, x), 


wi {v,ii,x) = 2M+ ,^ (! - x 2 ) 11/2 F (- 1” - 1; fz 2 ), 


w 2 (v,n, x) = 


T{\v- 5/7+I) 
2^r(iu+i M +l) 


(1-a; 2 ) m/ 2 F(1 - |t/- 1/x, |i/-i/x+l;|;a; 2 ). 


r (lu- l/x+ 1) 

P-^(x) = 2"" (x 2 -1) m/2 F( M -i/, 


cos(t/7r) P y M (a;) = 


2 v -K 1 /‘ 2 x v ~ fl {x 2 - 1) 

r(i/ + /t + l) 


M /2 


F I |/7- 1^,1/x- i;/+l;i-z/; — 


l / 2 {x 2 ~iY /2 (. , , i\ 

2-+1 r(/i - t/)a; wi F + 2 ^ + 1, ^ + 2 a + 2 ; ^ . 


7T ( x 2 - l) M ^“ / F(|/x - It/, |i/ + 1/z + 1; 1; x 2 ) xF(l/x - 5!/ + 5, 5U + 1/i + 1; |; a; 2 ) 


14.3.17 P~^[x) = 


2^ 


T(l/7- lt/+ l) r (it/+ l/t+i) F(i/x- 5J7)r(it/+ 1/7+ 1) 


14.3.18 


14.3.19 


14.3.20 


Fy M (ir) = 2 »x v ^ (x 2 - if /2 F ^1/t - 1 1 /, 1/t - § 1 / + 1; /t + 1; 1 - ^ , 

<»*> - " giy, ixr 2 1 r (, + r, » + , + ^ + . . 

^ «<*) - r( , + r:r^ ^ + - 1 - + - + 


(x - l)^ 2 


F(t/ + 1, —v\ n + 1; \ - |ar). 


r(u — /j, + l)(a; + 1)+ 2 

For further hypergeometric representations of Pjf(x ) and QO(^) see Erdelyi et al. (1953a, pp. 123-139), Andrews 
et al. (1999, §3.1), Magnus et al. (1966, pp. 153-163), and §15.8(iv). 
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14.3(iv) Relations to Other Functions 

In terms of the G eg enbauer function Ca(x) and the J acobi function 


14 . 3.21 


14 . 3.22 


14 . 3.23 


P£(*) 

P?{x) 


2^r(i -2/x)r(t/ + /x + i) c ^-„) 

r(v - n + 1) r(i - n) (i - x 2 f /2 " +/i 

2^r(i-2 M )r^ + M + i) 

Y{v-n + 1) r(i - n) (x 2 - if /2 v+tl 


(t) (§§15.9(iii), 15.9(h)): 


(a;). 

(a;). 


\ x ~ 


1 

2 


Compare also (18.11.1). 


14.4 Graphics 

14.4(i) Ferrers Functions: 2D Graphs 



Figure 14.4.1: P°(x), v = 0, 1, 2, 4. 



Figure 14.4.2: Q°(a;), i/ = 0, i, 1, 2, 4. 



For additional graphs see http : //dlmf . nist . gov/14 . 4 . i. 
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Figure 14.4.9: = 0, 1, 2,4. Figure 14.4.10: Q^ 2 (a:), /z = 0, 1, 2, 4. 


For additional graphs see http : //dlmf . nist . gov/14 . 4 . i. 

14.4(ii) Ferrers Functions: 3D Surfaces 



Figure 14.4.13: P°(x), 0 < v < 10, — 1 < x < 1. Figure 14.4.14: Q”(x), 0 < v < 10, — 1 < x < 1. 


14.4 Graphics 


357 



Figure 14.4.15: P 0 M (x), 0 < /x < 10, — 1 < x < 1. Figure 14.4.16: Qq (x), 0 < < 6.2, — 1 < x < 1. 


14.4(iii) Associated Legendre Functions: 2D Graphs 



For additional graphs see http://dlmf.nist.gOv/14.4.iii. 
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For additional graphs see http://dlmf.nist.gOv/14.4.iii. 


14.4(iv) Associated Legendre Functions: 3D Surfaces 



Figure 14.4.29: P°(a;), 0 < v < 10, 1 < x < 10. Figure 14.4.30: Q®{x), 0 < v < 10, 1 < x < 10. 
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Figure 14.4.31: P 0 IJ ‘(x),Q < fi < 10, 1 < x < 10. Figure 14.4.32: Q q(x),0 < fi < 10, 1 < x < 10. 


14.5 Special Values 
14.5(i) x = 0 


14.5.1 P£(0) = 


2^7 r 1 / 2 


14.5(iii) n = ±| 

In this subsection and the next two, 0 < 6 < n and 
£ > 0- 

2 \ 


14.5.2 


14.5.3 


dPftx) 


dx 


r( 2 u 2 /i + i)r( 2 2 v 2 n) 14.5.H p j 1 / 2 (cos6 | ) = ^ ^ o ^) cos ((^ 5 ) 


x—0 


2 ij.+i 7: i/2 

T(\v - \n + \)T(-\v - \li)' 


Q^(o) = - 


14.5.4 

dQ£{x) 


dx 


x—0 


2^~ 1 7r 1 / 2 sin(|(u + n)n) T(\v + \^+\) 
Y(\v-\n + l) 

v + /i^ -1,-3, -5,..., 

2 m 7t 1 / 2 cos(^(u + n) 7r) T(\v + \n + l) 

r(^-i/z+i) 

v + -2,-4, -6,.... 


14.5(ii) [i = 0, 1 / = 0, 1 

14.5.5 P 0 (a;) = P 0 (a;) = 1, 

14.5.6 Pi (a;) = Pi (a;) = a;. 


14.5.7 


14.5.8 


14.5.9 


14.5.10 


«•<*>= I '"(B 1 - 1 - 


0" w = ^ ln (^T 




- 1. 


14.5.13 Q y 2 (cos0) = - (^) 1/2 sin ((u+ I) 0), 


14.5.15 

P,y 2 (cosh£) = 

14.5.16 

p - 1/2 (cosh £) = 

14.5.17 

Q^/ 2 (coshO = 

14.5(iv) /x = — zx 


2 \ 1/2 

— c«h((^+l)U, 

2 \ 1/2 sinh((u+i)0 

7r sinh £ / 


"+5 


/ 7T \ 1/2 exp(— (u+ 

\ 2 sinh £ / r(u+|) 


14.5.18 


14.5.19 


P^(cos6») = 
p-^coshO = 


(sin 9) u 
2"T(is+ 1)’ 

(sinh£T 
2 t 'I>+ 1)' 
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14.5(v) fi = 0,v = ±| 


14.7 Integer Degree and Order 


In this subsection I\(k ) and E(k) denote the com- 
plete elliptic integrals of the first and second kinds; see 
§19.2(ii). 

14.5.20 P i (cos 9) = — (2A(sin(|0)) — A (sin ( | d) ) ) , 

14.5.21 P_i (cosd) = — I\ (sin(|0)), 

14.5.22 Qi(cosd) = K (cos (| 9)) — 2E (cos (| 0)), 

14.5.23 Q_i (cos0) = A'(cos(|0)). 

14.5.24 Pi (cosh £) = E^(l — e” 2 ^) 1 ^ 2 ^ , 

14.5.25 P_j(coshO - ^ cogl ^i e) A-(tanhQg)), 

14.5.26 

Qi (cosh£) = 27 r” 1 / 2 cosh£sech(|£) A(sech(i£)) 

— 47T _1/2 cosh(|^) A(sech(|£)), 

14.5.27 Q\ (cosh £) = 27W 1 / 2 e - ^ 2 A(e -4 ). 

14.6 Integer Order 


14.7 (i) n = 0 

For n = 0,1,2,..., 

14.7.1 P°(x) = P„(x) = P°(x) = P n (x), x G R, 
where P n (x) is the Legendre polynomial of degree n. For 
additional properties of P n (x) see Chapter 18. 

14.7.2 

Qn(x) = Q n (x) = ^ P n (x)ln(^^j - W„_ i(x), 

where W- i(x) = 0, and for n > 1, 

14.7.3 

w /x v~' ( n “P s)\(ip(n + 1) — ij)(s + 1)) , 

w„- i(x) = 2 ^ ^ 7 ^ — „ w „ n2 ( x ~ 1 ) ; 


s=0 


2 s (n — s)!(s!) 2 


equivalently, 


14.7.4 


Wn-l(x) =y^.T Pk-l(x) P n -k(x). 


k = 1 


14.7.5 Wo(^) = 1? VFi(x) = W2(x) = |ar — 

Next, 

14.7.6 Qn(x) = Qn{x ) = n! (a;) = n! Q n (x), 
where 


14.6(i) Nonnegative Integer Orders 

For m = 0, 1, 2, ... , 

14.6.1 Pr(ar) = (-1)™ (1 - xT /2 

14.6.2 Q™ (x) = (-l) m (1 - x 2 ) m/2 dm ^l X) ■ 


14.6.3 P™(x) = (x 2 - l)’ 


a/2 d m P u (x) 


u.6.4 «.) = U 2 - if /a 

14.6.5 (1 + l) m QZ(X) = (-1)” {*= - I)”' 2 

14.6(ii) Negative Integer Orders 


For to = 1, 2, 3, ... , 


14.6.6 P; m (x) = (1 - x 2 ) m/2 / . . . / P„(z) (dxf 


' rc «/ cc 
/»# /*a; 


14.6.7 P~ m {x) = (x 2 - 1) ^ J . . .J P„(x) (dxf 
QZ m {x) = (-i) m (x 2 - i) _m/2 


14.6.8 


7*00 /*oo 

x / ... Q v {x)(dx) m . 

J X J X 


For connections between positive and negative inte- 
ger orders see (14.9.3), (14.9.4), and (14.9.13). 


14.7.7 

Qn{x ) = ^ P n (x)ln ^ ^ | ) -w n - i(x), n = 0, 1,2, 

14.7(ii) Rodrigues-Type Formulas 

For to = 0, 1, 2, ... , and n = 0, 1, 2, ... , 


14.7.8 P™(x) = (-l) m (1 - x 2 )’ 


a/2 d m 

j T71 

ax 


Pn(x), 


14.7.9 Q™(x) = (-l) m (1 - x 2 f /2 ^ Qn(x), 


14.7.10 


/l_ r 2\ m / 2 j ra+ia 

p™(V) = riim+n C; “ (1 _ ;e 2'|™ 

l 2"n! i m+n l 1 * ) • 


2 n n! dx r 


14.7.11 P™{x) = (x 2 - 1)' 

14.7.12 Q™(s) = {x 2 - 1)’ 


a/2 d" 


dx 

a/2 d" 


ra Pn(xf ) , 


da’ 


m Qn{x ) , 


14 - 713 


14.7.14 TO = 2 ,J ^ - 1) • 

14.7.15 P”(l) = (* 2 - I)"' 2 . 

2 m rn! v y 

When to is even and to < ra, P™(a:) and P™{x) are 
polynomials of degree n. Also, 


14.7.16 


Pn (*) = Pn \x) = 0, 


to. > n. 


CO | to 
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14.7 (iii) Reflection Formulas 

14.7.17 P™(-x) = (-l)”- m P™(a ; ), 

14.7.18 Q± m (-z) = (-I)"-™" 1 Q± m (x). 

14.7(iv) Generating Functions 

When — 1 < x < 1 and \h\ < 1, 

OO 

14.7.19 P n (x)h n = (1 - 2 xh + h 2 )~ 1/2 . 

n—0 

14.7.20 

OO 1 

^ Q n (x)h n = 


n = o (1-2 xh + h 2 ) 1/2 

( x — h + (l — 2 xh + /i 2 ) 1//2 

X ^ (1-^ 2 ) 1/2 , 
When — 1 < x < 1 and \h\ > 1, 


14.7.21 ^ P n {x)h~ n ~ l = (l - 2 xh + hr 


n-i /2 


n—0 


When x > 1, (14.7.19) applies with \h\ < x — 

1 /2 

(x 2 — l) . Also, with the same conditions 


14.7.22 

OO 


yy Q n (x)h n = 


n—0 


(1 — 2xh + h 2 ) 1//2 

^ ~ — h + (l — 2xh + h 2 ) 1 ^ 2 


x In | , ,, , • 

V (x 2 -l ) 1/2 ) 

Lastly, when x > 1, (14.7.21) applies with \h\ > 
x + (x 2 — l) 1 ^ 2 . 

For other generating functions see Magnus et al. 
(1966, pp. 232-233) and Rainville (1960, pp. 163-165, 
168, 170-171, 184). 

14.8 Behavior at Singularities 
14.8(i) x — » 1— or a: — > — 1 + 


As x — > 1—, 

14.8.1 

P(J(*) 


F(l-/x) 


R/2 


M 7^ 1,2,3, ... , 


14.8.2 


P” l (x) ~ (-1) 


,(U-TO+I) 2m / 1 X 


i/2 


m! V 2 

to = 1, 2, 3, ... , v 7 ^ to — 1, m — 2 , ... , —TO, 


14.8.3 


CL (a) = ) - 7-tH^ + l ) + 0(l-x), 


2 Vi -x 


u 7^ -1, -2, —3, . . . , 


where 7 is Euler’s constant (§5.2(ii)). In the next three 
relations > 0. 

14.8.4 

1 / 2 Y 1 / 2 

Qi;w~2 cos W r w( 


14.8.5 

Q£(*) 


^_]_^+(l/2) 


T(i/ + /i + l) /l- 


2r(/i + i)r(i/-/i + i) V 2 

13 5 


m /2 


M = 2> f > • • • > 17 ± M 7^ -1) -2, -3, . . . , 

, roo r(u - n + 1) / 2 Y /2 

U.8.6 Q„"M~ ) . 

u ± /.t 7^ -1, -2, —3, 

The behavior of P()(x) and Q0(x) as x -» —1+ fol- 
lows from the above results and the connection formulas 
(14.9.8) and (14.9.10). 

14.8(ii) x — *• 1+ 

14.8.7 

1 / 2 Y^ 2 

^ ,.J — ) , M 7^ 1) 2, 3, ... , 

14.8.8 


r(i — n) \x — 1 




r(u + to + 1 ) (x — 1 


m/2 


to! r(u — TO + 1 ) \ 2 
to = 1, 2, 3, ... , u ± to 7^ —1, —2, —3, . . . , 


14.8.9 


ln(x-l) 5 In 2 — 7 — ip(v + 1) 

2 r(u + i) + r(u + i) 

+ 0(x — 1), u 7^ -1,-2, 3,..., 


Qis(x) = - 1 2 


14.8.10 Q_„(x) — » (— l) ra+1 (n — 1)!, n= 1,2,3,..., 


14.8.11 (x) 


r(/L) 


R/2 


2 r(u + fi + 1) \x — i, 

>0, + —1, —2, —3, 


14.8(iii) ai — >00 


i. H1 , -^0*0 1/2 r^ + ^ x. 

14.8.12 7T 1 / 2 1 (z/ — /Li + 1) 


> —1, /i-r / 1, 2, 3, ... , 

rH-|) 


14.8.13 ~ 7T 1 / 2 r(-/i - I/)(2x)*'+ 1 ’ 


< — 1 , v + p ^ 0,1,2, ... , 


14.8.14 1 - 1 / 2 w ,v r(i — /x) (ttx) k*’ 




u ± 1 3 5 
P / 2 ’ 2 ’ 2 ’ ' * * ’ 
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14.8.15 


r 1 / 2 


r(i/+ f)(2a :)"+ 1 


i/=£ _3 — ^ — 7 
» / 2’ 2’ 2 ’ ’ 


Q-ra- fl/2^( a ') 


r^r^- 


2 ’ 2 ’ 2 > 
n + i' 


14.8.16 U/2)W n!r( M -n+i)(2x)"+(V2)’ 

n = 1, 2, 3, . . . , n — n + \ ^ 0, — 1, —2, 

14.9 Connection Formulas 

14.9(i) Connections Between P^ fl (x), 

Q±»(x), Qt^x) 


14.9.1 


p-„ w = _. 1 


2r(i/-/x + i) 


r(i / + /i + 1) 

cos(/z7r) 
r(i/ — n + 1) 


Q^W- 


14.9.2 


2sln (^) 0 -M fa .l = 1 p/^ 

7rl>-/z + l) 1 ’ r(u + M +l) A ’ 


cos(/z7r) 
Y{v — /z + 1) 




u.».3 p-w = (-i)- ^^ + ;> pyw, 

14 9 4 Q; m W = (-i) m w I/ ~ m ln q " ( - t) ’ 

14.9.4 1 (y + m + 1) 

z/ ^ nn — 1, m — 2, 

14.9.5 pViW = pi;w, p:ju(*) = p^(*), 

14.9.6 

7rcos(u7r) cos(/z7 r) P(^(x) = sin((u + /zfy) Q„(x) 

— sin((u — /z)7r) Q^ !/ _ 1 (ic). 

14.9(ii) Connections Between P^ M (±a;), 

Q^(±*). Q£(*) 


si " (( ‘' - " W P*I(*) = , 8in( ” ) , p->“(x) 


14.9.7 


r(u + ^j, + 1) 


r(u — fi + 1) 

sin(/z7r) 


ro — /z + 1) 


p; M (-*), 


14.9.8 

l 


14.9(iii) Connections Between P^{x), 

Q^(x), Qt^x) 

14.9.11 pi^x) = p-^x), pViW=p:w, 

14.9.12 cos(u7r) P~^(x) = — ' Q --^ 


r(/z — u) r(z/ + /z + i) 

14.9.13 

p 1 7 m (+) = TO + I! p ™(z), ^ ± m - 1, m - 2, . . . . 

1 fy + TO + 1) 

14.9.14 Q~^{x) = Q£(®), 

14.9.15 

2 sin(/z7r) = P^{x) f^Qr) 

7r y r(i/ + /z+ 1) r(u — /z + 1) 

14.9(iv) Whipple’s Formula 

14.9.16 

Q»(x) 

= (W 1,s (* 2 - i)- I/4 p:£$(x (* 2 - i)- I/2 ). 

Equivalently, 

14.9.17 

zyw 

= (2/x)‘/ 2 (x 2 - 1)- 1 ' 4 qfyyfyfy* 2 - 1)- 1/2 ). 

14.10 Recurrence Relations and Derivatives 

14.10.1 P - +2 (*) + + !)* I 1 - ^)” 1/2 P ^ +1 (*) 

+ {v- /z)(z/ + 71 + 1 ) P£(a;) = 0, 


14.10.2 


14.10.3 


(i-x 2 ) 1/2 pj; +1 (*)-(«/-Ai+i)p(; +1 (*) 

+ (u + 7z + l)a; P()(ir) = 0, 

(u - n + 2) P£ +2 (x) - (2u + 3)a: P£ +1 (a;) 

+ (z/ + 7z + 1) P{)(x) = 0, 

dPZ(x) 


(l - x 2 ) 

14.10.4 v ’ dx 

= (/z - V - 1) P£ +1 (a;) + (v + l)x Py (a;), 

14.10.5 (l - x 2 ) = {v + At) Pj)_i(a;) - ua; P()(x). 


2 7rsin((^ — /z)7r) P 1/ /i (a:) = — cos((z/ — /z)7r) Q v fl (x) qm ( x) also satisfies (i 4 .10.1)-(14.10.5). 


-Q-^-a), 

Q£(*) 


14.9.9 r(z/ + /z + 1) r(/z - iz) 

= — cos(u7r) P^ M (a;) + cos(fin) P“ /i (— a;), 

14.9.10 

(2/7t) sin((u - /z)7r) Q^ M (a;) = cos((u - /z)7r) P“ M (x) 

- P^(-^)- 


14.10.6 P^\x) + 2^+l)x{x 2 -l) %J2 P? + \x) 

-{v- H){v + M + 1 ) P^{x) = 0, 

14.10.7 (* 2 - X ) V2 +1 ( X ) - - M + 1) ^+i(*) 

+ (z/ + /z + l)x P^{ x) = 0. 

Qjf(x) also satisfies (14.10.6) and (14.10.7). In addition, 
P{f(x) and Q£(x) satisfy (14.10.3)-(14.10.5). 


14.11 Derivatives with Respect to Degree or Order 


363 


14.11 Derivatives with Respect to Degree or Order 


14 . 11.1 


S- K( x ) = 7TC0t(i/7r) P£(x) - -A£(x), 
ov 7 r 


d i n . . , 7rsin(/i7r) 

14 ' n ‘ 2 g z ; Q ^ x ) = _ 2 7r + sin(i/7r) sin((i/ + /j)tt) 

where 

14 . 11.3 A£(x) = sin(^7r) ( 


Q()(x) - \ cot((i/ + h)tt)A^(x) + \ esc ((v + h)tt)A^(-x), 


, i + f; (i - + - + 1) + , + 1) . «» - . 

^ fc! r(fe - it + 1 ) 


1 — a; 


14 . 11.4 



fi—O 


(ijj(-v) - n cot(v7r)) P„(x) + Q„(x), 


14 . 11.5 



/x=0 


-|tt 2 P^a) + - 7TC0t(i/7r)) Q„(x). 


(14.11.1) holds if Pj)(x) is replaced by Pjf(x), provided that the factor ( (1 + x)/(l — x) ) M / 2 in (14.11.3) is replaced 
by ( (x + l)/(x — 1) ) p / 2 . (14.11.4) holds if P()(x), P„(x), and Q u (x) are replaced by PjJ(x), P v (x ), and Q u (x), 
respectively. 

For further results see Magnus et al. (1966, pp. 177-178). 


14.12 Integral Representations 


14.12(i) -1 < x < 1 

Mehler-Dirichlet Formula 


14 . 12.1 


14 . 12.2 


P£(cos 9) 




2 1 / 2 (sin oy r e cos((i/+i)t) 
7T 1 / 2 r (| - fj,) Jo (cost — cos 0)t i +( 1 / 2 ) 


(l-x 2 )” M/2 

r(/0 



x) M 1 dt , 


0 < 0 < 7T, 3?^ < |- 
3?At > 0; 


compare (14.6.6). 


14 . 12.3 

QO(cos0) 


7T 1 / 2 r(t/ + At+ l)(sin6»)^ 
2^+1 r(/x + |) T(v — n + l) 


14. 12(ii) 1 < X < oo 


14 . 12.4 P~^(x) 

14 . 12.5 P“ M (x) 

14 . 12.6 Q()(x) 

14 . 12.7 P„ m (x) 

14 . 12.8 P™(x) 


2 1 / 2 r(/r+|) (x 2 — l)^ /2 r°° cosh ((y+\)t) 

7T 1 / 2 r(z^ + At + 1) r(/r — v) Jo (x + coshA)t 1 +( 1 / 2 ) 

(x 2 -i) _/i/2 r 

— J Pumx-tr-ut, 


r 1 / 2 ( x 2 - l )^ /2 


(sinhA) 2At 


2^ r(/z + |) r(t/ — fi + 1) Jo (x _|_ ( x 2 _ i)i /2 coshA) !/+/i+1 
+ -^)m J _|_ ^2 _ i) 1 / 2 cos (jjj cos (m<j>) dq 1, 

2 m m!(n + TO)! (x 2 - l) m/2 /' 7r / . 2 o/ 2 \"- m . . , 2 

-—99 — ^ — yj / (x+(x -l) 7 cos</>) sint) #, 

(2m)!(n — m)!7r Jo ' 2 


dt, v + At 7 ^ — 1, —2, —3, . . . , 3? (At — v) > 0. 

3?At > 0. 


dt, $t(v + 1) > 3fyi > — 


n > 77t. 
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14.12.9 

where 

14.12.10 

14.12.11 

14.12.12 

Neumann’s Integral 


q: 


1 f U ( 1/2 \ n 

l (x) = — i J \x—(x 2 — l) coshtj cosh (mt)dt, 


u = - In 
2 


x+1 


x — 1 

m/2 . 


QnW = 

Qn(x) = 


(i -t 2 r 


( x 2 - x ) 

2 n+1 n\ J_ 1 (x - t) n+m+1 

1 f 00 dt 

P™(x) 


dt , 


(n — to)! 


(t 2 -l )(P™(t)) 


2 ’ 


n> m. 


14.12.13 Q n (x) = -±-f R ^ldt. 

2 (n!) J_! x - f 

Heine’s Integral 

_ , , 1 r° dt 

14.12.14 Qn( x ) = -r / r^rp 

n - Jo (x + (x 2 — l) 1 / 2 cosht) 

For further integral representations see Erdelyi et al. (1953a, pp. 158-159) and Magnus et al. (1966, pp. 184-190), 
and for contour integrals and other representations see §14.25. 


14.13 Trigonometric Expansions 

When 0 < 9 < n, 

14.13.1 po(cosfl) = " ' ^ £ 


2 /i+1 (sin oy ^ r(u + fjL + k + 1) {d + \) k 


— ( T(u + k+l) 


k = 0 
oo 


k\ 


sin((u + fj, + 2k + 1)0), 


14.13.2 


QO(cos0) = 7r 1 / 2 2 Al (sin0) Al ^ ^ cos ((^ + M + 2fc + 1)0), 


— ( r(u + fc+|) 


k—0 


2 2 "+ 2 ( n !) 2 “ 1 - 3 • ■ ■ (2A: — 1) {n + l)(n + 2) • • • (n + k) ... „ ? 

14.13.3 P n (cos0) = _ /0 _ , 2^ ^ /0 „ , of ; , ,, sin((n + 2k + 1)0), 


7r(2?r + 1)! 


k - o 

OO 


(2n + 3)(2n + 5) • • • (2 n + 2k + 1) 


_ , n , 2 2n+1 (n!) 2 ^ 1 • 3 • • • (2k — 1) (n + l)(n + 2) ■ ■ ■ (n + k) 

14.13.4 Q„(cos0) = 2^ Tj I o\toL , ^ /ol , 07 . I -n cos((?z + 2fc+ 1)0). 


(2n + l)! 


k = 0 


(2n + 3) (2 n + 5) • • • (2 n + 2k + 1) 


For these and other trigonometric expansions see Erdelyi et al. (1953a, pp. 146-147). 


14.14 Continued Fractions 


14.14.1 

where 



1 'jl/ 2 P v( X ) 

' pr\x ) 


X 0 XI X2 

yo+ yi+ yi + 


14.14.2 x k = \{v - y - k + l){v + n + k) (x 2 - l) , y k = (y + k)x, 

provided that x k +i and y k do not vanish simultaneously for any k = 0, 1, 2, ... . 


14.14.3 

where now 


i? 


QZ(x 

QZ- 1(*) 


X 0 Xi x 2 
2 /o - 2 /i - Vi - 


14.14.4 x k = {v + y + k)(v — y + k), y k = (2u + 2k + l)x, 

again provided x k +\ and y k do not vanish simultaneously for any k = 0, 1, 2, ... . 
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14.15 Uniform Asymptotic Approximations 
14. 15(i) Large /x, Fixed u 

For the interval — 1 < x < 1 with fixed v, real fi, and arbitrary fixed values of the nonnegative integer J, 


14.15.1 


P^(±.t) = 


lq=®Y /2 / ( v + l )j{~ v )i ( l=FxV 


1 ± x 




G= o 


j\T(j + l + n) 


O 


r(t/ + 1 + /x) _ 


as /x — > oo , uniformly with respect to x. In other words, the convergent hypergeometric series expansions of P~ p (±a;) 
are also generalized (and uniform) asymptotic expansions as /x — ► oo, with scale 1 /r (j + 1 + /x) , j = 0,1,2,...; 
compare §2.1(v). 

Provided that jx — v^'L the corresponding expansions for P p (a;) and QJ p (a;) can be obtained from the connection 
formulas (14.9.7), (14.9.9), and (14.9.10). 

For the interval 1 < x < oo the following asymptotic approximations hold when /x — > oo, with v (> — ^) fixed, 
uniformly with respect to x: 

14.15.2 P“ p (a;) = 


14.15.3 


Qiix) = 


r(/x + i) 

i 


(Y) ( 1 + 0 G))' 


/7 TON 1 / 2 


P 


"+(1/2) V 2 / v+ 


I v+ x(pu) ( l + Of - 


where u is given by (14.12.10). Here I and K are the modified Bessel functions (§10.25(ii)). 

For asymptotic expansions and explicit error bounds, see Dunster (2003b) and Gil et al. (2000). 

14. 15(ii) Large /x,0<i/+|<( 1 — <5)/x 

In this and subsequent subsections S denotes an arbitrary constant such that 0 < <5 < 1. 

As fj, — > oo, 

_ i> \W2) + (l/4) 

14.15.4 P ~^(x) = 


r(/i + i) 


cr-o-a)) 


uniformly with respect to a; £ (—1, 1) and v + \ £ [0, (1 — <S)/x], where 


14.15.5 

14.15.6 

and 

14.15.7 


a = 


(< 1 ), 


P = 


( a 2 x 2 + 1 — a 2 ) 


2)1/2’ 


P= 2 ' n 


1 +p 
1 ~P 


1 


: In 


1 — ap 
1 + ap 


With the same conditions, the corresponding approximation for P„ M (— a;) is obtained by replacing e pp by e pp on 
the right-hand side of (14.15.4). Approximations for P p (a;) and QJ p (ar) can then be achieved via (14.9.7), (14.9.9), 
and (14.9.10). 

Next, 


14.15.8 P“ p (a;) 


-M 


1/2 


1 


1 — a 


\ 7 t J r(/Li + 1) \1 + a 


(^/2) + (l/4) 


(1-a 2 ) 


-M/2 


2 i 2 

or + 


/7 rx- 1 -/ 2 

14.15.9 QZ(x) = (-) 


"+( 1 / 2 ) 


1 — a 
1 + a 


m/2 


(1 - a 2 ) 


2\- (m/2) — (1/4) 


a 2 (a; 2 — 1) + 1 

a 2 + p 2 
x 2 (a: 2 — 1) + 1 


1/4 


A^ + i(w) (l + 0 (I)), 


1/4 


4+i(w) ( 1 + °( ^ 


uniformly with respect to a; £ (1, oo) and v + ^ £ [0, (1 — <5)/x]. Here a is again given by (14.15.5), and p is defined 
implicitly by 

. 1 / 2 ' 


14.15.10 


. (, 2 2 \ 1/2 \ , / 2 2 \V 2 1, / (l + a 2 ) £ 2 + 1 - & 2 - 2x (a 2 X 2 - 0 ? + l) 1 2 \ 

aln((a 2 + r, 2 ) + a) - alnr, - (a 2 + p 2 ) = - In U -1) (1 - a 2 ) ) 

(2x 2 — l) + 1 + 2aai (a 2 ai 2 — a 2 + l) \ 


1 1 

-a in I - 


1 — a 2 
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The interval 1 < x < oo is mapped one-to-one to the interval 0 < < oo, with the points x = 1 and x = oo 

corresponding to y = oo and 77 = 0, respectively. For asymptotic expansions and explicit error bounds, see Dunster 
(2003b). 


14. 15(iii) Large v, Fixed /x 

For v — » 00 and fixed y (> 0), 

14 . 15.11 p ^(c°s0) = i (s^) (^(( l/ +^) 0 )+ O (J;) envJ M((^+g) 0 )) > 

14 . 15.12 Q-M( cos0 ) = (y»((v+ \)e) +o(^j envY li ((v + |) 0 )^ , 

uniformly for 0 € (0, 7r — 5]. For the Bessel functions J and ysee §10.2(ii), and for the env functions associated with 
J and Y see §2.8(iv). 

p-"(cosh{) = L (^) 1/2 U(F+ \)0 (l + o())) • 

«<«*>'?> = rt. + I + i) (s^) ,/2 + » 0 (1 + o(i)) , 

uniformly for £ € (0, 00). 

For asymptotic expansions and explicit error bounds, see Olver (1997b, Chapter 12, §§12, 13) and Jones (2001). 
For convergent series expansions see Dunster (2004). 

See also Olver (1997b, pp. 311-313) and §18.15(iii) for a generalized asymptotic expansion in terms of elementary 
functions for Legendre polynomials P„(cos0) as n — > 00 with 6 fixed. 


Next, 

14 . 15.13 

14 . 15.14 


14.15(iv) Large u, 0 < /jl < (1 — S)(v + |) 

As v — > 00, 

14 . 15.15 = /3 

7 t/3 


2 X 1 / 4 

y-a \ 

1 — a 2 — x 2 ) 

2 x 1 / 4 


14 . 15.16 


Q^(*) = - 


y-a 


2 V 1 — G 2 — X 1 


+ i) u 1 ' 2 ) + o(-) envJ „((i'+ i)» 1/J ) 

Y^+',)v ll2 )+o(l) e mY,((, + l)y^) 


uniformly with respect to a; £ [0, 1) and y £ [0, (1 — 5){v + |)]. For a, (3, and y see below. 
Next, 

,2 \l/4 


14 . 15.17 


14 . 15.18 


Qiix) = 


P-^(x) = 13 

1 


of -y 

x 2 — 1 + a' 2 


!3T(v + y + 1) \x 2 — 1 + a 


2 U/4 

of - y x 


(£ + DI»r) (i + o(;)). 
^(b+i) i»r) ( i+o (()) 


uniformly with respect to a; £ (l,oo) and y £ [0,(1 — <5)(u + |)]. In (14.15.15)-(14.15.18) 


14 . 15.19 


14 . 15.20 


a = 




t(< 1). 


/3 = e^ 


1/ — /x + 5 
v + y + ^ 


(^/2) + (l/4) 


(£+1) 


and the variable y is defined implicitly by 


(y — a 2 ) 1 ^ 2 — a arctan 


14 . 15.21 


/ (y- a 


2 2 


a 


-m /2 


= arccos 


a 


(1 - a 2 ) 


1/2 - 2 arccos l 


(l + a 2 ) a: 2 — 1 + a 2 \ 

(1 - a 2 ) (1 - x 2 ) y 

x < (l — a 2 ) 1 ^ 2 , y > a 2 , 


14.15 Uniform Asymptotic Approximations 


367 


and 


14.15.22 


(a 2 — y) 1 ^" + |aln \y\ — aln^(a 2 — y ) 1 ^ 2 + a ^ 


= In I 


x + ( x 2 — 1 + a 2 ) 
, ( 1-« 2 ) V2 


1 / 2 ' 


a . 


H In 


(l — a 2 ) 1 1 — ; 


2 \ (1 + a 2 ) £ 2 — 1 + a 2 + 2ax (x 2 — 1 + a 2 ) 1 ^ 2 / 

cc > (l — a 2 ) 1 ^ 2 , y < a 2 , 


1 /2 

where the inverse trigonometric functions take their principal values (§4. 23(h)). The points x = (l — a 2 ) , x = 1, 

and x = oo are mapped to y = a 2 , y = 0, and y = — oo, respectively. The interval 0 < x < oo is mapped one-to-one 
to the interval — oo < y < j/o, where y = yo is the (positive) solution of (14.15.21) when x = 0. 

For asymptotic expansions and explicit error bounds, see Boyd and Dunster (1986). 

14.15(v) Large v, (u + < /i < (v + |)/<5 

Here we introduce the envelopes of the parabolic cylinder functions U(—c,x), U(—c,x), which are defined in §12.2. 
For f(x) = U(—c,x) or U{—c,x), with c and x nonnegative, 


14.15.23 


env f(x) = 


f ((U(-c,x)) 2 + (U(-c,x 0) 2 ) 1/2 , 0 < a; < X c , 


I \/2 f(x), X c < x < oo, 

where x = X c denotes the largest positive root of the equation U(—c,x) = U{—c,x). 


As 


14.15.24 


P-^(x) = 


Q^(*) = 


C 2 _ a 2\ 1/4 


(■'+ 5 ) 1/4 2 ( '' +l ‘ ) /2 r(U+ U+ i) 

x {u[ji — i/ — (2i. + l) l/2 c) + o(x _2/3 i en ylj(a - u - {2v + 1) 1,/2 c)) 


14.15.25 


c 2 - a 2 


2 U/4 


(u+ i) 1/4 2(^+ 2 )/ 2 r(iz/+ i/i+ |) V* 2 -£ 

x — zx — T, (2rx H- l) 1 / 2 + O^j/ -2 / 3 ^ envf/^/x — v — |, (2i/ + l) 1 ^ 2 


uniformly with respect to a; £ [0,1) and y £ [8{v + \),v + \}. Here 


14.15.26 


a = 


({y + H+ \)\v - y+ W) 1 / 2 (2\v — y+ 1 \ 


.1/2 


v + \ 


a = 


and the variable C, is defined implicitly by 

14.15.27 

1 
2 

and 

14.15.28 

1 


kia.2^ 

( (£ 2 — a 2 ) 1 ^ 2 — ^ a 2 arccosh^— ^ = (l — a 2 ) 1//2 arctanh ^ °, > ^ — arccosh^— ^ , a < a; < 1, a < £ < oo, 


-a 2 arcsin^— ^ ( a 2 — C 2 ) 1 ^ = arcsin^ — ^ — (l — a 2 ) 1 ^ arctan [x ^ 


1 — a 2 


2 \ i/2> 


| , —a < x < a, —a < ( < a, 


when a > 0, and 

14.15.29 


C 2 = - ln(l — a; 2 ), — 1 < x < 1, 

when o = 0. The inverse hyperbolic and trigonometric functions take their principal values (§§4.23(ii), 4.37(h)). 

When a > 0 the interval —a < x < 1 is mapped one-to-one to the interval — a < C < oo, with the points x = —a, 
x = a, and x = 1 corresponding to ( = —a, £ = a, and £ = oo, respectively. When a = 0 the interval — 1 < x < 1 
is mapped one-to-one to the interval — oo < £ < oo, with the points x = — 1, 0, and 1 corresponding to £ = — oo, 0, 
and oo, respectively. 
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Next, as v — > oo, 


14 . 15.30 = 


(u+i) 1/4 2(^)/2r(iu+i M +|) V* 2 + 


( >2 _j_ 2 \l/4 

x 2 + a a 2 ) u(n-v- i,(2u+l) 1/2 c) (l + O^-Mniy)), 


uniformly with respect to x £ (—1, 1) and /i€ [v + (1 jS)(v + |)j. Here ( is defined implicitly by 


14.15.31 ?>C (C 2 + o 2 ) 1/2 + arcsinh (^) = (l + a 2 f 2 arctanh (z (^ 2 ) ) -arcsinhQ, 

— 1 < x < 1, —00 < C < °°j 

when a > 0, which maps the interval —1 < x < 1 one-to-one to the interval —00 < C < 00 : the points x = —1 and 
x = 1 correspond to £ = —00 and £ = 00 , respectively. When a = 0 (14.15.29) again applies. (The inverse hyperbolic 
functions again take their principal values.) 

Since (14.15.30) holds for negative x, corresponding approximations for Q^^(x), uniformly valid in the interval 
— 1 < x < 1, can be obtained from (14.9.9) and (14.9.10). 

For error bounds and other extensions see Olver (1975b). 


14.16 Zeros 
14.16(i) Notation 

Throughout this section we assume that [i and v are 
real, and when they are not integers we write 

14.16.1 n = m + 6 ^, , u=n + S u , 

where m, n £ Z and 5^, £ (0,1). For all cases con- 

cerning P£(x) and P„{x) we assume that v > — \ with- 
out loss of generality (see (14.9.5) and (14.9.11)). 

14. 16(ii) Interval —1 < x < 1 

The number of zeros of P(j(x) in the interval (—1,1) is 
max( |u-Hl,0) if any of the following sets of conditions 
hold: 

(a) /x < 0. 

(b) /i > 0, n > to, and S v > 5 

(c) /1 > 0, n < m , and to — n is odd. 

(d) 1 / = 0,1, 2, 3,.... 

The number of zeros of P^(x) in the interval (—1, 1) 
is max(|V — |/i|] ,0) + 1 if either of the following sets of 
conditions holds: 

(a) > 0 , n > m, and 8 V < S^. 

(b) /i > 0, n < to, and m — n is even. 

The zeros of Q(j(:r) in the interval (—1,1) interlace 
those of P„(x). Q„{x) has max(|V — |/r|],0) + k zeros 
in the interval (—1, 1), where k can take one of the val- 
ues — 1, 0, 1, 2, subject to max(|V — |/i|],0) + k being 


even or odd according as cos(u7r) and cos(/i7r) have op- 
posite signs or the same sign. In the special case n = 0 
and v = n = 0, 1, 2, 3, ... , Q„ (x) has n + 1 zeros in the 
interval — 1 < x < 1. 

For uniform asymptotic approximations for the ze- 
ros of P~ m (x) in the interval —1 < x < 1 when n — > 00 
with to (> 0) fixed, see Olver (1997b, p. 469). 

14.16(iii) Interval 1 < x < 00 

P„{x) has exactly one zero in the interval (l,oo) if ei- 
ther of the following sets of conditions holds: 

(a) fi > 0, /i > is, /x ^ Z, and sin((/r — v)i r) and 
sin (/lot) have opposite signs. 

(b) \i<v, and L/bl i s °dd. 

For all other values of n and v (with v > — |) Pjf{x) 
has no zeros in the interval (1, 00 ). 

Q^(x) has no zeros in the interval (l,oo) when 
v > —1, and at most one zero in the interval (l,oo) 
when v < —1. 

14.17 Integrals 

14. 17(i) Indefinite Integrals 

14 . 17.1 

J (l — x 2 ) P„(x) dx = — (l — x 2 ) 1)// ” Pv~ l (x). 

14 . 17.2 

r (l _ 2'iO+ 1 )/ 2 

/ (1 - x 2 f 2 P£(*) dx = > P£ +1 (x), 

/r v or —v — 1. 
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14 . 17.3 


x P„(x) Q£(x) dx = 


((m 2 - 0 + 1)0 + x 2 )) P^{x) QZ(x) 


2v(v + 1) 

+ 0 + i)0 - m + !M p £0) QOiO) + p H+iW Q£0)) - 0 - » + 1) 2 p£+iO) Q£ + i(x)) , 

^ ^ 0,-1. 


14 . 17.4 


(l-z 2 ) 3/2 


K( x ) Qv(x) dx 


1 


(1 — 4/z 2 ) (1 — x 2 ) 1/2 


((1 - 2 p 2 + 2v(v + 1)) P^(x) Q„(x) + (2v+l)(n-v- l)x(PZ(x) Q() +1 (ie) + P() + iO) Q£0)) 

+ 2 O - v - l) 2 Ph_i(z) Q^ + i(x)) , 

M 7^ ±|- 

In (14.17.1)-(14.17.4), P may be replaced by Q, and in (14.17.3) and (14.17.4). Q may be replaced by P. 

For further results, see Maximon (1955) and Prudnikov et al. (1990, pp. 37-39). See also (14.12.2), (14.12.5), and 
(14.12.12). 


14.17(ii) Barnes’ Integral 


14 . 17.5 


f x a (l — x 2 Y^~ P v ^{x) dx = 

J 0 


r (l <7 + l) r (l CT + 1 ) 


2m+1 r(l cr — \ v + + l) P(5 ct + \ v + id- + !) 


, SRct > — 1, > —1. 


14. 17(iii) Orthogonality Properties 


For Z, to, n = 0,1,2,..., 

14 . 17.6 

14 . 17.7 

14 . 17.8 

14 . 17.9 


f\nx)P™{x)dx = 5 l , r (n + m)! 


(n - m)! (n + |) 

j\r(x)p- m (x)dx = (-irs lir 1 


n 7 , 1 ’ 


Z + 


fl P nW p ”W (n + m.)! 

9 / \i ’ 

1 — x A (n — m)\m 

P l n (x)P- m (x) , 1 

2 dx — ( 1) ^ , 


J - 1 
r*l d/ 


/-I 


1 — £ 2 


l 


m > 0 , 

l > 0. 


14.17(iv) Definite Integrals of Products 

With ip(x) = r , (x)/r(a:) (§5.2(i)), 


14 . 17.10 


14 . 17.11 


14 . 17.12 


' 1 p,,(x)P A Mdx= 2(2sin( ^ )sin(A,) (t( l : +1) ,r,' t(A . + l? ) + ,,Sill((A ~‘ /W) , Ajs^or^-l. 


l-l 


(P„0)) 2 dx = 


7T 2 (A — v)(\ + v +1) 

7r 2 — 2 sin 2 (i77r) ij}'{y + 1) 


j-i ^0+1) 

^ Q ( r )Q x (x)dx= ((^(^ + !) ~ V’O + 1 ))( 1 + cos(t/7r) cos(Att)) + §7rsin((A - u)n)) 




i - 1 


(A — i/) (A + i/ + 1) 

A i/ or —i/ — 1, A and v yf —1, —2, —3, .... 


14 . 17.13 

14 . 17.14 


f 1 fn t ^2 J 7T 2 — 2 (l + COS 2 (z77t)) 00 + 1) 1 O o 

J ^{Qv(x)) dx= 2{2v+l) ’ 01 ^ 1 - 2 , -3,.... 

f 1 2sin(i/7r) cos(A7r) (ib(v + 1) — ib(\ + 1)) + 7rcos((A — v)*k) — 7r 

J P v (x) Q\{x) dx = 


7t(A — i/)(A + v + 1) 


-, 3?A > 0, Ikv > 0, A yf v. 
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14.17.15 



P v (x) Q v (x) dx 


14.17.16 

f P”W 


sh 1 (2r*m-'+l> s>/ >CJ 

tt(2u+ 1) 

(1- (-l) /+n ) (l + m)\ 

(l — n) (l + n + 1) (l — m ) ! ’ 
l, m , n = 0, 1, 2, , l ^ n. 


14.17.17 


Q( (cos 9) P m (cos 9) P„(cos0) sin 9 d6 


= 0, l, m, n = 1, 2, 3, . . . , \m — n\ < l < m + n. 
(When l + m + n is even the condition \m — n\ < l < 
to + n is not needed.) Next, 


14.17.18 


Puix) Qx(x) dx 


1 

(A — v)(v + A + 1) ’ 

9?A > > 0. 


For further results, see Pruclnikov et al. (1990, 
pp. 194-240); also (34.3.21). 

14.17(v) Laplace Transforms 

For Laplace transforms and inverse Laplace transforms 
involving associated Legendre functions, see Erdelyi 
et al. (1954a, pp. 179-181, 270-272), Oberhettinger and 
Badii (1973, pp. 113-118, 317-324), Prudnikov et al. 
(1992a, §§3.22, 3.32, and 3.33), and Prudnikov et al. 
(1992b, §§3.20, 3.30, and 3.31). 

14.17(vi) Mellin Transforms 

For Mellin transforms involving associated Legendre 
functions see Oberhettinger (1974, pp. 69-82) and 
Marichev (1983, pp. 247-283), and for inverse trans- 
forms see Oberhettinger (1974, pp. 205-215). 


14.17.19 



Q v {x) Q \{x) dx 


VK A + 1) - i[)(v + 1) 

(A - u)(X + v + 1) 

3?(A + v) > — 1, A ^ v, A and v ^ —1, —2, —3, 


14.17.20 [ (Q v {x)) 2 dx = 9fa/>-§. 

J 1 I 1 


14.18 Sums 

14. 18(i) Expansion Theorem 

For expansions of arbitrary functions in series of Leg- 
endre polynomials see §18.18(i), and for expansions of 
arbitrary functions in series of associated Legendre func- 
tions see Schafke (1961b). 


14. 18(ii) Addition Theorems 

In (14.18.1) and (14.18.2), 0i, 0 2 , and 9\ + 0 2 all lie in [0,7r), and 4> is real. 

OO 

14.18.1 P (cos 9\ cos 6 2 + sin 0i sin 0 2 cos </>) = P^(cos0i) P„(cos02) + 2 ^ (— l) m P“ m (cos0i) P™(cos 0 2 ) cos ( to</>), 

m—1 

n 

14.18.2 P n (cos 0i cos 02 + sin 0i sin 0 2 cos 0) = ^ (— l) m P“ m (cos 0i) P™(cos 02) cos(to</>). 

m——n 

In (14.18.3), 0i lies in (0, |7r), 0 2 and 0i + 0 2 both lie in (0, 7r), 0 : < 0 2 , </> is real, and v ^ —1, —2, —3, 

OO 

14.18.3 Q„(cos0i cos 0 2 + sin 0i sin0 2 cos (j>) = P„(cos 0i) (^(cos 0 2 ) + 2 ^ (— l) m P~ m (cos0i) Q™(cos0 2 ) cos (m</>). 

m—1 

In (14.18.4) and (14.18.5), £i and £2 are positive, and <f> is real; also in (14.18.5) £1 < £2 and v ^ — 1, —2, —3, 

14.18.4 

OO 

Pj,(cosh£i cosh £2 — sinh£i sinh£ 2 cos (/>) = P„(cosh£i) P„(cosh£ 2 ) + 2 ^ (— l) m P“ m (cosh£i) P™(cosh£ 2 ) cos(to^), 

m—1 

14.18.5 

OO 

Ql , (cosh £1 cosh £2 — sinh£i sinh £ 2 cos<^) = P v ( cosh£i) Q„(cosh£ 2 ) + 2 ^ (— l) m P“ m (cosh£i) Q™(cosh£ 2 ) cos (m(f>). 

m—1 
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14.18(iii) Other Sums 


Tl 

14 . 18.6 (x - y) ^(2 k + 1 ) P k (x) P k {y ) = {n + 1 ) ( P n +i{x ) P n {y ) - P n (x) P n +i{y)) , 

k= 0 
n 

14 - 18.7 ( x - y) ^( 2 k + 1 ) P k {x) Qk(y) = (n+ 1) (P n+1 (x) Q n {y) - P n {x) Q n +i{y )) - 1- 

k= 0 

Zonal Harmonic Series 


14 . 18.8 


Dougall's Expansion 


P v(—x) 


sin(u7r) 2n + 1 . . 

—'n {y-n)(v + n+l) 


v ^ Z. 


14 . 18.9 


p-w = ^i;(-i )” r ^ 2 " +1 


n— 0 


(y — n)(y + n + 1 ) 


P n tl (x), -1 < x < 1, /r > 0, v ^ Z. 


For a series representation of the Dirac delta in terms of products of Legendre polynomials see (1.17.22). 


14.18(iv) Compendia 

For collections of sums involving associated Legendre functions, see Hansen (1975, pp. 367-377, 457-460, and 475), 
Erdelyi et al. (1953a, §3.10), Gradshteyn and Ryzhik (2000, §8.92), Magnus et al. (1966, pp. 178-184), and Prudnikov 
et al. (1990, §§5.2, 6.5). See also §18.18 and (34.3.19). 


14.19 Toroidal (or Ring) Functions 
14. 19(i) Introduction 

When v = n — n = 0, 1, 2, . . . , y £ R, and x £ (1, oo) solutions of (14.2.2) are known as toroidal or ring functions. 
This form of the differential equation arises when Laplace’s equation is transformed into toroidal coordinates ( 77 , 9 , </>), 
which are related to Cartesian coordinates (x, y, z) by 

H ^ c sinh 77 cos 4> c sinh 77 sin (j) c sin 9 

X cosh 77 — cos 9 ’ ^ cosh 77 — cos 9 1 cosh 77 — cos 9 ’ 

where the constant c is a scaling factor. Most required properties of toroidal functions come directly from the results 
for Pjf{ x) and Q£( x). In particular, for y = 0 and v = ±| see §14.5(v). 


14. 19(ii) Hypergeometric Representations 

With F as in §14.3 and £ > 0, 

r(l- 2/7)2^ 


14 . 19.2 


14 . 19.3 


P !L 1 (cosh 0 = 


F (s - ix,l + v - n;l-2ti-,e 2 «), 


r(l-/i) (l- e - 2 f^ e G+(i/ 2 ))? 

tt 1 / 2 (1 - e~ 2 ^Y 

( c °sh£) = e( , +(1/2))g F(y+\,v + y+\-v + l-e 2 «). 




14. 19(iii) Integral Representations 


With £ > 0, 


14 . 19.4 

14 . 19.5 


P m -i(cosh£) = 
1 (cosh £) = 


T(n + m + i)(sinh£) m r n (sin</>) 2m 

2 m 7r 1 / 2 r( 7 i — m + |) r( 777 .+ 5 ) Jo (cosh £ + cos 0 sinh £) n+m +( 1 / 2 ) 

r( 7 i+i) !°° cosh(mf) ^ 

r(n + 777 , + |) r(n — m . + \) J 0 (cosh £ + cosh t sinh £)"+( 1 / 2 ) 


77 i < n T \. 
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14.19(iv) Sums 

With £ > 0, 


14.19.6 


Qf i (cosh£) + 2 Y 

o • ^ 


r ~\~ 71 ^ 


(l 7r ) 1/2 ( sinh £> M 

(cosh£ — cos (/>) M+ ^ 2 ^ 


r (p + l) 


Q^_i ( c °sh £) cos (n(f>) = 


3 fyt > — |. 


14.19(v) Whipple’s Formula for Toroidal Functions 

With £ > 0, 


14.19.7 


14.19.8 


P ”-S (c “ h ° = rfc-mt f) °™-S (co,h£) ' 

r(m-n + |) / 7T \ 1/2 


Q 171 i(cosh£) = —7 ( ] P n i(coth£). 

^ r(m + n+i) V 2 sinh f) ^ 


14.20 Conical (or Mehler) Functions 
14.20(i) Definitions and Wronskians 

Throughout §14.20 we assume that v = — ^ + ir, with /i > 0 and r > 0. (14.2.2) takes the form 


14.20.1 


/ 9 , a w „ aw / , r 

(1 -x 2 )^- 2x— - r 2 + - 

v / rlnc \ A 


dx z cte V 4 ' 1 - x 2 


w = 0. 


Solutions are known as conical or Mehler functions. For — 1 < x < 1 and r > 0, a numerically satisfactory pair of 

real conical functions is P~i (x) and P - ^ . (—a;). 

2 ■ 2 

Another real-valued solution QZi +ir ( x ) °f (14.20.1) was introduced in Dunster (1991). This is defined by 


14.20.2 

Equivalently, 


Q.J+irO®) = P.i+ir^)- 


7re r7r sin(/r7r) sinh(r7r) A 


7 r(e T ’ r cos 2 (/r 7 r) + sinh(r 7 r)) p 


14.20.3 Q~V fr) = — { v ( T \ _i_ TW ^ ^ £ p-M ( '_ 7 a 

~^ +iT 2(cos1i 2 (t7t) — sin 2 (^7r)) -|+* T ‘ 2(cosh 2 (r7r) — sin 2 (^i7r)) 


Q_ l i+i T (. x ) exists except when gL = |, . . . and r = 0; compare §14.3(i). It is an important companion solution to 

P~(f (x) when r is large; compare §§14.20(vii), 14.20(viii), and 10.25(iii). 

9 + zr 


14.20.4 


14.20.5 


(a:), P ^ . (— ar)} = - — 

l -f+JrV 7’ -|+^ V ’} |T(/a 

Tr(e~ T7T cos 2 (/i 7 r) + sinh(r 7 r)) 


+ \ + ir) | 2 (1 - a: 2 ) 


{ 2 +"^ ^ ^ l+ lT ^ | r(/i + \ + ir) | 2 (cosh 2 (r 7 r) — sin 2 (/i 7 r))(l — a; 2 ) ’ 

provided that Q~i +iT (a;) exists. 

Lastly, for the range 1 < x < 00 , P~ i +iT (x) is a real-valued solution of (14.20.1); in terms of Q'f , +i/r (x) (which 
are complex- valued in general): 


p-f (a;) = 


sinh(r7r) |r(/x + h + iT ) I 


(q% +!T W-Q!i_ !T W) . 


14.20.6 


T ^ 0. 
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14.20(ii) Graphics 






does not exist when r = 0.) 


For additional graphs see http://dlmf.nist.gov/14.20.ii. 


14.20(iii) Behavior as x —>■ 1 

The behavior of (±a;) as x — > 1— is given ir 

§14.8(i). For fi> 0 and x — * 1—, 

^ / 9 Y 1 

TrT(fj,)(e~ Tn cos 2 (/r7r) + sinh(r7r)) 


\r/2 


14.20.7 


14.20.8 

Q=W*) 


2(cosh 2 (T7r) — sin 2 (^i7r)) |r(/x + \ + ir) | 
r/2 


1 — a; 


14.20(v) Trigonometric Expansion 

14.20.10 

P_i +lT (cos0) = l+ 4r Sin 2 (^) 

I ( 4r2 + l2 ) ( 4 ^ 2 + 32 ) cin 4 r i 

2 2 • 4 2 ^ 2 

+ • • ■ , 0 < 9 < 7T. 

From (14.20.9) or (14.20.10) it is evident that 
P_i +lT (cos0) is positive for real 9. 

14.20(vi) Generalized Mehler-Fock 
Transformation 


14.20(iv) Integral Representation 

When 0 < 6 < ir, 


14.20.9 P i +ir (cos0) = 


cosh(r^) 


7T Jo ^/2(cos (j) — COS 9) 


d(j>. 


14.20.11 

/( T ) 


where 

14.20.12 


= — sinh(r7r) r(| 
x r(| — /x — ir 


H + ir) 


p _i +iT ( x )g{x) dx, 


g{x) 


r i 


(x)f(r) dr. 
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Special cases: 


14 . 20.13 P_i +iT (x) = 

14 . 20.14 

7 r 


cosh(r7r) f°° P-i+i T (t ) 


x + t 


dt , 


T" 00 rtanh(r7r) . 1 

r tt — u- P-i +iT {x) P_i +iT {y)dT = . 

0 cosh(rTr) 2 +*rv«y y + x 

14.20(vii) Asymptotic Approximations: Large 
r, Fixed /jl 


For r — *■ oo and fixed //, 

1 / n 

P _/ ( (cos6») = — ( ) Iu(t9) 

14 . 20.15 -h+iP ’ r p \sin 9 ) M ’ 

x (1 + 0(1 /t)) , 

-t / n \l/2 

14 . 20.16 ^ 

x (1 + 0 { 1 / t )) , 

uniformly for 0 £ (0, 7r — <5] , where I and K are the 
modified Bessel functions (§10. 25(h)) and 5 is an arbi- 
trary constant such that 0 < <5 < n. For asymptotic 
expansions and explicit error bounds, see Olver (1997b, 
pp. 473-474). See also Zurina and Karmazina (1966). 


14.20(viii) Asymptotic Approximations: Large 
t, 0 < fi < At 

In this subsection and §14.20(ix), A and <5 denote arbi- 
trary constants such that A > 0 and 0 < <5 < 2. 

As r — > oo, 


14 . 20.17 


p A +iT (x) = a(fi,T). 


2 i \l/4 

a + r] ' 


.(V/ 2 ) 


x (1 + 0(1/0 


14 . 20.18 


Q-i+irW = °(P T ) 


2 , \l/4 

a + rj x 


1 + a 2 — x 2 


K, 


(V /2 ) 


X (1 + 0 ( 1 /t)), 

uniformly for a: £ [— 1 + 6, 1) and p, £ [0, At). Here 

14 - 20.19 a = fi/r, 


14 . 20.20 a(p,r) = 


exp(p, — r arctan a) 


(p 2 + r 2 ) 


M/2 


The variable p is defined implicitly by 

(< a 2 + p) 1 ^ + |aln?7 — aln^(a 2 + 77) + aj 


14 . 20.21 


= arccos 


In I 


1 + a 2 + ( a 2 — l) x 2 — 2cur (l + a 2 — x 2 ) ^ 2 
(1 + a 2 ) (1 — a; 2 ) 


v (l + a 2 ) 1/2 / ' 2 

where the inverse trigonometric functions take their principal values. The interval —1 < x < 1 is mapped one-to-one 
to the interval 0 < 77 < 00, with the points x = — 1 and x = 1 corresponding to 77 = 00 and p = 0, respectively. 

For extensions to complex arguments (including the range 1 < x < 00), asymptotic expansions, and explicit error 
bounds, see Dunster (1991). 


14.20(ix) Asymptotic Approximations: Large /x, 0 < r < A/x 

As p — » 00, 

, . 8 exp (pB arctan 8) e _pp / _/l 

14.20.22 P p (a:)= M ^ l + O - 

“ 5+lT r( M + 1) (1 + /3 2 ) m/2 (1 + /3 2 - a; 2 /3 2 ) 1/4 V V 4 

uniformly for a; £ (—1,1) and r £ [0, Ap). Here 

14.20.23 f3 = t/h, 
and the variable p is defined by 

1 / (l - P 2 ) x 2 + 1 + /3 2 + 2a: (l + /3 2 - /3 2 a: 2 ) 1/2 \ ( 

2 y l - x 2 J \ V l + P 2 -P 2x2 , 


/3x 


-^ln(l + /? 2 ), 


with the inverse tangent taking its principal value. The 
interval — 1 < x < 1 is mapped one-to-one to the inter- 
val —00 < p < 00, with the points x = —1, x = 0, and 
x = 1 corresponding to p = —00, p = 0, and p = 00, 


respectively. 

With the same conditions, the corresponding ap- 
proximation for P_i +ii _(— a:) is obtainable by replacing 
e -MP by e mp on xb e right-hand side of (14.20.22). Ap- 
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proximations for i (x) and Q l ). (x) can then be 

2 2 i 

achieved via (14.9.7) and (14.20.3). 

For extensions to complex arguments (including the 
range 1 < x < oo), asymptotic expansions, and explicit 
error bounds, see Dunster (1991). 

14.20(x) Zeros and Integrals 

For zeros of P_i +ir (x) see Hobson (1931, §237). 

For integrals with respect to t involving P_ i +iT (x), 
see Prudnikov et al. (1990, pp. 218-228). 


Complex Arguments 


14.21 Definitions and Basic Properties 

14.21 (i) Associated Legendre Equation 


14 . 21.1 

9N d 2 w „ dw , 


w = 0. 


1 — z 2 / 

Standard solutions: the associated Legendre functions 
P?(z), QZ(z), and Qt^z). P^{z) and 

Quiz) exist for all values of v, p, and z , except pos- 
sibly z = ±1 and oo, which are branch points (or 
poles) of the functions, in general. When z is com- 
plex P^ fl (z), Quiz), and Quiz) are defined by (14.3.6)- 
(14.3.10) with x replaced by z: the principal branches 
are obtained by taking the principal values of all the 
multivalued functions appearing in these representa- 
tions when z £ (l,oo), and by continuity elsewhere 


in the z-plane with a cut along the interval (— oo,l]; 
compare §4.2(i). The principal branches of P±^(z) and 
Q„{z) are real when v, /j, £ R. and 2 £ (1, oo). 


14.21 (ii) Numerically Satisfactory Solutions 

When -Ru > — | and R/x > 0, a numerically satis- 
factory pair of solutions of (14.21.1) in the half-plane 
|phc| < 7r is given by P~^{z) and Q£(z). 


14.21 (iii) Properties 


Many of the properties stated in preceding sections 
extend immediately from the x-interval (l,oo) to the 
cut z-plane C\(— oo,l]. This includes, for example, 
the Wronskian relations (14.2.7)— (14.2.11); hypergeo- 
metric representations (14.3.6)-(14.3.10) and (14.3.15)- 

(14.3.20) ; results for integer orders (14.6.3)-(14.6.5), 

(14.6.7), (14.6.8), (14.7.6), (14.7.7), and (14.7.11)- 
(14.7.16); behavior at singularities (14.8.7)-(14.8.16); 
connection formulas (14.9.11)-(14.9.16); recurrence re- 
lations (14.10.3)-(14.10.7). The generating function 
expansions (14.7.19) (with P replaced by P) and 
(14.7.22) apply when \h\ < min z ± (z 2 — l) 1 ^ 2 ; 

(14.7.21) (with P replaced by P) applies when \h\ > 
. 1/2 


max 


z ±(z 2 -iy 


14.22 Graphics 

In the graphics shown in this section, height corresponds 
to the absolute value of the function and color to the 
phase. See also p. xiv. 



Quadrant Colors 

Figure 14.22.1: Py 2 ( x + iy), — 5 < x < 5, — 5 < y < 5. 
There is a cut along the real axis from — oo to —1. 



Quadrant Colors 


Figure 14.22.2: P ± f \ /2 (x + iy ),- 5 < x < 5, -5 < y < 5. 
There is a cut along the real axis from — oo to 1. 
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Figure 14.22.3: P 1 J 2 {x + iy), — 5 < x < 5, — 5 < y < 5. 
There is a cut along the real axis from — oo to 1. 



Quadrant Colors 


Figure 14.22.4: Qq(x + iy), — 5 < x < 5, — 5 < y < 5. 
There is a cut along the real axis from —1 to 1. 


14.23 Values on the Cut 


When — 1 < x < 1, 

14 . 23.1 P?(x ± *0) = e^ l/2 P^(x), 


„± IJ , ni /2 

14 - 23.2 {x ± *0) = 

T(u + y+1) 

In terms of the hypergeometric function F (§14.3(i)) 


(Qt{x) + \mP^x)). 


14 . 23.3 

Q%(x±i0) 


e *™/ 2 * 3/ 2 ( i - a : 2 )"/ 2 
2"+ 1 


( iF(k - i ,bv + by + 1; §;x 2 ) 

V r (h u ~ & + \) T (l v + s/*+ \) 


ri F (\l i -\ v ’\ v +\l 1 +b b x2 ) \ 

T(\v -\(i+l)T(\v+ \(i+l) J ' 


Conversely, 


14.24 Analytic Continuation 


14 . 23.4 P»(x) = e ± r i7ri / 2 P »( x ± i0 ) > 

QfXx) = \ T(u + n + 1) (e~^/ 2 Q£{x + zO) 

14 . 23.5 V 

+ e^/ 2 QZ(x - *0)) , 


Let s be an arbitrary integer, and P„ M (ze S7rl ) and 
Qf)(ze s ' rrl ) denote the branches obtained from the prin- 
cipal branches by making circuits, in the positive 
sense, of the ellipse having ±1 as foci and passing 
through z. Then 


or equivalently, 

14 23 6 Q ^ X) = e ™ W2 ± *°) 

±^nie ± ^ i/2 P^{x±i0). 

If cuts are introduced along the intervals (— oo, —1] 
and [l,oo), then (14.23.4) and (14.23.6) could be used 
to extend the definitions of P£(x) and Qf)(x) to complex 

x. 

The conical function defined by (14.20.2) can be rep- 
resented similarly by 

5:? +> .w = b w e:| +i .(*-io) 

+ i e -**"/ 1 or ? . (x + iO). 

Z 2 lT 


14 . 24.1 

P~ fl (ze sm ) 


= e SV7ri P-i*(z) 

2isin((z/ + P) sn)e~ sm / 2 
cos(u7r) T(fi — v) 




14 . 24.2 Qt(ze S7n -) = (— l) s e _s! ' 7ri Q$(z), 

the limiting value being taken in (14.24.1) when 2v is 
an odd integer. 

Next, let P-Jf(z) and s (z) denote the branches 
obtained from the principal branches by encircling the 
branch point 1 (but not the branch point —1) s times 
in the positive sense. Then 


14 . 24.3 


P-£(z) = e s ^P~^z), 


14 . 23.7 
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= e~ s ^ 1 QZ(z) 

14 - 24 - 4 _ TrisinjsfiTr) 

sin(/x7r) T(i/ - ix + 1) " { h 

the limiting value being taken in (14.24.4) when [i £ Z. 

For fixed z, other than ±1 or oo, each branch of 
P-^(z) and Qv{z) is an entire function of each param- 
eter v and /i. 

The behavior of P~^(z) and Q£{z) as z — > — 1 from 
the left on the upper or lower side of the cut from — oo 
to 1 can be deduced from (14.8.7)-(14.8.11), combined 
with (14.24.1) and (14.24.2) with s = ±1. 


14.27 Zeros 

P/f{x ± iO) (either side of the cut) has exactly one zero 
in the interval (— oo, —1) if either of the following sets 
of conditions holds: 

(a) n < 0, fi Z, v £ Z, and sin((/r — v)ir) and 
sin(/r7r) have opposite signs. 

(b) n, v £ Z, /r + v < 0, and v is odd. 

For all other values of the parameters P^(x±iO) has 
no zeros in the interval (— oo, — 1). 

For complex zeros of P„{z) see Hobson (1931, §§233, 
234, and 238). 


14.25 Integral Representations 

The principal values of P~ fl (z) and Q£(z) (§14.21(i)) 
are given by 

14.25.1 

(z 2 - 1) M/2 r°° (sinh t) 2u+1 

2" r(/i — v) T(^ + 1) J 0 (z + cosht) I/ +A*+ 1 

5 in >3 Rv > — 1 , 


14.25.2 

7T 1 / 2 (z 2 - l) M/2 

QV ( z \ — 1 l 

2Mr(/z+ i)r(z/-/z + i) 

x r (sinht) 2 ^ 

Jo (z + (z 2 — l) 1 / 2 cosht) 1 " -1 "^ -1-1 ’ 

5 i(i/ + 1) > Sft/j, > — 

where the multivalued functions have their principal val- 
ues when 1 < z < oo and are continuous in C \ (— oo, 1]. 

For corresponding contour integrals, with less re- 
strictions on fi and v, see Olver (1997b, pp. 174-179), 
and for further integral representations see Magnus 
et al. (1966, §4.6.1). 


14.26 Uniform Asymptotic Expansions 

The uniform asymptotic approximations given in §14.15 
for p-^(x) and Q£{x) for 1 < x < oo are ex- 
tended to domains in the complex plane in the following 
references: §§14.15(i) and 14.15(ii), Dunster (2003b); 
§14.15(iii), Olver (1997b, Chapter 12); §14.15(iv), Boyd 
and Dunster (1986). For an extension of §14.15(iv) to 
complex argument and imaginary parameters, see Dun- 
ster (1990b). 

See also Frenzen (1990), Gil et al. (2000), Shivaku- 
mar and Wong (1988), Ursell (1984), and Wong (1989) 
for uniform asymptotic approximations obtained from 
integral representations. 


14.28 Sums 


14.28(i) Addition Theorem 


When $tzi > 0, $lz 2 > 0, |ph(^ 1 — 1)| < ^ r, and 

I ph(z 2 — 1)| < 7T, 


14.28.1 


Pv{z\Z 2 - (zl - l) 1/2 (z$ - l) 1/ 'cOS^ 


OO 


= P„(z 1 )P„(z 2 ) + 2j2(- 1 ) m 

m—1 

x P™(zi) P™(z 2 ) cos(m^>), 


Y(y — TO + 1) 
T{y + m + 1 ) 


where the branches of the square roots have their prin- 
cipal values when z\ , z 2 £ (l,oo) and are continuous 
when z\, z 2 £ C \ (0, 1]. For this and similar results see 
Erdelyi et al. (1953a, §3.11). 


14.28(ii) Heine’s Formula 
14.28.2 

X ^ 

Y j (2n+l)Q n (zi)Pn(z 2 ) = , Zi £ Ei, z 2 £ E 2 , 

n=0 Zl ~ Z 2 

where E\ and E 2 are ellipses with foci at ±1, E 2 being 
properly interior to E\. The series converges uniformly 
for z\ outside or on E\, and z 2 within or on E 2 . 


14.28(iii) Other Sums 

See §14.18(iv). 


14.29 Generalizations 


Solutions of the equation 


/„ o , aw „ aw 
(1 -z 2 ) -5--2 2 — 
V ' dz 1 dz 


14.29.1 


+ 1 ) - 
= 0 


Mi 


2(1 - z) 


_j4_\ 

2(1 + z) ) 


w 
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are called Generalized Associated Legendre Functions. 
As in the case of (14.21.1), the solutions are hyper- 
geometric functions, and (14.29.1) reduces to (14.21.1) 
when g.i = = M- For properties see Virchenko and 

Fedotova (2001) and Braaksma and Meulenbeld (1967). 

For inhomogeneous versions of the associated Leg- 
endre equation, and properties of their solutions, see 
Babister (1967, pp. 252-264). 


Applications 

14.30 Spherical and Spheroidal Harmonics 


14.30(i) Definitions 


With l and to integers such that 0 < m < l, and 8 and 
<p angles such that 0 < 0 < 7r, 0 < (p < 2n, 


14 . 30.1 


(l — to)! ( 2/ + 1) \ 1/2 ^ 

47 r(i + m)! ) 


PP(cos 9), 


14 . 30.2 

Y™(9, <f>) = cos (me/)) PJ"(cos 8) or sin(m</>) P™(cos$). 

Yi >m (9,<p) are known as spherical harmonics. Y™(9,(p) 
are known as surface harmonics of the first kind : 
tesseral for m < l and sectorial for m = l. Sometimes 
Y^ m {9, <j>) is denoted by i~ l Di m {8, </>); also the definition 
of Yi tTn (9,4 >) can differ from (14.30.1), for example, by 
inclusion of a factor (— l) m . 

P™{x) and Q™{x) ( x > 1) are often referred to as 
the prolate spheroidal harmonics of the first and second 
kinds , respectively. P™(ix) and Q™(ix) ( x > 0) are 
known as oblate spheroidal harmonics of the first and 
second kinds , respectively. Segura and Gil (1999) intro- 
duced the scaled oblate spheroidal harmonics i?™(x) = 
e~ l7vn / 2 P™(ix) and T™(x) = ie l ' Kn t 2 Q™(ix) which are 
real when x > 0 and n = 0,1,2 ,.... 

14.30(ii) Basic Properties 

Most mathematical properties of Yi >m (9,cp) can be de- 
rived directly from (14.30.1) and the properties of the 
Ferrers function of the first kind given earlier in this 
chapter. 


Explicit Representation 

14 . 30.3 Y hrn (8,4>) = 

Special Values 

14 . 30.4 


(-l)*+ m ( {l — in)\{2l + 1) \ 1/2 


2 l l\ \ 47r(/ + m)! 

'2Z + 1\ 1/2 


e im0 (sin 9) m 


f d V +m 

\ d ( cos 9) ) 


(sin 9f. 


yj,m( 0, 4>) = \ V 47T 


, TO = 0, 

to = 1,2,3,..., 


(_l)p+m)/2 e im0 / (Z — m)\(l + m)\{2l + 1) \ 1/2 ! 


14 . 30.5 


Y l>m (\Tv,(j>)= { 2l (¥-h m ) l (h l +h m )'- 

A 


47 r 




\l + \m £ Z, 


’ 2 2 


\l + ^TO ^ Z. 


Symmetry 

14 . 30.6 

Parity Operation 

14 . 30.7 

Orthogonality 

14 . 30.8 


/* 7r 


/ 0 JO 


i),_ m (0» = (-i) m ^ m (0,</»). 

Yi : mA~9,(j>+n) = (-1 ) l Y li7n (9,<f>). 

F) 1iTO i (9, (jf) 1 i 2 ,m2 < / > ) sin 8 d8 dip = 8i lt i 2 5 mitrn2 'i 


here and elsewhere in this section the asterisk (*) denotes complex conjugate. 
See also (34.3.22), and for further related integrals see Askey et al. (1986). 
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14.30(iii) Sums 

Distributional Completeness 

For a series representation of the product of two Dirac 
deltas in terms of products of spherical harmonics see 
§1 - 17 (iii) - 

Addition Theorem 

P;(cos 0\ cos 6*2 + sin 9\ sin # 2 cos(</>i — ^ 2 )) 
u.30.9 = _£_ £ 

m=—l 

See also (18.18.9) and (34.3.19). 


14.31 (ii) Conical Functions 

The conical functions P^i +iT (*) appear in boundary- 
value problems for the Laplace equation in toroidal co- 
ordinates (§14.19(i)) for regions bounded by cones, by 
two intersecting spheres, or by one or two confocal hy- 
perboloids of revolution (Kolbig (1981)). These func- 
tions are also used in the Mehler-Fock integral trans- 
form (§14.20(vi)) for problems in potential and heat the- 
ory, and in elementary particle physics (Sneddon (1972, 
Chapter 7) and Braaksma and Meulenbeld (1967)). The 
conical functions and Mehler-Fock transform general- 
ize to Jacobi functions and the Jacobi transform; see 
Koornwinder (1984a) and references therein. 


14.30(iv) Applications 


In general, spherical harmonics are defined as the class 
of homogeneous harmonic polynomials. See Andrews 
et al. (1999, Chapter 9). The special class of spheri- 
cal harmonics Yp m (9, <j>), defined by (14.30.1), appear in 
many physical applications. As an example, Laplace’s 
equation V 2 PF = 0 in spherical coordinates (§1.5(ii)): 

1 d ( 2 dW\ 1 d ( . n dW\ 

]Pdp \ P ~dp) + p^sin 1)89 V Sm0 l^ ) 

14.30.10 v ^ 7 v 7 

1 9 W 

p 2 sin 2 9 dcj) 2 ’ 

has solutions W(p,9,</>) = p l Yp m (9 , <f>) , which are ev- 
erywhere one- valued and continuous. 

In the quantization of angular momentum the spher- 
ical harmonics Yp m (9, (f>) are normalized solutions of the 
eigenvalue equation 

14.30.11 L 2 Y lim = h 2 l(l + l)Yp m , 

where h is the reduced Planck’s constant, and L 2 is the 
angular momentum operator in spherical coordinates: 


14.30.12 


l 2 = -r 


/ 1 8 
\sin 0 d9 



1 92 V 

sin 2 9 dcj?) ’ 


see Edmonds (1974, §2.5). 

For applications in geophysics see Stacey (1977, 
§§4.2, 6.3, and 8.1). 


14.31 Other Applications 

14.31 (i) Toroidal Functions 

Applications of toroidal functions include expansion of 
vacuum magnetic fields in stellarators and tokamaks 
(van Milligen and Lopez Fraguas (1994)), analytic solu- 
tions of Poisson’s equation in channel-like geometries 
(Hoyles et al. (1998)), and Dirichlet problems with 
toroidal symmetry (Gil et al. (2000)). 


14.31 (iii) Miscellaneous 

Many additional physical applications of Legendre poly- 
nomials and associated Legendre functions include so- 
lution of the Helmholtz equation, as well as the 
Laplace equation, in spherical coordinates (Temme 
(1996a)), quantum mechanics (Edmonds (1974)), and 
high-frequency scattering by a sphere (Nussenzveig 
(1965)). See also §18.39. 

Legendre functions P v { x) of complex degree v ap- 
pear in the application of complex angular momentum 
techniques to atomic and molecular scattering (Connor 
and Mackay (1979)). 


Computation 


14.32 Methods of Computation 

Essentially the same comments that are made in §15.19 
concerning the computation of hypergeometric func- 
tions apply to the functions described in the present 
chapter. In particular, for small or moderate values 
of the parameters p and v the power-series expansions 
of the various hypergeometric function representations 
given in §§14.3(i)-14.3(iii), 14. 19(ii) , and 14.20(i) can 
be selected in such a way that convergence is stable, 
and reasonably rapid, especially when the argument of 
the functions is real. In other cases recurrence relations 
(§14.10) provide a powerful method when applied in a 
stable direction (§3.6); see Olver and Smith (1983) and 
Gautschi (1967). 

Other methods include: 

• Application of the uniform asymptotic expansions 
for large values of the parameters given in §§14.15 
and 14.20(vii)-14.20(ix). 

• Numerical integration (§3.7) of the defining differ- 
ential equations (14.2.2), (14.20.1), and (14.21.1). 
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• Quadrature (§3.5) of the integral representations 
given in §§14.12, 14. 19(iii) , 14.20(iv), and 14.25; 
see Segura and Gil (1999) and Gil et al. (2000). 

• Evaluation (§3.10) of the continued fractions given 
in §14.14. See Gil and Segura (2000). 

14.33 Tables 

• Abramowitz and Stegun (1964, Chapter 8) tabu- 
lates P n (x) for n = 0(1)3,9,10, x = 0(.01)1, 5- 
8D; P' n {x) for n = 1(1)4, 9, 10, x = 0(.01)1, 5-7D; 
Q n (x) and Q( t (x) for n = 0(1)3, 9, 10, x = 0(.01)1, 
6-8D; P n (x) and P' n {x) for n = 0(1)5, 9, 10, x = 
1(.2)10, 6S; Q n (x) and Q' n (x) for n = 0(1)3, 9, 10, 
x = 1 (.2) 10, 6S. (Here primes denote derivatives 
with respect to x.) 

• Zhang and Jin (1996, Chapter 4) tabulates P ra (x) 
for n = 2(1)5,10, x = 0(.1)1, 7D; P n (cos0) 
for n = 1(1)4,10, 9 = 0(5°)90°, 8D; Q n (x) for 
n = 0(1)2,10, x = 0(. 1)0.9, 8S; Q n (cos(9) for 
n = 0(1)3,10, 9 = 0(5°)90°, 8D; P™(x) for 
m = 1(1)4, n — m = 0(1)2, n = 10, x = 0, 0.5, 8S; 
Q™(x) for m = 1(1)4, n = 0(1)2, 10, 8S; P™(cos 9) 
for m = 0(1)3, v = 0(.25)5, 9 = 0(15°)90°, 5D; 
P n (x) for n = 2(1)5,10, x = 1(1)10, 7S; Q n (x) 
for n = 0(1)2,10, x = 2(1)10, 8S. Corresponding 
values of the derivative of each function are also 
included, as are 6D values of the first 5 u-zeros 
of P™(cos0) and of its derivative for m = 0(1)4, 
9 = 10°, 30°, 150°. 

• Belousov (1962) tabulates P™(cos0) (normalized) 
for to = 0(1)36, n - m = 0(1)56, 9 = 0(2.5°)90°, 
6D. 

• Zurina and Karmazina (1964, 1965) tabulate the 
conical functions P_i +ir (x) for r = 0(. 01)50, 
x = — 0.9(.1)0.9, 7S; P_ i +iT (x) for r = 0(. 01)50, 
x = 1. 1 (. 1)2(. 2) 5(. 5) 10(10)60, 7D. Auxiliary ta- 
bles are included to facilitate computation for 
larger values of r when — 1 < x < 1. 

• Zurina and Karmazina (1963) tabulates the con- 
ical functions P(_i +iT ( x ) f° r T = 0(. 01)25, x = 

-0.9(. 1)0.9, 7S; P\ +lT (x) for r = 0(.01)25, x = 
1.1(.1)2(.2)5(. 5)10(10)60, 7S. Auxiliary tables are 
included to assist computation for larger values of 
r when —1 < x < 1. 

For tables prior to 1961 see Fletcher et al. (1962) 

and Lebedev and Fedorova (1960). 

14.34 Software 

See http://dlmf.nist.gov/14.34. 


References 

General References 

The main reference used in writing this chapter is 
Olver (1997b). For additional bibliographic reading see 
Erdelyi et al. (1953a, Chapter III), Hobson (1931), Jef- 
freys and Jeffreys (1956), MacRobert (1967), Magnus 
et al. (1966), Robin (1957, 1958, 1959), Snow (1952), 
Szego (1967), Temme (1996a), and Wong (1989). 


Sources 
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tions of proofs that were used in constructing the various 
sections of this chapter. These sources supplement the 
references that are quoted in the text. 

§ 14.2 For §§14.2(i), 14.2(ii) see Olver (1997b, pp. 169). 
For §14.2(iii) see Olver (1997b, p. 172) for the pair 
P“ M (x) and QO (x). The result for P“^(x) and 
Py M (— x) follows from the fact that when Jf/r > 0, 
Py M (x) is recessive as x — > 1— and P~ M (— x) is 
recessive as x — > — 1+; see §14.8(i). For §14.2(iv) 
see Olver (1997b, p. 172) for (14.2.4), (14.2.5); the 
other results may be derived in a similar manner, 
or by application of the connection formulas in 
§14.9. 

§14.3 For (14.3.1)-(14.3.4) see Olver (1997b, pp. 159, 
186). The version of (14.3.4) given in Hob- 
son (1931, p. 386) has an error. For (14.3.5) 
use (14.3.1) and (14.9.3). For (14.3.8) see Olver 
(1997b, p. 159, Eq. (9.05)). For (14.3.11) and 
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Hypergeometric Function 


Notation 


15.1 Special Notation 


(For other notation see pp. xiv and 873.) 


x 

z = x + iy 
a, b , c 
k, £, m, n 
s 
S 

T(z) 

i>( z ) 


real variable. 

complex variable. 

real or complex parameters. 

integers. 

nonnegative integer, 
arbitrary small positive constant, 
gamma function (§5.2(i)). 
T'{z)/T{z). 


Unless indicated otherwise primes denote derivatives 
with respect to the variable. 

We use the following notations for the hypergeomet- 
ric function: 


15.1.1 2 -F\(a, b ; c; z) = F(a , b; c; z) = F 



and also 


15.1.2 

F(a, b; c; z) 


= F(a, 6; c; z) = F 


r(c) 

(Olver (1997b, Chapter 5)). 



2 Fi(a,6; c; z), 


Properties 


c = 0, — 1, —2, .... The branch obtained by introduc- 
ing a cut from 1 to +oo on the real z-axis, that is, the 
branch in the sector |ph(l — z)\ < 7r, is the principal 
branch (or principal value) of F(a, 6; c; z). 

For all values of c 


15.2.2 


F (a,b;c; z) = 

s = 0 


( a )s( b ) s s 

r(c + s)s! ’ 


M < 1, 


again with analytic continuation for other values of z, 
and with the principal branch defined in a similar way. 

Except where indicated otherwise principal branches 
of F(a, b\ c; z) and F(a, 6; c; z) are assumed throughout 
this Handbook. 

The difference between the principal branches on the 
two sides of the branch cut (§4.2(i)) is given by 


15.2.3 


a , 


; x + iO F 


2ni 


r (a)r(6) 


Or - 1)' 


a, b 

5 

c 

— a—b 


x — i0 

F 


— a, c — b 


c — a — b + 1 


;i ~xj, 
x > 1. 


On the circle of convergence, |z| = 1, the Gauss se- 
ries: 


(a) Converges absolutely when 3 ?(c — a—b) > 0. 

(b) Converges conditionally when —1 < 

$t(c — a — b) < 0 and z = 1 is excluded. 

(c) Diverges when 3?(c — a — b) < —1. 


15.2 Definitions and Analytical Properties 


For the case z = 1 see also §15.4(ii). 


15.2(i) Gauss Series 

The hypergeometric function F(a,b; c; z) is defined by 
the Gauss series 


15.2.1 




_ t , ab t a(a + l)b(b+l) 2 ( 

+ c c(c + 1)2! ~ + ' 

_ r(c) T(q + s) T(b + s) ~ s 


T(a)T(b)^ o r(c+s)s! 


on the disk \z\ < 1, and by analytic continuation else- 
where. In general, F(a,b;c,z) does not exist when 


15.2(ii) Analytic Properties 

The principal branch of F(a, b\c\z) is an entire func- 
tion of a, b , and c. The same is true of other branches, 
provided that z = 0,1, and oo are excluded. As a multi- 
valued function of z, F(a, 6; c; z) is analytic everywhere 
except for possible branch points at z = 0, 1, and oo. 
The same properties hold for F(a,b\c,z), except that 
as a function of c, F(a, 6; c; z) in general has poles at 
c = 0,-1, -2, 

Because of the analytic properties with respect to a, 
6, and c, it is usually legitimate to take limits in for- 
mulas involving functions that are undefined for certain 
values of the parameters. 
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For example, when a = —to, to = 0,1,2,..., and 
0, —1, —2, . . . , F(a, b-, c; z) is a polynomial: 


F(— to, 6; c; z) 


15 . 2.4 



(-™)n( b )n z n 

( c )n nl 


m 


E(-d 

n=0 


w (c)„ 


This formula is also valid when c = — to — £ = 

0, 1, 2, . . . , provided that we use the interpretation 


15 . 2.5 p 


—to, b \ 
—to — £' z y 


lim 

c — > —m—£ 


lim F 

a — >—m 



and not 


15 . 2.6 


F 


—to, b 

—to — £’ 


lim F 

a — *■ — m 



which is sometimes used in the literature. (Both in- 
terpretations give solutions of the hypergeometric dif- 
ferential equation (15.10.1), as does F (a,b;c;z), which 
is analytic at c = 0,-1,— 2,....) For illustration see 
Figures 15.3.6 and 15.3.7. 

In the case c = —to the right-hand side of (15.2.4) 
becomes the first to + 1 terms of the Maclaurin series 
for (1 -z)~ b . 


15.3 Graphics 
15.3(i) Graphs 



Figure 15.3.1: F(|, ^ ; x) , —100 < x < 1. 



Figure 15.3.3: F(l, —10; 10; a;), —3 < x < 1. 



2 


1 



Figure 15.3.4: F( 5, 10; 1; x), —l<x< 0.022. 
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15.3(ii) Surfaces 


In Figures 15.3.5 and 15.3.6, height corresponds to the absolute value of the function and color to the phase. See 
also p. xiv. 



Figure 15.3.5: F(|, x + iy) , 0 < x < 2, —0.5 < 
y < 0.5. (There is a cut along the real axis from 1 to 
oo.) 



Quadrant Colors 

Figure 15.3.6: F(— 3, |; u + iv, |) , — 6 < u < 2, — 2 < 
v < 2. (With c = u + iv the only poles occur at c = 
0,-1,— 2; compare §15.2(ii).) 



Figure 15.3.7: | F(— 3, u + iv; |) |, —6 < u < 2, —2 < 
v < 2. 


15.4 Special Cases 

15.4(i) Elementary Functions 

The following results hold for principal branches when 
\z\ < 1, and by analytic continuation elsewhere. Excep- 
tions are (15.4.8) and (15.4.10), that hold for \z\ < 7t/4, 
and (15.4.12), (15.4.14), and (15.4.16), that hold for 
\z\ < 7t/2. 

15.4.1 F(l, 1; 2; z) = — z~ x ln(l — z), 

15.4.2 F(l, 1; f ; z 2 ) = — ln^^— , 

15.4.3 F(|, 1; |; — z 2 ) = z^ 1 arctanz, 


15.4.4 

Ft I 1-3 : 

^ V 2 5 2 ’ 2’ ^ 

15.4.5 

V2> 2’ 2’ ^ 

15.4.6 

E(a, 6; 6; . 

compare §15.2(ii). 

15.4.7 

F(a, 5 + a; 

15.4.8 

F ( a , | + a; 


E(a, | + o; |; 

15.4.9 

1 


(2 — 4a)z 

15.4.10 



\2 a , 


F(a, \ + a; §; — tan 2 z) = (cos z) 


((1 + z ) l ~ 2a - (1 - z) 1 - 2 *) , 
sin((l — 2a) z) 


(1 — 2a) sin z 


H- 


_ 1 . 2 \ 1 

Q., Cl, 2 5 % ) 2 


15.4.11 


1 + z 2 + zj 

+ (\/l + Z 2 - 2 


15.4.12 

15.4.13 

F(a, l-a;i;-0 2 ) = 


F(— a, a; sin 2 z) = cos(2az). 

1 


2 v / TT^ 


1 + z 2 + z 


\ 2a— 1 

) 

+ (yiTF-.-f" 1 ) 

cos((2 a — l)z) 


15.4.14 F(a, 1 — a; si 


;sm z ) = 


cosz 
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15.4.15 

F(a, l-a;§;- 2 2 ) 


(2 — 4a) z 


1 + z 2 + z 


1-2 a 


— ( yjl + z 2 — z 


1— 2a 


15.4.16 

15.4.17 

15.4.18 


F(a, 1 — a; |; sin 2 2 ) = 


sin(( 2 a — 1 )z) 
( 2 a — 1 ) sin z 


-2a 


F(a, \ + a; 1 + 2a; z) = (| + \\/\ — z) 
F (a, | + a; 2 a; z) = (§ + 5 Vl - zf 


15.4.19 F(a + 1, 6 ; a; 0 ) = (1 - (1 - ( 6 /a))z) (1 - z)~ l ~ b . 

For an extensive list of elementary representations 
see Prudnikov et al. (1990, pp. 468-488). 


15.4(ii) Argument Unity 


If 3?(c — a — b) > 0, then 


15.4.20 F(a, b] c; 1) 
If c = a + 6 , then 


r(c)T(c-a-6) 

r(c-a)r(c-6) 


15.4.21 


F(a, b\a + b\z) T(a + 6) 
- ln(l - z) ~ r(a)r(6)' 


If 3?(c — a — b) = 0 and c / a + b, then 


lim (1 - z) a+b ~ c F{a, b ; c; z) 

z— >1— V 

15.4.22 v 

r(c)r(c-o-6)\ r( c )r(a + 6-c) 
r(c-o)r(c-6 ) ) ~ r(o)r(6) 

If 5i(c — a — b) < 0, then 


15.4(iii) Other Arguments 


15.4.26 F(a, 6 ;a -6 + l;-l) = 


r(a-6+l)r(|a+l) 


r(a + l)r(|a-6+l)' 

15.4.27 F(l, a; a + 1; — 1) = \a(ij)(\a + |) —1 />(|a)) . 

15.4.28 

/ 1 ^ ii\ / — r(4a-t-^6~t-j() 

F(a,b-, \a + ^b + \\ 2 ) = %/tt- 


r(ia+i)r(i6+i)' 


15.4.29 


F(a, b\ \a + \b + 1; |) = 


15.4.30 F(a, 1 - a; 6 ; 5 ) = 


P(|a+ ^6+ l) 

X (r(i a )r(i6+i) 

_r (ia+i)r(l6))- 

2 1 -y 7 rr(6) 

r(ia+ ia+ i)’ 


15.4.31 


F(a, 1 + a; £ — 2 a; — k) = I v 


8V 2a r(|)r(f-2a) 


V r(f)r(|- 2 o)' 


F(, 


a, 2 + a', e + 3 a, 9 j 


15.4.32 


15.4.33 


r (i 


r(i + ia)r(| + i c 

F^3a, | + a; | + 2 a; e I7r / 3 ^ 

r(| 


= V7re 


ina/2 


v(3a+l)/6 


r (l + a ) r (|)' 


15.5 Derivatives and Contiguous Functions 
15.5(i) Differentiation Formulas 


15.4.23 lim 


F(a,b;c;z) r(c) T(a + 6 — c) 


- >i— (1 - z ) c - a ~ b 

Chu-Vandermonde Identity 


r(o)r(6) 


15.4.24 


F(-n,b ; c; 1) = 


( C ~ b )n 

(< 0 „ ’ 


n = 0,l,2,.... 


Dougall’s Bilateral Sum 

This is a generalization of (15.4.20). If a,b are not in- 
tegers and 3?(c + d — a — b) > 1, then 

15.4.25 

r(a + 71) r(6 + n) 
r(c + n) r(d + n) 

7r 2 r(c + d-a- 6 -l) 

sin(7ra) sin(7r6) T(c — a) T(d — a) T(c — b) T(d — b) 


E 


15.5.1 — F(a, b ; c; z) = — F{a + 1, b + 1; c + 1; z), 
dz 


15.5.2 


d n 
dz " 


15.5.3 


15.5.4 

15.5.5 


F(a, b ; c; z) = F(a + n,b + n\ c+ n; z). 

( C )n 

( z i^ z ') (^ a_1 F(a,b-,c-,z)) 

= F ( a + n i b c ; 2 )‘ 

d n 

( z c ~ l F{a,b\ c; z)) 

= (c - 7i) n z c_n 1 F(a, b; c - n; z). 


(z c - a ~\l - ^)“ +f) - c F(a, 6 ; c; z)) 

= (c - a) n z c_a+n_1 (l - z)°" n+& - c F(a - n, 6 ; c; z). 
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15.5.6 

d n 

dz r ‘ 


((1 -zr +b - c F(a,b;qz)) 

(C ~ ~ (1 - z ) a + b ~ c ~ n F(a, 6; c + n; z). 

( C )n 


15.5.7 


(V^ 2 )^ 1 ^ 2 )) ((i^ 2 ) 0 1 F(a, b; c; 2 )) 

^ ^^” (1 — ~'j a + n ~ 1 

( C )n 

x F"(a + n, b; c + n; z). 

15.5.8 

((1 - z)±( 1 - z)J (z^l - z) b - c F(a,b;c;z)) 

= (c - n)„^ c - n - 1 (l - z) b - c+n F(a — n,b;c — n; z). 


15.5.9 




= (c - n) ra z c_ ™ _1 (i - z ) a+b - c ~ n 
x F/a — n,b — n\c — n; z). 

Other versions of several of the identities in this sub- 
section can be constructed with the aid of the operator 
identity 


15.5.10 


z—z | = z 
dz 


dz‘ 


,z n , n= 1,2,3, 


See Erdelyi et al. (1953a, pp. 102-103). 


c(c — l)(z — 1) F(a, b;c— 1; z) 

15.5.18 + c (c — 1 — (2c — a — b — l)z) F(a, 6; c; z) 

+ (c — a)(c — b)z F(a, b; c + 1; z) = 0. 

By repeated applications of (15.5.11)— (15.5.18) any 
function F(a + k,b + t,c + ur, z), in which k,£,m are 
integers, can be expressed as a linear combination of 
F(a, b; c; z) and any one of its contiguous functions, with 
coefficients that are rational functions of a, b , c, and z. 

An equivalent equation to the hypergeometric differ- 
ential equation (15.10.1) is 

15.5.19 

z(l — z)(a + 1)(6 + 1) F(a + 2, b + 2; c + 2; z) 

+ (c — (a + b + l)z)(c + 1) F{a + 1, b + 1; c + 1; z) 

— c(c + 1) E(a, 6; c; z) = 0. 

Further contiguous relations include: 

15.5.20 

z(l — z) ( dF(ci, b; c; z) /dz) 

= (c — a) E(a — 1, b\ c; z) + (a — c + bz) F(a , b; c; z) 

= (c — 6) F"(a, b — 1; c; z) + (6 — c + az) F(a, b ; c; z), 

15.5.21 

c(l — z) ( dF(a, b; c; z) /dz ) 

= (c— a)(c— 6) F(a, 6; c + 1; z) + c(a+6— c) F(a, b; c; z). 

15.6 Integral Representations 


15.5(ii) Contiguous Functions 


The six functions F(a ± 1, b; c; z), F(o, b ± 1; c; z), 
F/a, 6; c ± 1; z) are said to be contiguous to F(a, 6; c; z). 

(c — a) F(a — 1, 6; c; z) 

15.5.11 + (2a — c + (6 — a)z) F{a, b; c; z) 

+ a(z - 1) F(a + 1, b ; c; z) = 0, 


15.5.12 


15.5.13 


15.5.14 


( b — a) F(a, b; c; z) + a F/a + 1, 6; c; z) 

— b F(a , b + 1; c; z) = 0, 

(c — a — b) F(a, b\ c; z) 

+ a(l — z) F(a + 1, b\ c; z) 

— (c — 6) F/a, 6 — 1; c; z) = 0, 

c (a + (b — c)z) F(a , b ; c; z) 

— ac(l — z) ,F(a + 1, &; c; z) 

+ (c — ct) (c — b)z F(a, 6; c + 1; z) = 0, 


15.5.15 

15.5.16 


(c — u — 1) E(a, 6; c; z) + aF(a + 1, 6; c; z) 
— (c — 1) F(a, b] c — 1; z) = 0, 
c(l — z) F/a, b\ c; z) — cF(a — 1, 6; c; z) 

+ (c — 6)z F 1 (a, b- c + 1; z) = 0, 


(a — 1 + (b + 1 — c)z) F"(a, 6; c; z) 

+ (c — a) F(a — 1, 6; c; z) 

- (c - 1)(1 - z) F{a , 6; c - 1; z) = 0, 


The function F(a, b;c;z) (not F(a,b; c; z)) has the fol- 
lowing integral representations: 


15.6.1 


cl +6—1 


t*- 1 (l — i) 


c— 6— 1 


r(d) r(c — &) J Q (1 - zty 

r(i + 6-c) f (1+) t b - 1 (t-i) c ~ b - 1 


dt , 3?c > iRb > 0. 


15.6.2 27tj T(6) 


dt, 


(1 — zt) a 
c-b^ 1,2,3,..., m>0. 


—b-Ki 


r(i-6) r {0+) t b -!(t + i) c 


15.6.3 


15.6.4 


15.6.5 


15.6.6 


27tj r(c — &) 


(t — zt + l) a 


dt, 


b^ 1,2,3,..., JR(c- b) > 0. 


„-hri r(i-6) /■ (0+) t b - 1 (i-t)' 


:— 6— 1 


■ dt, 


2iriT(c— b)J 1 (1 — zt) c 

b^ 1,2,3,..., 9ft(c-6) >0. 

e - CTi r (i - 6) r (i + 6 - c) 


i /■(0+,l+,0-,l-) t 6-l( 1 _ t ). 


:— 6— 1 


47T 2 


dt, 


(1 — zt) a 
b,c-b^ 1, 2, 3, 


r(a-M)r(& + £)r(— t) t 
W+t) ( 1 ’ 

a,b^ 0,-1, -2, 


15.5.17 


27rt T(a) T(6) 


— 200 


15.7 Continued Fractions 


389 


1 


15 . 6.7 


15 . 6.8 


15 . 6.9 


27 ri r(a) T(b) T(c — a) T(c — b) J__ 


/ ioo 

r(a + t) T(b + 1) r(c — a — b — t) r(— t)(l — z) ( dt, 

-ioo 

a,b,c — a,c — b Y 0, —1, —2, 


1 


r (c - d) J 0 

rl t^i - t) c ~ d ~ l 


f F(a, b; d; zt)t d : (1 — t) c d 1 dt, 
Jo 


3?c > iftd > 0. 


(1 — zt) a+b ~ x 


A — a, A — b 
d 


These representations are valid when |ph(l — z)\ < 7r, 
except (15.6.6) which holds for | ph(— z)\ < i r. In all 
cases the integrands are continuous functions of t on 
the integration paths, except possibly at the endpoints. 
In addition: 

In (15.6.1) all functions in the integrand assume 
their principal values. 

In (15.6.2) the point 1 /z lies outside the integration 
contour, t f '^ 1 and ( t — 1 ) c ^ 6 ^ 1 assume their principal 
values where the contour cuts the interval (l,oo), and 
(1 — zt) a = 1 at t = 0. 



Figure 15.6.1: t-plane. Contour of integration in 
(15.6.5). 


15.7 Continued Fractions 


In (15.6.3) the point l/(z — 1) lies outside the in- 
tegration contour, the contour cuts the real axis be- 
tween t = — 1 and 0, at which point pht = ir and 
ph(l + t) = 0. 

In (15.6.4) the point 1 /z lies outside the integration 
contour, and at the point where the contour cuts the 
negative real axis pht = 7r and ph(l — t) = 0. 

In (15.6.5) the integration contour starts and termi- 
nates at a point A on the real axis between 0 and 1. 
It encircles t = 0 and t = 1 once in the positive di- 
rection, and then once in the negative direction. See 
Figure 15.6.1. At the starting point pht and ph(l — t) 
are zero. Compare Figure 5.12.3. 

In (15.6.6) the integration contour separates the 
poles of r(a + t) and T(b + t) from those of r(— t), and 
(— zY has its principal value. 

In (15.6.7) the integration contour separates 
the poles of T(a + t) and T(b + t) from those of 
r(c- a — b — t) and T(— t), and (1 — zY has its prin- 
cipal value. 

In each of (15.6.8) and (15.6.9) all functions in the 
integrand assume their principal values. 


If | ph(l — 2 r)| < 7r, then 

F (a,b;c;z) u\Z u 2 z u 3 z 

F(a, b+ l;c+ l\z) 0 ti — t 2 — t 3 — 

where 

f„ = c + n, u 2n +i = (a + n)(c - b + n), 

15 . 7.2 

u 2n = (b + n)(c - a + n). 

If | 2 | < 1, then 

F (a,b;c;z) w\ w 2 w 3 

15 - 7.3 — — = Vo 

F(a,b+l;c+l;z) v\— v 2 - v 3 - 

where 


v n =c + n+(b~a + n+ 1 )z, 

15.7 A ,, ,, . 

w n = (o + n){c — a + njz. 

If < \ , then 

15 . 7.5 

F(a,6; c; z) = x + Vl V2 ys 
F(a + 1, b + lj c + 1; z) X\ -\- X 2 ~\~ x$ + 

where 


x n = c + n — (a + b+ 2n + 1 )z, 
y n = (a + n)(b + n)z(l - z). 

See also Cuyt et al. (2008, pp. 295-309). 
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15.8 Transformations of Variable 


15.8(i) Linear Transformations 

All functions in this subsection and §15.8(ii) assume their principal values. 


15 . 8.1 


15 . 8.2 


5* =(1-*)"°F ’ 




z-1 




’ z-1 


= (!-*)' 


i—a—b i 


sin(7r(6 — a)) f a, b 


( ~z)~ a / a,g — c+1 1 

r(6)T(c-a) \ a — 6+1 ' z 


(~z) 


-b 


6, 6 — c + 1 1 
r(a)r(c — b) y b — a+1 ' z 


• — a.c — b 


| ph(l — z) | <7 r. 


, | ph( 2 ) | < 7T. 


15 . 8.3 


sin(7r(6 — a)) f a, b 


;z = 


(1 -z)- 


a,c — b 1 


( 1 -*) 


—b 


r(6)r(c — a) \a — b+l’l — zj r(a)r(c— b) \b — a + 1’ 1 — z J 


b,c— a 


|ph( — Z)| < 7T. 


15 . 8.4 


sin(7r(c — a — b)) f a,b 


;z = 


r(c-a)r(c-b) \a + b — c+1 


a, b 


;i -z\- 


(! — z ) 


c—a—b 


r(a)r(&) 


c — a, c — b 
c — a — b + 1 


;i ~z , 


15 . 8.5 


sin(7r(c — a — b)) f a,b 


= 


r(c-a)T(c-6) \a + b — c+1’ 


a, a — c+1 1 


(1-*) 


i—a—b„a—c 


r(a)r(6) 


c — a, 1 — a T. 
c — a — 6+1’ z , ’ 


| pll z\ < 7T, | ph(l — 2)| < 7T. 


I pll 2 1 < 7 r, I ph(l - z) I < 7T. 


15.8(ii) Linear Transformations: Limiting Cases 

With to = 0,1,2,..., polynomial cases of (15.8.2)-(15.8.5) are given by 


15 . 8.6 


15 . 8.7 


F 


F 


— m, b 
c 

—to, b 


(b) 


;z\=^(-z) m F 


■ z \ = 


(c)r 

(c-b) r 

( C)rn 


— to, 1 — c — to 1\ (6) 


F 


1 — 6 — TO ’ z ) (c) 

— TO, 6 

6 — c — TO + 1 ’ 


-(1-2)™ + 


: — 6 1 


1 — 6 — to ’ 1 — 2 / 


; 1 - 2 ] = (c , , b)m 2 m + 


(c)r 


—TO, 1 — c— TO ^ 1' 

6 — C — TO + 1 ’ 2. 


with the understanding that if 6 = — £, £ = 0,1,2,..., then to < £. 

When 6 — a is an integer limits are taken in (15.8.2) and (15.8.3) as follows. 
If 6 — a is a nonnegative integer, then 

15 . 8.8 


a, a + to 


;z = 


(- 2 ) a ^ (a) fe (TO- k-iy._ k , (- 2 ) 


E 


r(a + ?n) fcir(c-a-fc) 


-z~ + 


E 


(a + m)k 


T(a) k\(k + m)\ T(c — a — k — m) 


( 1)Z 


k „—k—m 


a, a + m 


x (ln(— 2 ) + ip(k + 1) + i/>{k + to + 1) — ip(a + k + to) — i[>(c — a — k — to.)) , 

1 2 1 > 1, | ph( — 2) | < 7T, 

m— 1 


(! ~ z)~ 
r(a + to) r(c — a) 


E {a)k{c-a-m) k {m-k- 1)!. .. fe 

hi - 1) 


fc=o 


fc! 


15 . 8.9 


(~l) m (l - V (a + m) fc (c-a) fc _ fc 

r(a)r(c— a — to) k\(k + m)\ 


x (ln(l — 2 ) + ip(k + 1) + ip{k + to + 1) — i[>(a + k + m) — 4>(c — a + k )), 

|2-1| > 1, | ph(l — 2)| < 7T. 

In (15.8.8) when c— a — k — to is a nonpositive integer ip(c — a — k — m)/T(c — a — k — m) is interpreted as 
(_l)m+fc+a-c+ 1 ( TO + k + a — c)\. Also, if a is a nonpositive integer, then (15.8.6) applies. 
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Alternatively, if b — a is a negative integer, then we interchange a and b in F(a, b ; c; z). 

In a similar way, when c — a — b is an integer limits are taken in (15.8.4) and (15.8.5) as follows. 

If c — a — b is a nonnegative integer, then 

15 . 8.10 

xp { a,b \ 1 y* 1 (a)k(b)k(m-k-l)\ fc (z - l) m y (a + m) k (b + m) k k 

\a + b + m' Z ) r(a + m)r(& + m) “ k\ T(a)T(b) k\(k m)\ 

k — 0 tc — o 

x (ln(l — z) — i/j(k + 1) — i/j(k + m + 1) + i/j(a + k + m) + ip(b + k + m )) , 

|z- !| < 1) I ph(l - z ) | < 7T, 


15 . 8.11 


a, b 


in 


: z I = 


(a)k(m - k - 1)! 

r(a + m) ^ k\T(b + m — k) 


E 


z) r(a) 


E 

fc= o 


(a + m) k 


k\{k + m)\ T(6 — k) 


(-1) J 


^ \ k-\-m 
1 2/ 


x In 


1-z 


— i/j(k + 1) — %j){k + in + 1) + 4>{a + k + m) + — k) I , 


| phz| < 7T, | ph(l — 2)| < 7T. 


In (15.8.11) when b — fc is a nonpositive integer, 
’ipib — k)/T(b — k) is interpreted as (— 1 ) k ~ b+1 (k — b)\. 
Also, if a or b or both are nonpositive integers, then 
(15.8.7) applies. 

Lastly, if c — a — b is a negative integer, then we first 
apply the transformation 

15 . 8.12 

F(a, 6; a + b — m; z) = (1 — z) ~ m F (^a.b; a + b + m; z'j , 

a = a — m,b = b — m. 

15.8(iii) Quadratic Transformations 

A quadratic transformation relates two hypergeometric 
functions, with the variable in one a quadratic function 
of the variable in the other, possibly combined with a 
fractional linear transformation. 

A necessary and sufficient condition that there ex- 
ists a quadratic transformation is that at least one of 
the equations shown in Table 15.8.1 is satisfied. 


Table 15.8.1: Quadratic transformations of the hyper- 
geometric function. 


Group 1 

Group 2 Group 3 

Group 4 


c = a — 5+1 a = b+ \ 


c= 2a 

c = b — a + 1 6=a+| 

c =\ 

c = 2 b 

c = \{a + b + 1) c = a + b + | 



a + b = 1 c = a + b — \ 



The hypergeometric functions that correspond to 
Groups 1 and 2 have z as variable. The hypergeomet- 
ric functions that correspond to Groups 3 and 4 have 
a nonlinear function of 2 as variable. The transforma- 
tion formulas between two hypergeometric functions in 
Group 2, or two hyper geometric functions in Group 3, 
are the linear transformations (15.8.1). 

In the equations that follow in this subsection all 
functions take their principal values. 


Group 1 


15 . 8.13 


15 . 8.14 


Group 2 


15 . 8.15 

15 . 8.16 


Group 3 






= (1- \z)~ a F\ 

V 2 ’ \ b+\ ’\2-z 


= (1 ~z) 


— a/2 p ( | a,b- 


b+\ ’ Az- 4 V 


Group 3 


F 

F 


a, b 

a — b + l ,Z 
a, b 

a — b + 1 ’ 


(1 + z)~ a F 
(1 -z)~ a F 


la,\a+\ 4z \ 
a -6 + 1 ’ (1 + zy)' 
\a,\a-b+\ -4 z \ 

a -6 + 1 ’ (1 -z) 2 )' 


I Ph(l ~Z) | < 7T, 
I ph(l — z) | < 7T. 

M < !. 


kl < 1- 
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15.8.17 

15.8.18 

15.8.19 

15.8.20 
Group 2 

15.8.21 

15.8.22 

15.8.23 



Group 2 

15.8.24 

15.8.25 

15.8.26 

Group 4 

15.8.27 


a. 6 


\a, + \ 4 z(z — 1) 


Fl i( a + b+l) ;Z J (1 2z) I 2 ( a + 6+l)’ ( 1 - 23)2 I’ 


a, b 


Fl i(a + b + iy*)= F (l(a+’kliy i!!(1 - z >)’ 


FI "-,z = (l- 2 2 ) 1 - a - c (l-x) c - 1 F' 2 


a, 1 — a 
c 

a, 1 — a 
c 


(a + c), |(a + c — 1) 42 ( 2 - 1 ) 
c 5 (1 - 20) 2 


F I - ' * I = (1 - 2 )‘- ■ F ( i {c - a) ' 5 <“ + c ' 0 ; 4*(1 - z) ) , 


a, a — b + \ _ 4-^/0 

2a -26 + 1’ (1 + v^) 2 )’ 


5R0 < |, 


3?0 < 


9?0 < 


3?0 < |. 


Group 1 

a, b 


a, b 


\{a + b+ 1)’ J V \/l - 0 1 + 1 a + 6 (a/1 - Z ~ L + 1 ) 2 ) 



•\/l — 0 1 — 1 \ 'a, | (a + 6) 4 -\/l — 0 1 


| ph 0 | < 7 r, | 0 | < 1 . 

| ph(— 0 )| < 7 T, 3?0 < 


^ 0^) = (\A-0- 1 -!) 1 a [y/i- z -i + i 


\a— 2c+l „ -1 / / 

) (1-0 


1 4V1 - 0” 1 


2c- 1 


(Vl-^ + l) / 

| ph(— 0 )| <7 r, 3?0 < |. 


Group 4 

p, a, 6 . \ _ , .-a r(a-b+ l)r(^) ~ b + I / 2 + 1 

“-6 + 1 1 V ( J r(ia + i)r(ia-6 + i)^ i ’U-J J 

+ (1 + z)(l . , r -. V r( - » F ( 1° ■ + 1 - 11 + 1 . 7 * + 1 N 2N 


r (ia) r (ia-6+ i) 


a, 6 A r(i(a + fo + l))r(i) w (\a,\b N 


0-1 


I Ph(— 0) | < 7 r. 


Fl -r = -n- \ pi 2-' 2 -(l-2z) 

*\i{a + b+iy Z ) r(ia+i)r(§6+§rl I ’ (1 ^ 


I 71 o~\ r (U a + b+1 )) r (-h) F (\ a+ bk b+ Lfl 0-12^ 

2 URnF) — l I A 1 ’ 


r(c)r(i) 


F( 0,1 a -0 ] = (1 - 0) c_1 

c ’ ) r(|(c-a + l))r(|c+ \a) 


F 


| ph z\ < 7T, | ph(l — 0)| < 7T. 

2 ^ 2 i 2^ 1 2“ 2 


!c — |a, ic + ia — 1 


;(l-20) 2 


+ (l-20)(l-0) 


c — 1 


r(c)r(-i) 


r (ic- |a)r(i(c + a- 1)) 




5 C “ 5 a + i l c + h a 

3 

2 


;(l-20) 2 , 


» Group 2 

2 r(i) r(a + 6 + i 

r( a '+i)r(6+i)' 


| ph z\ < 7 T, | ph(l — 0)| < 7 T. 

■ F(a, 6; 0) = F( 2 a, 26 ; a + b+ \\ \ - \\fz) + F( 2 a, 26 ; a + b + | + 51/0), 


| ph 0 1 < 7 T, | ph(l - 0 )| < 7 T. 
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15.8.28 

2y5rH)r( 0 + 6-§) 

r(a-i)r(b-|) 


(a, 6; §;z) 


= F(2a — 1, 26 — 1; a + b — | — |\/i) 

— F(2a — 1, 26 — 1; a + 6 — | 


| ph z| < 7r, | ph(l — z)\ <7 r. 


15.8(iv) Quadratic Transformations (Continued) 


When the intersection of two groups in Table 15.8.1 is not empty there exist special quadratic transformations, with 
only one free parameter, between two hypergeometric functions in the same group. 


Examples 

6 = + |, c= 2b = a — 6 + 1 in Groups 1 and 2. 

(15.8.21) becomes 

15.8.29 F 

This is a quadratic transformation between two cases in Group 1. 

We can also use (15.8.13), followed by the inverse of (15.8.15), and obtain 


a A a +l.A = ( 1 + ^T)- 2 “ f ( “’1°+!. 




- 


2 ’ ' 
3 


=■ a - 


k ’(! + ^) 2 


15.8.30 (l -\z) “fI 


a, Tja + 


2 7 2 


2-z, 


= F 


= (1 + z)~ a F 


which is a quadratic transformation between two cases in Group 3. 

For further examples see Andrews et al. (1999, pp. 130-132 and 176-177). 


1 

2 


a, jd + 

2 I 2 

3 a 3 


1 

2 


4z \ 

(i+W)’ 


15.8(v) Cubic Transformations 
Examples 

( 3a, 3 a 
F 

4a 

With C = e 2 ™/ 3 (l -z)/{z- e 4 ™/ 3 ) 

(i-,T / i 


15.8.31 





i,a+ \ 27z 2 {z — 1) 


2a - 


r (9^-s) 2 


15.8.32 


( -^ 3 ° v r ( a + i) r (i) 


F 


a, a 


3l“+le2“^r(a+ i)(l-C) a fa 

27rr(2a+|)(-C) 2a F [ 


3 ftz < 


9 ’ 



z| > 1, |ph(-z)| < h r. 


Ramanujan’s Cubic Transformation 
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15.8.33 



2 z)F 


1 2 

3 ’ 3 . ~3 
1 ~ 


provided that z lies in the intersection of the 
open disks |z— < |\/3, or equivalently, 

|ph((l — z)/(l + 2z))| < 7t/3. This is used in a cubic 
analog of the arithmetic-geometric mean. See Borwein 
and Borwein (1991), and also Berndt et al. (1995). 

For further examples and higher-order transforma- 
tions see Goursat (1881), Watson (1910), and Vidunas 
(2005); see also Erdelyi et al. (1953a, pp. 67 and 113— 
114). 


15.9(i) Orthogonal Polynomials 

For the notation see §§18.3 and 18.19. 

Jacobi 


15.9.1 


p{<*,P)( x \ = ( a+1 )n F f ~n,n + a + P + 1 . 
n\ \ a + 1 

Gegenbauer (or Ultraspherical) 

m (2A)„ _ / — ra, n + 2A 1 — x 
15.9.2 C^’(x )=- — j —F 1 


A + | 


15.9.3 C^\x) = {2 x) u ^f( 2 ^ 2 ^ 

7~L . \ 1 /\ Tl 
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15.9.4 (cos 9) = e nie y 1 F ( H ' X ;i 

n\ \ 1 — A — n 


-2 iS 


Chebyshev 


„ , . —n, n 1 — x 

15.9.5 T n (x) = F[ ; — - — 


15-9.6 U n (x) = (n + 1) F [ n ’™ + 2 .J_± 


Legendre 


15.9.7 P n ( x ) = F 


—n, n + 1 1 — x 


1 ’ 2 


Krawtchouk 

15.9.8 

— 71 — T 1 \ 

- N ; J’ n = 0 > 1 > 2 »--- iV ; 

compare also §15.2(ii). 

Meixner 

15 . 9.9 

Meixner-Pollaczek 


15.9.10 


(^)n 

n! 


— n, A + ix 
2A 



15.9(ii) Jacobi Function 

This is a generalization of Jacobi polynomials (§18.3) and has the representation 

^(cr -t- (3 T 1 *A), ^ (cr -t- [3 T 1 T tA) 


15.9.11 


<t>^\t) = F( =»' 


3< 

a + 1 


; — sinh 2 t ) . 

V a + i 

The Jacobi transform is defined as 

/*00 

15.9.12 /(A) = / /(t)^“ ,/3) (t)(2sinht) 2a+1 (2cosht) 2/3+1 dt, 

Jo 

with inverse 

15.9.13 


/(*) = 


1 

27T* 




(aj 3 ) ( ,x r(|(q + /3 + 1 + A)) r(A(q - /j + 1 + A)) 


T(a + 1) r(A)2“+^+ 1-A 


dA, 


where the contour of integration is located to the right of the poles of the gamma functions in the integrand, and 


15.9.14 


<F 


(«,/?) 


(t) = (2 COSh W 2 


| (a + (3 + 1 — *A) , \ (a — (3 + 1 — *A) 


1 — iA 


sech “ t . 


For this result, together with restrictions on the functions f(t) and /(A), see Koornwinder (1984a). 


15.9(iii) Gegenbauer Function 

This is a generalization of Gegenbauer (or ultraspheri- 
cal) polynomials (§18.3). It is defined by: 

15.9.15 

— r(q + 2A) ( -a, a + 2\_ 1 - 

“ 1 ’ r(2A)T(a + l) V A + | ’ 2 )‘ 

15.9(iv) Associated Legendre Functions; Ferrers 
Functions 

Any hypergeometric function for which a quadratic 
transformation exists can be expressed in terms of as- 
sociated Legendre functions or Ferrers functions. For 
examples see §§14.3(i)-14.3(iii) and 14.21(iii). 

For further examples see http://dlmf.nist.gov/ 
15.9. iv. 


15.10 Hypergeometric Differential Equation 
15.10(i) Fundamental Solutions 

mini , d 2 w , , , , dw 

15.10.1 z n _ z \ — + (c — (a + b + 1) z) — abw = 0. 

dz dz 

This is the hypergeometric differential equation. It has 
regular singularities at z = 0, 1, oo, with corresponding 
exponent pairs {0, 1 — c}, {0, c — a — &}, {a, &}, respec- 
tively. When none of the exponent pairs differ by an 
integer, that is, when none of c, c — a — b, a — b is an 
integer, we have the following pairs fi(z), f- 2 (z) of fun- 
damental solutions. They are also numerically satisfac- 
tory (§2.7(iv)) in the neighborhood of the corresponding 
singularity. 
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Singularity z — 0 


A A) = f 


15.10.2 


a, b 


\z > 


f 2 (z)=z l - c F 


a — c+1,6 — c+1 
2 — c 


, 


15.10.3 {A A), AA)} = (1 - c)^- c (i - A c_a_h_1 . 

Singularity z = 1 

a, 6 


A A) = F 


15.10.4 


a + b + 1 — c 


A A) = A - A 


c—a—b 


F 


;i--z ), 

c — a, c — 


1-2 


, c — a — b + 1 

15.10.5 r {AA). AA)} = (a + &-c) 2 - c (!- A) c-a-6-1 . 


Singularity z = oo 


f 1 (z) = z~ a F 


15.10.6 


a, a — c + 1 1 
a — b + 1 ’ z 




15.10.7 r {A A). AA)} = (a - &K C A - 1 )^- 6 - 1 . 

(a) If c equals n = 1,2,3,..., and a = 1, 2, , n— 1, 
then fundamental solutions in the neighborhood of 2 = 
0 are given by (15.10.2) with the interpretation (15.2.5) 
for AA)- 

(b) If c equals n = 1,2,3,..., and a A 1, 2, . . . , n— 1, 
then fundamental solutions in the neighborhood of 2 = 
0 are given by F(a, 6; n; 2 ) and 


F 


a, b 


n— 1 



\—k 


15.10.8 


or 


15.10.9 


or 


15.10.10 


A — fc — 1)!(1 - a) fe (l - A* 


A )*(&)*,*, 


f 1 


fc = 0 
— m, 6 


+ ^ ^ ('n)k\ Z ^ AA + A + V’A + A — V’A + A - AA + k )) , a, b ^ n — 1, n — 2, . . . , 0, —1, —2, . . . , 

(n — 1)! A — 1)! 


n— 1 


; 2 ) in 2 - ^ 


Zt A - fc- !) ! (m+ l) fc (! - 6) 


-(- 2 ) 


— /c 


^ ^ (A(l + to — /c) + AA + fc) — AA + k) — ip(n + k)) 


k = 0 


A) fe fc! 


00 (k — 1 — mV(b) 

(— 1 ) m m! ^ 1 x ; , -z fc , a = — to, m = 0, 1, 2, . . 6 ^ n — l,n — 2, . . . ,0, — 1, — 2, . . . , 


F 


k=m -\- 1 

— m, — £ 




n 


A)A ! 

n— 1 




A — l)!(fc — 1)! 


(n-fe-l)!(m+l) fc A+l), 


-(-2) 


— k 


(AA + m — k) + AA + £ — fc) — AA + k) — A A + k )) 


fc=0 


A) fc fc! 


( -!)A! f; (fc ~\r^!~ m)fc A 


fe=^+l 


A)fcfc! 


a = —to, to = 0, 1, 2, ... ; b = — £, £ = 0, 1, 2, . . . , to. 


Moreover, in (15.10.9) and (15.10.10) the symbols a and 
b are interchangeable. 

(c) If c equals 2 — n = 0, —1, —2, . . . , then fundamen- 
tal solutions in the neighborhood of 2 = 0 are given by 
z n— 1 times those in (a) and (b) with a and b replaced 
by a + n — 1 and b + n — 1, respectively. 

(d) If a + b + 1 — c equals n = 1,2,3,..., or 
2 — n = 0, —1, —2, . . . , then fundamental solutions in 
the neighborhood of 2 = 1 are given by those in (a), 
(b), and (c) with 2 replaced by 1 — 2 . 

(e) Finally, if a — b + 1 equals n = 1,2,3,..., or 
2 — n = 0, —1, —2, . . . , then fundamental solutions in the 


neighborhood of 2 = 00 are given by z~ a times those in 
(a), (b), and (c) with b and 2 replaced by a — c+ 1 and 
I/ 2 , respectively. 

15. 10(ii) Kummer’s 24 Solutions and 
Connection Formulas 

The three pairs of fundamental solutions given by 
(15.10.2), (15.10.4), and (15.10.6) can be transformed 
into 18 other solutions by means of (15.8.1), leading to a 
total of 24 solutions known as Kummer’s solutions. See 
http://dlmf.nist.gov/15.10.ii for Kummer’s solu- 
tions and their connection formulas. 
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15.11 Riemann’s Differential Equation 


15.11(i) Equations with Three Singularities 


The importance of (15.10.1) is that any homogeneous linear differential equation of the second order with at most 
three distinct singularities, all regular, in the extended plane can be transformed into (15.10.1). The most general 
form is given by 


15.11.1 


d I 2 u 

dz 2 


l — ai — 02 , 1 — bi — 62 , 1 — Ci — C2 \ dw 

dz 


z — a 


z -(3 


z — 7 


/ (a - P)(a - j)aia 2 (P - a){P ~ 7)6162 (7 - oQ (7 ~ P)c\c 2 \ 
\ z — a z — /3 z — 7 J 


(z - a)(z - P)(z - 7) 


= 0, 


with 

15.11.2 Oi + 02 + b\ + 62 + Ci + C 2 — 1. 

Here {01,02}, {61,62}, {<7,02} are the exponent pairs 
at the points a , (3, 7, respectively. Cases in which there 
are fewer than three singularities are included automat- 
ically by allowing the choice {0,1} for exponent pairs. 
Also, if any of a, (3, 7, is at infinity, then we take the 
corresponding limit in (15.11.1). 

The complete set of solutions of (15.11.1) is denoted 
by Riemann’s P-symbol: 

{ a (3 7 

Oi 61 Ci 

a 2 6 2 c 2 

In particular, 

I 0 1 

15.11.4 w = P< 0 0 

I 1 — c c — a — 6 

denotes the set of solutions of (15.10.1). 



15.11(ii) Transformation Formulas 

A conformal mapping of the extended complex plane 
onto itself has the form 


t= (kz + X)/(nz + u) , 

where k, A, /r, v are real or complex constants such that 
kv — \ fj, = 1. These constants can be chosen to map any 
two sets of three distinct points {a,/3, 7} and {a, P,j} 
onto each other. Symbolically: 


15.11.6 p 


a 

P 

7 ] 

I f « 

P 

7 

ai 

61 

Ci z 

= P 01 

61 

Cl 

a 2 

62 

C2 J 

la 2 

b 2 

C2 


The reduction of a general homogeneous linear differ- 
ential equation of the second order with at most three 
regular singularities to the hypergeometric differential 
equation is given by 


! ol P 7 

ai 61 ci 

a 2 6 2 c 2 


z — a 


z — 7 


z ~(3 

2 — 7 


0 1 00 

0 0 CL\ + 61 + Ci 

a 2 — a± b 2 — bi a\ + b\ + c 2 


(z-a)(P- 7) 
(2: - 7)(/3 - a) 


We also have 

15.11.8 


I 

f 0 

1 

OO 1 

1 [ 

r 0 

1 

OO 


z x (l-z) fi Pi 

1 01 

6l 

Cl z 

Up 

ai + A 

61 + n 

Ci — A — 

d z } 

1 

[d2 

62 

C 2 J 

1 1 

[a 2 + A 

62 + M 

c 2 — A — 

d J 


for arbitrary A and /i. 


15.12 Asymptotic Approximations 
15.12(i) Large Variable 

For the asymptotic behavior of F(a, 6; c; z) as z — > 00 
with a, 6, c fixed, combine (15.2.2) with (15.8.2) or 
(15.8.8). 


15. 12(ii) Large c 

Let S denote an arbitrary small positive constant. Also 
let a, 6, 0 be real or complex and fixed, and at least one 
of the following conditions be satisfied: 

(a) a and/or 6 € {0, —1, — 2 , . . . }. 

(b) < I and \c + n\ >5 for all b£ {0, 1, 2, . . . }. 


15.12 Asymptotic Approximations 
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(c) Jfo = \ and |phc| <7 r — 5. 

(d) > \ and a _ — + S < ph c < a+ + \tt — 6, 

where 

15121 ( ph 7„f:-f T )' 

with 2 restricted so that ±a± € [0, \i r). 

Then for fixed m £ {0, 1,2,...}, 

15 . 12.2 

F(a,b-,c;z)=J2 + 0(c~ m ), |c| — oo. 

5=0 5 

Similar results for other sectors are given in Wagner 
(1988). For the more general case in which a 2 = o(c) 
and b' 2 = o(c) see Wagner (1990). 

15. 12(iii) Other Large Parameters 

Again, throughout this subsection 5 denotes an arbi- 
trary small positive constant, and a,b,c,z are real or 


complex and fixed. 
As A — > oo, 


15 . 12.3 



r(c + A) 
r(c-6 + A) 


£«.(*)(&). A- S ” b , 

5=0 


where qo(z) = 1 and q s (z), s = 1, 2, ... , are defined by 
the generating function 

15 . 12.4 

1 OO 

e t(i-c) (i _ * + ze^y" = yy q s { z )t s . 

5=0 



If | ph(l — z) | < 7T, then (15.12.3) applies when | ph A| < 
\i t — S. If 'Rz < }, then (15.12.3) applies when 
| ph A | < 7r — <5. 

If | ph(z — 1)| < 7r, then as A — > oo with | ph A | < 
7T — <5, 


15 . 12.5 


a T A, b — A 
c 


f I 


I 1 dc— a— b— 1)/2 f 

( ;_ 1)e/a (A+ la - It) 1 '' (/ c -i((A + |a - J6)C)(1 + OfA" 2 )) 

J c _ 2 ((A+ia-i6)C) 


2A + a — b 


(c — |) (c — |) ( - — coth£ ) + A (2c — a - b — l)(a + b — 1) tanh(|C) + 0(A 2 ) 


where 


15 . 12.6 £ = arccosh 2 . 

For I v (z) see §10.25(ii). For this result and an extension to an asymptotic expansion with error bounds see Jones 

(2001). 

See also Dunster (1999) where the asymptotics of Jacobi polynomials is described; compare (15.9.1). 

If | ph z\ < 7T, then as A — > oo with | ph A| < 7r — 6, 



where 

15 . 12.8 


a = 




with the branch chosen to be continuous and > 0 when Jf( {z — l)/(z + 1) ) > 0. For U(a,z) see §12.2, and for 
an extension to an asymptotic expansion see Olde Daalhuis (2003a). 
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If | ph z\ < 7 r, then as A — > oo with | ph A | < ^7 t — 6, 


15 . 12.9 

(z + 1) 3A/2 (2A) c " 1 F 


cl H- A, b -J- 2A 




x -l/3 J' e 7ri(a-c+A+(l/3)) Ai J' e -27ri/3 A 2/3 /3 2j + e ^(c-a-A-(l/3)) A j ^ 2^/3 A 2/3 ^2^ (a 0 (C) + 0(A _1 )) 

+ A" 2/3 c+A+(2/3)) A j/ ^,-2ni/3 a 2/3^2 j + ^^-(2/3)) A 2/3 j g 2 j j (ai(^) + 0(X~ 1 )) 


where 

15 . 12.10 

15 . 12.11 


( = arccosh ( ^ 2 — l), 


/3H- 2 C- 


ln 


2 + eC A A 1/3 

2 + e-C 


with the branch chosen to be continuous and (3 > 0 when £ > 0. Also, 

15 - 12.12 «o(C) = \Gq{0) + |G 0 (— /3), ai (C) = (|Go(/3) - iGo(-/3)) //?, 

where 

15 . 12.13 Go(±/3) = (2 + e ±C) c - b -G/ 2 ) (! + e ±C) a - c+ (i/2) (. _ 1 _ e ±C) _a+(1 / 2 ) 

For Ai(z) see §9.2, and for further information and an extension to an asymptotic expansion see Olde Daalhuis 
(2003b). (Two errors in this reference are corrected in (15.12.9).) 

By combination of the foregoing results of this subsection with the linear transformations of §15.8(i) and the con- 
nection formulas of §15.10(ii), similar asymptotic approximations for F(a + eiA, b + e^X; c + eaA; z) can be obtained 
with e 9 - = ±1 or 0, 7 = 1,2,3. For more details see Olde Daalhuis (2010). For other extensions, see Wagner (1986) 
and Temme (2003). 


15.13 Zeros 

Let N(a, b, c) denote the number of zeros of F(a 1 6; c; z ) in the sector | ph(l — z) | < 7r. If a, b, c are real, a, b, c, c— a, 
c — b / 0, —1, —2, . . . , and, without loss of generality, b > a, c> a+b (compare (15.8.1)), then 

{ 0, a > 0, 

[— aj + 2(1 + 5), a < 0, c — a > 0, 

[— aj + |(1 + S) + [a — c + lj 5, a < 0, c — a < 0, 


where S = sign(r(a) r(6) T(c — a) T(c — b)). 

If a, 6, c, c - a, or c - 6 € {0, —1, —2, . . . }, then 
F(a, b ; c; z) is not defined, or reduces to a polynomial, 
or reduces to (1 — z) c ~ a ~ b times a polynomial. 

For further information on the location of real zeros 
see Zarzo et al. (1995). A small table of zeros is given 
in Conde and Kalla (1981). 

15.14 Integrals 


The Mellin transform of the hypergeometric function of 
negative argument is given by 


15 . 14.1 


X s - 1 F 


—x I dx = 


r(s) T(a — s) T(b — s ) 


T(a)T(b)T(c- s) ’ 
min(9?a, 3 %) > 3?s > 0. 
Integrals of the form J x a (x + t)P F(a , b ; c; x) dx and 
more complicated forms are given in Apelblat (1983, 


pp. 370-387), Prudnikov et al. (1990, §§1.15 and 2.21), 
and Gradshteyn and Ryzhik (2000, §7.5). 

Fourier transforms of hypergeometric functions are 
given in Erclelyi et al. (1954a, §§1.14 and 2.14). Laplace 
transforms of hypergeometric functions are given in 
Erdelyi et al. (1954a, §4.21), Oberhettinger and Badii 
(1973, §1.19), and Prudnikov et al. (1992a, §3.37). In- 
verse Laplace transforms of hypergeometric functions 
are given in Erdelyi et al. (1954a, §5.19), Oberhet- 
tinger and Badii (1973, §2.18), and Prudnikov et al. 
(1992b, §3.35). Mellin transforms of hypergeometric 
functions are given in Erdelyi et al. (1954a, §6.9), Ober- 
hettinger (1974, §1.15), and Marichev (1983, pp. 288- 
299). Inverse Mellin transforms are given in Erdelyi 
et al. (1954a, §7.5). Hankel transforms of hypergeomet- 
ric functions are given in Oberhettinger (1972, §1.17) 
and Erdelyi et al. (1954b, §8.17). 
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For other integral transforms see Erdelyi et al. 
(1954b), Prudnikov et al. (1992b, §4.3.43), and also 
§15.9(ii). 


For compendia of finite sums and infinite series in- 
volving hypergeometric functions see Prudnikov et al. 
(1990, §§5.3 and 6.7) and Hansen (1975). 


15.15 Sums 



Here Zq 0) is an arbitrary complex constant and the 
expansion converges when \z — zq\ > max(|zo|, |zo — 1|). 
For further information see Buhring (1987a) and Kalla 
(1992). 


15.16 Products 


15 . 16.1 




\z\ < 1, 


where Aq = 1 and A s , s = 1, 2, ... , are defined by the 
generating function 

15 . 16.2 

oo 

(1 - z) a+b ~ c F(2a, 2b- 2c-1-,z) = J2 A s z s , \z\ < 1. 

5=0 


Also, 

15 . 16.3 

15 . 16.4 


F 


a , b 




( a )s( b ) s (c- a )s( C ~ b )s 


s—0 


( C ) s ( C ) 2s s! 


(• zCfF 


; z + C - zQ , 


a + s, b + s 
c+2s 

Ml < !, ICI < 1, |*+C-*CI < !• 


F 


a, b 


z F 


— a , —b 


—c 


j * + 


ab(a — c)(b — c) 2^,^1 + a, 1 + & 


c 2 (l - c 2 ) 


2 F 


Generalized Legendre’s Relation 

l + \,~l - v 


1 + A + fi 


z F 


1 + v + n 


2 H - c 


\+ x '\- v . z \ F 

1+x+v ’ 1 


-,z) =1. 


1 — a, 1 — b 
2 — c 


~ \ I + v , _ 

1 + v + fi 


15 . 16.5 


— F 


2 + A ’2 ~ V ip 

1 + X + fl ’ 1 


j — A, 2 + ^ 

1 + z/ + yLi 


; 1 - 2: = 


r(i + a + //) r(i + is + n) 
r(A + n + v + 1) rQ + 1 /) 


| ph z\<ir,\ ph(l — z)\ <7 r. 


For further results of this kind, and also series of 
products of hypergeometric functions, see Erdelyi et al. 
(1953a, §2.5.2). 


Applications 

15.17 Mathematical Applications 

15. 17(i) Differential Equations 

This topic is treated in §§15.10 and 15.11. 

The logarithmic derivatives of some hypergeomet- 
ric functions for which quadratic transformations ex- 
ist (§15.8(iii)) are solutions of Painleve equations. See 
§32.10(vi). 


15. 17(ii) Conformal Mappings 

The quotient of two solutions of (15.10.1) maps the 
closed upper half-plane > 0 conformally onto a 
curvilinear triangle. See Klein (1894) and Hochstadt 
(1971). Hypergeometric functions, especially complete 
elliptic integrals, also play an important role in quasi- 
conformal mapping. See Anderson et al. (1997). 

15.17(iii) Group Representations 

For harmonic analysis it is more natural to represent hy- 
pergeometric functions as a Jacobi function (§15.9(ii)). 
For special values of a and f3 there are many group- 
theoretic interpretations. First, as spherical functions 
on noncompact Riemannian symmetric spaces of rank 
one, but also as associated spherical functions, inter- 
twining functions, matrix elements of SL(2,R), and 
spherical functions on certain nonsymmetric Gelfand 
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pairs. Harmonic analysis can be developed for the Ja- 
cobi transform either as a generalization of the Fourier- 
cosine transform (§1.14(ii)) or as a specialization of a 
group Fourier transform. For further information see 
Koornwinder (1984a). 

15.17(iv) Combinatorics 

In combinatorics, hypergeometric identities classify sin- 
gle sums of products of binomial coefficients. See Ego- 
rychev (1984, §2.3). 

Quadratic transformations give insight into the re- 
lation of elliptic integrals to the arithmetic-geometric 
mean (§19.22(ii)). See Andrews et al. (1999, §3.2). 

15.17(v) Monodromy Groups 

The three singular points in Riemann’s differential equa- 
tion (15.11.1) lead to an interesting Riemann sheet 
structure. By considering, as a group, all analytic trans- 
formations of a basis of solutions under analytic continu- 
ation around all paths on the Riemann sheet, we obtain 
the monodromy group. These monodromy groups are 
finite iff the solutions of Riemann’s differential equation 
are all algebraic. For a survey of this topic see Gray 
(2000). 

15.18 Physical Applications 

The hypergeometric function has allowed the develop- 
ment of “solvable” models for one-dimensional quantum 
scattering through and over barriers (Eckart (1930), 
Bhattacharjie and Sudarshan (1962)), and generalized 
to include position-dependent effective masses (Dekar 
et al. (1999)). 

More varied applications include photon scattering 
from atoms (Gavrila (1967)), energy distributions of 
particles in plasmas (Mace and Hellberg (1995)), con- 
formal field theory of critical phenomena (Burkhardt 
and Xue (1991)), quantum chromo-dynamics (Atkinson 
and Johnson (1988)), and general parametrization of 
the effective potentials of interaction between atoms in 
diatomic molecules (Herrick and O’Connor (1998)). 


Computation 

15.19 Methods of Computation 

15. 19(i) Maclaurin Expansions 

The Gauss series (15.2.1) converges for \z\ < 1. For 
z £ R. it is always possible to apply one of the linear 


transformations in §15.8(i) in such a way that the hy- 
pergeometric function is expressed in terms of hyper- 
geometric functions with an argument in the interval 

[°,§]- 

For z G C it is possible to use the linear transforma- 
tions in such a way that the new arguments lie within 
the unit circle, except when z = e ±lr */ 3 . This is because 
the linear transformations map the pair {e 7r */ 3 , e -7 ”/ 3 } 
onto itself. However, by appropriate choice of the con- 
stant zq in (15.15.1) we can obtain an infinite series that 
converges on a disk containing z = e ±7rl//3 . Moreover, it 
is also possible to accelerate convergence by appropriate 
choice of zq. 

Large values of |o| or |6|, for example, delay conver- 
gence of the Gauss series, and may also lead to severe 
cancellation. 

For further information see Buhring (1987a), Forrey 
(1997), and Kalla (1992). 

15.19(ii) Differential Equation 

A comprehensive and powerful approach is to integrate 
the hypergeometric differential equation (15.10.1) by di- 
rect numerical methods. As noted in §3.7 (ii) , the inte- 
gration path should be chosen so that the wanted so- 
lution grows in magnitude at least as fast as all other 
solutions. However, since the growth near the singular- 
ities of the differential equation is algebraic rather than 
exponential, the resulting instabilities in the numerical 
integration might be tolerable in some cases. 

15. 19(iii) Integral Representations 

The representation (15.6.1) can be used to compute 
the hypergeometric function in the sector | ph(l — z)\ < 
7 r. Gauss quadrature approximations are discussed in 
Gautschi (2002b). 

15.19(iv) Recurrence Relations 

The relations in §15.5(ii) can be used to compute 
F(a , 6; c; z), provided that care is taken to apply these 
relations in a stable manner; see §3.6(ii). Initial values 
for moderate values of |a| and \b\ can be obtained by 
the methods of §15.19(i), and for large values of \a\, |6|, 
or |c| via the asymptotic expansions of §§ 15. 12(ii) and 
15.12(iii). 

For example, in the half-plane 3?;: < | we can use 
(15.12.2) or (15.12.3) to compute F(a, b; c + N + 1; z) 
and F(a, b; c + N\ z), where N is a large positive inte- 
ger, and then apply (15.5.18) in the backward direction. 
When 3i.o > J it is better to begin with one of the lin- 
ear transformations (15.8.4), (15.8.7), or (15.8.8). For 
further information see Gil et al. (2006a, 2007b). 
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15.20 Software 

See http : //dlmf . nist . gov/ 15 . 20. 
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§ 15.9 For (15.9.1)-(15.9.10) see §§18.5(ii) and 18.20(ii). 
For (15.9.15) see Erdelyi et al. (1953a, §§3.15.1 
and 3.15.2). 

§ 15.10 Andrews et al. (1999, §2.3), Olver (1997b, 
pp. 163-168), and Luke (1969a, Chapter III). 
(15.10.9) is a corrected version of (2.3.20) in the 
first reference. 

§ 15.11 Andrews et al. (1999, §2.3) or Olver (1997b, 
pp. 156-158). 

§ 15.12 For (15.12.2) see Wagner (1988). The region of 
validity given in Luke (1969a, p. 235) is incorrect. 
For (15.12.3) see Luke (1969a, §7.2) and Olver 
(1997b, p. 162). The sector of validity given in 
the first reference is incorrect. See the third foot- 
note in the second reference. 

§ 15.13 Runckel (1971). 

§ 15.14 Andrews et al. (1999, §2.4). 

§ 15.16 Burchnall and Chaundy (1940, 1948) and El- 
liott (1903). For (15.16.4) use (15.8.2) and 

(15.8.4) , combined with (15.8.1) to show that the 
left-hand side of (15.16.4) is an entire function of 
2 . Then apply Liouville’s theorem (1.9(iii)). 
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Generalized Hypergeometric Functions and Meijer G-Function 


Notation 


16.1 Special Notation 


(For other notation see pp. xiv and 873.) 


p,q 

k, n 


z 


5 ^2 5 • • • 1 

bl , i>2 , • • • , b q 
S 


a 


b 

( a ) fc 

(b) fc 


D 

d 


nonnegative integers, 
nonnegative integers, unless 
stated otherwise, 
complex variable. 

real or complex parameters. 

arbitrary small positive constant, 
vector (ai, <Z2, • • • , a p ). 
vector (bi,b 2 , ■ ■ ■ ,b g ). 

( a l)fc( a 2)fc ' ’ ’ ( a p)k ■ 

(bi ) k {b 2 ) k ---{b q ) k . 
d/dz . 
z d/dz . 


The main functions treated in this chap- 
ter are the generalized hypergeometric function 
pF q ( // ; z'j , the Appell (two- variable hypergeomet- 
ric) functions Fi(a; /?, f3'; 7; x, y), F 2 (a; /3, 7, 7'; x, y), 
F 3 (a,a'-,f3,f3'-,'y,x,y), F 4 (a; /3; 7, 7'; x, y), and the Mei- 
jer G-function G" pq l (z: . Alternative no- 

tations are p F q (*;z), p F q (ai , . . . , a p ; bi, . . . , b q ; z), 
and p F q (a;b;z) for the generalized hypergeometric 
function, Fi(a, /3, /3'; 7; x, y), F 2 (a, (3, /?'; 7, 7'; x, y), 

F 3 (a, a', /3, /3'; 7; x, y), F 4 (a, /3; 7, 7'; x, y), for the Ap- 
pell functions, and G™^ n (2:; a; b) for the Meijer G- 
function. 


Generalized Hypergeometric 
Functions 


16.2 Definition and Analytic Properties 

16.2(i) Generalized Hypergeometric Series 

Throughout this chapter it is assumed that none of the 
bottom parameters 61, b 2 , ■ . . , b q is a nonpositive inte- 
ger, unless stated otherwise. Then formally 



Equivalently, the function is denoted by P F q (^;z) or 
p F q ( a; b; z), and sometimes, for brevity, by p F q {z). 

16.2(ii) Case p < q 

When p < q the series (16.2.1) converges for all finite 
values of z and defines an entire function. 


16.2(iii) Case p = q + 1 


Suppose first one or more of the top parameters aj is 
a nonpositive integer. Then the series (16.2.1) termi- 
nates and the generalized hypergeometric function is a 
polynomial in z. 

If none of the aj is a nonpositive integer, then the 
radius of convergence of the series (16.2.1) is 1, and 
outside the open disk <1 the generalized hyper- 
geometric function is defined by analytic continuation 
with respect to 2. The branch obtained by introducing 
a cut from 1 to +00 on the real axis, that is, the branch 
in the sector | ph(l — z)\ < n, is the principal branch 
(or principal value) of g +iF g (a; b; z)\ compare §4.2(i). 
Elsewhere the generalized hypergeometric function is a 
multivalued function that is analytic except for possible 
branch points at z = 0,1, and 00. Unless indicated oth- 
erwise it is assumed that in this Handbook generalized 
hypergeometric functions assume their principal values. 

On the circle \z\ = 1 the series (16.2.1) is absolutely 
convergent if > 0, convergent except at z = 1 if 
— 1 < 3?7 q < 0, and divergent if 3?7 g < — 1, where 

16.2.2 7 g = (61 + • • • + b q ) — (ai + • • • + a q + 1). 

16.2(iv) Case p > q + 1 


Polynomials 

In general the series (16.2.1) diverges for all nonzero 
values of z. However, when one or more of the top 
parameters aj is a nonpositive integer the series termi- 
nates and the generalized hypergeometric function is a 
polynomial in z. Note that if —m is the value of the nu- 
merically largest aj that is a nonpositive integer, then 
the identity 


16 . 2.3 


p+lFq 



_ ( a U-z) m P f-TO,l — m — b (— l)P+g 

( b ) m 9+1 P \ 1 — m — a ’ Z 

can be used to interchange p and q. 

Note also that any partial sum of the generalized hy- 
pergeometric series can be represented as a generalized 
hypergeometric function via 


16 . 2.4 

k w* 

_ (a ) m z m / — m, 1, 1 — to — b (— 1 )p+9 +1 

(b) m m! 9+2 P V 1 — m — a ’ 2 


Non-Polynomials 

See §16.5 for the definition of p F q ( a; b; z) as a contour 
integral when p > q + 1 and none of the aj, is a nonposi- 
tive integer. (However, except where indicated otherwise 
in this Handbook we assume that when p > q+1 at least 
one of the a*, is a nonpositive integer.) 




16.3 Derivatives and Contiguous Functions 


405 


16.2(v) Behavior with Respect to Parameters 


Let 

16.2.5 


pFg( a i b; 2 ) — p-L q 


n- 1 a 


a i, 

bi, 


Ajp ' 


z) (T(h)---T(b q )) = 


OO 

£ r ( i>i + *> 


( a i)fc ■ ■ ■ ( a p) 


P>k 


■ T(b q + k) k\ 


compare (15.2.2) in the case p = 2, q = 1. When p < q + 1 and z is fixed and not a branch point, any branch of 
p F ? (a; b; z) is an entire function of each of the parameters ai, . . . , a p , 6i, . . . , b q . 


16.3 Derivatives and Contiguous Functions 
16.3(i) Differentiation Formulas 


16.3.1 


16.3.2 


16.3.3 


16.3.4 


d n f ai,...,a p \ _ (a) 

dz np q \b 1 ,...,b q ,Z ' 


(b)„ rF - 


d r ' 

dz 


pFq {^T bl'^j) = ^^ n+l ^n Zl n p+l F <l+l 


; 2 


dz" ‘ Zl 1 nFa 


CL 1 5 • • • i CLp 


P r q + 1 l 7 , ^ 

V7) b lt . ■ ■ ,b q 


; 2 


CZ. x H - . . . , CLp + Tl 

b\ + n, . . . ,b q + n ’ / 

7+ l,ai, . . . ,a p 

j + 1 — n,bi, . . . ,b q 

7 + n ) ^1 5 • • * 5 m 

bl,...,bq 

CLl 5 • • • 1 CLp 


z'’+ n -\ +1 F, 




Other versions of these identities can be constructed with the aid of the operator identity 


16.3.5 


dz 


dz n 


n= 1,2 , .... 


16.3(ii) Contiguous Functions 

Two generalized hypergeometric functions p F q (a.;h\ z) are (generalized) contiguous if they have the same pair of 
values of p and q , and corresponding parameters differ by integers. If p < q + 1, then any q + 2 distinct contiguous 
functions are linearly related. Examples are provided by the following recurrence relations: 

16.3.6 z 0 Fi(-; b+ 1; z) + 6(6 - 1) 0 Fi(-; 6; 2) - 6(6- 1) 0 Ti(-;6- 1; 7) = 0, 


3-62 


ai + 2, a2, 03 
61,62 


; 2 I Oi(ai + l)(l — 0)+ 3 i 7 2 


ai + 1, 02, a 3 
61, 62 


; 2 loi (6i + 6 2 — 3 ai— 2+2(201 — 02 — 03 + 1)) 


16.3.7 


+ 3-^2 ^ ^ ^ i ^ ((2ai — 6i)(2ai — 62) + a! — a 3 — 2(01 — 02) (01 — 03)) 


— 3 F 2 


ai - 1, a 2 , a 3 
61,62 


52 )(oi - 6i)(oi - 62) = 0. 


For further examples see §§13.3(i), 15.5(h), and the following references: Rainville (1960, §48), Wimp (1968), and 
Luke (1975, §5.13). 


16.4 Argument Unity 

16.4(i) Classification 

The function g+ iF g (a; b; 2) is well-poised if 

16.4.1 Ol + 61 = • • • = Ojq + bq = Q|J +1 + L 
It is very well-poised if it is well-poised and oi = 61 + 1. 

The special case ? i_if g (a; b; 1) is k-balanced if a q + 1 is a nonpositive integer and 

16.4.2 ai + • • • + o g+ i + k = 61 + • ■ ■ + bq. 

When k = 1 the function is said to be balanced or Saalschiitzian. 
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16.4(ii) Examples 

The function q +\F q with argument unity and general values of the parameters is discussed in Biihring (1992). Special 
cases are as follows: 


Pfaff-Saalschiitz Balanced Sum 


16.4.3 

when c + d = a + b+ l~ n, n = 0,1, 


/ —n, a, b \ = (c-a) n (c-b) n 
3 2 V c,d ’ J (c) n (c — a — b) n ’ 

. . See Erclelyi et al. (1953a, §4.4(4)) for a non-terminating balanced identity. 


Dixon’s Well-Poised Sum 


16.4.4 

when 

16.4.5 


3-^2 


a, b , c 

a — 6 + 1, a — c + 1 ’ 


1 = 


r(|a + 1) r(a - 6 + 1) r(a - c + 1) r(|a - 6 - c + 1) 
T(a+l)r(ia — 6 + l)r(^a — c + l) T(a — 6 — cTl) 


. — 2b — 2c) > —2, or when the series terminates with a = —n: 


3-C2 


— n, 6, c 

1 — b — n, 1 — c — n 1 


1 = 


0, n = 2k + 1, 

= ( (2 k)\ T(b + k)T(c + k)T(b + c + 2k) 


k\T(b + 2k)T(c + 2k)T(b + c + k) 


n = 2k, 


where k = 0, 1, ... . 


Watson's Sum 


16.4.6 


3-^2 


r(l) T(c + i)r(i(a + 6+l))r(c + 1(1 -a- b)) 
l(a + 6 + l),2c’ V “ r(l(a + 1)) T(§(&+ 1)) T(c+ 1(1 - a)) T(c+ |(1 - b )) 


; 1 = 


when $f(2c — a — b) > —1, or when the series terminates with a = — n. 

Whipple’s Sum 


16 4 7 F ( a ’ 1 ^ a ’ c .t\ = 71 ~r(d) T(2c — d+ 1)2 1 2c 

3 2 \d,2c-d + l' ) r(c+l(a-d+l))r(c+l^i(a + d))r(l(a + d))r(i(d-a+l))’ 

when SRc > 0 or when a is an integer. 


Dzrbasjan's Sum 

This is (16.4.7) in the case c = — n: 


16.4.8 


3-^2 


—n, a, 1 — a \ 
d, 1 — d — 2n ’ ) 


Rogers-Dougall Very Well-Poised Sum 


{U a + d ))n(U d - a + 1 ))n 

(h d )n(h( d+1 )) n 


n = 0, 1, ... . 


,, „ _ / a, ba + 1, b, c, d \ T(a — 6 + 1) T(a — c + 1) T(a — d + 1) T(a — 6 — c — d + 1) 

\±a,a-b+l,a-c+l,a-d+l J T(a + 1) T(a — 6 — c + 1) T(a — d — d + 1) T(a - c - d + 1) 

when 5R(6 + c + d — a) < 1, or when the series terminates with d = — n. 


Dougall's Very Well-Poised Sum 


16.4.10 


7-^6 


a, 1 a + 1, b, c, d, /, — n 

\a, a — 6 + 1, a — c + 1, a — d + 1, a — / + l,a + n+ l’ 


(a + l) n (g ~ b - c + l) w (a - b - d + 1),„ (a - c - d + l) n 
(a-b+ 1 ) n (a - c + l) n (a - d + l) n (a - b - c - d + 1)„ ’ 


n = 0, 1,..., 


when 2a + 1 = & + c + d+ / — n. The last condition is equivalent to the sum of the top parameters plus 2 equals the 
sum of the bottom parameters, that is, the series is 2-balanced. 


16.4 Argument Unity 
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16.4(iii) Identities 


16 . 4.11 


3F2 


a, b, c 
d, e 


1 = 


r(e) T(d + e — a — b — c) 


3 F 2 


a, d — b 7 d — c 
d,d + e — b — c 


r(e — a) T(d + e — b — c) 

when 9?(d + e — a — b — c) > 0 and 3f(e — a) > 0. The function 3 F 2 (a, b, c; d, e; 1) is analytic in the parameters 
a, &, c, d , e when its series expansion converges and the bottom parameters are not negative integers or zero. (16.4.11) 
provides a partial analytic continuation to the region when the only restrictions on the parameters are 5i(e — a) > 0, 
and d, e, and rf+e-6-c/0, —1, .... A detailed treatment of analytic continuation in (16.4.11) and asymptotic 
approximations as the variables a, b , c, d, e approach infinity is given by Aomoto (1987). 

There are two types of three-term identities for 3 T 2 ’ s. The first are recurrence relations that extend those for 
2 -Fi’s; see §15.5(ii). Examples are (16.3.7) with z = 1. Also, 


16 . 4.12 


and 

16 . 4.13 


(a - d)(b - d)(c - d) ( 3 F 2 


a, 6, c 


v d - 1- 1, e 

= d(d — l)(a + b + c — d — e + 1) ( 3 F 2 


1 ) - 3F2 
a, 6, c 


a,b,c 
d , e ’ 


d, e ’ 


; 1 1 - 3^2 


+ abc 3 F 2 
a, b , c 


a, b, c 
d , e ’ 


d — 1, e ’ 


; 1 


3 F 2 


a, 6, c 
d , e ’ 


c(e - a) /a,b+l,c+l \ 
de 32 \d+l,e+l’y 


d — c 
d 


3F2 


f a,b + l,c \ 
\ d+l,e ’ )■ 


Methods of deriving such identities are given by Bailey (1964), Rainville (1960), Raynal (1979), and Wilson (1978). 
Lists are given by Raynal (1979) and Wilson (1978). See Raynal (1979) for a statement in terms of 3j symbols 
(Chapter 34). Also see Wilf and Zeilberger (1992a,b) for information on the Wilf-Zeilberger algorithm which can be 
used to find such relations. 

The other three-term relations are extensions of Rummer’s relations for 2 ^ 1 ’s given in §15.10(ii). See Bailey 
(1964, pp. 19-22). 

Balanced 4743 ( 1 ) series have transformation formulas and three-term relations. The basic transformation is given 


by 

16 . 4.14 


/-n,a,b,c \ = (e-a) n (f-a) n f - n,a 7 d-b,d- c 

V / (e)n(/)n 4 3 \d,a- e-n+l,a- f -n+V 


when a+b+c—n + 1 = d + e + f. These series contain 6 j symbols as special cases when the parameters are integers; 
compare §34.4. 

The characterizing properties (18.22.2), (18.22.10), (18.22.19), (18.22.20), and (18.26.14) of the Hahn and Wilson 
class polynomials are examples of the contiguous relations mentioned in the previous three paragraphs. 

Contiguous balanced series have parameters shifted by an integer but still balanced. One example of such a 
three-term relation is the recurrence relation (18.26.16) for Racah polynomials. See Raynal (1979), Wilson (1978), 
and Bailey (1964). 

A different type of transformation is that of Whipple: 


p ( a, + 1, b, c, d, e, f \ 

\ ha, a - b + 1, a — c + 1, a — d + 1, a — e + 1, a — / + 1 ’ / 

T(a — d + 1) T(a — e + 1) T(a — / + 1) T(a — d — e— / + 1) / a — b — c + 1, d, e, / 

T(a + 1) T(a — d — e + 1) T(a — d — / -(- 1) T(a — e — / + 1) 4 3 \a — b + 1, a — c + 1, d + e + / — a’ )' 
when the series on the right terminates and the series on the left converges. When the series on the right does not 
terminate, a second term appears. See Bailey (1964, §4.4(4)). 

Transformations for both balanced 4743 ( 1 ) and very well-poised 7 ^( 1 ) are included in Bailey (1964, pp. 56-63). A 
similar theory is available for very well-poised g74 g (l)’s which are 2-balanced. See Bailey (1964, §§4.3(7) and 7.6(1)) 
for the transformation formulas and Wilson (1978) for contiguous relations. 

Relations between three solutions of three-term recurrence relations are given by Masson (1991). See also 
Lewanowicz (1985) (with corrections in Lewanowicz (1987)) for further examples of recurrence relations. 


16.4(iv) Continued Fractions 

For continued fractions for ratios of 3 F 2 functions with argument unity, see Cuyt et al. (2008, pp. 315-317). 
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16.4(v) Bilateral Series 

Denote, formally, the bilateral hypergeometric function 


16.4.16 

Then 

16.4.17 


_ ^2 ( ai )fc • • ■ ( q p)fc „k 


a 1 ,...,a p - = 

P ( & i)fc ■ ■ • (M fc 


'a, 5 \ r(c) T(d) r(l - a) r(l - 6 ) r(c + d - a - 6 - 1 ) 

2 2 c,d’ ) T(c — a) r(d — a) T(c — 6 ) T(d — 6 ) 


9?(c + d — a — 6 ) > 1 . 


This is Dougall’s bilateral sum ; see Andrews et al. (1999, §2.8). 


16.5 Integral Representations and Integrals 


When z ^ 0 and au 7 ^ 0, —1, —2, . . . , k = 1, 2, . . . ,p, 


16.5.1 il r M / II r ( & fc) 


P 

P r 9 


= 2 ^ / ( n r (^+ s ). 


n r(6 fc + s) )r(-s)(- 2 ) s ds, 

k=l 


CL \ , . . . , Cip 

,fe= 1 / fc=l / \bl,...,bq / 4HIJ L \k=l 

where the contour of integration separates the poles of T(cifc + s), k = 1, . . . ,p, from those of T(— s). 

Suppose first that L is a contour that starts at infinity on a line parallel to the positive real axis, encircles the 
nonnegative integers in the negative sense, and ends at infinity on another line parallel to the positive real axis. Then 
the integral converges when p < q + 1 provided that z/ 0 , or when p = q+ 1 provided that 0 < \z\ < 1 , and provides 
an integral representation of the left-hand side with these conditions. 

Secondly, suppose that L is a contour from —zoo to zoo. Then the integral converges when q < p + 1 and 
| ph(— z)\ < (p+ 1 — q) 7 t/ 2 . In the case p = q the left-hand side of (16.5.1) is an entire function, and the right-hand 
side supplies an integral representation valid when | ph( — z)\ < 7 t/ 2 . In the case p = q + 1 the right-hand side of 
(16.5.1) supplies the analytic continuation of the left-hand side from the open unit disk to the sector | ph(l — z)| < 7 r; 
compare §16.2(iii). Lastly, when p > q + 1 the right-hand side of (16.5.1) can be regarded as the definition of the 
(customarily undefined) left-hand side. In this event, the formal power-series expansion of the left-hand side (obtained 
from (16.2.1)) is the asymptotic expansion of the right-hand side as z — > 0 in the sector | ph(— z)\ < (p+1 — q — 6 )tt/2, 
where <5 is an arbitrary small positive constant. 

Next, when p < q, 


16.5.2 


16.5.3 


16.5.4 


p+lFq+l 


f 0-0, 

\b 0 , 


= 


T (bo) 


p+lFq 


pFq+1 


r(oo) r(6 0 — a 0) Jo 

O 0 , • ■ • , Op \ 1 

h,...,b q 


t a °~ 


\l-t) b °- a °- l pF q 


11 ' ' ’ ’ C , lp ; zt] dt, Hibo > 3?ao > 0, 
1 , ■ ■ ■ ,b q J 


z = 


0 1 , . 

bo, ■ 


Ap ' 


r(a 0 ) 
r (bp) 

2ni 


f a 0-1 p 

v p 1 - q 


d \ , . . . , dp 

bi,---,b q 


/*C +200 


0 L p- 1 - q 


zt ) dt, IRz < 1 , 3?o 0 > 0 , 


dt, c > 0 , Sft&o > 0 . 


7l> ■ 


In (16.5.2)-(16.5.4) all many-valued functions in the integrands assume their principal values, and all integration 
paths are straight lines. 

(16.5.2) also holds when p = q + 1, provided that | ph(l — z)\ < n. In (16.5.3) the restriction < 1 can be 
removed when p < q. (16.5.4) also holds when p = q + 1, provided that max(0, Sftz) < c. Lastly, the restrictions on 
the parameters can be eased by replacing the integration paths with loop contours; see Luke (1969a, §3.6). 

Laplace transforms and inverse Laplace transforms of generalized hypergeometric functions are given in Prudnikov 
et al. (1992a, §3.38) and Prudnikov et al. (1992b, §3.36). For further integral representations and integrals see 
Apelblat (1983, §16), Erdelyi et al. (1953a, §4.6), Erclelyi et al. (1954a, §§6.9 and 7.5), Luke (1969a, §3.6), and 
Prudnikov et al. (1990, §§2.22, 4.2.4, and 4.3.1). 


16.6 Transformations of Variable 

Quadratic 

r, ( a,b,c 

16 ' 6 ' 1 3jF M 7,1 

\a — o + l, a — c +1 


= (!-*)' 


3 r 2 


a — b — c + 1, ba, |(a + 1) —4 z 


a — 6+1, a — c+1 


(1 


16.7 Relations to Other Functions 
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Cubic 


16 . 6.2 


/a, 2b — a — 1, 2 — 2b + a 
s p 2 ( l _ , , 3 ; 7 ) = (! - z ) 


b,a — b + 


3 r 2 


3 a, 3 a + 3 , 3 a + 3 . 


b, a — b + | 


—27z \ 

4(1 - z ) 3 

For Kummer-type transformations of 2 -F 2 functions see Miller (2003) and Paris (2005a), and for further transfor- 
mations see Erdelyi et al. (1953a, §4.5). 


16.7 Relations to Other Functions 

For orthogonal polynomials see Chapter 18. For 3 j, 6 j, 9 j symbols see Chapter 34. Further representations of special 
functions in terms of p F q functions are given in Luke (1969a, §§6.2-6. 3), and an extensive list of q +\F q functions 
with rational numbers as parameters is given in Krupnikov and Kolbig (1997). 


16.8 Differential Equations 

16.8(i) Classification of Singularities 

An ordinary point of the differential equation 
d n w „ , ,(f - 1 


Jn — 2 


16 . 8.1 


+ fn-l(z)- 


W , , , ^ 

3T + fn- 2 {z) n—2 


W 


+ M z )^7 + fo(z)w = 0 


dz n ■ dz n ~ L ' ' dz r ‘ 

is a value Zq of z at which all the coefficients fj(z), j = 0, 1, . . . , n — 1, are analytic. If 20 is not an ordinary point but 
(z — zo) n ~ J fj(z), j = 0, 1, . . . , n — 1, are analytic at z = Zq, then zg is a regular singularity. All other singularities 
are irregular. Compare §2.7 (i) in the case n = 2. Similar definitions apply in the case zo = 00 : we transform 00 into 
the origin by replacing z in (16.8.1) by 1 / z\ again compare §2.7 (i). 

For further information see Hille (1976, pp. 360-370). 




->= 4 , 

dz 


16.8(ii) The Generalized Hypergeometric Differential Equation 

With the notation 

16 . 8.2 

the function w = p F q ( a; b; z) satisfies the differential equation 

16 . 8.3 ($($ + 61 — 1) ■ • • ($ + b q — 1) — z(d + Oi) 
Equivalently, 

16 . 8.4 


(i9 + a p )) w = 0. 
q 

z q D q+1 w + ^ z-’~ 1 (ajZ + f3j)Diw + a 0 w = 0, 


3 =1 


or 

16 . 8.5 


4(1 — z)D q+1 w + ^ 4 1 (ajZ + [3j)D q w + aow = 0, 


P<<L 


P=Q+ 1, 


3 =1 


where cu, and /3j are constants. Equation (16.8.4) has a regular singularity at z = 0, and an irregular singularity at 
z = 00 , whereas (16.8.5) has regular singularities at z = 0, 1, and 00 . In each case there are no other singularities. 
Equation (16.8.3) is of order max (p, q + 1). In Letessier et al. (1994) examples are discussed in which the generalized 
hypergeometric function satisfies a differential equation that is of order 1 or even 2 less than might be expected. 

When no bj is an integer, and no two bj differ by an integer, a fundamental set of solutions of (16.8.3) is given 
by 

p , z \ w .( z )= M F ( 1 + oi - bj , . . . , 1 + a p - bj 

q )’ A) ~ pq (2-b j ,l + b 1 -b j , 1 + 6 , - 6 / 

where * indicates that the entry 1 + bj — bj is omitted. For other values of the bj , series solutions in powers of z 
(possibly involving also lnz) can be constructed via a limiting process; compare §2.7(i) in the case of second-order 
differential equations. For details see Smith (1939a, b), and Nprlund (1955). 

When p = q + 1, and no two a 3 differ by an integer, another fundamental set of solutions of (16.8.3) is given by 

aj , 1 — 61 + a,j , . . . , 1 — b q + aj 1 ' 

. j , . . . - i . . . . , x a q j-i G/j 


16 . 8.6 w 0 (z) = p F q ( ^ ’ jy ; 2 


3 = T 


16 . 8.7 


w o( z ) = (~ z ) 


~ ai q+ iF q 


1 — ai + a,-, 1 — a n+1 -t - a, z 


j = q + i, 
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where * indicates that the entry 1 — a,j + a,j is omitted. We have the connection formula 


16.8.8 


q+lFq 


a i, • ■ ■ , a q + 1 

A 


;z 


9+1 


9+1 


= E n 


9=1 


k — 1 


r(afc a,j ) 

r(a fc ) 


n 

fc=l 


r(6 fc -aj) 




|ph(-2)| < 7T. 


More generally if zq (e C) is an arbitrary constant, | z — Zq\ > max(|zo|, \zq — 1|), and | ph(zo — z)\ < 7 r, then 

«!,•••; Uq+l 


9+1 / 9 

n r(o fc ) / n r A) ) ,+1 F q 

fc= 1 / fc=l 


bi,...,b q 


;z 


16.8.9 


<?+l 00 

= E (*° - z)~ aj 

3 = 1 


n — 0 


r(«i + «) f 'Jj- 1 r(afc _ a . _ n) / ^ r(6fc _ a . _ n) 

fc=l / /c— 1 


^ 

n! 


X 9+1^9 


_ aj — n, . . . , a g +i — aj — n 


, , ;z 0 ) (z- z 0 ) . 

bi — aj — n , . . . , o 9 — aj — n J 

(Note that the generalized hypergeometric functions on the right-hand side are polynomials in zq.) 

When p = q + 1 and some of the aj differ by an integer a limiting process can again be applied. For details see 

Nprlund (1955). In this reference it is also explained that in general when q > 1 no simple representations in terms of 

generalized hypergeometric functions are available for the fundamental solutions near z = 1. Analytical continuation 

formulas for q+ iF q { a; b; z) near z =1 are given in Biihring (1987b) for the case q = 2, and in Biihring (1992) for the 

general case. 


16.8(iii) Confluence of Singularities 

If p < q, then 


16.8.10 


lim 


M ■ 


p+lFq 


d\ 5 • • . j CLp , Of . Z 

bi,...,b q 


z\ a 1 ,...,a p 


Thus in the case p = q the regular singularities of the function on the left-hand side at a and 00 coalesce into an 
irregular singularity at 00 . 

Next, if p < q + 1 and | ph/3| < tt — 5 (< 7r), then 


16.8.11 


lim p F q+ 1 ( ai ’ • ' ' ,ap if3z) =pF q ( a h 1, '" ,a h P ;z), 
\@\ \bi,...,b q ,(3 J \bi,...,b q J 


provided that in the case p = g+1 we have \z\ < 1 when | ph/3| < |7r, and \z\ < \ sin(ph/?)| when ^7r < | ph/3| < tt — S 

(< it). 


16.9 Zeros 

Assume that p = q and none of the aj is a nonpositive integer. Then p F p ( a; b; z) has at most finitely many zeros if 
and only if the aj can be re-indexed for j = 1 , ... ,p in such a way that aj — bj is a nonnegative integer. 

Next, assume that p = q and that the aj and the quotients (a) -/(b) • are all real. Then p F p ( a; b; z) has at most 
finitely many real zeros. 

These results are proved in Ki and Kim (2000). For further information on zeros see Hille (1929). 


16.10 Expansions in Series of p F q Functions 


The following expansion, with appropriate conditions and together with similar results, is given in Fields and Wimp 
(1961): 


16.10.1 


pj-rFqj-s 

OO 

= E 

k—0 


f 1 • • • ? . 

\bi, . ■ ■ ,b q ,di, . . 

( a )fc( a )fc(/ 3 )fc(~ 2: ) 

(b)fe(7 + fc) fc fc! 



k 

- p+2-Fq-K 


a + k, (3 + k, a\ + k , . . . , a p + k 
7 + 2 k + 1 , &i + k , . . . , b q + k 


r+2-F s +2 


Here a, (3, and 7 are free real or complex parameters. 


—k, 7 + fc, ci, . . . , c r 
o, /?, d \ , . . . , d s 
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The next expansion is given in Nprlund (1955, equation (1.21)): 


16 . 10.2 


P+iFp 


d \ , . . . , dp- (-1 
b\ i • • • j bp 


;< =(!- z)~ 


Lir p+1 ^ 


k = 0 


fc , d 2 , . . . , dp - )_i 

bi , • • • j bp 


;C 


z- 1 


When |£ — 1| < 1 the series on the right-hand side converges in the half-plane Sftz < 

Expansions of the form ^])(( =1 (±l) n p F p+ i (a; b; —n 2 z 2 ) are discussed in Miller (1997), and further series of gener- 
alized hypergeometric functions are given in Luke (1969b, Chapter 9), Luke (1975, §§5.10.2 and 5.11), and Prudnikov 
et al. (1990, §§5.3, 6.8-6.9). 

16.11 Asymptotic Expansions 

16.11(i) Formal Series 

For subsequent use we define two formal infinite series, E pq (z) and H p ^ q (z), as follows: 

o° u—k 

E p , q {z) = { 2n)^V 2 K-''-WVe Kzl/K J2 c k( Kzl/K J > P<9 + 1, 


16 . 11.1 


16.H.2 H p>q (z) = 


m=l k = 0 


(~i) A 

fc! 


k = 0 

r(a m + fc) ( n r (cq? - a m - fc) / n r(^ - a m - fc ) 

i = i / &=i 


— a ™ —k 


In (16.11.1) 

16 . 11.3 

and 

16 . 11.4 

where 

16 . 11.5 


K = q — P + 1 , V = d\ 


dp-bi b q + -p), 


fc-i 


C 0 = l, Ck^-^Yl 


q + 1 

efe.m = (1 - ^ - Kbj + to) 

1=1 


/t+fe— m 


Cm&k ,ra > 


fc > l, 


ra =0 


P / 9+1 

n - &i) / n (be - 6j) 
£=1 / ^=1 
' 1*3 


and & 9 +i = 1. 

It may be observed that H p q (z) represents the sum of the residues of the poles of the integrand in (16.5.1) at 
s = —aj, —dj — 1, ... , j = 1, . . . ,p, provided that these poles are all simple, that is, no two of the dj differ by an 
integer. (If this condition is violated, then the definition of H p ^ q (z) has to be modified so that the residues are those 
associated with the multiple poles. In consequence, logarithmic terms may appear. See (15.8.8) for an example.) 

16.11(ii) Expansions for Large Variable 

In this subsection we assume that none of a±, a 2 , . . • , a p is a nonpositive integer. 

Case p — q + 1 

The formal series (16.11.2) for H q+ i^{z) converges if \z\ > 1, and 

o-i > • • • 5 o q+ i 


16 . 11.6 

compare (16.8.8). 

Case p = q 

As z — > oo in | ph z\ < n , 

16 . 11.7 


( ffrw/nrw ) q+ iF q 
\e = i / e=i 


bi,...,b q 


Z ) — H q . fl ig ( z), 


I ph(— -)l < tt; 


n r( 0 <) / ft nh ) ) q F q 

<=i / 1= i 


ai, 


Hg^ze^) + Egjz), 


h,...,b q 

where upper or lower signs are chosen according as z lies in the upper or lower half-plane. (Either sign may be used 
when ph z = 0 since the first term on the right-hand side becomes exponentially small compared with the second 
term.) 

For the special case d\ = 1, p = q = 2 explicit representations for the right-hand side of (16.11.7) in terms of 
generalized hypergeometric functions are given in Kim (1972). 
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Case p = q — 1 

As 2 — > oo in | ph z\ < n, 
' 9-1 


16 . 11.8 


ffr(«<) / ft r (M) ~H q -x, q {z) + E q - hq (ze-™) +E q _ ltq (ze”). 

?=1 / t=l J \ Oi,...,O q J 


Case p < q — 2 

As z — > oo in | ph z\ < n, 


16 . 11.9 


p 

n 

t=i 


Q 

n 

£= 1 


Un^e)/ Um)) P F q ( ~E Piq (ze~™) + E p , q (zen- 


16. 1 1 (iii) Expansions for Large Parameters 


If z is fixed and | ph(l — z)\ < tt, then for each nonnegative integer m 

16 . 11.10 

(a x + r,..., a k -x + r, a k , . . . , a p+1 _ \ = {ax + r) n • ■ • (ffl fc - i + r) n (a k ) n ■ ■ ■ {a P +i) n zF_ ( J_\ 
P+1 P \ bx + r,...,b k + r,b k+1 ,...,b p ,Z ) ^ (&i + r) n ■ ■ ■ {b k + r) n {b k+1 ) n ■ ■ ■ (b p ) n n\ \r m )' 

as r — > +oc. Here k can have any integer value from 1 to p. Also if p < q, then 


16 . 11.11 


fax + r, ...,a p + r \ = y^ 1 («i + r) n ■ ■ ■ (a p + r) n z n Q ( 1_ 

\bx + r,...,b q + r ,Z ) ^ {bx + r) n ■ ■ ■ {b q + r) n n\ \ r ^~p) 


again as r — > +oo. For these and other results see Knottnerus (1960). See also Luke (1969a, §7.3). 

Asymptotic expansions for the polynomials p+ 2 F q {— r, r + ag, a; b; z) as r — > oo through integer values are given 
in Fields and Luke (1963a, b) and Fields (1965). 


16.12 Products 


16 . 12.1 

16 . 12.2 

More generally, 

16 . 12.3 


„ , , s „ Ua + 6 ), \{a + b - 1) 

oFx{-;a;z) 0 Fx{-;b-,z) = 2 F 3 2 ;4z\. 

a, b, a + b — 1 


a, b \\ _ / 2a, 26, a + b 

2 Fx ( , , , i ; z J J — 3F2 ( , 1 „ . ; z 1 . 


a + b+n’ ) ) ° z Va + 6+i,2a + 26’ 




“ _ ( 2a )fc( 2fe )fc( c 2 )fe p ( \k,\{l-k),a + b-c+\,\ 

~ / . /A /n„ A 7.1 4^3 | 1 7 , I 3 7. _ 1 1 I Z 1 


k = 0 


(c) fc (2c- l) fc fc! 


|,6+i,| — A; — c 


For further identities see Goursat (1883) and Erdelyi et al. (1953a, §4.3). 


W < 1. 


Two- Variable Hypergeometric Functions 

16.13 Appell Functions 

The following four functions of two real or complex variables x and y cannot be expressed as a product of two 2 A 
functions, in general, but they satisfy partial differential equations that resemble the hypergeometric differential 



16.14 Partial Differential Equations 
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equation (15.10.1): 

16 . 13.1 Fi(a\ (3, f3'] 7; X, y) = £ ^™+n(P) m W')n ^ 

m n-n w )m+n m - n - 


16 . 13.2 


16 . 13.3 


16 . 13.4 


m,n=0 

oo 


n r a a> I \ ( a )m+nMm(^)n m n 

^2 (a; A /3 ; 7, 7 ; x, y ) = > , w n r“r x 


771,71=0 


F 3 (a,a'-,P,(3’-,r,x,y)= £ ( a U“%(/3Uff) 

z min! 


771,71=0 

OO 


771+71 ' 

771+71 771 71 




max (|ar| , |y|) < 1, 

1*1 + lz/1 < i, 

max (|o:|, \y\) < 1, 


//t.' / / L \ / lib //fc fffc ll- 

h)m+n mM 

V\x\ + V\y\ < !• 

Here and elsewhere it is assumed that neither of the bottom parameters 7 and 7' is a nonpositive integer. 


16.14 Partial Differential Equations 
16.14(i) Appell Functions 


16 . 14.1 


16 . 14.2 


16 . 14.3 


d 2 Fi d 2 Fi dFi &Fi 

*(1 - x) — 2 ~ + 2/(1 - x) + (7 - (a + (3 + 1)*) - /3y-^ - - a(3F 1 = 0, 


dx z 
r) 2 F 

yi 1 - y)-^r + x 0- - y) 

dy 

„ ,d 2 F 2 

x(l — x)^— ^ — xy 


dxdy 

9 Fl + (7 ~(a + /3' + 1)? /) ~ ~ a P' Fl = °> 


dxdy 

d 2 F 2 


dx 
dF\ 
dy 


dy 
Q/ „dF\ 
dx 


dx z 


dF dF 

dx dy + (7 - (a + P + 1W ~d - to-si - ai3Fl = °’ 


2/(1 - y ) 


d 2 F 2 d 2 F 2 , , , , , ^ ,dF 2 ol dF 2 a , „ n 

|1_W , = 0 ’ 


,, ,d 2 F 3 

*(!-*) + 2/ 


9*" 


Q^Qy + (7 - (a + P + 1)*) — a/3 F 3 = 0, 


d 2 F- 

vlX-y)-^i 

dy 

m + 2 F 4 0 d 2 F 4 

*(1 - _ 2 xt/- 


3 ' ^ dx^)y + ^~ F + ^ + _ a 'P' F s = °> 


16 . 14.4 


dx 2 

,<9 2 F 4 


2/(! - 2/)++ - 2 xy^^ x 


<9x <9y 
d 2 F 4 
dx dj/ 


,d 2 F 4 

dy 2 

,d 2 i7 

dx 2 


dF, 


dF 4 


+ (7 - (a + (3 + l)x) — (a + (3 + l)j/— a(3F i = 0 


dx 

dFj 

dy 


dy 


2W ^ 4 + (7 ' - (a + /? + 1)2/) -7^7 - (a + /3 + l)x^F - a/3F 4 = 0. 


16. 14(ii) Other Functions 

In addition to the four Appell functions there are 24 other sums of double series that cannot be expressed as a 
product of two 2-Fi functions, and which satisfy pairs of linear partial differential equations of the second order. Two 
examples are provided by 


16 . 14.5 G 2 (a,a';P,P';x,y) = ^ 

771,71=0 

OO 

16 . 14.6 G 3 (a,a'-x,y)= ^ 

771,71=0 


T(a + m) T(a' + n) T(/3 + n — to) T(/3' + m — n) x m y n 

r(a) r(<y) r(+ r(/+ min! 

T(a + 2 n — m) iXc/ + 2 m — n) x m y n 


r(a)r(a') 


7 . ! r?. ! ’ 


1*1 < 1, It/I < 1, 


1*1 + \y\ < i- 


(The region of convergence |x| + |?/| < j is not quite maximal.) See Erdelyi et al. (1953a, §§5.7. 1-5. 7. 2) for further 
information. 
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16.15 Integral Representations and Integrals 


16.15.1 


16.15.2 


16.15.3 


Fi(ar, (3, f3'\ 7 ; x, y) = 
F 2 (a;/ 3 ,/ 3 / ; 7 , 7 , ;a:,y) = 


r(7) 


rl u^il-u)^- 01 - 1 


-tt du , SRa > 0 , 5ft(7 — a) > 0 , 


r(a) r (7 — a) Jo (1 — ux)P(l — uy)F 

r(7)r(y) r 1 r 1 u^-V'-yi-uy-^-yi-yy'-^'- 1 


F 3 (a,a'-,/3,/3'-,r,x,y) = 


r (/3) r(/? 7 ) r( 7 - p) r(y - p) J 0 J Q 
r(7) 


du dv , 


(1 — ux — vy) a 

3?7 > 3?/3 > 0, 3?y > 3?/3' > 0, 

Up~ l vP _1 (1 — U — _1 

- du dv, 


r(/3) r(y) r( 7 - /? - y) JJ A (1 - m-)“(i - uy)“' 

5R(7 - (3 - /3') > 0, 3?/? > 0, W > 0, 

where A is the triangle defined by u > 0, v >0, rt + u < 1. 

^4(a; 7) 7 7 ; *(1 - 2/), 2/(1 - a;)) 

i 6., s ., = r w r w r ' r 1 u - y - yi - ip -- 1 ;! 

r(a) r(/3) r( 7 - a) r(y - p) J ,J„ (i-»x)T+v-«-'(i-osP+ y -' s - 1 (i-»*-»!/)“ + ' , ^ 1 ' +1 

3?7 > 3fa > 0, 3 ^ 7 ' > 3J/3 > 0. 

For these and other formulas, including double Mellin-Barnes integrals, see Erdelyi et al. (1953a, §5.8). These 
representations can be used to derive analytic continuations of the Appell functions, including convergent series 
expansions for large x, large y, or both. For inverse Laplace transforms of Appell functions see Prudnikov et al. 
(1992b, §3.40). 

16.16 Transformations of Variables 
16. 16(i) Reduction Formulas 

a, (3 x-y\ 

P + P'i -v)' 


1 -y 


F 1 (ai/3,(3 , ;/3 + f3'-,x,y) = {1 - y) a 2 F 1 (^ 

F 2 (a;(3,P';'y,/3';x,y) = (1 - y)~ a 2 F 1 ( a ’ ^ ; 3 -^— Y 

V 7 1-2// 

F 2 {a; (3, (3'\ 7, a; x, y) = (1 - y)~ ,J F 1 (^3- a - (3', /?'; 7; 

F 3 (a, 7 - a; /?, /3'; 7; x, y) = (1 - y)~ 0 ' F 1 (3, /?'; 7; a;, ^-j-^ > 

F 3 (a, 7 - a; /?, 7 - /?; 7 ; x, y) = (1 - y) a+/3_7 2 F\ x + y-xy^j, 

F4(a-,/3-,'y,a + /3-j+l-,x(l-y),y(l-x)) = 2 Fi( a ^-,x\ 2 F 1 ( ; y 

V 7 / \a + /3 — 7 + I 


16.16.1 

16.16.2 

16.16.3 

16.16.4 

16.16.5 

16.16.6 

See Erdelyi et al. (1953a, §5.10) for these and further reduction formulas. An extension of (16.16.6) is given by 
F 4 (a; /?; 7 , 7 ';a;(l - y),y( 1 - x)) 


16.16.7 


= £ 


(a) fe (/3) fc (a + /?-7-7 , + l) fe „fe„,fe ^ f a + k, (3+ k 


k—0 


(7 )fe(y) fe fc! 


K £ - — , • ~ 7 1 - Q + kjjfl + k 

I,,2Fl1 7 + * ;I ) 2i y y + t 


see Burchnall and Chaundy (1940, 1941). 

16. 16(ii) Other Transformations 

F 1 (a-,P,P';r,x,y) = (1 - x)~ 0 {l - y)~ p F 1 ^7 - a; (3, (3’\ 7 ; 


x y 


x — l'y — l 


= (1-®) Q -Fi( a; 7-/3 7 ;—^—,^ — 

x — 1 1 — X J 


16.16.8 


Meijer G-Function 


415 


F2(a-,0,P']'y,y-,x,y) = (1 - x) “ F 2 (a; 7 - (3, /3'; 7 , 7 '; — 1 \ , 

\ x — 1 1 — X J 

Fi(o;(3;i,7 , ;a:,!<) = r(^j (— g)~° F ‘ (°i ° - i + T, g - + 1; (j ■ 1) 

+ l) 7 ? ^ 3 ! (.-y)- e ft (ft 0 - V + 1; 7, <3 ■ - C + 1 A 1) ■ 

r(7 -p)r(a) V v y) 

For quadratic transformations of Appell functions see Carlson (1976). 


16 . 16.9 


16 . 16.10 


Meijer G-Function 


16.17 Definition 


Again assume ai, 02 , . . . , a p and 61, 62, ■ • • , b q are real or complex parameters. Assume also that to and n are integers 
such that 0 < to < q and 0 < n < p, and none of a,k — bj is a positive integer when 1 < k < n and 1 < j < to. Then 
the Meijer G-function is defined via the Mellin-Barnes integral representation: 


im,n 

u p 


16 . 17.1 


a- hi — H m >n ( a l) • • • ) « 

q yZ, a, vj) Lt p q I Z, ^ . 


1 

27 ri 


n r (! - b e+i + s ) n r(o/+i - s) 

C=m i=n 


z s ds, 


n r (^ - s) n r(l - ae + s) 

(= 1 e=i / 

where the integration path L separates the poles of the factors T(b( — s ) from those of the factors T(1 — ai + s). 
There are three possible choices for L , illustrated in Figure 16.17.1 in the case m = 1, n = 2: 


(i) L goes from —ioo to ioo. The integral converges if p + q < 2 (to + n) and pli z\ < (to + n 


±{p+q))n. 


(ii) L is a loop that starts at infinity on a line parallel to the positive real axis, encircles the poles of the r(6<> — s) 
once in the negative sense and returns to infinity on another line parallel to the positive real axis. The integral 
converges for all z (^ 0) if p < q , and for 0 < |z| < 1 if p = q > 1. 


(iii) L is a loop that starts at infinity on a line parallel to the negative real axis, encircles the poles of the r(l — an + s) 
once in the positive sense and returns to infinity on another line parallel to the negative real axis. The integral 
converges for all z if p > <7, and for \z\ > 1 if p = q > 1. 




Case (iii) 

Figure 16.17.1: s-plane. Path L for the integral representation (16.17.1) of the Meijer G-function. 


When more than one of Cases (i), (ii), and (iii) is applicable the same value is obtained for the Meijer G-function. 

Assume p < q, no two of the bottom parameters bj, j = 1 , . . . , m, differ by an integer, and a,j — bk is not a positive 
integer when j = 1,2 , ,n and k = 1, 2, . . . , to. Then 



1 “I" bk Cll, . . . ,1 + bk dp . / Up— m-n 

1 + bk — b \ , . . . * . . . , 1 + bk — bq 


16 . 17.2 
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where * indicates that the entry 1 + bk — bk is omitted. Also, 


16 . 17.3 


p,q,k 


( z )= tlm - b k ) tlni + b k - 


e=i 

t^k 


e=i 



q - 1 


p-i 


]T[ r(l + bk — b( + 1) r(o^+i — bk) 


i—m 


t—n 


16.18 Special Cases 


The i F-[ and 2 -F 1 functions introduced in Chapters 13 and 15, as well as the more general p F q functions introduced 
in the present chapter, are all special cases of the Meijer G-function. This is a consequence of the following relations: 


16 . 18.1 


p r q 


(L\ , . . . , dp * \ 

bi,...,b q ,Z ) 


( ft r (bk)/ ft 

\fc=l / fc = 1 / 

{ ft r {bk)/ ft r(o fe )) 

\k=l / k = 1 / 


Ip / 1 dp \ 

-i,, 1 -e.J 

r p,i (_-■ 1,6 i>" ■ A 
q+hp \ z’ a 1 ,...,a p 


As a corollary, special cases of the \Fi and 2 -P 1 functions, including Airy functions, Bessel functions, parabolic cylinder 
functions, Ferrers functions, associated Legendre functions, and many orthogonal polynomials, are all special cases 
of the Meijer G-function. Representations of special functions in terms of the Meijer G-function are given in Erdelyi 
et al. (1953a, §5.6), Luke (1969a, §§6.4-6.5), and Mathai (1993, §3.10). 


16.19 Identities 


16 . 19.1 


16 . 19.2 


16 . 19.3 


im,n 

^p,q 


1 d \ , . . . , dp 

z’ bi, . . . ,b q 


_ r n,m ( 1 — 6l, - • • , 1 ~b q 

q ’ p V’ 1 -a 1 ,...,l-a p J’ 


p,q 


gfi £im,n ( g. ' * * J ® P t Qm,n 


bi,...,b q 


d\ + /i, • • • , dp + [1 


p ’ q \ ’ b 1 + p,...,b q + pj’ 


■ym,n+ 1 I a 0i • • ■ , Rp \ _ ( a 1> ■ ■ ■ i a p 

Tp+hq+i r v a 0 ; m v ’ h ,...,b q 


16 . 19.4 

si m,n I • • • 5 ^ 

p ’ q V bu-.-A 

16 . 19.5 

#G%r(zi' 


- 1 


= G: 


d\ 1 , d2 5 • • • 5 dp 

™ V"’ A 


f— - <=«• ( rf - 1 ; l p ) ■“ = r( “" ■ 6 ’ +i) (« C°:. : : ; C. . 

where again 1 ) = z d/dz. For conditions for (16.19.6) see Luke (1969a, Chapter 5). This reference and Mathai (1993, 
§§2.2 and 2.4) also supply additional identities. 


16 . 19.6 


16.20 Integrals and Series 

Integrals of the Meijer G-function are given in Apelblat (1983, §19), Erdelyi et al. (1953a, §5.5.2), Erdelyi et al. 
(1954a, §§6.9 and 7.5), Luke (1969a, §3.6), Luke (1975, §5.6), Mathai (1993, §3.10), and Prudnikov et al. (1990, 
§2.24). Extensive lists of Laplace transforms and inverse Laplace transforms of the Meijer G-function are given in 
Prudnikov et al. (1992a, §3.40) and Prudnikov et al. (1992b, §3.38). 

Series of the Meijer G-function are given in Erdelyi et al. (1953a, §5.5.1), Luke (1975, §5.8), and Prudnikov et al. 
(1990, §6.11). 
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16.21 Differential Equation 


w = G™jp(z; a;b) satisfies the differential equation 

16.21.1 ((_i )P- m ~ r ‘ z (d - a x + 1) ■ • • (0 - a p + 1) - (0 - 6i) ■ ■ ■ (0 - b q )) w = 0, 

where again i? = z d/dz. This equation is of order max(p, q). In consequence of (16.19.1) we may assume, without 
loss of generality, that p < q. With the classification of §16.8(i), when p < q the only singularities of (16.21.1) are a 
regular singularity at z = 0 and an irregular singularity at z = oo. When p = q the only singularities of (16.21.1) 
are regular singularities at z = 0, (— l) p_m_n , and oo. 

A fundamental set of solutions of (16.21.1) is given by 


16 . 21.2 


Ql,P [ ze (p—m—n—l)iri. 


a 1 , • • 
bj, bj- 


li ' 


For other fundamental sets see Erdelyi et al. (1953a, §5.4) and Marichev (1984). 


j = l,...,q. 


16.22 Asymptotic Expansions 

Asymptotic expansions of G™' q (z\ a; b) for large z are given in Luke (1969a, §§5.7 and 5.10) and Luke (1975, §5.9). 
For asymptotic expansions of Meijer G-functions with large parameters see Fields (1973, 1983). 


Applications 


16.23 Mathematical Applications 

16.23(i) Differential Equations 

A variety of problems in classical mechanics and math- 
ematical physics lead to Picard -Fuchs equations. These 
equations are frequently solvable in terms of generalized 
hypergeometric functions, and the monodromy of gen- 
eralized hypergeometric functions plays an important 
role in describing properties of the solutions. See, for 
example, Berglund et al. (1994). 

16.23(ii) Random Graphs 

A substantial transition occurs in a random graph of 
n vertices when the number of edges becomes approx- 
imately |n. In Janson et al. (1993) limiting distribu- 
tions are discussed for the sparse connected components 
of these graphs, and the asymptotics of three 2 -P 2 func- 
tions are applied to compute the expected value of the 
excess. 


16.23(iii) Conformal Mapping 


The Bieberbach conjecture states that if 0 a nZ n is 
a conformal map of the unit disk to any complex do- 
main, then \a n \ < n|ai|. In the proof of this conjecture 
de Branges (1985) uses the inequality 


( —n, n + a + 2, |(a + 1) 
<x + 1, g (cn + 3) 


> 0 , 


when 0 < x < 1, a > —2, and 71 = 0, 1, 2, ... . The proof 
of this inequality is given in Askey and Gasper (1976). 
See also Kazarinoff (1988). 


16.23(iv) Combinatorics and Number Theory 

Many combinatorial identities, especially ones involving 
binomial and related coefficients, are special cases of hy- 
pergeometric identities. In Petkovsek et al. (1996) tools 
are given for automated proofs of these identities. 


16.24 Physical Applications 
16.24(i) Random Walks 

Generalized hypergeometric functions and Appell func- 
tions appear in the evaluation of the so-called Watson 
integrals which characterize the simplest possible lattice 
walks. They are also potentially useful for the solution 
of more complicated restricted lattice walk problems, 
and the 3D Ising model; see Barber and Ninham (1970, 
pp. 147-148). 


16.24(ii) Loop Integrals in Feynman Diagrams 

Appell functions are used for the evaluation of one-loop 
integrals in Feynman diagrams. See Cabral- Rosetti and 
Sanchis-Lozano (2000). 

For an extension to two-loop integrals see Moch et al. 

(2002). 


16 . 23.1 3 F 2 
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16.24(iii) 3 j, 6 j, and 9 j Symbols 

The 3 j symbols, or Clebsch-Gordan coefficients, play 
an important role in the decomposition of reducible rep- 
resentations of the rotation group into irreducible rep- 
resentations. They can be expressed as 3F2 functions 
with unit argument. The coefficients of transformations 
between different coupling schemes of three angular mo- 
menta are related to the Wigner 6 j symbols. These are 
balanced 4F3 functions with unit argument. Lastly, spe- 
cial cases of the 9 j symbols are 5F4 functions with unit 
argument. For further information see Chapter 34 and 
Varshalovich et al. (1988, §§8.2.5, 8.8, and 9.2.3). 

Computation 

16.25 Methods of Computation 

Methods for computing the functions of the present 
chapter include power series, asymptotic expansions, in- 
tegral representations, differential equations, and recur- 
rence relations. They are similar to those described for 
confluent hypergeometric functions, and hypergeomet- 
ric functions in §§13.29 and 15.19. There is, however, 
an added feature in the numerical solution of differen- 
tial equations and difference equations (recurrence re- 
lations). This occurs when the wanted solution is in- 
termediate in asymptotic growth compared with other 
solutions. In these cases integration, or recurrence, in 
either a forward or a backward direction is unstable. In- 
stead a boundary-value problem needs to be formulated 
and solved. See §§3.6(vii), 3.7 (iii) , Olde Daalhuis and 
Olver (1998), Lozier (1980), and Wimp (1984, Chap- 
ters 7, 8). 

16.26 Approximations 

For discussions of the approximation of generalized hy- 
pergeometric functions and the Meijer G-function in 
terms of polynomials, rational functions, and Cheby- 
shev polynomials see Luke (1975, §§5.12 - 5.13) and 
Luke (1977b, Chapters 1 and 9). 

16.27 Software 

See http : //dlmf .nist . gov/16 . 27. 
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g-HYPERGEOMETRIC AND RELATED FUNCTIONS 


Notation 


17.1 Special Notation 


(For other notation see pp. xiv and 873.) 


k,j,m,n,r,s 

z 

X 


q (G C) 

( a ; q) n 


nonnegative integers, 
complex variable, 
real variable. 

base: unless stated otherwise |g| < 1. 
g-shifted factorial: 

(1 — a)(l — ag) •••(! — ag n_1 ). 


The main functions treated in this chapter are 
the basic hypergeometric (or g-hypergeometric) func- 
tion r (f> s (ai, a 2 , ■ • • , a r ; bi, b 2 , . . . , & s ; g, z), the bilateral 
basic hypergeometric (or bilateral g-hypergeometric) 
function r ip s (ai 1 a 2 , ■ . . , a r \ b\, b 2 , • • ■ , b s \ q, z), and the 
g-analogs of the Appell functions 4> (1 )(a; b, b'\ c; x, y), 
&^(a-,b,b';c,c'-,x,y), 4> (3 ^(a, a'; 6, b'\ c; x, y), and 

<f> (4 )(a; 6; c,c';x,y). 

Another function notation used is the “idem” func- 
tion: 

fix 1 ; X 2 , ■ ■ ■ , Xn) + idem(xi; % 2 , • • • , Xn) 

n 

= fiXj’ Xl>X2, ■■■, Xj-l,Xj+l, ■ ■ ■ ,Xn)- 

3 = 1 

These notations agree with Gasper and Rahman 
(2004) (except for the g-Appell functions which are not 
considered in this reference). A slightly different no- 
tation is that in Bailey (1935) and Slater (1966); see 
§17.4(i). Fine (1988) uses F(a,b;t : q) for a particular 
specialization of a 2 (j>\ function. 


Properties 


17.2 Calculus 

17.2(i) q-Calculus 


For n = 0, 1, 2, ... , 

17/21 {a;q) n = ( 1 

17-2-2 (a; q)_ n = 


— a)(l — aq) • • • (1 — aq n x ), 

1 _ (— g/a)"g(*) 

( aq~ n -,q) n (q/a;q) n 


For v £ C 


17.2.3 



when this product converges. 


17.2.4 


17.2.5 


( a ;9)oo = new). 


3=0 


(a u a 2 , . . . , a r ; q) n = (aj; q) n , 


3 = 1 


17.2.6 (ai, a 2 , • ■ • , a r \ q) x = (af g) 0 

3 = 1 


(a;g \ = (a 1 ;g) n (-a) n g 

fag" 1 )* = ( a ~ 1 jg)n (a\ n 

(&;g-i) n (6-!;g) n \b) ’ 

(o;g) n = (g 1 - n /a;9) n (-o)"g (;) . 

(a; g)n = (g 1- "/^),, 

(&;?)„ (<? 1_n / b ; g)„ \b) 

17.2.11 (ag- n ;g) n = (g/a; g) n g“®, 

( m~ n ;q) n _ {q/ a \q) n ^ a J 


17.2.7 

17.2.8 

17.2.9 

17.2.10 


17.2.12 


( bq~ n ;q) n ( q/b\q) n \b, 


17.2.13 (a;g)„_ 


17.2.14 


_ (o; q)n (_l\ k n tt)-nk 

(g 1_n / a ; q)k ' a/ 

(°; g)n~fc = (o;g)n jq 1 ~ n / b ’q) k fb 

{b'i q) n -k ib\q) n l y q l - n /a-,q) k \a 

i 7 ?i 5 _ (a; g) fe (g/a; g)» nfc 

* (9 /a‘,q)n 

17.2.16 (a, i = hAA(-2r%(;)-fi) 

" A ' (q/a;q) k V q) 


17.2.17 


17.2.18 


(ag n ; g) fc = 

(a? fc ; <?)„_* = 


(a; g) fe (ag fc ;g) r 


(a; g) r 


fc. „\ («; «)r 


0; 9) fc ‘ 

17.2.19 (a; g) 2n = (a, ag; g 2 ) n , 
more generally, 

17.2.20 (a; g) fen = (a, ag, . . . , ag fc_1 ; g fe ) r 

17.2.21 (a 2 ;g 2 ) n = (a;g)„(-a;g) n , 


17.2.22 


(q^-aqi;q) n (ag 2 ;g 2 ) n 1- 


aq 


more generally, 


(a; q 2 ) r 


1 — a 


17.2.23 


(aq* ,qu k a* . ,qu k 1 ai-q 

( 1 1 k—1 1 \ 

afc ,a;fcafc , . . . ,a; fe a* ; q 1 

{aq k -q k ) n l~aq kn 


(a; g fc ) 


1 — a ’ 




17.2 Calculus 


421 


where wt = e 27 ”/ fe . 


17.2.24 


lim (a/r; q) n r" = lim (aa; q) n <j~ n = (-a)"g© , 


r — >0 


17.2.25 lim = Em = (»)" , 


17.2.26 lim 


r^o (b/r;q) n <r-oo(ber;g) 
( a/r\q) n (b/T;q ) 


r *o (c/r 2 ; g) r 


= (-!)»(£)” ,(S. 


17.2(ii) Binomial Coefficients 

(gi g)n 


17.2.27 


J 9 


(9; g) m (g; g)„_ m 
(g; g)m 


17.2.28 lim 

5—1 


17.2.29 


n 

171 9 
to + n 

TO 


to/ m!(n — to)! 

(g" +1 ;g) m 

J 9 (g;g)m 


17.2.30 


17.2.31 


17.2.32 


17.2.33 

lim 

n — >-oo 


—71 

m 

n 


l™J 9 


to + n — 1 

TO 

71—1 

TO — 1 




J q 


n — 1 
m 


n — 1 
m 


J 9 
71 — I 
771 — 1 


71 


771 


1 


L J q 

17.2.34 lim 


(g;g)m (l-g)(l-g 2 )---(l-g m ) : 


rn+ u 
sn + 1 


1 


n 


1 


j 9 


(g;g)oo 


provided that r > s. 


17.2(iii) Binomial Theorem 

17.2.35 


E 

7=0 


71 

D'J 


(-+g® = (*;g) r 


= (i-z)(i-^)-.-(i-^"- 1 ). 
In the limit as q — > 1, (17.2.35) reduces to the stan- 
dard binomial theorem 

17.2.36 


£U ( -0' = (1 -0” 

7=0 VJ/ 


Also, 

17.2.37 


( a > g) ra n _ 


(a*; g)oo 

(^;g)oo ’ 

provided that \z\ < 1. When a = q m+1 , where to is a 
nonnegative integer, (17.2.37) reduces to the g-binomial 
series 


17.2.38 


17.2.39 


17.2.40 


E 


71+771 
71 


n = 0 L J Q 


1 


z = 


(2; g) 


m+1 


E 

7=0 


7=0 


JJ (j 2 
2 n 

J J 


g J = (-g; g) n , 


= (g;g 2 )„- 


When n — > oc in (17.2.35), and when to — > 00 in 
(17.2.38), the results become convergent infinite series 
and infinite products (see (17.5.1) and (17.5.4)). 

17.2(iv) Derivatives 

The g-derivatives of f(z) are defined by 

/(*) - /(* g) 

— ) 


17.2.41 T> q f(z) = { (1 - q)z 

J'{ o), 

and 


, z/0, 

0 = 0, 


17.2.42 


fW{z) = V n q f{z) = 


■ z -n ( i _ q)-”z; =0 4~ nj+(Jtl) (-i) j tt] q f(zq j ), z * 0 , 

f (n) ( 0) (g;g) n 9 z = n 

n!(l — g) n ’ 


When g — > 1 the g-derivatives converge to the corre- 
sponding ordinary derivatives. 

Product Rule 


Leibniz Rule 


17.2.44 V n q (f(z)g(z)) = £ 
7=0 


n 

LiJ 




17 


■ 2 ' 43 T> q (f{z)g(z)) = g{z)f [1] {z) + f{zq)g [1] {z). 


g-differential equations are considered in §17.6(iv). 
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17.2(v) Integrals 

If f(x) is continuous at x = 0, then 

17.2.45 / f(x)d q x= (1-q) V/W, 

Jo j=o 

and more generally, 

pa 00 

17 - 2 - 46 / f{x)d q x = a{l- q)^ j f{aq J )q 3 . 

J ° j=0 

If f(x) is continuous on [0, a], then 

pa pa 

17.2.47 lim / f(x) d x = / f(x) dx. 

Vo Jo 


Infinite Range 


/( x) d Q x 


17.2.48 


pq~ n oo 

= lim / /(x) d x = (1 - q) V f(q 3 )q 3 

n ^°°Jo , 


provided that YJT=- oo fid 3 )^ 3 converges. 


17.2(vi) Rogers-Ramanujan Identities 


* + E 


17.2.49 


^ (! - 9)(l - g 2 ) • • • (l - 9 n ) 


n 


(1 - g 5n + 1 )(l - q 5n + 4 )’ 


n — 0 

00 „n 2 +n 


1 + Etut 


17.2.50 


rt ( x - 9)(1 - <7 2 ) • • • (! - 9 n ) 


n 


n — 0 


(1 - q 5n + 2 )(l - q 5n + 3 )' 


These identities are the first in a large collection of 
similar results. See §17.14. 


17.3 (/-Elementary and q-Special Functions 
17.3(i) Elementary Functions 


g-Exponential Functions 

OO 

17.3.1 e q {x) = Y J 


(1 - q) n x n 


n — 0 
oo 


fe?)n ((1 -q)x-,q) c 


17-jo rt t \ (-*- — q) n q^x n 

17.3.2 E q {x) = 2^ 7 TT 1 = (-I 1 - 9)^; 9)oo • 


n— 0 




q-Sine Functions 


sin 9 (x) = —{e q (ix) - e q (-ix)) 


17.3.3 


17.3.4 


= E 


(1 - q) 2n+1 (-l) n x 2n+1 


n— 0 


(9; 9) 


2n+l 


Sin 9 (x) = —(E q (ix) - E q (-ix)) 


= E 


^ _ ^^2n+l^n(2n+l) j'_2^n^2n+l 


n— 0 


(9; 9) 


2n+l 


q-Cosine Functions 
17.3.5 

1 


coSq(x) = -(e q (ix) + e q (-ix)) = ^ 7— 

n=0 


(1 - q) 2rl (-l) n x 2n 


9)2 


Cosg(x) = ~(E q (ix) +E q (-ix )) 


17.3.6 


= E 


(1 - q) 2n q n ( 2n -i)(_ 1 )"x 2 ”' 


n— 0 

See also Suslov (2003). 


(9; 9) 


2n 


17.3(ii) Gamma and Beta Functions 

See §5.18. 

17.3(iii) Bernoulli Polynomials; Euler and 
Stirling Numbers 

q-Bernoulli Polynomials 
17.3.7 


Pn(x, 9) = (1 - 9) 1_ " ^(-1)" (") 

r— 0 ' ' 

q-Euler Numbers 

17.3.8 

■A-m,s(o) 

= q('V")+G) £(_i y q d) 

3=0 

q-Stirling Numbers 

17.3.9 

q-^(l- q y 


n\ r + 1 


to + 1 
3 


(1 - 9 r+1 ) 


(1 - q'-sy 


J q 


(1 - 9) r 


Q"m,s(.Q) — 




E(-dV» 


l=o 


s 

LJJ 


(1 - 9 a ~ J ) r 

, (1 — q) m 


These were introduced in Carlitz (1954b, 1958). The 
fj n (x , 9) are, in fact, rational functions of q, and not 
necessarily polynomials. The A m , s (q) are always poly- 
nomials in q, and the a m ^ s (q) are polynomials in q for 
0 < s < TO. 

17.3(iv) Theta Functions 

See §§17.8 and 20.5. 

17.3(v) Orthogonal Polynomials 

See §§18.27-18.29. 
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17.4 Basic Hypergeometric Functions 
17.4(i) r 0 s Functions 

17 . 4.1 

/ a 0 ,ai,a 2 , ...,a r \ 

r+i<M , , , ;q,z) 

V h,b 2 ,...,b s J 

r+ltys (a 0 , CXl , • • ■ , d r , ^1 ) ^2 ; • - • i bs , g, 0 

(ao;g) n (oi;g) n ---(a r ;9) 


= E 

n — 0 


(?; 9)n( fe i;9 )„---( 6 s; 9 )r 


((-i)>©J 


2 . 


Here and elsewhere it is assumed that the b 7 do not take 
any of the values q~ n . The infinite series converges for 
all z when s > r, and for |c| < 1 when s = r. 


17 . 4.2 


lim r -\-\4*r 

q-*l- 


q a °,q ai ,...,q a 

q b \...,q b r 


;q,z 


Z? I 1 ’ • • i ' 

— r+l-*V l 7 7 5 z 

bi, ... ,b r 


For the function on the right-hand side see §16.2(i). 

This notation is from Gasper and Rahman (2004). 
It is slightly at variance with the notation in Bailey 
(1935) and Slater (1966). In these references the factor 

((-l)" g (3))' 8-5 is not included in the sum. In practice 
this discrepancy does not usually cause serious problems 
because the case most often considered is r = s. 


17.4(ii) r ips Functions 

17 . 4.3 

( d\,d 2 , ... ,d r 

rWs , , ,55,2 

\bi,b 2 , . . . ,b a 
= r ip s {di , 02 , ■ ■ ■ ,a r ; bi,b 2 , . . . ,b s ;q, z) 

g (gj, 02, • • ■ , Or; q) n (-1 )(«~r)n g ( a -r)(;)^ 


n —— oo 
oo 

E 

n— 0 


(bi,b 2 ,...,b s ;q) n 

(«!, 02 , ■ ■ • , o r ; g) n (-i)(—-)"g(‘-’->(S); g " 
{b 1 ,b 2 ,...,b s -,q) n 


+ {q/bi,q/b 2 ,...,q/b a ;q) n f b ± b 2 ■■■ b s 

£^ 1 (q/ai,q/a 2 ,...,q/a r -,q) n \aia 2 - ■ ■ a r z J 

Here and elsewhere the bj must not take any of the 
values q ~ n , and the dj must not take any of the values 
q n+ 1. The infinite series converge when s > r provided 
that !(&!••• b B )/(a i • • • a r z)| < 1 and also, in the case 
s = r, | z | < 1. 


lim r %j) r 


17 . 4.4 


q a \q a \. 


i -‘i-’ ’ \q bl ,q b2 ,---,q br ,9,Z 

tt , a i,a 2 , ... ,a r 

*,.* td* 1 ’ 


For the function r H r see §16.4(v). 


17.4(iii) Appell Functions 


The following definitions apply when |x| < 1 and |y| < 
1: 

<F (1) (a; b,b'\c-,x,y) 

(a-,q) m+n {b- q) m (b'- 1 q) n x m y n 


17 . 4.5 


17 . 4.6 


17 . 4.7 


= E 


(g; q) m (g; <i)n ( c ; 9 ), 


m,n>0 vn i'l)m+n 

$ {2) (a;&, b’;c,c';x,y) 

(«;?Wn 0;g) m 0';g)^ m g n 


= E 


m,n>o (9; «)m ( 9 ; «)„ (c; g) m (c 7 ; g)„ ’ 

<F (3) (a,a'; 6, b'\c\x,y ) 

(a, &;g) m («',&'; 9 ),,^ 


= E 


m,n> 0 


(<?; g) m (g;g)„(c; g) TO+ „ 


17 . 4.8 >I>( 4 )(a; 6; c, d\ x, y) = ^ 


m,n>0 


(a, b; g) m+n x m y n 

(9, c; 9) m (9,c';9)„' 


17.4(iv) Classification 

The series (17.4.1) is said to be balanced or 
Saalschiitzian when it terminates, r = s, z = q, and 


17 . 4.9 goodi • • • a s = b\b 2 ■ ■ ■ b s . 

The series (17.4.1) is said to be k-balanced when 
r = s and 

17 . 4.10 q k dQdi ■ ■ ■ a s = b\b 2 ■ ■ ■ b s . 

The series (17.4.1) is said to be well-poised when 
r = s and 

17 . 4.11 do q = dibi = a 2 b 2 = ■ ■ ■ = a s b s . 

The series (17.4.1) is said to be very-well-poised 
when r = s, (17.4.11) is satisfied, and 

17 . 4.12 6 -| = —b 2 = y/d^. 

The series (17.4.1) is said to be nearly-poised when 
r = s and 

17 . 4.13 a 0 q = ai&i = o 2 b 2 = • • • = a s _i& s _i. 


17.5 o0o, i0o? i0i Functions 


Euler’s Second Sum 


17 . 5.1 

o0o( — ; 


-;q,z 


) = E 


(-l)V 


(;): 


n— 0 


(g;g) r 


(~; q) oo > 


compare (17.3.2). 

9-Binomial Series 

17 . 5.2 i<Po{a\ -5 9,0 


(O^g)oo 

(«; g)oo 


01 < !; 


01 < i; 


compare (17.2.37). 
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g-Binomial Theorem 

17.5.3 i0o(<T”; q, 0 = ( zq ~ n ; q) n . 

This is (17.2.35) reformulated. 

Euler's First Sum 


n 

17 -5- 4 i^o(0; -;q,z) = V -4 — 

compare (17.3.1). 

Cauchy’s Sum 



M < i; 


17.5.5 



( c / q ; q) oo 

(c;q) oo 


|c| < |a|. 


17.6 20i Function 
17.6(i) Special Values 

g-Gauss Sum 

17.6.1 2 0 1 ^ a ^ & ;g, c/(a6)^ = 

First g-Chu-Vandermonde Sum 


(c/a, c/b; q) x 
(c, c/(ab);q) OQ ' 


17.6.2 


a,q 


; q , cq n /a = 


(c/a; q) n 
(c;q) n 


Second g-Chu-Vandermonde Sum 

This reverses the order of summation in (17.6.2): 

a, q~ n _ _ 4 a n (c/a; q) n 


17.6.3 


201 


;q,q = 


(c; q) T 


Andrews-Askey Sum 
17.6.4 

2 </>l I 

1 {b 2 ,q;q 2 ) x ( (c/b; q) (~c/b;q) c 


b 2 , b 2 1 c 


; q 2 1 cq/b 2 


2(c,cq/b 2 ;q 2 ) 00 \ (6;?)^ H>;0 C 


Bailey-Daum g-Kummer Sum 
17.6.5 

a, b 


aq/b 


;q,-q/b = 


\cq\ < \b 2 \. 

(-q;q) x ( ai ?> VA 2 i*? 2 ^ 


(-g/6, ag/6; q) 


\b\>\q\- 


17.6(ii) 201 Transformations 
Heine’s First Transformation 


17.6.6 


29i \ ;q,z = 


(b, az; q) c 

(c,z;q) x 


201 


;q,b), 


z/b,; 
az 

z\ < l,\b\ < 1. 


Heine’s Second Tranformation 
17.6.7 


a, b 

29 i\ ;q,z I = 


(c/b, bz; q) f abz/c ,b 


(c,z; q) 


0i 


; q, c/b , 


bz 

01 < !.|c| < \b\. 


Heine’s Third Transformation 


20 i ( a ' b ;q,z 


17.6.8 


(abz/c ;q) c 

( z ;q) oo 


• 2<Pl 


2 / a, c/b 


;q, abz/c j, 

\z\ < 1, \abz\ < |c|. 


Fine’s First Transformation 

'q, aq 


17.6.9 


201 


bq 


;q,z =- 


(1 - b)(aq/b) 4- (. aq,azq/b ; q) n q n (aq,azq/b; q) c 
(1- (aq/b)) (azq 2 /b;q) n (aq/b;q) ^ 


20i I Q f / : f J- z I > 


Fine’s Second Transformation 


17.6.10 


Fine’s Third Transformation 


(1-0 


291 


q , aq 
bq 


;q,z 


= £ 


(b/a; q) n (—az) n q 


-n.^ n n( n2 + n )/ 2 


n — 0 


(bq,zq; q) r 


01 < I- 


01 < 1. 


1 — Z 

17.6.11 -201 

1 — 0 

Rogers-Fine Identity 

17.6.12 


<?>«<?. „0 ^(aq;q) n (azq/b;q) 2n b n ^0 (aq; q) n (azq/b; q) 2n+l (bq) n 

{zq , aqM ' aq 2Z • W<1.W<1- 


bq 


n — 0 


n—0 


(zq; q) n (aq/b; q) 


n+1 


(1-0 


291 


q , aq 
bq 


;q,z 


= £ ( 7,:"l / 0 ) - (i - «v"«)( 6*)v’, 


„.o (N. 


01 < I- 


17.6 20i Function 
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Nonterminating Form of the q- Vandermonde Sum 

( q/c,a,b ; q) 


17.6.13 


17.6.14 


20i (a, 6 ; c; q, q) + 


(c/q, aq/c, bq/c; q) c 


201 (a?/ C, 6 q/c; q 2 / C\ q, q) = 


( q/c , a 6 q/c; q)^ 
(aq/c, 6 q/c; q)^ ’ 


V ( a ^)n( b ^l 2 ) n Zn _ i aZ ' bz ’’ q 2 ) op , fa,b_ 2 


n— 0 


(q;q) n (azb;q 2 ) n ( z,azb\q 2 ) c 


bz 


q ,zq 


Three-Term 2 0i Transformations 


17.6.15 


17.6.16 


/a, 6 \ (abz/c, q/ c; q) ca,cq(abz) 

20i ;q,z =7 — 7 7 t — 20i ,, , 5 q,bq/c 

\ c J (az/c, q/a; q)^ \ cq/(az) 

0 b,q/c,c/a,az/q,q 2 /{az)\q) oo / aq/c, bq/c. 

(c/q, bq/c, q/a, az/c, cq/(az); q)^ 2< ^ \ q 2 /c ’ Q ' ~ 

, ( a,b \ (b, c/a, az, q/ (az)-, q) (a, aq/c 

201 5 9,2 = , , , 7 i ^ 201 1 ; q,cq/(abz ) 

V c / (c, 6/a, 279/2:; q)^ \ aq/b 

(a, c/b, bz, q/(bz); q) fb,bq/c . 

+ —7 77 7 7—^ 201 , , 5 9 , cq (abz) , 

(c, a/b, z, q z; q) \ bq/a 


2 < 


M < !> 


17.6(iii) Contiguous Relations 
Heine’s Contiguous Relations 


17.6.17 


17.6.18 


17.6.19 


17.6.20 


17.6.21 


x a, b \ ( a, b \ (1 - a)(l - b) aq,bq 

\c/q J \ c J (q — c )(l — c) V c q 

, ( aq, b \ , ( a,b \ l — b / aq, bq \ 

20i I c ;q,2 I -201 1 ;q,2 I = az — - 2 0 i ( ^ ;g,2l, 

, f aq,b \ , f a ,b \ (1 - 6)(1 - (c/a)) , / aq,bq 

\ cq J V c / (1 — c )(l — cq) \ cq 2 

(aq,b/q \ (a, b \ (1 - 6 /(aq)) ( aq,b 

20i ( c ; q, 2 I — 20i I c ', q , z)=az — — - — 201 ( ;q,2 

6 ( 1 -a) 20 i f a ^;q, 2 ^ -a(l- 6 ) 201 ^°’^; 9 , 2 ^ = (6 - a) 2 0 i f ^5 q, 2 ), 


17.6.22 «(i-‘)2*(‘ , ’‘ /, ;9,«)-»(i-j)a( 

,(l- 5 ) 2 „(“ / f;„ 7 ) +(1 - a ,( 1 -^)*(“f ; „ 




17.6.23 


, , , aq a 2 2; 062: \ 

2 = l + q-a- — + 20i 

c c c J 


17.6.24 


(1 - c)(q - c)(abz - c) 2 0i f a ’, & 5 q, 2 ) + 2:(c - a)(c - 6) 2 0i ( ’ & 5 q, 2 

\c/q J V cq 

= (c — l)(c(q — c) + 2:(ca + c6 — ab — abq)) 2 0i ( ’ ;q,z 

\ c 


17.6(iv) Differential Equations 
Iterations of T> 


17.6.25 


Vq 20! ( a ' c b ;q,zd 


V 


( (2; q) c 


q y (abz/c, q)„ 2< ^ 1 1 c ’ “ 


(a,b-q) n d n ^ faq n ,bq n 

(c;q) n (l-qrH cq« 

(c/a, c/ 6 ; q) n ( ab\ l (2q";q ) 00 /a, 6 

(c; 9)„ (1 - q) n V c / (abz/c-, q)^ 29 l \cq n ’ 


1 , | 6 q| < |c|. 


|a&2| < |cq|. 



17.6.26 
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q-Differential Equation 


17 . 6.27 


z(c-abqz)V 2 2 0 i 
(l-q)(l- 6 ) 


a, b 


; q,z) + 


1 — c (1 — a) (1 — b) — (1 — abq) 


1-9 


1-9 


^ ) Vq2<f>l ( a,b ',q,Z 


(1-9 ) 5 


2 YU 


;g,2 =0. 


(17.6.27) reduces to the hypergeometric equation (15.10.1) with the substitutions a — > q a , b —> q b , c — > q c , followed 
by lim ? _»x_. 


17.6(v) Integral Representations 


17 . 6.28 


17 . 6.29 


2 YU 


9“,9 /? 


201 


9 7 
a, b 


\q,z = 


r,(7) 


1,1 ^ 1 {tq; 9) 7 _/3_i 


5 9, z = 


r 9 (/3)r g (7-/3) J 0 

-i\ («> & ;9)oo f 


dgt. 


00 q) a 
(g 1+ f,c^;g) 7r(-«)f 


<0, 


^2tt* ,/ ( 9,059)00 7_ ioo (aq<,bqS\q ) ^ sin(TrC) 
where |z| < 1, | ph(— z)| < 7r, and the contour of integration separates the poles of (g 1+ 0 eg**; g)^ / sin(7T(() from 
those of 1/ (qg0 69^; 9)^, and the infimum of the distances of the poles from the contour is positive. 


17.6(vi) Continued Fractions 

For continued- fraction representations of the 2 0i func- 
tion, see Cuyt et al. (2008, pp. 395-399). 


17.7 Special Cases of Higher r 0 s Functions 


17.7 (i) 202 Functions 

q-Analog of Bailey's 2 -fi( — 1) Sum 


17 . 7.1 



(qfo, bq/ a; g 2 )^ 
O 9)oo 


\b\ < 1- 


q-Analog of Gauss’s 2 -Fi(— 1) Sum 


17 . 7.2 


202 


, 6 2 


^692 , —abq 2 

Sum Related to (17.6.4) 



(q 2 q, 6 2 g; g 2 )^ 
(g,q 2 6 2 g;g 2 ) 00 ' 


17 . 7.3 


202 



1 

2 


c, eg 

(c,cq;q 2 ) x 


( (c/6;g)oo 

V (Moo 


(~ c /fr 9)^ ^ 

(-Moo /' 


17.7(ii) 302 Functions 

q-Pfaff-Saalschiitz Sum 


17 . 7.4 


302 


a, b,q n 
c, abq 1 ~ n /c 


; 9, 9 


{c/a,c/b; q) n 
( c,c/{ab);q) n 


Nonterminating Form of the q-Saalschiitz Sum 


302 


q, 6, c 

e,/ 


!9,9 


(g/e,a,6,c, g//e; g)^ 
(e/g, ag/e, 6g/e, cg/e, /; g) c 


17 . 7.5 


X 302 


qg/e, bq/e, cq/e 


!9,9 


q 2 /e,qf/e 
= ( q/ej/aj/bj/c ; g)^ 

(1 aq/e,bq/e,cq/e,f-,q ) 00 ’ 
where e/ = abeq. 

F. H. Jackson’s Terminating q-Analog of Dixon's Sum 
17 . 7.6 


302 


q2-n 

1 — 2n j n 7 ^ 


(M g) n (g, be; q) 2 
(90c; q) n (b,c, g) 


2n 


9 2 ”0,C 
q 1 ~ 2n /b, q 1 ~ 2n /c 

Continued Fractions 

For continued-fraction representations of a ratio of 302 
functions, see Cuyt et al. (2008, pp. 399-400). 

17.7 (iii) Other r 0 s Functions 

q-Analog of Dixon’s 3^2(1) Sum 

q, — gas , 6, c gas A 
-qJ , ag/6, ag/c’ 6c / 

( aq , gqs /&, gqs /c, qg/ (6c) ; g ) 

_V / 00 

( qg/6, qg/c, gas , gas / (6c); g ) 

V / 00 

Gasper-Rahman q-Analog of Watson’s 3.F2 Sum 


403 


17 . 7.7 


17 . 7.8 
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; 9, - 


A, gAs , — gAa , a, 6, c, — c, Ag/c 2 
As, —As, Ag/a, Ag/6, Ag/c, —Ag/c, c 2 
(Ag, c 2 / A; g)^ (ag, bq, c 2 q/a, c 2 q/b; g 2 )^ 
(Ag/a, Ag/6; g)^ (g, abq , c 2 g, c 2 g/(a6); g 2 ) c 


Ag 

ab 


17.8 Special Cases of r ip r Functions 
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where A = — c(ab/q ) 2 . 

Andrews’ Terminating q-Analog of (17.7.8) 

( q~ n , aq n , c, — c 
403 / s. 1 , % 1 2 ,q,q 

V ( a d) 2 ) ~( a d) 2 , 

17.7.9 f 0, n odd, 

= ) c n (q,aq/c 2 ;q 2 ) r 


>n / 2 


n even. 


(aq, c 2 q; q 2 ) n/2 

Gasper-Rahman q-Analog of Whipple’s 3 F 2 Sum 
17.7.10 

f -c,q(-c)i,-q(-c)?,a,q/a,c, -d, -q/d ^ 
8 7 \(-c)i,-(-c)i,-cq/a,-ac,-q,cq/d,cd ,q ’ j 
_ (~c,~cg; q)^ ( acd,acq/d,cdq/a , eg 2 / (ad); q 2 ) c 
(cd, cq/d, — ac, -cq/a; q)^ 

Andrews’ Terminating q-Analog 

q-",q" +1 ,C,-C 


17.7.11 


403 I 2 1 ! 1 

V e,c 2 q/e,-q 

_ (eq~ n , eq n+1 ,c 2 q 1 ~ n /e, c 2 q n+2 /e; q 2 )^ 
(e,c 2 q/e; q)^ 

First q-Analog of Bailey's 47 * 3 ( 1 ) Sum 
17.7.12 

"a, aq, b 2 q 2n , q~ 2n 2 2 \ _ a n (-q,b/a; q) r 


4h { b,bq,a 2 q 2 ’ q ’ q J (_ aq,b;q) r 

Second q-Analog of Bailey’s 47 * 3 ( 1 ) Sum 

/ a,aq,b 2 q 2n ~ 2 ,q~ 2n 2 2 

403 , , 2 id ,<7 

v 0, bq , or 


17.7.13 


■ (-«, 6/a; «)„ (1 - bg”- 1 ) 


(~a,b;q) n (1. - ^q 2 ™” 1 ) 

F. H. Jackson's q-Analog of Dougall’s 77*6(1) Sum 
17.7.14 


8 cj) 7 ( a,qa*,-qa 2 ,b,c,d,e,q n 

\ a^ ,—a^ , aq/b, aq/c, aq/d, aq/e,aq n+1 ’ ’ , 

= (aq, aq/(bc),aq/(bd),aq/(cd); q) n 

(aq/b, aq/c, aq/d, aq/(bcd);q) n 


where a 2 q = bcdeq 

Limiting Cases of (17.7.14) 


1 1 


17.7.15 


I a,qai ,—qa? ,b,c,d aq 

6 5 ya5, — a5, aq/b, aq/c, aq/d’ q> 6cd^ 

(aq, aq/(bc),aq/ ( bd),aq/(cd); q) x 


(aq/b, aq/c, aq/d, aq/(bcd); q) c 
and when d = q _ ", 


1 1 


17.7.16 


. a,qa? ,—qaz ,b,c,q n aq n+1 
6 ° y a5, — as, aq/6, aq/c, aq” +1 ’ 6c 

(aq,aq/(bc)\q) 


(aq/b, aq/c-, q) n 


See http://dlmf.nist.gOv/17.7.iii for additional 
results. 


17.8 Special Cases of r i\) r Functions 

Jacobi's Triple Product 

OO 

17.8.1 Y, (-z) n q n ^- 1)l2 = (q,z,q/z-,q) oo ; 

n =— oo 

compare (20.5.9). 

Ramanujan’s i0i Summation 

(q,b/a,az,q/(az)\q) 


17.8.2 


l Hb'- q ’ z ) 


(b,q/a,z,b/(az)-,q) 00 ' 


Quintuple Product Identity 

OO 

Y (-l) n q n ( 3n - lS >/ 2 z 3n (l + zq n ) 


17.8.3 


n —— 00 


= (q,~z,-q/z\ q) x (qz 2 ,q/z 2 ;q 2 ) 


Bailey’s Bilateral Summations 


17.8.4 

17.8.5 


202 (b, c; aq/b, aq/c-, q, - aq/(bc )) 


303 


b, c, d 

q/b, q/c, q/d’ 9 



(aq/(bc)', q)oo (aq 2 /b 2 ,aq 2 /c 2 ,q 2 ,aq, q/a; q 2 )^ 
(aq/b, aq/ c, q/b, q/c, -aq/ (be); q) x 

(q,q/(6c),q/(6d),q/(cd);q) 00 
(q/b, q/c, q/d, q/(bcd); q) ao 


17.8.6 404 


1 

— «2 


— qaa ,b,c,d 
, aq/b, aq/c, aq/d 



aq, aq/(bc),aq/ (bd),aq/ ( cd),qa 2 /b, qa 2 / c,qa?/d , q, q/a; q 
[aq/b, aq/c, aq/d, q/b, q/c, q/d, qa^ , qa _ s , qa§ / (6cd); q 
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17 . 8.7 


606 i 


go 2 , —qai , b, c, d, e 




ga 2 \ (ag, aqj (be) , aq/(bd) , aq/(be) , aq/ ( cd ) , ag/ (ce) , ag/ (de) , g, g/a; g) c 


a! , —as , aq/b, aq/c , ag/d, ag/e’ ’ bede 


(aq/b, aq/ c, ag/d, ag/e, g/fo, g/c, g/ d, g/e, qa 2 /(bcde ) ; g) 


17.9 Transformations of Higher r </) r Functions 
17.9(i) 201 — > 202. 301. or 302 


F. H. Jackson's Transformations 

17 . 9.1 


17 . 9.2 


17 . 9.3 


17 . 9.4 


17 . 9.5 


,, a, b \ (■ 2a ; g)oo i a,cb . 

2</>i ; g, -z =7 — t — 2</>2 , 

c J (z; g) Vc,ax 


f q n ,b \ (c/b; q) (q n ,b,q/c 

c M)7 i ’ “H v-A ;? ' z/c 

\ c J (bz/c;q ) ^ \c,cq/bz 

x (q~ n ,b \ (c/b;q) (bz^\ ( q~ n ,q/z,q 1 - n /c 

H c H'tawUJ’H v-»/c.o 

J, 7r”,6 N \ (c/f>;?)„ J, fq-»,b,bzr"/c 

H c V-/C.0 


17.9(ii) 302 — > 302 

Transformations of 3 0 2 -Series 

' a,b,c 


17 . 9.6 


17 . 9.7 


17 . 9.8 


17 . 9.9 


17 . 9.10 


A / J // Z. x\ _ ( e /«. de /( 6c );0oo A / a i d/b, d/c \ 

3 2 1 0e J (e,de/(abc);q) 00 3 2 \ d, de/(6c) ’ 9 ’ 6 “J’ 

/a, 6, c . A (b,de/(ab),de/(bc);q) f d/b,e/b,de/(abc) . 

“H d,e ;? '‘ te/(0 * c) J = (d, e,de/(abc);q)^ “H */(«(,). */(fc) 

(q~ n ,b,c \ (de/(bc);q) n ( bc\ fq~ n ,d/b,d/c 

d,e (*;,)„ (dJ’H d,de/(bc) ;M 

fq~ n ,b,c \ (e/c; g) n f q~ n ,c,d/b bq\ 

H d,e • q ’V=-(M^ C Hd,c^/e^/ 

x ( q~ n i b, c deq n \ (e/c; g) n [q~ n ,c,d/b \ 


q-Sheppard Identity 
17 . 9.11 


^ ,'q n ,b,c \ (e/c, d/c; g) n / g n ,c, cbq 1 n / (de) 

* 1 d, e ; ' »' "J = M;,)„ ' ^ , c‘-/d ; 9 ' 9 " 


For further results see http://dlmf.nist.gOv/17.9.ii. 


17.9(iii) Further r 0 s Functions 

Sears’ Balanced 4 </> 3 Transformations 

With de/ = a6cg 1_n 


17 . 9.14 


,'q n , a, b, c \ (e/ a, //a; g) n / g n , a, d/b, d/c 

d,e,f ' M ) = (*,/;,)„ * 

(a,ef/(ab),ef/(ac);q) n / q~ n , e/a, f /a,ef /(abc) 

4 3 \ef/(ab),ef/(ac),q 1 - n /a iq ' q 


(e, f , ef / (abc); q) n 


17.10 Transformations of r tj: r Functions 
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Watson’s q-Analog of Whipple’s Theorem 

With n a nonnegative integer 

aq/(bc),d, e, q~ 


aq/b,aq/c,deq n /a 


(■ aq,aq/(de)-,q) n 

17 .9.15 — \ 403 

( aq/d,aq/e ; q) n 

Bailey’s Transformation of Very- Well- Poised 8 0 7 

17.9.16 

a, go?, —ga^ , 5, c, d, e, / 


; 9 , < 7 ) = 807 


a, qa s , — qa 2 , 6, c, d, e, g 


as , —as , ag/6, ag/c, ag/d, ag/e, ag n+1 ’ 6cde 


a 2 g 2+n 
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; q, 


a 2 q 2 


a 2 , —as , ag/6, ag/c, ag/d, ag/e, ag// bcdef 


(ag, ag/(de),ag/ (d/), ag/ (e/); g) c 
(ag/d, ag/e, ag//, ag/(de/); g)^ 


4</>3 


ag/(6c),d,e,/ 
ag/6, ag/c, de//a 


;d,d 


+ 


(ag, ag/ (6c), d, e, f, a 2 q 2 /(bdef), a 2 q 2 / (cdeff q) c 
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aq/(de),aq/(df),aq/(ef),a 2 q~/(bcdef) 
a 2 g 2 /(6de/), a 2 q 2 /(cdef), ag 2 /(de/) 


id,? 


(ag/6, ag/c, ag/d, ag/e, ag//, a 2 g 2 / (bcdef), de//(ag); g) c 
For additional results see http://dlmf.nist.gOv/17.9.iii and Gasper and Rahman (2004, Appendix III and 
Chapter 2). 


17.9(iv) Bibasic Series 

Mixed-Base Heine-Type Transformations 

^ (q;d 2 U ^ 

(? 2 ;? 2 )n( c ; d) 


17.9.19 


17.9.20 


E 

n=0 


"z n = 


(b;q) 00 (az- q 2 ) oo ^(c/b;q) 2n (z;q 2 ) n 6 2 ” 


( c ; d)oo (*; d 2 ) c 


E 

n— 0 


(?; d) 2n («z; d 2 ) r 


(6; d)oo (azg; d 2 )^ ^ (c/6; g) 


2n+l 


zg; d 


^2n+l 


(c; d)oo (“?; d 2 ) 


00 n=0 
oo 
oo 


(?; d) 2 „+i ( a ~d; d 2 ) r 
(c/6; q) n (z; g fe ) n 6" 


Y' (g;d fc )„(6; d) fcn = (6; g)^ (az; d fc ) oc y, 

(d fc ;d fc )„ (c; g) fcn (c;?)*, (^d*)*, “ (did) n (az;g fe ) r 


fc = 1,2,3,.... 


17.10 Transformations of r if r Functions 

Bailey’s 2 02 Transformations 

(az, d/a, c/6, dg/ (a6z); g) c 


17.10.1 

17.10.2 2 t/) 2 
Other Transformations 


202 
a, 6 


c, d 

id,z I = 


; d, ~ = 


C z,d,q/b,cd/(abz);q ) 0i 
(az, bz, cq/(abz ) , dq/(abz ) ; q) c 
(d/a, g/6, c, d; g)^ 


202 


a,abz/d d 

id, - 

az, c a 


■ 202 


/ abz/c,abz/d cd \ 




az, 6z ’ a6z J 
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ga 2 ,-ga 2 ,c,d,e, /, ag ”,g ” 


i 2 , -a) , ag/c, ag/d, ag/e, ag//, g n+1 , ag n+1 ’ ’ cde / 


a 2 g 2n+2 


17.10.3 

17.10.4 

202 


(ag, g/a, aq/(cd),aq/(ef)\ q) ri 
( d/c,g/d , ag/e,ag//;g) n 

^ (d/c, g/d, ag/e,ag//;g) ( 

ad/c,ag/d’ y ’ e// (aq,q/a,aq/(cd),aq/(ef)\q) 


404 


ddSd 


e,/ ag 

,;d 


e,f,aq n+1 /(cd),q 
aq/c, aq/d, q n+1 ,ef/(aq n ) 

(1 - ag 2n ) (c, d, e, /; g) 


E 


17.10.5 

(ag/6, ag/ c, ag/ d, ag/e, g/ (a6) , g/(ac) , g/ (ad) , g/ (ae); g) c 


00 n~- 


808 


_ / da 3 y 

(1 - a) (ag/ c, ag/ d, ag/e, aq/f;q) n \ cde/ / 


(/a, S«, //«, d/ a, da 2 , d/a 2 ; d)oo 
(d, q/(bf),q/(cf),q/(df),q/(ef),qf/b, qf/c, qf/d, qf/e ; g) 


a, —a, ag/6, ag/c, ag/d, ag/e, ag//, aq/g bcdef g J 


qa, —qa, ba, ca, da, ea, fa, ga 


;d, 


X 8 07 


(/a, d/(/a), ag//, //a, g//, /g, g/ 2 ; g) c 
/ 2 , d/, — d/, /6, /c, fd, fe, fg 


/, -/, /d/6, /g/c, /g/d, /g/e, /g/g’ 6cde/g 


idem(/;g). 
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(aq/b, aq/c, aq/d , aq/e, aq/f , q/(ab ),q/ (ac),q/(ad),q/(ae),q/(af);q) c 
(■ ag , ah, ak, g/a, h/a, k/a, qa 2 , q/a 2 \ q)^ 
qa, —qa, ba, ca, da, ea, fa, ga , ha, ka 


x ioV’io 


17.10.6 


\q, 


a, —a, aq/b, aq/c, aq/d, aq/e , aq/f , aq/g, aq/h, aq/k ’ ’ bcdefghk 
(q, <l/ (bg),q/(cg),q/(dg),q/ (eg), q/ (fg),qg/b, qg/c, qg/d, qg/e, qg/f; q)^ 


(gh, gk, h/g, ag, q/(ag),g/a, aq/g, qg 2 \q) x 

g 2 , qg, -qg, gb, gc, gd, ge, gf, gh, gk q 2 

; q, 


x 10? 


,g, -g, qg/b, qg/c, qg/d, qg/e, qg/f, qg/h, qg/k ’ ’ bcdefghk 

17.11 Transformations of qr-Appell Functions 


idem(g; h, k). 


17.11.1 


17.11.2 


17.11.3 


rhUR 7 l / 7 . (a,bx,b'y;q) ^ (c/a,x,y 

* > (a-,b,b-c-,x,y) = ( ;g,a|, 

^ i y i h ) oo \ ud 'i u y 


$ {2 \a;b,b';c,c';x,y) = 


(b, ax; q) 


E 


(a,b'\q) n (c/b,x\q) r b r y r 


(c, a:; n ^ 0 (gs^g)„(g) r (aa;;g)„ +r 


V (a',b' iq ) n (x-. q ) r (c/a; 


(q,c/a-,q) n (q,bx-q) r 

Of (17.11. 1)— ( 17.11.3) only (17.11.1) has a natural generalization: the following sum reduces to (17.11.1) when 
n = 2. 

(«; 9) mi+m2 +... +mrl (61; g) mi (62; g) m2 • • • (bn, q) mri x^x™ 2 ■ • -X™" 


17.11.4 


E 

m-i ,...,ra n ^0 


(9; $) mi (9; ?)m 2 • • • (9; 9) m „ (c; g) mi+m2+ ... +mri 


(a,bix 1 ,b 2 x 2 , ■ ■ ■ ,b n x n ;q) c 


/ \ n+lVn I , , , q, a | ■ 

(c, cci, rr 2 , - - - , a:„; g)^ 62^2, • • • , On^n 


c/ a, x\,x 2 , ...,x r 


17.12 Bailey Pairs 

Bailey Transform 

OO OO 

11121 E &nln = E PnSn, 

where 


n— 0 


n=0 


17.12.2 /? n — ^ ) otjU n -jV n -\.j, y n ^ ' 5jUj_ n Vj +n . 

j—0 j=n 

Bailey Pairs 

A sequence of pairs of rational functions of several vari- 
ables (a n ,P n ), xi = 0,1,2,..., is called a Bailey pair 
provided that for each n ^ 0 


17.12.3 Pn = J2 n -r • 

j=0 Q'n—j \ aC h Q)n+j 

Weak Bailey Lemma 

If ( a n ,p n ) is a Bailey pair, then 


17.12.4 ]Tg"V/3 n = 


n— 0 


(°9;?)oo^ro 


E PP XXr\ 


Strong Bailey Lemma 

If ( a n ,p n ) is a Bailey pair, then so is (a' n ,P' n ), where 

17.12.5 


aq aq \ , ( aq \ 

— ,—;q) a n = (pi,p 2 ;q ) n a n 

Pi P2 J n \P1P2) 

aq aq \ , 

— ,—-,q) Pn 

Pi P2 In 

y , N ( aq \ ( aq \ 0 

= y(Pi,P2-,q) 1 \ ;q) 7 — 7 

~ 0 \P1P2 J n _j \P1P2J (q\q) 


l 

g^n-j 


When (17.12.5) is iterated the resulting infinite se- 
quence of Bailey pairs is called a Bailey Chain. 

The Bailey pair that implies the Rogers-Ramanujan 
identities §17.2(vi) is: 


- n.n 2 n i( — 1 \ n n n Cn—l) / 2 n n 


17.12.6 


(a; q) n (1 ~ aq 2n )(-i) n q 

( q ; q) n ( 1 ^ a ) 


Pn = 


1 


(q\q) n 

The Bailey pair and Bailey chain concepts have been 
extended considerably. See Andrews (2000, 2001), An- 
drews and Berkovich (1998), Andrews et al. (1999), 
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Milne and Lilly (1992), Spiridonov (2002), and Warnaar 
(1998). 

17.13 Integrals 

In this section, for the function T g see §5.18(ii). 

17.13.1 

[ d (~ga;/c; q) 00 (qx/d- 1 q)^ 
J-c{~ax/c;q) 00 (bx/d;q) 00 q 
= (1 ^ q) (g; g)^ ( gb ; g)^ cd (-c/d; q)^ (— rf/c; q) x 

(a; g) oo (■ b ; g)^ (c + d) (-6c/d; g)^ (-ad/c; g)^ ’ 
or, when 0 < g < 1, 

17.13.2 

f d i-qx/c; g) oc (gx/d; g)^ 
d- c (- xq a /c ; g)^ (zg^/d; g)^ 9 
= r g (a)r g (/3) cd {-c/d-,q) 00 (-d/c\q) 00 

r g (a + /?) c + d (—qPc/ d; g)^ (-g“d/c; g)^ ' 


Ramanujan's Integrals 

17.13.3 

r , = r(a)r(i-q) r g (/3) 

Jo (-*; g)oo 9 r 9 (i — a) r g (a + /?) ’ 

/•°° , (-cfg“ +/3 ; g) 

/ r^d 0 t 

17.13.4 do (— ci ; g)oo 

_ r 9 (a) r g (/3) (— cg a ; g)^ (— g 1-a /c; g)^ 

r 9 (a + /?) (-c; g)oo (— g/c; g)^ 

Askey (1980) conjectured extensions of the foregoing 
integrals that are closely related to Macdonald (1982). 
These conjectures are proved independently in Hab- 
sieger (1988) and Kadell (1988). 


17.14 Constant Term Identities 

Zeilberger-Bressoud Theorem (Andrews’ q-Dyson Conjecture) 

)ai+ei2H b o, n 


17.14.1 


(<?; q)a 


(g;g) Q1 (g; g)a, ■ • • (g; q) c 


= coeff. of x°x -2 ■ ■ • in 


n 


^3 . 

5 * 
%k 


qxk . 


-59 


/ft i ^ n/ a 2 v * 7 l<j<fc<n x ~' v /a i x J ' a k 

Rogers-Ramanujan Constant Term Identities 

In the following, G(q) and H(q) denote the left-hand sides of (17.2.49) and (17.2.50), respectively. 


17.14.2 


E 

n — 0 


E 


g 


n(n+ 1) 


(g 2 ;g 2 )n(-9;9 2 )n+l 


= coeff. of z in 


(-^LH 1 0;g 2 ) oo (g 2 ^). 


1 


(- _1 g 2 ; g 2 )oo (- 9 ; « 2 )oo ( 2_1 9; 9 2 )oo 

Hg;g 2 ) oo H- 1 g;g 2 ) oo (g 2 ;g 2 ) c 


ffn+1) 


17.14.3 


(g 2 ;g 2 )n(-g;g 2 )r 


(-g;g 2 ) 

= coeff. of z° in 


coeff. of z° in 


H(q) 


( z 1 g;g) oc 

Hg;g 2 ) 00 H- 1 g:g 2 ) 00 (g 2 ;g 2 ) e 

(^- 1 ;g 2 ) 0 o(-g;g 2 ) 0 o(‘*- 1 ‘/;g 2 )oo 


(-9;9 2 )oo’ 


coeff. of A i„ 


G(g) 


(-g;g 2 )oo ’ ( z 1 ;g) c 

(-*?; q 2 )oJq 2 '^ 2 ) 


(-g;g 2 )oo’ 


17.14.4 


n 

= coeff of 2 ^ in 

,._o (? 2 ;9 2 )„(9; ? 2 )„ ■ (-s-WUm 2 )^- 1 ;? 2 ) 


1 coeff .of 2 » ta tf2il. 2 AH-V« 2 L(« 2 ;« 2 L_ c(,*) 


(g; g 2 ) 


E 


g 


n +2n 


(- _2 ;g 4 )oo 

(-^;g 2 ) 00 H- 1 g;g 2 ) 00 (g 2 ;g 2 )c 


(g;g 2 ) c 


17.14.5 


(5, (<z 2 ;g 2 )„(g;g 2 ) 


„+, c “ ff ' ° f 

- 1 coeff. ofo"m ( “ 2,; ‘ ,2) “ ( -’" 1?;,2) “ (,2;,2) “- H(?4) 


(g;g 2 ) 


(g 4 2“ 2 ;g 4 ) 


(g; g 2 )oo' 
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Macdonald (1982) includes extensive conjectures on 
generalizations of (17.14.1) to root systems. These con- 
jectures were proved in Cherednik (1995), Habsieger 
(1986), and Kadell (1994); see also Macdonald (1998). 
For additional results of the type (17.14.2)-(17.14.5) see 
Andrews (1986, Chapter 4). 


17.15 Generalizations 

For higher-dimensional basic hypergometric functions, 
see Milne (1985b, c,d, a, 1988, 1994, 1997) and Gustafson 
(1987). 


Applications 

17.16 Mathematical Applications 

Many special cases of g-series arise in the theory of 
partitions, a topic treated in §§27.14(i) and 26.9. In 
Lie algebras Lepowsky and Milne (1978) and Lepowsky 
and Wilson (1982) laid foundations for extensive inter- 
action with g-series. These and other applications are 
described in the surveys Andrews (1974, 1986). More 
recent applications are given in Gasper and Rahman 
(2004, Chapter 8) and Fine (1988, Chapters 1 and 2). 


17.17 Physical Applications 

In exactly solved models in statistical mechanics (Bax- 
ter (1981, 1982)) the methods and identities of §17.12 
play a substantial role. See Berkovich and McCoy 
(1998) and Bethuel (1998) for recent surveys. 

Quantum groups also apply g-series extensively. 
Quantum groups are really not groups at all but certain 
Hopf algebras. They were given this name because they 
play a role in quantum physics analogous to the role of 
Lie groups and special functions in classical mechanics. 
See Kassel (1995). 

A substantial literature on g-deformed quantum- 
mechanical Schrodinger equations has developed re- 
cently. It involves g-generalizations of exponentials and 
Laguerre polynomials, and has been applied to the prob- 
lems of the harmonic oscillator and Coulomb potentials. 
See Micu and Papp (2005), where many earlier refer- 
ences are cited. 


Computation 

17.18 Methods of Computation 

The two main methods for computing basic hypergeo- 
metric functions are: (1) numerical summation of the 
defining series given in §§17.4(i) and 17.4(ii); (2) modu- 
lar transformations. Method (1) is applicable within the 
circles of convergence of the defining series, although it 
is often cumbersome owing to slowness of convergence 
and/or severe cancellation. Method (2) is very powerful 
when applicable (Andrews (1976, Chapter 5)); however, 
it is applicable only rarely. Lehner (1941) uses Method 
(2) in connection with the Rogers-Ramanujan identi- 
ties. 

Method (1) can sometimes be improved by appli- 
cation of convergence acceleration procedures; see §3.9. 
Shanks (1955) applies such methods in several g-series 
problems; see Andrews et al. (1986). 

17.19 Software 

See http://dlmf.nist.gov/17.19. 
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Orthogonal Polynomials 


Notation 

18.1 Notation 


18.1(i) Special Notation 

(For other notation see pp. xiv and 873.) 


x,y 

real variables. 

z(= x + iy) 

complex variable. 

q 

real variable such that 0 < q < 1 , unless 
stated otherwise. 

£, m 

nonnegative integers. 

n 

nonnegative integer, except in §18.30. 

N 

positive integer. 

8{x — a) 

Dirac delta (§1.17). 

8 

arbitrary small positive constant. 

Pn(x ) 

polynomial in x of degree n. 

P-i Or) 

0 . 

w(x) 

weight function (> 0 ) on an open 
interval (a, b). 

Wx 

weights (> 0) at points x £ X of a finite 
or countably infinite subset of R. 

OP’s 

orthogonal polynomials. 

x-Differences 

Forward differences: 


(/Or)) = f(x+ 1) ^ /Or), 

A ” +1 (/(x))= A*(A"(/(x))). 


Backward differences: 

V, (/(*)) = /(*)- f(x -1), 

V" +1 (/(a:)) = V x (V£(/(x))). 

Central differences in imaginary direction: 

6x (/Or)) = (/(a; + i?) - f(x - \i)) /i, 

£ +1 (/(*)) = **(W(®)))- 

q-Pochhammer Symbol 

(~5 9)0 = !, (U ?)„ = (1 - z){l - zq )---{ l - zq n ~ 1 ), 
(~i, . . . , z k \ q) n = (21; ?)„■■■ ( 2 fc; q)„ • 

Infinite q-Product 

OO 

(*; 9)00 = n^-V), 

i=o 

(21,..., 2*;?)^ = (2:1; 9)00 - • • (^fc; 9)00 - 

18.1 (ii) Main Functions 

The main functions treated in this chapter are: 


Classical OP’s 

Jacobi: Pi a,f3 \x). 

Ultraspherical (or Gegenbauer): Cn'\x). 

Chebyshev of first, second, third, and fourth kinds: 
T n (x), U n (x), V n {x), W n (x). 

Shifted Chebyshev of first and second kinds: T*(x), 
U*(x). 

Legendre: P n (x). 

Shifted Legendre: P* (x). 

Laguerre: L^\x) and L n (x) = Ln\x). (L^\x) with 
a 7 ^ 0 is also called Generalized Laguerre.) 

Hermite: H n (x), He n ( x). 

Hahn Class OP’s 

Hahn: Q n (x-, a, (3, N). 

Krawtchouk: K n ( x;p,N ) . 

Meixner: M n (x;/3, c). 

Charlier: C n (x,a). 

Continuous Hahn: p n (x; a, 6 , a, b) . 

Meixner-Pollaczek: P^ 1 (x; <p). 

Wilson Class OP’s 

Wilson: W n (x; a, b , c, d) . 

Racah: i?„(x; a, f3, 7 , S). 

Continuous Dual Hahn: S n (x: a , b, c). 

Dual Hahn: R n (x;'y,S,N). 

q-Hahn Class OP’s 

q-Hahn: Q n (x; a, (3, N; q). 

Big q-Jacobi: P n (x: a, 6 , c; q). 

Little q-Jacobi: p„(x;a, 6 ;q). 
q-Laguerre: L^\x;q). 

Stieltjes-Wigert: S n (x;q). 

Discrete q-Hermite I: h n (x;q). 

Discrete q-Hermite II: h n (x;q). 

Askey-Wilson Class OP’s 

Askey-Wilson: p n {x\ a, b, c, d \ q). 

Al-Salam-Chihara: Q n (x; a, b \ q). 

Continuous q- Ultraspherical: C n (x;/3\q). 

Continuous q-Hermite: H n {x \ q). 

Continuous q^ 1 -Hermite: h n (x \ q) 
q-Racah: R n {x; a, (3, 7 , 8 | q). 
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Other OP’s 

Bessel: y n (x;a). 

Pollaczek: Pn ^ ( x;a,b ) . 

Classical OP's in Two Variables 

Disk: Rm}n{z). 

Triangle: P^^(x,y). 


18. 1 (iii) Other Notations 


In Szego (1975, §4.7) the ultraspherical polynomials 
Cn X \x) are denoted by P^\x). The ultraspherical 
polynomials will not be considered for A = 0. They 
are defined in the literature by (x) = 1 and 


18 . 1.1 


C^(x) = l T n (x) = 2( ^ 1)1 Pi~ h ' h \x ), 

V 2 / n 


n= 1, 2, 3, 


Nor do we consider the shifted Jacobi polynomials: 

18 . 1.2 G n (p,q,x) = " ! . 2x-l), 

\ n + P)n 

or the dilated Chebyshev polynomials of the first and 
second kinds: 


18 . 1.3 C„(x) = 2T n (\x), S n (x) = U n (\x). 

In Koekoek and Swarttouw (1998) 5 X denotes the 
operator i5 x . 


Orthogonality on Finite Point Sets 

Let X be a finite set of distinct points on I, or a count- 
able infinite set of distinct points on R, and w x , x £ A', 
be a set of positive constants. Then a system of polyno- 
mials {p„(a;)}, n = 0, 1, 2, . . . , is said to be orthogonal 
on X with respect to the weights w x if 

18 - 2 - 2 ^2 Pn(x)pm(x)w x = 0, n^m, 

when A' is infinite, or 

18 . 2.3 

^ Pn{x)pm(x)w x = 0, n, nn = 0, 1, . . . , N\ n ^ m, 

xGX 

when X is a finite set of N + 1 distinct points. In the 
former case we also require 

18 . 2.4 x 2n w x < oo, n = 0, 1, ... , 

xex 

whereas in the latter case the system { p n (x)} is finite: 
n = 0, 1, . . . , N. 

More generally than (18.2.1)-(18.2.3), w{x)dx may 
be replaced in (18.2.1) by a positive measure da(x), 
where a(x) is a bounded nondecreasing function on the 
closure of (a, b) with an infinite number of points of in- 
crease, and such that 0 < f^x 2n da(x) < oo for all 
n. See McDonald and Weiss (1999, Chapters 3, 4) and 
Szego (1975, §1.4). 


General Orthogonal Polynomials 

18.2 General Orthogonal Polynomials 
18.2(i) Definition 

Orthogonality on Intervals 

Let (a, b ) be a finite or infinite open interval in R. A sys- 
tem (or set) of polynomials {p n (x)}, n = 0 , 1 , 2 ,..., is 
said to be orthogonal on (a, b ) with respect to the weight 
function w(x) (> 0) if 

f b 

18 . 2.1 / p n (x)p m (x)w(x) dx = 0, n^m. 

J a 

Here w{x) is continuous or piecewise continuous or in- 
tegrate, and such that 0 < f x 2n w(x ) dx < oo for all 

n. 

It is assumed throughout this chapter that for each 
polynomial p n ( x) that is orthogonal on an open interval 
(a, b) the variable x is confined to the closure of (a, b ) 
unless indicated otherwise. (However, under appropri- 
ate conditions almost all equations given in the chapter 
can be continued analytically to various complex values 
of the variables.) 


18.2(ii) ic-Difference Operators 

If the orthogonality discrete set X is {0, 1, ... , N} or 
{0,1,2,...}, then the role of the differentiation op- 
erator d/dx in the case of classical OP’s (§18.3) is 
played by A x , the forward-difference operator, or by 
V x , the backward-difference operator; compare §18.1(i). 
This happens, for example, with the Hahn class OP’s 
(§18.20(i)). 

If the orthogonality interval is (— 00 , 00 ) or (0, 00 ), 
then the role of d/dx can be played by S x , the 
central-difference operator in the imaginary direction 
(§18. l(i)) . This happens, for example, with the contin- 
uous Hahn polynomials and Meixner-Pollaczek polyno- 
mials (§18.20(i) ) . 

18.2(iii) Normalization 

The orthogonality relations (18.2.1)-(18.2.3) each de- 
termine the polynomials p n (x) uniquely up to constant 
factors, which may be fixed by suitable normalization. 
If we define 

fb ^ 

18 . 2.5 h n = {Pn{x)f w(x) dx or ^ (p n {x)) 2 w x , 

xex 
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18.2.6 

h n 

and 


x ( p n (x )) w(x) dx or 


E X(p n (x)) W x , 
xex 


18.2.7 p n {x) = k n x n + k n x n 1 + k n x n 2 + • ■ ■ , 
then two special normalizations are: (i) orthonormal 
OP’s: h n = 1, k n > 0; (ii) monic OP’s: k n = 1. 


18.2(iv) Recurrence Relations 

As in §18.1(i) we assume that p~\{x) = 0. 

First Form 


18.2.8 

Pn+l(x) = ( A n x + B n )p n (x) - C n Pn-l{ x), 71 > 0. 
Here A n , B n (n> 0), and C n (n > 1) are real constants, 
and A n -\A n C n > 0 for n > 1. Then 


18.2.9 


A.„ — 


Vri+1 


B„ = 


^n+l k n \ , h n 

k^Ti~K l n ~ n ’ 


C n = 


A n k n T B n k n fcn+i A n 


kn— 1 


A n — 1 h n —i 


Second Form 


18.2.10 

XPn(x) = a n p n +l{x) + b n p n {x) + C n p n -l{x ), U > 0. 
Here a n , b n (n > 0), c n (n > 1) are real constants, and 
a n -\C n > 0 (n > 1). Then 


18.2.11 


k n k n+ i h n 

b n = T T = ~i 

Kn ^n+1 tin 


Cn — 


^n+1 

kn Q-n^n+l b n k' 


— 1 


k n - 1 i' 

If the OP’s are orthonormal, then c n = a n -\ (n > 1). 
If the OP’s are monic, then a n = 1 (n > 0). 

Conversely, if a system of polynomials {p n (x)} sat- 
isfies (18.2.10) with a n _ic n > 0 (n > 1), then {p n (x)} 


is orthogonal with respect to some positive measure on 
R (Favard’s theorem). The measure is not necessarily 
of the form w(x) dx nor is it necessarily unique. 


18.2(v) Christoffel-Darboux Formula 


18.2.12 


E 

£=0 


Pe{x)pe(y) k n Pn+l(x)p n (y) - Pn{x)p n +l(y) 


he 


h n k, 


n^n+1 


x-y 


x^y. 


Confluent Form 
18.2.13 


E 

<=0 


i.P(.i.x)f 


h t 


hnk 


nAn+ 1 


■ (Pn+l(x)p n (x) ~ p„{x)p n+ l{x)) . 


18.2(vi) Zeros 

All n zeros of an OP p n (x) are simple, and they are 
located in the interval of orthogonality (a, b). The zeros 
of p n { x) and p n + i(x) separate each other, and if m < n 
then between any two zeros of p m {x) there is at least 
one zero of p n { x). 

For illustrations of these properties see Figures 
18.4.1-18.4.7. 


Classical Orthogonal Polynomials 


18.3 Definitions 

Table 18.3.1 provides the definitions of Jacobi, Laguerre, 
and Hermite polynomials via orthogonality and normal- 
ization (§§18.2(i) and 18.2(iii)). This table also includes 
the following special cases of Jacobi polynomials: ultra- 
spherical, Chebyshev, and Legendre. 



Table 18.3.1: Orthogonality properties for classical OP’s: intervals, weight functions, normalizations, leading coefficients, and parameter constraints. 
In the second row A denotes 2“+^ +1 T(n + a + 1) T(n + /? + 1)/ ((2 n + a + f3 + l)T(n + a + (3 + l)n!) . For further implications of the parameter 
constraints see the Note in §18.5(iii). 


18.3 


Definitions 
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For exact values of the coefficients of the Jacobi 
polynomials the ultraspherical polynomials 

C^\x), the Chebyshev polynomials T n {x) and U n {x), 
the Legendre polynomials P n (x), the Laguerre poly- 
nomials L n ( x), and the Hermite polynomials H n {x), 
see Abramowitz and Stegun (1964, pp. 793-801). The 
Jacobi polynomials are in powers of x — 1 for n = 
0, 1, . . . , 6. The ultraspherical polynomials are in pow- 
ers of x for n = 0, 1, . . . , 6. The other polynomials are 
in powers of x for n = 0, 1, ... , 12. See also §18.5(iv). 
Chebyshev 

In this chapter, formulas for the Chebyshev polynomials 
of the second, third, and fourth kinds will not be given 
as extensively as those of the first kind. However, most 
of these formulas can be obtained by specialization of 
formulas for Jacobi polynomials, via (18.7.4)-(18.7.6). 

In addition to the orthogonal property given by 
Table 18.3.1, the Chebyshev polynomials T n (x), n = 
0,1 , . . . , .ZV, are orthogonal on the discrete point set com- 
prising the zeros xjv+i,n, n = 1, 2, . . . , N+l, of Tn+i(x): 

N+l 

2 1 ^ 1 T)(XjV+l,ra) Tk{XN+ l,ra) 0) 

n—1 

0 < j < N, 0 < k < N, j 7^ k, 

where 

18.3.2 XN+i,n = cos((n — ^)n/(N+ 1)). 

When j = k ^ 0 the sum in (18.3.1) is \{N + 1). When 
j = k = 0 the sum in (18.3.1) is IV + 1. 



Figure 18.4.2: Jacobi polynomials pC- 25 >°- 75 )( a; ), n = 
7, 8. This illustrates inequalities for extrema of a Jacobi 
polynomial; see (18.14.16). See also Askey (1990). 


For proofs of these results and for similar properties 
of the Chebyshev polynomials of the second, third, and 
fourth kinds see Mason and Handscomb (2003, §4.6). 

For another version of the discrete orthogonality 
property of the polynomials T n (x) see (3.11.9). 

Legendre 

Legendre polynomials are special cases of Legendre 
functions, Ferrers functions, and associated Legendre 
functions (§14.7 (i)) - In consequence, additional proper- 
ties are included in Chapter 14. 


18.4 Graphics 
18.4(i) Graphs 



1 , 2 , 3 , 4 , 5 . 



Figure 18.4.3: Chebyshev polynomials T n (x), n = 
1,2, 3, 4, 5. 


18.4 Graphics 
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Figure 18.4.4: Legendre polynomials P n (x), n = 
1,2, 3, 4, 5. 



Figure 18.4.5: Laguerre polynomials L n (x), n = 
1,2, 3, 4, 5. 



Figure 18.4.6: Laguerre polynomials L^\x), a = 

0 , 1 , 2 , 3 , 4 - 



Figure 18.4.7: Monic Hermite polynomials h n (x ) = 
2~ n H n (x), n= 1,2, 3, 4, 5. 


18.4(ii) Surfaces 



Figure 18.4.8: Laguerre polynomials L^*\ x), 0 < a < 3, Figure 18.4.9: Laguerre polynomials L^\x), 0 < a < 3, 
0 < x < 10. 0 < x < 10. 
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18.5 Explicit Representations 

18.5(i) Trigonometric Functions 

Chebyshev 

With x = cos 9 , 

18.5.1 T n (x) = cos (nO), 

18.5.2 U n (x) = (sin(n + 1)0) /sin# , 

18.5.3 V n (x) = (sin (n + \)0) / sm.(\0) , 

18.5.4 W n {x) = (cos(n+ ^)0)/cos(|0) . 

18.5(ii) Rodrigues Formulas 

18.5.5 p n (x ) = l — (w(x)(F(x)) n ) . 

K n w[x) ax 

In this equation w( x) is as in Table 18.3.1, and F(x), 
K n are as in Table 18.5.1. 

Table 18.5.1: Classical OP’s: Rodrigues formulas 
(18.5.5). 


Pn(x) 

Fix) 

«n 

P^\x) 

1 - x 2 

(— 2) n n! 

C {x \x) 

1 - X 2 

(-2) n (A+|)„n! 

(2A)„ 

T n {x ) 

1 — X 2 

(-2)"(§)„ 

Un{x) 

1 — X 2 

(~2)™(i) n 

n + 1 

V n {x) 

l~x 2 

(-2) n (|) n 

2?r + 1 

W n {x) 

1 - x 2 

(-2) n (§)„ 

Pn{x) 

l- x 2 

(— 2) n n! 

L (x) 

X 

n! 

H n {x) 

1 

(-i) n 

He n ( x) 

1 

(-i) n 


Related formula: 

18.5.6 

L^l-) = 


1^ _ ( 1)” n+q+1 X/x d " ( 

I dx n \ 


n\ 


X- a -X e -X/x 


18.5(iii) Finite Power Series, the 

Hypergeometric Function, and 
Generalized Hypergeometric Functions 

For the definitions of 2 * 1 , 1 * 1 , and 2*0 see §16.2. 

Jacobi 

18.5.7 

P^{x) 

(n + a + P + l)^(o + f- + l) n _^ f x — 1 


^=0 

(a + 1) T 


7 1 


2 F 1 


a (n — £) ! 

—n,n + a + P+ 1 1 — x 
a+1 ’ 2 


18.5.8 


= 2-"E 


^=0 


n + a\ (n + (3 


{x-l) n ~\x+l Y 


(a+l) n /.t + 1\' 1 f —n, — n — f3 x—1 


7.1 


2 ) 


2*1 


a + 1 ’ x + 1 ) ’ 


and two similar formulas by symmetry; compare the 
second row in Table 18.6.1. 


Ultraspherical 

18.5.9 C^ X) (x) = 2*1 


—n, n + 2A 1 — x 

A+i 


18.5.10 


Ln/2J 7,0/^ 

c£\ x ) = y „ ^ ( i 2x) n - 2e 


e=o 


t\ [n - 2 ey. 


= (2 x) n ^ 2 F 1 


-\ n >-\ n + 5.1_ 
1 — X — n ’ x 2 


18.5.11 


Caicos 9) = Y cos (( n - U )°) 


£=0 
a inS (A) n 

“ n! 


2*1 


n > A . -2ifl 

1 — A — n’ 


18.6 Symmetry, Special Values, and Limits to Monomials 
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Laguerre 




18 . 5.12 


£=0 

(<*+!) 

r?.! 


(n-£)! l\ 


1F1 


a + 1 ’ 


Hermite 


18 . 5.13 


Ln/2j 

H n {x) = n\ ^ 
e=o 


(-lY(2x) n ~ 2e 

i\ (n- 2t)\ 


= (2x) n 2 F 0 






For corresponding formulas for Chebyshev, Legen- 
dre, and the Hermite He n polynomials apply (18.7.3)- 
(18.7.6), (18.7.9), and (18.7.11). 

Note. The first of each of equations (18.5.7) and 
(18.5.8) can be regarded as definitions of Pn a,t3 \x) when 
the conditions a > — 1 and /3 > — 1 are not satisfied. 
However, in these circumstances the orthogonality prop- 
erty (18.2.1) disappears. For this reason, and also in the 
interest of simplicity, in the case of the Jacobi polyno- 
mials (x) we assume throughout this chapter that 

a > — 1 and (3 > — 1, unless stated otherwise. Similarly 
in the cases of the ultraspherical polynomials Cn X \x ) 
and the Laguerre polynomials lY\x) we assume that 
A > — A Y 0, and a > — 1, unless stated otherwise. 


18.5(iv) Numerical Coefficients 

Chebyshev 

Tq(x) = 1, T 1 (x)=x, T 2 (x) = 2x 2 — 1, 

T 3 (x) = 4a; 3 — 3a;, TAx) = 8a; 4 — 8a; 2 + 1, 

18 . 5.14 w w 

T 5 (x) = 16a; 5 - 20a; 3 + 5a;, 

T 6 (x) = 32x 6 - 48a; 4 + 18a; 2 - 1. 

Uo(x) = 1, U\(x) = 2a;, U 2 (x) = 4a; 2 — 1, 

t/ 3 (x) = 8a; 3 — 4a;, U 4 (x) = 16a; 4 — 12a; 2 + 1, 

U 5 (x) = 32a; 5 — 32a; 3 + 6a;, 

U 6 (x) = 64a; 6 - 80x 4 + 24a; 2 - 1. 


Legendre 


18 . 5.16 


P 0 (x) = 1, Pi{x) = X, 


P 2 {x) = §x 2 - 
P 3 ( x) = fa; 3 - fx, P±(x) = ^x 4 - ^x 2 + 
p 5 (x)= fx 5 -fx 3 +fx, 


P 6 (x) = ^x 6 - ^x 4 


105 


3 

8 ’ 


18 . 5.17 

L 0 (x) = 1, Li(x) = —x + 1, L 2 {x) = |x 2 — 2x + 1, 

L 3 (x) = -gx 3 + §x 2 - 3x + 1, 

L 4 (x) = ^x 4 — |x 3 + 3x 2 — 4x + 1, 

L 5 (x) = -^x 5 + Fx 4 - |x 3 + 5x 2 - 5x + 1, 

L 6 (x) = y^a; 6 - F x 5 _|_ | x 4 _ a; 3 + ^x 2 — 6x + 1. 

Hermite 


18 . 5.18 

H o(x) = 1, H i(x) = 2x, ff 2 (x) = 4x 2 — 2, 

H 3 (x) = 8x 3 - 12x, H 4 (x) = 16x 4 - 48x 2 + 12, 

H 5 (x) = 32x 5 - 160x 3 + 120x, 

H 6 (x) = 64x 6 - 480x 4 + 720x 2 - 120. 

He o(x) = 1, He i(x) = x, He 2 (x) = x 2 — 1, 

He 3 (x) = x 3 — 3x, HeAx) = x 4 — 6x 2 + 3, 

18.5.19 ; ; , , w 

He 5 (x) = x 5 — 10x 3 + 15x, 

He e (x) = x 6 — 15x 4 + 45x 2 — 15. 

For the corresponding polynomials of degrees 7 
through 12 see Abramowitz and Stegun (1964, Ta- 
bles 22.3, 22.5, 22.9, 22.10, 22.12). 


18.6 Symmetry, Special Values, and Limits 
to Monomials 


18.6(i) Symmetry and Special Values 


For Jacobi, ultraspherical, Chebyshev, Legendre, and 
Hermite polynomials, see Table 18.6.1. 


Laguerre 

18 . 6.1 


( a + 1 )n 

n\ 


L ( n a) ( 0) 
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Table 18.6.1: Classical OP’s: symmetry and special values. 


Pn(x) 

Pn{~x) 

Pni 1) 

P2n(0) 

P2ra+l(0) 

Pd 0) { x) 
Pt a \x) 

(-l)"Pf’ o) (x) 
(-1 )npd a \x) 

(a + l)„/n! 

( a + 1 )J n] 

i~\) n (n + a+l )Jn\ 

(-j)"(n + a+ i) n+ i/n! 

C (A \x) 

i-iyd X) (x) 

(2A) n /n! 

(-1)"(A )Jn\ 

2(-l)"(A)„ +1 /n! 

T n {x) 

(-1 YTnix) 

1 

i-iy 

(— l)"(2n + 1) 

Un{ x) 

( — 1)" U n {x) 

n+1 

(-1 r 

(— l) n (2n + 2) 

v n (x) 

(-1 ywyx) 

2n + l 

(-l) n 

(— l) n (2n + 2) 

w„(x ) 

(-1 TVnix) 

1 

(-l) n 

(— l)"(2n + 2) 

Pn(x ) 

(-1 yp n ix) 

1 

(-!)”(!)>! 


ff n (x) 

i-l) n Hnix) 


(— l)"(n + l) n 

2(-l)»(n + l) n+1 

He n {x) 

(-1 ) n He n ix) 


i-hn n + 1)„ 

(-!)"(«+ l)n+l 


18.6(ii) Limits to Monomials 


18 . 6.2 

18 . 6.3 

18 . 6.4 

18 . 6.5 


P, 


(«,/3) 


(x) 


lim , 

Pi a ’P\ 1 ) 


3 (a,/3) 


lim 

3 — >oo p' 

^ r 7 


(x) 




(- 1 ) 

ci A) (x ) 

lim — 73 - 

ci A) (i) 


lim 


£n Q) (ax) 

L ( n a) ( 0) 



= (!-*)"■ 


18.7 Interrelations and Limit Relations 


18.7(i) Linear Transformations 

Ultraspherical and Jacobi 


18 . 7.1 


C£\x) 


(2A) n 

( A + \)n 

( a + 1 )n 

( 2a + !) n 


p(X J,A 2) 
r n 

-d a+k *\x). 


(x), 


Chebyshev, Ultraspherical, and Jacobi 

18 . 7.3 T n (x)= , 

18 . 7.4 

U n (x) = CW (x)= {n+l)p£' h) {x)/p£'i ] ( 1 ) , 

18 . 7.5 V n (x)= (2n + l)P^’- h \x)/p^’~ h \l) , 

18 . 7.6 W n (x) = Pt kS (x)/pt h,i \l) ■ 

18 . 7.7 T*(x) = T n { 21-1), 

18 . 7.8 U*(x) = U n (2x- 1 ). 

See also (18.9.9)-(18.9.12). 

Legendre, Ultraspherical, and Jacobi 


18 . 7.9 

18 . 7.10 
Hermite 

18 . 7.11 


P n (x) = d h \ x) = Pi°’°\x). 
Kix) = P n ( 2 X - 1 ). 

He n {x) = 2~^ n H n (2~^x^, 
H n {x) = 2i n He n (2hy 


18 . 7.2 Pd a) {x) 


18 . 7.12 


18.8 Differential Equations 
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18.7(ii) Quadratic Transformations 


18.7.13 


18.7.14 


18.7.15 

18.7.16 


p(a,o:) 

r 2 n 

(x) 

r n 

(2x 2 — 

1) 

p(a»«) 

r 2n 

(1) " 

r n 

" 4) (D 


p(oc,a) 

*2n+l 

i x ) _ 

xPi a ’ h) 

(2x 2 - 

1) 

p(«»a) 

^271+1 

(1) 

p( a 

r n 




II 

T p(^ — 

r n 

n 

~^(2x 

"-1), 


n 


(A) 

2n+l 


i x ) = 


(A) 


(I) 


n +l ^ 2 ’ 2 ) 


(2x 2 — l) . 


n+1 


18.7.17 U 2 n(x) = V n ( 2x 2 -l), 

18.7.18 T 2 „+ 1 (a:) = x W n (2x 2 - l) . 


18.7.19 H 2n (x) = (— l)"2 2 "n! lL (x 2 ) , 

18.7.20 -ff 2 n +i(aO = (-l) n 2 2 n+ 1 n!®£^ ) (a: 2 ). 


18.7.22 lirn P^\{2x/a) - 1) = (-l) n L^\x). 

OL — ^oo 

Jacobi — > Hermite 

18.7.23 lim oT&P^HoT *x) = H ^ pc l_ 

ol — >oo n V / 2"n! 

Ultraspherical — * Hermite 

18.7.24 lim \-? n CW(\-ix) = ^M. 

A^oo V / ?T.! 

18.7.25 lim — C^\x) = — T n (x), n > 1. 

a— > o A n 

Laguerre — > Hermite 

18.7.26 

L{ n ) {^)ix + a) = t^ Hn{x y 

See Figure 18.21.1 for the Askey schematic represen- 
tation of most of these limits. 


18.7(iii) Limit Relations 

Jacobi — > Laguerre 

18.7.21 lim P^\l - (2x/0)) = L^\x). 

(3 — >oo 


18.8 Differential Equations 

See Table 18.8.1 and also Table 22.6 of Abramowitz and 
Stegun (1964). 


Table 18.8.1: Classical OP’s: differential equations A(x)f"(x) + B(x)f'(x) + C(x)f(x) + A n f(x) = 0. 


fi x ) 

Ai x) 

Bix) 

Cix) 

^ n 

P^\x) 

1 — X 2 

0 — a — (a + /3 + 2 )x 

0 

nin + a + 0 + 1 ) 

i • i \ a +i ( i \^+i 

(sm 2 x j ( cos 2 X j 

1 

0 

I _ a 2 1 _ 52 

4 ^ 1 4 M 

(n + ^(a + (3 + 1)) 

x?W)( cos a;) 

4 sin 2 ,^x 4 cos 2 Ax 

(sinx)“ + 5 Pn a,a \ cosx) 

1 

0 

i\ — a 2 )/ sin 2 x 

(n + a + A ) 2 

C ( n X \x) 

1 — x 2 

-( 2 A+ l)x 

0 

n(n + 2A) 

T n {x) 

1 — X 2 

—x 

0 

2 

n 

U n (x) 

1 — IE 2 

— 3x 

0 

nin + 2) 

Pn{x) 

1 — IE 2 

— 2 x 

0 

nin + 1 ) 

L i a) (x) 

X 

a + 1 — x 

0 

n 

g-iPjj.Q+i ix 2 ) 

1 

0 

—x 2 + (j — a 2 )x -2 

An + 2a + 2 

Hnix) 

1 

— 2 x 

0 

2 n 

e“3 * 2 H n ix) 

1 

0 

—X 2 

2 n + 1 

He n ix) 

1 

—x 

0 

n 
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18.9 Recurrence Relations and Derivatives 

18.9(i) Recurrence Relations 

18.9.1 Pn+li.x') (A n X T B n )p n (^X^j ^~3nPn— 

For p n (x) = Pn a,l3 \x), 

(2n + ot T (3 -\~ l)(2n 4- o/. P T 2) 


A n — 

18.9.2 B n = 

C n = 


2 (n + l)(n + a + /3 + 1) 

(a 2 - P 2 )(2n + a + p +1) 

2(n + l)(n + a + P + 1)(2 n + a + p) ’ 
(n + a)(n + P)(2n + a + p + 2) 


{ji 1 ) (ji (x T p l)(2n -f d 4 P') 

For the other classical OP’s see Table 18.9.1; compare 
also §18.2(iv). 

Table 18.9.1: Classical OP’s: recurrence relations 
(18.9.1). 


18.9(ii) Contiguous Relations in the Parameters 
and the Degree 

Jacobi 

18.9.3 P^-^ix) - Pi a ~^\x) = Pt f(x), 

18.9.4 

(1 - a:) P( a+1 ’P\x) + (1 + x) P^ +1) { x) = 2P^\x). 

18.9.5 

{2n + a + /3+l)Pi a ’P\x) 

= (n + a + /3+ 1) P+ ,/3+1 +) + (n + a) P^i +1 \ x), 
(n + \a + i/? + 1)(1 + x) p( a,/3+1 \ x ) 


18.9.6 


= (n + 1) Pi+^\x) + (n + / 3 + 1) P^Xx), 


and a similar pair to (18.9.5) and (18.9.6) by symmetry; 
compare the second row in Table 18.6.1. 


Ultraspherical 

18.9.7 („ + A) CW Or) = A (C( A+1 > (x) - 4 A _+ 1) (*)) 
4A(n + A + 1) (1 - x 2 ) C+ +1) (s) 


18.9.8 = - 


— — (n + l)(n + 2) C^+ 2 (;r) 

+ (n + 2A)(n + 2A + l)C'< A >(a;). 

Chebyshev 

18.9.9 T n {x) = | ( U n (x ) - U n - 2 {x)) , 

18.9.10 (1 - x 2 ) U n (x ) = (T n+2 ( x) - T n (x)) . 

18.9.11 W n {x) + W n - i(x) = 2 T n (x), 

18.9.12 T n+ i(x) + T n (x) = (1 + x) W n ( x). 

Laguerre 

L^\x) = L^ +1 \x)-L^ l l) ^), 

xL^ +1 Xx) = -(n + 1 )L ( ^ 1 (x) 

+ (n + a + 1) L^Xx). 






18.9.13 

Pn{x ) 

A n 

B n 

C n 


cL x \x) 

2n+A 

n+1 

0 

n+2A— 1 

n+1 

18.9.14 

T n (x) 

2 $n, 0 

0 

l 


U n (x) 

2 

0 

l 

18.9(ii 

T*{x) 

4 - 2S n fi 

— 2 + Snfl 

l 

Jacobi 

U*(x) 

4 

-2 

l 

18.9.15 

Pn{x ) 

2n+l 

n+1 

0 

n 

n+1 

18.9.16 

P*n{x) 

4n+2 

n+1 

2n+l 

n+1 

n 

n+1 

u 

l[?X x ) 

1 

2n+a+l 

n+o: 

ax \ 

n+1 

n+1 

n+1 

— . 

H n ( X) 

2 

0 

2 n 


He n (x) 

1 

0 

n 



d_ 

dx 


n— 1 


n+1 


18.9.17 


18.9.18 


(2n + a + (3) (1 - x 2 ) — P+ ,/3) (x) 
dx 

= n(a — j3 — (2 n + a + P)x) (a:) 

+ 2(n + a)(n + (3) P^“ : fX x ), 


(2 n + a + P + 2)(1 - x 2 ) — P {x) 

dx 

= (n + a + p + 1) (a - (3 + (2n + a + P + 2)x) (x) 

- 2 (n + l)(n + a + P + 1) P^“ ,’P(x). 

Ultraspherical 

18 - 9 ' 19 ^Ci x Xx)=2\c£X 1 1) (x), 


18.9.20 

d 

dx 


2\A-i 


1 - x 2 ) 


{n + l)(n + 2A — 1) M 2 a-| P (A-i), 


2(A - 1) 


' (!-*+-* C++ (x). 
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Chebyshev 

18.9.21 -j- T n (x) = n U n _i(x), 
dx 

18.9.22 

^ ((! - x 2 )^ U n (x)^ = — (n + 1)(1 - x 2 )~i T n+1 (x). 

Laguerre 

18.9.23 ^ L ^ (x) = - (x) , 

18.9.24 

^ (e-*x“LW(x)) = {n+l)e-*x a ~ l L^ix). 


Hermite 

18-9.25 J^H n {x) = 2nH n _ 1 (x), 

ax 

18 9 26 Tx ( e_x2 Hn{ - x) ) = _e ” x2 ^ +1 ^- 


18.9.27 

18.9.28 


d_ 

dx 


— He n (x) = nHe n -i(x), 
dx 

(e~^ x2 He n ( x)) = -e - ^ 2 He n+1 (x). 


18.10 Integral Representations 

18. 10(i) Dirichlet-Mehler-Type Integral Representations 
Ultraspherical 


18.10.1 
Legendre 
18.10.2 


P£ a ’ a) (cos0) _ Ci a+k) (cos0) _ 2 a +ir(a + l) 2a f e cos((n + a + \)<j>) 

Pn a ’ a \ 1) C { n + ^\l) 71-5 r(a + |) J 0 (cOS(f) - COS 0) _a+ 5 


, . 2 = f e cos((n+ b)4>) 

P n (cos0) = — / •- V dp, 

'X Jo (cos ffl — COS 0)2 


< 9 < 7T, a > — g. 


0 < 9 < ir. 


/ o (cos^ — COS0)- 

Generalizations of (18.10.1) are given in Gasper (1975, (6), (8)) and Koornwinder (1975b, (5. 7), (5. 8)). 

18. 10(ii) Laplace-Type Integral Representations 
Jacobi 

Pi. a,/3) ( cos0) _ 2r(a + l) 

P^l) " 7rir(a-/3)r(/3+i) 

18.10.3 /■! r* 

x / / ((cos |0) 2 — r 2 (sin |0) 2 + ir sin 0 cos ((>) (1 — r 2 ) a ~^~ 1 r 2 ^ +1 (sinp) 2/3 d(j>dr, 

Jo Jo 


a > P > — 


Ultraspherical 

18.10.4 

Legendre 

18.10.5 
Laguerre 

18.10.6 

Hermite 

18.10.7 


Ph Q) (cos0) CT" r5; (cos0) r(a + l) 


^(q+j 


4“ ,a) (l) c£* +i) (l) 7T5r(a+ \) Jo 

1 p* 

P„(cos0) = — / (cos0 + * sin 0 cos</>) n dp. 
n Jo 


— f (cos0 + isin0cos</>) n (sin^) 20 dip, 
k) Jo 


a > — 7 


L ( n a) (x 2 ) = - 


2(~ 1 ) r 


OO /*7T 


7T2 r(a + |)n! Jo jo 


(x 2 — r 2 + 2ixr cosp) n e r r 2 “ +i (sin</>) a dpdr, 


a > 2 • 


2 n 7°° 2 

H n [x) = — 5- / (x + if) n e _t dt. 
7T 2 J — oo 


448 


Orthogonal Polynomials 


18. 10(iii) Contour Integral Representations 

Table 18.10.1 gives contour integral representations of the form 

18 . 10.8 Pn ^ = ^^~J ^i(z,x)) n g 2 {z,x)(z - c)' 1 dz 

for the Jacobi, Laguerre, and Hermite polynomials. Here C is a simple closed contour encircling z = c once in the 
positive sense. 


Table 18.10.1: Classical OP’s: contour integral representations (18.10.8). 


Pn(x) 

9o{x) 

9i(z,x) 

g 2 {z,x) c 

Conditions 

P^' 0) {x) 

(1 — x)~ a (l + x)~P 

z 2 ^ 1 

2 (z — x) 

(1 - z)“(l + z) 0 X 

±1 outside C. 


d A) (x) 

1 

2" 1 

(l-2a :z + z 2 )~ A 

0 


T n (x ) 



1 — xz 



1 

Z" 1 

1 — 2 xz + z 2 

0 

e ±l 9 outside C 

U n (x) 

1 

Z- 1 

(l-2x :z + z 2 )~ 1 

0 

(where x = cos 6) . 

Pn{x) 

1 

2- 1 

(1 — 2 xz + z 2 )~i 

0 



P n {x) 

1 

z 2 -l 

1 

X 


2 (z — x) 

kl 0) (x) 

e x x~ a 

z(z — a;) -1 

z a e~ z 

X 

0 outside C. 

H n {x)/n\ 

i 

z" 1 

^2 xz—z 2 

0 


He n {x)/n\ 

i 

z- 1 

gXZ—^Z 2 

0 



18.10(iv) Other Integral Representations 


Ultraspherical 


Laguerre 


18 . 10.9 L ^\ x ) 


0 —tj_n J r±a 


J a 


n\ 


2Vxt.J dt , 
a > —1. 


For the Bessel function J v (z) see §10.2(ii). 

Hermite 


18 . 10.10 

H n (x) 


(-2 i) n e x2 

—j—lj 

^ r e -t 

'IT 2 JO 


-t 2 t n e 2ixi ^ 

t n cos (2 xt — 


T^nir) dt. 


See also §18.17. 


18.11 Relations to Other Functions 
18. 1 1 (i) Explicit Formulas 

See §§18.5(i) and 18.5(iii) for relations to trigonometric 
functions, the hypergeometric function, and generalized 
hyper geometric functions. 


18 . 11.1 

P™{x)={\)J-2) m {l-x 2 f* m C [ ™ + J\x) 

= (n+ 1U— 2)" m (l - x 2 )i™ P^(x), 

0 < m < n. 

For the Ferrers function P” l (:c), see §14.3(i). 

Compare also (14.3.21) and (14.3.22). 

Laguerre 

18 . 11.2 


L { n\x) = ( a+ ^ n M(-n,a + l,x) 
n\ 


(-i r 


U(—n , a + 1, x) 


- ( a+ 1 )n r -i(q+l) A 


n\ 


* Z M, 


n+^( ct+l) 


,|aW 

For the confluent hypergeometric functions M(a : b,z) 
and U(a, b, z), see §13.2(i), and for the Whittaker func- 
tions M Kifi (z) and W Kifi (z) see §13.14(i). 


18.12 Generating Functions 
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Hermite 

H n (x) = 2 n U{-\n,\,x 2 ) 

18 . 11.3 = 2 n xU(-\n + §, §,x 2 ) 

= 2^ n e^ x2 u(^-~n - \,2^x s j. 

He n (x) = 2^ n U(-\n , , 5X 2 ) 

18 . 11.4 = 2^ n ~ 1) xU(-\n+ |, |x 2 ) 

= el® f/(— n— |,a:). 

For the parabolic cylinder function U(a,z), see §12.2. 

18.11(ii) Formulas of Mehler-Heine Type 

Jacobi 

18 . 11.5 


lim — P r \ a - 0) f 1 ) = lim 

n— <-c» n a V 2 n 2 J n —> 00 n 


1 


(cos 0 


— a Ja ( Z ) ■ 

2:“ 


Laguerre 


18 . 11.6 lim — 

n—>oo Tl c 

Hermite 




( — l) n 7T.2 / Z 

18 . 11.7 lim ff 2 n — T I = — COS 2 , 

n^oo 2 2n n! V 2n5 / 7rs 


(_l) n / 2 

18 . 11.8 lim o2n 1 #2n+i — — I = -sinz. 

2 2n rc! \2n5 / 7 t5 

For the Bessel function J u (z), see §10.2(ii). The 
limits (18.11.5)— (18.11.8) hold uniformly for z in any 
bounded subset of C. 


18.12 Generating Functions 

With the notation of §§10.2(ii), 10.25(h), and 15.2, 

Jacobi 

18 . 12.1 

2 a +0 


R{1 + R- z)“(l + R+ z)P 

OO 

= Y P^ 0 \x)z n , R = Vl - 2a 12 + z 2 , |z| < 1. 

n=0 

( A (l-x)z) 2 “ Ja(\/2(1 - x)z} 

18.12.2 X (K 1 + x)zY* If} (V 2 (l + x)z) 

P^\x) 


= E 

n=0 


r(n + a + 1) r(n + /3 + 1) ' 


18 . 12.3 

(l + z)-^- 1 


x 2^1 


^(o; + f3 + 1), + (3 + 2) 2(x + 1 )z 


(3 + 1 


Y' (a + /3+ 1)„ p(a,/3) r X „ 

^ 09 + 1 ) b ^ 


(1 + z ) 2 

kl < 1, 


n — 0 


and a similar formula by symmetry; compare the second 
row in Table 18.6.1. For the hypergeometric function 
2 Pi see §§15.1, 15.2(i). 

Ultraspherical 

18 . 12.4 


(1 - 2 XZ + Z 2 )~ X = Y C nHx)P 


n — 0 
00 


n—0 V A + 2 In 


18 . 12.5 


1 — xz 


(1 - 2xz + z 2 ) x+l 


N < I- 


= fl n i>r c i x) (*)z n , \z\<i. 


n — 0 


r(A + h) eZCOSe (b sind ) h ~~ X Jx-i{zsin0) 


18 . 12.6 ^ Gr t A) (cos 0) 


= E 

n—0 


(2A) r 


-r. 


0 < 0 < IT. 


Chebyshev 


18 . 12.7 


1 - 2 2 


1 — 2 xz + z 2 


18 . 12.8 - — XZ „ =Y, T n(x)z n , 


1 — 2 xz + z 2 


= 1 + 2 Y T n(x)z n , \z\<l. 

\z\ < I- 


n— 1 


n=0 


18 . 12.9 - ln(l - 2xz + z 2 ) = 2 ^ z ra , |z| < 1. 

1 


ra=l 


18 . 12.10 

Legendre 

18 . 12.11 


1 — 2 xz + z ‘ 


= Y U n(x)z n , 


* < I- 


n—0 


a/ 1 — 2 xz + z 2 


Y P n(x)z n , \z\ < 1. 


n—0 

00 


18 . 12.12 e xz Jq( z\J\ — x 2 ) = Yj —^-z n . 


n—0 


n\ 


Laguerre 

18 . 12.13 


( \ 00 

)=Y L n ) (x)z n , \Z\<1. 

' n—0 


18 . 12.14 


OO j(ol 


r(a + l)(xz) 2 a e z j a (2y/xz ) = Y L " ^ 
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Hermite 

18.12.15 

18.12.16 


= £ 


H n (x) 


n — 0 


n\ 


= £ 


He n (x) 


n— 0 


n\ 


18.13 Continued Fractions 

We use the terminology of §1.12(ii). 

Chebyshev 

T n {x ) is the denominator of the nth approximant to: 

- 1 - 1 - 1 

18.13.1 , 

x + 2x + 2x+ 

and U n (x) is the denominator of the nth approximant 
to: 

- 1 - 1 - 1 

18.13.2 . 

2x -\- 2x -\- 2x+ 

Legendre 

P n {x) is the denominator of the nth approximant to: 


18.13.3 


ai 2 3_ 4_ 

x+ |x+ §£ + \x+ 


where a\ is an arbitrary nonzero constant. 

Laguerre 

L n (x) is the denominator of the nth approximant to: 

18.13.4 

n —l _ 2 _ 3 

2 3 4 

1 — x + i(3 — x) + |(5-x)+ |(7 — x)+ 
where a± is again an arbitrary nonzero constant. 

Hermite 

H n (x) is the denominator of the nth approximant to: 
1 -2 -4 -6 

18.13.5 


2x T 2x T 2x T 2x-j- 
See also Cuyt et al. (2008, pp. 91-99). 

18.14 Inequalities 
18.14(i) Upper Bounds 


Jacobi 


18.14.1 




18.14.2 


—l<x<\,a>(3> —1, a > — 

—l<x<l,/3>a> —1, (3 > — 

(i(l - X)) ha+i (1(1 + x))^ +i I P^\x) I 

18.14.3 < 


r(max(o:, (3) + n + 1) 


1 , / i / ^ . x\max(a,/3)-t-4 5 

71 - 271 ! (n + \{a + (3 + 1 )) ^ 2 

-l < x < l, < a. < i, < 0 < 


Ultraspherical 

18.14.4 




-1 < x < 1, A > 0. 


18.14.5 


18.14.6 


l^0r)|<|C^(O)| = 


(A) r 


— 1 < x < 1, — I < A < 0, 


\C%l +1 {x)\< 


-2(A) 


m+1 


((2m + 1)(2A + 2m + 1)) 2 m! 

-1 < a; < 1, -i < A < 0. 

2 1_a 


.14.7 (» + A) 1 - A (l-X 2 ) S A |C( A )(a:)| < 


18 

Laguerre 

18.14.8 

Hermite 

18.14.9 


r(A)’ 

-1 < X < 1, 0 < A < 1. 


L^(x) <!<“)( 0) = ^-^, 


0 < x < oo, a > 0. 


1 _ i 2 

r e _ | H n (x) | < 1, — oo < x < oo. 


(2"n!) 

For further inequalities see Abramowitz and Stegun 
(1964, §22.14). 


18.14(ii) Turan-Type Inequalities 

Legendre 

18.14.10 {P n (x)) 2 > P n -i{x) P n+ i(x), -1 < X < 1. 

Jacobi 

Let R n {x) = P^\x)/P^\ 1). Then 

18.14.11 

(R n (x)) 2 > R n -i(x)R n+ i(x), -1 < x < 1, (3 > a > -1. 

Laguerre 

18.14.12 

{ Li n\ x )f > L^l^x) x), 0 < X < oo, a > 0. 

Hermite 

18.14.13 (R n ( x)) 2 > H n _i(x) H n+ i(x), — oo < x < oo. 


18. 14(iii) Local Maxima and Minima 

Jacobi 

Let the maxima a; njm , m = 0, 1, . . . , n, of | Pn a,l3 \x)\ in 
[—1,1] be arranged so that 

18.14.14 1 — X n fi X Ht i • • • "n X n ^ n —\ <C X n ^ n = 1. 
When (a + \){(3 + \) > 0 choose to so that 

18.14.15 X n ^ m < (/3 - a) /(a + (3 + 1) < X n , m +1- 
Then 


18.15 Asymptotic Approximations 
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| 0 )| > | P^Xxn, l)| >•••>! P^\x n , m ) |, 

\P^\x n , n )\ > \P^\x ntn . 1 )\ >••■ > \Pi a ’P\x ntm+1 )\, a>-|,/3>-i. 

| P^«(*„, 0 )| < I Pt^n, l)| <■■■<! Pi Q ^(^, TO )|, 

| P^ a ' /3) (*n,n)| < I P^’^Kn-l)! < • • ■ < | P^\x n , m+ l)[, -1 < a < - §, -1 < /3 < -§. 


Also, 

18.14.18 

I P^\x „,o)| < I <■■■<! P^ ) (*n, n )|, 

a > — — 1 < 0 < — 


18.14.19 

\P^\x nfi )\ > \P^(x nA )\ >■■■> I P^\xn,n)\, 

/3 > — — 1 < a < — 

except that when a = 0 = —\ (Chebyshev case) 
| is constant. 

Szego-Szasz Inequality 


18.14.20 

P^’^Xx ) 

1 n \ J - , n,n—m ) 


Pi a ’ p) ( i) 


> 


Pn+l' > (^n+l.n-m+l) 


p£P0) 

a = 0 > —h, m = 1, 2, . . . ,n. 


For extensions of (18.14.20) see Askey (1990) and Wong 
and Zhang (1994a,b). 


Laguerre 

Let the maxima x„ jm , m = 0, 1, . . . , n — 1, of | L^n\x)\ 
in [0,cx)) be arranged so that 

18.14.21 0 — X n Q < X n \ • • ■ <1 X n n —\ < x nn — oo. 

When a > — \ choose m so that 

18.14.22 X n ^ m ^ oi 1 2 - X n , m -^-X‘ 

Then 


18.14.23 

| L<£\x „, 0 )| > | £<?>(*„, r)| >•••>! L^(x n , m )\, 

| i)| > I 4 q) 2 ) | >•■■>] L^\x n , m+ 1)|. 

Also, when a < — | 

18.14.24 

| L^(x n , 0 )| < | 4 a) (^,l)l <--'<l 4 a) (*n,n-l)|. 

Hermite 

The successive maxima of | H n (x)\ form a decreasing se- 
quence for x < 0, and an increasing sequence for x > 0. 


18.15 Asymptotic Approximations 

18. 15(i) Jacobi 

With the exception of the penultimate paragraph, we 
assume throughout this subsection that a, 0, and M 


(= 0, 1 , 2 ,.. .) are all fixed. 


18.15.1 

(sin \0) a+ * (cos \df + * p £*’^( cos 9) 

= 7T ~ 1 2 2n + a +P+ 1 B(n + a + 1, n + 0 + 1) 


<M - 1 

E 

\m = 0 


fm(0) 


2 m (2n + a + 0 + 2) r 


C>(r 




as n — > 00 , uniformly with respect to 9 £ [<5, n— 5], Here, 
and elsewhere in §18.15, S is an arbitrary small positive 
constant. Also, B(a, b) is the beta function (§5.12) and 


18.15.2 

where 


m 


fm(9) = 


C m ,t(a,0) cos @n,m,£ 
£!(m — £)l (sin ^9) £ (cos ^9) 


18.15.3 

C mA a >P) = (1 + a )A\ - a )M + - P)m- 

and 


18.15.4 9 nrn g — ^ (2?r (x-\- (3 -\- 9 — ^(o-t-^-t- ^)tt. 
When a,0G (— \ , |), the error term in (18.15.1) is less 
than twice the first neglected term in absolute value. 
See Hahn (1980), where corresponding results are given 
when x is replaced by a complex variable z that is 
bounded away from the orthogonality interval [—1, 1]. 
Next, let 


18.15.5 p=n+ \(a + (3 + l). 

Then as n — > 00 , 

(sin ifl)“+5 (cos \0Y + ^ P&'fi (cos 9) 


M 


18.15.6 


T(n + a + 1) ( ei j^ e) ^A m {6) 


2 2 p a n\ 


n 2m 


m—0 


M—l 


+ 92 J a+ 1 (p9) 2m+l +£ M (p,9) j , 

m = 0 ” / 

where J„(z) is the Bessel function (§10.2(ii)), and 

18.15.7 

0O(p _2M_(3 / 2) ), cp _1 < 9 < 7T — (5, 

pa+15/2) 0 ( p -2M+a) ) Q < 0 < Cp~\ 

with c denoting an arbitrary positive constant. Also, 


£m(p,9) = 


18.15.8 


M0) = i, ^oW = ^), 

1 , l + 2a 5 (6») 1 


MW = o 9(9) - 


Mg{9)Y, 


e 32 
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where 

18 . 15.9 

„(«) = (1 -a 2 ) (cot (10) - (10)"‘) - (1 -P) tan(l 0). 

For higher coefficients see Baratella and Gatteschi 
(1988), and for another estimate of the error term see 
Wong and Zhao (2003). 

For large (3, fixed a, and 0 < n/(3 < c, Dunster 
(1999) gives asymptotic expansions of Pn'^' 1 (z) that 
are uniform in unbounded complex 2 -domains contain- 
ing 2 = ±1. These expansions are in terms of Whittaker 
functions (§13.14). This reference also supplies asymp- 
totic expansions of Pi a,l3 \z) for large n, fixed a, and 
0 < /3/n < c. The latter expansions are in terms of 
Bessel functions, and are uniform in complex 2 -domains 
not containing neighborhoods of 1. For a complemen- 
tary result, see Wong and Zhao (2004). By using the 
symmetry property given in the second row of Table 
18.6.1, the roles of a and f3 can be interchanged. 

For an asymptotic expansion of Py"’^ (z) as n — > oo 
that holds uniformly for complex 2 bounded away from 
[— 1, 1], see Elliott (1971). The first term of this expan- 
sion also appears in Szego (1975, Theorem 8.21.7). 


18. 15(ii) Ultraspherical 

For fixed A £ (0, 1) and fixed M = 0,1,2,..., 


18 . 15.10 


C( A )(cos0) = 


2 2A F(A+ \) (2A) n 
7 r(A +1) (A + 1) 

/ M — l 


E 

y ra — 0 


^0 m COS 0 n ,m 

m! (n + A + l) m (2 sin 9) m+x 


+ °l Tm 


as n — > oo uniformly with respect to 9 £ [<5, n — <5], where 
18 . 15.11 Q n>m = (n + m + A )9 — |(m + A)7r. 


For a bound on the error term in (18.15.10) see Szego 
(1975, Theorem 8.21.11). 

Asymptotic expansions for C^\ cosd) can be ob- 
tained from the results given in § 18. 15(i) by setting 
a = f3 = A — \ and referring to (18.7.1). See also Szego 
(1933) and Szego (1975, Eq. (8.21.14)). 


18.15(iii) Legendre 


For fixed M = 0,1,2,..., 


18 . 15.12 

P n (cos 9) = 



M - 1 


E 

ra— 0 




COS OLn,m 

(2 sin 9) m 


as n — y oo, 
where 



uniformly with respect to 9 £ 


[6,7T - (5], 


18 . 15.13 a„, m = (n — m + ^)9 + (n— \m — \)it. 

Also, when < 9 < |7r, the right-hand side of 
(18.15.12) with M = oo converges; paradoxically, how- 
ever, the sum is 2P n (cos9) and not P n (cos9) as stated 
erroneously in Szego (1975, §8.4(3)). 

For these results and further information see Olver 
(1997b, pp. 311-313). For another form of the asymp- 
totic expansion, complete with error bound, see Szego 
(1975, Theorem 8.21.5). 

For asymptotic expansions of P n (cos9) and 
P n (cosh£) that are uniformly valid when 0 < 9 < tt — S 
and 0 < £ < oo see §14.15(iii) with /r = 0 and v = n. 
These expansions are in terms of Bessel functions and 
modified Bessel functions, respectively. 


18.15(iv) Laguerre 

In Terms of Elementary Functions 

For fixed M = 0,1,2,..., and fixed a, 


18 . 15.14 L { *\x) = 


I I a +i 

7T2 X 2 a ^4 


COS 


0 { n\x) 


/M—l f N 
y-y Qra (a?) 


O 


\ 771— 0 


n 2 ' 


1 


n 2 


M 


+ sin 0<£\x) 



as n — > oo, uniformly on compact ^-intervals in (0,oo), where 

18 . 15.15 9%*\x) = 2(nx)i - (±cx ■ 

The leading coefficients are given by 




18 . 15.16 u^o (x) = 1, ai(ir) = 0, bAx ) = — E (4x 2 — 12a 2 — 24ax — 24x + 3) . 

48x2 

In Terms of Bessel Functions 

Define 


18 . 15.17 


v = 4n + 2a + 2 
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18.15.18 


Z = 2 


x — x 2 + arcsin ( \fx 


0 < x < 1. 


Then for fixed M = 0,1,2,..., and fixed a , 

18.15.19 


L^\ux) = 


M—l 


2 a xz a+ i (1 — x) i 


z* -4(0 E 


Am (£) 


M—l 


,2m 


■Z * 4+iM E 


§^§+^en vJ a K)0 


,2M— 1 


as n — > oo uniformly for 0 < a: < 1 — 5. Here J„(z) denotes the Bessel function (§10.2(ii)), en vJ v (z) denotes 
its envelope (§2.8(iv)), and 5 is again an arbitrary small positive constant. The leading coefficients are given by 
A 0 (£) = 1 and 


18.15.20 


n ,r\ 1/1 — 4a 2 

““ ~2 ( 8 


1 — x 
x 


4a 2 — 1 lx 


4 1-x 24 V 1 — x 


In Terms of Airy Functions 

Again define v as in (18.15.17); also, 


18.15.21 


2 

£ = — ^arccos(v / x) — \J x — a; 2 ^ 3 

C = ^| (^V x 2 — x — arccoslrf 
Then for fixed M = 0,1,2,..., and fixed a , 


0 < x < 1, 

x > 1. 


L^\vx)~{-\y 


0 2 


2<x-\xh a +\ 


18.15.22 


c 


x — 1 


Ai(^C) ^E m ( 0 A Ai, (^C) ^ 


E 


5 

Z/3 


E 


■ envAi 


(4 


O 


1 


2 M-l 


m— 0 m— 0 

as n — + oo uniformly for 6 < x < oo. Here Ai denotes the Airy function (§9.2), Ah denotes its derivative, and envAi 
denotes its envelope (§2.8(iii)). The leading coefficients are given by E 0 (() = 1 and 


18.15.23 


^o(C) = -„ 0 , 2 


5 

48C 2 


x — 1 

4 


11a; 


-a — - — 


4a; — 1 24 V a; — 1 


0 < x < oo. 


18.15(v) Hermite 


Define 

18.15.24 

18.15.25 X n 

and 


p, = 2n + 1, 

T(n + l)/r(in + l) , n even, 

T(n + 2) j r(|n + §)^ , n odd, 


18.15.26 <^ n ,m(x) = /i 2 x — |(m + 71 ) 77 . 

Then for fixed M = 0, 1, 2, ... , 


18.15.27 


H n (x) = X n e^ 


Y ^ 1 U m {x) COS Wn t m( x) 

4^ uh m 

\m—0 V 


+ o 



as n — > oo, uniformly on compact ^-intervals on R. The 
coefficients u m (x ) are polynomials in x , and Uq{x) = 1, 


ui(a;) = ga; 3 . 

For more powerful asymptotic expansions as n — > oo 
in terms of elementary functions that apply uniformly 
when 1 + 5 < t < oo, —1 + 5 < t < 1 — 5, or 
— oo <t< —1 — 5, where t = x/ \/2n + 1 and 5 is again 
an arbitrary small positive constant, see §§ 12. 10(i)— 
12.10(iv) and 12.10(vi). And for asymptotic expansions 
as n — > oo in terms of Airy functions that apply uni- 
formly when —1 + 5 < t < oo or — oo < t < 1 — 5, 
see §§12.10(vii) and 12.10(viii). With /i = yj2n + 1 the 
expansions in Chapter 12 are for the parabolic cylinder 
function U(— |/i 2 , which is related to the Her- 
mite polynomials via 

18 . 15.28 H n ( x) = 2 ^ 2 ~ 1 ) e ^ 2t2 [/(-i/x 2 ,/xfV 2 ); 
compare (18.11.3). 

For an error bound for the first term in the Airy- 
function expansions see Olver (1997b, p. 403). 
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18.15(vi) Other Approximations 

The asymptotic behavior of the classical OP’s as x — + 
±oo with the degree and parameters fixed is evident 
from their explicit polynomial forms; see, for example, 
(18.2.7) and the last two columns of Table 18.3.1. 

For asymptotic approximations of Jacobi, ultras- 
pherical, and Laguerre polynomials in terms of Hermite 
polynomials, see Lopez and Temme (1999a). These 
approximations apply when the parameters are large, 
namely a and j3 (subject to restrictions) in the case 
of Jacobi polynomials, A in the case of ultraspherical 
polynomials, and |a| + \x\ in the case of Laguerre poly- 
nomials. See also Dunster (1999). 

18.16 Zeros 


18. 16(i) Distribution 

See §18.2(vi). 

18. 16(ii) Jacobi 


Let 0 n ,m, to = 1,2 , ...,n, denote the zeros of 

p£* i/J) (cos 0) with 

18 . 16.1 0 < 0 n ,l < 0 n ,2 < • • • < ( 9„ j71 < 7 T . 

Then is strictly increasing in a and strictly de- 

creasing in /3; furthermore, if a = /?, then f? n , m is strictly 
increasing in a. 

Inequalities 


18 . 16.2 

18 . 16.3 


(m — \)tt 


n - 


— @n,m Pl i > £ [ 2’ 2 !’ 

11 + „ 


(to — \)lt 


— @n,m — . 1 -> 

n + 1 


a = {3, a £ [-§,§], m = 1,2, ... , [\n\ . 
Also, with p defined as in (18.15.5) 

18 . 16.4 

(m+\(a + P- 1))tt mn 1 1 , 

Vn.m ^ 5 OL^\j E [ o Ji 

P p Z Z 

except when a 2 = (3 2 = ]. 


On.m + 


(TO + \ot — j) 7T 


y n,m ^ ,,15 

18 . 16.5 Tl -\- Ol -\- 2 

a = ftaf (-|>|)> m= 1,2,..., [|nj . 

Let j a ,m be the mth positive zero of the Bessel func- 
tion J a (x) (§10.21(i)). Then 

18 . 16.6 


9 < 

J n,m _ 


Ja,m 


(p 2 + i (1 _ a 2 _ 3/3 2)) 


a,/3 <E [- 5 , 5 ], 


18 . 16.7 


> 


(p 2 + \ - \ (a 2 + (3 2 ) - 7t~ 2 (1 - 4a 2 )) 2 

a,/3 G [-|, |], to = 1,2, .. . , L§n|. 


Asymptotic Behavior 

Let (f> m = ja,m/ P- Then as n — > 00 , with a (> — |) and 
/3 (> — 1 — a) fixed, 

18 . 16.8 



uniformly for to = 1 , 2 , ... , |_craj , where c is an arbitrary 
constant such that 0 < c < 1. 


18. 16(iii) Ultraspherical and Legendre 

For ultraspherical and Legendre polynomials, set a = (3 
and a = (3 = 0, respectively, in the results given in 
§18.16(ii). 


18.16(iv) Laguerre 

The zeros of l[P(x) are denoted by x„ jTO , to = 
1, 2, . . . , n, with 

18.16.9 0 < X n i <C X n 2 + ' ' ' + X n n . 

Also, v is again defined by (18.15.17). 


Inequalities 

For n = 1, 2, . . . , to, and with j a , m as in §18.16(ii), 


18 . 16.10 


> 7 2 / 

JoL.m 


18 . 16.11 


x n ,m < (4 to + 2a + 2) [2m + a + 1 

+ ((2 to + a + l) 2 + \ - a 2 ) 2 ^ j v. 


The constant j 2 m in (18.16.10) is the best possible since 
the ratio of the two sides of this inequality tends to 1 as 
n — > 00 . 

For the smallest and largest zeros we have 


18 . 16.12 x n 1 > 2?t, + a — 2 — (1 + 4 [n — l)(n + a — 1)) 2 , 


18 . 16.13 x ntn <2n + a — 2+(l + 4 (n — l)(n + a — 1)) 2 . 

Asymptotic Behavior 

As n — » 00 , with a and to fixed, 

18 . 16.14 

x n ,n-m+i = v + 2 3 a m i/® + |2s ajj, 5 +0(n 1 ), 

where a m is the wth negative zero of Ai(x) (§9.9(i)). For 
three additional terms in this expansion see Gatteschi 
(2002). Also, 

18 . 16.15 x n>m < iz + 23 a m v^ + 2“i a 2 m v~^ , 
when a ^ (— |, 4). 
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18.16(v) Hermite 

All zeros of H n (x) lie in the open interval 
(~y/2 n + 1, \/2n + 1). In view of the reflection for- 
mula, given in Table 18.6.1, we may consider just the 
positive zeros x n ^ m , m = 1,2, ... , [^nj . Arrange them 
in decreasing order: 

18.16.16 (2n + 1)1 > X n>1 > X n 2 > ‘ ‘ ‘ > £ n ,|n/2j > 0. 

Then 

18.16.17 x n , m = (2 n + 1) 5 + 2 3 (2 n +1) ® a m +£n,mi 
where a m is the mth negative zero of Ai(x) (§9.9(i)), 
Cra.m < 0, and as n — > oo with m fixed 

18.16.18 e ntm = C)(n-*y 

For an asymptotic expansion of x n . im as n — > oo 
that applies uniformly for m = 1,2,..., , see Olver 

(1959, §14(i)). In the notation of this reference x„ )m = 
u a ,m , t L = \j2n + 1, and a = a m . For an error 
bound for the first approximation yielded by this ex- 
pansion see Olver (1997b, p. 408). 

Lastly, in view of (18.7.19) and (18.7.20), results for 

the zeros of L n 2 ( x ) lead immediately to results for the 
zeros of H n (x). 

18.16(vi) Additional References 

For further information on the zeros of the classical or- 
thogonal polynomials, see Szego (1975, Chapter VI), 


Erdelyi et al. (1953b, §§10.16 and 10.17), Gatteschi 
(1987, 2002), Lopez and Temme (1999a), and Temme 
(1990a). 


18.17 Integrals 

18. 17(i) Indefinite Integrals 
Jacobi 


18 . 17.1 


2n f\l-yr(l + yfP^\y)dy 
Jo 

= (0) - (1 - x) a+1 (1 + x) 0+1 P^“| 1,/3+1) (x). 

Laguerre 

18 . 17.2 

nX nX 

/ L m (y) L n (x - y) dy = / L m+n (y) dy 
Jo Jo 


Hermite 


18 . 17.3 / H n (y) dy = 


— Lm+n(x) Lm+n +1 (x) • 


-(H n+1 (x) - H n+1 ( 0)), 


18 


2(n + l) 

. 17.4 f e ~ v ~ H n (y) dy = P„_i(0) - e~ x * P n _i(x). 
Jo 


18. 17(ii) Integral Representations for Products 
Ultraspherical 

(cos 0x) (cos 0 2 ) F(A+!) Cn X \ cos 0i cos 0 2 + sin 0! sin 0 2 cos 0) . 


18 . 17.5 
Legendre 

18 . 17.6 


d A) (i) d A) (i) d r(A) 


ci A) (l) 


(sin^)“ 1 d4>, A > 0. 


i r 

P n ( cos 9 1 ) P n ( cos 6 2 ) = — / P n ( cos 9\ cos 6 2 + sin 9\ sin 0 2 cos (j)) dcj). 
77 Jo 


For formulas for Jacobi and Laguerre polynomials analogous to (18.17.5) and (18.17.6), see Koornwinder (1974, 
1977). 

18. 17(iii) Nicholson-Type Integrals 
Legendre 

/ OO 

Qn(x 2 + (1 - X 2 )t) (t 2 - 1)“5 dt, -1 < X < 1. 

For the Ferrers function Q„(x ) and Legendre function Q n (x ) see §§14.3(i) and 14.3(h), with y = 0 and v = n. 


Hermite 


18 . 17.8 


(P n (x)) 2 + 2>!)V 2 (V(-n- §,2*x))' 


2 2 n +§n! e® 2 r 00 e ~(2n+l)t+x 2 tanht 

77 Jo (sinh 2 1) 5 


dt. 


For the parabolic cylinder function V(a,z) see §12.2. For similar formulas for ultraspherical polynomials see Durand 
(1975), and for Jacobi and Laguerre polynomials see Durand (1978). 
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18.17(iv) Fractional Integrals 

Jacobi 

f 1 (1 -y) a P^ p \y) {y-xy- 1 


18.17.9 


18.17.10 


18.17.11 


T(a + /j, + n + 1) 


T(a + n+l) T(fi) 


dy, /i > 0, — 1 < x < 1, 


ar +A *(a; + 


T(/3 + y + n 


1) p(a./3+M) ( * = f + ^ p(a-/3) ( U_ U}H. rfy n> 0 x > 0 

> + l) " Vx + l) J 0 Tifl + n + 1 )^ U + lj m 


T pzyyy +l) - **-') = jf r( ;:°:/ +1 + 11 ^-*(1 - pp «», 


a + /3 + 1 > jU > 0, x > 1, 

and three formulas similar to (18.17.9)-(18.17.11) by symmetry; compare the second row in Table 18.6.1. 

Ultraspherical 


18.17.12 


18.17.13 


Laguerre 


18.17.14 


18.17.15 


r(A- / x)d A -' i) (s-5) yoor(A)d A) (zT5) (?/ 


- xy- 1 


r X — /x+ Jn 


y 


A+in 


r(M) 


dy, 


y)^ — 1 


2 ) _ r x y5 n (y - l) x ~i C n X) (y 2 ) (a 

r(A + /r+i) ci A+M) (l) ~ Ji r(A+|) ci A) (l) r (M) 


a;“ +M lL“ +ai) ( x) f x y a L ( P(y) (x - y) M 1 


T(a + /i + n+l) Jo T(a + ?r+l) r(y) 


e- a: 4“)(a : )= ^ e~y Ly+P\y) { - 

J X 


rOr) 


dy, 

dy, 


A > fj, > 0, a; > 0, 
dy, y > 0, x > 1. 

y > 0, x > 0. 

H > 0. 


18.17(v) Fourier Transforms 

Throughout this subsection we assume y > 0; sometimes however, this restriction can be eased by analytic continu- 


at ion. 

Jacobi 

/ 1 (i x Y 

18.17.16 

_ (jy)"e i: 
n! 

For the beta function B(a, i 
13. 

Ultraspherical 

18.17.17 

1 
r 1 

18.17.18 

/ (1 ' 

For the Bessel function J„ : 


_ 2 «+“+d+i + Q + l,n + ^+l) i-Fi(« + a + 1; 2n + a + (3 + 2; —2 iy). 


(— l) n 7T T(2n + 2A) J\+ 2 n{y) 
(2n)! T(A)(2y) A 

(— l) n 7r T(2n + 2A + 1) J 2 „ +A+ i(y) 
(2n + 1)! T(A)(2y) A 


Legendre 

18.17.19 

18.17.20 


P n {x)e lxv dx = i n J — J„ , i (y), 


/-I 


^ P„(l-2x 2 )cos(a:y)da: = (-l)"i7r J n+ i(iy) J_„_i(|y), 
^ P n (l-2a: 2 )sin(a;y)da;= |7r(j„ + i(iy)) . 


18.17.21 
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Hermite 

18.17.22 

18.17.23 

18.17.24 

18.17.25 

18.17.26 

18.17.27 

18.17.28 
Laguerre 

18.17.29 

18.17.30 

18.17.31 

18.17.32 


i r°° 

—= / e - !* 2 He n (x)e^ lxy dx = i n e~^ v ~ He n (y), 

W* J — OO 

roo < 

/ e - ^ 2 He 2n (x) cos (xy) dx = (-1 ) n J \k y 2n e~^ y2 , 

J o v 

p OO 

/ e _x2 He 2n (2x) cos(xy) dx = (~l) n ^^e~i y2 He 2n (y). 

Jo 

poo , 

J e~i x2 He n (x) He n+2m (x) cos(xy) dx = (-1 ) m y \nn\ y 2m e~^ y2 L (2m) (y 2 ), 

p OO j 

J e“5 x2 He n (x) He n + 2 m+i{x) sm(xy) dx = (-1 ) m ^ \nn\ y 2m+1 e~^ v ~ L (2m+1) (y 2 ) . 

pOO , 

J e“5 x2 He 2n+1 (x) sin (xy) dx = (-1 ) n y |7n/ 2li+1 e“5 y2 , 

pOO 

/ e - * i7e 2 n+i(2x)sin(x2/) dx = #e 2n +i(2/). 

Jo 


poo , 1 

J X 2 m e ~^ x2 L^ 2 m \x 2 ) cos(xy) dx = (-l) m ^n—e~^ r He n (y) He n+ 2 m (y). 
J x 2 n e ~^ x2 L ( n~ li \\x 2 )cos{xy)dx= \J\ny 2 n e ~^ y2 L^n~ ^ {\y 2 ) ■ 


pOO 

/ e~ ax x v ~ 2n L^ n ^\ax) cos (xy) dx = i 

Jo 

f 

Jo 


—ax i/—l — 2n t (^— 1 — 2n) 


(ax) cos (xy) dx = 


(-i) B rM 2 n-l 

2(2n — 1)! V 

(-i) n r(i/) 


2(2n)! 


((a + iy) v — (a — iy) v ) , i/ > 2n — 1, a > 0, 
y 2n ((a + iy)~ v + (a — iy)~ v ) , i' > 2ra, a > 0. 


18.17(vi) Laplace Transforms 
Jacobi 


18.17.33 


J e -(x+l )z p (a, f D( x )(l _ a;)«(l + x )0 dx 


(— 1 ) rt 2 a +^+”+ 1 T(q + n+l) r(/3 + n+l) „ / /3 + n+l 

T(a + /? + 2n + 2)n! 2 1 1 Va + /3 + 2n + 2’ ~ ^ ’ 


zeC. 


For the confluent hypergeometric function \F\ see (16.2.1) and Chapter 13. 

Laguerre 

r(a + n + 1 )z 


18.17.34 
Hermite 

18.17.35 


I e -r<«) We -x«^= B|(z + 1) „ + „ +I , 


/ OO 

e~ xz H n {x)e~ x2 dx = ^ (- z) n e ^ , 

-OO 


®.z > -1. 


zeC. 


18.17(vii) Mellin Transforms 
Jacobi 


18.17.36 


J 1 (1 - + xf P^\x) dx 


2^+ z r(z) r(l + f3 + rt)(l + a - z) n 
n\ T(1 + (3 + z + n) 


diz > 0. 
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Ultraspherical 

18.17.37 
Legendre 

18.17.38 

18.17.39 
Laguerre 

18.17.40 


/ (1 - z 2 ) a -2 C< a) (x)x z ~ 1 dx = — 
Jo n\ 


7r2 i-2 A — ’ r(n + 2A) r(z) 


T(X)T(\+\n + \+\z)T(\+\z-\ny 

^ n \- b) n 


[ P 2 n(x)x Z ~ 1 dx = l 

J 0 2 \2 Z )n+l 

(-!)”(! -H 


P 2n +i{x)x z dx = 


2 (^ + 


'n+1 


e"” 1 L&^&xjx*- 1 dx = ( ffl _ b) n a~ n ~ z 

~ 7 .' 


2 Pi 


—n, 1 + a — z a 


1 — n — z ’ a — b 


;ftz > 0. 

> 0 , 

> - 1 . 

, 5fta > 0, Vtz > 0. 


For the hypergeometric function 2 Fi see §§15.1 and 15.2(i). 

Hermite 


18.17.41 


/»oo 

/ e~ ax He n (x)x z ~ 1 dx = T(z + n) 
Jo 


a~ n ~ 2 2 F 2 


2 n, 2 n + 2 


-la 2 
1 , 2 a 


2 ’ 2 1 2 

— \z ~ \ n ' ~ \ Z ~ \ n + 2 / 

3?a > 0. Also, > 0, n even; 3 <tz > — 1, n odd. 


For the generalized hypergeometric function 2 F 2 see (16.2.1). 

18. 17(viii) Other Integrals 


Chebyshev 

18.17.42 

18.17.43 


£i Tn{y) 


(i -y) 2 

y-x 


dy = n U n -i(x), 


-f U n -i(y)— — dy = -KT n (x). 
J - i y-x 


These integrals are Cauchy principal values (§1.4(v)). 

Legendre 

f 1 P n ( X ) - P n (t) 


18.17.44 


dt — 2 (l + 1 + • • • + i) P n (x), 


J - 1 \x~t | 

The case x = 1 is a limit case of an integral for Jacobi polynomials; see Askey and Razban (1972). 


-1 < x < 1. 


/ X 

{x - P n (t) dt = T n (x) + T n+ i(x), 
(n+ l)(l-x)2 f (t - x)~^ P n (t) dt = T n (x) - T n+1 (x). 

J X 


[ X f a , ,y, Li 0 \x-t) r(q+ l)T(/3+ 1) +/J+1 Agg_ + 1) 

X } L^\ 0) r(q + /? + 2) Lm+n 


(x) 


+/J+1) 


18.17.45 

18.17.46 
Laguerre 

18.17.47 

Hermite 

18.17.48 

18.17.49 

2" b — 2 ,b t ' y 2 " b T" 2 5*7 ‘ L5 ,r ^5* — 2' 

provided that £ + to + n is even and the sum of any two of £, m, n is not less than the third; otherwise the integral is 


(0) 


/ OO / \ 

H m (y)e- y2 H n (x - y)e~^ x ~ yS>2 dy = ^2-h^+n+i) Hm+ ( 2 -h x \ e ~W . 

-OO ' ' 

f°° rr t \ Tj t \ tj f \ x 2 j _ 2^+ m + n h\m\n\^ 

J_ oo H e (x)H m (x)H n (x)e dx + _ , , ( , + i _ i £) , ( i + to _ i } , = 


zero. 
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18.17(ix) Compendia 

For further integrals, see Apelblat (1983, pp. 189- 
204), Erdelyi et al. (1954a, pp. 38-39, 94-95, 170- 
176, 259-261, 324), Erdelyi et al. (1954b, pp. 42-44, 
271-294), Gradshteyn and Ryzhik (2000, pp. 788-806), 
Grobner and Hofreiter (1950, pp. 23-30), Marichev 
(1983, pp. 216-247), Oberhettinger (1972, pp. 64-67), 
Oberhettinger (1974, pp. 83-92), Oberhettinger (1990, 
pp. 44-47 and 152-154), Oberhettinger andBadii (1973, 
pp. 103-112), Prudnikov et al. (1986b, pp. 420-617), 
Prudnikov et al. (1992a, pp. 419-476), and Prudnikov 
et al. (1992b, pp. 280-308). 

18.18 Sums 

18. 18(i) Series Expansions of Arbitrary 
Functions 


Jacobi 

Let f(z) be analytic within an ellipse E with foci 
2 = ±1, and 

n!(2n + a + (3 + 1) T(n + a + (3 + 1) 

= 2“+/ ? + 1 r(n + a + 1) T(n + /3 + 1) 

18 . 18.1 

X / f(x)P^(x)(f-x) a {l + xfdx. 

Then 

OO 

18.18.2 f{z) = J2 a nPi a ’ 0 \z), 

n — 0 

when z lies in the interior of E. Moreover, the series 

(18.18.2) converges uniformly on any compact domain 
within E. 

Alternatively, assume f(x) is real and continuous 
and f'(x) is piecewise continuous on (—1,1). Assume 
also the integrals f_ 1 (f(x)) 2 ( 1 — a;)“(l + xf dx and 

/^i(/'(a;)) 2 (l — x) a+l (l + x)P +1 dx converge. Then 

(18.18.2) , with z replaced by x, applies when — 1 < x < 
1; moreover, the convergence is uniform on any compact 
interval within (—1,1). 


Chebyshev 

See §3.11(ii), or set a = (3 = ±| in the above results for 
Jacobi and refer to (18.7.3)-(18.7.6). 

Legendre 

This is the case a = (3 = 0 of Jacobi. Equation (18.18.1) 
becomes 


18 . 18.3 


= ( n +k) j f(x)Pn{x)dx. 


Laguerre 

Assume f(x) is real and continuous and fix) 
is piecewise continuous on (0,oo). Assume also 
J^ c (f(x)) 2 e~ x x a dx converges. Then 


18 . 18.4 f(x) = ^ b n L)f\x), 0 < x < oo, 

where 


n — 0 


18 . 18.5 = 


n\ 


T( , , ,t / f{x)L ( f\x)e X x a dx. 

T(n + a + 1) J o 

The convergence of the series (18.18.4) is uniform on 

any compact interval in (0,oo). 

Hermite 

Assume f(x) is real and continuous and f(x) is 
piecewise continuous on (— 00 , 00 ). Assume also 
ff' oo {f{x)) 2 e~ x2 dx converges. Then 


n— 0 


18 . 18.6 /( x) = d n H n (x), —00 < x < 00 , 
where 

18 . 18.7 = 


/ OO 

f{x)H n (x)e~ p dx. 

-00 


y / 7r2 n n\ 

The convergence of the series (18.18.6) is uniform on 
any compact interval in (— 00 , 00 ). 


18. 18(ii) Addition Theorems 


Ultraspherical 

(cos cos 0-2 + sin 6\ sin 0 2 cos (j) ) 


18 


. 18.8 = 2 2l (n — l)! 


2A A 21 1 ((A)^)^ / : v / r. \/ ■ n a \ 2 )/ 


1= 0 


2A - 1 (2A) n+/ 


(sin 9 1 Y Cfj; 1 (cos 0! ) (sin 0 2 )* (cos 0 2 ) Cf (cos ct >) , 


A > 0, A f A. 


For the case A = \ use (18.18.9); compare (18.7.9). 

Legendre 

P n (cos 0i cos 0 2 + sin 0i sin 0 2 cos cf) 

= P, 


(cos 0i) P n { COS 0 2 ) + 2 ^2 ^ H 2 2(^|)2 + ^ ' ( sin P n-h COS 0 l)( sin 0 2 Y P n-} ( cos ^) COs{£(/)). 


18 . 18.9 
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For (18.18.8), (18.18.9), and the corresponding formula for Jacobi polynomials see Koornwinder (1975a). See also 
(14.30.9). 

Laguerre 


18.18.10 


Hermite 


L ^ 1+ ... +ar+r - 1){xi+ ' + Xr)= 

mi -\ \-m r =n 


18.18.11 


(aj + • • • + ap.) 2 ” ( a\X\ + • • • + 


H r< 




\ (< 


+ a r ) 


2U 


E 

mi H 1 -m r =n 


m i! • 


■ H rni (x\ ) • • • H nir (x r ) . 


18. 18(iii) Multiplication Theorems 


Laguerre 

18.18.12 

Hermite 


Ln Q) ( \x) 
L ( n a \ 0) 



A'(l-A) 


L< f\ x ) 

4“ } ( o)' 


18.18.13 


H n { \x) = \ n Y ^^(l-A -y H n - 2 l(x). 
£=0 


18.18(iv) Connection Formulas 


Jacobi 


18.18.14 


18.18.15 


p( 7,/3)c r ’v _ Y" a + ^ + 2l+l(a + /3 + l)l( n + P + 7 + l)l (7 a )n-l p(a,0) , x 

(a + /3 + 2) n -^ a + /3 + l (/3 + l)^(n + a + (3+ 2) e ( n-i)\ e 

( l + _ (/? + l) ra a + /3 + 2t'+l (a + /3 + l)^(n — t + 1)^ p(a,0), , 

V 2 y (a + /3 + 2) ra a + /3 + l (/3 + l)^(n + a + /? + 2)^ * 


and a similar pair of equations by symmetry; compare 
the second row in Table 18.6.1. 

Ultraspherical 

18.18.16 

C>\x) 

_ A + n — 21 (lO re — 1 (p — A) £ (a) , . 

" t, A ( A + 1 )-. ® n ~ 2£(X ’ 

18.18.17 

L n /2J 

(2*)" = n! £ 


A + Tl — 2£ 1 ^r(A) 


£=0 


a (A +!)„_,« 


<&(*)• 


Laguerre 


18.18.18 L^(x) = Y 


(P a ) n —£ r (a) 


£=0 


(n — £)\ 


L^(x), 


18.18.19 ^" = (“+l) n E f lTT^ ) ( 1 )' 

e=o ^ + m 


Hermite 


Ln/2j 

18.18.20 (2x) n = Y 


e=o 


( ~n) 2 t 

£! 


H n - 2i{x). 


18.18(v) Linearization Formulas 

Chebyshev 

18.18.21 T m (x)T n (x) = \(T m+n (x) + T m _ n (x)). 

Ultraspherical 


18.18.22 

C£>(x)CW{x) 

min (m,n) 


= E 


fcO 


(to + n + A — 2 £)(m + n — 2t)\ 
(m + n + A — £)£! (to — £)! (n — f)! 


(A),(A) m _,(A) n _,(2A) 


m+n— ^ A) 


m+n— 2£ 
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Hermite 
18.18.23 

min(ra,n) 

Hm{x)H n (x)= 22, 
e=o 

The coefficients in the expansions (18.18.22) and 
(18.18.23) are positive, provided that in the former case 
A > 0. 



18.18(vi) Bateman-Type Sums 

Jacobi 

With 


18.18.24 


_ fn\ (n + a + /3 + l) e (-f3-n) n _ e 

2 e (a + l) n 


18.18.25 

Pk a ' p \x) p^\y) 

P^\l) P^\ 1) 


18.18.26 


p( a >/3) 
r n 

p(<x,P) 

r n 


Or) 

(1) 


22 b nA X + vY 

e=o 

P2' f3) (( l + xy)/{x + y )) 
pK/3)(l) 

n 

- y ] b n ^(x + 1)^. 

e=o 


18.18(vii) Poisson Kernels 

Laguerre 

■0^ n! l[ j Q) (x) L ^ ( y ) 

zL 


n — 0 


(« + !)n 

r(a + 1 )(xyz)~? c 


18.18.27 


x exp 


1-z 

—(x + y)z\ j. /W 


l-z 

kl < !• 

For the modified Bessel function I v (z) see §10.25(ii). 

Hermite 


H n (x) H n (y) ^ 


n = 0 


2 n n\ 


18.18.28 


= (1 — z 2 ) 2 exp 


2 xyz — (x 2 + y 2 )z 5 


1-2 2 


\z\<\. 


These Poisson kernels are positive, provided that 
x,y are real, 0 < z < 1, and in the case of (18.18.27) 
x, y> 0. 


18.18(viii) Other Sums 

In this subsection the variables x and y are not confined 
to the closures of the intervals of orthogonality; compare 
§18.2(i). 

Ultraspherical 

Tl 

18.18.29 £ c2\x) C { n 2(x) = C2 +fl) (x). 

e=o 

j2^^ c( t\x)x n - i = c 2 +1 \x). 


18.18.30 


1=0 


Chebyshev 

Tl 

18.18.31 y yT e (x)x n ~ e = U n (x). 

e=o 

n 

2Y / T 2e (x) = l + U 2n (x), 
£=0 
n 

2 y~] T 2 £ + \(x) = U 2n+1 (x). 
e=o 

n 

18.18.34 2(1 - X 2 ) 22 u 2 e(x) = 1 - T 2n+2 (x), 

£=0 

n 

18.18.35 2(1 - x 2 ) U 2e+ i(s) = x - T 2n+3 { x). 


18.18.32 


18.18.33 


1 = 0 


Legendre and Chebyshev 

18.18.36 

n 

yrpdx) 1 


£=0 

Laguerre 


18.18.37 

n 

£4“b 


e=o 

18.18.38 

TL 

EdA*)^ 


£=0 


Hermite and Laguerre 
18.18.39 

22 (") H i( 2ix ) H n - e (2iy) =2 i n H n (x + y), 


e=o 

18.18.40 


22 (") H 2l {x) H 2n _ 2t (y) = (— l)"2 2n n! L n [x 2 + y 2 ). 


18.18(ix) Compendia 

For further sums see Hansen (1975, pp. 292-330), Grad- 
shteyn and Ryzhik (2000, pp. 978-993), and Prudnikov 
et al. (1986b, pp. 637-644 and 700-718). 
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Askey Scheme 


18.19 Hahn Class: Definitions 

Hahn, Krawtchouk, Meixner, and Charlier 

Tables 18.19.1 and 18.19.2 provide definitions via orthogonality and normalization (§§18.2(i), 18.2(iii)) for the Hahn 
polynomials Q n (x; a, /3, N), Krawtchouk polynomials I\ n (x;p, N), Meixner polynomials M n (x; /3,c), and Charlier 
polynomials C n (x,a). 

Table 18.19.1: Orthogonality properties for Hahn, Krawtchouk, Meixner, and Charlier OP’s: discrete sets, weight 
functions, normalizations, and parameter constraints. 


Pn{x) 

X 

Wx 

hn 



( a + l)a :(P + !)aT-x 

x\(N — x)\ 

a, (3 > — 1 or a, /3 < —TV 

(-1 ) n (n+ a + P + 1) n+1 {/3 + 1 ) n n\ 

Q n (x-,a,(3,N), 
n = 0, 1, . . . , TV 

{0,1,... ,7V} 

(2 n + a + f3 + l)(a + l) n (-7V) n 7V! 

If a,/3 < —TV, then (— l) N w x > 0 and 
(-l) N h n >0. 

K n {x\p , TV), 
n = 0, 1, . . . , TV 

{0,1, ...,7V} 

O px (i -p ) jv_x , 

0 < p < 1 

m/o 

M n (x;/3,c) 

{0,1,2,...} 

{P) x c x /x \ , 

/? > 0, 0<c<l 

c~ n n\ 

(/?)„(! ~cY 


{0,1,2,...} 

a x /x \ , a > 0 

a~ n e a n\ 


Table 18.19.2: Hahn, Krawtchouk, Meixner, and Char- 
lier OP’s: leading coefficients. 


Pn{x) 

k n 

Qn(^! ^5 ft ■> -^0 

(n -\- ql -\- (3 -\- l) n 

( a + ^)n ( TV) n 

K n (x;p, TV) 

P~ n /{- TV)„ 

M n (x\ /3, c ) 

(1 - c- 1 )V(/3) n 

C„(x,a) 

(-a)"" 


Continuous Hahn 

These polynomials are orthogonal on (— 00 , 00 ), and 
with -fta > 0, > 0 are defined as follows. 

18.19.1 p n (x) =p n (x-,a, b,a,b), 

18.19.2 

w(z ; a, b , a, b) = T(a + iz) T(& + iz) T(a — iz) T (b — iz ), 


18.19.5 


kn — 


( n + 2 5R(a + 6) — l) r 


Meixner-Pollaczek 

These polynomials are orthogonal on (— 00 , 00 ), and are 
defined as follows. 


18.19.6 

18.19.7 

18.19.8 


18.19.9 


Pn{ X) = P^\x\ </>), 

w w {z\ (t>) = T(A + iz) r(A - 

w{x) = w^ x \x\ 4>) = |T(A + ix ) | 2 e^~ n ^ x , 

A > 0, 0 < (f> < 7T, 

u _27rT(n + 2A) , _(2sin(/>) n 

” " (2 sin cf>) 2X n\ ’ kn _ n\ ' 


18.20 Hahn Class: Explicit Representations 


18.19.3 w(x) = w(x\a,b 1 a,b) = \T(a + ix)T(b + ix)\ 2 , 18.20(i) Rodrigues Formulas 


18.19.4 

27r T (n + a + a) T (n + 6 + F) | T (n + a + F) | 2 
n ~ (2 n + 25i(a + b)-l) r(n + 23?(o + b) - 1 )n\ ’ 


For comments on the use of the forward-difference op- 
erator A x , the backward-difference operator V x , and 
the central-difference operator S x , see §18.2(ii). 
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Hahn, Krawtchouk, Meixner, and Charlier 
18 . 20.1 

F(x + £) j , X G X. 

In (18.20.1) X and w x are as in Table 18.19.1. For the 
Hahn polynomials p n (x) = Q n (x;a, (3,N) and 

18 . 20.2 

F{x) = (x + a+ l)(x - N), K n = (-N) n (a + l) n . 
For the Krawtchouk, Meixner, and Charlier polynomi- 
als, F(x) and K n are as in Table 18.20.1. 

Table 18.20.1: Krawtchouk, Meixner, and Charlier 
OP’s: Rodrigues formulas (18.20.1). 


Pn{x) 

F{x) 

K n 

K n {x\p, N) 

x — N 

(~N) n 

M n (x;P,c) 

x + P 

(P)n 

C n (x, a) 

1 

1 

Continuous Hahn 

w(x; a, b, a, b) p n (x 

; a, b, a, l 



= — j- 5™ ( w(x;a + ^n,b+ ^n,a+ ^n,b+ ^n)) . 

Meixner-Pollaczek 

18 . 20.4 w™(x; 0) PW(x; 0) = ^ (t«(*+3")(*; 0 )) . 


Pn{x) = 


W , 


K n W x 


n 

t =0 


18.20(ii) Hypergeometric Function and 

Generalized Hypergeometric Functions 

For the definition of hypergeometric and generalized hy- 
pergeometric functions see §16.2. 

18 . 20.5 

" — n, n + a + (3 + 1 , —x 
a + l,-N 

n = 0 , 1 , . . . , N . 


Qn(x\ a,P,N) = 3 F 2 




18 . 20.6 


K n (x;p,N ) = 2 Fx 


— n, — x i 

-N ^ 


n = 0, 1, . . . , N. 


18 . 20.7 M n (x: 0, c) = 2 F-[ 

18 . 20.8 C n (x, a) = 2 F 0 


P 


; 1 - c 


— 71., —X i 

; -a 


18 . 20.9 


Pn{x ; a, b, a, b) 

i n (a + a) n (a + b) t 


n\ 


X 3^2 


—n, n + 23 ?(a + b) — 1 , a + u 
a + a,a + b 


1 . 


(For symmetry properties of p n (x\ a, b, a, 6 ) with respect 
to a, b , a, b see Andrews et al. (1999, Corollary 3.3.4).) 


18 . 20.10 

Pk x) M) 


77i 

, — e ^ 2 r 1 

TV. 


—n, A + *x 
2A 



18.21 Hahn Class: Interrelations 


18.21 (i) Dualities 

Duality of Hahn and Dual Hahn 

Q n (x; a,P, N) = R x (n(n+ a + (3 + 1); a,0,N), 

18 . 21.1 

n, x = 0, 1, . . . , N. 

For the dual Hahn polynomial R n (x ; 7 , S , N) see §18.25. 

Self-Dualities 


K n (x\p,N) = K x (n\ p, N), n, x = 0, 1, . . . , N. 

18 . 21.2 M n (x; f3,c) = M x (n\ P,c), n,x = 0,1,2,.... 

C n (x,a) = C x (n, a), n,x = 0 , 1 , 2 , 

18.21 (ii) Limit Relations and Special Cases 

Hahn — > Krawtchouk 

18 . 21.3 lim Q n (x;pt, (1 -p)t,N) = K n (x\p, N). 

t — KX> 

Hahn — > Meixner 

18 . 21.4 

lim Q n (x\ b — 1, iV(c -1 - 1), AT) = M n (x;b,c). 

N—>oo 

Hahn — * Jacobi 

p( a ’0)(l _ 2x) 

18 . 21.5 lim Q n (Nx;a,P,N) = n . . 

N^oc ^ 1 ) 

Krawtchouk — > Charlier 

18 . 21.6 lim K n (x\ N~ 1 a, N) = C n (x, a). 

N—>oo v 7 

Meixner — ► Charlier 

18 . 21.7 lim M n (x] p, a(a + P)~ l ) = C n (x, a). 

(3 — >-oo 

Meixner — > Laguerre 

r(“)(V | 

18 . 21.8 limM„((l — c) l x\ a + 1 , c) = — ^ . 

Charlier — > Hermite 

18 . 21.9 lim ( 2 a) C n (( 2 a)ix + a , o') = (— 1 ) n H n ( x ). 

a — kx) \ / 

Continuous Hahn — > Meixner-Pollaczek 


18 . 21.10 

lim t~ n p n (x — t; A + it, —ttan(j), A — it, —ttancj)) 


(-ir 

(cos < py 




18 . 21.11 

p n (x;a,a+ \,a,a+ \) = 2^ 2 ”(4a + n) n P^ 2a) ( 2 x; \-k). 
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Meixner-Pollaczek — * Laguerre 

18 . 21.12 lim (— (2</>) -1 x; (ft) = L^\x). 


A graphical representation of limits in §§18.7(iii), 
18.21 (ii) , and 18.26(ii) is provided by the Askey scheme 
depicted in Figure 18.21.1. 



Figure 18.21.1: Askey scheme. The number of free real parameters is zero for Hermite polynomials. It increases 
by one for each row ascended in the scheme, culminating with four free real parameters for the Wilson and Racah 
polynomials. (This is with the convention that the real and imaginary parts of the parameters are counted separately 
in the case of the continuous Hahn polynomials.) 


18.22 Hahn Class: Recurrence Relations 
and Differences 

18.22(i) Recurrence Relations in n 

Hahn 

With 

18 . 22.1 p n (x) = Q n (x-,a,/3,N), 

18 . 22.2 

-a :p n {x) = A n p n+l (x) - (A n + C n ) p n (x) + C n p n -i(x), 

where 

(n + a + (3 + 1) (n + a + 1) (N — n) 

(2 n + a + j3 + 1) (2 n + a + /3 + 2) 
n(n + a + f3 + N + l)(n + (3) 

(2n T gl T /3) (2 n T ex T (3 T 1) 


Krawtchouk, Meixner, and Charlier 

These polynomials satisfy (18.22.2) withp n (ic), A n , and 
C n as in Table 18.22.1. 

Table 18.22.1: Recurrence relations (18.22.2) for 
Krawtchouk, Meixner, and Charlier polynomials. 


Pn{x) 

A n 

C n 

K n (x;p, N) 

p(N — n) 

n{ 1 ~p) 

M n (x\ (3, c) 

c(n + (3 ) 

1 — c 

n 

1 — c 

Cn (*£5 &) 

a 

n 


18 . 22.3 
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Continuous Hahn 

With 

18.22.4 q n ( x ) = p n (x;a,b,a,b)/ p n ( ia ; a,b,a,b ) , 


18.22.5 


(a + ix)q„(x ) 

— AnQn-{- 1 (^) ( A n 4- C n )q n [x') T C n q n —i(x') 1 


where 


18.22.6 

~ (?z + 23?(a + 6) — 1) (n + a + a) (n + a + b) 

n = (2n + 29?(a + 6) - l)(2n + 23?(a + &)) ’ 

- n(n + b + a — l)(n + b + b — 1) 

" ~ (2 n + 23 ?(a + 6) - 2)(2n + 25J(a + 6) - 1) ' 


Meixner-Pollaczek 


With 


18.22.7 


18.22.8 


(n + l)p n +i (x) = 2(x sin <j> + (n + A) cos <fi) p n (x) 
- (n + 2A - l)p n -i(a;)- 


18.22(ii) Difference Equations in a: 

Hahn 

With 

18.22.9 P„(x) = <3„(a;; a, 0, N), 


A(x)p n (x + 1) - (A(x) + C(x)) Pn(x ) 

18 . 22.10 + c(x)p n (x - 1) 

- n(n + a + (3 + l)p n {x) = 0, 

where 


18.22.11 


A(x) = (x + a + \){x — N), 
C( x) = x{x — (3 — N — 1). 


Krawtchouk, Meixner, and Charlier 


18 22 12 A ^ Pn ^ X + + C ( x )) P ”( x ) 

+ C{x)p n (x - 1) + \nPn{x) = 0. 

For A(x), C(x), and X n in (18.22.12) see Table 18.22.2. 

Table 18.22.2: Difference equations (18.22.12) for 
Krawtchouk, Meixner, and Charlier polynomials. 


Pn{x) 


C{x) 


K n (x;p, N) 

p(x — IV) 

(p - l)x 

—n 

M n (x; 0, c) 

c(a + /?) 

X 

n( 1 — c) 


a 

X 

n 


Continuous Hahn 

With 

18 . 22.13 Pn{x) = p n {x\ a, b, a, 6), 

A(x)p n (x + i) - (A(x) + C(x))p n (x) 

18 . 22.14 +C(x)p n (x-i) 

+ n(n + 25f(a + b) — 1 )p n (x) = 0, 

where 

18 . 22.15 

A(x) = (x + ia)(x + ib ), C(x) = (x — ia)(x — ib). 

Meixner-Pollaczek 

With 

18 . 22.16 p n {x) = Pi X \x-,<t > ), 


18.22.17 


A(x)p n (x + l) - (A(t) + c(x)) p n (x) 


+ C(x)p n (x — i) + 2nsin <pp n (x ) = 0, 

where 

18.22.18 A(x) = e i4> (x + iX), C(x) = e~ icl, (x - iX). 

1 8 . 22 (iii) x - Differences 
Hahn 


18.22.19 

A a, Qn(x ; a,0,N ) 

n(n + a + 0 + 1) 


(a + 1)N 


Qn-i{x; a + 1, /3 + 1, N — 1), 


18.22.20 

V 


tt, /?, N) 


( a + l )x(P+ l )N-x 
x\ (N — a;)! 

N + 1 ( a )x(P)N+l-x 
0 a! (N + 1 — a;)! 
x Q n+1 (x\ a - 1,0 - 1,N + 1). 


Krawtchouk 


18.22.21 A x K n (x;p,N) = —K n -i(x-,p,N-l), 

pN 


18.22.22 


Meixner 



' N 

&) 


P x (1 P) N ~ X K n (x\ Pi N) 

p x (l-p) N - x K n+1 (x-,p,N+l). 


77/fl — c) 

18.22.23 A a, M n {x\ 0, c) = M„_i(x; 0 + 1 , c), 


18.22.24 

Charlier 

18.22.25 




x! 

(0 - !)x c 


0C 

M n (x; 0, c) 


T! 


M n+ i(ar;/3- l,c). 


A x C n (x, a) O n —\ {x, ct) , 


18.22.26 Va; -tC„(i,o) = —C n+1 (x,a). 
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Continuous Hahn 

18.22.27 5 X (p n (x; a, b,a,b)) = (n + 29?(a + b) - 1) p n - i(x; a + 5,6 + 5,0 + 5 , 5 + 5 ), 

18.22.28 (5 X (w(x\ a + \,b + |,a + \ 1 b + ^)p n (x; a+ \ ,b+ |, a + \,b + 5 )) = — (n+ l)u>(£; a, 6 , a, F)p n+ i(£; a, 6 , a, 6 ). 


Meixner-Pollaczek 


Continuous Hahn 


18.22.29 

18.22.30 


[p^ x) {x\ (j))^ = 2 sin (f>P^X 2) (x-,(f>), 

Sx (w (X+ ^\x\(t)) pI X+ 2 \x\ 0)) 

= -{n+l)w (x \x-, <j>) P^ ) 1 (x; <j>). 


18.23 Hahn Class: Generating Functions 


For the definition of generalized hypergeometric func- 
tions see §16.2. 


Hahn 

18.23.1 


i-Fi 


—x 
a + 1 

N 


; -2 1 F ] 


- N 


V+i" 


2-^0 


(-A 0 , 

■1)„ 

—x, —x + /3 + N + 1 


= E (rj! 1 Qn(x;a,( 3 ,N)z n , £ = 0,1 


18.23.2 


x 2-^0 


; -2 

x — N,x + a + 1 

;2 


AT 


= ^ HV)> + i) 

Z ^ 77.1 


n — 0 


x = 0, 1, . . . , N. 


Krawtchouk 

18.23.3 




P 


] (1 + z) N ~ x = Kn(x-,P, N)z n , 

' 71=0 ' n ' 


£ = 0,1,..., IV. 


Meixner 


(1 - (1 - *)-*-* = E & c )- n > 


18.23.4 


n—0 

X = 0,1,2,..., |z| < 1. 


Charlier 


18 .23.5 e 2 (l - 0° = E x 2 > 


n—0 


18.23.6 


1^1 


f a + ix 
V 25Ja 





b — ix 

2m 


\iz 


p n (x\ a, b, a, b) n 

( 2 »a) n ( 2 » 6 )/ 


Meixner-Pollaczek 


18.23.7 


(1 - e^r A+ “(l - 

OO 

= E P " A) (*; 

n—0 


N < i- 


18.24 Hahn Class: Asymptotic 
Approximations 

Krawtchouk 

With £ = A1V and = ra/iV, Li and Wong (2000) gives 
an asymptotic expansion for K n (x;p, N) as n — > 00 , 
that holds uniformly for A and v in compact subinter- 
vals of (0, 1). This expansion is in terms of the parabolic 
cylinder function and its derivative. 

With p = N/n and x fixed, Qiu and Wong (2004) 
gives an asymptotic expansion for K n (x;p, N) as n — > 
00 , that holds uniformly for p £ [l,oo). This expan- 
sion is in terms of confluent hypergeometric functions. 
Asymptotic approximations are also provided for the 
zeros of K n (x\p,N) in various cases depending on the 
values of p and p. 

Meixner 

For two asymptotic expansions of M n (nx\(3,c) as n — ► 
00 , with (3 and c fixed, see Jin and Wong (1998). The 
first expansion holds uniformly for <5 < x < 1 + 6, and 
the second fori — J<£<1 + J _ 1 ,i 5 being an arbitrary 
small positive constant. Both expansions are in terms 
of parabolic cylinder functions. 

For asymptotic approximations for the zeros of 
M n (nx ; /3, c) in terms of zeros of Ai(x) (§9.9(i)), see Jin 
and Wong (1999). 

Charlier 

Dunster (2001b) provides various asymptotic expan- 
sions for C n (x,a) as n — > 00 , in terms of elementary 
functions or in terms of Bessel functions. Taken to- 
gether, these expansions are uniformly valid for — 00 < 
£<00 and for a in unbounded intervals — each of which 
contains [ 0 , (1 — <5)n], where S again denotes an arbitrary 


18.25 Wilson Class: Definitions 


467 


small positive constant. See also Bo and Wong (1994) 
and Goh (1998). 

Meixner-Pollaczek 

For an asymptotic expansion of P^\nx\ <j>) as n — > oo, 
with 4> fixed, see Li and Wong (2001). This expansion 
is uniformly valid in any compact ^-interval on the real 
line and is in terms of parabolic cylinder functions. Cor- 
responding approximations are included for the zeros of 
Pn X \nx ; <f>). 

Approximations in Terms of Laguerre Polynomials 

For asymptotic approximations to Pn X \x;<p) as \x + 
*A| — > oo, with n fixed, see Temme and Lopez (2001). 
These approximations are in terms of Laguerre polyno- 
mials and hold uniformly for ph(x + *A) € [0 , 7r] . Com- 
pare also (18.21.12). Similar approximations are in- 
cluded for Jacobi, Krawtchouk, and Meixner polyno- 
mials. 


18.25 Wilson Class: Definitions 
18.25(i) Preliminaries 

For the Wilson class OP’s p n {x ) with x = A (y): if the 
y-orthogonality set is {0,1,..., N}, then the role of the 
differentiation operator d/dx in the Jacobi, Laguerre, 
and Hermite cases is played by the operator A y fol- 
lowed by division by A. y (A(j/)), or by the operator V y 
followed by division by V y (A (y)). Alternatively if the 
y-orthogonality interval is (0, oo), then the role of d/dx 
is played by the operator 5 y followed by division by 

S v (X(y)). 

Table 18.25.1 lists the transformations of vari- 
able, orthogonality ranges, and parameter constraints 
that are needed in §18.2(i) for the Wilson polynomi- 
als W n (x; a, 6, c, d), continuous dual Hahn polynomials 
S n (x;a,b,c ), Racah polynomials R n (x\ a, (3, 7 , 8), and 
dual Hahn polynomials R n (x ; 7, 6, N). 


Table 18.25.1: Wilson class OP’s: transformations of variable, orthogonality ranges, and parameter constraints. 


Pn{x) 

II 

V 

Orthogonality 
range for y 

Constraints 

W n (x\ a, b, c, d) 

y 2 

(0, 00) 

3?(a, b , c, d) > 0; 

nonreal parameters in conjugate pairs 

S n {x\ a,b,c) 

y 2 

(0, 00) 

3?(a, b, c) > 0; 

nonreal parameters in conjugate pairs 

Rn(x ; a, (3, 7, S) 

y(y + 7 + J + 1 ) 

{ 0 , 1 ,.. 

,.,N} 

a+lor/3 + (5-l-lor7-|-l = — A r ; 
for further constraints see (18.25.1) 

R n (x;j,S, N) 

y{y + 7 + 5 + 1) 

{0,1,.. 

,.,N} 

7, S > — 1 or < —N 


Further Constraints for Racah Polynomials 

If a + 1 = — N , then the weights will be positive iff one 
of the following eight sets of inequalities holds: 

-6 - 1 < 13 < 7 + 1 < -N + 1. 

N — 1 < -S — 1 < (3 < 7 + 1. 

7 , 6 > — 1, (3 > N + 7. 

18 . 25.1 

7, S>— 1, (3 < —N — 5. 

N ~ l<7V + 7</3< — N — S. 

N + j < f3 < —N — S < —N — 1 . 

7, S < —N, /5 > — 1 — <5. 

7, S < — N , j3 < 7 + 1. 

The first four sets imply 7 + S > — 2 , and the last four 
imply 7 + S < —2 N. 


18.25(ii) Weights and Normalizations: 
Continuous Cases 


18.25.2 

nOO 

/ p n (x)p m (x)w(x) dx = h n 8 nt m- 
Jo 

Wilson 


18.25.3 

p n {x) = W n (x-,a 1 ,a 2 ,a 3 ,a 4 ,), 

18.25.4 

, 2 s 1 II j r ( a i + iy ) 2 

w[y )= . , 

2 y r(2 iy) 

18.25.5 

n\ 27T n id r(n + aj + at) 

h n = , 

(2n — 1 + a j) r ( n - 1 + E 
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Orthogonal Polynomials 


Continuous Dual Hahn 


Dual Hahn 


18.25.6 

18.25.7 

18.25.8 


Pn{x) = S n (x] ai, a 2 , a 3 ), 


w(y 2 ) = 


1 

2 y 


U, r (<H + w) 

r (2 iy) 


h n = n\ 2n r(n + a,j + ae). 
i<i 


18.25(iii) Weights and Normalizations: Discrete 
Cases 


'^2pn(y(y+j+S+i))p m {y(y+'y+S+i)) 

18.25.9 y=0 

7 + 5 + 1 + 2y _ u x 
X 7+S+ l + y UJ V- nn0n ’m- 

Racah 

18.25.10 p n (x) = Rn(x;a,P,j,5), a + l = -N, 

18.25.11 

_ (a + 1 ) y (P + S + l ) y (7 + l ) y (7 + S + 2) y 
(—a + 7 + (5 + l) y (—(3 + 7 + l) y (<5 + l) y y! ’ 

18.25.12 

_ (~/^)jy(7 + ^ + 2)jy (n + a + (3 + l) n re! 

(-/3 + 7 + 1)jv(^ + 1)jv ( a + /^ + 2 )2n 
(q + (3 - 7 + l) n (q - ^ + l) n (/3 + l) n 
(q + 1 ) n (/3 + <5 + l ) ri (7 + l) n 


18.25.13 p n (x)=R n (x^,6,N), 


18.25.14 

18.25.15 


(-l) v (- N ) y ( 7 +l)y( 1 + S + l) 2 

(N + j + 6 + 2) y (6 + l) y y\ 

_ n! (AT — n)! (7 + S + 2) N 
" N\( 1+ lUS + l) N _ n ' 


18.25(iv) Leading Coefficients 

Table 18.25.2 provides the leading coefficients k n 
(§18.2(iii)) for the Wilson, continuous dual Hahn, 
Racah, and dual Hahn polynomials. 

Table 18.25.2: Wilson class OP’s: leading coefficients. 


Pn{x) 

kn 

W n (x; a, b, c, d) 

(-1 ) n (n + a + b + c + d - l) n 

S n (x m , a, b, c) 

(-1)" 

R n { x-, a, (3,1,8) 

(n + a + /3+ l) n 

(a + 1 )„(/5 + <5 + l)„(7 + l)„ 

( 7 +l) n (-JV) n 

R n (x; 7,(5, N ) 


18.26 Wilson Class: Continued 

18.26(i) Representations as Generalized 
Hypergeometric Functions 

For the definition of generalized hypergeometric func- 
tions see §16.2. 


18.26.1 


18.26.2 


18.26.3 


18.26.4 


W„(y 2 ;a,b,c,d ) = {a + b) n (a + c) n (a + d) n 4 F 3 


—n, n + a + b + c+d— l,a+iy,a — iy 
a + b, a + c, a + d 


1 . 


S n (y 2 -,a,b,c) _ /-n,a + iy,a-iy 

(a + b) n (a + c) n 3 \ a + b,a + c 


Rn{y(y + 'y + b+l)-,a,/3,'y,6) = 4 F 3 


;i » 


— n, n + a + /3 + 1, —y, y + 7 + <5 + 1 
o:+1,/? + 5+1,7+1 

a + lor/? + J+ lor 7 +l = —TV; n — 0, 1, . . . , N. 


Rn{y{y + 7+S + l)-,'y,5,N) = 3 F 2 [ n ' — JV ^ + 1 ; 1 ) ’ 


n = 0, 1, . . . , N. 


18.26(ii) Limit Relations 

Wilson — > Continuous Dual Hahn 


W n (x]a,b,c,d) 

lim 

d — »oo 


18.26.5 


(a + d )n 


s n (x] a, 6, c). 
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Wilson — *■ Continuous Hahn 

18.26.6 

Wilson — > Jacobi 


W n ((x + f) 2 ; a - it, b - it, a + it, b + it) . _ 

hm = Vn (®5 a,b,a,b). 


18.26.7 


W n (\(l- X )t 2 -,\a+\,\a+\,\p+\ + it,\p+\-it) _ p (a.0) M 

.“A t 2n n | - \ X >- 


t — too 

Continuous Dual Hahn — *• Meixner-Pollaczek 


18.26.8 lim S n ((x — t) 2 ] A + it, A — it, t cot <j>)/t n = n!(csc </>) n pA(i; <j>). 

t— too V ' 

Racah — ► Dual Hahn 

18.26.9 

Racah — * Hahn 

18.26.10 

Dual Hahn — > Krawtchouk 
18.26.11 


lim R n (x; -N - 1, (3, 7, 8) = R n (x] J, 8, N). 

(3 — too 


lim R n (x(x + 7 + 6 + 1); a, (3, — N — 1,6) = Q n {x', a, /?, AT). 

<5 — too 


lim R n {x{x + t + 1 );pt, (1 — p)t , A' - ) = K n (x;p, N). 

t — too 


Dual Hahn — + Meixner 

With 

18.26.12 

18.26.13 

See also Figure 18.21.1. 


r(x\ (3, c, N) = x(x + (3 + c 1 (1 — c)N), 
lim R n (r(x; /3,c,N); (3 - l,c _1 (l - c)N, N) = M n (x\ (3,c). 


18.26(iii) Difference Relations 

For comments on the use of the forward-difference operator A x , the backward-difference operator V x , and the 
central-difference operator 5 X , see §18.2(ii). 

For each family only the y-difference that lowers n is given. See Koekoek and Swarttouw (1998, Chapter 1) for 
further formulas. 

18.26.14 8 y ( W n {y 2 \ a, b, c,d )) / S y (y 2 ) = —n{n + a + b + c + d-l) W„_i(t/ 2 ; a+ \,b+ c + \,d+ |). 

18.26.15 6 y ( S n (y 2 ;a,b,c ))/ 6 y (y 2 ) = - nS n - 1 (y 2 ;a + b + \, c + \) . 


18.26.16 

A y [R n {y{y + 7 + 5 + 1); a, (3, 7, 6)) _ n(n + a + (3 + l) 


A y (v(y + 7 + 5 + 1)) 


(a + 1 )(/3 + 6 + 1)(7 + 1) 


Rn-i(y(y + 7 + 5 + 2);a + l,/3+l,7 + l,(5). 


18.26.17 


A v ( Rn(y(y + 7 + 5 + !); 7,5 , N )) 
A v ( y{y + i + 6 + 1)) 


(7 + l)JV 


Rn-i{y{y + r ) + 6 + 2); 7 + 1,5, AT - 1). 


18.26(iv) Generating Functions 

For the hypergeometric function 2-F1 see §§15.1 and 15.2(i). 

Wilson 

fa + iy,d + iy \ (b-iy,c~iy 
2-F1 ; z 2 F 1 1 . \z 


= £ 

n=0 


W n {y 2 -,a,b,c,d ) 

(■ a + d) n (b + c) n nr 


18.26.18 


1*1 < I- 
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Continuous Dual Hahn 
18 . 26.19 

Racah 


(1 -z)~ c+iy 2 F 1 


-iy,b-\ 
a + b 


ly 


= £ 


n — 0 


S n (y 2 ;a,b, c) 
( a + b) n n\ 


M < i- 


18 . 26.20 


-y,-y + P- 7. 
p + 5 + 1 


; ^ 2^1 


y-N,y + 7+1 
—S — N 



HVQn(7+l) n 

M-7V) n n! 


Rn{y{y + 7 + (5 + 1); -TV - 1, /3, 7 , 5)2". 


Dual Hahn 


18 . 26.21 


(1 - *)" 2^1 


2/-iV,y + 7+ l_ 
-5- N 


N 


■Z \ = 


(7 + 1 U-N) r 
^ (—5 — N) n\ 

n—0 ' ' n 


Rn{y{y + 7 + 5 + 1); 7: 5, N)z n 


18.26(v) Asymptotic Approximations 

For asymptotic expansions of Wilson polynomials of 
large degree see Wilson (1991), and for asymptotic ap- 
proximations to their largest zeros see Chen and Ismail 
(1998). 


Other Orthogonal Polynomials 


18.27 g-Hahn Class 
18.27 (i) Introduction 

The q-hypergeometric OP’s comprise the g-Hahn class 
OP’s and the Askey-Wilson class OP’s (§18.28). For 
the notation of g-hypergeometric functions see §§17.2 
and 17.4(i). 

The g-Hahn class OP’s comprise systems of OP’s 
{ p n (x )}, n = 0,1,..., N, or n = 0,1,2,..., that are 
eigenfunctions of a second-order g-difference operator. 
Thus 

18 . 27.1 

A(x)p n {qx) + B{x)p n {x) + C(x)p n {q~ 1 x) = A n p n (x), 

where A(x), B( x), and C(x) are independent of n, and 
where the X n are the eigenvalues. In the g-Hahn class 
OP’s the role of the operator d/dx in the Jacobi, La- 
guerre, and Hermite cases is played by the g-derivative 
T > q , as defined in (17.2.41). A (nonexhaustive) classifica- 
tion of such systems of OP’s was made by Hahn (1949). 
There are 18 families of OP’s of g-Hahn class. These 
families depend on further parameters, in addition to 
g. The generic (top level) cases are the g-Hahn polyno- 
mials and the big q - Jacobi polynomials, each of which 
depends on three further parameters. 


All these systems of OP’s have orthogonality prop- 
erties of the form 

18 . 27.2 ^2 Pn { x ) p m ( x ) \ x \ V x = h n 5 n ^ mi 

x£X 

where X is given by X = {aq v } y& i + or A' = {aq v } ye i + U 
{—bq y } V £i . Here a,b are fixed positive real numbers, 
and 1+ and I- are sequences of successive integers, finite 
or unbounded in one direction, or unbounded in both 
directions. If /+ and /_ are both nonempty, then they 
are both unbounded to the right. Some of the systems 
of OP’s that occur in the classification do not have a 
unique orthogonality property. Thus in addition to a 
relation of the form (18.27.2), such systems may also 
satisfy orthogonality relations with respect to a contin- 
uous weight function on some interval. 

Here only a few families are mentioned. They are 
defined by their g-hypergeometric representations, fol- 
lowed by their orthogonality properties. For other for- 
mulas, including g-difference equations, recurrence re- 
lations, duality formulas, special cases, and limit rela- 
tions, see Koekoek and Swarttouw (1998, Chapter 3). 
See also Gasper and Rahman (2004, pp. 195-199, 228- 
230) and Ismail (2005, Chapters 13, 18, 21). 


18.27(ii) g-Hahn Polynomials 


18 . 27.3 

r t \ r ( a m \ a (9~ n ,aPq n+1 ,x \ 

Qn\x) = Qn\x; a,p,N\ q) = 3 <p 2 ( N ;g,9 , 

V «+ g / 

n = 0, 1, . . . , N. 


18 . 27.4 


N 

Y.Qn(q- y )Qm(q- y ) 


y=o 


(gg,g N ;q) y {af3q) y 

(q,P~ 1 q~ N \q) y 


b r : J n 


n, to = 0, 1, . . . , N. 


For h n see Koekoek and Swarttouw (1998, Eq. (3.6.2)). 
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18.27(iii) Big g-Jacobi Polynomials 

18.27.5 Pn(x;a,6,c;q) = 3 </> 2 f 9 ’° &9 ’ X ;g,g|, 

V aq , cq 

and 

P^O; c, d; <?) 

c n g -(a+l)n ( g a+l ; _g«+l c -l rf . g) 


18.27.6 = 


(g>-g; g)„ 
x Pn(g a+1 c _1 dx; q a , q^ 3 , —q a c~ 1 d\ q ) . 

The orthogonality relations are given by (18.27.2), with 

18.27.7 p n {x) = P n {x\a,b,c\q), 

18.27.8 X = {ag^ +1 }^=o,i, 2 ,... U {cg £+1 }^=o,i, 2 ,... , 

(a~ 1 x,c~ 1 x;q) 00 

18.27.9 a (x, 6c _1 x; q)oo ’ 

0 < a < q _1 , 0 < b < q- 1 , c < 0, 

and 

18.27.10 p n {x) = p( a ’P\x; c, d\ q) 

18.27.11 A' = {cq l }i = 0 , 1 , 2 ,... U {—dq e }e= 0 , 1 , 2 ,... , 

18.27.12 

_ (qx/c,-qx/d\q) ^ 

{q^x/c.-q^x/d^q)^ 

For h n see Koekoek and Swarttouw (1998, Eq. (3.5.2)). 

18.27(iv) Little g-Jacobi Polynomials 

18.27.13 

( \ ( h \ A ( Q n i a bq n+1 

Pn{x) =Pn{x-,a, b\q) = 2<Pl ;g,g.X 

V aq 

^ ( fe g; g) y (°g) y 

}^Pn(q y )Pm(q y ) 

18.27.14 ^ (g;g)„ 

— hndn,,m: 0 q ,5 q 

For h n see Koekoek and Swarttouw (1998, Eq. (3.12.2)). 

18.27(v) g-Laguerre Polynomials 

18.27.15 

The measure is not uniquely determined: 

7°° r. a 

/ ^i a) (^;?)i'm ) ( a; ;9)7 — dx 


(g a+1 ;g) (i) 

(g;g)„g" 0 n ’ m ’ 


(-*; g) c 


where is given in Koekoek and Swarttouw (1998, 
Eq. (3.21.2), and 


,y (ct+l) 


18.27.17 


L( n\cq v \q) L( ^\cq v ]q) q 
~ (g“ + ^)n h ( 2 ) Sn m ^ a >-l,c>0, 


(g;g)„g” 


where is given in Koekoek and Swarttouw (1998, 
Eq. (3.21.3). 

18.27(vi) Stieltjes-Wigert Polynomials 

Sn(x-,q) = J2— q 


18.27.18 


e=o 


(g;g)*(g; q) n -e 


(Sometimes in the literature x is replaced by q^x.) 
The measure is not uniquely determined: 

18.27.19 

S n (x; q) S m (x\ q) _ ln(q _1 ) (q; q)^ 

Jo (-x-qx-^q)^ X ~ q" (q; q)„ 

and 


18.27.20 

poo 


J S n (q*x-,q} S m (q^x;q^j ex P^~ ^~^~~iy ) dx 

_ y / 27rg- 1 ln(g- 1 ) x 

q n (q;q) n 

18.27(vii) Discrete g-Hermite I and II 
Polynomials 


Discrete q-Hermite I 


|n/2j 


18.27.21 


if \ _ / X ( — -*-) 9 ' "X 

h n (x,q)-(q,q) n g (g2; q2)g {q . q) 


l W, HJ n -2£ 


-n n -n + 1 

n l I q %q 2-2 2n— 1 

= x 2 <?o ;q ,x q 


18.27.22 

oo 

Y q) h m (q e ] q) + q) h m{-q e \ q)) 


t = 0 


x (q^-q^g)^ 


= (g; q) n (g- - 1 * -g; g)oo g" (n 1)/2( W 


18.27.16 


a > — 1, 
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Discrete q-Hermite II 
18 . 27.23 


h n {x;q) = (q;q) n ^ 


[n/ 2 J g(.{2i+l) X n-U 


t = 0 


= *" 2 01 


(<? 2 ; (?; 9) n _ 2 ^ 

2 -2 2 1 
;q ,-a; q I. 


-n „-n+l 

q iq _ 2 -2 2 


18 . 27.24 


(M c 9^9) h m (cq e ;q) 


+ h n (-cq ;q) h m (-cq e ;q)j 

(q 2 ,-c 2 q,-C- 2 q;q 2 ) oo (q; g) 


= 2 


dn,m-> 


(g,-c 2 ,-c 2 q 2 ;q 2 ) oc q n 

c> 0. 

(For discrete q-Hermite II polynomials the measure is 
not uniquely determined.) 


18.28 Askey-Wilson Class 
18.28(i) Introduction 

The Askey-Wilson class OP’s comprise the four- 
parameter families of Askey-Wilson polynomials and of 
g-Racah polynomials, and cases of these families ob- 
tained by specialization of parameters. The Askey- 
Wilson polynomials form a system of OP’s { p n (x)}, 
n = 0, 1 , 2, ... , that are orthogonal with respect to a 
weight function on a bounded interval, possibly sup- 
plemented with discrete weights on a finite set. The 
g-Racah polynomials form a system of OP’s {p n (x)}, 
n = 0, 1, 2, . . . , N, that are orthogonal with respect 
to a weight function on a sequence {q~ v + cq v+1 }, 
y = 0,1,..., N, with c a constant. Both the Askey- 
Wilson polynomials and the g-Racah polynomials can 
best be described as functions of z (resp. y) such that 
P n (z ) = p n (\(z + z~ x )) in the Askey-Wilson case, and 
P n (y) = Pn{q~ v + cq v+1 ) in the g-Racah case, and both 
are eigenfunctions of a second-order g-difference opera- 
tor similar to (18.27.1). 

In the remainder of this section the Askey-Wilson 
class OP’s are defined by their g-hypergeometric repre- 
sentations, followed by their orthogonal properties. For 
further properties see Koekoek and Swarttouw (1998, 
Chapter 3). See also Gasper and Rahman (2004, 


pp. 180-199) and Ismail (2005, Chapter 15). For the 
notation of g-hypergeometric functions see §§17.2 and 
17.4(i). 


18.28(ii) Askey-Wilson Polynomials 


18 . 28.1 

Pn(cOs8) 

= p n (cos8; a, b, c,d\q ) 

n 

= a~ n ^2 <£ ( ab< l^ ac d\ adq e ] q) n _ t 
£=0 


(q ", abcdq n 1 ;q) ( 


t - 1 


(1 — 2aq 1 cos 8 + a 2 g 2 - 7 ) 
l=o 


x 4</>3 


r ' n ~ 1 , ae ie , ae~ i 


5 9,9 


( 9 ; d)e 

= a~ n ( ab , ac, ad; q) r 
' q~ n , abcdq n 

ab, ac, ad 

Assume a, b, c, d are all real, or two of them are real 
and two form a conjugate pair, or none of them are real 
but they form two conjugate pairs. Furthermore, |a6|, 
|ac|, \ad\, \bc\, \bd\, \cd\ < 1. Then 


18 . 28.2 

r 1 


Pn{x)p m (x)w(x) dx 


J - 1 
where 


bndn,rm |u|, |&|, |c|, |d| ^ 1, 


18 . 28.3 27rsind'u;(cos$) = 

18 . 28.4 h 0 = 


„2 W. 


;«) c 


(ae l6 , be 1 e , ce l 6 , de l9 ; q) c 
(abed; q) 


18 . 28.5 


(g, ab, ac, ad, be, bd , cd; q) oa ’ 


(1 — abedq " 1 ) (g, ab, ac, ad, be, bd, cd; q) T 


^ n (i _ abedq 2 ™- 1 ) (abed; q) n 

n = 1 , 2 ,.... 

More generally, without the constraints in (18.28.2), 


18 . 28.6 

r 1 


i-l 


Pn(x)pm(x)w(x) dx+^p n (xi)p m (xe)ut = h n 6 n , m , 


with w(x) and h n as above. Also, xe, are the points 
^(aq e + a“ 1 g~^) with a any of the a,b,c,d whose ab- 
solute value exceeds 1, and the sum is over the £ = 
0,1,2,... with \aq e \ > 1. See Koekoek and Swarttouw 
(1998, Eq. (3.1.3)) for the value of u>(, when a = a. 


18.28 Askey-Wilson Class 
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18.28(iii) Al-Salam-Chihara Polynomials 


18.28.7 

Q n {cos9;a,b\q) 

= Pn(cos 0; a, 6, 0, 0 | q) 

,yy( ohq e ;q) n _ e ( q~ n ;q) e 


= a 


1=0 


(95 q)e 


i-1 


x JJ(1 — 2 aqi cos 6 + a 2 q 2j ) 
7=0 

( ab;q) n ( q~ n ,ae lB ,ae~ lB 


3</>2 


ab , 0 


5 9,9 


18.28.8 


= (6e ie -,q) n e in \<j>i( b q iq lZ ei e-’<l’ b V " 

1 /’ 7r 

^ J Q n {cos 9 ;a,b\q) Qm(cos 9 ;a, b\q) 

( e2ie '^)oo 


d9 = 


{qn+^abq^q)^ 


(ae tS , be l8 ; g) c 

a, b £ K or a = 6; |ab| < 1; |a|, |6| < 1. 
More generally, without the constraints |a|,|b| < 1 
discrete terms need to be added to the right-hand 
side of (18.28.8); see Koekoek and Swarttouw (1998, 
Eq. (3.8.3)). 

18.28(iv) q _1 -AI-Salam-Chihara Polynomials 


18.28.9 

Q n (\{aq~ y + a~ 1 q v );a, b\q~ x ) 

= (-1 ) n b n q~i n ( n ~ 1 ' 1 

f n -n n -y ri~ 2 ny 

x (( a ^) _1 ; q) n 3^1 ^ 

18.28.10 

“ (1 — q 2y a~ 2 ) (a~ 2 , (ab) -1 ; q) 2 


y=o 


(1 - a 2 ) (q,bqa 1 ;q) % 

x Q n (l(aq~ y + a~ 1 q y )-,a,b\q~ 1 ) 
x Q m {\{aq~ v + a~ 1 q y );a,b\q~ 1 ) 

= tt _i ’ g l°° (9, (ab) -1 ; 5 ) (ab) n q~ n2 S n m . 

( ba 959)00 

Eq. (18.28.10) is valid when either 

18.28.11 0 < g < 1, a, b G M, ab > 1, a _1 b < g^ 1 , 
or 

18.28.12 

0 < q < 1, a/i , b/i € R, (Qa)(Qb) > 0 ,a~ 1 b < q _1 . 

If, in addition to (18.28.11) or (18.28.12), we have 
a~ 1 b < q, then the measure in (18.28.10) is uniquely 
determined. Also, if q < a~ 1 b < g _1 , then (18.28.10) 


holds with a, b interchanged. For further nondegenerate 
cases see Chihara and Ismail (1993) and Christiansen 
and Ismail (2006). 

18.28(v) Continuous g-Ultraspherical 
Polynomials 


C n (cos9; /3\q) 

_ ( b; q) e {0\ l)n-e c i( n - 2 pe 

^ ( 9 ; q)t ( 9 ; q) n -e 

_ {0i q)n in .0 / f 9 j 0 . o-i - 2 tf 

?e 

18.28.14 

C n (cos 9;(3\q) 

{0 2 \ 9 ) 


(95 9)„/? 2 

18.28.15 


X^3 


^ q- n ,P 2 q n ,pie ie ,ph- ie 

„ 0qK-0,-0q^ 


; 9,9 


J C n (cos9;/3\q)Cm(cos9-,l3\q) 
_ {0,0q\q) oo 0-0) (0 2 ] q) 7 


„2i8 




d9 


als. 


{0e 2i6 \ q) c 

( 0 2 i 95 9)oo (! — /59") (9; 9) n Un,rn ’ 1 < /3 < 1- 

These polynomials are also called Rogers polynomi- 


18.28(vi) Continuous g-Hermite Polynomials 


18.28.16 


18.28.17 


" (n- a) e l(n_2 ^ e 

H-n (cos 0 | g) = E 7 ’ w 7 

(#> Qjn-i 


£=0 
= e mB 2 <(»o 


9 _n , 0 


; g, q e 


,n „—2i0 


1 f 71 

— j H n (cos9\q) H m (cos9\q)\(e 2ze ;q) oo \~ d9 


(9 n+1 5 9)oo' 

18.28(vii) Continuous g _1 -Hermite Polynomials 


h n (sinh 1 1 9 ) = E 9 


£=0 


|f(^+l) (9 ^ 9)l ( ra -2l)i 

(95 9)^ 


18.28.18 


= e n ‘i<M g 0 5 9; — 9 e_2t 


= i n H n {i sinh i 1 g 1 ). 

For continuous g _1 -Hermite polynomials the orthog- 
onality measure is not unique. See Askey (1989) and 
Ismail and Masson (1994) for examples. 
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18.28(viii) g-Racah Polynomials 


With x = q v + "fSq v+1 , 

18.28.19 


R n (x) = R n (x-,a,(3,^, 5 1 q) 


=E 


«=0 


= 403 


( q- n ,a0q n+1 -,q) ( 
(otq,(35q,~iq,q\ q) t 


t - 1 


J^[ ( 1 - x + 7<5g 2j + 1 ) 


j=o 

-",a/?g n+ 1 ,g- 3 ', 7 < 5 g J '+ 1 i 
aq,pSq,"/q 
aq, (38q, or 75 = g _Ar ; n = 0, 1, . . . , N. 


19,9 


N 

18 28 20 E R ^~ V + l8q y+l )R m {q~ v + 7<S?” +1 )w I/ 

y — 0 

= K8 n , m , n,m = 0,1, ... ,N. 

For and h n see Koekoek and Swarttouw (1998, 
Eq. (3.2.2)). 


18.29 Asymptotic Approximations for 

g-Hahn and Askey-Wilson Classes 


Ismail (1986) gives asymptotic expansions as n — > 00 , 
with x and other parameters fixed, for continuous 
g-ultraspherical, big and little g-Jacobi, and Askey- 
Wilson polynomials. These asymptotic expansions 
are in fact convergent expansions. For Askey-Wilson 
p n ( cos 9 ; a, b,c,d \ q) the leading term is given by 

(be, bd, cd ; q) ( Q n (e l e \ a, b,c,d\ q) 

18.29.1 , 

+ Qn(e ;a,b,c,d \ q)) , 

where with z = , 


18.29.2 

Q n (z;a,b,c,d \ q) 


z n (az 1 , bz x ,cz 1 ,dz 1 ;q) ao 
(z~ 2 , be, bd, cd’, q) ca 
n — y 00 ; z, a, b, c, d, q fixed. 


For a uniform asymptotic expansion of the Stieltjes- 
Wigert polynomials, see Wang and Wong (2006). 

For asymptotic approximations to the largest zeros 
of the g-Laguerre and continuous g _1 -Hermite polyno- 
mials see Chen and Ismail (1998). 


18.30 Associated OP’s 


and 

18 30 3 — (A n +cX + Rn+c)Pn(x, c) 

On+cPn—l(x, c), TL — 0, 1, ... . 
Assume also that Eq. (18.30.3) continues to hold, 
except that when n = 0, B c is replaced by an arbitrary 
real constant. Then the polynomials p n (x,c ) generated 
in this manner are called corecursive associated OP’s. 
Associated Jacobi Polynomials 
These are defined by 

18.30.4 P^ /3 \x;c) = p„(x;c), n = 0,1,..., 
where p n (x;c) is given by (18.30.2) and (18.30.3), with 
A n , B n , and C n as in (18.9.2). Explicitly, 

18.30.5 

(-l) n (a + f3 + c+ l)„n! Pn a ' l3 \x-,c) 

(a + (3 + 2c + l) n (P + c + l) n 

E ( — n) ( (n + a + /? + 2c + 1)^ ^ ^ ^ i 

(c+ 1U0 + C+1), 

/ £ — n,n + £ + a + (3 + 2c+ 1, [3 + c,c \ 

4 3 V f3 + £ + c+ 1,£ + c + 1 , a + f3 + 2c ’ )' 

where the generalized hypergeometric function aF - j is 
defined by (16.2.1). 

For corresponding corecursive associated Jacobi 
polynomials see Letessier (1995). 

Associated Legendre Polynomials 

These are defined by 

18.30.6 P n (x; c) = P^’°\x; c), n = 0,1, 

Explicitly, 

n 

18.30.7 P n (x; c) = V — — P t (x) P n -i(x). 

£ + c 
i=a 

(These polynomials are not to be confused with associ- 
ated Legendre functions §14.3(ii).) 

For further results on associated Legendre polyno- 
mials see Chihara (1978, Chapter VI, §12); on associ- 
ated Jacobi polynomials, see Wimp (1987) and Ismail 
and Masson (1991). For associated Pollaczek polynomi- 
als (compare §18.35) see Erdelyi et al. (1953b, §10.21). 
For associated Askey-Wilson polynomials see Rahman 
(2001). 

18.31 Bernstein-Szego Polynomials 


In the recurrence relation (18.2.8) assume that the co- 
efficients A n , B n , and C n+ i are defined when n is a 
continuous nonnegative real variable, and let c be an 
arbitrary positive constant. Assume also 

18.30.1 A n A n+1 C n+ i >0, n > 0. 

Then the associated orthogonal polynomials p n (x; c) are 
defined by 

p_i(x;c) = 0 , po(x-,c) = l, 


Let p(x) be a polynomial of degree £ and positive when 
— 1 < x < 1. The Bernstein-Szego polynomials {p„(x)}, 
n = 0,1,..., are orthogonal on (—1,1) with respect 
to three types of weight function: (1 — x 2 ) - * (p(x)) -1 , 
(1 — x 2 )s(p(x)) _1 , (1 — x)s(l + x) _ s(p(x)) _1 . In con- 
sequence, p n (cos9) can be given explicitly in terms of 
p(cos9) and sines and cosines, provided that £ < 2n 
in the first case, £ < 2n + 2 in the second case, and 
£ < 2n + 1 in the third case. See Szego (1975, §2.6). 


18.30.2 


18.32 OP’S with Respect to Freud Weights 
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18.32 OP’s with Respect to Freud Weights 

A Freud weight is a weight function of the form 

18.32.1 w(x) = exp(—Q(x)), —oo < x < oo, 

where Q{ x) is real, even, nonnegative, and continu- 
ously differentiable. Of special interest are the cases 

Q(x) = x 2m , to = 1,2, No explicit expressions 

for the corresponding OP’s are available. However, for 
asymptotic approximations in terms of elementary func- 
tions for the OP’s, and also for their largest zeros, see 
Levin and Lubinsky (2001) and Nevai (1986). For a 
uniform asymptotic expansion in terms of Airy func- 
tions (§9.2) for the OP’s in the case Q(x) = x A see Bo 
and Wong (1999). 


18.33 Polynomials Orthogonal on the Unit 
Circle 

18.33(i) Definition 

A system of polynomials {<j) n (z)}, n = 0, 1, ... , where 
<t> n {z) is of proper degree n, is orthonormal on the unit 
circle with respect to the weight function w(z) (> 0) if 

1 n dz 

18.33.1 — / </> n (z)<t> m (z)w(z) — = S ni m, 

J 1*1 =1 z 

where the bar signifies complex conjugate. See Simon 
(2005a, b) for general theory. 

18.33(ii) Recurrence Relations 

Denote 

n 

18.33.2 0 n (z) — K n z -f- ^ ( K n , n —gZ , 

1=1 

where ac„(> 0), and K n ,n-^(S C) are constants. Also 
denote 

n 

18.33.3 <f>* n { Z ) = K n Z n + Fn,n-eZ n ~ ( , 

1= 1 

where the bar again signifies compex conjugate. Then 

18.33.4 K n Z(j) n (z) = K n+1 (j) n+1 (z) - 0 n+ i(O)0* +1 (z), 

18.33.5 K n (j) n+ i(z) = K n+ i Z(f n (z) + <£„+i(0 )</>* ( 2 ), 

„„ c Kn<j>n{0)<l>n+l(z) + K n -l<f> n+ l(0)z^) n -l(z) 

18.33.0 

= (K n (j>n+l( 0 ) + K n+ i^ n (0)z) <j>n{z) ■ 


18.33(iii) Connection with OP’s on the Line 

Assume that w{e l<t> ) = w{e~‘ l< ^). Set 

wi(x) = (1 — x 2 )~^w (£ + i( 1 - x 2 )^j , 
18.33.7 V j 

U> 2 (t) = (1 — x 2 )^w (x + i( 1 — X 2 )s 


Let {p n (x)} and { q n (x )}, n = 0,1,..., be OP’s with 
weight functions W\(x) and W 2 (x), respectively, on 
(-1,1). Then 

18.33.8 

Pn (5(2+ 2 _1 )) 

= (const.) X ( z~ n 4>2n(z ) + z n <t>2n{z~ 1 )) 

= (const.) X (z~ n+1 (j>2n-l(z) + Z^fcn-liz -1 )) , 


18.33.9 

Qn {\{Z + Z- 1 )) 


= (const.) x 

= (const.) x 
Conversely, 


y — n— 1 


02n+2<» - Z n+1 (t)2n+2{z *) 


Z — Z 


-1 


z n <f>2n+l(z) - Z n (t>2n+l{z ) 


2 — 2 


-1 


18.33.10 

Z~ n (t>2n{z) 

= A n p n (5(2 + 2 -1 )) + B n (z - z~ 1 )q n - 1 (5(2 + 2 -1 )), 


18.33.11 

2-"+V 2 „-l(^) 

= C n p n (5(2+ 2' 1 )) + D n {z - Z~ 1 )q n -i (\{z + 2 _1 )), 
where A n , B n , C n , and D n are independent of 2. 


18.33(iv) Special Cases 


Trivial 


18.33.12 (f) n (2) = 2", w(z) = 1. 

Szego-Askey 

18.33.13 

4>n{z) 

_ (A + e _ (A) ra ( -n, A + 1 A 

^ " n\ 2 A — n + l’ ) 

with 


w{z) = (l-\{z + z-'))\ 

18.33.14 ^i(a;) = (l-x) A_ 5(l + a; )-5 ) 

w 2 (x) = (l-x) A+ 5 (l + a;)A A > — |. 

For the hypergeometric function 2 Fi see §§15.1 and 
15.2(i). 

Askey 


18.33.15 


E 

e=o 


(■ aq 2 ; q 


em 2 : 


W Z—i {q 2. q 2 )Aq 2. q 2 )n _ e 


a; q* 


(<7 2 W 2 ), 


2 <Pl 


aq 2 ,q 2n 


n ~ l (q-'z) 1 

2 qz 


a~ 1 q 2 ~ 2n 


; q 


a 


with 

18.33.16 w(z) 


(q*\Q 2 ) 00 / ( aqz-,q 2 ) c 


a 2 q 2 < 1. 


For the notation, including the basic hypergeometric 
function 2 <l>i, see §§17.2 and 17.4(i). 

When a = 0 the Askey case is also known as the 
Rogers-Szego case. 
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18.33(v) Biorthogonal Polynomials on the Unit 
Circle 

See Baxter (1961) for general theory. See Askey 
(1982) and Pastro (1985) for special cases extending 
(18.33. 13)-(18.33.14) and (18.33. 15)-(18.33. 16), respec- 
tively. See Gasper (1981) and Hendriksen and van 
Rossum (1986) for relations with Laurent polynomials 
orthogonal on the unit circle. See Al-Salam and Ismail 
(1994) for special biorthogonal rational functions on the 
unit circle. 

18.34 Bessel Polynomials 


the integration path being taken in the positive rota- 
tional sense. 

Orthogonality can also be expressed in terms of mo- 
ment functionals', see Duran (1993), Evans et al. (1993), 
and Maroni (1995). 

18.34(iii) Other Properties 
18 . 34.7 

x 2 y'n( x 'i a ) + ( ax + 2) y'n a) - n(n + a - 1) y n (x; a) = 0, 
where primes denote derivatives with respect to x. 


18.34(i) Definitions and Recurrence Relation 

For the confluent hypergeometric function \F\ and the 
generalized hypergeometric function 2 Po see §16.2(ii) 
and §16.2(iv). 

18 . 34.1 

’ — n, n + a — 1 X s 

’ ~2 


/ X \ n „ / 

-n 2 A 

( — ) 1 P 1 ( 


V 2 / \ 

—2 n — a + 2 x J 


Vn(x; a) = 2 Fq 


Other notations in use are given by 

18 . 34.2 y n ( x ) — Vn{ x , 2), 9 n (x) — x y n {x ), 

and 

18 . 34.3 

y n {x; a, b) = y n (2x/b] a), 9 n (x; a, b) = x n y n (x~ 1 ', a, b). 

Often only the polynomials (18.34.2) are called Bessel 
polynomials, while the polynomials (18.34.1) and 
(18.34.3) are called generalized Bessel polynomials. See 
also § 10.49(h). 

18 . 34.4 

Vn+ ll 

where 


) = 

(A n x + B n ) y n {x^ cl) 

Cn V i 

A 

(2 n + a) (2 n + a — 

i) 

-tt-n 

2(n + a — 1) 


P 

(a — 2) (2 n + a — 

1) 


(n + a — l)(2n + a 

-2)’ 

c 

—n(2n + a) 



(n + a — l)(2n + a 

-2)' 


18.34(ii) Orthogonality 

Because the coefficients C n in (18.34.4) are not all pos- 
itive, the polynomials y n {x\ a) cannot be orthogonal 
on the line with respect to a positive weight function. 
There is orthogonality on the unit circle, however: 

18 . 34.6 

X— / Z a ~ 2 y n {z',a)y m (z',a)e~ 2/z dz 
J\z\ =1 

(_l)n+a-i n!2 a-i 


,,34, , im Pi— (l + m) 

a^oo p(a,a-a- 2)^ ’ > 

For uniform asymptotic expansions of y n (x;a) as 
n — > oo in terms of Airy functions (§9.2) see Wong 
and Zhang (1997) and Dunster (2001c). For uniform 
asymptotic expansions in terms of Hermite polynomials 
see Lopez and Temme (1999b). 

For further information on Bessel polynomials see 
§ 10.49(h). 


18.35 Pollaczek Polynomials 

18.35(i) Definition and Hypergeometric 
Representation 

18 . 35.1 P^(x;a,b) = 0, P 0 (A) (x; a, b) = 1, 

and 

18 . 35.2 

( n + 1) P, ( , A \(:r; a, b) = 2((n + A + a)x + b) P^ x \x-, a, b) 

- (n + 2 A - 1) Pn-i( x ', a, b), 

n = 0,1, 

Next, let 


18.35.3 Ta :b (6) = acos6? + ^ 0 < 0 < 7T. 

sm 6 

Then 

18 . 35.4 

p( x \cos0; a, b) 

(A - rr Q , b ((9)) n in0 

n\ 

v p ( -n,\ + iT a , b {9) 2i9 

2 1 \~n - A + 1 + *T a ,&(0) ’ 

_ -^2 + i T a,b{9)) t (A — i T a,b{9) ) n _^ p(n—2i)6 


e=o 


l\ 


(n — i)\ 


(n + a — 2)!(2n + a — 1) 


dn.mi G — f j 2, . . . , 


For the hypergeometric function 2 Pi see §§15.1, 15.2(i). 


18.36 Miscellaneous Polynomials 
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18.35(ii) Orthogonality 


18.36(iii) Multiple OP’s 


18.35.5 



P { n X) (*; a, b) pW (*; a, b ) (*; a, b) dx 


= 0 , 
n to, 


where 


18.35.6 

w (A) (cos 0; a, 6) = tt" 1 2 2 *- 1 e* 2 ®"’* 

x (sin0) 2A_1 |r(A + iT atb (d ))\ 2 , 
a> b > —a, A > — |, 0 < 0 < 7r. 


18.35(iii) Other Properties 

(1 - ze ie )- x+iT °' b{e) { 1 - ze~ ie )- x ~ iT ^) 

18 35 7 ^ 

= p( x \cosO] a , 6 ) 2 ”, |z| < 1, 0 < 0 < 7i\ 

n— 0 

18.35.8 pW(a:;0,0) = CW(ii:), 

18.35.9 (cos </>; 0, x sin </>) = P^ A ) {x\<j>). 

For the polynomials C^\x) and P^\x\(j)) see §§18.3 
and 18.19, respectively. 

See Bo and Wong (1996) for an asymptotic ex- 
pansion of Pn 2 ^ (cos (n“50); a, b^j as n — > 00 , with a 
and b fixed. This expansion is in terms of the Airy 
function Ai(a;) and its derivative (§9.2), and is uni- 
form in any compact 0-interval in (0, 00 ). Also in- 
cluded is an asymptotic approximation for the zeros of 
Pi 2 ^ (cos (n“50); a, b^j . 

18.36 Miscellaneous Polynomials 

18.36(i) Jacobi-Type Polynomials 


These are polynomials in one variable that are orthog- 
onal with respect to a number of different measures. 
They are related to Hermite-Pade approximation and 
can be used for proofs of irrationality or transcendence 
of interesting numbers. For further information see Is- 
mail (2005, Chapter 23). 

18.36(iv) Orthogonal Matrix Polynomials 

These are matrix-valued polynomials that are orthogo- 
nal with respect to a square matrix of measures on the 
real line. Classes of such polynomials have been found 
that generalize the classical OP’s in the sense that they 
satisfy second-order matrix differential equations with 
coefficients independent of the degree. For further in- 
formation see Duran and Griinbaum (2005). 


18.37 Classical OP’s in Two or More 
Variables 


18.37(i) Disk Polynomials 

Definition in Terms of Jacobi Polynomials 


18.37.1 

R^l(re ie ) = e ^ m - n)e r^ 

Orthogonality 

18.37.2 

JJ Rm}n( x + W) R( j°e( X 

x 2 -\-y 2 < 1 

= 0, 


p(a,|m - n |)( 2 2 _i) 
min(m,n) V / 

p(a,\m-n\),^ ’ 

min (m,n) V / 

r > 0, 0 G R, a > — 1. 


iy) (1 — x 2 — y 2 ) a dx dy 
m ^ j and/or n/f. 


These are OP’s on the interval (—1, 1) with respect to 
an orthogonality measure obtained by adding constant 
multiples of “Dirac delta weights” at —1 and 1 to the 
weight function for the Jacobi polynomials. For further 
information see Koornwinder (1984a) and Kwon et al. 
(2006). 

Similar OP’s can also be constructed for the La- 
guerre polynomials; see Koornwinder (1984b, (4.8)). 


Equivalent Definition 

The following three conditions, taken together, deter- 
mine Rm} n (z) uniquely: 

min(ra,n) 

18-37.3 R% n (z)= 

3=0 

where Cj are real or complex constants, with Co yf 0; 


18.36(ii) Sobolev OP’s 

Sobolev OP’s are orthogonal with respect to an in- 
ner product involving derivatives. For an introduc- 
tory survey to this subject, see Marcellan et al. (1993). 
Other relevant references include Iserles et al. (1991) 
and Koekoek et al. (1998). 


JJ + iy){x - iy) m ] {x + iy) n J 

18 . 37.4 * 2 +y 2 < 1 

x (1 — x 2 — y 2 ) a dx dy = 0, 

3 = 1,2, • • . ,min(m,n); 

18 . 37.5 R$ n ( 1 ) = 1 . 


478 


Orthogonal Polynomials 


Explicit Representation 


18.37.6 


min (m,n) 

= E 

3 = 0 


X Z 


(-l)^(g + l) m+n _ 3 (-m).{-n) 3 

( a + 1 ) m ( a + 1 )J ! 


18.37(ii) OP’s on the Triangle 
Definition in Terms of Jacobi Polynomials 

Pm,n' y ( x i V) = PiE +7+2 ” +1) (2x - 1) 

18.37.7 xx n P^(2x- 1 y-l), 

m > n > 0, a, (3 , 7 > — 1. 

Orthogonality 

J j V ) P ?/’ 7 ( x , y ) 

18.37.8 °<v< x<1 

x (1 — x)“(x — yYy 1 dx dy = 0 , 

m ^ j and/or n/f. 

See Dunkl and Xu (2001, §2.3.3) for analogs of 
(18.37.1) and (18.37.7) on a d-dimensional simplex. 


18.37(iii) OP’s Associated with Root Systems 

Orthogonal polynomials associated with root systems 
are certain systems of trigonometric polynomials in sev- 
eral variables, symmetric under a certain finite group 
(Weyl group), and orthogonal on a torus. In one vari- 
able they are essentially ultraspherical, Jacobi, continu- 
ous g-ultraspherical, or Askey-Wilson polynomials. In 
several variables they occur, for q = 1, as Jack polyno- 
mials and also as Jacobi polynomials associated with root 
systems ; see Macdonald (1995, Chapter VI, §10), Stan- 
ley (1989), Kuznetsov and Sahi (2006, Part 1), Heckman 
(1991). For general q they occur as Macdonald polyno- 
mials for root system A n , as Macdonald polynomials for 
general root systems, and as Macdonald-Koomwinder 
polynomials-, see Macdonald (1995, Chapter VI), Mac- 
donald (2000, 2003), Koornwinder (1992). 


Applications 


18.38 Mathematical Applications 

18.38(i) Classical OP’s: Numerical Analysis 
Approximation Theory 

The scaled Chebyshev polynomial 2 1 -n T n (x), n > 1, 
enjoys the “minimax” property on the interval [— 1 , 1 ], 
that is, |2 1 _n T n (x)| has the least maximum value 


among all monic polynomials of degree n. In conse- 
quence, expansions of functions that are infinitely dif- 
ferentiable on [—1, 1] in series of Chebyshev polynomi- 
als usually converge extremely rapidly. For these results 
and applications in approximation theory see §3.11 (ii) 
and Mason and Handscomb (2003, Chapter 3), Cheney 
(1982, p. 108), and Rivlin (1969, p. 31). 

Quadrature 

Classical OP’s play a fundamental role in Gaussian 
quadrature. If the nodes in a quadrature formula with 
a positive weight function are chosen to be the zeros of 
the nth degree OP with the same weight function, and 
the interval of orthogonality is the same as the integra- 
tion range, then the weights in the quadrature formula 
can be chosen in such a way that the formula is exact 
for all polynomials of degree not exceeding 2n — 1. See 
§3.5(v). 

Differential Equations 

Linear ordinary differential equations can be solved di- 
rectly in series of Chebyshev polynomials (or other 
OP’s) by a method originated by Clenshaw (1957). This 
process has been generalized to spectral methods for 
solving partial differential equations. For further infor- 
mation see Mason and Handscomb (2003, Chapters 10 
and 11), Gottlieb and Orszag (1977, pp. 7 19), and Guo 
(1998, pp. 120-151). 

18.38(ii) Classical OP’s: Other Applications 
Integrable Systems 

The Toda equation provides an important model of a 
completely integrable system. It has elegant structures, 
including V-soliton solutions, Lax pairs, and Backluncl 
transformations. While the Toda equation is an impor- 
tant model of nonlinear systems, the special functions 
of mathematical physics are usually regarded as solu- 
tions to linear equations. However, by using Hirota’s 
technique of bilinear formalism of soliton theory, Naka- 
mura (1996) shows that a wide class of exact solutions 
of the Toda equation can be expressed in terms of var- 
ious special functions, and in particular classical OP’s. 
For instance, 

18.38.1 V n (x) = 2n H n+ i{x) H n _i(x) / (H n (x)) 2 , 
with H n (x ) as in §18.3, satisfies the Toda equation 

18 38 2 ( d 2 /dx 2 )\nV n (x ) = V n+1 (x) + V„_i(x) 

— 2V n (x) , n = 1, 2, — 

Complex Function Theory 

The Askey-Gasper inequality 

18.38.3 

n 

E - P i a,0) ( x ) - °= -! < x < 1, a. > —1, n = 0, 1, . . ., 

m = 0 



18.39 Physical Applications 


479 


was used in de Branges’ proof of the long-standing 
Bieberbach conjecture concerning univalent functions 
on the unit disk in the complex plane. See de Branges 
(1985). 

Zonal Spherical Harmonics 

Ultraspherical polynomials are zonal spherical harmon- 
ics. As such they have many applications. See, for 
example, Andrews et al. (1999, Chapter 9). See also 
§14.30. 

Random Matrix Theory 

Hermite polynomials (and their Freud-weight analogs 
(§18.32)) play an important role in random matrix the- 
ory. See Fyodorov (2005) and Deift (1998, Chapter 5). 

Riemann-Hilbert Problems 

See Deift (1998, Chapter 7) and Ismail (2005, Chap- 
ter 22 ). 

Radon Transform 

See Deans (1983, Chapters 4, 7). 

18.38(iii) Other OP’s 

Group Representations 

For group-theoretic interpretations of OP’s see Vilenkin 
and Klimyk (1991, 1992, 1993). 

Coding Theory 

For applications of Krawtchouk polynomi- 
als K n (x;p,N ) and g-Racah polynomials 
R n (x;a,P,'y,S\q) to coding theory see Bannai (1990, 
pp. 38-43), Leonard (1982), and Chihara (1987). 

18.39 Physical Applications 

18.39(i) Quantum Mechanics 

Classical OP’s appear when the time-dependent 
Schrodinger equation is solved by separation of vari- 
ables. Consider, for example, the one-dimensional form 
of this equation for a particle of mass m with potential 
energy V{x): 

{ -Ti 2 d 2 \ d 

18 -39 1 ( + V ( X H 

where Ti is the reduced Planck’s constant. On substitut- 
ing ip(x,t) = r](x)((t), we obtain two ordinary differen- 
tial equations, each of which involve the same constant 
E. The equation for rj(x) is 

18.39.2 ^-4 + (E - V(x))r] = 0. 

dx H" 

For a harmonic oscillator, the potential energy is given 

by 

V(x) = \mui 2 x 2 , 


where u> is the angular frequency. For (18.39.2) to have a 
nontrivial bounded solution in the interval oo < x < 
oo, the constant E (the total energy of the particle) 
must satisfy 

18.39.4 E= E n = (n+ 5 ) hui, n = 0,1,2,.... 
The corresponding eigenfunctions are 

18.39.5 rj n (x) = 7r _ 32 _5n (n! 6) _5 H n (x/b)e~ x ! 2b , 

where b = (h/moj) 1 ^ 2 , and H n is the Hermite polyno- 
mial. For further details, see Seaborn (1991, p. 224) or 
Nikiforov and Uvarov (1988, pp. 71-72). 

A second example is provided by the three- 
dimensional time-independent Schrodinger equation 

18.39.6 V 2 V>+ ^4 (E- ^(x))^ = 0, 

Ti 

when this is solved by separation of variables in spher- 
ical coordinates (§1.5(ii)). The eigenfunctions of one of 
the separated ordinary differential equations are Legen- 
dre polynomials. See Seaborn (1991, pp. 69-75). 

For a third example, one in which the eigenfunctions 
are Laguerre polynomials, see Seaborn (1991, pp. 87-93) 
and Nikiforov and Uvarov (1988, pp. 76-80 and 320- 
323). 

18.39(ii) Other Applications 

For applications of Legendre polynomials in fluid dy- 
namics to study the flow around the outside of a puff of 
hot gas rising through the air, see Paterson (1983). 

For applications and an extension of the Szego- 
Szasz inequality (18.14.20) for Legendre polynomials 
(a = f3 = 0) to obtain global bounds on the varia- 
tion of the phase of an elastic scattering amplitude, see 
Cornille and Martin (1972, 1974). 

For physical applications of g-Laguerre polynomials 
see §17.17. 

For interpretations of zeros of classical OP’s as 
equilibrium positions of charges in electrostatic prob- 
lems (assuming logarithmic interaction), see Ismail 
( 2000 a, b). 


Computation 

18.40 Methods of Computation 

Orthogonal polynomials can be computed from their ex- 
plicit polynomial form by Horner’s scheme (§l.ll(i)). 
Usually, however, other methods are more efficient, es- 
pecially the numerical solution of difference equations 
(§3.6) and the application of uniform asymptotic ex- 
pansions (when available) for OP’s of large degree. 


18.39.3 
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However, for applications in which the OP’s appear 
only as terms in series expansions (compare §18.18(i)) 
the need to compute them can be avoided altogether 
by use instead of Clenshaw’s algorithm (§3.11(ii)) and 
its straightforward generalization to OP’s other than 
Chebyshev. For further information see Clenshaw 
(1955), Gautschi (2004, §§2.1, 8.1), and Mason and 
Handscomb (2003, §2.4). 

18.41 Tables 

18.41 (i) Polynomials 

For P n (x) (= P„(a;)) see §14.33. 

Abramowitz and Stegun (1964, Tables 22.4, 22.6, 
22.11, and 22.13) tabulates T n (x), U n (x), L n (x), and 
H n (x) for n = 0(1)12. The ranges of x are 0.2(.2)1 
for T n {x) and U n {x ), and 0.5,1,3,5,10 for L n {x) and 
H n (x). The precision is 10D, except for H n (x) which is 
6-11S. 

18.41(ii) Zeros 

For P n (x), L n (x ), and H n (x) see §3.5(v). See also 
Abramowitz and Stegun (1964, Tables 25.4, 25.9, and 
25.10). 

18.41 (iii) Other Tables 

For tables prior to 1961 see Fletcher et al. (1962) and 
Lebedev and Fedorova (1960). 

18.42 Software 

See http : //dlmf . nist . gov/ 18 . 42. 
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18.6.1, second row; Row 8 is the case a = (3 = 0 
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(4.1.1), (4.7.4), (2.3.3), (4.7.3), (5.5.5)); the en- 
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(18.7.6) , and (18.7.14). For (18.7.19) and 

(18.7.20) see Szego (1975, (5.6.1)). For (18.7.21) 
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and (18.9.18) see Koornwinder (2006, §4). For 
(18.9.19) see Szego (1975, (4.7.14)). (18.9.20) is an 
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elementary trigonometric differentiation formulas. 
For (18.9.23) see Szego (1975, (5.1.14)). (18.9.24) 
is an immediate corollary of (18.5.5) and Table 
18.5.1, Row 9. For (18.9.25) see Szego (1975, 
(5.5.10)). (18.9.26) is an immediate corollary of 

(18.5.5) and Table 18.5.1, Row 10. 

§ 18.10 For (18.10.1) combine (14.12.1) and (14.3.21). 
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Szego (1975, (4.4.6), (4.82.1), (4.8.16), (4.8.1), 
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of (18.12.7). For (18.12.9) see Szego (1975, 
(4.7.25)). (18.12.10) is the special case A = 1 

of (18.12.4) in view of (18.7.4). (18.12.11) is the 
special case A = | of (18.12.4). (18.12.12) is the 
special case A = \ of (18.12.6). For (18.12.13) see 
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(1987). For (18.16.8) see Frenzen and Wong 
(1985). For (18.16.10) and (18.16.11) see Szego 
(1975, Theorem 6.31.3). For (18.16.12) and 
(18.16.13) see Ismail and Li (1992). For (18.16.14) 
see Tricomi (1949). For (18.16.15) see Szego 
(1975, Theorem 6.32). See also Gatteschi (2002). 
For (18.16.16)-(18.16.18) see Szego (1975, Theo- 
rem 6.32) and Sun (1996). 

§ 18.17 For (18.17.1) see Erclelyi et al. (1953b, 
§10.8(38)). For the first equation in (18.17.2) ap- 
ply the convolution property of the Laplace trans- 
form (§1.14(iii)) to (18.17.34) with a = 0. For 
the second equation combine (18.9.23), (18.9.13), 
and (18.6.1). For (18.17.3) and (18.17.4) use 

(18.9.25) and (18.9.26). For (18.17.5) see Ismail 
(2005, (9.6.2)). (18.17.6) is the case a = 0 of 
(18.17.5). For (18.17.7), (18.17.8) see Durand 
(1975). For (18.17.9) and (18.17.10) see Andrews 
et al. (1999, Theorem 6.7.2). For (18.17.11)- 

(18.17.15) see Askey and Fitch (1969). For 

(18.17.16) use (18.5.5), integrate by parts n times, 
expand e~ ly ^ l ~ x ^ in a Maclaurin series, and inte- 
grate term by term. For (18.17.17) use (18.5.5), 
integrate repeatedly by parts, expand cos (xy) in 
a Maclaurin series, and integrate term by term; 
the proofs of (18.17.18) and (18.17.19) are simi- 
lar. For (18.17.20) expand cos (xy) in a Maclau- 
rin series, make the change of integration vari- 
able 1 — 2x 2 = t , apply (18.5.5), integrate by 
parts n times, and use (10.8.3); the proof of 
(18.17.21) is similar. For (18.17.22) see Strichartz 

(1994, §7.6). For (18.17.23) use (18.12.16) and 

_ 1 2 

the fact that the Fourier transform of e is 
e“5 y2 ; the proofs of (18.17.24), (18.17.27), and 
(18.17.28) are similar, except that in the case 
of (18.17.24), (18.12.15) replaces (18.12.16). For 

(18.17.25) use (18.18.23); similarly for (18.17.26). 
For (18.17.29) take the inverse Fourier transform 
and apply (18.17.25). For (18.17.30) consider the 
Fourier transform of this function instead of the 
cosine transform, and replace ii" 2 ^(|^ 2 ) by its 
explicit form (18.5.12); then integrate term by 
term and rearrange the the consequential finite 
double sum into a single sum. For (18.17.31) 
use (18.5.5) and then integrate by parts; simi- 
larly for (18.17.32). For (18.17.33) expand the 
exponential in the integral as a power series in 2 
and interchange integration and summation. The 
resulting integral can be evaluated by consider- 
ing the term t = 0 in(18.18.14). (18.17.33) may 
also be verified by applying Rummer’s transfor- 


mation (13.2.39) to (18.17.16). (18.17.34) follows 
by substituting (18.5.12) into the integrand and 
performing termwise integration. (18.17.35) fol- 
lows by use of (18.5.5) and integration by parts. 
For (18.17.36) use (18.5.7) and apply (16.4.3). For 
(18.17.37) use (18.5.5) and integrate by parts n 
times. For (18.17.38) use the first equality in 
(18.5.10), with A = \ and n replaced by 2 n, in- 
tegrate term by term, then apply (16.4.3); the 
proof of (18.17.39) is similar. For (18.17.40) use 

(18.5.12) , integrate term by term, then apply 

(15.8.6) . For (18.17.41) use (18.5.13) and inte- 

grate term by term. (18.17.42) and (18.17.43) 
follow from the case a = (3 = ±A of Szego 
(1975, Theorem 4.61.2), where the hypergeomet- 
ric function on the right-hand side is rewritten as 
in Erdelyi et al. (1953b, 19.8(19)). For (18.17.44) 
see Tuck (1964). (18.17.46) is obtained from 

(18.17.9) for a = /? = 0, y = together with 
(18.7.5), (18.7.3), and the second row of Table 
18.6.1. (18.17.45) is obtained from (18.17.46) 

by symmetry; compare Rows 5 and 9 of Table 
18.6.1. (18.17.47) and (18.17.48) follow by use 

of (18.17.34) and (18.17.35). For (18.17.49) see 
Andrews et al. (1999, p. 328). 

§ 18.18 For (18.18.2) see Szego (1975, Theorem 9.1.2 
and the Remarks on p. 248). For (18.18.3)- 
(18.18.7) see Lebedev (1965, pp. 68-71 and 88- 
89) and Nikiforov and Uvarov (1988, pp. 21 and 
59). For (18.18.8) see Carlson (1971). (18.18.9) 
is the case a = 0 of (18.18.8). (18.18.10) fol- 
lows from (18.12.13). (18.18.11) follows from 

(18.12.15). (18.18.12) follows by computing 

/ 0 °° L^n\ Ax) L^ a \x)e~ x x a dx with use of the Ro- 
drigues formula (Table 18.5.1), integration by 
parts, and (18.5.12). (18.18.13) follows from 

(18.18.12) for a = ±\ by (18.7.19), (18.7.20). 

For (18.18.14) see Andrews et al. (1999, The- 
orem 7.1.3). For (18.18.15) see Askey (1974). 
For (18.18.16) see Andrews et al. (1999, Theo- 
rem 7.1.4'). (18.18.17) follows from (18.18.16), 

(18.6.4), and the fourth row of Table 18.6.1. 
(18.18.18) follows from (18.12.13). (18.18.19) fol- 
lows from (18.18.12) by dividing both sides by \ n 
and letting A — > oo. (18.18.20) is the case (3 = ±| 
of (18.18.19) in view of (18.7.19), (18.7.20). For 
(18.18.21)-(18.18.23) see Andrews et al. (1999, 

(5.1.6) , Theorems 6.8.2 and 6.8.1 and Remarks 
6.8.2 and 6.8.1). For (18.18.25), (18.18.26) see 
Koornwinder (1974). For (18.18.27), (18.18.28) 
see Andrews et al. (1999, (6.2.25), (6.1.13)). For 
the positivity of the Poisson kernels see Askey 
(1975, p. 16). (18.18.29) follows from (18.12.4). 
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(18.18.30) follows from (18.12.4) and (18.12.5). 

(18.18.31) is the limiting case of (18.18.30) as 

A — > 0. Each of the formulas (18.18.32)-(18.18.35) 
is equivalent to a difference formula together with 
a trivial n = 0 case, and each difference for- 
mula can be rewritten via (18.5.1), (18.5.2) as a 
well-known trigonometric identity. (18.18.36) is 
the special case A = \i = \ of (18.18.29). For 
(18.18.37) see Szego (1975, (5.1.13)). (18.18.38) 
follows from (18.12.13), and is the special case 
r = 2 of (18.18.10). For (18.18.39) see Szego 
(1975, (5.5.11)). (18.18.40) is the special case 

a = — \ of (18.18.38) in view of (18.7.19). 

§ 18.19 For Table 18.19.1 see Ismail (2005, (6.2.4), 
(6.2.35), (6.1.4), (6.1.21)). For Table 18.19.2, 
Rows 2, 4, see Ismail (2005, (6.2.7), (6.1.7)); 
Row 3 follows from (18.20.6); Row 5 follows 
from (18.20.8). For (18.19.1)-(18.19.4) see Askey 
(1985, (4), (5)). (18.19.5) follows from (18.20.9). 
For (18.19.6)-(18.19.9) see Ismail (2005, (5.9.8), 

(5.9.9)). The formula for k n in (18.19.9) follows 
from (18.20.10). 

§ 18.20 For (18.20.2) see Karlin and McGregor (1961, 

(1.8) ). For Table 18.20.1, Rows 2, 3, see Is- 

mail (2005, (6.2.42), (6.1.17)); for Row 4 see Chi- 
hara (1978, Chapter V, (3.2)). (18.20.3) follows 
by iteration of (18.22.28). (18.20.4) follows by 

iteration of (18.22.30). For (18.20.5)-(18.20.8) 
and (18.20.10) see Ismail (2005, (6.2.3), (6.2.34), 
(6.1.3), (6.1.20), (5.9.5)). For (18.20.9) see Askey 
(1985). 

§ 18.21 For (18.21.3), (18.21.5), (18.21.7), (18.21.8) 
see Ismail (2005, §6.2, unnumbered formula af- 
ter (6.2.34), also (6.2.17), (6.1.19), (6.1.18)). For 
(18.21.1) see Karlin and McGregor (1961, (1.19)). 
The three identities in (18.21.2) follow from 

(18.20.6) , (18.20.7), (18.20.8). (18.21.4) follows 
from (18.20.5) and (18.20.7). (18.21.6) follows 
from (18.20.6) and (18.20.8). (18.21.9) follows 
from (18.22.2), Row 4 in Table 18.22.1, (18.9.1), 
and Row 10 in Table 18.9.1. (18.21.10) follows 
from (18.20.9) and (18.20.10). For (18.21.11) 
see Koornwinder (1989, (2.6)). (18.21.12) follows 
from (18.20.10) and (18.5.12). For Figure 18.21.1 
see Askey and Wilson (1985, p. 46), together with 
correction in Askey (1985). 

§ 18.22 For (18.22. 1)-(18.22.3) see Ismail (2005, (6.2.8) 
and (6.2.9)). For Table 18.22.1 see Ismail 
(2005, (6.2.36), (6.1.5), and (6.1.25)). (18.22.4)- 

(18.22.6) is a limiting case of Andrews et al. 
(1999, (3.8.2)), in view of (18.26.6). For (18.22.7)- 

(18.22.8) see Ismail (2005, (5.9.1)). For (18.22.9)- 


(18.22.11) see Ismail (2005, (6.2.16)). For Ta- 
ble 18.22.2, Rows 2 and 3, see Ismail (2005, 
(6.2.38), (6.1.15)); Row 4 follows from Ta- 
ble 18.22.1, Row 4, and the third identity in 
(18.21.2). (18.22.13)-(18.22.15) is a limiting case 
of Koekoek and Swarttouw (1998, (1.1.6)) in view 
of (18.26.6). Koekoek and Swarttouw (1998, 

(1.1.6)) is a limiting case of Askey and Wil- 
son (1985, (5.7)) in view of Koekoek and Swart- 
touw (1998, (5.1.1)). (18.22. 16)-(18.22. 17) fol- 

low from (18.22.14) in view of (18.21.10). For 

(18.22. 19) -(18.22.25) see Ismail (2005, (6.2.5), 
(6.2.13), (6.2.39), (6.2.40), (6.1.13), §6.1, unnum- 
bered formula following (6.1.15), also (6.1.23)). 

(18.22.26) follows from (18.22.24) and (18.21.7). 

(18.22.27) follows from (18.20.9). (18.22.28) fol- 
lows from (18.22.14) and (18.22.27). (18.22.29) 
follows from (18.20.10). (18.22.30) follows from 

(18.22.28) in view of (18.21.10). 

§ 18.23 For (18.23.3)-(18.23.5), (18.23.7) see Is- 

mail (2005, (6.2.43), (6.1.8), (6.1.22), (5.9.3)). 

(18.23.1) and (18.23.2) follow by expanding the 
factors on the left as power series in z, and sub- 
stituting (18.20.5) on the right. (18.23.6) is a lim- 
iting case of (18.26.18) via (18.26.6). 

§ 18.25 For Table 18.25.1, Rows 2, 3, 4, see Wilson 
(1980); for Row 5 see Ismail (2005, (6.2.20)). 

(18.25.1) follows from (18.25.11). For (18.25.3)- 
(18.25.5) see Wilson (1980) and Andrews et al. 
(1999, (3.8.3)). For (18.25.6)-(18.25.8) see Wil- 
son (1980). For (18.25. 10)-(18.25. 12) see Wilson 
(1980). For (18.25.13)-(18.25.15) see Ismail (2005, 
(6.2.20)). Table 18.25.2 follows from §18.26(i). 

§ 18.26 For (18.26.1) see Andrews et al. (1999, Def- 
inition 3.8.1). For (18.26.2) and (18.26.3) see 
Wilson (1980). For (18.26.4) see Ismail (2005, 

(6.2.19) ). For (18.26.5) and (18.26.7) see Wil- 
son (1980). (18.26.6) follows from (18.26.1) and 

(18.20.9) . (18.26.8) follows from (18.26.2) and 

(18.20.10) . (18.26.9) follows from (18.26.3) and 

(18.26.4) . (18.26.10) follows from (18.26.3) and 

(18.20.5) . For (18.26.11) see Karlin and McGregor 

(1961, (1.21)). (18.26.12), (18.26.13) follow from 
(18.26.4) and (18.20.7). (18.26. 14)-(18.26. 17) fol- 
low from §18.26(i). For (18.26.18) see Ismail et al. 
(1990, (6.1)). (18.26.19) follows by expanding 

both factors on the left as power series in z, and 
substituting (18.26.2) on the right. (18.26.20) fol- 
lows from (18.26.18), (18.26.1), (18.26.3). For 
(18.26.21) see Ismail (2005, (6.2.31)). 

§ 18.27 For (18.27.3), (18.27.4) see Gasper and Rah- 
man (2004, (7.2.21), (7.2.22)) and Ismail (2005, 
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(18.5.1), (18.5.2)). For (18.27.8)-(18.27.11) see 
Gasper and Rahman (2004, (7.3.10), (7.3.12)) 
and Ismail (2005, (18.4.7), (18.4.14)). For 
(18.27.14) see Gasper and Rahman (2004, (7.3.1), 

(7.3.3) ). For (18.27.16), (18.27.17) see Ismail 
(2005, (21.8.2), (21.8.4)) and Moak (1981, Theo- 
rem 2). For (18.27.18)-(18.27.20) see Ismail (2005, 

(21.8.3) , (21.8.46)). For (18.27.21)-(18. 27.24) see 
Al-Salam and Carlitz (1965). 

§ 18.28 For (18.28. 1)-(18.28.6) see Askey and Wil- 
son (1985), Gasper and Rahman (2004, (7.5.2), 
(7.5.15), (7.5.21)), Ismail (2005, (15.2.4), 

(15.2.5)). For (18.28.7), (18.28.8) see Ismail 
(2005, (15.1.5), (15.1.6), (15.1.11)). For (18.28.9)- 
(18.28.12) see Askey and Ismail (1984, Chapter 3). 
For (18.28.13)-(18.28.15) see Gasper and Rahman 
(2004, (7.4.2), (7.4.14)-(7.4.16)) and Ismail (2005, 

(13.2.3) -(13.2.5), (13.2.11)). For (18.28.16)- 
(18.28.18) see Ismail (2005, (13.1.7), (13.1.11), 


(21.2.1) , (21.2.5)). For (18.28.19), (18.28.20) see 
Gasper and Rahman (2004, (7.2.11)) and Ismail 
(2005, (15.6.1), (15.6.7)). 

§ 18.30 For (18.30.5) see Wimp (1987, Theorem 1). 

(18.30.7) is mentioned in Chihara (1978, Chap- 
ter VI, (12.6)), and proved in Barrucand and Dick- 
inson (1968). 

§ 18.33 For (18.33.1), (18.33.4), (18.33.8), and (18.33.9) 
see Szego (1975, (11.1.8), (11.4.6), (11.4.7), 

(11.5.2) ). (18.33.6) follows from (18.33.4), 

(18.33.5). (18.33.10), (18.33.11) follow from 

(18.33.8) , (18.33.9). For (18.33. 13)-(18.33. 16) see 
Askey (1982) and Pastro (1985). 

§ 18.34 Ismail (2005, Chapter 4). 

§18.35 Ismail (2005, Chapter 5). 

§ 18.37 Dunkl and Xu (2001, §2.4.3), Koornwinder 
(1975c). 
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Elliptic Integrals 


Notation 


19.1 Special Notation 

(For other notation see pp. xiv and 873.) 

l,m,n nonnegative integers. 

(f> real or complex argument (or amplitude). 

k real or complex modulus. 

k! complementary real or complex modulus, 

k 2 + k' 2 = 1. 

a 2 real or complex parameter. 

B(a, b) beta function (§5.12). 

All square roots have their principal values. All 
derivatives are denoted by differentials, not by primes. 

The first set of main functions treated in this chapter 
are Legendre’s complete integrals 

19.1.1 K(k), E(k), n (a 2 ,fc), 

of the first, second, and third kinds, respectively, and 
Legendre’s incomplete integrals 

19.1.2 F(<p,k), E((f>,k ), II [(f), a 2 , k), 

of the first, second, and third kinds, respectively. This 
notation follows Byrd and Friedman (1971, 110). We 
use also the function D(<f>,k), introduced by Jahnke 
et al. (1966, p. 43). The functions (19.1.1) and (19.1.2) 
are used in Erclelyi et al. (1953b, Chapter 13), except 
that II (a 2 ,fc) and II (<(>,a 2 ,fc) are denoted by III (v,k) 
and n(0, v 1 k), respectively, where v = —a 2 . 

In Abramowitz and Stegun (1964, Chapter 17) the 
functions (19.1.1) and (19.1.2) are denoted, in order, by 
K(a), E(a ), II(n\a), F((f>\a), E(<fi\a) : and II(n; </>\a), 
where a = arcsin k and n is the a 2 (not related to k) in 
(19.1.1) and (19.1.2). Also, frequently in this reference a 
is replaced by m and \a by | m, where m = k 2 . However, 
it should be noted that in Chapter 8 of Abramowitz and 
Stegun (1964) the notation used for elliptic integrals dif- 
fers from Chapter 17 and is consistent with that used in 
the present chapter and the rest of the NIST Handbook 
and DLMF. 

The second set of main functions treated in this 
chapter is 

Rc{x,y), R f (x, y, z) , R G (x,y,z), 

19.1.3 Rj{x, y, z,p ) , R d (x, y, z ) , 

R-a(b 1 ,b 2 , • ■ • , ; Zl, Z 2 , ■■■, Z n ) . 

Rf(x, y, z), R G (x,y,z), and Rj(x,y,z,p) are the sym- 
metric (in x, y, and z) integrals of the first, second, and 
third kinds; they are complete if exactly one of x, y , and 
z is identically 0. 

R- a (bi 1 b- 2 , ■ ■ ■ , b n ] zi, z 2 , ■ ■ ■ , z n ) is a multivariate 
hypergeometric function that includes all the functions 
in (19.1.3). 


A third set of functions, introduced by Bulirsch 
(1965a, b, 1969a), is 

ell(x,k c ), el2 (x,k c ,a,b), 

19.1.4 

el3 (x,k c ,p), cel (k c ,p,a,b). 

The first three functions are incomplete integrals of the 
first, second, and third kinds, and the cel function in- 
cludes complete integrals of all three kinds. 


Legendre’s Integrals 


19.2 Definitions 

19.2(i) General Elliptic Integrals 

Let s 2 (t) be a cubic or quartic polynomial in t with sim- 
ple zeros, and let r(s, t) be a rational function of s and 
t containing at least one odd power of s. Then 


19.2.1 


r(s, t) dt 


is called an elliptic integral. Because s 2 is a polynomial, 
we have 


19.2.2 r(s,i) = 


(j>i +P 2 s)(p 3 -P4s)s p 


(P 3 +P 4 s)(p 3 ~Pas)s s 
where pj is a polynomial in t while p and <r are rational 
functions of t. Thus the elliptic part of (19.2.1) is 

f P(t) 


19.2.3 


3(f) 


dt. 


19.2(ii) Legendre’s Integrals 

Assume 1 — sin 2 <f> £ C\(— oo,0] and 1 — fc 2 sin 2 ^ £ 
C\(— oo, 0], except that one of them may be 0, and 
1 — a 2 sin 2 4> £ C\{0}. Then 


19.2.4 


19.2.5 


19.2.6 


F tt> k ) = J o 


dO 


— k 2 sin 2 8 

S in0 df 


Jo y/l — f 2 -\/l — k 2 t 2 ’ 
E(<t>, k) = f Vl - k 2 sin 2 8 d8 

Jo 


k) = f 

Jo 


Sinfli y/1 - k 2 t 2 

VT^t 2 

0 sin 2 8 d8 


dt. 


0 y/l — fc 2 

sin (p 


sm V 
t 2 dt 


Jo Vl — t 2 V 1 — k 2 t 2 

= (F{(/>,k) - E(cl),k))/k 2 . 
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19.2.7 


n(0, a 2 , k) = [ 
J o 

-L 


de 


o y/l — k 2 sin 2 9(1 — a 2 sin 2 9) 

sm0 df 


/ o \/l — t 2 -\/l — fc 2 t 2 (l — a 2 t 2 ) 

The paths of integration are the line segments connect- 
ing the limits of integration. The integral for E((f>, k ) is 
well defined if k 2 = sin 2 <j> = 1, and the Cauchy principal 
value (§1.4(v)) of n((/>, a 2 , k ) is taken if 1 — a 2 sin 2 tf> van- 
ishes at an interior point of the integration path. Also, 
if k 2 and a 2 are real, then a 2 , k ) is called a circular 
or hyperbolic case according as a 2 (a 2 — k 2 )(a 2 — 1) is 
negative or positive. The circular and hyperbolic cases 
alternate in the four intervals of the real line separated 
by the points a 2 = 0, k 2 , 1. 

The cases with (f> = 7t/ 2 are the complete integrals: 

K(k) = F(ir/2,k), E(k) = E(n/2,k), 

19.2.8 D(k) = D(-K/2,k) = ( K(k ) - E(k))/k 2 , 

II (a 2 ,fc) = Il(7r/2 ,a 2 ,k), 

19.2.9 K'(k) = K(k'), E'(k) = E(k'), k' = y/l - k 2 . 
If to is an integer, then 

F(rmr ± <f>, k) = 2m K{k) ± F(<j), k), 

19.2.10 E(mTr ± <f>, k) = 2m E{k) ± E(<j), k), 

D(rrm ± (j>,k) = 2 to D{k ) ± D(</> , k). 

19.2(iii) Bulirsch’s Integrals 

Bulirsch’s integrals are linear combinations of Legen- 
dre’s integrals that are chosen to facilitate computa- 
tional application of Bartky’s transformation (Bartky 
(1938)). Two are defined by 

cel (k c ,p,a,b) 

19 2 11 a cos 2 0 + b sin 2 6 dd 

Jo cos 2 9 + p sin 2 6 ^/ cos 2 0 + k 2 sin 2 g ’ 

e\2(x, k c , a, b ) 

19.2.12 /*arctan x a + bttm 2 6 

= / . „ ; dff. 

Jo \J{1 + tan 2 0)(1 + fc 2 tan 2 9) 

Here a, 6,p are real parameters, and k c and x are real or 
complex variables, with p ^ 0, k c ^ 0. If — oo < p < 0, 
then the integral in (19.2.11) is a Cauchy principal value. 
With 

19.2.13 k c = k' , p = 1 — a 2 , x = ta,n<fi, 
special cases include 

19.2.14 

K(k) = cel(k c , 1,1,1), 

E(k) = cel {k c , 1, 1, fc 2 ), D(k) = cel (k c , 1, 0, 1), 
(E{k) - k ,2 K{k))/k 2 = cel(fc c , 1,1,0), 
n (a 2 ,k) = cel(k c , p, 1, 1), 


and 

k) = ell(x, k c ) = el2(a;, fc c , 1, 1), 

19.2.15 E((j>, k) = el2(x, k c , 1, fc 2 ) , 

k) = el2(a:, k c , 0, 1). 

The integrals are complete if x = oo. If 1 < k < 1/ sin tfi , 
then k c is pure imaginary. 

Lastly, corresponding to Legendre’s incomplete inte- 
gral of the third kind we have 


19.2.16 

el3(x, k c ,p) 

/•arctan x 


d9 


(cos 2 9 + p sin 2 9) y J cos 2 9 + fc 2 sin 2 9 
= n(arctanx, 1 — p, k), x 2 ^ —1/p. 

19.2(iv) R c (x,y ) 

Let x £ C\(— oo, 0) and y £ C\{0}. We define 

19217 

where the Cauchy principal value is taken if y < 0. For- 
mulas involving H((f>,a 2 ,k) that are customarily differ- 
ent for circular cases, ordinary hyperbolic cases, and 
(hyperbolic) Cauchy principal values, are united in a 
single formula by using Rc(x , y). 

In (19.2.18)-(19.2.22) the inverse trigonometric and 
hyperbolic functions assume their principal values 
(§§4.23(ii) and 4.37(h)). When x and y are positive, 
Rc(x , y) is an inverse circular function if x < y and an 
inverse hyperbolic function (or logarithm) if x > y: 


1 J y — x 

Rc{x, y) = , arctan J 

19.2.18 W x \ x 

■ arccos y/x/y, 0 < x < y, 


Vv-x 


19.2.19 


Rc(x, y) = . arctanh ^ ^ 

y/x-y 


1 yfx+ y/x-y 

In- — , 0 < y < x. 


y/x-y ~ y/y 
The Cauchy principal value is hyperbolic: 

19.2.20 


Rc(x,y) = 


x 


x-y 

1 


Rc(x - y,-y) 


y/x-y 


arctanh 


x 


x-y 


1 yfx + y/x-y 

: In ; , y < 0 < X. 


y/x-y yT^y 
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If the line segment with endpoints x and y lies in 
C\(— oo, 0], then 


19 . 2.21 R c {x,y)- 

19 . 2.22 

2 

Rc{x,y) = - 
7 r 

19.3 Graphics 


(y 2 x + (1 — v 2 )y) */ 2 dv, 



x cos 2 8 + y sin 2 8 ) dd. 


19.3(i) Real Variables 

See Figures 19.3.1-19.3.6 for complete and incomplete 
Legendre’s elliptic integrals. 



Figure 19.3.1: K(k ) and E[k) as functions of k 2 for 
—2<k 2 < 1. Graphs of K'{k) and E'(k) are the mirror 
images in the vertical line k 2 = 



Figure 19.3.2: Rc[x, 1) and the Cauchy principal value 
of Rc{x, — 1) for 0 < x < 5. Both functions are 
asymptotic to ln(4a:)/v4x as x — > oo; see (19.2.19) and 
(19.2.20). Note that Rc(x,±y) = y -1//2 Rc(x/y, ±1), 

y > o. 



Figure 19.3.3: F(4>, k) as a function of k 2 and sin 2 (j> for 
— 1 < k 2 < 2, 0 < sin 2 <f> < 1. If sin 2 (f> — 1 (> k 2 ), then 
the function reduces to K(k), becoming infinite when 
k 2 = 1. If sin 2 (j> = 1/k 2 (< 1), then it has the value 
K(l/k)/k: put c= k 2 in (19.25.5) and use (19.25.1). 



Figure 19.3.4: E(<p,k) as a function of k 2 and sin 2 </> 
for — 1 < k 2 < 2, 0 < sin 2 (f> < 1. If sin 2 0=1 
(> k 2 ), then the function reduces to E(k), with value 1 
at k 2 = 1. If sin 2 0 = 1/k 2 (< 1), then it has the value 
kE(l/k) + (fc' 2 /fc) Jv (1/fc), with limit 1 as k 2 — > 1+: 
put c = k 2 in (19.25.7) and use (19.25.1). 
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2 a 2 -2 


Figure 19.3.5: Il(a 2 ,fc) as a function of k 2 and a 2 for 
—2 < k 2 < 1, — 2 < a 2 < 2. Cauchy principal val- 
ues are shown when a 2 > 1. The function is un- 
bounded as a 2 — > 1—, and also (with the same sign 
as 1 — a 2 ) as k 2 — > 1—. As c? — > 1+ it has the limit 
K(k)—(E(k)/k' 2 ). If a 2 = 0, then it reduces to K{k). If 
k 2 = 0, then it has the value ^7r/ a /1 — a 2 when a 2 < 1, 
and 0 when a 2 > 1. See §19.6(i). 



sin 2 4 > ' — — 3 

1 

Figure 19.3.6: H(<fi,2,k) as a function of k 2 and sin 2 <f> 
for — 1 < k 2 < 3, 0 < sin 2 cj) < 1. Cauchy princi- 
pal values are shown when sin 2 (f> > | . The function 
tends to +oo as sin 2 </> — > |, except in the last case be- 
low. If sin 2 (f> = 1 (> k 2 ), then the function reduces to 
n(2, k) with Cauchy principal value K{k) — II (^k 2 ,k), 
which tends to — oo as k 2 — > 1—. See (19.6.5) and 
(19.6.6). If sin 2 </> = 1/fc 2 (< 1), then by (19.7.4) it 
reduces to Il(2/fc 2 , l/k)/k, k 2 ^ 2, with Cauchy prin- 
cipal value (. K(l/k ) — Il(|, l/fc))/fc, 1 < k 2 < 2, by 
(19.6.5). Its value tends to — oo as k 2 — > 1+ by (19.6.6), 
and to the negative of the second lemniscate constant 
(see (19.20.22)) as fc 2 (= esc 2 cj>) — > 2—. 


19.3(ii) Complex Variables 

In Figures 19.3.7 and 19.3.8 for complete Legendre’s el- 
liptic integrals with complex arguments, height corre- 
sponds to the absolute value of the function and color 
to the phase. See also p. xiv. 



Figure 19.3.7: K(k) as a function of complex k 2 for 
—2 < 5R(fc 2 ) < 2, —2 < ?s(k 2 ) < 2. There is a branch 
cut where 1 < k 2 < oo. 



Quadrant Colors 


Figure 19.3.8: E(k) as a function of complex k 2 for 
—2 < 3 ?(£: 2 ) < 2, — 2 < S(fc 2 ) < 2. There is a branch 
cut where 1 < k 2 < oo. 

For further graphics, see http://dlmf.nist.gov/ 
19.3. ii. 
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19.4 Derivatives and Differential Equations 
19.4(i) Derivatives 

dK(k) E(k) - k’ 2 K(k) 


19 . 4.1 


19 . 4.2 


dk 


kk' 2 


d{E{k) - k' z K(k )) 
dk 


= k K{k ), 


dE{k) E{k) — K{k) d(E(k) — K(k)) kE{k) 


dk 


19 . 4.3 


19 . 4.4 


19 . 4.5 


k ’ dk 

d 2 E(k) 1 dK{k) k' 2 K{k) - E(k) 


k' 2 


dk 2 


k dk 


k 2 k' 


911 (a 2 , k) 


dk 


k f2 (k 2 — ex 2 ) 


(. E{k)-k ,2 U(a 2 ,k )). 


dF((j),k) E((f>,k) — k' F(<p,k) ksm^costp 


dk 


19 . 4.6 


kk' 2 k ,2 sj 1 - k 2 sin 2 <j) ’ 

dE{<t>,k) _ E(4>,k) - F{<j>,k) 
dk k ’ 


19 . 4.7 

dTl((f>, a 2 , k) 
dk 


k’ 2 (k 2 - a 2 ) 


k)-k' 2 Il((t>,a 2 ,k) 

k 2 sin </> cos </> \ 
\j\ — k 2 sin 2 (j> ) 


19.4(ii) Differential Equations 


19 . 5.3 




D(k) = -Y' V2/mV2 / m k 2m = - 2 Fi(| ,^; 2;fc 2 ), 
W 4 ^ (m+ 1)! to! 4 2 1V2 ’ 2 ’ ’ 

m = 0 v 


19 . 5.4 


°o /1\ n /1\ 

n (a 2 ,k) = - V Y hh^ k 2rn a 2n-2m 
' 2 ^ ?r! to! 

n = 0 m=0 

= |Fi(i;i,l;l;fc 2 ,a 2 ), 

where F- t (a: 7; x, y) is an Appell function (§16.13). 


For Jacobi’s nome q: 

19 . 5.5 

q = exp(— 7r K'{k)/ K(k)) = r + 8r 2 + 84r 3 + 992r 4 + • • • , 

r = Ti-k 2 . 0 < k < 1. 

Also, 

19 . 5.6 

q = A + 2A 5 + 15A 9 + 150A 13 + 1707A 17 + - 0 < k < 1, 

where 

19 . 5.7 A = (1 — v / fc')/(2(l + Vic')). 

Coefficients of terms up to A 49 are given in Lee (1990), 
along with tables of fractional errors in K(k ) and E(k), 
0.1 < k 2 < 0.9999, obtained by using 12 different trun- 
cations of (19.5.6) in (19.5.8) and (19.5.9). 


Let Dk = d/dk. Then 

19 . 4.8 

(kk' 2 n 2 + (1 - 3 k 2 )D k k ) F(0, k) = 

(1 — k 2 sin (pyi 2 

, 1I/ 2„2 ,, 2 „ . k sin (j ) cos 6 

19 . 4.9 (kk Dj, + k D k + k) E(<j>, k) = — . 

y/\ — k 2 sin 2 <p 

If <f> = 7t/2, then these two equations become hyper- 
geometric differential equations (15.10.1) for K(k) and 
E{k). An analogous differential equation of third order 
for ll(0, a 2 ,fc) is given in Byrd and Friedman (1971, 
118.03). 


19.5 Maclaurin and Related Expansions 


If \k\ < 1 and |ct| < 1, then 

19 . 5.1 


K(k) 


™ y' ( 2 ) mil) m ],2m 
2 ^ to ! to ! 

m = 0 



1 1. 

2 ’ 2 ’ 


i; k 2 ) , 


where 2 -F 1 is the Gauss hypergeometric function (§§15.1 
and 15.2(i)). 


19 . 5.2 

m 


00 




2 ^ 

m—0 


to ! to ! 


771 7,2 m 


7 T 

2 


2-Pl 


1 1 . 

2 > 2 ’ 


i;fc 2 ), 


19 . 5.8 


A(fc) = | 1 + 2^" 


71=1 


M < 1) 


19 . 5.9 


F(fc) = A(fc) 


2^ 2 E~i(-l)"nV 


A(fc) 1 + 2^“ i(- 1 ) n 9" 


r. M < 1- 


An infinite series for lnA'(fc) is equivalent to the in- 
finite product 


K ( k ) = \ II ( 1 + fc ™), 

m=l 


where ko = k and 


19 . 5.11 


km+l — 


l-yr^fc 2 ) 

1 + \A ~ 


TO = 0, 1, ... . 


Series expansions of A(<^, fc) and E((f>, k) are sur- 
veyed and improved in Van de Vel (1969), and the case 
of F((f>,k) is summarized in Gautschi (1975, §1.3.2). 
For series expansions of H((f>,a 2 ,k) when |a 2 | < 1 see 
Erdelyi et al. (1953b, §13.6(9)). See also Karp et al. 
(2007). 


19.6 Special Cases 
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19.6 Special Cases 

19.6(i) Complete Elliptic Integrals 

19 6 1 Jf(0) = = K 'M = E\ 1) = §tt, 

K( 1) = K'{ 0) = oo, £(1) = £'(0) = 1. 

19.6.2 n(k 2 ,k)= E (k)/k' 2 , k 2 < 1, 

n(-fc,fc) = | 7 r(l + fc ) _1 + 0 < fc 2 < 1. 

19.6.3 n(a 2 ,0) = -a 2 ), 11(0, fc) = K(k), 

— oo < a 2 < 1. 

19.6.4 n (« 2 > fc ) a 2 ^l-, 

Il(a 2 , /c) — > oo sign(l — a 2 ), k 2 — > 1— . 

If 1 < a 2 < oo, then the Cauchy principal value 
satisfies 

19.6.5 n(a 2 ,fc) = K(k) — n(fc 2 /a 2 , fc) , 
and 

n(a 2 , 0 ) = 0 , 

19 ' 6 ' 6 n(a 2 , jfc) -a A'(fc) - ( E(k)/k ,2 ) , a 2 -r 1+, 

Il(a 2 ,fc) — » — oo, k 2 —>■ 1 — . 

Exact values of K(k ) and E(k) for various special 
values of k are given in Byrd and Friedman (1971, 111.10 
and 111.11) and Cooper et al. (2006). 

19.6(ii) F(<f>,k) 

F( 0, fc) = 0, F((f>,0) = (f), F(\ tt,1)=oo, 

F^n,k)=K(k), lim F(cf>, k)/</> = 1. 

19.6.8 1) = (sin</>) R c ( l,cos 2 <j)) = gd _1 (^). 

For the inverse Gudermannian function gd -1 (<(>) see 
§4.23(viii). Compare also (19.10.2). 

19.6(iii) E(<f},k) 

ig6g E(0,k) = 0, E(<j), 0) = </>, E(\-k,1)=1, 

E((j>, 1) = sin<£, E(±v,k) = E{k). 

lim E(<j), k)/<t> = 1. 


19.6(iv) n (ct),a 2 ,k) 

Circular and hyperbolic cases, including Cauchy prin- 
cipal values, are unified by using Rc(x,y). Let c = 
esc 2 <f> a 2 and A = y/l — k 2 sin 2 <j>. Then 

19.6.11 

ll(0,a 2 ,fc)=0, 11(0,0,0) = 0, 11(0, 1,0) = tan 0. 

19.6.12 

n(0,a 2 ,O) = Rc(c— 1, c — a 2 ), 

n(^,a 2 ,l) = YZTa 2 (Rc(c,c-l)-a 2 R c (c,c-a 2 )) , 
n(0, 1, 1) = \{Rc{c, c - 1 ) + v^(c - l)" 1 ). 

19.6.13 

n(</>,o,fc) = f( 0, fc), 

1 / ^ 2 \ 

n(0. A: 2 , Ai) = —2 {E((p,k) - — sin0cos0J , 

n(</>, l,fc) = F(0,fc) - -^2 (7?(</>, k) - A tan 0). 
k' 

19.6.14 

n(i7T,a 2 ,fc) = Il(a 2 , fc) , lim n(0, a; 2 , Ai) / 0 = 1. 

4>—>o 

For the Cauchy principal value of II (</>, a 2 , k ) when 
a 2 > c, see §19.7 (iii) - 

19.6(v) R c (x,y ) 

19.6.15 

-Re (a, a) = x~ 1/2 , Rc(Xx, A y) = X~ 1/2 R c {x , y), 
Rc(x, y) — » +00, y — > 0+ or y — > 0—, 2 > 0, 

#c(0, y) = ^ny~ 1/2 , | ph y| < tt, 

Rc(0,y) = 0, y < 0. 

19.7 Connection Formulas 

19.7(i) Complete Integrals of the First and 
Second Kinds 

Legendre’s Relation 

19.7.1 E(k) K\k) + E'{k) K(k ) - K[k) K'(k ) = §7 r. 
Also, 

19.7.2 

I\{ik/k') = k' K(k ), K(k'/ik) = k K{k'), 

E{ik/k') = (1 /k') E(k), E{k' /ik) = (1/fc) E(k'). 

19.7.3 

/\(l//c) = k(K(k) T iK(k')), 

K(l/k') = k'(K(k') ±iK(k)), 

E{l/k) = {l/k) [E(k)±iE{k')-k’ 2 I<(k)Tik 2 K(k')j , 
E(l/k') = (1 /k') ( E{k ') =f i E{k) - k 2 K(k') 

± ik' 2 Jf(fc)) , 


19.6.10 
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where upper signs apply if Qfc 2 > 0 and lower signs if 
3fc 2 < 0. This dichotomy of signs (missing in several 
references) is due to Fettis (1970). 

19.7(ii) Change of Modulus and Amplitude 
Reciprocal-Modulus Transformation 

F(<p, fci) = k F(f3, fc), 

19.7.4 E fcl ) = W’ - k ' 2 F ^ fc ))/ fc > 

n(^,a 2 ,fci) = fcIl(/9, k 2 a 2 , fc), 

ki = 1 /k, sin j3 = ki sirup < 1. 

Imaginary-Modulus Transformation 

19.7.5 

F((p, ik) = k F (9, k), 

E(cp,ik) = (1 //s') (e{0,k) -k 2 (sin 9 cos 9) 
x (1 — k 2 sin 2 9)~ x ^ 2 ^ , 

II (</>, a 2 , ik) = (ft'/a 2 ) ( k2 ^(0, k) + «/Vn((9, a 2 , k)^ , 
where 

k , 1 

K = , , K = . , 

Vl + A: 2 Vl + k 2 

19-7.6 r- -y . 2 J 2 

. vl + fc sm</> 2 cr + fc z 

smS = — , „ , a, = — — -. 

\J\ + k 2 sin" cp 1 + k 

Imaginary-Argument Transformation 

With sinh <p = tan ip, 

F(i<p,k) = iF(ip,k'), 

E(i<p, k ) = i ^ F(ip , k!) - E{ip, k') 

+ (tan ip) \J 1 — k' 2 sin 2 ip^j , 

II (i<p, a 2 , fc) = i ( F(ip , k') 

— a 2 H(ip,l — ct 2 , fc 7 ) ) /(I — a 2 ). 

For two further transformations of this type see 
Erdelyi et al. (1953b, p. 316). 

19.7 (iii) Change of Parameter of II (0, a 2 , k) 

There are three relations connecting Il(</>, a 2 , fc) and 
II (0 ui 2 , k), where to 2 is a rational function of a 2 . If k 2 
and a 2 are real, then both integrals are circular cases 
or both are hyperbolic cases (see §19.2(ii)). 

The first of the three relations maps each circular 
region onto itself and each hyperbolic region onto the 
other; in particular, it gives the Cauchy principal value 


of n(p,a 2 ,k) when a 2 > esc 2 (p (see (19.6.5) for the 
complete case). Let c = esc 2 (p ^ a 2 . Then 

19.7.8 

II (0 a 2 ,k) +n (0w 2 ,fc) 

= F{(p , k) + \JcR c ({c - l)(c- fc 2 ), (c - a 2 )(c - w 2 )), 

a 2 u> 2 = k 2 . 

Since fc 2 < c we have a 2 ui 2 < c; hence a 2 > c implies 

LO 2 < 1 < C. 

The second relation maps each hyperbolic region 
onto itself and each circular region onto the other: 

19.7.9 

( k 2 — a 2 ) II (0 a 2 ,k) + ( k 2 — to 2 ) 11(0 w 2 , k ) 

= k 2 F(<p, k) 

— a 2 u 2 \/c — 1 Rc(c{c — k 2 ), (c — a 2 )(c — to 2 )), 

(1 — a 2 )(l — lo 2 ) = 1 — fc 2 . 
The third relation (missing from the literature of 
Legendre’s integrals) maps each circular region onto the 
other and each hyperbolic region onto the other: 

(1 — a 2 ) n(0 a 2 , k) + (1 — w 2 )n(0 w 2 , fc) 

19.7.10 = F ^ + (! ^ a 2 - w 2 ) \/c- fc 2 

x i?c(c(c- l),(c-a 2 )(c-w 2 )), 

(fc 2 — a 2 )(fc 2 — w 2 ) = fc 2 (fc 2 — 1). 

19.8 Quadratic Transformations 


19.8(i) Gauss’s Arithmetic-Geometric Mean 
(AGM) 


When do and g 0 are positive numbers, define 

19.8.1 

a n + 9n , r> 1 o 

^n+l — ^ i 9 n + 1 — V tendril ^ — U, 1, Z, . . . . 

As n — > oo, a n and g n converge to a common 
limit M(ao,go) called the AGM ( Arithmetic- Geometric 
Mean) of ao and go- By symmetry in a o and go we may 
assume Oq > go and define 


19.8.2 
Then 

19.8.3 


Cn+1 — 


Cn = V a n~ 9n- 

Un Qn 


C n 

2 4a„ + i ’ 

showing that the convergence of c n to 0 and of a n and 
g n to M(ao,go) is quadratic in each case. 

The AGM has the integral representations 

77/2 d 9 


1 

M(a 0 ,go) 


2 

7T , 


19.8.4 


0 \J Oq cos 2 9 + g% sin 2 9 

r°° dt 


n Jo y/t{t + al){t + gl) 


The first of these shows that 


19.8.5 


K<yl J 2M(l,fc')’ 


—oo < fc 2 < 1. 
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The AGM appears in 


m = 


2M(1, k') 


- E 2 "- 1 


_1 c! 


n— 0 


19.8.6 


= K(k)ia 2 1 -J2 2” _1 


_1 c! 


— oo < fc 2 < 1, a 0 = 1, (?o = fc 7 , 


and in 

.8.7 n (« 2 ’ fc ) = 


19 




7 r 

4M (1, £;') 

— oo < fc 2 < 1 , — oo < a 1 < 1, 
where ag = 1, go = k', p(j = 1 — a 2 , Qo = 1, and 


a 

1 — a 2 

n—0 

U2 ^ 1 _ / „,2 


Pn+1 — 


Pt + a n g n 


£•77, 


Pn a n9n 

pi + a n g n 


19.8.8 * 1 " 2 p n 

Qn-\-l — 71 — 0, 1, ... . 

Again, p n and e n converge quadratically to M(ao,<?o) 
and 0, respectively, and Q n converges to 0 faster than 
quadratically. If a 2 > 1, then the Cauchy principal 
value is 


j J.2 “ 

19.8.9 n ( a2 ’ k ) = 4M(1, fc') k 2 - a 2 E Qn ' 

— oo < k 2 < 1, 1 < a 2 < oo, 
where (19.8.8) still applies, but with 

19.8.10 p 2 = i - (fc 2 /a 2 ). 


19.8.14 

2 2 

2(fc 2 — a 2 ) Il(0, a 2 , fc) = Il(0i, a 2 , fci) 

+ k 2 F(0, k) 

- (1 + fc')a? R c (ci , Ci - a 2 ), 

where 


19.8.15 uj 2 


k 2 — a 2 
l~a 2 ’ 


(1 + k') 


2 ’ 


Cl = CSC 


Ascending Landen Transformation 

Let 


19.8.16 fc 2 — 2\/fc/(l + fc), 

202 = 0 + arcsin(fcsin0). 

(Note that 0 < k < 1 and 0 < 0 < 7t/2 imply k < fc 2 < 1 
and <f >2 < i 0.) Then 

19.8.17 

F (0, fc) = fc 2)’ 

E(<j>, k ) = (1 + fc) E((j>2, k 2 ) + (l- k) F((j>2, k 2 ) - fcsin0. 


19.8(iii) Gauss Transformation 

We consider only the descending Gauss transformation 
because its (ascending) inverse moves F(<j>, k) closer to 
the singularity at k = sin0 = 1. Let 


19.8(ii) Landen Transformations 

Descending Landen Transformation 

Let 


19.8.11 


, 1 -K 

tl = T +¥’ 

01 = 0 + arctan(fc' tan 0) 

■ ft i , / /\ sin 0 cos ( 
= arcsm (1 + k ) 


\/l — fc 2 sin 2 i 


fci = (1 — k')/{l + k'), 

19 - 818 ( 1 + fc' ) sin 0 

sm ^ 1 = TTa ’ 


A = \/l — fc 2 sin 2 


(Note that 0 < k < 1 and 0 < (j> < it/ 2 imply fci < k 
and 0i < 0, and also that <j> = tt/2 implies 0i = 7t/2, 
thus preserving completeness.) Then 


19.8.19 


F(4>, k) = (1 + fci) F(tf> i, fci), 

JT(0, fc) = (1 + k') E(ipi, fci) — fc' .F(0, fc) + (1 — A) cot 0, 


(Note that 0 < fc < 1 and 0 < 0 < 7r/2 imply fci < fc and 

0 < <pi < 2 0, and also that <f> = 7t/2 implies 0i = tt.) 

19.8.20 

4 

Then 

pll(0,a 2 ,fc) - 11(01,0!?, fci) 

if (fc) = (1 + fci) if (fci), 

+ (p - 1) -F(0, fc) - i?c (c - 1, C 

E(k) = (l + fc')£(fci) -fc'if(fc). 

where 

F(0, fc) = |(1 + fci) F(0i, fci), 

19.8.21 V 1 - (fc 2 /a 2 ), 

19.8.13 £(0, fc) = |(1 + fc') ^7(0i, fci) - fc' F(0, fc) 

a? = a 2 (l + p) 2 /(l + fc') 2 , c = esc 2 0. 

+ |(1 — fc') sin 0i. 

If 0 < a 2 < fc 2 , then p is pure imaginary. 
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19.9 Inequalities 


19.9(ii) Incomplete Integrals 


19.9(i) Complete Integrals 


Throughout this subsection 0 < k < 1, except in 
(19.9.4). 


19.9.1 


19.9.2 


19.9.3 


ln4 < K(k) + In k' < 7t/2, l<E(k)<n/2. 

1 < (2/7r)\/l — a 2 II (a 2 , £:) < 1/k', 


or < 1. 


„ k’ 2 K(k ) „ k’ 2 

i + — < , < l + 


k 2 k' 


< 


In (4 Ik’) 

(8 + k 2 ) K(k) 


4 ’ 

< 9.096. 


ln(4/fc') 

The left-hand inequalities in (19.9.2) and (19.9.3) are 
equivalent, but the right-hand inequality of (19.9.3) is 
sharper than that of (19.9.2) when 0 < k 2 < 0.922. 


1 + k' 


for 0 < k < 1. The lower bound in (19.9.4) is sharper 
than 2/7T when 0 <k 2 < 0.9960. 

, (1 + Vkf) 2 7 xK'[k) , 2(1 + k') 

,9 - 9 - 5 

For a sharper, but more complicated, version of (19.9.5) 
see Anderson et al. (1990). 

Other inequalities are: 

19.9.6 (1 - Ik 2 )- 1 ' 2 < J^(K(k) - E(k )) < (k')~ 3/4 , 

1 9 . 9 .7 -h 2 r I/2 <^wi-^A'W) 

< min((/c') _1,/4 , 4/-7 t), 


19.9.8 


k’<^< 

< K{k) < 


1 + k’ 


Further inequalities for K{k) and E{k) can be found in 
Alzer and Qiu (2004), Anderson et al. (1992a, b, 1997), 
and Qiu and Vamanamurthy (1996). 

The perimeter L(a, 6) of an ellipse with semiaxes a, b 
is given by 

19.9.9 L(a, b ) = 4 aE(k), k 2 = 1 — (b 2 /a 2 ), a > b. 

Almkvist and Berndt (1988) list thirteen approxima- 
tions to L(a, b) that have been proposed by various au- 
thors. The earliest is due to Kepler and the most ac- 
curate to Ramanujan. Ramanujan’s approximation and 
its leading error term yield the following approximation 
to L(a , &)/(7r(a + b )): 


19.9.10 


1 + 


3A 2 


3A 


10 


A = 


b 


10 + V4 - 3A 2 2 17 ’ " a + b' 

Even for the extremely eccentric ellipse with a = 99 
and 6=1, this is correct within 0.023%. Barnard et al. 
(2000) shows that nine of the thirteen approximations, 
including Ramanujan’s, are from below and four are 
from above. See also Barnard et al. (2001). 


Throughout this subsection we assume that 0 < k < 1, 
0 < <t> < 7t/2, and A = \J\ — k 2 sin 2 </> > 0. 

Simple inequalities for incomplete integrals follow 
directly from the defining integrals (§19.2(ii)) together 
with (19.6.12): 

19.9.11 (f) < F(q !>, k) < min(^)/A,gd~ 1 (^))), 

where gd -1 (</>) is given by (4.23.41) and (4.23.42). Also, 

19.9.12 max(sin </>, </>A) < E(<f>,k) < <fi, 


19 9 13 - n (^ a2 > fc ) 

< min(Il(</>, a 2 , 0)/A, IT a 2 , l)). 


Sharper inequalities for F(^>, k) are: 


19.9.14 


3 

1 + A + cos cj) 


F(<t>,k) < 1 

sin^> (A cos cj)) 1 / 3 1 


1 < F((j), k) / ( (sin (/)) In 


19.9.15 


A + cos q i 


19.9.16 


2 + (1 + k 2 ) sin 2 (j) 
F((f>, k) = 2 K(k') ln^ 


- 9 A 2 , 


A + cos 

(sinc^)/8 <9 < (ln2)/(fc 2 sin(/>). 


(19.9.15) is useful when k 2 and sin 2 (f> are both close 
to 1, since the bounds are then nearly equal; otherwise 
(19.9.14) is preferable. 

Inequalities for both F{(f > , k) and E(cf>, k) involving 
inverse circular or inverse hyperbolic functions are given 
in Carlson (1961b, §4). For example, 


19.9.17 L < F(<j),k) < VUL< \(U + L) < U, 
where 


19 9 18 L= axctanh ( £7sin 0)> a = 

U = | arctanh(sin <j>) + \k~ l arctanh(fcsin^)). 

Other inequalities for F((f>,k) can be obtained from 
inequalities for Rp(x,y,z) given in Carlson (1966, 
(2.15)) and Carlson (1970) via (19.25.5). 


19.10 Relations to Other Functions 
19. 10(i) Theta and Elliptic Functions 

For relations of Legendre’s integrals to theta func- 
tions, Jacobian functions, and Weierstrass functions, see 
§§20.9(i), 22.15(h), and 23.6(iv), respectively. See also 
Erdelyi et al. (1953b, Chapter 13). 
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19. 10(ii) Elementary Functions 

If y > 0 is assumed (without loss of generality), then 

In (x/y) = (x-y) R c (\(x + y) 2 , xy) , 
arctan(x/y) = x Rc(y 2 ,y 2 + x 2 ) , 

19 10 l Arctimh ( x /y) = xR c {y 2 , y 2 - x 2 ) , 

arcsin(a;/j/) = xRc(y 2 - x 2 ,y 2 ), 

arcsinh(x’/?/) = x Rc(y 2 + x 2 ,y 2 ) , 

arccos (x/y) = (y 2 - x 2 ) 1/2 R c (x 2 ,y 2 ), 

arccosh (x/y) = (x 2 — y 2 ) 1 / 2 Rc(x 2 ,y 2 ). 

In each case when y = 1, the quantity multiplying Rq 
supplies the asymptotic behavior of the left-hand side 
as the left-hand side tends to 0. 

For relations to the Gudermannian function gd(:r) 
and its inverse gd _1 (:r) (§4.23(viii)), see (19.6.8) and 

19.10.2 (sinh0) i?c(l, cosh 2 0) = gd(0). 


19.11 Addition Theorems 

19. 1 1 (i) General Formulas 

19111 F(9,k) + F(^,k) = F(ip,k), 

19.11.2 E(9,k) + E(<j>, k) = E(tp, k) + k 2 sin 9 sin 0 sin 0. 
Here 


. / (sin 9 cos 0) A (0) + (sin 0 cos 9) A (9) 

19.11.3 1 — k 2 sin 2 9 sin 2 0 

A (9) = \/l — k 2 sin 2 9. 

Also, 


cos 0 = 


19.11.4 


tan (|0) 
Lastly, 


19.11.5 


n(0, 


a 


cos 9 cos 0 — (sin 9 sin 0) A (0) A ( 0) 
1 — k 2 sin 2 9 sin 2 0 
(sin0)A(0) + (sin 0)A(0) 
cos 9 + cos 0 


k) + n(0, a 2 , k) = n(0, a 2 , k) 

-a 2 Rcinf-S, 7), 


where 


19.11.6 T' = (( csc2 “ a2 )(( csc2 4>) - a 2 )((csc 2 0) - a 2 ), 
<5 = a 2 (l — a 2 )(a 2 — k 2 ). 


19.11(ii) Case xp = 7t/2 

19.11.7 F(<f>,k) = K(k)-F(9,k), 

19.11.8 E(<j>, k) = E(k) — E(9 , k) + k 2 sin 9 sin 0, 
where 

19.11.9 tan 9 = l/{k' tan 0). 

19.11.10 

n(0, a 2 , k) = n(a 2 , k ) — n(0, a 2 , k ) — a 2 I?c (7 — 8, 7 ), 
where 


19.11.11 


7 = (1 — a 2 )((csc 2 0) — a 2 )((csc 2 0) 
6 = a 2 (l — a 2 )(a 2 — /c 2 ). 


19. 1 1 (iii) Duplication Formulas 

If 0 = 0 in §19.11(i) and A (9) is again defined by 
(19.11.3), then 

19.11.12 F(0, k) = 2 F(9, k), 

19.11.13 E(i/j, k) = 2 E{9, k) — k 2 sin 2 9 sin 0, 

19.11.14 sin0 = (sin 29) A(0)/(1 — fc 2 sin 4 0), 


19.11.15 


cos0 = (cos (20) + k 2 sin 4 9)/( 1 — fc 2 sin 4 9), 
tan(|0) = (tan0)A(0), 

sin 9 = (sin 0) / ^(1 + cos0)(l + A(0)), 


cos 9 = 


(cos ip) + A (0) 
1 + A (0) 


tan0 = tan(|0) < 


' 1 + COS 0 

(cos0) + A(0) ' 


19.11.16 n(0, a 2 , fc) = 2n(0, a 2 , A:) + a 2 Rc ( 7 — <5, 7) , 


19.11.17 


7 = ((esc 2 9) — a 2 ) 2 ((csc 2 0) 
(5 = a 2 (l — a 2 )(a 2 — k 2 ). 


a 2 ), 


19.12 Asymptotic Approximations 


With ip(x) denoting the digamma function (§5.2(i)) in 
this subsection, the asymptotic behavior of K(k) and 
E(k) near the singularity at k = 1 is given by the fol- 
lowing convergent series: 


19.12.1 

OO 

K(k) = 

m—0 


m 


k 


/2m 



m\ m\ 


+ d(m) j , 

0 < \k'\ < 1, 
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19.12.2 

m 


where 


1 + 1 ( 2 ) mil) m ]j2m+2 


2 ( 2 )rn m! 

m—0 v 


x In 


d(m) — 


(2w+l)(2?n + 2) y ’ 

|V| < 1, 


19. 13(ii) Integration with Respect to the 
Amplitude 

Various integrals are listed by Byrd and Friedman (1971, 
p. 630) and Prudnikov et al. (1990, §§1.10.1, 2.15.1). 
Cvijovic and Klinowski (1994) contains fractional in- 
tegrals (with free parameters) for F((p,k) and E(cp,k ), 
together with special cases. 


19.12.3 

d(m) = ip( 1 + to) — + to), 


d{m + 1) = d(m) — 


to = 0, 1 , ... . 


(2m + l)(2m + 2) ’ 

For the asymptotic behavior of F(<p, k ) and E(<f), k) 
as (j) — » and k — > 1— see Kaplan (1948, §2), Van de 

Vel (1969), and Karp and Sitnik (2007). 

As k 2 -> 1- 


19.12.4 

(1 — a 2 ) n(a 2 , k) 

= (ln^ (l + o(fc' 2 )) -a 2 R c (l,l-a 2 ), 

—00 < a 2 < 1 , 


19.12.5 

(1 — a 2 ) n(a 2 , fc) 

= ( ln (^)-^( 1 , 1 -a- 2 )) (l + 0(fc' 2 )), 

1 < a 2 < 00. 

Asymptotic approximations for II (y>, a 2 , fc), with 
different variables, are given in Karp et al. (2007). They 
are useful primarily when (1 — fc)/( 1 — sirup) is either 
small or large compared with 1. 

If x > 0 and y > 0, then 


19.12.6 


Rc{x,y) = 


2Vy 


1 + 0 


x/y -> 0, 


Rc{x,y) = 


19.12.7 


2y/X 


(C 


2cc 


4a; \ 


y 


1 + ^ In — - 


V ) 


x (1 + 0(y 2 /x 2 )), 


2x 
y/x 


0. 


19.13 Integrals of Elliptic Integrals 

19. 13(i) Integration with Respect to the 
Modulus 

For definite and indefinite integrals of complete ellip- 
tic integrals see Byrd and Friedman (1971, pp. 610- 
612, 615), Prudnikov et al. (1990, §§1.11, 2.16), Glasser 
(1976), Bushell (1987), and Cvijovic and Klinowski 
(1999). 

For definite and indefinite integrals of incomplete el- 
liptic integrals see Byrd and Friedman (1971, pp. 613, 
616), Prudnikov et al. (1990, §§1.10.2, 2.15.2), and Cvi- 
jovic and Klinowski (1994). 


19.13(iii) Laplace Transforms 


For direct and inverse Laplace transforms for the com- 
plete elliptic integrals K[k ), E(k ), and D(k) see Prud- 
nikov et al. (1992a, §3.31) and Prudnikov et al. (1992b, 
§§3.29 and 4.3.33), respectively. 

19.14 Reduction of General Elliptic 
Integrals 

19.14(i) Examples 

In (19.14.1)-(19.14.3) both the integrand and cos <j> are 
assumed to be nonnegative. Cases in which cosp < 0 
can be included by application of (19.2.10). 

19.14.1 

r dt = 3-1/4 


h Vt 3 - 1 


, VS + l-x , 2 2 — y /3 

cos 0 = — — , k = — - — . 


19.14.2 


dt 


\/l — t 3 


x/3 — 1 + x 
= 3" 1 / 4 F((f>, k), 


V3 -1 + x 2 2 

cos 0 = — -= . k = — t 

Vs + l~x 4 


73 


19.14.3 


f x dt 

L vi +t 4 


sign(a;) 


F{<f>, k), 


, 1 - x 2 2 1 

cosp = pr 2 ’ k = o- 
1 + x z 2 


19.14.4 


dt 


:F(0, k), 


J y V (°i + ht 2 ){a 2 + b 2 t 2 ) V7 ~ a 

k 2 = (7- <*)• 

In (19.14.4) 0 < y < x, each quadratic polynomial is 
positive on the interval (y, x), and a, (3 , 7 is a permuta- 
tion of 0, 0162, a 2 b\ (not all 0 by assumption) such that 
a < (3 < 7. More generally in (19.14.4), 

7 — a 


19.14.5 

where 

19.14.6 


sin m = 


U 2 + 7’ 

C X 2 - y 2 )U = xV(a! + b 1 y 2 )(a 2 + b 2 y 2 ) 

+ yV ( a i + b ix 2 )(a 2 + b 2 x 2 ). 
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There are four important special cases of (19.14.4)- 
(19.14.6), as follows. If y = 0, then 


19 . 14.7 sin 2 <j) 

If x = oo, then 


(7 — a)x 2 
aia2 + ix 1 


19 . 14.8 sin 2 <f> 
If a\ + bry 2 = 0, then 

19 . 14.9 sin 2 (f> = 

7(x 2 

If a 1 + b\ x 2 = 0, then 


7 — a 

b\b 2 y 2 + 7 ' 

( 7 - a)(x 2 - y 2 ) 

- y 2 ) - ai(a 2 + b 2 x 2 ) ' 


19 . 14.10 sin 2 <fi 


(7 - a)(y 2 - x 2 ) 

7 (y 2 - X 2 ) - ai(a 2 + b 2 y 2 ) ' 


(These four cases include 12 integrals in Abramowitz 
and Stegun (1964, p. 596).) 


19.14(H) General Case 

Legendre (1825-1832) showed that every elliptic in- 
tegral can be expressed in terms of the three in- 
tegrals in (19.1.2) supplemented by algebraic, loga- 
rithmic, and trigonometric functions. The classical 
method of reducing (19.2.3) to Legendre’s integrals 
is described in many places, especially Erdelyi et al. 
(1953b, §13.5), Abramowitz and Stegun (1964, Chapter 
17), and Labahn and Mutrie (1997, §3). The last refer- 
ence gives a clear summary of the various steps involving 
linear fractional transformations, partial-fraction de- 
composition, and recurrence relations. It then improves 
the classical method by first applying Hermite reduction 
to (19.2.3) to arrive at integrands without multiple poles 
and uses implicit full partial-fraction decomposition and 
implicit root finding to minimize computing with alge- 
braic extensions. The choice among 21 transformations 
for final reduction to Legendre’s normal form depends 
on inequalities involving the limits of integration and 
the zeros of the cubic or quartic polynomial. A similar 
remark applies to the transformations given in Erdelyi 
et al. (1953b, §13.5) and to the choice among explicit 
reductions in the extensive table of Byrd and Friedman 
(1971), in which one limit of integration is assumed to 
be a branch point of the integrand at which the integral 
converges. If no such branch point is accessible from the 
interval of integration (for example, if the integrand is 
(f( 3 — f)(4 — f )) -3 / 2 and the interval is [1,2]), then no 
method using this assumption succeeds. 
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19.15 Advantages of Symmetry 

Elliptic integrals are special cases of a particu- 
lar multivariate hypergeometric function called Lau- 
ricella’s Fjj (Carlson (1961b)). The function 
R-a(b 1 ,b 2 ,...,b n r,z 1 ,z 2 ,...,z n ) (Carlson (1963)) re- 
veals the full permutation symmetry that is partially 
hidden in Fjj, and leads to symmetric standard inte- 
grals that simplify many aspects of theory, applications, 
and numerical computation. 

Symmetry in x,y, z of R F (x,y,z), R G {x,y,z), 
and Rj(x,y,z,p) replaces the five transformations 
(19.7.2), (19.7.4)-(19.7.7) of Legendre’s integrals; com- 
pare (19.25.17). Symmetry unifies the Landen trans- 
formations of §19.8(ii) with the Gauss transforma- 
tions of §19.8(iii), as indicated following (19.22.22) and 
(19.36.9). (19.21.12) unifies the three transformations 
in § 19.7 (iii) that change the parameter of Legendre’s 
third integral. 

Symmetry allows the expansion (19.19.7) in a series 
of elementary symmetric functions that gives high pre- 
cision with relatively few terms and provides the most 
efficient method of computing the incomplete integral 
of the third kind (§19.36(i)). 

Symmetry makes possible the reduction theorems of 
§19.29(i), permitting remarkable compression of tables 
of integrals while generalizing the interval of integration. 
(Compare (19.14.4)-(19.14.10) with (19.29.19), and see 
the last paragraph of §19.29(i) and the text following 
(19.29.15).) These reduction theorems, unknown in the 
Legendre theory, allow symbolic integration without im- 
posing conditions on the parameters and the limits of 
integration (see §19.29(ii)). 

For the many properties of ellipses and triaxial el- 
lipsoids that can be represented by elliptic integrals, 
any symmetry in the semiaxes remains obvious when 
symmetric integrals are used (see (19.30.5) and §19.33). 
For example, the computation of depolarization factors 
for solid ellipsoids is simplified considerably; compare 
(19.33.7) with Cronemeyer (1991). 


19.16 Definitions 

19. 16(i) Symmetric Integrals 

, , 1 r dt 

iMw) = ^ W y 

Rj(x,y,z,p)='t [ '( v 

2 Jo s(t)(t + p) 


19 . 16.1 


19 . 16.2 
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19.16.3 

/* 27T /* 7T 

Rg(x,v,z )= — / / (a; sin 2 0cos 2 </> + ysin 2 0sin 2 </> 

4tt J o 7 0 

+ * cos 2 0 ) 2 sin 0 dO dip, 

where p 0) is a real or complex constant, and 

19.16.4 s(t) = \/t + X\Jt + y\/t + z. 

In (19.16.1) and (19.16.2), x,y,z £ C\(— oo,0] except 
that one or more of x,y,z may be 0 when the corre- 
sponding integral converges. In (19.16.2) the Cauchy 
principal value is taken when p is real and negative. 
In (19.16.3) SRcc, 3 > 0. It should be noted that 
the integrals (19.16.1)— (19.16.3) have been normalized 
so that R f ( 1, 1, 1) = i?j(l, 1, 1, 1) = Rg( 1, 1, 1) = 1. 

A fourth integral that is symmetric in only two vari- 
ables is defined by 

3 f°° dt 

19.16.5 R D (x,y,z) = Rj{x,y,z,z) = - / — r, 

2 Jo s{t)(t + z) 

with the same conditions on x , y , z as for (19.16.1), but 
now z 7^ 0. 

Just as the elementary function Rc{x,y) (§19.2(iv)) 
is the degenerate case 

19.16.6 Rc(x,y) = R F (x,y,y), 

and Rd is a degenerate case of i?j, so is Rj a degenerate 
case of the hyperelliptic integral , 

3 f 00 dt 

19.16.7 / — = . 

2 Jo nU v /t + x o 

19.16(ii) R- a { b;z) 

All elliptic integrals of the form (19.2.3) and many mul- 
tiple integrals, including (19.16.3), are special cases of 
a multivariate hypergeometric function 

19.16.8 i?_ a (b; z) = R- a (bi , . . . , b n ; zi , . . . , z„), 

which is homogeneous and of degree — a in the z’s, and 
symmetric when the same permutation is applied to 
both sets of subscripts 1, . . . , n. Thus R- a { b; z) is sym- 
metric in the variables Zj and ze if the parameters bj 
and be are equal. The R- function is often used to make 
a unified statement of a property of several elliptic inte- 
grals. Before 1969 i?_ a (b; z) was denoted by R(a\ b; z). 


19.16.9 

R- a ( b;z) 


1 

B(a, a') 
1 

B(a, a') 



3 = 1 



a, a 1 > 0, Zj £ C\(— oo, 0], 


where B (x,y) is the beta function (§5.12) and 

n 

19.16.10 a ’ = -a + ^bj. 

3 = 1 


L611 R-a (b; Az) = A a i?_ a (b;z), 

R-a(b-xl) = x~ a , 1 = (1, - - . , 1). 

When n = 4 a useful version of (19.16.9) is given by 


19.16.12 

R- a (bi , . . . , 64; c — 1 , c — k 2 ,c, c — a 2 ) 

2(sin 2 </>) 1 -“' [*, . m2o _ 1 , . . 2 ., 0 '-i 

= — — / (sm0) (sin' q>— sin 0) 

B(a, a ) J 0 

x (cos 6 ) 1-261 (1 — k 2 sin 2 0) 62 (1 — a 2 sin 2 0) bi d0, 

where 


19.16.13 

c = esc 2 (p\ a, a' > 0; 63 = a + a' — b\ — b 2 — &4- 

For further information, especially representation 
of the i?-function as a Dirichlet average, see Carlson 
(1977b). 


19. 16(iii) Elliptic Cases of i?_ a (b; z) 

i?_ a (b;z) is an elliptic integral if the z’s are distinct 
and exactly four of the parameters a, a', b \, . . . , b n are 
half-odd-integers, the rest are integers, and none of a, 
a ' , a + a' is zero or a negative integer. The only cases 
that are integrals of the first kind are the four in which 
each of a and a' is either 1 or 1 and each bj is The 
only cases that are integrals of the third kind are those 
in which at least one bj is a positive integer. All other 
elliptic cases are integrals of the second kind. 

R f {x, y, z) = R_ 1 (4, \\x,y,z), 

Rd {Xi V ■> z) R_ ^( 2 5 2 > 2 5 *^5 y j ■^) ’ 

Rj(x, y, z,p) R_ ^( 2 5 2 i 

Rg{x, y, z) = Ri (4, 5, \\x,y,z), 

Rc{x, y) = R_i (|,l;x,y). 

When one variable is 0 without destroying convergence, 
any one of (19.16.14)-(19.16.17) is said to be complete 
and can be written as an i?-function with one less vari- 
able: 


19.16.14 

19.16.15 

19.16.16 

19.16.17 

19.16.18 


R~a (b\ , . . . , 0, Z 2 , ... , z n ) 

B(a, a' — bi) 


B(a, a') 


R-a(b2, ■ ■ ■ , b n: x-2, * - - , ^n); 

a + a' > 0, a' > 64. 


19.16.19 


19.17 Graphics 
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Thus 






19.16.20 

#f(0,?/,z) = 

R - 

i(i 


z )’ 

19.16.21 

Rd{^,V,z) = 

l*R_ 

t(i 

i;y» 

z), 

19.16.22 

Rj(0,y,z,p) = 

! nR_ 

i(i 


y,z 


Rc(o,y,z) = 


(14 

; y,z 

) 

19.16.23 







= 

2 7 tzR 

-§(- 

1 3 

' 2 ’ 2 

-,y,< 

The last 

i?-function has 

a = a' 

_ l 
2' 




Each of the four complete integrals (19.16.20)- 
(19.16.23) can be integrated to recover the incomplete 
integral: 

19.16.24 


x R_ a (b;0,t + z 2 ,...,t + z n )dt, 

a' > bi, a + a' > b\ > 0. 



Figure 19.17.1: Rp(x,y, 1) for 0 < x < 1, y = 
0, 0.1, 0.5, 1 . y = 1 corresponds to Rc(x, 1). 



Figure 19.17.3: Rn{x,y, 1) for 0 < x < 2, y = 
0, 0.1, 1, 5, 25. y = 1 corresponds to §(i?c , (a ; il) — 
\4)/(l ~x), x^ 1. 


19.17 Graphics 

See Figures 19.17.1-19.17.8 for symmetric elliptic inte- 
grals with real arguments. 

Because the i?-function is homogeneous, there is no 
loss of generality in giving one variable the value 1 or 
— 1 (as in Figure 19.3.2). For R F , Rq, and Rj, which 
are symmetric in x,y, z, we may further assume that z is 
the largest of x, y, z if the variables are real, then choose 
z = 1, and consider only 0 < x < 1 and 0 < y < 1. 
The cases x = 0 or y = 0 correspond to the complete 
integrals. The case y = 1 corresponds to elementary 
functions. 

To view R F {0,y, 1) and 27 ?g( 0, y, 1) for complex y , 
put y = 1 — k 2 , use (19.25.1), and see Figures 19.3.7- 
19.3.8. 



Figure 19.17.2: Rg{x, y, 1) for 0 < x < 1, y = 
0, 0.1, 0.5, 1. y = 1 corresponds to \{Rc{x , 1) + y/x). 



Figure 19.17.4: Rj(x, y, 1, 2) for 0 < x < 1, y = 
0, 0.1, 0.5, 1 . y = 1 corresponds to 3(i?c , (a ; I l) — 
Rc(x, 2)). 
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Figure 19.17.5: Rj{x, y, 1, 0.5) for 0 < x < 1, y = 
0, 0.1, 0.5, 1. y = 1 corresponds to 6(Rc{x, 0.5) — 
Rc{x, 1)). 



Figure 19.17.6: Cauchy principal value of 

Rj[x, y, 1, — 0.5) for 0 < x < 1, y = 0, 0.1, 0.5, 1. 
y = 1 corresponds to 2 (Rc(x, —0.5) — Rc(x, 1)). 



Figure 19.17.7: Cauchy principal value of Rj( 0.5, y , 1 ,p) 
for y = 0, 0.01, 0.05, 0.2, 1, — 1 < p < 0. y = 1 corre- 
sponds to 3(i?c(0.5,p) — (7 t/v / 8))/(1 — p). As p — > 0 
the curve for y = 0 has the finite limit —8.10386 . . . ; see 
(19.20.10). 



Figure 19.17.8: Rj(0, y, l,p), 0 < y < 1, — 1 < p < 2. 
Cauchy principal values are shown when p < 0. The 
function is asymptotic to §7r / y/yp as p — > 0+, and 
to (|/p) ln(16/j/) as y — > 0+. As p — » 0— it has the 
limit (— 6/y) i?c(0, y, 1). When p = 1, it reduces to 
i?_o(0, y, 1). If y = 1, then it has the value \n/{p+y/p) 
whenp > 0, and §7r/(p— 1) when p < 0. See (19.20.10), 
(19.20.11), and (19.20.8) for the cases p — > 0±, y — » 0+, 
and y = 1, respectively. 


19.18 Derivatives and Differential 
Equations 


Let dj = d/dzj , and ej be an n-tuple with 1 in the jth 
place and 0’s elsewhere. Also define 


19.18(i) Derivatives 

dR F (x,y,z) 


19.18.1 

19.18.2 


dz 


_d_ 

dx 


Rg(x + a,x + b,x + c) 


— g Rd(x, y, z), 

= \ Rf{x + a, x + b,x + c). 


19.18.3 Wj = bj / b F a ' = -a + b j- 

' j = i 1=1 

The next two equations apply to (19.16.14)-(19.16.18) 
and (19.16.20)-(19.16.23). 

19.18.4 Qj i?_ a (b; z) = -awj i?_ a _i(b + e^; z), 


19.19 Taylor and Related Series 
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19.18.5 (zjdj + bj) R- a ( b;z) = Wjd' R- a { b + e^jz). 


19. 18(ii) Differential Equations 

, d d d 

19.18.6 

19.18.7 


dx ' dy ' dzj RF ^ X,y,Z ^ 2^/xyz’ 


d d d 
dx dy dz 


19.18.8 


19.18.9 


^ Ra(x,y,z) = \R F {x,y : z). 

n 

^2dj i?_ 0 (b;z) = -ai?_ a _i(b;z). 


7=1 


( d d d\ 

( X d^ + V dij + Z ]h) Rf ( x ’V> z ) = -\ r f{x,v,z), 

19.18.10 

d 2 1 ( d d\\ 

{x - v) Sia y + 2\dy - ai)) RF{x ’ v ’ z) = 0 ' 
and two similar equations obtained by permuting x, y 1 z 
in (19.18.10). 

More concisely, if v = R- a ( b;z), then each of 
(19.16.14)-(19.16.18) and (19.16.20)-(19.16.23) satisfies 
Euler’s homogeneity relation: 


19.18.11 


z i d i v = ~ av ’ 

7=1 

and also a system of n(n — 1) /2 Euler-Poisson differen- 
tial equations (of which only n — 1 are independent): 

19 . 18.12 ( Zjdj + bj)div = ( zidi + bi)djV, 
or equivalently, 

19 . 18.13 ((zj — zi)djdi + bjdi — bidj)v = 0. 

Here j 7 l = 1,2 , ,n and j ^ l. For group-theoretical 
aspects of this system see Carlson (1963, §VI). If 
n = 2, then elimination of d 2 V between (19.18.11) and 
(19.18.12), followed by the substitution (fei, 62 , zi, Z 2 ) = 
( 6 , c — 5,1 — 2 , 1 ), produces the Gauss hypergeometric 
equation (15.10.1). 


19.18.14 


The next four differential equations apply to 
the complete case of R F and Rq in the form 
/?_„(!, Zi, zff) (see (19.16.20) and (19.16.23)). 

The function w = R- a (|, x + y, x — y) satisfies 
an Euler-Poisson-Darboux equation: 

d 2 w d 2 w 1 dw 

dx 2 dy 2 y dy ' 

Also W = R- a (\, §; t + r, t — r), with r = sj x 2 + y 2 , 
satisfies a wave equation: 

d 2 W d 2 W d 2 W 

19.18.15 7T = vi o-. 

dt 2 dx 2 dy 2 

Similarly, the function u = R- a ^,^;x + iy,x — iy) 
satisfies an equation of axially symmetric potential the- 
ory: 

d 2 u d 2 u 1 du 
dx 2 dy 2 y dy 

and U = R- a (| , \ ; z + ip, z — ip) , with p = \J x 2 + y 2 , 
satisfies Laplace ’s equation: 

d 2 U d 2 U d 2 U 


19.18.16 


= 0 , 


19.18.17 


dx 2 


dy 2 


dz 2 


= 0 . 


19.19 Taylor and Related Series 

For N = 0,1,2,... define the homogeneous hypergeo- 
metric polynomial 


19.19.1 T N (h,z) = ^2 




777.1 - • • • rn n 

where the summation extends over all nonnegative in- 
tegers TOi,...,m n whose sum is N. The following 
two multivariate hypergeometric series apply to each 
of the integrals (19.16.14)-(19.16.18) and (19.16.20)- 
(19.16.23): 


19.19.2 


00 / , 

l?_ Q (b;z)= £ ^IMb,l-z), 
\ C ) F 


= £"= 1&7> I 1 - ~j\ < 1, 


19.19.3 l?_ a (b; z ) = z„“^ T N (bi,. . .,b n -i] 1 - ( zi/z n ), ... ,1 - (z n _i/z„)), c = J2*j=i I 1 “ ( z j/ z n)\ < 1- 

jv-n y°>N 


N = 0 

If n = 2, then (19.19.3) is a Gauss hypergeometric series 
(see (19.25.43) and (15.2.1)). 

Define the elementary symmetric function E s ( z) by 


19.19.4 


11(1 +tZj) = J2 tS E s ( z), 

7=1 5=0 


and define the n-tuple | = (|, . . . , |). Then 

19.19.5 

Tjv( 2 ’Z) - ( 2 ) AL mi ,... Wn! > 

where M = X)j=i m j an d the summation extends 
over all nonnegative integers mi , . . . , m n such that 
£"=1 3 m j = ^ 
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This form of T/v can be applied to (19.16.14)- 
(19.16.18) and (19.16.20)-(19.16.23) if we use 

19.19.6 Rj(x, y, z,p) = R_ a(|, \\x,y,z,p,p) 

as well as (19.16.5) and (19.16.6). The number of 
terms in T 'jy can be greatly reduced by using variables 
Z = 1 — (z/A) with A chosen to make £u(Z) = 0. Then 
T/v has at most one term if N < 5 in the series for Rp. 
For Rj and Rp, Tp/ has at most one term if N < 3, and 
two terms if N = 4 or 5. 


19.19.7 

where 

19.19.8 


R-a { Z 


) = A-' E 


J>) 

N=0 ( 2 1 


N 


Tn( |,Z), 


' N 


1 -y 

A =-^2 z R ^ j = l-{z j /A), 

3 = 1 

Ei(Z) = 0, \Zj\<1. 


A special case is given in (19.36.1). 


19.20 Special Cases 


19.20(i) R F (x,y,z ) 


In this subsection, and also §§19.20(ii)-19.20(v), the 
variables of all /^-functions satisfy the constraints spec- 
ified in §19.16(i) unless other conditions are stated. 

Rp( x, x, x) = a; -1 / 2 , 

R f {Xx, X y, A z) = A ~ 1/2 R F (x, y, z), 

19.20.1 R F {x,y,y ) = R c (x,y), 

Rp{0,y,y ) = y~ 1/2 , 

Rf( 0, 0, z ) = 00 . 


The first lemniscate constant is given by 


19.20.2 


dt 


v/t^f 


= R f (0, 1, 2 ) = 


( r (|)) 2 

4(2tt) 1 /2 


= 1.31102 87771 46059 90523 .... 

Todd (1975) refers to a proof by T. Schneider that this is 
a transcendental number. The general lemniscatic case 
is 


19.20.3 R F (x,a,y) = R_ 1 (| , A,a 2 ,xy), a=\(x + y). 

19.20(ii) R G (x,y,z ) 


Rg(x, x, x) = x 1 ! 2 , 

Rg(Xx, Xy, Xz) = A 1/2 R g (x, y, z), 

19.20.4 , , ,i/o 

Rc(o,y,y) = 3 Try 7 , 

i? G (0,0,z) = \z^ 2 , 

19.20.5 2R G (x,y,y) = y R c {x,y) + ,/x. 


19.20(iii) Rj(x, y, z, p) 

19.20.6 

Rj(x,x,x,x) = a; -3 / 2 , 

Rj{Xx, Xy, Xz, Xp) = X~ 3/2 Rj(x,y,z,p), 

Rj{x , y, z, z) = R d {x, y, z), 

Rj{ 0 , 0 , z,p) = 00 , 

Rj(x, x, x,p) = R D (p,p,x) = — — \Rc(x,p) ~ ) , 

x -p V VxJ 

x ^ p, xp ^ 0 . 


19.20.7 

Rj(x, y, z,p ) — > + 00 , p — > 0+ or 0—; x,y,z > 0. 


19.20.8 

Rj(Q,y,y,p) 

Rj(0, y, y, —q) 

Rj{x,y,y,p) 

Rj{x,y,y,y) 


2 {Vy/p + Py/y)’ 

-37T 

2 Vy{y + q)’ q > 

3 

(Rc{x,y) — R c (x,p)), p^y, 

p~y 

Rd{x, y, y). 


19.20.9 


Rj(o,y,z,±y/yz) = ± 


3 

2\/yz 


Rf(®, y, z). 


19.20.10 


lim y/p Rj(0,y, z,p) 
p— > 0 + 

lim Rj(0,y,z,p) 

p—>0— 


37T 

VP’ 

-R D (0,y,z) - R D (0,z,y) 
— 6 

— #g(0,2/,z). 


19.20.11 

Rj{0,y,z,p) ~ — ^ln ( — ), 2/-> 0+; p ( 7 ^ 0) real. 

2 TV- V 2/ / 

19.20.12 lim pRj(x,y,z,p) = 3R F (x,y,z). 

p — >-±oo 

19.20.13 

2(p - x) Rj(x,y, z, p) = 3R F (x,y , z) - 3y/x R c (yz,p 2 ), 

p = x± \/(y- x)(z - 2 ), 

where 2 , y, z may be permuted. 

When the variables are real and distinct, the vari- 
ous cases of Rj(x, y, z,p) are called circular (hyperbolic) 
cases if {p—x)(p—y)(p—z) is positive (negative), because 
they typically occur in conjunction with inverse circular 
(hyperbolic) functions. Cases encountered in dynamical 
problems are usually circular; hyperbolic cases include 
Cauchy principal values. If x, y, z are permuted so that 


19.21 Connection Formulas 
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0 < x < y < z, then the Cauchy principal value of Rj 
is given by 


19.20.14 


(q + z) Rj(x,y,z,—q) 

= (p~ z) Rj(x,y,z,p) - 3 R F {x,y,z) 

\l/2 

R c {xy + pq,pq), 


xyz 


valid when 

19.20.15 q > 0, p = 


xy + pq , 

z( x + y + q) — xy 


z + q 


or 

19.20.16 p = wy + (1 


. z — X 

w)z, w = — - — , 
z + q 


0 < w < 1. 


Since x < y < p < z, p is in a hyperbolic region. In the 
complete case (x = 0) (19.20.14) reduces to 


{q + z) Rj(0,y,z,~q) 

19.20.17 = (p- z) Rj(0,y,z,p) - 3R F (0,y,z), 

P = z{y + q)/(z + q), w = z/{z + q). 


19.20(iv) Rd(x, y, z) 


Rd{x, x, x) = x 3 ' 2 , 

19.20.18 Rd( Xx, Xy, X z) = A~ 3//2 Rd{x, y, z), 

Ro(0,y,y) = l'xy~ 3/2 , 

Rd{ 0, 0, z) = oo. 


19.20.19 R D {x,y,z) ~3{xyz)~ 1/2 , z/^xy^0. 


19.20.20 


19.20.21 


Rd{x, y, y) = 


2 {y - x) 


Rc{x, y) - 


Rd(x,x,z) = 


z — X 


Rc{z,x ) - 




x ± y, y ± o, 


, x ^ z, xz ^ 0. 


The second lemniscate constant is given by 


19.20.22 


t 2 dt , . , (r(|)) 2 

S^M 0 - 2 ’ 1 ) ( 27r )l/2 

= 0.59907 01173 67796 10371 .... 


Todd (1975) refers to a proof by T. Schneider that this 
is a transcendental number. Compare (19.20.2). The 
general lemniscatic case is 

19.20.23 

Rd(x, y, a) = R_ s(§, \\ a 2 , xy), a=\x + \y. 


19.20(v) i?_ a (b; z) 

Define c = bj- Then 

N\ 

19 20 24 i? o(b;z) = l, R N (b-,z) = —T N (b,z), 

N = 0,1,2,..., 

where T N is defined by (19.19.1). Also, 

n 

19.20.25 R- C (h\ z) = z 7 bi > 

j = 1 


19.20.26 


i?_ a (b;z) = zj bj i?_ Q '(b; 2 1 ), 
i=i 


a + a' = c, z 1 = (z 1 1 ,...,z n 1 ). 
See also (19.16.11) and (19.16.19). 


19.21 Connection Formulas 

19.21 (i) Complete Integrals 

Legendre’s relation (19.7.1) can be written 

Rf( 0, z+\,z) Rd{ 0, z + 1,1) 

19.21.1 + Rd(0, z + 1,z) R f ( 0, 2+1,1) = 37 r/ (2 z), 

z £ C\(— oo, 0]. 

The case 2 = 1 shows that the product of the two lem- 
niscate constants, (19.20.2) and (19.20.22), is 7 t/4. 

19.21.2 3R F {0,y,z) = zR D (0,y,z ) +yR D (0,z,y). 

19.21.3 

6Rg(0, y, z) = yz{R D { 0, y, z ) + R D ( 0, 2 , y)) 

= 3zR F (0,y,z ) + z(y - 2 ) R D (0,y,z). 

The complete cases of R F and R G have connection 
formulas resulting from those for the Gauss hyperge- 
ometric function (Erclelyi et al. (1953a, §2.9)). Up- 
per signs apply if 0 < ph 2 < 7r, and lower signs if 
— 7T < ph 2 < 0: 

19.21.4 R f ( 0, 2 — 1 , 2 ) = R f (0, 1 — 2 , 1) + z.Rf(0, 2 , 1), 

19.21.5 

2Rq(0, z — 1, 2 ) = 2i?g(0, 1 — 2 , 1) i i2R G {0, z, 1) 

+ (2 — 1) R F (0, 1 2 , 1) 

+ izR F { 0, 2 , 1). 

Let y, z, and p be positive and distinct, and permute 
y and 2 to ensure that y does not lie between 2 and p. 
The complete case of Rj can be expressed in terms of 
R f and R f : 

19.2F6 

{y/rp/z) Rj{ 0, y, z,p) = (r - 1) R F ( 0, y, 2 ) R D (p, rz, 2 ) 
+ Rd( 0, V , z ) Rf(p, rz, 2 ), 

r= (y-p)/(y - z) > 0 . 
If 0 < p < z and y = 2 + 1, then as p — > 0 (19.21.6) 
reduces to Legendre’s relation (19.21.1). 
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19.21 (ii) Incomplete Integrals 


Rp{x,y, z) is symmetric only in x and y , but either 
(nonzero) x or (nonzero) y can be moved to the third 
position by using 


(x - y ) Rd{v , Z, x) + (z- y ) R D (x, y, z) 

19 21 7 

= 3 R f (x, y, z) - 3 y/y/(xz), 
or the corresponding equation with x and y inter- 
changed. 

„ Rd(v, z, x) + R d (z, x , y) + R d {x, y, z) 

19218 =3 (xy,)-'/*, 


x R D {y , z,x) + y Rd{z, x,y) + z R D {x , y, z) 
= 3 R F {x,y,z). 


For each value of p, permutation of x, y, z produces 
three values of q, one of which lies in the same region as 
p and two lie in the other region of the same type. In 
(19.21.12), if x is the largest (smallest) of x,y, and z, 
then p and q lie in the same region if it is circular (hy- 
perbolic); otherwise p and q lie in different regions, both 
circular or both hyperbolic. If x = 0, then £ = q = oo 
and Rc(£,rf) = 0; hence 

19.21.15 

pRj(0,y,z,p) + qRj(0,y,z,q) = 3R F (0,y,z), pq = yz. 


19.22 Quadratic Transformations 


19.21.10 

2 Rg(x, y,z) = z R f (x , y, z) 

- \(x-z)(y-z) R d (x, y, z) + y/xy/z, 

z± 0. 

Because Rq is completely symmetric, x,y,z can be 
permuted on the right-hand side of (19.21.10) so that 
(x — z)(y — z) < 0 if the variables are real, thereby 
avoiding cancellations when Rq is calculated from R F 
and Rd (see §19.36(i)). 

6 Rg(x, y, z) = 3(x + y + z ) R F (x, y, z) 

19.21.11 -E x 2 R D {y,z,x) 

= E x ( 2/ + z )R D {y,z,x), 

where both summations extend over the three cyclic 
permutations of x, y, z. 

Connection formulas for i?_ a (b; z) are given in Carl- 
son (1977b, pp. 99, 101, and 123-124). 


19.22(i) Complete Integrals 

Let > 0, $ty > 0, a = (x + y)/ 2, and p / 0. Then 

19.22.1 

R F (0,x 2 ,y 2 ) = R F (0,xy,a 2 ), 

19.22.2 

21?g(0, x 2 , y 2 ) = 4i?c(0, xy, a 2 ) - xy R F (0,xy,a 2 ) , 

19.22.3 

2y 2 R d ( 0, x 2 , y 2 ) = \{y 2 - x 2 ) R D (0, xy, a 2 ) 

+ 37?f(0, xy, a 2 ). 

(P± -Pp)Rj(0,x 2 ,y 2 ,p 2 ) 

19.22.4 =2(p 2 ± -a 2 )Rj(0,xy,a 2 ,p 2 ± ) 

— 3R f ( 0, xy, a 2 ) + 3 F /(2p), 


19.21(iii) Change of Parameter of Rj 

Let x, y, z be real and nonnegative, with at most one of 
them 0. Change-of-parameter relations can be used to 
shift the parameter p of Rj from either circular region 
to the other, or from either hyperbolic region to the 
other (§19.20(iii)). The latter case allows evaluation of 
Cauchy principal values (see (19.20.14)). 

19 21 12 ^ Rj ( x ’ y ' + (y ~ x ) R j ( x > 9f) 

= 3R F {x,y,z) - 3Rc(£,rj), 

where 


19.21.13 

(p-x)(q-x) = (y-x)(z-x), £ = yz/x, y = pq/x, 

and x,y,z may be permuted. Also, 


19.21.14 

£ = p+q _ y _ (p-y)(p-z) = (q~y)(<i-z) 

p — x q — x 

(p-y)(q-y) ( p-z)(q-z ) 


x-y 


X — Z 


where 

19.22.5 2p± = y/(p + x)(p+y) ± \/(p-x)(p-y), 
and hence 

P+P- = pa, p\ + pt = P 2 + xy, 

19 - 22 - 6 p\ - p 2 _ = y/ (; p 2 - x 2 )(p 2 - y 2 ), 

4 (p\ - a 2 ) = ( y/p 2 - x 2 ± y/p 1 - y 2 ) 2 . 

Bartky’s Transformation 

2p 2 Rj(0, x 2 , y 2 ,p 2 ) = v+v- Rj(Q,xy,a 2 ,v \ ) 
19 ' 22 ' 7 +3R F (0,xy,a 2 ), 

v± = (p 2 ±xy)/(2p). 

If p = y, then (19.22.7) reduces to (19.22.3), but if p = x 
or p = y, then both sides of (19.22.4) are 0 by (19.20.9). 
If x<p<y or y<p<x, then p + and are complex 
conjugates. 


19.22 Quadratic Transformations 
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19.22(ii) Gauss’s Arithmetic-Geometric Mean 
(AGM) 

The AGM, M(ao,go), of two positive numbers a o and 
g o is defined in §19.8(i). Again, we assume that do > go 
(except in (19.22.10)), and define c n = \/a\ — g Then 

19.22.8 ° 1 

7T 

19.22.9 

4 


^ R F (0, Oq, go) — 
Rg( 0, a 0 , g 0 ) = 


1 


M(a 0 ,g 0 ) 
1 

M(a 0 ,g 0 ) 

and 

19.22.10 R n (0, flo, dg) = 
where 


M(a 0 ,go) 

( OO 

-S-E 2 ”' 1 

n = 0 

/ oo 






37T 


4M(a 0 ,g 0 )a§ 


Qn 


19.22.11 Qo = 1, Q n+ 1 = iQ, 

a n + g n 

Q n has the same sign as do — go for n > 1. 

3tt °° 

19.22.12 #j(0,g 2 ,a 2 ,p 2 ) = 4M ( a0;ff0 ),p2 
where p o > 0 and 


19.22.13 


Pra+l — 




dnf/'r; 


2p n 


E-n — 


Pn O' n,gn 


Pn 


&n gn 


Qo 1; Qn+1 nQn^-n 


(If po = do, then p n = a n and (19.22.13) reduces to 
(19.22.11).) As n — > oo, p„ and e n converge quadrati- 
cally to M(do, go) and 0, respectively, and Q n converges 
to 0 faster than quadratically. If the last variable of Rj 
is negative, then the Cauchy principal value is 

Rj(0,slal-4) = 4M(oo9o)( ,2 + 0 2 ) 


19.22.14 


n— 0 


and (19.22.13) still applies, provided that 
19.22.15 Po = al(q 2 o+g*)/(q 2 0 + al). 


19.22(iii) Incomplete Integrals 

Let x, y , and z have positive real parts, assume p ^ 0, 
and retain (19.22.5) and (19.22.6). Define 

o= (x + y)/2, 

19.22.16 , , 

2 Z± = y/(z + x){z + y) ± y/(z - x)(z - y), 

so that 

2,2 2 I 

z+Z- = za, z + + z_ = z + xy , 

19.22.17 z\ - z 2 _ = \J ( z 2 — x 2 )(z 2 - y 2 ), 

4 (z± — a 2 ) = (\/ z 2 — x 2 ± \J ' z 1 — y 2 ) 2 . 


Then 

19-22-18 R F ( x 2 ,y 2 ,z 2 ) = R F (a 2 ,z 2 ,z 2 + ), 

19.22.19 

(4 - z^)R D (x 2 ,y 2 ,z 2 ) = 2(4 - d 2 )i? D (d 2 ,4,4) 

- 3 R F (x 2 ,y 2 ,z 2 ) + (3/4 

{p± ~ P%) Rj (4 y 2 1 z 2 ,p 2 ) 

= 2(4 - a 2 ) Rj(a 2 ,zl,z 2 _,p 2 ± ) 

- 3 R F (x 2 ,y 2 ,z 2 ) + 3 R c (z 2 ,p 2 ), 

2R G (x 2 ,y 2 ,z 2 )=AR G (a 2 ,z 2 + ,z 2 _) 

- xy R F (x 2 ,y 2 ,z 2 ) - z, 

Rc(x 2 ,y 2 ) = R c (a 2 , ay). 

If x,y,z are real and positive, then (19.22.18)- 
(19.22.21) are ascending Landen transformations when 
x,y < z (implying a < Z- < z+), and descending Gauss 
transformations when z < x,y (implying z + < < d). 

Ascent and descent correspond respectively to increase 
and decrease of k in Legendre’s notation. Descending 
Gauss transformations include, as special cases, trans- 
formations of complete integrals into complete integrals; 
ascending Landen transformations do not. 

If p = x or p = y, then (19.22.20) reduces to 0 = 0 
by (19.20.13), and if z = x or z = y then (19.22.19) 
reduces to 0 = 0 by (19.20.20) and (19.22.22). If 
x<z<yovy<z<x, then z + and are com- 
plex conjugates. However, if x and y are complex con- 
jugates and z and p are real, then the right-hand sides of 
all transformations in §§19.22(i) and 19.22(iii) — except 
(19.22.3) and (19.22.22) — are free of complex numbers 
and — p 2 = ±|p 2 — x 2 \ ^ 0. 

The transformations inverse to the ones just de- 
scribed are the descending Landen transformations and 
the ascending Gauss transformations. The equations 
inverse to (19.22.5) and (19.22.16) are given by 

19.22.23 

x + y = 2a , x-y= (2/a)^{a? - 2 2 )(« 2 - 4), 
x = z+z-/a , 

and the corresponding equations with z, z+, and re- 
placed by p, and p_, respectively. These relations 
need to be used with caution because y is negative when 
0 < a < z + z_ (4 + 4) *4 


19.22.20 


19.22.21 
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19.23 Integral Representations 

In (19.23.1)-(19.23.3) we assume > 0 and > 0. 

/•tt / 2 

19.23.1 Rf(0,U,z)= / (ycos 2 9 + zsin 2 0 ) -1 ' 2 d9, 

J o 

1 r */ 2 

19.23.2 R G (0,y,z)=- {y cos 2 9 + z sin 2 9) 1 ' 2 cL9, 

2 J o 

19.23.3 

r n/2 

Rn(0,y,z) = 3 / (?/cos 2 6 + 2 sin 2 0 ) -3 / 2 sin 2 9d9. 

Jo 


19.23.5 


2 f */ 2 

Rp(x,y,z)=— / Rc{x, ycos 2 9 + 2 sin 2 0) d0, 

77 Jo 

3 fty > 0 , $lz > 0 , 


19.23.6 

4tt R f (x, y, z) 

/»2-7T /*7T 


sin 0 d 0 dip 


2 /’ 7r / 2 

R F (0,y,z) = -J Rc(y, zcos 2 9) d6 


19.23.4 


f?c(ycosh 2 1, z) dt. 


19.23.7 


1 

Rg{x, y, z) = - J 


Jo Jo (x sin 2 9 cos 2 <p + y sin 2 9 sin 2 <p + z cos 2 9 ) 1 / 2 ’ 
where x, y, and z have positive real parts — except that 
at most one of them may be 0 . 

In (19.23.7)-(19.23.10) one or more of the variables 
may be 0 if the integral converges. In (19.23.8) n = 2, 
and in (19.23.9) n = 3. Also, in (19.23.8) and (19.23.10) 
B denotes the beta function (§5.12). 


+ — 1- ) tdt, x, y, z G C\(— oo, 0]. 


\Jt + Xyjt + y\jt + 2 \t + x t + y t + z 


2 /’ 7r / 2 -n 

19.23.8 l?_ a (b;z)=— — — — — / (z\ cos 2 9 + z 2 sin 2 9) (cos0) 2 f> 1 ~ 1 (sin0 ) 2h2_1 d6, b\, b 2 > 0; $tzi, 3?z 2 > 0. 

B( 0 !, b 2 ) J 0 

With h,l 2 ,h denoting any permutation of sin0cos<(>, sin 9 sin <i>, cos 9, 


19.23.9 

19.23.10 

R-a( b;z) = 


i?_ a (b; z) = rT l ] np-'MdO**, b j > 0, Xzj > 0. 


r(6r) r(6 2 ) r(& 3 ) J 0 J Q 


v i =1 


i — 1 


BO 


| /■! " 

— — / u a_1 (l — u) a _1 TT(1 — u + uZj)~ bj du, a , a ’ > 0; a + a ' = YJj=i Ob e C\(— °°> 0]- 
1 Jo ■ 1 


For generalizations of (19.16.3) and (19.23.8) see 
Carlson (1964, (6.2), (6.12), and (6.1)). 


19.24 Inequalities 


19.24(i) Complete Integrals 

The condition y < z for (19.24.1) and (19.24.2) serves 
only to identify y as the smaller of the two nonzero 
variables of a symmetric function; it does not restrict 
validity. 

19.24.1 

In 4 < \fz Rf( 0, y, z) + In \fyfz < ^ 7 r, 0 < y < z, 

19.24.2 i < z~ 1/2 Rg{ 0, y, z) < j7T, 0 < y < Z, 


19.24.3 

/ 3/2 , 3/2 \ 2 / 3 4 / V 2 + Z 2 V /Z 


2 \l /2 

J ’ 

y > 0, z > 0. 


If y, z, and p are positive, then 

19.24.4 

- 7 = (2 yz + yp+zp)- l/2 < — Rj(0, y, z,p) < ( yzp 2 )~ 3/s . 
VP 3tt 

Inequalities for Rd(0, y, z) are included as the case 
p = z. 

A series of successively sharper inequalities is ob- 
tained from the AGM process (§19.8(i)) with ao > go > 
0 : 

19.24.5 — < 2 i?f(0,a 2 ,y 2 ) < — , n = 0,1,2,..., 

a« tt y n 

where 

19.24.6 fln+l = (^n T 0n)/2, 0 n+l = \/ CL n Qn ■ 

Other inequalities can be obtained by applying 
Carlson (1966, Theorems 2 and 3) to (19.16.20)- 
(19.16.23). Approximations and one-sided inequalities 
for R g ( 0 , y, z) follow from those given in §19.9(i) for the 
length L(a, b) of an ellipse with semiaxes a and 6 , since 

19.24.7 L(a,b) = 8f? G (0,a 2 ,& 2 ). 
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For x > 0, y > 0, and x ^ y, the complete cases of 
Rf and R G satisfy 


R F (x,y,0) R G (x,y,0) > |tt 2 , 
R f (x, y , 0) + 2R G (x, y, 0) > 7 r. 
Also, with the notation of (19.24.6), 

\ i < Rg ( a 0i 9o 1 0) , 1 2 
2 ffl - Rp(a 2 0l glO) ~ 2^’ 


19.24.8 


19.24.9 


with equality iff eto = go- 

19.24(ii) Incomplete Integrals 

Inequalities for i?_ a (b;z) in Carlson (1966, Theorems 
2 and 3) can be applied to (19.16.14)-(19.16.17). All 
variables are positive, and equality occurs iff all vari- 
ables are equal. 

Examples 


19.24.10 

Vx + Vy + ^ " Rf{Xi v ^ ] - (xyz) 1/6 ’ 



/ 5 \ 3 

19.25.5 

19.24.11 

r , ^ . 0 - < Rj(x,y,z,p) 

V V ^ + \/y + V ^ + 2-y/p/ 

19.25.6 


< (zyzp 2 ) _3/10 , 


19.24.12 


19.25.7 


\{y/x + Vv + Vz) 

< Rc(x,y,z) < mm ^ * ) ' 

Inequalities for R G {x, y) and Rd(x, y, z) are included as 
special cases (see (19.16.6) and (19.16.5)). 

Other inequalities for Rp{x,y, z) are given in Carl- 
son (1970). 

If a (^ 0) is real, all components of b and z are pos- 
itive, and the components of z are not all equal, then 

19.24.13 

l? a (b; z) i?_ a (b; z) > 1, R a { b; z) + i?_ a (b; z) > 2; 

see Neuman (2003, (2.13)). Special cases with a = ±| 
are (19.24.8) (because of (19.16.20), (19.16.23)), and 


19.24.14 


Rf(x,V,z) R G {x,y,z) > 1, 
Rf(x, y, z) + Rg(x, y, z) > 2. 


The same reference also gives upper and lower bounds 
for symmetric integrals in terms of their elementary de- 
generate cases. These bounds include a sharper but 
more complicated lower bound than that supplied in 
the next result: 

19.24.15 

Rc(x, \{y + z)) < Rf(x, y, z) < R c (x,y/yz), x > 0, 
with equality iff y = z. 


19.25 Relations to Other Functions 

19.25(i) Legendre’s Integrals as Symmetric 
Integrals 

Let fc' 2 = 1 — k 2 and c = esc 2 <f>. Then 

19.25.1 

K(k) = i? F (o,/c' 2 ,l), E(k) = 2i? G (o,fc ,2 ,l), 
E(k) = \k' 2 (r d (0, fc' 2 , l) + R d (0, 1, fc' 2 ) ) , 

K(k) — E(k) = k 2 D(k) = \k 2 i? G (o,fc' 2 ,l), 

E(k) - k' 2 K(k) = \k 2 k' 2 R D (o, 1, fc' 2 ) . 

19.25.2 n(a 2 ,/c) - K(k) = \a 2 Rj(o, k' 2 , 1, 1 - a 2 ). 

19.25.3 n(a 2 ,/c) = R_ i 1; fc' 2 , 1, 1 - a 2 ) , 

with Cauchy principal value 

19.25.4 

n(a 2 , k) = -\{k 2 /a 2 ) Rj( 0, 1 - fc 2 , 1, 1 - (fc 2 /a 2 )), 

—oo < fc 2 < 1 < a 2 . 

19.25.5 F{<j>, fc) = Rp(c~ l,c- fc 2 ,c), 


dF(<j>,k) 

dk 


= |fc R d (c — 1, c, c — fc 2 ). 


E(<j>, fc) = 2 R g (c — 1, c — fc 2 , c) 

— (c — 1 ) Rf (c — 1 , c — fc 2 , c) 

- y/(c- 1)(C- fc 2 )/c, 

19.25.8 E(<j>, fc) = R_ 1 ( 5 ,- 5 , §; c — l,c- fc 2 ,c), 

19.25.9 

= Rf{c — 1, C — fc 2 , c) — |fc 2 i?U)(c— l,c— fc 2 ,c), 
E(<^, fc) = fc ' 2 Rp(c — 1, c — fc 2 , c) 

19.25.10 + |fc 2 fc , 2 i? F (c- l,c,c- fc 2 ) 

+ fc 2 a/(c - l)/(c(c - fc 2 )), c>k 2 , 

E(<f>,k) = — |fc ' 2 Rd(c — k 2 , c, c — l) 

+ a/(c- fc 2 )/(c(c- 1 )), 

Equations (19.25.9)-(19.25.11) correspond to three 
(nonzero) choices for the last variable of Rd', see 
(19.21.7). All terms on the right-hand sides are non- 
negative when fc 2 < 0, 0 < fc 2 < 1 , or 1 < fc 2 < c, 
respectively. 

19.25.12 = -\kR D (c- 1, c — fc 2 , c) . 

CJ rZ 

19.25.13 £>(</>, fc) = | R d (c - 1, c - fc 2 , c) . 

19.25.14 

ll( 0 , a 2 , fc) — F( 0 , fc) = |a 2 i?j(c — 1 , c — fc 2 , c, c — a 2 ), 

19.25.15 

!!(</>, a 2 , fc) = R_ 1 |, — 1; c - 1, c — fc 2 , c, c — a 2 ). 


19.25.11 


508 


Elliptic Integrals 


If a 2 > c, then the Cauchy principal value is 
19 . 25.16 

II (</>, a 2 , fc ) 

= — |w 2 Rj (c — 1, c — fc 2 , c, c — w 2 ) 

I (c — l)(c — k 2 ) 


y (a 2 - 1)(1 - w 2 ) 

x R c (c(a 2 - 1)(1 - w 2 ), (a 2 - c)(c- w 2 )), 

w 2 = k 2 /a 2 . 

The transformations in §19.7 (ii) result from the sym- 
metry and homogeneity of functions on the right-hand 
sides of (19.25.5), (19.25.7), and (19.25.14). For exam- 
ple, if we write (19.25.5) as 

19 . 25.17 F(4>, k ) = R f (x, y, z), 
with 

19 . 25.18 (x, y, z) = (c — 1, c — fc 2 , c), 

then the five nontrivial permutations of x, y , z that leave 
Rf invariant change k 2 (= (z—y)/(z—x)) into 1/A: 2 , fc' 2 , 
1/fc' 2 , — fc 2 /fc' 2 , — fc' 2 /fc 2 , and sin^ (= \J(z — x)/z) into 
A; sin </>, — *tan<(>, — ifc' tan(/>, (fc' sin </>)/\/l — fc 2 sin 2 (j), 
— ik sin 4>/ sjl — k 2 sin 2 <p. Thus the five permutations 
induce five transformations of Legendre’s integrals (and 
also of the Jacobian elliptic functions). 

The three changes of parameter of II (</ a 2 ,fc) in 
§19.7(iii) are unified in (19.21.12) by way of (19.25.14). 

19.25(ii) Bulirsch’s Integrals as Symmetric 
Integrals 

Let r = 1/x 2 . Then 

19 . 25.19 

cel(fc c ,p, a, b) = a Rf( 0, k 2 ,l) 

+ l(b-pa)Rj(0,kl,l,p), 

19 . 25.20 

ell(x, k c ) = Rf{t , r + fc 2 , r + l), 

19 . 25.21 

el2(x, k c , a , b ) = aell(x, k c ) 

+ 3(6-0) R D (r,r+ fc 2 , r + l), 

19 . 25.22 

el3(x, k c ,p) = ell(x, k c ) 

+ |(1 -p) Rj(r,r + kl,r + l,r +p). 

19.25(iii) Symmetric Integrals as Legendre’s 
Integrals 

Assume 0 < x < y < z, x < z, and p > 0. Let 

4> = arccos \J xj z = arcsin \J (z — x)/z , 


19 . 25.23 


1 1 z - y 2 Z ~P 

k=\ , a = , 


with a / 0. Then 

19 . 25.24 (z - x) 1/2 R F (x,y, z) = F((f>, k), 

19 . 25.25 

(z - x) 3 ' 2 R D (x, y, z) = (3/k 2 )(F(4>, k) - E^, k )), 

19 . 25.26 

(z-x) 3/2 Rj(x, y, z,p) = (3/a 2 )(n (cf),a 2 ,k) - F(<j>,k)), 

19 . 25.27 

2 {z - x)~ 1/2 R g (x, y, z) = E(cf>, k ) + (cot </>) 2 F(<£, k ) 

+ (cot (j>) \J 1 — fc 2 sin 2 cj). 

19.25(iv) Theta Functions 

For relations of symmetric integrals to theta functions, 
see §20.9(i). 

19.25(v) Jacobian Elliptic Functions 

For the notation see §§22.2, 22.15, and 22.16(i). 

With 0 < fc 2 < 1 and p, q, r any permutation of the 
letters c, d, n, define 

19 . 25.28 A(p, q) = ps 2 (u, k ) — qs 2 ( u , k) = — A(q, p), 
which implies 

19 . 25.29 A(n,d) = fc 2 , A(d,c) = fc ' 2 , A(n,c) = l. 

If cs 2 ( u , fc) > 0, then 

19 . 25.30 am (u, fc) = R G ( cs 2 (w, fc),ns 2 (u, fc)), 

19 . 25.31 u = Rp( ps 2 (w,fc),qs 2 (u,fc),rs 2 (■ u, fc )); 
compare (19.25.35) and (20.9.3). 

19 . 25.32 

arcps(x,fc) = Rf(x 2 ,x 2 + A(q,p),x 2 + A(r,p)), 

19 . 25.33 

arcsp (x, fc) = x Rf( 1, 1 + A(q, p)x 2 , 1 + A(r, p)x 2 ), 

arcpq (x, fc) = y/w Rf(x 2 , 1, 1 + A(r, q)w ) , 

19 . 25.34 2 , 

w = (1 - X 2 )/A(q,p), 

where we assume 0 < x 2 < 1 if x = sn, cn, or cd; x 2 > 1 
if x = ns, nc, or dc; x real if x = cs or sc; fc' < x < 1 
if x = dn; 1 < x < 1/fc' if x = nd; x 2 > fc' 2 if x = ds; 
0 < x 2 < 1/fc' 2 if x = sd. 

For the use of R - functions with A(p, q) in unifying 
other properties of Jacobian elliptic functions, see Carl- 
son (2004, 2006a, b, 2008). 

Inversions of 12 elliptic integrals of the first 
kind, producing the 12 Jacobian elliptic functions, 
are combined and simplified by using the properties 
of Rp{x,y, z). See (19.29.19), Carlson (2005), and 
(22.15.11), and compare with Abramowitz and Ste- 
gun (1964, Eqs. (17.4.41)-(17.4.52)). For analogous 
integrals of the second kind, which are not invertible 
in terms of single-valued functions, see (19.29.20) and 
(19.29.21) and compare with Gradshteyn and Ryzhik 
(2000, §3.153,1-10 and §3.156,1-9). 
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19.25(vi) Weierstrass Elliptic Functions 

For the notation see §23.2. 

19.25.35 2 = R F (p(z) - ei, p(z) - e 2 , p(z) - e 3 ), 
provided that 

19.25.36 p(z) - ej e C\(-oo,0], j = 1,2,3, 

and the left-hand side does not vanish for more than 
one value of j. Also, 

19.25.37 

CO) + 2 pO) = 2 -Rg(pO) - e i, p(-) - e 2 , p(z) - e 3 ). 
In (19.25.38) and (19.25.39) j,k,i is any permuta- 
tion of the numbers 1, 2, 3. 

19.25.38 u>j = R F ( 0, ej — e k , ej — ei), 

19.25.39 ijj + uij e,j = 2Rg{0, ej — e k , ej — ei). 

Lastly, 

19.25.40 2 = a(z) R F (af(z),cr%(z),a%(z)), 
where 

19.25.41 

aj(z) = exp(-r]jz) a(z + ujj)/ a(ujj), j = 1,2,3. 

19.25(vii) Hypergeometric Function 

19.25.42 2 Fi(a, b ; c; z) = R- a (b, c - b\ 1 - 2, 1), 

19.25.43 

R- a (b 1 ,b 2 ; z lt z 2 ) = z^ 0, 2 F 1 (a, bp, bi +b 2 , 1 - (zi/z 2 )). 

For these results and extensions to the Appell function 
Fi (§16.13) and Lauricella’s function F f see Carlson 
(1963). (Fi and F f are equivalent to the JS-function of 
3 and n variables, respectively, but lack full symmetry.) 


19.26 Addition Theorems 
19.26(i) General Formulas 

In this subsection, and also §§19.26(ii) and 19.26(iii), we 
assume that A ,x,y,z are positive, except that at most 
one of x, y, z can be 0. 

R f (x + A, y + A, z + A) 

19.26.1 ' . . . , 

+ R F (x + y,y + y, z + y) = R F (x,y,z), 

where y > 0 and 

19.26.2 

X + y = A -2 ( \/(x + A )yz + \J x(y + A )(z + A)) , 

with corresponding equations for y + y and z + y ob- 
tained by permuting x, y, z. Also, 

Zt' + TfS-Zr/ 

VCnC + VCVC ’ 


where 


(C, V, C) = (x + A, y + A, 2 + A), 
(CW,C') = {x + y,y + y,z + y), 


with y/x and y/y obtained by permuting x, y, and z. 
(Note that + q'C ~ CV = CC + vC ~ CV) Equivalent 
forms of (19.26.2) are given by 

19.26.5 ^ = A_2 +\/{x + A ){y + A )(z + A)) 

-A -x-y- z, 

and 


19.26.6 (Ay — xy — xz — yz) 2 = Axyz(A + y + x + y + z). 
Also, 


19.26.7 

Rd(x + A, y + A, z + A) + Rd(x + y,y + y, z + y) 


= Rd(x, y, z) 


3 

y/z(z + A)(z + y)’ 


19.26.8 

2 Rq{x + A, y + A, z + A) + 2Rq(x + /i, y + /i, z H- /i) 

= 2Rg(x , y, z) + A + A, y + A, z + A) 

+ y R f (x + y,y + y, z + y) + y/A + y + x + y + z. 


Rj(x + A, y + A, z + A,p + A) 

19.26.9 + Rj(x + y,y + y, z + y,p + y) 

= Rj(x,y,z,p) -3 R c ( 7~ S,j), 

where 

19.26.10 

7 = P(P+ A)(p + /x), 5= (p-x)(p-y)(p-z). 

Lastly, 

19.26.11 

#c(z + A, y + A) + R c (x + y,y + y) = Rc(x, y), 
where A > 0, y > 0, x > 0, and 

x + y = A~ 2 (Vx + Ay + \fx(y + A)) 2 , 

19.26.12 v v IT. 

y + p= ( y(y + X)/>?)(Vx + Vx + A) 2 . 

Equivalent forms of (19.26.11) are given by 
R c {a 2 , a 2 - e) + R c i(3 2 , f3 2 - 9) 

19.26.13 

= R c (a 2 ,a 2 - 0), a = (a/3 + 9) /(a + 0), 

where 0 < y 2 — 9 < y 2 for 7 = a, (3, a, except that a 2 — 6 
can be 0, and 

19.26.14 

(p - y) R c (x,p) + (q — y) Rc(x, q) 

= (V - £) Rc{£, V), x > 0, y > 0; p, q £ M\{0}, 
where 


(P ~x)(q~ x) = (y -x) 2 , C = y 2 /x , 
r) = pq/x, 77 - C = P+ q - 2 y. 


19.26.3 
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19.26(ii) Case x = 0 

If x = 0, then A/i = yz. For example, 

19 . 26.16 

R f (X, y + X, z + X) 

= R F (0,y,z) - R F (n,y + n,z + ij,), Xy = yz. 

An equivalent version for Rc is 

19 26 17 'S® Rc(P, a + P) + \[P Rc(&,& + f. 3) 

= 7r/2, a, (3 £ C\(— oo, 0), a + (3 > 0. 


19.26(iii) Duplication Formulas 


Rf( x, y, z) = 2 Rp(x + A, y + A, z + A) 

19 . 26.18 f x + X y + X z AA 

= Rf \-t '~r ’~r J, 

where 

19 . 26.19 A = \fxyfy + \py\fz + yfzyfx. 

19 . 26.20 

3 

Rd{x, y, z) = 2R d (x+ X,y + A, z + A) + — =+ — — 

\/z(z + X) 

2 Rg(x, y, z) = AR g (x + A, y + A, z + A) 

1J "‘ l5 ‘” 1 -A R F (x,y,z)-y/x-y/y-y/z. 


19 . 26.22 

where 


Rj(x, y, z,p) = 2 Rj(x + X,y + X,z + X,p+ X) 
+ 3R c (a 2 ,p 2 ), 


19.26.23 

Q = p{Vx + Vv + '/*) + Vxy/vVz, P=Vp(p + X), 

p±a = (y/p± s/x)(y/p± Vv)(VP± Vz), 
f3 2 -a 2 = {p- x)(p - y)(p - z), 
either upper or lower signs being taken throughout. 

The equations inverse to z+X = (y/z+^/x)(y/z+- s /y) 
and the two other equations obtained by permuting 
x,y,z (see (19.26.19)) are 

19 26 24 (£C + »?C-£??)7( 4 £0, 

(£. V, C) = {x + A, y + A, 2 + A), 
and two similar equations obtained by exchanging z 
with x (and £ with (), or z with y (and £ with rj). 
Next, 

19.26.25 

Rc(x,y) = 2R c (x + X,y + A), X = y + 2^/x^y. 

Equivalent forms are given by (19.22.22). Also, 

19.26.26 R c(x 2 ,y 2 )=Rc(a 2 ,ay), 

a = (x + y) /2, > 0, $iy > 0, 

and 


19 . 26.27 

Rc{x 2 , x 2 — 0) = 2 Rc(s 2 , s 2 — O'), 

s = x + Vx 2 — 0, 0 / x 2 or s 2 . 


19.27 Asymptotic Approximations and 
Expansions 

19.27(i) Notation 

Throughout this section 

19 . 27.1 

a= \(x + y), b=\(y + z), c=\(x + y + z), 

/ = (xyz) 1/3 , g = (xy) 1/2 , h = (yz) 1/2 . 

19.27 (ii) R F (x,y,z ) 

Assume x, y, and 2 are real and nonnegative and at 
most one of them is 0. Then 

19 . 27.2 



19 . 27.3 

R F (x,y,z) = Rp(0,y,z) - -j= + > 

x/h — > 0. 


19.27 (iii) R G (x,y,z) 

Assume x, y, and z are real and nonnegative and at 
most one of them is 0. Then 


19 


. 27.4 R G (x,y, z) = ( 1 + °(“ ln “)) , a/z -> 0. 

x/h), x/h — > 0. 


19 . 27.5 

Rg(x, y, Z ) = R g ( o, y,z) + yfx 


19 . 27.6 = 


Rc(0,y,z) 

'z , y 


2 8y/z 


In 


16 z 

y 


- 1 


( 1 + o©), 

y/z -> o. 


19.27(iv) R D (x,y,z ) 


Assume x and y are real and nonnegative, at most one 
of them is 0, and z > 0. Then 


19 . 27.7 

Rd (x,y,z) 



19 . 27.8 

Rd(x, y, z) 

19 . 27.9 

Rd(x, y, z) 


jxyz xy 


R G (x,y,0) [l + O - , 


9 s 
z/g -> 0. 


Vxz(\Zy + V~z) V \x b 


l + OI tin? 


b/x — > 0. 
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19 . 27.10 

Rd(x, y, z) = R d ( o, y, z) - ^1 + o(J^ ^ , 

x/h — > 0. 


19.27(v) Rj(x,y,z,p) 


Assume a;, y, and z are real and nonnegative, at most 
one of them is 0, and p > 0. Then 


19 . 27.11 

Rj{x,y,z,p ) 

19 . 27.12 

Rj(x,y,z,p) 

19 . 27.13 

Rj{x,y,z,p) 


3 

P 


Rf{x, y, z) 


37 r 

2 p 3 / 2 


(l + O 



c/p — > 0. 




0. 



max(x, j/) / min(z, p) — > 0. 


19 . 27.14 

Rj(x,y,z,p) 


19 . 27.15 

Rj(x,y,z,p) 


19 . 27.16 

Rj(x,y,z,p) 


— r =R c(x,p ) - — R G {0,y,z) 
Vyz yz 


o 


y/x + 2 p 
yz 


max(x,p)/min(y, z) — ► 0. 


Rj{0,y,z,p) 
3y/x 


hp 


l + O 



x/ min(p, z,p) — > 0. 


(3/ a/x) ((/i + p) 2 , 2(& + /i)p) 

+ of-ij In -^-V 

\x 3 / 2 b + h J 

max(p, z,p)/x — > 0. 


19.27(vi) Asymptotic Expansions 

The approximations in §§19.27(i)-19.27(v) are furnished 
with upper and lower bounds by Carlson and Gustafson 
(1994), sometimes with two or three approximations of 
differing accuracies. Although they are obtained (with 
some exceptions) by approximating uniformly the in- 
tegrand of each elliptic integral, some occur also as 
the leading terms of known asymptotic series with er- 
ror bounds (Wong (1983, §4), Carlson and Gustafson 
(1985), Lopez (2000, 2001)). These series converge but 


not fast enough, given the complicated nature of their 
terms, to be very useful in practice. 

A similar (but more general) situation prevails for 
i?_ a (b;z) when some of the variables Z\, , z n are 
smaller in magnitude than the rest; see Carlson (1985, 
(4.16)-(4.19) and (2.26)-(2.29)). 


19.28 Integrals of Elliptic Integrals 

In (19.28.1)-(19.28.3) we assume SRcr > 0. Also, B again 
denotes the beta function (§5.12). 


19 . 28.1 


19 . 28.2 


19 . 28.3 

f l 


pi 

/ U T ~ 1 R F (0,t,l)dt = i(B(u,i)) 2 , 

Jo 

f t 7 - 1 Rg( 0, t, 1) dt = (B (a, !))* 


J o 1 - t) R D (0,t, 1) dt = (B(a, i)) 2 . 

[ t a ~ 1 {l-t) c ~ 1 R_ a {bi,b 2 ;t,l)dt 

Jo 

r(c) r(cr) r(<7 + b 2 - a) 


19 . 28.4 


T(cr + c - a) T((j + b 2 ) ’ 

c = 6i + b 2 > 0, Jicr > max(0, a — b 2 ). 

In (19.28.5)-(19.28.9) we assume x,y,z , and p are 
real and positive. 


19 . 28.5 

19 . 28.6 


7*00 

/ R D {x, y, t) dt = 6Rf(x, y, z), 

J Z 

/ R d (x, y, v 2 z + (1 - V 2 )p ) dv = Rj(x , y, z, p ) . 
Jo 

7*00 

. 28.7 / Rj(x,y,z,r 2 ) dr = R F (xy,xz,yz), 

Jo 

! 8.8 

6 

/ Rj{tx,y,z,tp) dt = —— Rc{p,x) R F (0,y,z). 
Jo Vp 


10 

19 

19 . 28.8 


10 

19 . 28.9 

r 7r / 2 


r 

/ R F (sin 2 9cos 2 (x + y), sin 2 0cos 2 (x — y), l) dd 

Jo 

= R f ( 0,cos 2 x, l) R f (0, cos 2 y, l), 

19 . 28.10 

7*00 

/ Rp((ac + bd ) 2 , (ad + be) 2 , Aabcdcosh 2 z) dz 
Jo 

= \ R F (0, a 2 , b 2 ) R f (0, c 2 , d 2 ), a,b,c,d> 0. 

See also (19.16.24). To replace a single component 
of z in R- a ( b; z) by several different variables (as in 
(19.28.6)), see Carlson (1963, (7.9)). 
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19.29 Reduction of General Elliptic 
Integrals 

19.29(i) Reduction Theorems 

These theorems reduce integrals over a real interval 
(y, x ) of certain integrands containing the square root 
of a quartic or cubic polynomial to symmetric integrals 
over (0,oo) containing the square root of a cubic poly- 
nomial (compare §19.16(i)). Let 

19 29 1 X a = T x , a a T b a y, 

x > y, 1 < a < 5, 

19.29.2 d a f 3 = a a b 0 — apb a , d a0 0 if q// 3, 
and assume that the line segment with endpoints a a + 
b a x and a a + b a y lies in C\(— oo, 0) for 1 < a < 4. If 

4 

19.29.3 s(t) = 

0.-1 

and a, /3, 7 , 5 is any permutation of the numbers 
1,2, 3, 4, then 


19.29.4 


f ^=2R F (U 2 2 ,U 2 3 ,U 2 3 ), 


where 

19.29.5 

U af} = (X a Xf}YyY s + Y a Y 0 X^X s )/(x - y), 

U a. 3 bJ/3a bJryS U§ry^ U Ot (3 ^Ot^f dcxfidfiry. 

There are only three distinct [/’ s with subscripts < 4, 
and at most one of them can be 0 because the d’s are 
nonzero. Then 

19.29.6 

U a0 — \fb a \/ b 0 VI, \ g T 1 a Y 0 \J bry \Zb$ , x — oo, 

L a@ — X a X 0 \J A, \/ bg T \J b a \J bf-j X~, Xg , 

y = -oo. 

19.29.7 


r a a + b a t dt 
ly ag + b s t s(t ) 


— 3 d a0 d ai Rz)(U a0 , U a ^, U a g) 


+ 


XsYsUas ’ 


u aS ± 0. 


j' x a a + b a t dt 
l y a 5 + b 5 t s(t ) 


19.29.8 


where 

19.29.9 


| <wwi °-i Rj (u? 2 ,uLuLu 2 „ s ) 

+ 2 RclsU,Ql t ), SJs 6C\(-oo,0), 


t-t-2 tt2 ^q:7^q;5^/35 jj2 ^a/3^a7^55 

— ~ 


' ot/3 


= ^7- 


— 


da5 dc.5 

1 (X 0 X 7 Xs y2 + Y 0 Y ( Y S v2 


7 ^ 0 , 


X - y 

x 5 y 5 


X n 


Y„ 


-Xr 


5 > 


Q a5 = ^^U a5 ^0, S 2 a5 -Q 2 a5 = 


d 03 d^ 3 ds^ 

da5 


The Cauchy principal value is taken when U 2 5 or Q 2 a3 
is real and negative. Cubic cases of these formulas are 
obtained by setting one of the factors in (19.29.3) equal 
to 1. 

The advantages of symmetric integrals for tables 
of integrals and symbolic integration are illustrated by 
(19.29.4) and its cubic case, which replace the 8 + 8 + 
12 = 28 formulas in Gradshteyn and Ryzhik (2000, 
3.147, 3.131, 3.152) after taking x 2 as the variable of in- 
tegration in 3.152. Moreover, the requirement that one 
limit of integration be a branch point of the integrand 
is eliminated without doubling the number of standard 
integrals in the result. (19.29.7) subsumes all 72 for- 
mulas in Gradshteyn and Ryzhik (2000, 3.168), and its 
cubic cases similarly replace the 18 + 36 + 18 = 72 for- 
mulas in Gradshteyn and Ryzhik (2000, 3.133, 3.142, 
and 3.141(1-18)). For example, 3.142(2) is included as 

19.29.10 

i \ lw^K^ dt = -^ a - b){b - v)3,2RD 

2 I (a — u)(b — u) 

b— c V u — c 

a > b > u > c, 

where the arguments of the Rd function are, in order, 
(a — b)(u — c), ( b — c)(a — u), (a — b)(b — c). 

19.29(ii) Reduction to Basic Integrals 

(19.2.3) can be written 

19.29.11 

/ x h n 

]T[(a a + b a t .)~ 1/ 2 J|(aj + bjt) mj dt, 

- a = 1 j—1 

where x > y, h = 3 or 4, n > h, and rrij is an integer. 
Define 

n 

19.29.12 m = (mi, . . . ,m n ) = mjej, 

j = 1 

where e 7 is an n-tuple with 1 in the jth position and 
0’s elsewhere. Define also 0 = (0,...,0) and retain 
the notation and conditions associated with (19.29.1) 
and (19.29.2). The integrals in (19.29.4), (19.29.7), and 
(19.29.8) are 7(0), I(e a — eg), and I(e a — e 5 ), respec- 
tively. 

The only cases of I(m) that are integrals of the first 
kind are the two (h = 3 or 4) with m = 0. The only 
cases that are integrals of the third kind are those in 
which at least one rrij with j > h is a negative integer 
and those in which h = 4 and Xg=i m j is a positive 
integer. All other cases are integrals of the second kind. 

/( m) can be reduced to a linear combination of ba- 
sic integrals and algebraic functions. In the cubic case 
[h = 3) the basic integrals are 

19.29.13 7(0); /(-e,-), 1 < j < n. 
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In the quartic case ( h = 4) the basic integrals are 


19 . 29.14 


7(0); I(—ej), 

f/ e a)> 


1 < j < n\ 
1 < a < 4. 


Basic integrals of type I(—e 3 ), 1 < j < h, are not lin- 
early independent, nor are those of type /(e^), 1 < j < 

4. 

The reduction of 7(m) is carried out by a relation de- 
rived from partial fractions and by use of two recurrence 
relations. These are given in Carlson (1999, (2.19), 
(3.5), (3.11)) and simplified in Carlson (2002, (1.10), 
(1.7), (1.8)) by means of modified definitions. Partial 
fractions provide a reduction to integrals in which m 
has at most one nonzero component, and these are then 
reduced to basic integrals by the recurrence relations. 
A special case of Carlson (1999, (2.19)) is given by 


19 . 29.15 

bjl{ei - ej) = dijl(-ej) + &;/( 0), j, l = 1, 2 , . . . , n, 

which shows how to express the basic integral /(— e,) 
in terms of symmetric integrals by using (19.29.4) and 
either (19.29.7) or (19.29.8). The first choice gives a 
formula that includes the 18+9+18 = 45 formulas in 
Gradshteyn and Ryzhik (2000, 3.133, 3.156, 3.158), and 
the second choice includes the 8+8+8+12 = 36 formu- 
las in Gradshteyn and Ryzhik (2000, 3.151, 3.149, 3.137, 
3.157) (after setting x 2 = t in some cases). 

If h = 3, then the recurrence relation (Carlson (1999, 
(3.5))) has the special case 


bpbry 7(e a ) d a fid a *yl ( €+) 

1929 16 +2 

\a a + b a x a a + b a y J 

where a, (3 , 7 is any permutation of the numbers 1, 2, 3, 
and 

3 

19 . 29.17 s(t) = n^- 

a— 1 

(This shows why I(e a ) is not needed as a basic integral 
in the cubic case.) In the quartic case this recurrence 
relation has an extra term in 7(2e a ), and hence 7(e a ), 
1 < a < 4, is a basic integral. It can be expressed 
in terms of symmetric integrals by setting 05 = 1 and 
b 5 = 0 in (19.29.8). 

The other recurrence relation is 


19 . 29.18 

b)I{qei) = (f) tfd1~ r I (re j), j, l = 1, 2, . . . , n; 

r - 0 ' ' 

see Carlson (1999, (3.11)). An example that uses 
(19.29.15)-(19.29.18) is given in §19.34. 

For an implementation by James FitzSimons of the 
method for reducing 7(m) to basic integrals and exten- 
sive tables of such reductions, see Carlson (1999) and 
Carlson and FitzSimons (2000). 


Another method of reduction is given in Gray 
(2002). It depends primarily on multivariate recurrence 
relations that replace one integral by two or more. 


19.29(iii) Examples 


The first formula replaces (19.14.4)-(19.14.10). Define 
Qj(t) = dj + bjt 2 , j = 1,2, and assume both Q’s are 
positive for 0 < y < t < x. Then 


19 . 29.19 


dt 


’v 


\J Qi(t)Q2(t) 


19 . 29.20 


t 2 dt 


v VQi(t)Q2(t) 
= ^aid2 Rd (E7“ 


and 


R F (U 2 + ai b 2 ,U 2 + a 2 b 1 ,U 2 ), 


aib 2 , U 2 + a 2 b\,U 2 ) + ( xy/U ), 


19 . 29.21 

r dt 

Jy t 2 Qi(t)Q 2 (t) 

= 5&1&2 Rd(U 2 + aib 2 , U 2 + a 2 &i, U 2 ) + (. xyU ) -1 , 


where 


19 . 29.22 

(x 2 - y 2 )U = x^/Q 1 (y)Q 2 (y) + y \/Qi(x)Q 2 (x). 

If both square roots in (19.29.22) are 0, then the inde- 
terminacy in the two preceding equations can be re- 
moved by using (19.27.8) to evaluate the integral as 
Rc( a ib 2 , a 2 bi, 0) multiplied either by —2 /(bib 2 ) or by 
—2/(0102) in the cases of (19.29.20) or (19.29.21), re- 
spectively. If x = 00, then U is found by taking the 
limit. For example, 


19 . 29.23 

roc 


dt 


1 rm. — 27772 -^y = Rp ( y2 + ° 2 ’ y2 - h 2 ^y 2 )- 

Jy (t 2 + a 2 )(t 2 — b 2 ) 

Next, for j = 1,2, define Qj(t) = fj + g 3 t + h 3 t 2 , 
and assume both Q’s are positive for y <t < x. If each 
has real zeros, then (19.29.4) may be simpler than 

r dt 


19 . 29.24 


where 


y \/ Qi(t)Q 2 (t) 

= 4R f (U, U + D 12 + V,U + D v2 - V), 


19 . 29.25 

(x - y) 2 U = SiS 2 , 

Sj = (y\jQj(x) + yj Qj(y)j - hj(x - y) 2 , 

Dji = 2fjhi + 2 hjfi - g 3 gi, V = \J D\ 2 — DuD 22 . 

(The variables of R F are real and nonnegative unless 
both Q’s have real zeros and those of Qi interlace 
those of Q 2 .) If Qi(t) = (ai + bit) (0,2 + b 2 t ), where 
both linear factors are positive for y < t < x, and 
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Q 2 (t) = f 2 + g2t + h 2 t 2 , then (19.29.25) is modified 
so that 


19.29.26 


Si = {XiY* + YiX 2 ) 2 , 

Xj = sj a,j + bjX, Yj = \J a,j + bjy , 

D 12 = 2aia 2 h 2 + 2b±b 2 f 2 — (aib 2 + a 2 bi)g 2 , 
I?ii = —(0162 — a 2 bi ) 2 = —d 2 2 , 


with other quantities remaining as in (19.29.25). In the 
cubic case, in which a 2 = 1, b 2 = 0, (19.29.26) reduces 
further to 


with a > b, is given by 

19.30.2 s = a r Vl - k 2 sin 2 9 dLO. 

Jo 

When 0 < <j> < 

19.30.3 

s/a = k) 

= R f (c~- 1 ,c- k 2 ,c) - \k 2 R d (c- 1,c- k 2 ,c), 
where 


19.29.27 

S± = (A'i + hi) 2 , Di 2 = 2a\h 2 — big 2 , Du = —bf. 

For example, because t 3 — a 3 = (t — a)(t 2 + at + a 2 ), 
we find that when 0 < a < y < x 

f x dt 


19.29.28 J v 


V 7 i 3 — ' 


= AR f (u, U - 3a + 2v / 3a, 17 - 3a - 2 ^ 0 ) , 

where 

19.29.29 

{x - y) 2 U = (s/x-a + y/y - a) 2 ((£ + g) 2 - (x - y) 2 ) , 

£ = \/ x 2 + ax + a 2 , ?? = \/y 2 + ay + a 2 . 

Lastly, define Q(f 2 ) = /+gt 2 + /if 4 and assume Q(t 2 ) 
is positive and monotonic for y < t < x. Then 

r dt 


19.29.30 J v 

where 

19.29.31 


VW) 

2R F (u,U-g + 2y/fh,U-g-2y/fh), 


(x - y) 2 U = (VOW) + VOW)} - h(x 2 - y 2 ) 2 . 
For example, if 0 < y < x and a 4 > 0, then 

dt = 2R F (U,U + 2a 2 7 U-2a 2 ), 


19.29.32 

where 

19.29.33 


\JD + a 4 


(x - y) 2 U = ^\A 4 + a 4 + 'Jy 4 + a 4 ) — (z 2 - 2/ 2 ) 2 - 


Applications 

19.30 Lengths of Plane Curves 

19.30(i) Ellipse 

The arclength s of the ellipse 

x = a sin <j>, y = b cos <j>, 0 < (f> < 2n, 


19.30.4 k 2 = 1 — (b 2 /a 2 ), c = csc 2 (j). 

Cancellation on the second right-hand side of (19.30.3) 
can be avoided by use of (19.25.10). 

The length of the ellipse is 

19 30 5 L( °’ b) = 4a E{k) = 8a RG (°’ 62/ “ 2 ’ 

= 8R G (0,a 2 ,b 2 ) =8abR G (0,a- 2 ,b- 2 ), 

showing the symmetry in a and b. Approximations and 
inequalities for L(a,b) are given in §19.9(i). 

Let a 2 and b 2 be replaced respectively by a 2 + A and 
b 2 + A, where A 6 (— 6 2 , 00 ), to produce a family of confo- 
cal ellipses. As A increases, the eccentricity k decreases 
and the rate of change of arclength for a fixed value of 
4> is given by 


19.30.6 


ds 

W/k ) 


Va 2 - b 2 F(0, k) 

V a 2 — b 2 R f (c — 1, c — k 2 , c), 
k 2 = (a 2 — b 2 )/(a 2 + A), c = esc 2 (j). 


19.30(ii) Hyperbola 


The arclength s of the hyperbola 


19.30.7 x = aVt + 1, y = b\Zt, 0 < t < 00 , 

is given by 


19.30.8 



I ( a 2 + b 2 )t + b 2 
t(t + 1) 


dt. 


From (19.29.7), with a$ = 1 and b$ = 0, 


19.30.9 


s = \l{e 1 ) = - k a 2 b 2 R D [r , r + b 2 + a 2 , r + b 2 ) 


r = b 4 /y 2 . 



For s in terms of E{^>, k) 7 F(cf> 7 k), and an algebraic 
term, see Byrd and Friedman (1971, p. 3). See Carlson 
(1977b, Ex. 9.4-1 and (9.4-4)) for arclengths of hyper- 
bolas and ellipses in terms of R- a that differ only in the 
sign of b 2 . 


19.30.1 
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19.30(iii) Bernoulli’s Lemniscate 


19.32 Conformal Map onto a Rectangle 


For 0 < 9 < 1 7 r, the arclength s of Bernoulli’s lemnis- 
cate 


19.30.10 r 2 = 2a 2 cos (20), 0 < 0 < 2tt, 

is given by 

19.30.11 

rr jj 

s = 2a 2 /. 4 = V2a?R F (q- l,q,q + l), 

Jo v 4a 4 - t 4 

q = 2 a 2 /r 2 = sec(2 6), 


or equivalently, 


19.30.12 


s = a 


F 



(j> = arcsin \/2/(q + 1) = arccos(tan0). 


The perimeter length P of the lemniscate is given by 


19.30.13 


P = 4v / 2a 2 R f ( 0, 1, 2) = V&P x 5.24411 51 . . . 
= 4a K(l/V2?) = a x 7.41629 87 ... . 


For other plane curves with arclength representable 
by an elliptic integral see Greenhill (1892, p. 190) and 
Bowman (1953, pp. 32-33). 


19.31 Probability Distributions 

Rg(x , y, z ) and Rp(x, y , z) occur as the expectation val- 
ues, relative to a normal probability distribution in R 2 
or R 3 , of the square root or reciprocal square root of 
a quadratic form. More generally, let A (= [a riS ]) and 
B (= [£v,s]) be real positive-definite matrices with n 
rows and n columns, and let . . . , A n be the eigen- 
values of AB- 1 . If x is a column vector with elements 
xi,x%, ... ,x n and transpose x T , then 


The function 

19.32.1 z(p) = R F (p- xi,p- x 2 ,p- x 3 ), 
with xi,X 2 ,X 3 real constants, has differential 


19.32.2 

iz = -\ ( 

Y[(p-Xj) 1/2 j dp, 

If 


> 0; 0 < ph(p - Xj) <7 t, j = 1, 2, 3 

19.32.3 


X\ > X 2 > X 3 , 


then z(p) is a Schwartz-ChristofTel mapping of the open 
upper-half p-plane onto the interior of the rectangle in 
the z-plane with vertices 

2 ( 00 ) = 0, 

zfa) = R F (0,X! - X 2 ,X! - x 3 ) (> 0), 

19 32 4 

■ ■ z(x 2 ) = z( Xl ) + z(x 3 ), 

z(x 3 ) = R f (x 3 - XI, x 3 - x 2 , 0) 

= -iR F ( 0,X! - x 3 ,x 2 - X 3 ). 

As p proceeds along the entire real axis with the upper 
half-plane on the right, 2 describes the rectangle in the 
clockwise direction; hence 2 (^ 3 ) is negative imaginary. 

For further connections between elliptic integrals 
and conformal maps, see Bowman (1953, pp. 44-85). 


19.33 Triaxial Ellipsoids 
19.33(i) Surface Area 

The surface area of an ellipsoid with semiaxes a, b, c, 
and volume V = Airabc/S is given by 


19.31.1 


and 


19.31.2 


n n 

x t Ax = a r>s x r x s , 

r—1 s=l 


19.33.1 S = 3V Rc{a~ 2 ,b~ 2 ,c~ 2 ), 

or equivalently, 


(x t Ax) m exp(— x j Bx) dx\ 
7r n/2 T(p+ ±n) 

" VditBT(in) ^ l2 ’"-’ 



19.33.2 


S 

■ ■ ■ dx n 

27 r 

2 ‘ 5 * • ■ 5 A n ) , 

where 


19.33.3 


H > — n^' 


ab 


sin ( 


(E(<j>, k) sin 2 (j> + F((f>, k) cos 2 4>) , 


a > b > c, 


COS 0 


c 

5 

a 


k 2 


a 2 (b 2 — c 2 ) 
b 2 (a 2 — c 2 ) ' 


§19. 16(iii) shows that for n = 3 the incomplete cases of 
R f and Rg occur when jx = — 1/2 and p = 1/2, respec- 
tively, while their complete cases occur when n = 2 . 

For (19.31.2) and generalizations see Carlson 
(1972b). 


Application of (19.16.23) transforms the last quan- 
tity in (19.30.5) into a two-dimensional analog of 
(19.33.1). 

For additional geometrical properties of ellipsoids 
(and ellipses), see Carlson (1964, p. 417). 
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19.33(ii) Potential of a Charged Conducting 
Ellipsoid 


If a conducting ellipsoid with semiaxes a, b, c bears an 
electric charge Q , then the equipotential surfaces in the 
exterior region are confocal ellipsoids: 


19.33.4 


y 


+ A b 2 + X c 2 + A 


= 1 , 


A > 0. 


The potential is 


19.33.5 V(A) = Q R f (a 2 + A, b 2 + A,c 2 + A), 
and the electric capacity C = Q/V{ 0) is given by 

19.33.6 1/C = Rf (a 2 ,b 2 ,c 2 ). 

A conducting elliptic disk is included as the case 
c= 0. 


19.33(iii) Depolarization Factors 

Let a homogeneous magnetic ellipsoid with semiaxes 
a, 6 , c, volume V = Anabc/3, and susceptibility x be 
placed in a previously uniform magnetic field H parallel 
to the principal axis with semiaxis c. The external field 
and the induced magnetization together produce a uni- 
form field inside the ellipsoid with strength H/(1+L c x), 
where L c is the demagnetizing factor, given in cgs units 

by 

r „ , r dX 

19.33.7 Jo ^(a 2 + A )( 6 2 + A)(c 2 + A ) 3 
= VR D (a 2 ,b 2 ,c 2 ). 

The same result holds for a homogeneous dielectric 
ellipsoid in an electric field. By (19.21.8), 

19.33.8 L a + L b + L c = 47 r, 

where L a and L b are obtained from L c by permutation 
of a, 6 , and c. Expressions in terms of Legendre’s inte- 
grals, numerical tables, and further references are given 
by Cronemeyer (1991). 

19.33(iv) Self-Energy of an Ellipsoidal 
Distribution 

Ellipsoidal distributions of charge or mass are used to 
model certain atomic nuclei and some elliptical galaxies. 
Let the density of charge or mass be 

19.33.9 

p(x, y,z) = f (V( x 2 /a 2 ) + (y 2 /P 2 ) + (^ 2 / t 2 )) , 

where a ,/?, 7 are dimensionless positive constants. The 
contours of constant density are a family of similar, 
rather than confocal, ellipsoids. In suitable units the 
self-energy of the distribution is given by 

19.33.10 

1 I" p(x,y, z)p(x' ,y ' , z') dx dy dz dx' dy' dz' 

2 Jw \J{x - x') 2 + (y - y') 2 + (z - z') 2 


Subject to mild conditions on / this becomes 

POO 

19.33.11 U = \{a(3^) 2 R F {a 2 ,(3 2 ,^ 2 ) / {g(r)) 2 dr, 

Jo 

where ^ 

/•OO 

19.33.12 g(r) = 4tt / f(t)tdt. 

J r 

19.34 Mutual Inductance of Coaxial Circles 

The mutual inductance M of two coaxial circles of ra- 
dius a and b with centers at a distance h apart is given 
in cgs units by 

19.34.1 

r 2 M r 2lr 

= ab / (h 2 + a 2 + b 2 — 2 a 6 cos 9)^ 1//2 cos 0 d8 

2tt Jo 

= 2 ab [ = 2 aW(e 5 ), 

J-i (1 T t) (1 t)(a 3 — 2 abt) 

where c is the speed of light, and in (19.29.11), 

19.34.2 a 3 = h 2 + a 2 + b 2 , a 5 = 0, 65 = 1. 

The method of §19.29(ii) uses (19.29.18), (19.29.16), 
and (19.29.15) to produce 

19.34.3 

2 abl(e 5 ) = a 3 I( 0 ) - J(e 3 ) = a 3 /( 0 ) - r\ r 2 _ I(-e 3 ) 

= 2 ab(I( 0 ) - r 2 _I(e 1 - e 3 )), 
where ci\ + b±t = 1 + t and 

19.34.4 r 2 = a 3 ± 2 ab = h 2 + (a ± b) 2 

is the square of the maximum (upper signs) or minimum 
(lower signs) distance between the circles. Application 
of (19.29.4) and (19.29.7) with a = 1, ap + bpt = 1 — t, 
6 = 3, and a 7 + 6 7 f = 1 yields 

19.34.5 M = 3R F (0,r1 ,r 2 ) - 2r 2 R D (0, r \ , r 2 ) , 

or, by (19.21.3), 

19.34.6 

1 2 -M = (r 2 + +r 2 _)R F (0, r 2 + ,r 2 _) 4 R G (0, r 2 , r 2 ) . 

A simpler form of the result is 

19.34.7 M = ( 2 /c 2 )( 7 ra 2 )( 7 r 6 2 )i?_a(|, |;r 2 ,r 2 ). 
References for other inductance problems solvable 

in terms of elliptic integrals are given in Grover (1946, 
pp. 8 and 283). 

19.35 Other Applications 
19.35(i) Mathematical 

Generalizations of elliptic integrals appear in analysis 
of modular theorems of Ramanujan (Anderson et al. 
(2000)); analysis of Selberg integrals (Van Diejen and 
Spiridonov (2001)); use of Legendre’s relation (19.7.1) 
to compute 7 r to high precision (Borwein and Borwein 
(1987, p. 26)). 
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19.35(ii) Physical 

Elliptic integrals appear in lattice models of critical 
phenomena (Guttmann and Prellberg (1993)); theories 
of layered materials (Parkinson (1969)); fluid dynam- 
ics (Kida (1981)); string theory (Arutyunov and Stau- 
dacher (2004)); astrophysics (Dexter and Agol (2009)). 


Computation 


19.36 Methods of Computation 


19.36(i) Duplication Method 


Numerical differences between the variables of a sym- 
metric integral can be reduced in magnitude by succes- 
sive factors of 4 by repeated applications of the duplica- 
tion theorem, as shown by (19.26.18). When the differ- 
ences are moderately small, the iteration is stopped, the 
elementary symmetric functions of certain differences 
are calculated, and a polynomial consisting of a fixed 
number of terms of the sum in (19.19.7) is evaluated. 
For Rp the polynomial of degree 7, for example, is 


19 . 36.1 


1 -±E 2 + ±E 3 + - -lE 2 E 3 


10 J 
5 rp 3 
208 ^2 


24^2 44 J 

3 77-2 1 7t> 2 j 

104^3 + 16 ^2 1 


where the elementary symmetric functions E s are de- 
fined by (19.19.4). If (19.36.1) is used instead of its first 
five terms, then the factor (3r) -1 / 6 in Carlson (1995, 
(2.2)) is changed to (3r) _1,/8 . 

For a polynomial for both Rd and Rj see http: 
/ /dlmf .nist . gov/ 19.36. i. 


Example 

Three applications of (19.26.18) yield 

19 . 36.3 R F (l,2,4) = R F (z u z 2 ,z 3 ), 

where, in the notation of (19.19.7) with a = — \ and 
n = 3, 

19 . 36.4 

z\ = 2.10985 99098 8, t 2 = 2.12548 49098 8, 

z 3 = 2.15673 49098 8, A = 2.13069 32432 1, 

Z 1 = 0.00977 77253 5, Z 2 = 0.00244 44313 4, 

Z 3 = -Z 1 - Z 2 = -0.01222 21566 9, 

E 2 = -1.25480 14 x 10" 4 , E 3 = -2.9212 x 1CT 7 . 
The first five terms of (19.36.1) suffice for 

19 . 36.5 R f ( 1, 2, 4) = 0.68508 58166 .... 

All cases of R F , Rc , Rj, and Rd are computed 
by essentially the same procedure (after transforming 
Cauchy principal values by means of (19.20.14) and 
(19.2.20)). Complex values of the variables are allowed, 


with some restrictions in the case of Rj that are suf- 
ficient but not always necessary. The computation is 
slowest for complete cases. For details see Carlson 
(1995, 2002) and Carlson and FitzSimons (2000). In 
the Appendix of the last reference it is shown how to 
compute Rj without computing Rc more than once. 
Because of cancellations in (19.26.21) it is advisable to 
compute Rc from R F and Rd by (19.21.10) or else to 
use §19.36(ii). 

Legendre’s integrals can be computed from symmet- 
ric integrals by using the relations in §19.25(i). Note the 
remark following (19.25.11). If (19.25.9) is used when 
0 < k 2 < 1, cancellations may lead to loss of significant 
figures when k 2 is close to 1 and </> > 7r/4, as shown 
by Reinsch and Raab (2000). The cancellations can be 
eliminated, however, by using (19.25.10). 

Accurate values of k) — E{<j>, k) for k 2 near 0 
can be obtained from Rd by (19.2.6) and (19.25.13). 

19.36(ii) Quadratic Transformations 

Complete cases of Legendre’s integrals and symmet- 
ric integrals can be computed with quadratic conver- 
gence by the AGM method (including Bartky transfor- 
mations), using the equations in §19.8(i) and §19.22(ii), 
respectively. 

The incomplete integrals R F (x, y , z) and Rc(x, y , z) 
can be computed by successive transformations in which 
two of the three variables converge quadratically to a 
common value and the integrals reduce to Rc, accom- 
panied by two quadratically convergent series in the case 
of Rq; compare Carlson (1965, §§5,6). (In Legendre’s 
notation the modulus k approaches 0 or 1.) Let 

2u n _|_i — Q n T \J u 2 c 2 , 

19 . 36.6 2c n _|_i — a n (X n c n c n /(2d n _|_ 3 ) , 

2tn+l = t n + \/tl + 9cl, 

where n = 0,1,2,..., and 

19 . 36.7 0 < c 0 < o 0 , t 0 > 0, to + 0a o>°i 0 = ± 1. 
Then (19.22.18) implies that 

19 . 36.8 R F (t 2 n ,t 2 n + 0c 2 n ,tl + 0a 2 n ) 

is independent of n. As n — > oo, c n , a ni and t n converge 
quadratically to limits 0, M, and T, respectively; hence 

19 . 36.9 

Rp (t 2 0 , t 2 0 + del , t 2 0 + °a 2 o) = Rf(T 2 , T 2 , T 2 + 6M 2 ) 

= R c (T 2 + 0M 2 ,T 2 ). 

If to = cio and 9 = — 1, so that t n = a n , then this pro- 
cedure reduces to the AGM method for the complete 
integral. 

The step from n to n + 1 is an ascending Landen 
transformation if 9 = 1 (leading ultimately to a hyper- 
bolic case of Rc) or a descending Gauss transformation 
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if 9 = — 1 (leading to a circular case of Rc )• If x , y, and 
£ are permuted so that 0 < x < y < z, then the com- 
putation of Rp{x,y,z) is fastest if we make Cq < clq/2 
by choosing 9=1 when y < (x + z) / 2 or 9 = — 1 when 
y> {x + z)/2. 

Example 

We compute 77^(1, 2, 4) by setting 9 = 1, to = Co = 1, 
and ao = \/3- Then 

19 . 36.10 

cl = 6.65 x 1CT 12 , a\ = 2.46209 30206 0 = M 2 , 

t\ = 1.46971 53173 1 = T 2 . 

Hence 

19 . 36.11 

i? F (l,2,4) = R C (T 2 + M 2 ,T 2 ) = 0.68508 58166, 
in agreement with (19.36.5). Here Rc is computed ei- 
ther by the duplication algorithm in Carlson (1995) or 
via (19.2.19). 

For an error estimate and the corresponding pro- 
cedure for Rg{x , y, z), see http : / /dlmf . nist .gov/ 19 . 
36. ii. 

F{(j), k ) can be evaluated by using (19.25.5). E(q \ k) 
can be evaluated by using (19.25.7), and R D by using 
(19.21.10), but cancellations may become significant. 
Thompson (1997, pp. 499, 504) uses descending Lan- 
den transformations for both F(cj>,k) and E((f>,k). A 
summary for F((f>,k) is given in Gautschi (1975, §3). 
For computation of K(k) and E(k ) with complex k see 
Fettis and Caslin (1969) and Morita (1978). 

(19.22.20) reduces to 0 = 0 if p = x or p = y, and 
(19.22.19) reduces to 0 = 0 if t = x or t = y. Near 
these points there will be loss of significant figures in 
the computation of Rj or Rc. 

Descending Gauss transformations of a 2 ,k) 
(see (19.8.20)) are used in Fettis (1965) to compute a 
large table (see §19.37(iii)). This method loses signif- 
icant figures in p if a 2 and k 2 are nearly equal unless 
they are given exact values — as they can be for tables. 
If a 2 = k 2 , then the method fails, but the function can 
be expressed by (19.6.13) in terms of E(q >, k), for which 
Neuman (1969) uses ascending Landen transformations. 

Computation of Legendre’s integrals of all three 
kinds by quadratic transformation is described by 
Cazenave (1969, pp. 128-159, 208-230). 

Quadratic transformations can be applied to com- 
pute Bulirsch’s integrals (§19.2(iii)). The func- 
tion cel (k c ,p,a,b) is computed by successive Bartky 
transformations (Bulirsch and Stoer (1968), Bulirsch 
(1969b)). The function el2 (x,k c ,a,b) is computed by 
descending Landen transformations if x is real, or by 
descending Gauss transformations if x is complex (Bu- 
lirsch (1965a)). Remedies for cancellation when x is 
real and near 0 are supplied in Midy (1975). See also 
Bulirsch (1969a) and Reinsch and Raab (2000). 


Bulirsch (1969a, b) extend Bartky’s transformation 
to el3(x, k c ,p) by expressing it in terms of the first 
incomplete integral, a complete integral of the third 
kind, and a more complicated integral to which Bartky’s 
method can be applied. The cases fc 2 /2 < p < 00 and 
— 00 < p < fc 2 /2 require different treatment for numeri- 
cal purposes, and again precautions are needed to avoid 
cancellations. 

19.36(iii) Via Theta Functions 

Lee (1990) compares the use of theta functions for com- 
putation of K(k), E(k), and K(k) — E(k), 0 < k 2 < 1, 
with four other methods. Also, see Todd (1975) for a 
special case of K(k). For computation of Legendre’s 
integral of the third kind, see Abramowitz and Stegun 
(1964, §§17.7 and 17.8, Examples 15, 17, 19, and 20). 
For integrals of the second and third kinds see Lawden 
(1989, §§3.4-3. 7). 

19.36(iv) Other Methods 

Numerical quadrature is slower than most methods for 
the standard integrals but can be useful for elliptic in- 
tegrals that have complicated representations in terms 
of standard integrals. See §3.5. 

For series expansions of Legendre’s integrals see 
§19.5. Faster convergence of power series for K{k) and 
E[k) can be achieved by using (19.5.1) and (19.5.2) in 
the right-hand sides of (19.8.12). A three-part computa- 
tional procedure for n(</>, a 2 ,k) is described by Franke 
(1965) for a 2 < 1. 

When the values of complete integrals are known, 
addition theorems with = tt/2 (§19.11(ii)) ease the 
computation of functions such as F((f>, k) when ^7r — 
is small and positive. Similarly, §19.26(ii) eases the com- 
putation of functions such as Rf{x , y, z) when x (> 0) is 
small compared with min(y, z). These special theorems 
are also useful for checking computer codes. 

19.37 Tables 

19.37(i) Introduction 

Only tables published since 1960 are included. For ear- 
lier tables see Fletcher (1948), Lebedev and Fedorova 
(1960), and Fletcher et al. (1962). 

19.37(ii) Legendre’s Complete Integrals 

Functions K(k ) and E(k) 

Tabulated for k 2 = 0(.01)1 to 6D by Byrd and Friedman 
(1971), to 15D for I\(k) and 9D for E(k) by Abramowitz 
and Stegun (1964, Chapter 17), and to 10D by Fettis 
and Caslin (1964). 


19.38 Approximations 
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Tabulated for k = 0(.01)1 to 10D by Fettis and 
Caslin (1964), and for k = 0(.02)1 to 7D by Zhang and 
Jin (1996, p. 673). 

Tabulated for arcsin fc = 0(1°)90° to 6D by Byrd 
and Friedman (1971) and to 15D by Abramowitz and 
Stegun (1964, Chapter 17). 

Functions K(k), K'(k), and iK'(k)/ K(k) 

Tabulated with k = Re 1 e for R = 0(.01)1 and 6 = 
0(1°)90° to 11D by Fettis and Caslin (1969). 

Function exp( — n K' (k) / K(k))(= q(k)) 

Tabulated for k 2 = 0(.01)1 to 6D by Byrd and Friedman 
(1971) and to 15D by Abramowitz and Stegun (1964, 
Chapter 17). 

Tabulated for arcsin fc = 0(1°)90° to 6D by Byrd 
and Friedman (1971) and to 15D by Abramowitz and 
Stegun (1964, Chapter 17). 

Tabulated for k 2 = 0(. 001)1 to 8D by Beliakov et al. 
(1962). 

19.37(iii) Legendre’s Incomplete Integrals 

Functions F(<p,k ) and E(cf>,k ) 

Tabulated for 0 = 0(5°)90°, k 2 = 0(.01)1 to 10D by 
Fettis and Caslin (1964). 

Tabulated for 0 = 0(1°)90°, k 2 = 0(.01)1 to 7S 
by Beliakov et al. (1962). ( F(<j>,k ) is presented as 

n(0,o ,*).) 

Tabulated for 0 = 0(5°)90°, k = 0(.01)1 to 10D by 
Fettis and Caslin (1964). 

Tabulated for 0 = 0(5°)90°, arcsin fc = 0(1°)90° 
to 6D by Byrd and Friedman (1971), for 0 = 
0(5°)90°, arcsin k = 0(2°)90° and 5°(10°)85° to 8D by 
Abramowitz and Stegun (1964, Chapter 17), and for 
0 = 0(10°)90°, arcsin k = 0(5°)90° to 9D by Zhang and 
Jin (1996, pp. 674-675). 

Function 11(0, a 2 , fc) 

Tabulated (with different notation) for 0 = 0(15°)90°, 
a 2 = 0(.1)1, arcsin k = 0(15°)90° to 5D by Abramowitz 
and Stegun (1964, Chapter 17), and for 0 = 0(15°)90°, 
a 2 = 0(.1)1, arcsin k = 0(15°)90° to 7D by Zhang and 
Jin (1996, pp. 676-677). 

Tabulated for 0 = 5°(5 o )80 o (2.5°)90 o , a 2 = 
-l(.l) - 0.1, 0.1(.1)1, k 2 = 0(. 05)0. 9(. 02)1 to 10D by 
Fettis and Caslin (1964) (and warns of inaccuracies in 
Selfridge and Maxfield (1958) and Paxton and Rollin 
(1959)). 

Tabulated for 0 = 0(1°)90°, a 2 = 

0(. 05)0. 85, 0. 88(. 02)0. 94(. 01)0. 98(. 005)1, k 2 = 0(.01)1 
to 7S by Beliakov et al. (1962). 

19.37(iv) Symmetric Integrals 

Functions Rf (x 2 , 1, y 2 ) and Rg ( x 2 , 1, y 2 ) 

Tabulated for x = 0(.1)1, y = l(-2)6 to 3D by Nellis 
and Carlson (1966). 


Function Rf (a 2 , b 2 , c 2 ) with abc = 1 

Tabulated for a = 0(. 05)0. 5(.1)1(.2)2(. 5)5, cos(37) = 
— 1(.2)1 to 5D by Carlson (1961a). Here 
a 2 = | ((In a) 2 + (ln&) 2 + (Inc) 2 ), cos(37) = 

(4/cr 3 )(lna)(ln6)(lnc), and a, b, c are semiaxes of an 
ellipsoid with the same volume as the unit sphere. 

Check Values 

For check values of symmetric integrals with real or com- 
plex variables to 14S see Carlson (1995). 

19.38 Approximations 

Minimax polynomial approximations (§3.1 1 (i) ) for K{k) 
and E{k) in terms of to = k 2 with 0 < to < 1 
can be found in Abramowitz and Stegun (1964, §17.3) 
with maximum absolute errors ranging from 4xl0 -5 to 
2xl0 -8 . Approximations of the same type for K(k ) 
and E(k) for 0 < k < 1 are given in Cody (1965a) 
with maximum absolute errors ranging from 4xl0 _o to 
4xl0 -18 . Cody (1965b) gives Chebyshev-series expan- 
sions (§3.11(ii)) with maximum precision 25D. 

Approximations for Legendre’s complete or incom- 
plete integrals of all three kinds, derived by Pade ap- 
proximation of the square root in the integrand, are 
given in Luke (1968, 1970). They are valid over parts 
of the complex k and 0 planes. The accuracy is con- 
trolled by the number of terms retained in the approxi- 
mation; for real variables the number of significant fig- 
ures appears to be roughly twice the number of terms 
retained, perhaps even for 0 near 7r/2 with the improve- 
ments made in the 1970 reference. 


19.39 Software 

See http : //dlmf .nist . gov/19 . 39. 
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Whittaker and Watson (1927). 
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Sources 

The following list gives the references or other indica- 
tions of proofs that were used in constructing the various 
sections of this chapter. These sources supplement the 
references that are quoted in the text. 

§ 19.2 Bulirsch (1965a, 1969a, b), Bulirsch and Stoer 
(1968). To prove (19.2.20) evaluate the two parts 
of the Cauchy principal value (intervals (0, — y — S ) 
and (— y + 5, oo)) using Carlson (1977b, (8.2-2)), 
and reduce the first part to Rc by Carlson (1977b, 
(9.8-4)) with B = C. Apply (19.12.7) to both 
parts as S — > 0 and combine the two logarithms. 
For (19.2.21) see (19.16.18) and put cos 9 = v in 

(19.23.8) . For (19.2.22) put z = x in (19.23.5) and 
interchange x and y. 

§ 19.3 The graphics were produced at NIST. 

§ 19.4 Cazenave (1969, p. 175). (19.4.1)-(19.4.7) follow 
by differentiation of the definitions in §19.2(ii). 

(19.4.8) agrees also with Edwards (1954, vol. 1, 
p. 402) and with expansion to first order in k. 
The term on the right side in Byrd and Friedman 
(1971, 118.01) has the wrong sign. 

§ 19.5 For (19.5.1)-(19.5.4) put sin 0 = 1 and t = 
yjx in (19.2.4)-(19.2.7). Then compare with 
Erdelyi et al. (1953a, 2.1.3(10) and 2. 1.1(2)) in the 
first three cases, and with Erdelyi et al. (1953a, 
5. 8. 2(5) and 5. 7. 1(6)) in the fourth case. For 
(19.5.5) and (19.5.6) see Kneser (1927, (12) and 
p. 218); Byrd and Friedman (1971, 901.00) is in- 
correct. (19.5.8) and (19.5.9) follow from Borwein 
and Borwein (1987, (2.1.13) and (2.3.17), respec- 
tively). For (19.5.10) iterate (19.8.12). 

§ 19.6 For the first line of (19.6.2) put a = k in the 
first line of (19.25.2) and use the last line of 
(19.25.1). For the second line of (19.6.2), and also 
for (19.6.5), use (19.7.8) and (19.6.15). For the 
first line of (19.6.6) use (19.6.5) and (19.6.2). For 
more detail as k 2 — > 1— see §19.12. For (19.6.7), 

(19.6.8) use (19.2.4), (19.16.6), and (19.25.5). For 

(19.6.9) , (19.6.10) use (19.2.5). For (19.6.11)- 

(19.6.14) Byrd and Friedman (1971, 111.01 and 
111.04, p. 10) also needs asin<^> < 1. Start with 

(19.25.14) . For the second equation of (19.6.12) 
use (19.20.8). For (19.6.13) use (19.16.5) with 
(19.25.10) and (19.25.11). 

§ 19.7 Three proofs of (19.7.1) are given in Duren 
(1991). To prove it from (19.21.1) put z + 
1 = 1/fc 2 , use homogeneity, and apply the 

penultimate equation in (19.25.1) twice. For 


(19.7.4) -(19.7.7) see the penultimate paragraph 

in §19.25(i). (19.7.8)-(19.7.10) follow from the 

change of parameter for the symmetric integral 
of the third kind; see §19.21(iii) and (19.25.14). 

§ 19.8 Cox (1984, 1985), Borwein and Borwein (1987, 
Chapter 1), Cazenave (1969, pp. 114-127). To 
prove the second equality in (19.8.4), put tan# = 
Vt/go- (19.8.7) is derived from (19.22.12) and 

(19.25.14), and (19.8.9) is derived from (19.6.5) 
and (19.8.7); see also Carlson (2002). For 

(19.8.16) and (19.8.17) replace ((f), k) by (^ 2 ,^ 2 ), 
and then (cj)i,ki) by (<f),k) in (19.8.11) and 
(19.8.13). See also Hancock (1958, pp. 74-77) for 
proof of (19.8.13) and (19.8.17). 

§ 19.9 For (19.9.1) see Erdelyi et al. (1953b, 
§13.8(9), (11)), (19.9.13), (19.6.12), and (19.6.15). 
For (19.9.2) and (19.9.3) see Qiu and Vamana- 
murthy (1996). For (19.9.4) see Barnard et al. 
(2000, (6)); the first inequality was given earlier 
by Qiu and Shen (1997, Theorem 2). For (19.9.5) 
see Lehto and Virtanen (1973, p. 62). For (19.9.6) 
and (19.9.7) see (19.25.1) and (19.16.21) and then 
apply Carlson (1966, (2.15)), in which H < H' 
for 0 < k < 1 in both cases. In (19.9.7) the up- 
per bound 4/ 7r, which is the smaller of the two 
when k 2 > 0.855 . . . , is given by Anderson and 
Vamanamurthy (1985). For (19.9.8) see (19.25.1), 
Neuman (2003, (4.2)), and (19.24.9). For (19.9.9) 
see (19.30.5). For (19.9.14) see (19.24.10) and 
(19.25.5). For (19.9.15) and (19.9.16) see Carlson 
and Gustafson (1985, (1.2), (1.22)). 

§ 19.10 For (19.10.1) see (19.2.17). For (19.10.2) use 
(19.6.8). 

§ 19.11 Byerly (1888, pp. 243-245, 256-258), Edwards 
(1954, v. 2, pp. 511-513), Cazenave (1969, pp. 83- 
85). (19.11.5) can be derived from (19.26.9), 

(19.25.26), and (19.11.1). 

§ 19.12 For (19.12.1) and (19.12.2) see Cayley (1895, 
p. 54) and Cazenave (1969, pp. 165-169). For 

(19.12.4) and (19.12.5) use (19.25.2), (19.27.13), 
and (19.6.5). For (19.12.6) and (19.12.7) see Carl- 
son and Gustafson (1994, (22), (24)). 

§ 19.14 For (19.14.1)-(19.14.3) see Cazenave (1969, 
pp. 286,276). For (19.14.4) use (19.29.19) and 
(19.25.24). 

§ 19.16 See Carlson (1977b, (6.8-6), Ex. 6.8-8, and (5.9- 
1)). To prove (19.16.12) put t = esc 2 9 — esc 2 <f> in 
the first integral in (19.16.9). For (19.16.19) and 
(19.16.23) see Carlson (1977b, (5.9-19) and (8.3- 
4)). To derive (19.16.24) exchange subscripts 1 
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and n in Carlson (1963, (7.4)), put t = s/z\, and 
use (19.16.19). 

§ 19.17 The graphics were produced at NIST. 

§ 19.18 (19.18.1) is derived from (19.16.1), (19.16.5), 
and (19.18.4). (19.18.2) follows from (19.18.8). 

For (19.18.4) and (19.18.5) put t = —a and 
c = a + a' in Carlson (1977b, (5. 9-9), (5. 9-10)). 

(19.18.6) comes from (19.18.8) and (19.20.25). For 
(19.18.8) and (19.18.11) see Carlson (1977b, (5.9- 
2)). For (19.18.12)— (19.18.17) see Carlson (1977b, 
§5.4). 

§ 19.19 To prove (19.19.2) expand the product in 

(19.23.10) in powers of u. (19.19.3) is derived from 

(19.16.11) and (19.19.2). For (19.19.5) see Carlson 
(1979, (A. 12)). For (19.19.6) compare (19.16.2) 
and (19.16.9). 

§ 19.20 In (19.20.2) put t = 1 /y/s + 1; alternatively 
use (19.29.19). For the second equality replace 
f 4 by t and apply (5.12.1). For (19.20.3) use Carl- 
son (1977b, Ex. 6.9-5 and p. 309) and (19.25.42). 
For (19.20.4) use (19.20.5) and (19.16.3). For 

(19.20.5) put z = y in (19.21.10). For (19.20.6) 
substitute in (19.16.2) and (19.16.5). In (19.20.7) 
see (19.27.12) for p — > 0+; for p — > 0— 
use (19.20.17) and (19.6.15). In (19.20.8) the 
third equation is proved by partial fractions, and 
also implies the first two equations by (19.6.15). 
For (19.20.9) put x = 0 in (19.20.13). For 

(19.20.10) interchange x and z in (19.27.14) and 
use (19.6.15). For (19.20.11) use (19.27.13), 
(19.20.17), and (19.27.2). For (19.20.12) see 

(19.27.11) and (19.21.12). For (19.20.13) let q = p 
in (19.21.12). For (19.20.14) exchange x and z in 

(19.21.12) and use (19.2.20). For the third equa- 
tion in (19.20.18) put t = y tan 2 8 in (19.16.5); for 
the fourth equation see (19.27.7). For (19.20.19) 
see (19.27.8). For (19.20.20) and (19.20.21) use 

(19.16.15) , (19.16.9), and Carlson (1977 b, Table 
8.5-1). In (19.20.22) put t = l/yfs + 1; alterna- 
tively use (19.29.20). For the second equality re- 
place t 4 by t and apply (5.12.1). For (19.20.23) 
use Carlson (1977b, Ex. 6.9-5 and p. 309) and 
(19.25.42). For (19.20.24)-(19.20.26) see Carlson 
(1977b, (6. 2-1), (6.8-15)). 

§ 19.21 To prove (19.21.1) see the text following 

(19.21.6) , use (19.20.10), and analytic continua- 
tion. For (19.21.2) put x = 0 in (19.21.9). For 
(19.21.3) put x = 0 in (19.21.11) and (19.21.10). 

(19.21.6) is equivalent to Zill and Carlson (1970, 

(7.15) ). For (19.21.8) and (19.21.9) see Carlson 
(1977b, (5. 9-5), (5.9-6)) and (19.20.25). To obtain 


(19.21.7) eliminate Rjj(z,x,y) between (19.21.8) 
and (19.21.9), which follow from Carlson (1977b, 
(5.9-5, (6.6-5), and (5.9-6)). For (19.21.10) see 
Carlson (1977b, Table 9.3-1). To prove (19.21.11) 
write xt/(t + x) = x — ( x 2 /(t + x)) in (19.23.7) 
and similarly for y and z. Then use (19.21.9). For 
(19.21.12)-(19.21.15) see Zill and Carlson (1970, 
(4.6)). 

§ 19.22 In (19.22.18), (19.22.21), and (19.22.20), put 
z = 0 to obtain (19.22.1), (19.22.2), and (19.22.4), 
respectively. (19.22.3) is derivable from (19.22.2) 
and (19.21.3), or more directly by putting p = 
y in (19.22.7). For (19.22.7) see Carlson 
(1976, (4. 14), (4. 13)), where (tt/4 )R L (y,z,p) = 
RF(0,y,z) - (p/3) Rj(0,y,z,p). For (19.22.8)- 
(19.22.15) iterate the results given in §19.22(i); 
see also (19.16.20), (19.16.23), and Carlson (2002, 
Section 2). For (19.22.18) see Carlson (1964, 
(5.13)). For (19.22.19) put p = z in (19.22.20). 
For (19.22.20) see Zill and Carlson (1970, (5.7)) 
and Carlson (1990, (8.5)). For (19.22.21) see Carl- 
son (1964, (5.16)). For (19.22.22) put z = y in 
(19.22.18). In the ascending Landen case let k 2 = 
(z% - z 2 _)/(z% - a 2 ) and k\ = (z 2 - y 2 ) /( z 2 - x 2 ) 
to get the second equation in (19.8.11). In the de- 
scending Gauss case let k\ = ( a 2 — z 2 )/(a 2 — z+) 
and k 2 = (z 2 — y 2 )/ ( z 2 — x 2 ) to get the first equa- 
tion in (19.8.11). 

§ 19.23 For (19.23.8) and (19.23.9) see Carlson (1977b, 
Exercises 5.9-19, 5.9-20, and p. 306). By 
§19.16(iii), (19.23.8) implies (19.23.1)-(19.23.3), 
and (19.23.9) implies (19.23.6). Use (19.23.8) to 
integrate over 8 in (19.23.6) and then permute 
variables to prove (19.23.5). To prove (19.23.4) 
put z = 0 in (19.23.5), relabel variables, and sub- 
stitute cos 8 = secht. For (19.23.7) and (19.23.10) 
see Carlson (1977b, (9.1-9) and (6.8-2), respec- 
tively). 

§ 19.24 For (19.24.1)-(19.24.3) use (19.9.1) and 
(19.9.4). For (19.24.4) see (19.16.22) and Carl- 
son (1966, (2.15)). For (19.24.3) see (19.30.5). 

(19.24.8) is a special case of (19.24.13). For 

(19.24.9) see Neuman (2003, (4.2)). 

§ 19.25 (19.25.1), (19.25.2), and (19.25.3) are derived 
from the incomplete cases. For (19.25.4) put c = 1 
in (19.25.16). (19.25.5) and (19.25.7) come from 
Carlson (1977b, (9.3-2) and (9.3-3)). For (19.25.6) 
and (19.25.12) apply (19.18.4) to (19.25.5) and 
(19.25.8), respectively. (19.25.8) and (19.25.15) 
are special cases of (19.16.12). To get (19.25.9), 

(19.25.10) , and (19.25.11), let (c — 1, c — k 2 , c) = 
(. x,y,z ) and eliminate Rq between (19.25.7) and 
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each of the three forms of (19.25.10) obtained 
by permuting x,y and z. For (19.25.13) com- 
bine (19.2.6) and (19.25.9). For (19.25.14) see Zill 
and Carlson (1970, (2.5)). For (19.25.16) sub- 
stitute (19.25.14) in (19.7.8) and use (19.2.20). 
For (19.25.19)-(19.25.22) rewrite Bulirsch’s inte- 
grals (§19.2(iii)) in terms of Legendre’s integrals, 
then use §19.25(i) to convert them to i?-functions. 
For (19.25.24)-(19.25.27) define c = esc 2 </, write 
( x , y, z,p)/{z — x) = (c— 1, c— k 2 , c,c — a 2 ), then 
use (19.25.5), (19.25.9), (19.25.14), and (19.25.7) 
to prove (19.25.24), (19.25.25), (19.25.26), and 
(19.25.27), respectively. To prove (19.25.29) use 
(cs,ds,ns) = (cn,dn,l)/sn (suppressing vari- 
ables (u,k)). For (19.25.30) see Carlson (2006a, 
Comments following proof of Proposition 4.1). 
For (19.25.31) see Carlson (2004, (1.8)). In 
(19.25.32), (19.25.33), and (19.25.34), substitute 
x = ps (it, fc), sp (it, k), and pq(it, k), respec- 
tively, to recover (19.25.31). To prove (19.25.35) 
use (23.6.36), with z = p(w) as prescribed in 
the text that follows (23.6.36), substitute it = 
t + p(w) and compare with (19.16.1). Then put 
z = ojj to obtain (19.25.38). For (19.25.37) and 
(19.25.39) see Carlson (1964, (3.10) and (3.2)). 
For (19.25.40) combine Erdelyi et al. (1953b, 
§§13.12(22), 13.13(22)) and (19.25.35). 

§ 19.26 Addition theorems (and therefore duplication 
theorems) for the symmetric integrals are proved 
by Zill and Carlson (1970, §8). For other proofs 
of (19.26.1) see Carlson (1977b, §9.7) and Carl- 
son (1978, Theorem 3). To prove (19.26.13) 
use (19.2.9) to show that 2 \/d Rc (u 2 , a 2 ~ 9) = 

ln^(cr + \/6)/(<j — then apply this to all 

three terms. To prove (19.26.14) put z = y in 
(19.21.12) and use (19.20.8). For (19.26.17) put 
6 = —af3 in (19.26.13) and use homogeneity. For 
(19.26.18)-(19.26.27) put p = A in the formulas 
of §19.26(i). For proofs of (19.26.18) not invoking 
the addition theorem, see Carlson (1977b, §9.6) 
and Carlson (1998, §2). Equations (19.26.25) and 
(19.26.20) are degenerate cases of (19.26.18) and 
(19.26.22), respectively. 

§ 19.27 Carlson and Gustafson (1994). For (19.27.2) 
see Carlson and Gustafson (1985). 

§ 19.28 To prove (19.28.1)-(19.28.3) from (19.28.4) use 
§19.16(iii). To prove (19.28.4) expand the R- 
function in powers of 1 — t by (19.19.3), inte- 
grate term by term, and use Erdelyi et al. (1953a, 
2.8(46)). (19.28.5) is equivalent to (19.18.1). In 
(19.28.6) let v = y/u and use Carlson (1963, 


(7.9)). In (19.28.7) substitute (19.16.2), change 
the order of integration, and use (19.29.4). Use 
Carlson (1963, (7.11)) and (19.16.20) to prove 
(19.28.8) and (19.28.10). In the first case Carl- 
son (1977b, (5.9-21)) is needed; in the sec- 
ond case put (zi, Z 2 , Ci> C2) = (a 2 , b 2 , c 2 , d 2 ), 
use Carlson (1977b, (9.8-4)), and substitute 
t = (ab/cd) exp(2z). To prove (19.28.9) from 

(19.28.10) , put a = exp (ix) = 1/6, c = exp (iy) = 
1/d, cosh s =1/ sind, and on the right-hand side 
use (19.22.1). 

§19.29 For (19.29.4) see Carlson (1998, (3.6)). For 
(19.29.7), a special case of (19.29.8), see also 
Carlson (1987, (4.14)). For (19.29.8) see Carl- 
son (1999, (4.10)) and Carlson (1988, (5.6)). For 

(19.29.10) see Byrd and Friedman (1971, p. 76, 
Eq. (234.13), and p. 74) for notation. Then use 
Carlson (2006b, (3.2)) with (p,q,r) = (n,d,c) for 
reduction to Rd- For (19.29.19)-(19.29.33) take 
t 2 as a new variable where appropriate. Then fac- 
tor quadratic polynomials, use (19.29.4), and ap- 
ply (19.22.18) to remove any complex quantities. 
For (19.29.20) use (19.29.7) with a a + b a t = t and 
as + bst — 1. For (19.29.21) use (19.29.7) with 
a a + b a t = 1 and as + bst = t. With regard to 
(19.29.28) see Carlson (1977a, p. 238). 

§ 19.30 Carlson (1977b, §9.4 and Ex. 8.3-7, with solu- 
tion on p. 312). For (19.30.5) see (19.25.1). For 

(19.30.6) use (19.4.6). 

§ 19.32 Carlson ( 1977b, pp. 234-235). For (19.32.2) use 

(19.18.6) . 

§ 19.33 Carlson (1977b, pp. 271, 313, (9.4-10), and 
Ex. 9.4-3) and Carlson (1961a). For other proofs 
of (19.33.1) and (19.33.2) see Watson (1935b), 
Bowman (1953, pp. 31-32), and Carlson (1964, 
p. 417). For the first equality in (19.33.7) see 
Becker and Sauter (1964, p. 106). 

§ 19.34 For (19.34.1) see Becker and Sauter (1964, 
p. 194). For (19.34.7) see Carlson (1977b, Ex. 9.3- 
2 and p. 313); alternatively, substitute Carlson 
(1977b, (9.2-3) and (9.2-2)) in (19.34.6) and use 
Carlson (1977b, Table 9.3-2). 

§ 19.36 For the quadratic transformations see Carl- 
son (1965, (3.1), (3.2), Sections 5, 6). To 
obtain (19.36.6) and (19.36.8) from (19.22.18), 
let {x 2 ,y 2 ,z 2 ) = (f 2 ,f 2 + 9c 2 n ,t 2 + Oal) and 
(a 2 ,z 2 _,z\) = (t 2 n+1 ,t 2 n+l + 9c 2 n+1 R 2 n+1 + 9a 2 n+1 ). 
Then use the expression for z\— a 2 from (19.22.17) 
and the definition of a from (19.22.16). 
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Notation 

20.1 Special Notation 

(For other notation see pp. xiv and 873.) 
m, n integers. 
z (G C) the argument, 
r (e C) the lattice parameter, Sr > 0. 
q (€ C) the nome, q = e l7rT , 0 < \q\ < 1. Since r is 
not a single-valued function of q , it is 
assumed that r is known, even when q is 
specified. Most applications concern the 
rectangular case 3?r = 0, Sr > 0, so that 
0 < q < 1 and r and q are uniquely related. 
q a e M7rT f or a g u (resolving issues of choice of 

branch) . 

S 1 /S 2 set of all elements of Si, modulo elements of 
S' 2 . Thus two elements of S 1 /S 2 are 
equivalent if they are both in Si and their 
difference is in S 2 . (For an example see 
§20.12(ii).) 

The main functions treated in this chapter are the 
theta functions 0j(z\r ) = 9j(z,q) where j = 1,2, 3, 4 
and q = e l7I ’ T . When r is fixed the notation is often ab- 
breviated in the literature as 9j(z), or even as simply 0,j , 
it being then understood that the argument is the pri- 
mary variable. Sometimes the theta functions are called 
the Jacobian or classical theta functions to distinguish 
them from generalizations; compare Chapter 21. 

Primes on the 9 symbols indicate derivatives with 
respect to the argument of the 9 function. 

Other Notations 

Jacobi’s original notation: 0(z|r), 0 i(z|t), H(z|t), 
Hi(z|t), respectively, for 0 4 (m|t), 0 3 (u|t), 0i(w|t), 
9 2 (u\t), where u = z/ 0§(O|r). Here the symbol H de- 
notes capital eta. See, for example, Whittaker and Wat- 
son (1927, p. 479) and Copson (1935, pp. 405, 411). 

Neville’s notation: 0 s (z|r), 0 c (z|t), 0<j(z|r), 

0„(z|r), respectively, for 0§(O|t) 0i(m|t)/0((O|t) , 
9 2 \u\t) / 9 2 {0\t) , 0 3 (u|t)/0 3 (O|t), 0 4 (u]t)/0 4 (O|t), 

where again u = z/0|(O|r). This notation simplifies 
the relationship of the theta functions to Jacobian el- 
liptic functions (§22.2); see Neville (1951). 

McKean and Moll’s notation: i?j(z|r) = 9j(Trz\r), 
j = 1,2, 3,4. See McKean and Moll (1999, p. 125). 

Additional notations that have been used in the 
literature are summarized in Whittaker and Watson 
(1927, p. 487). 


Properties 

20.2 Definitions and Periodic Properties 
20.2(i) Fourier Series 

0i(z|t) = 9i(z,q) 

OO 

20 ' 2 - 1 = 2 ^(-l)"g (n +5) 2 sin((2n + 1 )z), 

n — 0 

00 

20.2.2 0 2 (z|t) = 0 2 ( 2 , q) = 2^ g (n+ 5 )2 cos((2n + 1 )z), 

n — 0 

00 

20.2.3 0 3 (z|r) = 0 3 (z, q) = 1 + 2 ^ q n cos(2 nz), 

n= 1 
00 

20.2.4 0 4 (z|r) = 9i(z, q) = 1 + 2 J^(— l) n q n cos(2 nz). 

n — 1 

Corresponding expansions for 0'(z|r), j = 1,2, 3,4, 
can be found by differentiating (20.2.1)-(20.2.4) with 
respect to 2 . 

20.2(ii) Periodicity and Quasi-Periodicity 

For fixed t, each 9j(z\t) is an entire function of z with 
period 27r; 0 i(z|t) is odd in z and the others are even. 
For fixed z, each of 0i(z|r)/sinz, 0 2 (z|r)/cosz, 0 3 (z|t), 
and 0 4 (z|t) is an analytic function of r for Sr > 0, with 
a natural boundary St = 0, and correspondingly, an an- 
alytic function of q for |q| < 1 with a natural boundary 

\q\ = i- 

The four points (0, w, n + tit, ttt) are the vertices of 
the fundamental parallelogram in the z-plane; see Figure 
20.2.1. The points 

20.2.5 z mjn = (in + nr) n, m, n € Z, 

are the lattice points. The theta functions are quasi- 
periodic on the lattice: 

20.2.6 

01 (z + (TO + ut)tt\t) = (-l) m+n q- n2 e - 2 mz 0i(z|r), 

20.2.7 

02 (z + (to + nr)7r|r) = (-1 ) m q~ n e~ 2mz 0 2 (z|r), 

20.2.8 

0 3 (z + (to + nr)7r|r) = q~ n e ~' 2mz 0 3 (z|r), 

20.2.9 

0 4 (z + (to + nr)7r|r) = (— 1 ) n q~ n e~ 2mz 0 4 (z|r). 
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Figure 20.2.1: z-plane. Fundamental parallelogram. Left-hand diagram is the rectangular case (r purely imaginary); 
right-hand diagram is the general case. • zeros of 9\{z\t), ■ zeros of 9 2 {z\t), A zeros of 9 3 (z\t), ♦ zeros of 9 4 (z\t). 


20.2 (iii) Translation of the Argument by 
Half- Periods 

M = M{z\t) = e iz+ ^ r/A \ 

0\(z\t) = - 9 2 (z + \tt\t) = — iM 9 4 (z + 

= - iM 9 3 [z + \-k + , 

9 2 {z\t) = 9i[z + §7T | r) = M 9 3 (z + \kt\t) 

= M 9 4 (z + + \tyt\t), 

9 3 {z\t) = d 4 (z+ \-k\ t) = M9- 2 (z+ 5ttt|t) 

= M 9i(z + + i7rr|r), 

9 4 (z\t) = 0 3 (z + 57 t|t) = — iM [z + |7tt|t) 

= iM 9 2 (z + j7r + i7rr|r). 

20.2(iv) z-Zeros 

For m,n £ Z, the z-zeros of 9j(z\t), j = 1,2, 3, 4, 
are (m + nr) 7r, (to + | + ?rr)7r, (m + \ + (n + |)r)7r, 
(to + (n+ |)t)7t respectively. 


With 

20 . 2.10 

20 . 2.11 

20 . 2.12 

20 . 2.13 

20 . 2.14 
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20.3(i) 0-Functions: Real Variable and Real 
Nome 

See Figures 20.3.1-20.3.13. 



Figure 20.3.1: 9j(nx, 0.15), 0 < x < 2, j = 1,2, 3, 4. 



Figure 20.3.2: 9i{-nx,q), 0 < x < 2, q = 0.05, 0.5, 0.7, 
0.9. For q < g Dedeklnd ) 9i(Trx,q) is convex in x for 
0 < x < 1. Here g Dedeklnd = e _7ryo = 0.19 approx- 
imately, where y = yo corresponds to the maximum 
value of Dedekind’s eta function rj(iy) as depicted in 
Figure 23.16.1. 



0.9. 
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Figure 20.3.8: d 3 (x,q ), 0 < q < 1, x = 0, 0.4, 5, 10, 40. Figure 20.3.9: $ 4 ( 2 :,q), 0 < q < 1, x = 0, 0.4, 5, 10, 40. 
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Figure 20.3.12: 6 S {-Kx,q), 0 < a; < 2, 0 < q < 0.99. Figure 20.3.13: x,q), 0<x<2,0<q< 0.99. 


20.3(ii) 0-Functions: Complex Variable and Real Nome 


See Figures 20.3.14-20.3.17. In these graphics, height corresponds to the absolute value of the function and color to 
the phase. See also p. xiv. 



Quadrant Colors Quadrant Colors 


Figure 20.3.14: 9i(ttx + iy, 0.12), — 1 < x < 1, — 1 < Figure 20.3.15: + iy, 0.12), — 1 < x < 1, — 1 < 

y < 2.3. y < 2.3. 
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Quadrant Colors 


Figure 20.3.16: 9^{-kx + iy, 0.12), — 1 < x < 1, — 1 < 
y< 1-5. 



Quadrant Colors 


Figure 20.3.17: O^nx + iy, 0.12), — 1 < x < 1, — 1 < 
y< 1-5. 


20.3(iii) 0-Functions: Real Variable and Complex Lattice Parameter 

See Figures 20.3.18-20.3.21. In these graphics this subsection, height corresponds to the absolute value of the function 
and color to the phase. See also p. xiv. 



Quadrant Colors 

Figure 20.3.19 : 92{0\u + iv), — 1 < u < 1, 0.005 < v < 

0 . 1 . 


Figure 20.3.18: 6*i(0.1|it + iv), — 1 < u < 1, 0.005 < v < 
0.5. The value 0.1 of 2 is chosen arbitrarily since 9\ 
vanishes identically when 2 = 0. 


Quadrant Colors 



Quadrant Colors 



14.1 


e 

Quadrant Colors 


Figure 20.3.20: 0 3 (O|u + w), — 1 < u < 1, 0.005 < v < Figure 20.3.21: 04 (O|w + iu), — 1 < u < 1, 0.005 < v < 
0 . 1 . 0 . 1 . 


20.4 Values at z = 0 
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20.4 Values at z = 0 

20.4(i) Functions and First Derivatives 

20.4.1 0^0, q) = 0' (0, q) = 0' (0, q) = 0^(0, q) = 0, 

oo 

20.4.2 e[ (0 ,q) = 2 g 1/4 Hi 1 - ^ f > 

n—1 

oo 

20.4.3 0 2 (0, q) = 2 g 1/4 (i g 2 ") (l + q 

n—1 
oo 

20.4.4 0 3 (0, q) = (1 - 9 2 ”) (! + 9 2 ™” 1 ) 2 , 

n=l 
oo 

20.4.5 0 4 (0, g) = JJ (l — q 2n ) (l — q 


2 n\ 


J2n-1\ 


n—1 


Jacobi’s Identity 

20.4.6 6[( 0, q) = 02(0, q) 0 3 (O, g) 0 4 (O, g). 

20.4(ii) Higher Derivatives 

20.4.7 0"(O, q) = 0(,"(O, g) = 0£'(O, 9) = 0 4 '(O, g) = 0. 


20.4.8 


20.4.9 


20.4.10 


20.4.11 


20.4.12 


= - 1 + 24 E 7 rf 


er ( Q . g ) , , o„ ^ ? 2n 

fli(0,g) 

0 2 (o, g) 


^ (1 — g 2rl ) 2 ’ 


= -i-*E 


n=l 

00 ~2n 


02 M ~ (1 + ^)2’ 

<%(0,g) _ of- g 2 "" 1 

0 3 (O,g) A.(l + g2n-l)2> 

0 4 (o> g) g 2n_1 


= «E 


04 ( 0 , g) ^(1-g 2 ”- 1 ) 2 
0'i"(O,g) _ 02(0, g) , 0 3 (0, g) , 0?(O,g) 


0i (0, g) 02(0, g) 0 3 (O,g) 0 4 (O,g)‘ 

20.5 Infinite Products and Related Results 
20.5(i) Single Products 

20.5.1 

0i (z, q) 

oo 

= 2 g 1 / 4 sin 2 Y[ (1 - q 2n ) (l - 2g 2n cos(2z) + g 4n ) , 

n—1 

20.5.2 

02 ( 2 , g) 

oo 

= 2g 1 / 4 cos 2 (l — q 2n ) (l + 2q 2n cos(2z) + g 4n ) , 


n—1 


20.5.3 


0 3 (2, g) = n (1 - 0 2 ") (! + 2( i 2n ~ l ™s( 2 z) + g 4n_2 ) 


20.5.4 


0 4 ( 2 , g) = n (1 - 9 2 ”) (! - 2g 2 ” -1 cos( 22 ) + g 4 "" 2 ) . 


20.5.5 


0i(z|t) = 0 , 1 (O|r)sinz 

20.5.6 


n—1 


9 2 (z\t) = 0 2 (O|r ) cos 2 


sin(n7rr + z) sin(mrT — z) 

• 2/ i > 

sin ynTTT j 

cos(n7rr + 2 ) cos(n7TT — z) 
cos 2 (n7rr) 


20.5.7 

03O*|t) 


= 0 3 (O|r) 


n=l 


cos((n — |)7 tt + z) cos ((n — \)^t — z) 
cos 2 ((n — |)7 rr) 


20.5.8 

0 4 (2|t) 


= 0 4 (O|r) 


sin((n — |)7 tt + z) sin((n — ^)7 tt — z) 


„=i sin 2 ((n — |)7 tt) 

Jacobi’s Triple Product 
20.5.9 


0 3 (ttz|t) = Y p 2n q n 


n— — oo 


= n( 1 -9 2n ) (i + g 2 " - V) (i + g 2 -V 2 ) 

n=l 

where p = e I7rz , g = e I7I ’ T . 

20.5(ii) Logarithmic Derivatives 

When |Sz| < ttQt, 

20.5.10 

- cot z = 4 sin(2z) V 2 ^ r - 

0i (z, g) 1 — 2 g 2n cos(2 z) + g 4rl 


= 4 E 


n—1 


1 - g 2n 


sin(2nz), 


20.5.11 

0 2 (^g) 

02(z,q) 


+ tan z = — 4 sin(2z) ^ 


00 9 77 

qZn 


n—1 


1 + 2g 2n cos(2z) + g 4n 


= 4 E<-i)' 


q 2n 

r — ^sin(2nz). 


The left-hand sides of (20.5.10) and (20.5.11) are re- 
placed by their limiting values when cot z or tan z are 
undefined. 

When |3z| < ^7 t3t, 

20.5.12 

0 3 (z,g) 

03 ( 2 , g) 


= — 4sin(2z) Y 


Jln—1 


1 + 2 g 2n_1 COS ( 2 z ) + g 4n_2 


= 4 E(-1)' 


j—^sm(2nz)> 
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20.5.13 

9 4 {z, g) 

9 4 {z,q) 


= 4sin(2^:) ^ 


q 


2n— 1 


=“s: f 


1-9 


^ 1 — 2g 2rt_1 cos(2z) + q An ~ 2 

2n Sill ( 2 n ")' 


With the given conditions the infinite series in 
(20.5.10)-(20.5.13) converge absolutely and uniformly 
in compact sets in the 2 -plane. 

20.5(iii) Double Products 


N 


M 


20.5.14 


20.5.15 


20.5.16 


20.5.17 


6»i(z|t) = 2 6» , 1 (0|t) lim Jim I 1, , s ,, 

n—kx) ±± M—>oc \ (m + nr )7r / 

n=-N m——M x V 1 / / 

\m\+\n\^0 

N M, 

0 2 (z\t) = 0 2 (O|t) lim lim (l 


TV — ►OO Af - 

n——N m—l — M 


(m — i + nr)7r 


N 


M 


9 3 (z\t) = 6» 3 (0|t) lim lim 1 


N — *00 M- 

n—l—N m—l — M 


N 


M 


e 4 (z\T) = 0 4 (O|r) lim [] lim [] 1 


N — kx> M — >-oo 

n=l—N m=—M 


(m ~ \ + (n — \)t) 7 


(m + (n — ^)r)7r 


These double products are not absolutely convergent; 
hence the order of the limits is important. The order 
shown is in accordance with the Eisenstein convention 
(Walker (1996, §0.3)). 

20.6 Power Series 

Assume 

20.6.1 |7T2| < min \z mjn \ , 

where z m ^ n is given by (20.2.5) and the minimum is for 
m , n £ Z, except m = n = 0. Then 

20 . 6.2 9i(-kz\t) = 7T2 0((O|r) exp [ — ^ -zzfo j( T )z 2 -’ 

v ^ J 

20.6.3 9 2 (ttz\t) = 0 2 (O|r ) exp ^ (t).? 2 - 7 ^ , 

20.6.4 9 3 {ttz\t) = 6» 3 (0|t) exp ^ ^ p 2j (t) z 2j ^j , 

20.6.5 04 ( 7 tz|t) = 04 (O|r) exp ^ . 

Here the coefficients are given by 

oo oo 

<M r ) = Y {m + nr)- 2:l , 


20 . 6.6 


7i — — oo m— — oo 
| m | + | ra |^0 


OO oo 


20 


.6.7 a 2i (r) = ^ ^ (m-i+nr) 


-2 j 


OO OO 


20 . 6.8 f 3 2 j( T ) = Y ( TO - | + O - \) T ) 

ri — — oo m=— oo 
oo oo 

20.6.9 723 ( 1 -)= ( TO + ( n ^ 


71— — 00 7X1— — OO 


and satisfy 


20 . 6.10 


a 2 i ( r ) = 2 2:) 5 2j (2t) - S 2j (r), 
#2, ,j(j) = 2 2j 7 2j -(2t) - 7 2 j -(t). 


7i — —00 m =— 00 


In the double series the order of summation is impor- 
tant only when j = 1. For further information on S 2 j 
see §23.9: since the double sums in (20.6.6) and (23.9.1) 
are the same, we have S 2n = c n /(2n — 1) when n > 2. 

20.7 Identities 
20.7(i) Sums of Squares 

20.7.1 

9l{0,q) 9 2 (z, q) = 9 2 (0, q) 9j(z,q) + 9 2 (0, q) 9 2 (z, q), 

20.7.2 

9l(0,q)9l(z,q) = 0 2 (o,g) 9\{z,q) + 9l(0,q) 9%{z,q), 

20.7.3 

9l(0,q)9l{z,q) = 9l(0,q) 9 2 (z, q) + 6»|(0,g) 9%{z,q), 

20.7.4 

9 2 (0,q ) 0l(z, q) = 0l{0,q) 9j(z,q) + 9%{0,q) 9\[z,q). 

Also 

20.7.5 0a(O,g) =0 2 (O,g) + 0j(O,g). 


20.8 Watson’s Expansions 
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20.7 (ii) Addition Formulas 


20.7.6 

20.7.7 

20.7.8 


#4 (°> ?) ( w + z , 9) 01 (w - 2, 9) 

= 0 l{w,q) 0 2 (z,q) - 0 l{w,q) 0 l(z,q), 
04 ( 0 , 9) 02 (to + 2, g) 9 2 (w - 2, g) 

= 04 ( w : 9) 02 (2, g) - 8 \(w,q) 9 % (z, q), 
04(0, 9) 03 (w + 2, q) d 3 (w - z, q) 

= 0 \(w,q) 0 3 (z, q) - 0 f(w,q) 0 %(z,q), 


20 7 9 0 ^(0, 9 ) 04(w + 2, g) 6 ±(w — 2, g) 

= 03 (™, 9) 03 (* , 9) - 0l (w, 9) 02 (2, 9) • 

For these and similar formulas see Lawden (1989, §1.4) 
and Whittaker and Watson (1927, pp. 487-488). 

20.7(iii) Duplication Formula 


20.7.10 9 1 (2z 1 q) = 2 


0i (2, q) d 2 (z , g) 6*3(2, g) 6*4(2, g) 


0 2 (O, g) 0 3 (O, g) 0 4 (O, g) 

20.7(iv) Transformations of Nome 


0i (2, g) 0 2 (z, g) = 03(2, g) 04(2, g) 
01.(22, g 2 * ) 04(22, g 2 ) 

20.7.12 

0i(2, g 2 ) 04(2, g 2 ) _ 0 2 (2, g 2 ) 0 3 (2, g 2 ) 


0i (2, g) 


0 2 (2, g) 


04 (0, g 2 ), 
| 02(0, g). 


20.7(v) Watson’s Identities 

20.7.13 

0i ( 2 , g) 0i(w,g) = 03(2 + w, g 2 ) 9 2 (z-w,q 2 ) 

- 0 2 (2 + w, g 2 ) 0 3 (2 - w, g 2 ) , 

20.7.14 

03 ( 2 , g) 0 3 (to, g) = 03(2 + ui, g 2 ) 0 3 (2 - to, g 2 ) 

+ 0 2 (2 + w,g 2 ) 02 ( 2 -w,g 2 ). 

20.7(vi) Landen Transformations 

With 

20.7.15 A = A{t) = 1/6> 4 (0|2t) , 

20.7.16 9i(2z\2t) = A9\(z\t) 0 2 (2|t), 

20.7.17 9 2 (2z\2t) = A0i(j7t — z\t) 9i(\it + z\t ), 

20.7.18 6* 3 (22|2t) = A9 3 {\ 7t - z\t) 0 3 (j n + z\t), 

20.7.19 6*4(22|2t) = 7L03(z|t) 04 ( 2 |t) . 

Next, with 

20.7.20 B = B(t) = l/(0 3 (O|r) 0 4 (O|t) 0 3 ( j7t|t)) , 


20.7.21 9i{Az\At) = B9i{z\t)9i(\tt - z\t) 9^-k + z\t) 9 2 (z\t), 

20.7.22 0 2 (42|4t) = B 0 2 (g7r — z\t) 9 2 (^tt + z\t ) 0 2 (§7r — z\t) 02 (|tt + 2|t), 

20.7.23 0 3 (42|4t) = B9 3 (\t: - z\t)9 3 (\t: + z\t) 0 3 (§7t - 2|r) 0 3 (§7r + 2|r), 

20.7.24 0 4 (42|4t) = B 0 4 (2|t) 0 4 (j7t — 2|r) 0 4 (|-7r + z\r) 0 3 (2|t). 


20.7(vii) Derivatives of Ratios of Theta 
Functions 

20.7.25 d ( 02 ^ tS > \ = 0 3 (°l r )0i( z l' r )03(-l' r ) 

dz \9 4 : (z\t)) 9j(z\r) 

See Lawden (1989, pp. 19-20). This reference also gives 
ten additional identities involving permutations of the 
four theta functions. 

20.7(viii) Transformations of Lattice Parameter 

20.7.26 0i(z|t + 1) = e i7r / 4 0i(2|r), 

20.7.27 0 2 (2|t + 1) = e l7r/4 0 2 (2|r), 

20.7.28 0 3 (2|t + 1) = 0 4 (2|t), 

20.7.29 0 4 (z|r + l) = 0 3 (2|r). 


In the following equations t' = — 1/t, and all square 
roots assume their principal values. 

20.7.30 (— ir ) 1 / 2 0i(z|t) = — i exp(ir' z 2 /n) 8 i(zt'\t'), 

20.7.31 (— ir ) 1 / 2 9 2 (z\t) = exp(jT'z 2 /7r) 04 (zt'|t , ) j 

20.7.32 (— ir) 1 / 2 9 3 {z\t) = exp(ir' z 2 / 7r) 9 3 {zt'\t'), 

20.7.33 (— ir ) 1 / 2 04 (z|r) = exp{ir' z 2 / n) 9 2 {zt'\t'). 

These are examples of modular transformations; see 
§23.15. 


20.8 Watson’s Expansions 


20 . 8.1 

02(0,9) 9 3 (z,q) 9 4 (z,q) 

02 (z, q) 


= 2 V ’ 

Z—/ n~ n P~ 


^ 1 'j'riqn 2 gi2nz 


n =— 00 


+ q n e l 


See Watson (1935a). This reference and Bellman (1961, 

pp. 46-47) include other expansions of this type. 
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20.9 Relations to Other Functions 


20.9(i) Elliptic Integrals 


With k defined by 

20.9.1 fc = 0 2 2 (O|r)/0 3 2 (O|T) 

and the notation of §19.2(ii), the complete Legendre in- 
tegrals of the first kind may be expressed as theta func- 
tions: 


20.9.2 K{k ) = In 9 2 (0 \t), K'(k) = —irK(k), 

together with (22.2.1). 

In the case of the symetric integrals, with the nota- 
tion of §19. 16(i) we have 


20.9.3 R f 

20.9.4 

20.9.5 


9j{z,q) 0j{z,q) 9l(z,q) 
6»|(0,g)’ 9§(0,q)’ 0|(O ,q) 
RF(O,0l(O,q),0i(O,q)) = In 
n R f ( 0, k 2 , l) 


9'i(0,q) 

9i(z,q) 


exp - 


= q- 


R F (0,k ,2 ,l) 

20.9(H) Elliptic Functions and Modular 
Functions 


See §§22.2 and 23.6(i) for the relations of Jacobian and 
Weierstrass elliptic functions to theta functions. 

The relations (20.9.1) and (20.9.2) between k and 
r (or q) are solutions of Jacobi’s inversion problem,', 
see Baker (1995) and Whittaker and Watson (1927, 
pp. 480-485). 

As a function of r, k 2 is the elliptic modular func- 
tion ; see Walker (1996, Chapter 7) and (23.15.2), 
(23.15.6). 

20.9(iii) Riemann Zeta Function 


20. 10(ii) Laplace Transforms with respect to 
the Lattice Parameter 


Let s, £, and (3 be constants such that Rs > 0, £ > 0, 
and sinh |/3| < l. Then 




int 


dt. 


20.10.4 


l 2 

(1 + /3)tt 


2£ 


int , , 
-p Ut 


= — sinh(/3 y/s) sech(£y/s) > 

V s 


20.10.5 



(1 + /3)tt 
2£ 



dt 



fin 

2£ 



dt 



cosh (/3-y/s) csch(^v / s)- 


For corresponding results for argument derivatives of 
the theta functions see Erdelyi et al. (1954a, pp. 224- 
225) or Oberhettinger and Badii (1973, p. 193). 


20. 10(iii) Compendia 

For further integrals of theta functions see Erdelyi et al. 
(1954a, pp. 61-62 and 339), Prudnikov et al. (1990, 
pp. 356-358), Prudnikov et al. (1992a, §3.41), and Grad- 
shteyn and Ryzhik (2000, pp. 627-628). 


20.11 Generalizations and Analogs 


See Koblitz (1993, Ch. 2, §4) and Titchmarsh (1986b, 
pp. 21-22). See also §§20.10(i) and 25.2. 

20.10 Integrals 


20. 1 1 (i) Gauss Sum 

For relatively prime integers m , n with n > 0 and mn 
even, the Gauss sum G(m,n) is defined by 


20.10(i) Mellin Transforms with respect to the 
Lattice Parameter 


Let s be 

a constant such that Rs > 2. Then 


20.10.1 




Jo 

1 02 (0 \ix 2 ) dx 

= 2 s {l-2- s )n~ s/2 T(ls) 

C(s), 

20.10.2 

nOO 

/ x s ~\e 3 {o\ 
'0 

ix 2 ) — 1) dx = n~ s ^ 2 T(ls 

)CW, 

20.10.3 

/•OO 

/ x‘~\\ 

— 04(0 *a; 2 )) dx 


Jo 



= (i-2 1 ->- s / 2 r(i s ) c(s). 

Here £(s) again denotes the Riemann zeta function 
(§25.2). 

For further results see Oberhettinger (1974, pp. 157- 
159). 


n— 1 

20 . 11.1 G(m, n) = ]T e -™ fc2 W". ; 

fc= o 

see Lerch (1903). It is a discrete analog of theta func- 
tions. If both m,n are positive, then G(m,n) allows 
inversion of its arguments as a modular transformation 
(compare (23.15.3) and (23.15.4)): 


20 . 11.2 



G(m, n ) 



n— 1 

^ ^ 7T ik 2 m/n 
k = 0 


=— W 4 2 , P -W 4 

e ^rn/m : l___(5(_ n) m )_ 


v 1=0 

This is the discrete analog of the Poisson identity 
(§1.8(iv)). 


Applications 
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20.11(ii) Ramanujan’s Theta Function and 
g-Series 

Ramanujan’s theta function f{a,b) is defined by 

OO 

20.11.3 f(a,b) = a n(n+1)/2 & n(rl - 1)/2 , 

n— — oo 

where a, b £ C and \ab\ < 1. With the substitutions 
a = qe 2lz , b = qe~ 2lz , with q = e lnT , we have 

20.11.4 f(a,b) = e 3 (z\r). 

In the case z = 0 identities for theta functions be- 
come identities in the complex variable q , with |g| < 1, 
that involve rational functions, power series, and contin- 
ued fractions; see Adiga et al. (1985), McKean and Moll 
(1999, pp. 156-158), and Andrews et al. (1988, §10.7). 


20.11(iii) Ramanujan’s Change of Base 


As in §20.11(ii), the modulus k of elliptic integrals 
(§19.2(ii)), Jacobian elliptic functions (§22.2), and 
Weierstrass elliptic functions (§23.6(ii)) can be ex- 
panded in q-series via (20.9.1). However, in this case 
q is no longer regarded as an independent complex vari- 
able within the unit circle, because k is related to the 
variable r = r{k) of the theta functions via (20.9.2). 
This is Jacobi’s inversion problem of §20.9(ii). 

The first of equations (20.9.2) can also be written 


20.11.5 


2 Fi(i,i;l;fc 2 ) =0 3 2 (O|t); 


see §19.5. Similar identities can be constructed for 
2 Pi(|,|;l;fc 2 ), 2 F 1 (|,f;l;fc 2 ), and 2 F 1 (§, §; 1; fc 2 ) . 
These results are called Ramanujan s changes of base. 
Each provides an extension of Jacobi’s inversion prob- 
lem. See Berndt et al. (1995) and Shen (1998). For 
applications to rapidly convergent expansions for ir see 
Chudnovsky and Chudnovsky (1988), and for applica- 
tions in the construction of elliptic-hypergeometric se- 
ries see Rosengren (2004). 


20.11(iv) Theta Functions with Characteristics 

Multidimensional theta functions with characteristics 
are defined in §21.2(ii) and their properties are described 
in §§21.3(ii), 21.5(ii), and 21.6. For specialization to the 
one-dimensional theta functions treated in the present 
chapter, see Rauch and Lebowitz (1973) and §21.7 (iii) - 


Applications 


20.12 Mathematical Applications 
20.12(i) Number Theory 

For applications of 03 ( 0 , q) to problems involving sums 
of squares of integers see §27.13(iv), and for exten- 
sions see Estermann (1959), Serre (1973, pp. 106-109), 
Koblitz (1993, pp. 176-177), and McKean and Moll 
(1999, pp. 142-143). 

For applications of Jacobi’s triple product (20.5.9) 
to Ramanujan’s r(n) function and Euler’s pentagonal 
numbers see Hardy and Wright (1979, pp. 132-160) and 
McKean and Moll (1999, pp. 143-145). For an applica- 
tion of a generalization in affine root systems see Mac- 
donald (1972). 

20.12(ii) Uniformization and Embedding of 
Complex Tori 

For the terminology and notation see McKean and Moll 
(1999, pp. 48-53).' 

The space of complex tori C/(Z + rZ) (that is, 
the set of complex numbers z in which two of these 
numbers Z\ and z 2 are regarded as equivalent if there 
exist integers to, n such that z\ — z 2 = m + rn ) is 
mapped into the projective space P 3 via the identifica- 
tion z — > (9 1 (2z\t), 0 2 (2z|t), 0 3 (2,s|t), 0 4 (2z|t)). Thus 
theta functions “uniformize” the complex torus. This 
ability to uniformize multiply-connected spaces (mani- 
folds), or multi-sheeted functions of a complex variable 
(Riemann (1899), Rauch and Lebowitz (1973), Siegel 
(1988)) has led to applications in string theory (Green 
et al. (1988a, b), Krichever and Novikov (1989)), and 
also in statistical mechanics (Baxter (1982)). 


20.13 Physical Applications 

The functions 9j(z\r), j = 1,2, 3, 4, provide periodic 
solutions of the partial differential equation 

20.13.1 d9(z\r)/dT = k d 2 9(z\T)/dz 2 , 
with n = — *7r/4. 

For r = it, with a,t,z real, (20.13.1) takes the form 
of a real-time t diffusion equation 

20.13.2 d9/dt = a d 2 9/dz 2 , 

with diffusion constant a = 7r/4. Let z,a,t £ R. Then 
the nonperiodic Gaussian 



is also a solution of (20.13.2), and it approaches a Dirac 
delta (§1.17) at t = 0. These two apparently different 
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solutions differ only in their normalization and bound- 
ary conditions. From (20.2.3), (20.2.4), (20.7.32), and 
(20.7.33), 

I OO 

20.13.4 J— Y e -(n^+zfl(A a t) = Q 3 ( z \iAat/Tr), 

V 4crf 

n =— oo 

and 

20.13.5 

OO 

Y (-l) n e -^ +z)2/i4at) = 6 A (z\i4at/n). 

.= — OO 

Thus the classical theta functions are “periodized” , or 
“anti-periodized” , Gaussians; see Bellman (1961, pp. 18, 
19). Theta- function solutions to the heat diffusion equa- 
tion with simple boundary conditions are discussed in 
Lawden (1989, pp. 1-3), and with more general bound- 
ary conditions in Korner (1989, pp. 274-281). 

In the singular limit Sr — > 0+, the functions 0j(z\t ), 
j = 1,2, 3, 4, become integral kernels of Feynman path 
integrals (distribution- valued Green’s functions); see 
Schulman (1981, pp. 194-195). This allows analytic 
time propagation of quantum wave-packets in a box, or 
on a ring, as closed-form solutions of the time-dependent 
Schrodinger equation. 


Computation 

20.14 Methods of Computation 

The Fourier series of §20.2(i) usually converge rapidly 
because of the factors r/” + a) or q n , and provide a 
convenient way of calculating values of 9j(z\r). Simi- 
larly, their z-differentiated forms provide a convenient 
way of calculating the corresponding derivatives. For 
instance, the first three terms of (20.2.1) give the value 
of $i(2 — i\i) (= 6\{2 — ?',e -7r )) to 12 decimal places. 

For values of \q\ near 1 the transformations of 
§20.7 (viii) can be used to replace r with a value that 
has a larger imaginary part and hence a smaller value of 
\q\. For instance, to find 0 3 (z, 0.9) we use (20.7.32) with 
q = 0.9 = e mT , t = — iln(0.9)/7r. Then t' = — 1/r = 
— i7r/ln(0.9) and q' = e™ T ‘ = exp(7r 2 /ln(0.9)) = 
(2.07...) x 10 -41 . Hence the first term of the series 
(20.2.3) for 0 3 (zT'|T , ) suffices for most purposes. In 
theory, starting from any value of r, a finite number 
of applications of the transformations r — > r + 1 and 
r — > —1/r will result in a value of r with 3r > x/3 /2; 
see §23.18. In practice a value with, say, Sr > 1/2, 
|g| < 0.2, is found quickly and is satisfactory for numer- 
ical evaluation. 


20.15 Tables 

Theta functions are tabulated in Jahnke and Emde 
(1945, p. 45). This reference gives 9j(x,q), j = 1,2, 3, 4, 
and their logarithmic ^-derivatives to 4D for x/ir = 
0(.1)1, a = 0(9°)90°, where a is the modular angle 
given by 

20.15.1 since = 0^(0, <3O/0 3 (O, g) = 

Spenceley and Spenceley (1947) tabulates 
0i(x,q)/ 0 2 (O,g), 0 2 (x,q)/ 0 2 (O,g), 0 3 (x, q)/ 6» 4 (0, q), 

04 ( x, q)/ 0 4 ( 0, q) to 12D for u = 0(1°)90°, a = 0(1°)89°, 
where u = 2 x/(tt 0|(O, q)) and a is defined by (20.15.1), 
together with the corresponding values of 02(0, q) and 
04 (0, q). 

Lawden (1989, pp. 270-279) tabulates 6j(x,q), j = 
1,2, 3, 4, to 5D for x = 0(1°)90°, q = 0.1(. 1)0.9, and 
also q to 5D for k 2 = 0(.01)1. 

Tables of Neville’s theta functions 9 s (x,q ), 6 c (x,q), 
9d{x,q), 9 n (x,q ) (see §20.1) and their logarithmic x- 
derivatives are given in Abramowitz and Stegun (1964, 
pp. 582-585) to 9D for e, a = 0(5°)90°, where (in ra- 
dian measure) e = x/ 9^(0, q) = ttx/(2 K(k)), and a is 
defined by (20.15.1). 

For other tables prior to 1961 see Fletcher et al. 
(1962, pp. 508-514) and Lebedev and Fedorova (1960, 
pp. 227-230). 

20.16 Software 

See http : //dlmf . nist . gov/20 .16. 
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\z8i(v,q) 69 + 1(0 ,q) J 


j = 1,2,3, where v = nz/(2uii). Then by ap- 
plication of (19.25.35) and use of the proper- 
ties that Rp is homogenous and of degree 
in its three variables (§§19.16(ii), 19.16(iii)), we 

dprivp - — Z01 (v ' q) Pr ( gjlM 1 g|(M) 

aenve 2 v8[(o, q ) nF \8i(o, q )’ ^(o, 9 )’ e'i(o, q ) )■ 

This equation becomes (20.9.3) when the z' s 
are cancelled and v is renamed z. For 

(20.9.4), from (19.25.1) and Erdelyi et al. (1953b, 

13.20(11)) we have K(k) = 
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Multidimensional Theta Functions 


Notation 


21.1 Special Notation 


(For other notation see pp. xiv and 873.) 


9,h 

R9 

Z9X h 

ci 


a, (3 


Uj 

Ajk 

a • b 
a ■ L2 ■ b 

I S 


S3 


|S| 

SlS 2 

Si/S 2 


a o b 


<f UJ 

J a 


positive integers. 

Z x Z x • • • x Z (g times). 

lxlX'"Xl(j times). 

set of all g x h matrices with integer 

elements. 

g x g complex, symmetric matrix with 917 
strictly positive definite, i.e. , a Riemann 
matrix. 

^-dimensional vectors, with all elements in 
[0, 1), unless stated otherwise, 
jth element of vector a. 

(j, /c)th element of matrix A. 
scalar product of the vectors a and b. 

[fia] ■ b = [Ob] ■ a. 
g x g zero matrix. 
g x g identity matrix. 

Off Ig 
Ig 0g_ 

set of g-dimensional vectors with elements 
in S. 

number of elements of the set S. 

set of all elements of the form 

“element of Si x element of S 2 " ■ 

set of all elements of Si, modulo elements of 

S 2 - Thus two elements of S 1 /S 2 are 

equivalent if they are both in Si and their 

difference is in S 2 . (For an example see 

§20. 12(h).) 

intersection index of a and 6, two cycles 
lying on a closed surface, a o b = 0 if a and b 
do not intersect. Otherwise a o b gets an 
additive contribution from every intersection 
point. This contribution is 1 if the basis of 
the tangent vectors of the a and b cycles 
(§21.7(i)) at the point of intersection is 
positively oriented; otherwise it is —1. 
line integral of the differential to over the 
cycle a. 


Lowercase boldface letters or numbers are g- 
dimensional real or complex vectors, either row or col- 
umn depending on the context. Uppercase boldface let- 


ters are g x g real or complex matrices. 

The main functions treated in this chapter are the 
Riemann theta functions 0(z|fi), and the Riemann theta 
functions with characteristics 0[^](z|fi). 

The function @(</>|B) = 0(</>/(27ri)|B/(27ri)) is also 
commonly used; see, for example, Belokolos et al. (1994, 
§2.5), Dubrovin (1981), and Fay (1973, Chapter 1). 


Properties 


21.2 Definitions 


21.2(i) Riemann Theta Functions 

21.2.1 0(z|«)= Yi e 2 "(5 n ' nn+nz ). 

neZ 9 

This g-tuple Fourier series converges absolutely and uni- 
formly on compact sets of the z and Cl spaces; hence 
0(z|f2) is an analytic function of (each element of) z 
and (each element of) Cl. 9(z\Cl) is also referred to as 
a theta function with g components, a ^-dimensional 
theta function or as a genus g theta function. 

For numerical purposes we use the scaled Riemann 
theta function 0(z\Cl), defined by (Deconinck et al. 
(2004)), 

21 . 2.2 6(z\Cl) = e-^-HonrMsta] e( z |n). 

6(z\Cl) is a bounded nonanalytic function of z. Many 
applications involve quotients of Riemann theta func- 
tions: the exponential factor then disappears. 

Example 


21 . 2.3 

6 [ Zi,z 2 


E 




0 —ir(nl+nl) —iTrn 1 n2 2-Ki(n 1 z 1 +n2Z2) 


With zi = xi+ iy 1, z 2 = x 2 + iy 2 , 


Xi + iyi,x 2 + iy 2 


21 . 2.4 


= E E 


L 2 

-ir(ni+gi) 2 -ir(n 2 +i/ 2 ) 2 


v a iri(2n 1 x 1 +2n 2 X2— n 1 n 2 ) 

A O 
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21.2(ii) Riemann Theta Functions with 
Characteristics 


Let a, (3 £ R 9 . Define 

21.2.5 


( z |0) = ^ e 27ri(i[n+a]-f2-[n+a] + [n+a]-[z+/3])^ 
n£Z9 

This function is referred to as a Riemann theta func- 

a 

P\ 

Riemann theta function (21.2.1), multiplied by an ex- 
ponential factor: 

21 . 2.6 

a 


tion with characteristics 


. It is a translation of the 


e 


A 


and 

21.2.7 


(z|0) = e 2’ri(|a.n.a+a.[»+/9l) 0 ( z + + £ |fi), 

(z|fi) = 6»(z|0). 


Characteristics whose elements are either 0 or | are 
called half-period characteristics. For given $7, there are 
2 2g g-dimensional Riemann theta functions with half- 
period characteristics. 

21.2(iii) Relation to Classical Theta Functions 

For c/ = l, and with the notation of §20.2(i), 

21 . 2.8 


21.2.9 


21 . 2.10 


21 . 2.11 


21 . 2.12 


9(z |fl) = 0 3 ( 773 1 ST) 
9i(jrz 1 17) = — 9 
(9 2 (7T2|f7) = 9 
03(7rz|f7) = 9 
9±{nz\VL) = 9 


21.3 Symmetry and Quasi-Periodicity 
21.3(i) Riemann Theta Functions 

21.3.1 0(— z|fl) = 0(z|f7), 

21.3.2 0(z + mi 1 17) = 6*(z|n), 

when nil £ Z 9 . Thus 0(z|fl) is periodic, with period 1, 
in each element of z. More generally, 

21.3.3 

9 { z + mi + flm 2 |fl) = e -a>ri(Jm 2 .n.m 2 +m a .») 0 ( z jq), 

with mi, m 2 £ Z 9 . This is the quasi-periodicity prop- 
erty of the Riemann theta function. It determines the 
Riemann theta function up to a constant factor. The 
set of points mi + fim 2 form a ^-dimensional lattice, 
the period lattice of the Riemann theta function. 

21.3(ii) Riemann Theta Functions with 
Characteristics 


Again, with mi, m 2 £ Z 9 


21.3.4 9 


a + mi 

P + m 2 


(z|fl) = e 


27viot-mi 


(z|I7). 


Because of this property, the elements of a and f3 are 
usually restricted to [0,1), without loss of generality. 


(z + mi + I7m 2 |f7) 



21.3.5 




e 27ri(c*-mi— (3 m 2 — £1 m 2 — m2-z) q 

(X 



A. 


2 

0 

O' 

0 

0 

1 

L2J 


(z\n), 

( z \n), 

M- 


(z|I7). 


For Riemann theta functions with half-period charac- 
teristics. 


21.3.6 


9 


(— z|S7) = (-1 ) 4 “* 3 0 


(z|0). 


See also §20.2(iii) for the case g = 1 and classical theta 
functions. 


21.4 Graphics 

Figure 21.4.1 provides surfaces of the scaled Riemann theta function 0(z|J7), with 

o _ [1-69098 3006 + 0.95105 6516* 1.5 + 0.36327 1264 i 

21A1 1.5 + 0.36327 1264* 1.30901 6994 + 0.95105 6516*' 

This Riemann matrix originates from the Riemann surface represented by the algebraic curve p 3 — A 7 + 2X 3 p = 0; 
compare §21.7(i). 
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(as) (b 3 ) (c 3 ) 


Figure 21.4.1: 0( z|f2) parametrized by (21.4.1). The surface plots are of 9{x + iy , 0|f2), 0 < x < 1, 0 < y < 5 (suffix 
1); 9{x,y |n), 0 < x < 1, 0<y<l (suffix 2); 0(ix,iy\fl), 0 < x < 5, 0<?/<5 (suffix 3). Shown are the real part 
(a), the imaginary part (b), and the modulus (c). 

For the scaled Riemann theta functions depicted in Figures 21.4.2-21.4.5 

21 . 4.2 

and 

21 . 4.3 Cl 2 
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Figure 21.4.2: $t.0(x + iy, 0 < a; < 1, 0 < y < 5. 

(The imaginary part looks very similar.) 




Figure 21.4.4: A real- valued scaled Riemann theta func- 
tion: 6(ix,iy\£li), 0 < x < 4, 0 < y < 4. In this 
case, the quasi-periods are commensurable, resulting in 
a doubly-periodic configuration. 



Figure 21.4.5: The real part of a genus 3 scaled Riemann 
theta function: lR6{x + iy, 0, 0 ^ 2 ), 0 < x < 1, 0 < 
y < 3. This Riemann matrix originates from the genus 
3 Riemann surface represented by the algebraic curve 
y 3 + 2/j, — A 4 = 0; compare §21.7(i). 


21.5 Modular Transformations 


Then 


21.5(i) Riemann Theta Functions 

Let A, B, C, and D be g x g matrices with integer 
elements such that 


21.5.1 



B 

D 


is a symplectic matrix , that is, 


rJ 2g r T = j 


2S- 


21.5.3 detr = l, 

and 


21.5.4 

el 


([[Cft + D]- 1 ] 1 ^ [AfJ + B][Cf2 + D]- 
= £(r)v/det[Cfi + D]e 7riz '[ [cr!+r,rlc ]' z 6>(z|fi). 


Here ^(T) is an eighth root of unity, that is, (£(r)) 8 = 1. 
For general T, it is difficult to decide which root needs to 
be used. The choice depends on T, but is independent 


21.5.2 
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of z and Cl. Equation (21.5.4) is the modular transfor- 
mation property for Riemann theta functions. 

The modular transformations form a group under 
the composition of such transformations, the modular 
group, which is generated by simpler transformations, 
for which £(T) is determinate: 


21.5.5 r 


A 0 g 

0 g [A-y 


0(Az| ADA T ) = 9(z\Cl). 


(A invertible with integer elements.) 


21.5.6 



B 

I*. 


=>■ 6(z\Cl + B) 


0(z|f l). 


(B symmetric with integer elements and even diagonal 
elements.) 


r = 




B 

I„ 


■ 9(z\Cl + B) = 9 ( z + | diagBlfi). 


(B symmetric with integer elements.) See Heil (1995, 
p. 24). 


21.5.8 



=► ^(rr^l-ft- 1 ) = -y/det [-*n]e™- n_1 - B e(z|n), 

where the square root assumes its principal value. 


21.5(ii) Riemann Theta Functions with Characteristics 


e 


CD + D1 


21.5.9 


Da - C (3+\ diagfCD 1 
-Bq + A/3 + \ diag[AB T ]_ 

= K (a, p, r) v/det[CD + D]e™'[ lcn+Drlc ]- 9 


([' 


[AD + BHCD + D]" 1 


where «:(a,/3,r) is a complex number that depends on 
a, (3, and I\ However, n(a,/3,T) is independent of 
z and Cl. For explicit results in the case g = 1, see 
§20.7(viii). 


21.6 Products 
21.6(i) Riemann Identity 

Let T = [Tjk] be an arbitrary h x h orthogonal matrix 
(that is, TT r = I) with rational elements. Also, let Z 
be an arbitrary g x h matrix. Define 

21 - 6.1 JC = Z gxh T/(z gxh T nz gxh ), 

that is, /C is the set of all g x h matrices that are obtained 
by premultiplying T by any g x h. matrix with integer 
elements; two such matrices in K, are considered equiva- 
lent if their difference is a matrix with integer elements. 
Also, let 

21 . 6.2 V =\T T Z h /(T T Z h (lZ h )\, 

that is, V is the number of elements in the set contain- 
ing all /i-dimensional vectors obtained by multiplying 
T t on the right by a vector with integer elements. Two 
such vectors are considered equivalent if their difference 


is a vector with integer elements. Then 
h / h 

n « 


3 = 1 


^fc=l 


Cl 


21.6.3 


J_ R 27 rjtr[iA T tlA+A T [Z + B]] 

J)g Z-* 


Ae/CBe/c 


x 9(zj + Cl&j + bj|n), 
i=i 

where z ? , a j , bj denote respectively the jth columns of 
Z, A, B. This is the Riemann identity. On using theta 
functions with characteristics, it becomes 

21.6.4 

h 


h rV -~\h rjl _ 

/Dfc =1 3 jk c k 


Efe =i Tjkdk 


El Tjk z k 


\k-l 


Cl 


1 

X>9 


EE 


,-2-k iJ2 


h 

3 = 1 ' 


(z,l n), 


b c 1 1 9 ■ 

11 b + 

Ae/CBe/C j = 1 L 3 

where c j and dj are arbitrary /i-dimensional vectors. 
Many identities involving products of theta functions 
can be established using these formulas. 

Example 

Let h = 4 and 


21.6.5 


Then 



1 

1 

-1 

-1 


1 

-1 

1 

-1 
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x + y + u + v 


n e 


x + y — u — v 


n e 


x — y + u — v 


(A 6 


x — y — u + v 




21 . 6.6 


and 


1 

2 9 


a 2 7r i ( 2 at • O • a. + at • [ x y u -f- v ] ) 


E E 

aCjZ^/Zs /3eiZa/Z9 

x 0(x + L2a: A- /3|0) (9(y + f2a: + /3|0) 0(u + Lie* + /3|fi) f?(v + f2a + /3|S~2), 


21 . 6.7 

r \ [ C 1 + c 2 + c 3 + C 4 ] 

/ .i[d 1 +d 2 +d3+d 4 ] 


e 


x + y + u + v 


r l 


n e 


x e 


i 

29 


\ [ci - c 2 + c 3 - c 4 ] 

-I [di — d 2 + d 3 — d 4 ]_ 

E E 

a£lZ9/Z 9 ,361 


x — y + u — v 


2 [Cl + C 2 - C 3 - C 4 ] 

I [di +d 2 — d 3 — d 4 ]_ 

n ) e 


x + y — u — v 


^[ci-c 2 -c 3 + c 4 ] 


B - 27 ri/ 3 -[ci+c 2 +C 3 +c 4 ] 


2 

ci + a 
di + (3 


i[di-d 2 -d 3 + d 4 ], 
c 2 + a 


n 


x — y — u + v 




( x |r i)6 


■P. 


( y \n)e 


c 3 + a 

d 3 + P. 


(u| 0 ) 6 » 


C4 -j- OL 

d4 + f3 


(v|n). 


21.6(ii) Addition Formulas 

Let a , (3, 7 , 6 £ R 9 . Then 


9 


a 

L7J 


21 . 6.8 


= E 


(z 2 |«) 


') 


r + [3 4 

7 + <5 


(zi + z 2 |20) 


x 9 


\[a — (3 + v\ 


(zi - z 2 120 ) . 


7 — 6 

Thus 1 / is a <?-dimensional vector whose entries are ei- 
ther 0 or 1. For this result and a generalization see 
Koizumi (1976) and Belokolos et al. (1994, pp. 38-41). 
For addition formulas for classical theta functions see 
§20.7(ii). 


Applications 

21.7 Riemann Surfaces 


plane algebraic curve in C 2 , which is made compact by 
adding its points at infinity. To accomplish this we write 
(21.7.1) in terms of homogeneous coordinates: 

21 . 7.2 P{X,M) = 0, 

by setting A = A/ 77 , A 4 = A 4 / 4 ?) and then clearing frac- 
tions. This compact curve may have singular points, 
that is, points at which the gradient of P vanishes. 
Removing the singularities of this curve gives rise to 
a two-dimensional connected manifold with a complex- 
analytic structure, that is, a Riemann surface. All com- 
pact Riemann surfaces can be obtained this way. 

Since a Riemann surface T is a two-dimensional man- 
ifold that is orientable (owing to its analytic structure), 
its only topological invariant is its genus g (the number 
of handles in the surface). On this surface, we choose 2 g 
cycles (that is, closed oriented curves, each with at most 
a finite number of singular points) aj, bj, j = 1, 2, . . . , g, 
such that their intersection indices satisfy 

21 . 7.3 aj o ak = 0, bj o bk = 0, aj o 

For example, Figure 21.7.1 depicts a genus 2 surface. 


21.7(i) Connection of Riemann Theta 
Functions to Riemann Surfaces 

In almost all applications, a Riemann theta function is 
associated with a compact Riemann surface. Although 
there are other ways to represent Riemann surfaces (see 
e.g. Belokolos et al. (1994, §2.1)), they are obtainable 
from plane algebraic curves (Springer (1957), or Rie- 
mann (1851)). Consider the set of points in C 2 that 
satisfy the equation 

21 . 7.1 P(A, p) = 0, 

where P( X, p) is a polynomial in A and p that does 

not factor over C 2 . Equation (21.7.1) determines a 



Figure 21.7.1: A basis of cycles for a genus 2 surface. 

On a Riemann surface of genus g, there are g lin- 
early independent holomorphic differentials Uj, j = 
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1,2 If a local coordinate 2 is chosen on the Rie- 

mann surface, then the local coordinate representation 
of these holomorphic differentials is given by 

21 . 7.4 ujj = fj (z) dz, j = l,2,...,g, 

where fj(z), j = 1, 2, . . . , g are analytic functions. Thus 
the differentials u)j, j = 1 , 2 , . . . , g have no singularities 
on T. Note that for the purposes of integrating these 
holomorphic differentials, all cycles on the surface are a 
linear combination of the cycles a,j, bj, j = 1,2, ... ,g. 
The Uj are normalized so that 


21 . 7.5 


Uj = 6j tk , j,k=l,2,...,g. 


Then the matrix defined by 


21 . 7.6 


£ljk — 


id 


J ’ 


j,k=l,2,...,g, 


is a Riemann matrix and it is used to define the cor- 
responding Riemann theta function. In this way, we 
associate a Riemann theta function with every compact 
Riemann surface T. 

Riemann theta functions originating from Riemann 
surfaces are special in the sense that a general g- 
dimensional Riemann theta function depends on g{g + 
l)/2 complex parameters. In contrast, a g-dimensional 
Riemann theta function arising from a compact Rie- 
mann surface of genus g (> 1) depends on at most 
3g — 3 complex parameters (one complex parameter for 
the case g = 1). These special Riemann theta functions 
satisfy many special identities, two of which appear in 


the following subsections. For more information, see 
Dubrovin (1981), Brieskorn and Knorrer (1986, §9.3), 
Belokolos et al. (1994, Chapter 2), and Mumford (1984, 
§ 2 . 2 - 2 . 3 ). 

21.7(ii) Fay’s Trisecant Identity 

Let a, (3 be such that 


21 . 7.7 



OL 

(zin) 

\dzi 

A 



z—O 


_d_ 

dz n 


(*|«) 


z—O 


7 ^ 0 . 


Define the holomorphic differential 

d 
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1=1 




Then the prime form on the corresponding compact 
Riemann surface T is defined by 


21 . 7.9 


E(P 1 ,P 2 ) = 0 




(a/c(WcPv )), 


where Pi and P 2 are points on T, u = (wi, u> 2 , . . . , u> g ), 
and the path of integration on T from Pi to P 2 is 
identical for all components. Here y/C,{P) is such that 

\/({P) = C(P), P £ T. Either branch of the square 
roots may be chosen, as long as the branch is consistent 
across T. For all z £ C 9 , and all Pi, P 2 , P 3 , P 4 on T, 
Fay’s identity is given by 



+ J 4 $Vjp(P 3 ,P 2 )P(Pi,P 4 )+^z + J i w^0^z + J J w r2^P(P 3 ,P 1 )P(P 4 ,P 2 ) 

= 6{ z|n)0^z + J 


r p 3 r p i 

( jl !+ u > 

l p 1 J p 2 


$7Jp(Pi,P 2 )P(P 3 ,P 4 ), 


where again all integration paths are identical for all 
components. Generalizations of this identity are given 
in Fay (1973, Chapter 2). Fay derives (21.7.10) as a spe- 
cial case of a more general class of addition theorems for 
Riemann theta functions on Riemann surfaces. 

21.7 (iii) Frobenius’ Identity 

Let r be a hyperelliptic Riemann surface. These are 
Riemann surfaces that may be obtained from algebraic 
curves of the form 

21 . 7.11 g 2 = Q( A), 

where Q( A) is a polynomial in A of odd degree 2g + 1 
(> 5). The genus of this surface is g. The zeros A 7 , 


j = 1, 2, . . . , 2g + 1 of Q( A) specify the finite branch 
points Pj, that is, points at which gj = 0, on the Rie- 
mann surface. Denote the set of all branch points by 
B = {P 1; P 2 , . . . , P 2 9 +i, Poo}- Consider a fixed subset 
U of B, such that the number of elements \U\ in the set 
U is g + 1, and P^ ^ U. Next, define an isomorphism r/ 
which maps every subset T of B with an even number of 
elements to a 2<?-dimensional vector rj(T) with elements 
either 0 or ). Define the operation 

21712 Ti 0 t 2 = (Ti U T 2 )\(Ti n t 2 ). 

Also, T c = B\T, V \T) = (T), m (T),...,g g (T)), 

and rj' 2 (T) = (r] g+ 1 (T), rj g+ 2 {T ), . . . , g 2 g(T)). Then the 
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isomorphism is determined completely by: 

21.7.13 rj(T) = V (T C ), 

21.7.14 77(Ti 0 T 2 ) = *7 (Ti) + rj(T 2 ), 

21.7.15 4 I7 1 (T)-r ? 2 (T) = | (|T0 J7| - 1) (mod 2), 

21.7.16 

4( J 7 1 (T 1 )-r7 2 (r 2 )- J7 2 (T 1 )-r7 1 (T 2 )) = |T 1 nT 2 | (mod 2). 

Furthermore, let ij (Poo) = 0 and r) (Pj) = 

T]({Pj, -Poo})- Then for all Zj G C 9 , j = 1,2, 3,4, such 
that Zi +z 2 + Z3 + Z4 = 0, and for all cx : j , G R 9 , such 
that oq 4- « 2 0 0:3 0 oq = 0 and (3 4 0 /?2 0 0 /3 4 = 0, 
we have Frobenius’ identity: 

4 

n* 

p,-e£7k=i 

21.7.17 

- E 

p j eu c fc= 1 Lr ' K 1 ■' 

21.8 Abelian Functions 

An Abelian function is a 2<?-fold periodic, meromor- 
phic function of g complex variables. In consequence, 
Abelian functions are generalizations of elliptic func- 
tions (§23.2(iii)) to more than one complex variable. 
For every Abelian function, there is a positive integer n, 
such that the Abelian function can be expressed as a ra- 
tio of linear combinations of products with n factors of 
Riemann theta functions with characteristics that share 
a common period lattice. For further information see 
Igusa (1972, pp. 132-135) and Markushevich (1992). 

21.9 Integrable Equations 

Riemann theta functions arise in the study of integrable 
differential equations that have applications in many 
areas, including fluid mechanics (Ablowitz and Segur 
(1981, Chapter 4)), magnetic monopoles (Ercolani and 
Sinha (1989)), and string theory (Deligne et al. (1999, 
Part 3)). Typical examples of such equations are the 
Korteweg-de Vries equation 

21.9.1 4 u t = 6 uu x 0 u xxx , 
and the nonlinear Schrodinger equations 

21.9.2 iu t = —\u xx ± \u\ 2 u. 

Here, and in what follows, x, y , and t suffixes indicate 
partial derivatives. 

Particularly important for the use of Riemann 
theta functions is the Kadomtsev-Petviashvili (KP) 
equation, which describes the propagation of two- 
dimensional, long-wave length surface waves in shallow 
water (Ablowitz and Segur (1981, Chapter 4)): 

21.9.3 ( 4 Ut 0 Quu x 0 1l xxx ) x 0 3 Uyy = 0. 



a-k 0 V (Pj) 
_Pk + i? 2 (Pj) 

4 

n* 


(z fc |n) 


a-k 0 V 1 ( p j) 

ft. _ 1 _ n2(U.\ 


(z fc |n). 


Here x and y are spatial variables, t is time, and 
u(x : y, t) is the elevation of the surface wave. All quanti- 
ties are made dimensionless by a suitable scaling trans- 
formation. The KP equation has a class of quasi- 
periodic solutions described by Riemann theta func- 
tions, given by 


if 

21.9.4 u(x, y,t) = c 0 2 — j l n (0(k£ 0 1 y + u}t + </>|fi)), 
dx 

where c is a complex constant and k, 1, u;, and <p are 
5-dimensional complex vectors; see Krichever (1976). 
These parameters, including f l, are not free: they are 
determined by a compact, connected Riemann surface 
(Krichever (1976)), or alternatively by an appropri- 
ate initial condition u(x, y, 0) (Deconinck and Segur 
(1998)). These solutions have been compared success- 
fully with physical experiments for g = 1,2 (Wiegel 
(1960), Hammack et al. (1989), and Hammack et al. 
(1995)). See Figures 21.9.1 and 21.9.2. 



Figure 21.9.1: Two-dimensional periodic waves in a shal- 
low water wave tank, taken from Hammack et al. (1995, 
p. 97) by permission of Cambridge University Press. 
The original caption reads “Mosaic of two overhead pho- 
tographs, showing surface patterns of waves in shallow 
water.” 



Figure 21.9.2: Contour plot of a two-phase solution of 
Equation (21.9.3). Such a solution is given in terms of a 
Riemann theta function with two phases; see Krichever 
(1976), Dubrovin (1981), and Hammack et al. (1995). 
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Furthermore, the solutions of the KP equation solve 
the Schottky problem: this is the question concerning 
conditions that a Riemann matrix needs to satisfy in 
order to be associated with a Riemann surface (Schot- 
tky (1903)). Following the work of Krichever (1976), 
Novikov conjectured that the Riemann theta function 
in (21.9.4) gives rise to a solution of the KP equation 
(21.9.3) if, and only if, the theta function originates from 
a Riemann surface; see Dubrovin (1981, §IV.4). The 
first part of this conjecture was established in Krichever 
(1976); the second part was proved in Shiota (1986). 


Computation 


21.10 Methods of Computation 


21.10(i) General Riemann Theta Functions 


Although the defining Fourier series (21.2.1) is uni- 
formly convergent on compact sets, its evaluation is 
cumbersome when one or more of the eigenvalues of 
3(f2) is near zero. Furthermore, for fixed L2 different 
terms of the Fourier series dominate for different values 
of z. 

To overcome these obstacles, we compute instead the 
scaled function 0(z|fJ) (§21.2(i)) from the expansion 

21 . 10.1 

0( Z |«) = ^ e ™[ n — [Y-VfyX-fn— [Y-fy]] 

n G5(e) 

x ^[n-lY-VlJ.Xg-^n+nrVjJ.Y-ln+nrV]] 

where e is the tolerated maximum absolute error for 
0(z|fl). Here X = »(«), Y = 3(0), x = K(z), 
y = 3(z), and 


21 . 10.2 


S(e) = { 


= m e z s 


7T [m + [Y V]] • Y 

■ [m + [Y -1 y]] < i?,(e) j . 


Thus 5(e) is the set of all integer vectors that are con- 
tained in an ellipsoid centered at the fractional part of 
Y _1 y, and whose size is determined by the allowed ab- 
solute error. The value of R(e) is determined as follows. 
Let r be the length of the shortest vector of the lattice 
A = {y / 7rTm|m G Z 9 }, and T X T = Y be the Cholesky 
decomposition of Y (Atkinson (1989, p. 254)). Then 
R(e) is the greater of yj g/2 + r and the smallest posi- 
tive root of the equation 


21 . 10.3 r(| 5 ,i? 2 )/(2 5 r 9 ) = e. 

For the incomplete gamma function r(a, z), see §8.2(i). 

The construction (21.10.2) amounts to determining 
all integer vectors in a ^-dimensional ellipsoid. For this 


purpose it is convenient to have the ellipsoid as spherical 
as possible (Siegel (1973, pp. 144-159), Heil (1995)). 

Usually, (21.10.1) can also be used for the efficient 
evaluation of 0(z|f!) for fixed and varying z, by ad- 
dition of a few vectors to the set 5(e). 

21 . 10(ii) Riemann Theta Functions Associated 
with a Riemann Surface 

In addition to evaluating the Fourier series, the main 
problem here is to compute a Riemann matrix originat- 
ing from a Riemann surface. Various approaches are 
considered in the following references: 

• Belokolos et al. (1994, Chapter 5) and references 
therein. Here the Riemann surface is represented 
by the action of a Schottky group on a region of 
the complex plane. The same representation is 
used in Gianni et al. (1998). 

• Tretkoff and Tretkoff (1984). Here a Hurwitz sys- 
tem is chosen to represent the Riemann surface. 

• Deconinck and van Hoeij (2001). Here a plane al- 
gebraic curve representation of the Riemann sur- 
face is used. 

21.11 Software 

See http : / /dlmf . nist . gov/21 .11. 
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Jacobian Elliptic Functions 


Notation 


22.1 Special Notation 

(For other notation see pp. xiv and 873.) 

x 7 y real variables. 

0 complex variable. 

k modulus. Except in §§22.3(iv), 22.17, and 

22.19, 0 < k < 1. 

k! complementary modulus, k 2 + k' 2 = 1. If 

k G [0, 1], then k! G [0, 1]. 

K , K' K(k), K'{k) = K{k') (complete elliptic 

integrals of the first kind (§19.2(ii))). 
q nome. 0 < q < 1 except in §22.17; see also 

§ 20 . 1 . 

t iK' / K. 

All derivatives are denoted by differentials, not 
primes. 

The functions treated in this chapter are the three 
principal Jacobian elliptic functions sn (z,fc), cn (z, k), 
dn (z, k); the nine subsidiary Jacobian elliptic functions 
cd(z, A), sd(z, k), nd(z, k), dc (z, k), nc (z,k), sc (z,k), 
ns (z, k), ds (z,k), cs (z, k)\ the amplitude function 
am (x,k)\ Jacobi’s epsilon and zeta functions £(x,k) 
and Z(x\ k). 

The notation sn(z, k), cn (z,k), dn (z, k) is due to 
Gudermann (1838), following Jacobi (1827); that for the 
subsidiary functions is due to Glaisher (1882). Other 
notations for sn (z, k) are sn(z| m) and sn(z,m) with 
m = k 2 \ see Abramowitz and Stegun (1964) and Walker 
(1996). Similarly for the other functions. 


Properties 


22.2 Definitions 


The nome q is given in terms of the modulus k by 

22.2.1 q = exp(— 7r K'(k)/ K(k)), 

where /\(fc), K'(k ) are defined in §19.2(ii). Inversely, 


22.2.2 k = 


0i(O,g) 


k' = 


0l(o,g) 


K(k) = — 0 3 (O, q), 


01(0,9)’ 01(0,9)’ “ v "' 2 3V 


where k' = y/1 — k 2 and the theta functions are defined 
in §20.2(i). 


With 

22 . 2.3 

22 . 2.4 sn(z, k) = 

22 . 2.5 cn(z, k) = 

22.2.6 dn (z, k) = 

22 . 2.7 sd (z, k) = 


no 

^ 2 K(k) ’ 

03(0, g) <MC,g) 

02(0,9) 04 (C, g) 

04(0, g) 02 (C, g) 
02(O,g) 04 (C, g) 
04(0, g) 0 3 (C,g) 


ns (z, k) ’ 
1 

nc (z, k) ’ 
1 


22.2.8 cd (z,k) = 

22 . 2.9 SC (z,k) = 


03(0, g) 0 4 (C, g) nd (z, k) ’ 

0I(Q, g) 0i(C,g) _ i 
0 2 (0, g) 0 4 (O, g) 0 3 (C, g) ds (z, k) ’ 

0 3 (o,g)0 2 (C,g) i 


02(0, g) 0 3 (C,g) 
0 3 (o,g) 0i(C,g) 


dc (z, k) ’ 
1 


0 4 (O, g) 02 (C, g) cs (z, k) ’ 

As a function of z, with fixed k, each of the 12 Ja- 
cobian elliptic functions is doubly periodic, having two 
periods whose ratio is not real. Each is meromorphic in 
z for fixed k , with simple poles and simple zeros, and 
each is meromorphic in k for fixed z. For k £ [0, 1], all 
functions are real for z € K. 


Glaisher’s Notation 

The Jacobian functions are related in the following way. 
Let p, q, r be any three of the letters s, c, d, n. Then 


22 . 2.10 


pq (z, k) = 


pr (z, k) 


qr (z, k) qp (z, k) ’ 
with the convention that functions with the same two 
letters are replaced by unity; e.g. ss (z, k) = 1. 

The six functions containing the letter s in their two- 
letter name are odd in z; the other six are even in z. 

In terms of Neville’s theta functions (§20.1) 


22.2.11 pq(z,k) = 0 p (z|r)/0 9 (z|r) , 

where 


22.2.12 r — iK'(k)/K(k) , 

and p, q are any pair of the letters s, c, d, n. 


22.3 Graphics 

22.3(i) Real Variables: Line Graphs 

See Figures 22.3.1-22.3.4 for line graphs of the functions 
sn (x,k), cn (x,k) 7 dn (x, k), and nd (x, k) for represen- 
tative values of real x and real k illustrating the near 
trigonometric ( k = 0), and near hyperbolic (A: = 1) lim- 
its. For corresponding graphs for the other 8 Jacobian 
elliptic functions see http://dlmf.nist.gOv/22.3.i. 
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Figure 22.3.1: k = 0.4, -3 K <x< 3 K, K = 1.6399 



Figure 22.3.3: k = 0.99, -3K < x < 3 K, I< = 
3.3566.... 



Figure 22.3.2: k = 0.7, -3 K <x< 3K, K = 1.8456 
For cn (a;, k) the curve for k = l/\/2 = 0.70710 ... is a 
boundary between the curves that have an inflection 
point in the interval 0 < x < 2 K(k), and its translates, 
and those that do not; see Walker (1996, p. 146). 



Figure 22.3.4: k = 0.999999, -3 K < x < 3 K, K = 
7.9474 .... 


22.3(ii) Real Variables: Surfaces 


See Figure 22.3.13 for sn(a :,k) as a function of real arguments x and k. The period diverges logarithmically as 
k —>• 1—; see §19.12. For the corresponding surfaces for cn (x, k) and dn (x, k) see http : //dlmf .nist . gov/22 . 3 . ii. 
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22.3(iii) Complex z; Real k 


In Figure 22.3.16 height corresponds to the absolute 
value of the function and color to the phase. See p. xiv. 



Quadrant Colors 


Figure 22.3.16: sn (x + iy,k) for k = 0.99, —3 K < x < 
3 K, 0 <y< 4 K'. K = 3.3566 . . . , K' = 1.5786 .... 


For the corresponding surfaces for the copolar func- 
tions cn (z, k) and dn (z, k) and the coperiodic functions 
cd (z, k), dc (z, fc), and ns (z, k) with z = x + iy see 

http : //dlmf . nist . gov/22 . 3 . iii. 


22.3(iv) Complex k 



Figure 22.3.22: 5ftsn(z,fc), x = 120, as a function of 
k 2 = in, 0 < k < 4. 



Figure 22.3.23: S5sn(a ;, fc), x = 120, as a function of 
k 2 = in, 0 < k < 4. 


In Figures 22.3.24 and 22.3.25, height corresponds to the absolute value of the function and color to the phase. 
See p. xiv. 




Figure 22.3.24: sn (x + iy, k) for — 4 < x < 4, 0 < y < 
8, k = 1 + \i. K = 1.5149 . . . + i0.5235 . . . , K' = 
1.4620 ... - i0.3552 .... 


Figure 22.3.25: sn (5, k) as a function of complex k 2 , 
— 1 < 5ft(A: 2 ) < 3.5, —1 < S(fc 2 ) < 1. Compare 
§22.17 (ii) - 
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-10 -5 0 5 10 15 20 


Figure 22.3.26: Density plot of |sn(5,fc)| as a function 
of complex k 2 , —10 < 3?(/c 2 ) < 20, —10 < $j(fc 2 ) < 
10. Grayscale, running from 0 (black) to 10 (white), 
with |(sn(5,A;))| > 10 truncated to 10. White spots 
correspond to poles. 



-10 -5 0 5 10 15 20 


Figure 22.3.27: Density plot of |sn(10, &)| as a function 
of complex k 2 , —10 < 3?(fc 2 ) < 20, —10 < 3(fc 2 ) < 
10. Grayscale, running from 0 (black) to 10 (white), 
with |sn(10, k)\ > 10 truncated to 10. White spots 
correspond to poles. 


For corresponding density plots with arguments 20 and 30 see http://dlmf.nist.gOv/22.3.iv. 


22.4 Periods, Poles, and Zeros 
22.4(i) Distribution 

For each Jacobian function, Table 22.4.1 gives its peri- 
ods in the z - plane in the left column, and the position of 
one of its poles in the second row. The other poles are at 
congruent points, which is the set of points obtained by 
making translations by 2mK + 2niK', where m,n £ Z. 
For example, the poles of sn ( 0 , k), abbreviated as sn in 
the following tables, are at z = 2mK + (2 n + 1 )iK' . 

Table 22.4.1: Periods and poles of Jacobian elliptic func- 
tions. 


Periods 

iK’ 

z-Poles 

K + iK’ 

K 

0 

4 K, 2 iK' 

sn 

cd 

dc 

ns 

iK, 2 K + 2 iK' 

cn 

sd 

nc 

ds 

2K, AiK' 

dn 

nd 

sc 

cs 


Three functions in the same column of Table 22.4.1 
are copolar , and four functions in the same row are cope- 


riodic. 

Table 22.4.2 displays the periods and zeros of the 
functions in the 0 -plane in a similar manner to Table 
22.4.1. Again, one member of each congruent set of 
zeros appears in the second row; all others are gener- 
ated by translations of the form 2mK + 2 niK' , where 
m, n £ Z. 

Table 22.4.2: Periods and zeros of Jacobian elliptic func- 
tions. 


Periods 

0 

K 

0 - Zeros 

K + iK' 

iK' 

4 K, 2 iK' 

sn 

cd 

dc 

ns 

AK, 2 K + 2 iK' 

sd 

cn 

ds 

nc 

2 K, 4 iK' 

SC 

cs 

dn 

nd 


Figure 22.4.1 illustrates the locations in the 0 -plane 
of the poles and zeros of the three principal Jaco- 
bian functions in the rectangle with vertices 0, 2 K, 
2K + 2 iK' , 2iK'. The other poles and zeros are at 
the congruent points. 
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2 iK'Q 
iK' )e 


a 

c 

A 

0 

0 


0 2 iK' 


c 

p 

c 

3 


2iK' 


iK' x 


0 


K 2K 0 K 2K 0 K 2 K 

(a) sn ( 2 , k) (b) cn ( 2 , k) (c) dn ( z , k) 

Figure 22.4.1: 2 -plane. Poles XXX and zeros o o o of the principal Jacobian elliptic functions. 


22.4(ii) Graphical Interpretation via Glaisher’s 
Notation 

Figure 22.4.2 depicts the fundamental unit cell in the 
2 -plane, with vertices s = 0, c = K , d = K + iK' , 
n = iK' . The set of points 2 = mK + niK' , to, n £ Z, 
comprise the lattice for the 12 Jacobian functions; all 
other lattice unit cells are generated by translation of 
the fundamental unit cell by mK + niK ' , where again 
to, n £ Z. 

n (iK') d (K+iK') 


s(0) c (K) 

Figure 22.4.2: 2 -plane. Fundamental unit cell. 


Using the p,q notation of (22.2.10), Figure 22.4.2 
serves as a mnemonic for the poles, zeros, periods, and 
half-periods of the 12 Jacobian elliptic functions as fol- 
lows. Let p,q be any two distinct letters from the set 
s,c,d,n which appear in counterclockwise orientation at 
the corners of all lattice unit cells. Then: (a) In any 
lattice unit cell pq( 2 , k) has a simple zero at 2 = p 
and a simple pole at 2 = q. (b) The difference between 
p and the nearest q is a half-period of pq( 2 ,fc). This 
half-period will be plus or minus a member of the triple 
K,iK',K + iK': the other two members of this triple 
are quarter periods of pq ( 2 , k). 

22.4(iii) Translation by Half or Quarter Periods 

See Table 22.4.3. 

For example, sn (2 + K,k) = cd ( 2 , k). (The modu- 
lus k is suppressed throughout the table.) 

For the other nine functions see http : //dlmf . nist . 
gov/22 . 4 . iii. 


Table 22.4.3: Half- or quarter-period shifts of variable for the Jacobian elliptic functions. 



2 + K 

z + K + iK' 

u 

z + iK' z + 2 K 

2 + 2 K + 2 iK' 

2 + 2iK' 

sn u 

cd 2 

fc -1 dc 2 

fc - 1 ns 2 -S112 

— snz 

sn z 

cn u 

—k' sd 2 

— ik'k nc 2 

— */c^ 1 ds2 -cn2 

cn 2: 

— cn z 

dn it 

k' nd 2 

ik' sc 2 

—i cs 2 dn 2 

— dn 2 

— dn 2 


22.5 Special Values 

22.5(i) Special Values of z 

Table 22.5.1 gives the value of each of the functions sn ( 2 , k ), cn ( 2 , fc), dn ( 2 , k), together with its 2 -derivative (or at a 
pole, the residue), for values of 2 that are integer multiples of K , iK' . For example, at z = I\ + iK' , sn ( 2 , k ) = 1/fc, 
dsn(z,k)/dz = 0. (The modulus k is suppressed throughout the table.) 

For the other nine functions see http : / /dlmf . nist . gov/22 . 5 . i. 
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Table 22.5.1: Jacobian elliptic function values, together with derivatives or residues, for special values of the variable. 






z 





0 

K 

K + iK' 

iK' 

2K 

2 K + 2 iK' 

2 i.K' 

snz 

0,1 

1,0 

1/A;, 0 

oo, 1/A 

0,-1 

0,-1 

0,1 

cn z 

1,0 

0, -A' 

—ik'/k, 0 

oo, — i/k 

-i,o 

1,0 

-1,0 

dn z 

1,0 

k', 0 

0, ik' 

oo, —i 

1,0 

-1,0 

-1,0 


Table 22.5.2 gives sn (z, A), cn (z, k ), dn (z, k) for other special values of z. For example, sn (\K, A) = (1 + A') 1 / 2 . 
For the other nine functions ratios can be taken; compare (22.2.10). 

Table 22.5.2: Other special values of Jacobian elliptic functions. 



\ K 

z 

\{K + iK') 

\iK' 

sn z 

(1 + k')~ 1/2 

((1 + fc) 1 / 2 + i( 1 - fc) 1 / 2 ) / (2/c) 1 / 2 

ik- 1 / 2 

cn z 

(A'/(i + A')) 1/2 

(l-i)fc ,1/2 /(2fc) 1/2 

(1 + fc) 1 / 2 ^ -1 / 2 

dn z 

k' 1/2 

fc ,1/2 ((l + fc') 1/2 - »(1 - k') 1 ' 2 )/ 2 1/2 

(1 + A) 1 / 2 


2 1V 

2: 

\{K + iK') 

¥ K ' 

sn z 

(l + k')- 1 / 2 

(1 + i)((l + A) 1 / 2 - *( 1 - fc) 1 /2)/(2fcl/2) 

-ik- 1 / 2 

cn z 

— (k'/(l + A/)) 1 / 2 

(1 - i)fc ,1/2 /(2A) 1 / 2 

— (1 + A) 1 / 2 A” 1,/2 

dn z 

k' 1/2 

(-1 + *)A ,1/2 ((1 + fc') 1/2 + *( 1 - A') 1/2 )/2 

-(1 + A) 1 / 2 


22.5(ii) Limiting Values of k 

If A — > 0+, then K — > 7t/2 and K' — > oo; if k — > 1—, then I\ — > oo and K' — * 7r/2. In these cases the elliptic functions 
degenerate into elementary trigonometric and hyperbolic functions, respectively. See Tables 22.5.3 and 22.5.4. 

Table 22.5.3: Limiting forms of Jacobian elliptic functions as k — > 0. 


sn (z, A) — >■ sin z 

cd (z, A) — > cos z 

dc (z, A) — » sec z 

ns (z, A) — > esc z 

cn (z, A) — > cos z 

sd (z, A) — > sin z 

nc (z, A) — > sec z 

ds (z, A) — > esc z 

dn (z, A) — > 1 

nd (z, A) — > 1 

sc (z, A) — » tan z 

cs (z, A) — > cot z 


Table 22.5.4: Limiting forms of Jacobian elliptic functions as k — > 1. 


sn (z, A) - 

-> tanh z 

cd (z, A) - 

1 

dc (z, A) - 

1 

ns (z, A) - 

-> coth z 

cn (z, A) - 

-> sech z 

sd (z, A) - 

-> sinh z 

nc (z, A) - 

-> cosh z 

ds (z, A) - 

-> csch z 

dn (z, A) - 

-> sech z 

nd (z, A) - 

-> cosh z 

sc (z, A) - 

-> cosh z 

cs (z, A) - 

-> csch z 


Expansions for K,K' as k — > 0 or 1 are given in §§19.5, 19.12. 

For values of K.K’ when A 2 = \ (lemniscatic case) see §23.5(iii), and for k 2 = e*’ 1 '/ 3 (equianharmonic case) see 
§23.5(v). 
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22.6 Elementary Identities 
22.6(i) Sums of Squares 
22 . 6.1 

sn 2 (z, k ) + cn 2 (z, k) = k 2 sn 2 (z, k ) + dn 2 (z, k ) = 1, 

22.6.2 1 + cs 2 (z, k) = k 2 + ds 2 ( z , k) = ns 2 (z, k), 

22 . 6.3 k ' 2 sc 2 (. z , k) + 1 = dc 2 (z, k) = k' 2 nc 2 (z, k) + k 2 , 

22 . 6.4 

— fc 2 fc' 2 sd 2 (z, k ) = fc 2 (cd 2 (z, k) — 1) = fc ,2 (l — nd 2 (z, k)). 


22.6(ii) Double Argument 


22 . 6.5 sn (2z, k) 


2 sn (z, k) cn (z, k) dn (z, k) 
1 — k 2 sn 4 (z, k) 


cn (2 z, k) 

22 . 6.6 


cn 2 (z, k) — sn 2 (z, k) dn 2 (z, k) 
1 — k 2 sn 4 (z, k) 
cn 4 (z, fc) — fc' 2 sn 4 (z, fc) 

1 — fc 2 sn 4 (z, fc) 


dn (2z, fc) 

22 . 6.7 


dn 2 (z, fc) — fc 2 sn 2 (z, fc) dn 2 (z, fc) 
1 — fc 2 sn 4 (z, fc) 
dn 4 (z, fc) + fc 2 fc' 2 sn 4 (z, fc) 

1 — fc 2 sn 4 (z, fc) 


For corresponding results for the other nine func- 
tions see http://dlmf.nist.gOv/22.6.ii. See also 
Carlson (2004). 


22 . 6.17 

22 . 6.18 


1 — cn (2z, fc) 
1 + cn (2z, fc) 
1 — dn (2z, fc) 
1 + dn (2z, fc) 


sn 2 (z, fc) dn 2 (z, fc) 
cn 2 (z, fc) 

fc 2 sn 2 (z, fc) cn 2 (z, fc) 
dn 2 (z, fc) 


22 . 6.21 

dn 2 (|z, fc) 


fc 2 cn (z, fc) + dn (z, fc) + fc' 2 
1 + dn (z, fc) 
fc ,2 (l — cn (z, fc)) 
dn (z, fc) — cn (z, fc) 

fc ,2 (l + dn (z, fc)) 
fc' 2 + dn (z, fc) — fc 2 cn (z, fc) 


If {p,q,r} is any permutation of {c,d,n}, then 


22 . 6.22 


pq 2 (\»,k) = 


ps (z, fc) + rs (z, fc) 
qs (z, fc) + rs (z, fc) 
pq (z, fc) + rq (z, fc) 


pr (z, fc) + 1 
1 + rq (z, fc) qr (z, fc) + 1 ‘ 

For (22.6.22) and similar results, see Carlson (2004). 


22.6(iv) Rotation of Argument (Jacobi’s 
Imaginary Transformation) 


Table 22.6.1: Jacobi’s imaginary transformation of Ja- 
cobian elliptic functions. 


sn (iz, fc) = i sc (z, fc') 

dc (iz, fc) = dn (z, fc') 

cn (iz, fc) = nc (z, fc') 

nc (iz, fc) = cn (z, fc') 

dn (iz, fc) = dc (z, fc') 

sc (iz, fc) = isn (z, fc') 

cd (iz, fc) = nd (z, fc') 

ns (iz, fc) = — ics (z, fc') 

sd (iz, fc) = isd (z, fc') 

ds (iz, fc) = — i ds (z, fc') 

nd (iz, fc) = cd (z, fc') 

cs (iz, fc) = — i ns (z, fc') 


22.6 (v) Change of Modulus 

See §22.17. 


22.6(iii) Half Argument 


22.7 Landen Transformations 


22 . 6.19 

sn 2 (|z, fc) 

22 . 6.20 

cn 2 (|z, fc) 


1 — cn (z, fc) 1 — dn (z, fc) 
l + dn(z, fc) fc 2 (l + cn (z, fc)) 
dn (z, fc) — fc 2 cn (z, fc) — fc' 2 
fc 2 (dn (z, fc) — cn (z, fc)) 

— fc' 2 + dn (z, fc) + fc 2 cn (z, fc) 
fc 2 (l + cn (z, fc)) 
fc ,2 (l — dn (z, fc)) 
fc 2 (dn (z, fc) — cn (z, fc)) 
fc ,2 (l + cn (z, fc)) 
fc /2 + dn (z, fc) — fc 2 cn (z, fc) ’ 


22.7(i) Descending Landen Transformation 


With 

22 . 7.1 

22 . 7.2 sn (z, fc) 


fcl 


1 - fc' 

1 + fc' ’ 


(1 + fci) sn (z/(l + fci), fci) 

1 + fci sn 2 (z/(l + fci), fci) ’ 


22 . 7.3 

cn(z/(l + fci), fci) dn (z/ (1 + fci), fci) 
1 + fci sn 2 (z/(l + fci), fci) 


22 . 7.4 dn (.-. fc ) = d " 2(z/(1 + ( l) - tl) ~ (1 ~ tl) . 

1 + fci — dn 2 (z/(l + fci), fci) 


22.8 Addition Theorems 
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22.7 (ii) Ascending Landen Transformation 


22.8(iii) Special Relations Between Arguments 


With 

22 . 7.5 



k' 


1 -k 
1 + k’ 


22 . 7.6 

sn (z, k) 

_ (1 + k' 2 ) sn (z/( 1 + k' 2 ),k 2 ) cn (z/( 1 + k 2 ), k 2 ) 
dn (2/(1 + k' 2 ),k 2 ) 


22 . 7.7 cn (z,k) 

22 . 7.8 dn (z,k) 


(1 + A^Xdn 2 (z/( 1 + k 2 ),k 2 ) - k 2 ) 
k 2 dn {z/{ 1 + k 2 ),k 2 ) 

(1 - k' 2 )(dn 2 {zj (1 + k 2 ),k 2 ) + k 2 ) 
k 2 dn (z/{ 1 + k' 2 ),k 2 ) 


22.7(iii) Generalized Landen Transformations 

See Khare and Sukhatme (2004). 


22.8 Addition Theorems 


22.8(i) Sum of Two Arguments 


For zz, v £ C, and with the common modulus k sup- 
pressed: 

sn zz cn v dn v + sn v cn zz dn zz 
1 — k 2 sn 2 zz sn 2 v 
cn u cn v — sn zz dn zz sn v dn v 
1 — k 2 sn 2 zz sn 2 v 
dn zz dn v — k 2 sn zz cn zz sn v cn v 
1 — k 2 sn 2 zzsn 2 v 


22 . 8.3 dn (u + v) 


22.8.2 cn (zt + v) 


22.8.1 sn (it + v) 


See also Carlson (2004). 

For the other nine functions see http : //dlmf . nist . 
gov/22 . 8 . i. 


22.8(ii) Alternative Forms for Sum of Two 
Arguments 


In the following equations the common modulus k is 
again suppressed. 

Let 


22 . 8.19 


Z\ + z 2 + 23 + 24 — 0. 


Then 


22 . 8.20 


and 

22 . 8.21 


sn zi 

cn z 1 

dn 24 

1 

sn z 2 

cn z 2 

dn z 2 

1 

sn z 3 

cn z 3 

dn 2 3 

1 

sn Z4 

cnz4 

dn 24 

1 


7 /2 7 /2 7 9 

k — k k sn z\ sn z 2 sn z 3 sn Z4 
+ k 2 cn Z\ cn z 2 cn z 3 cn Z4 
— dn Z\ dn z 2 dn t 3 dn 24 = 0. 


A geometric interpretation of (22.8.20) analogous 
to that of (23.10.5) is given in Whittaker and Watson 
(1927, p. 530). 

Next, let 


22 . 8.22 

Then 


21 + z 2 + 2 3 + 24 — 2A ( k ). 


sn z\ cn zi 

cn 24 dn 24 

cn zi 

dn 24 

sn z 2 cn z 2 

cn z 2 dn z 2 

cn z 2 

dn z 2 

sn z 3 cn z 3 

cn 23 dn 23 

cn 2:3 

dn 23 

sn Z4 cn Z4 

cn 24 dn 24 

cn 2:4 

dn 24 


For these and related identities see Copson (1935, 
pp. 415-416). 

If sums/ differences of the Zj’s are rational multiples 
of K(k), then further relations follow. For instance, if 


For u,v £ C, and with the common modulus k sup- 
pressed: 


sn 2 u — sn 2 v 


sn u cn v dn v — sn v cn u dn zt ’ 

. . sn zt cn zt dn v + sn v cn v dn zz 

22 . 8.14 sn(zt + z;)= 5 , 

cn u cn v + sn u dn u sn v dn v 

. , sn zt cn zt dn v — sn v cn v dn u 

22 . 8.15 cn(zi + z;)= , 

sn u cn v dn v — sn v cn zt dn u 


22 . 8.13 sn(zz + z;) 


. . 1 — sn 2 u — sn 2 v + k 2 sn 2 u sn 2 v 

22 . 8.16 cn (zz + v) = 

cn zz cn v + sn u dn zz sn v dn v 

, . . sn zz cn v dn zz — sn v cn zz dn v 

22 . 8.17 dn (zz + z;) = , 

sn u cn z; dn v — sn v cn u dn u 

, , , cn zz dn zz cn z; dn z; + k ' 2 snzzsnz; 

22 . 8.18 dn (zz + v) = 5 . 

cn zz cn z; + sn zz dn zz sn v dn v 

See also Carlson (2004). 


22-8.24 24 - 22 = 22 - 23 = §tf(fc), 

then 

22 8 25 22 + 23) (dn 2 3 + dn 24) (dn 24 + dn z 2 ) 

dn 24 + dn z 2 + dn 2 3 

is independent of 24, z 2 , 23. Similarly, if 

22 . 8.26 24 - Z 2 = 2 2 - 2 3 = 2 3 - 2 4 = \K{k ), 
then 

22 . 8.27 Zl Z3 — ^ ~ 2 - 4 _ 

Greenhill (1959, pp. 121-130) reviews these results in 
terms of the geometric poristic polygon constructions of 
Poncelet. Generalizations are given in §22.9. 
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22.9 Cyclic Identities 
22.9(i) Notation 

The following notation is a generalization of that of 
Khare and Sukhatme (2002). 

Throughout this subsection m and p are positive in- 
tegers with 1 < to < p. 

22.9.1 sff p = sn (z + 2p~ 1 (m — 1) K(k),k), 

22.9.2 cff p = cn (z + 2p~ 1 (m - 1) K(k),k), 

22.9.3 d^ p = dn (z + 2p~ 1 (m — 1) K{k), k ), 

22.9.4 s$ p = sn (z + 4p~ 1 (m — 1) K(k),k ) , 

22.9.5 = cn (z + 4p~ 1 (m - 1) K(k),k), 

22.9.6 d^ p = dn (2 + 4p~ 1 (m — 1) K(k),k ) . 

In the remainder of this section the rank of an iden- 
tity is the maximum number of elliptic function factors 
in each term in the identity. The value of p determines 
the number of points in the identity. The argument z is 
suppressed in the above notation, as all cyclic identities 
are independent of z. 


22.9(ii) Typical Identities of Rank 2 

In this subsection 1 < to < p and 1 < n < p. 

Three Points 

With 

22.9.7 k = dn (2K (k)/3,k), 

K 2 — 1 


22.9.8 


22.9.9 


22.9.10 


.(4) J4) 


C 1 4 2 C 2 4 2 + 

<©<© 


, S (4 V 4) . 

r * 2 , 2 * 3, 2 

r (4) r (4) 
l 2,2 c 3,2 

■ 4343 


*3, 2*1, 2 — 


-c (4) c (4) -- 
C 3,2 C 1,2 — 

4343 


k 2 ' 
k(k + 2) 


(l + «) 


2 ’ 


= d^\d22 + ^2 2^32 + ^3 2^12 = K ( K + 2 ). 

These identities are cyclic in the sense that each of 
the indices to, n in the first product of, for example, the 
form s^ 2 s^\ are simultaneously permuted in the cyclic 
order: to — ► m+1 — > m+2 —>■■■ p —> 1 — > 2 — » • • • to— 1; 
n — > n + 1 — ; ► n + 2 — > •••p— >1— >2— — 1. Many 
of the identities that follow also have this property. 


22.9(iii) Typical Identities of Rank 3 

Two Points 


22.9.11 



± 





22.9.12 


( 2 ) ( 2 ) ,( 2 ) 
C 1,2*1.2 U 2,2 


„(2) (2) 42) 
-2,2*2,2 a l,2 


= 0. 


Three Points 

With k defined as in (22.9.7), 


22.9.13 


22.9.14 


22.9.15 


22.9.16 


s (4) „( 4 ) „( 4 ) _ 1 

S 1,3 S 2,3 S 3,3 - 1 _ fi 2 




( 4 ) 

3 


J4)J4) J4) _ K 

C 1,3 C 2,3 C 3,3 ~ l_ k 2 


( c ' 4 


(4) 

3 


,(4) 0 (4) 

b 2,3 


c (4) + c (4) 

l 2,3 ' c 3,3 


3 ) 


(2) ,(2) r(2) 

l,3 a 2,3 a 3,3 


+ ^ ~ 1 (J. 2) , wW 


1 — K 2 


(dg 


x 2,3 


43 ) . 


.KIJIA 4. J 4 >J 4 >r (4> 4. J 4 >J 4 >J 4 > 
*1,3 C 2,3 C 3,3 ■ *2,3 C 3,3 C 1,3 ■ *3,3 C 1,3 C 2,3 

_ k(k + 2) f (4) (4) (4) 


1 — K 2 


(»S 4 


~ 2 ,3 


’3,3 


Four Points 


22.9.17 

,( 2 ) ,( 2 ) ,( 2 ) , ,( 2 ) ,( 2 ) ,( 2 ) ,( 2 ) ,( 2 ) ,( 2 ) , ,( 2 ) ,( 2 ) ,( 2 ) 

^ 1 , 4 ^ 2 , 4 ^ 3,4 ^ 2 , 4 ^ 3 , 4 ^ 4, 4 ^ 3 , 4 ^ 4 . 4 ^ 1, 4 ® 4 , 4 ^ 1 , 4 ^ 2, 4 


= fc' 


'(± 4 2 


< 2 > j. J< 2 > 4 j. ,I< 2 > 


<i±4,4 


3 ). 


22.9.18 


22.9.19 


( 43 ) 43 ± ( 43 ) 43 + ( 43 ) 43 


± 


( 43 ) 43 = *'(43 ± 43 + 43 ± 43 ) . 


(2) <2) ,(2) , (2) (2) ,(2) 

c l,4*l,4 a 3,4 T" c 3,4 6 3,4 U 1,4 


- r ( 2 U 2 ) r /( 2 ) 

— c 2 4*2,4 U 4,4 


( 2 ) ( 2 ) ,( 2 ) _ „ 

*-'4, 4*4, 4^2, 4 — 


For identities of rank 4 and higher see http : / / dlmf . 
nist . gov/22 . 9 . iv. 


22.10 Maclaurin Series 

22.10(i) Maclaurin Series in z 

Initial terms are given by 

22 . 10.1 

sn (z, k) = z - (l + k 2 ) 77 y + (l + 14A; 2 + fc 4 ) 4- 

*7 

- (1 + 135 k 2 + 135fc 4 + k 6 ) — + 0(z 9 ), 
cn (z, k) = 1 - Z — + (1 + 4fc 2 ) 

22.10.2 

- (1 + 44A: 2 + 16fc 4 ) ^ + 0(z 8 ) , 

dn (z, k) = 1 - k 2 ^ + k 2 (4 + k 2 ) 

22.10.3 g 

- k 2 (16 + 44/t 2 + fc 4 ) + 0(z 8 ) . 

Further terms may be derived by substituting 
in the differential equations (22.13.13), (22.13.14), 
(22.13.15). The full expansions converge when |z| < 
min (K(k), K'(k)). 


22.11 Fourier and Hyperbolic Series 
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22.10(ii) Maclaurin Series in k and k' 


Initial terms are given by 

22.10.4 

k 2 

sn (z, k) = sin 2 — — (z — sin 2 cos z) cos 2 + 0(fc 4 ), 


22.10.5 

k 2 

cn (z, k) = cos 2 + — (2 — sin z cos z) sin 2 + O (k 4 ) , 
k 2 

22.10.6 dn ( 2 , k) = 1 — sin 2 2 + 0(k 4 ), 


sn ( 2 , k) = tanh 2 (2 — sinh 2 cosh 2 ) sech 2 2 

22.10.7 4 


+ 0 


(c 4 ), 


22 . 10.8 

k' 2 

cn ( 2 , k) = sech 2 H — — (2 — sinh 2 cosh 2 ) tanh 2 sech 2 

+ 0(V 4 ), 

22.10.9 

k < 2 

dn ( 2 , k) = sech 2 + — (2 + sinh 2 cosh 2 ) tanh 2 sech 2 

+ o(V 4 ). 

Further terms may be derived from the differen- 
tial equations (22.13.13), (22.13.14), (22.13.15), or from 
the integral representations of the inverse functions in 
§22.15(ii). The radius of convergence is the distance to 
the origin from the nearest pole in the complex fc-plane 
in the case of (22.10.4)-(22.10.6), or complex AZ-plane 
in the case of (22.10.7)-(22.10.9); see §22.17. 


Similar expansions for cn 2 ( 2 , k) and dn 2 ( 2 , k) follow im- 
mediately from (22.6.1). 

For further Fourier series see Oberhettinger (1973, 
pp. 23-27). 

A related hyperbolic series is 

22.11.14 

k 2 sn 2 ( 2 , k) 

= E ( sech2 (2 w {z - 2nK) ))’ 

n=— 00 

where E' = E'(k) is defined by §19.2.9. Again, similar 
expansions for cn 2 ( 2 , k) and dn 2 ( 2 , k) may be derived 
via (22.6.1). See Dunne and Rao (2000). 


22.12 Expansions in Other Trigonometric 
Series and Doubly-lnfinite Partial 
Fractions: Eisenstein Series 


With t £ C and 


22 . 12.1 


r = iK'(k)/ K(k), 


22 . 12.2 

2ATcsn (2 Kt,k) 


So sin(7r(t - (n + \)t)) 


n=— 00 
00 


E E 


(-i) r 


n=— 00 \m=— 00 


t — m — (n+ 4)t / 

— 00 v Z f / 


22.11 Fourier and Hyperbolic Series 


Throughout this section q and £ are defined as in §22.2. 
If <7exp(2|3£|) < 1, then 


22.11.1 sn ( 2 , k) 

22.11.2 cn ( 2 , k) 

22.11.3 dn (z,k) 


2n 

00 

y « 

n+i 

sin(( 2 n + 1 )£) 

Kk 

2 -^ 

n— 0 


1 _ q2ra+l 

2n 

00 

y 9 

n+i 

cos(( 2 n + 1 )£) 

Kk 

n— 0 


1 + g 2n+l 

7 T 

2K 

27T 

+ K 

OO 

E 

9 ” cos( 2 n£) 

1 + g 2ra 


For the other nine functions see http://dlmf.nist. 
gov/22.11. 

Next, with E = E(k) denoting the complete 
elliptic integral of the second kind (§ 19.2(h)) and 

gexp(2|3CI) < 1, 


22.11.13 

sn 2 ( 2 , k) 



27T 2 ~ 

k 2 K 2 2 


nq n 
1 - q 2n 


cos (2 n£). 


22.12.3 

2 iKk cn (2 AT, k) 


“ ( — !) ra 7T 

^ sm(7r(t - (n + |)t)) 

/ 00 ( 1 \ m+n 

E E ( ’ 

n=— 00 \m=— 00 


t — m — (n+ \)t 


22.12.4 

2iK dn (2Kt, k) 


N 


= lim V (-1V 

IV — »oo 


tan(7r(f - (n + |)r)) 
/ M 

= lim V (~l) n lim y 

AT KY) ‘ ^ \ A A — uyi ‘ ^ 


n,=—N 

N 


i=-N 


■i = -M 


t — m— (n + 2 ) 7 " 


The double sums in (22.12.2)-(22.12.4) are convergent 
but not absolutely convergent, hence the order of the 
summations is important. Compare §20.5(iii). 

For corresponding expansions for the subsidiary 
functions see http : // dlmf . nist . gov/22 .12. 
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22.13 Derivatives and Differential 22.14 Integrals 

Equations 

22.14(i) Indefinite Integrals of Jacobian Elliptic 
22.13(i) Derivatives Functions 


Table 22.13.1: Derivatives of Jacobian elliptic functions 
with respect to variable. 


jz (sn z) = cn z dn z 

jz (dc z) = k ' 2 sc z nc z 

jz (cn z) = — sn x dn 2 

jz (nc z) = sc z dc z 

^(dnx) = —k 2 snzenz 

jz (sc z) = dc z nc z 

^(cd z) = — fc ,2 sdzndz 

jz (ns z) = — els z cs z 

jz (sd z) = cd z nd z 

jz (ds z) = — cs z ns z 

jz (nd z) = k 2 sd z cd z 

jz (cs z) = — ns z ds z 


Note that each derivative in Table 22.13.1 is a constant 
multiple of the product of the corresponding copolar 
functions. (The modulus k is suppressed throughout 
the table.) 

For alternative, and symmetric, formulations of 
these results see Carlson (2004, 2006a). 

22.13(ii) First-Order Differential Equations 

22 . 13.1 

= (l — sn 2 (z, k)) (l — k 2 sn 2 (, z , k)) , 

22 . 13.2 

cn (z, k)^j = (l — cn 2 (z, k)) (k' 2 + k 2 cn 2 (z, k)j , 

22 . 13.3 

= (l — dn 2 (z, fc)) (dn 2 (z, k ) — fc' 2 ^ . 

For corresponding equations for the subsidiary functions 
see http : // dlmf . nist . gov/22 . 13 . ii. 

For alternative, and symmetric, formulations of 
these results see Carlson (2006a). 

22.13(iii) Second-Order Differential Equations 

22 . 13.13 

d 2 

— 2 sn (z, k) = —(1 + k 2 ) sn (z, k) + 2 k 2 sn 3 (z, k), 
dz 

22 . 13.14 

d 2 

— 2 cn (z, k) = —(k' 2 — k 2 ) cn ( z , k) — 2 k 2 cn 3 (z, k), 
dz 

22 . 13.15 

d 2 

— 2 dn (z, k) = (1 + k '~ ) dn (z, k) — 2dn 3 (z, k). 
dz 

For corresponding equations for the subsidiary func- 
tions see http : //dlmf .nist . gov/22 . 13 . iii. 

For alternative, and symmetric, formulations of 
these results see Carlson (2006a). 


dz 


dn (z, k) 


— sn (z, k) 
dz 


With xeR, 


22 . 14.1 

22 . 14.2 

22 . 14.3 


sn (x, k) dx = k 1 ln(dn (x, k) — ken ( x , fc)), 


cn{x,k)dx=k 1 Arccos(dn (x, k)), 


dn (x, k) dx = Arcsin(sn (x, k)) = am (x, k). 


The branches of the inverse trigonometric functions are 
chosen so that they are continuous. See §22.16(i) for 
am (z, k). 

For alternative, and symmetric, formulations of 
these results see Carlson (2006a). 

For the corresponding results for the subsidiary func- 
tions see http : //dlmf .nist . gov/22 . 14. i. 


22.14(ii) Indefinite Integrals of Powers of 
Jacobian Elliptic Functions 

See §22.16(ii). The indefinite integral of the 3rd power 
of a Jacobian function can be expressed as an elemen- 
tary function of Jacobian functions and a product of 
Jacobian functions. The indefinite integral of a 4th 
power can be expressed as a complete elliptic integral, 
a polynomial in Jacobian functions, and the integra- 
tion variable. See Lawden (1989, pp. 87-88). See also 
Gradshteyn and Ryzhik (2000, pp. 618-619) and Carl- 
son (2006a). 

For indefinite integrals of squares and products of 
even powers of Jacobian functions in terms of symmet- 
ric elliptic integrals, see Carlson (2006b). 


22.14(iii) Other Indefinite Integrals 


In (22.14.13)-(22.14.15), 0 < x < 2 K. 


22 . 14.13 


22 . 14.14 


dx 


sn (x, k) 


= In 


sn (x, k) 


cn (x, k) + dn (x, k) 


cn (x, k) dx 
sn (x, k) 


!, / 1 — dn (x, k) \ 

2 n \ 1 + dn (x, k) ) ’ 


22U15 f Cn ( X ’ k ) dx = dn 

J sn 2 (x, k) sn (x, k ) 

For additional results see Gradshteyn and Ryzhik (2000, 
pp. 619-622) and Lawden (1989, Chapter 3). 
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22.14(iv) Definite Integrals 


22.15(ii) Representations as Elliptic Integrals 


r K(k) 

/ ln(sn ( t , k)) dt — — \K'{k ) — \K[k) lnfc, 

J o 

r*-W 

/ ln(cn (t, k)) dt = — | K'(k ) + ^K(k) ln(k' /k), 

Jo 

r K(k) 

/ In (dn (t, k)) dt = | K (k) In k! . 

Jo 


22.14.16 


22.14.17 

r K(k) 


22.14.18 


Corresponding results for the subsidiary functions 
follow by subtraction; compare (22.2.10). 


22.15 Inverse Functions 
22.15(i) Definitions 

The inverse Jacobian elliptic functions can be defined in 
an analogous manner to the inverse trigonometric func- 
tions (§4.23). With real variables, the solutions of the 
equations 


22.15.1 

sn (£, k) = x, 

-l<x< 

22.15.2 

cn (r/, k) = x, 

-l<x< 

22.15.3 

dn (£, k) = x, 

k' < x < 

are denoted respectively by 


22.15.4 



£ = arcsn(x, k), 

if = arccn(x, k), 

£ = arcdn(x, k) 


Each of these inverse functions is multivalued. The prin- 
cipal values satisfy 

22.15.5 —K < arcsn(x, k) < K , 


22.15.12 

arcsn(x, k) 

22.15.13 

arccn(x, k) = 


dt 


L dt 

yj(l-t 2 )(k' 2 + k 2 t 2 ) 


-1 < x < 1, 

-1 < x < 1, 


22.15.14 


arcdn(x, k) = — -= 

Jx v( 


dt 


1 -t 2 ){t 2 -k' 2 ) 


k' < x < 1 . 


For the corresponding results for the subsidiary func- 
tions see http : //dlmf .nist . gov/22 . 15 . ii. 

The integrals (22.15.12)-(22.15.14) can be regarded 
as normal forms for representing the inverse functions. 
Other integrals, for example, 

f b dt 

Jx ^{a 2 + t 2 ){b 2 

can be transformed into normal form by elementary 
change of variables. Comprehensive treatments are 
given by Carlson (2005), Lawden (1989, pp. 52-55), 
Bowman (1953, Chapter IX), and Erdelyi et al. (1953b, 
pp. 296-301). See also Abramowitz and Stegun (1964, 
p. 596). 

For representations of the inverse functions as sym- 
metric elliptic integrals see §19.25(v). For power-series 
expansions see Carlson (2008). 


22.16 Related Functions 


22.16(i) Jacobi’s Amplitude (am) Function 
Definition 


22 . 15.6 0 < arccn(a:, k) < 2 K, 

22 . 15.7 0 < arcdn(a;, k) < K, 

and unless stated otherwise it is assumed that the in- 
verse functions assume their principal values. The gen- 
eral solutions of (22.15.1), (22.15.2), (22.15.3) are, re- 
spectively, 

22 . 15.8 £ = (— l) m arcsn(x, k) + 2mK, 

22 . 15.9 rj = ± arccn(a;, k) + 4mK, 

22 . 15.10 ( = ± arcdn(x, k) + 2mK, 
where m £ Z. 

Equations (22.15.1) and (22.15.4), for arcsn(a;, k), 
are equivalent to (22.15.12) and also to 

/■ sn ( x ’ fe ) dt 

22 . 15.11 X ~ J 0 y/{l-t 2 ){l-~k 2 ^) , 

-1 < x < 1, 0 < k < 1. 

Similarly with (22.15.13)-(22.15.14) and also the other 
nine Jacobian elliptic functions. 


22.16.1 am ( x , k) = Arcsin(sn (a;, fc)), x G R, 

where the inverse sine has its principal value when 
—K<x<K and is defined by continuity elsewhere. 
See Figure 22.16.1. am (x,k) is an infinitely differen- 
tiable function of x. 

Quasi-Periodicity 

22.16.2 am (x + 2K , k) = am (x, k ) + 7r. 

Integral Representation 

22.16.3 am ( x , k) = f dn (f, k) dt. 

Jo 

Special Values 

22.16.4 am(x, 0) = X, 

22.16.5 am (x, 1) = gd(x). 

For the Gudermannian function gd(x) see §4.23(viii). 

Approximation for Small x 

t 3 rf 

22.16.6 am (x, k) = x — k 2 — + k 2 (4+ k 2 ) — + 0(x 7 ). 
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Approximations for Small k, k' 


Relation to Theta Functions 


22.16.7 

22.16.8 


am (x, k) = x — \k 2 {x — sin x cos x) + 0(fc 4 ) , 
am ( x,k ) = gd x — | k' 2 (x — sinh x cosh x) sech x 



Fourier Series 

With q as in (22.2.1) and £ = nx/(2K), 

, , 7T g” sin(2nC) 

22.16.9 am (x, fc) = --rpX + 2 > — 7 . 

v ’ OK ^ n{l + q 2n ) 


n—1 


Relation to Elliptic Integrals 

If —K < x < K, then the following four equations are 
equivalent: 

22.16.10 x = F(<j),k ), 

22.16.11 am (x,k)=(j), 

22.16.12 sn (x, k) = sin (j) = sin(am (x, k)), 

22.16.13 cn(x, k) = cos <f> = cos(am (x, k)). 

For F(</),k ) see §19.2(ii). 


22. 16(ii) Jacobi’s Epsilon Function 

Definition 

For x G I 

r x /i _ Z-2+2 

22.16.14 £(x,k) = j \j x _ t 2 dt\ 

compare (19.2.5). See Figure 22.16.2. 

Other Integral Representations 

22.16.15 £(x, k) = x — k 2 f sn 2 (t,k)dt, 

Jo 

r x 

22.16.16 £(x, k) = k' 2 x + k 2 / cn 2 (t, k) dt, 

Jo 

22.16.17 £(x,k)= j dn 2 (t,k)dt. 

Jo 

For corresponding formulas for the subsidiary func- 
tions see http : //dlmf . nist . gov/22 . 16 . ii. 

Quasi-Addition and Quasi-Periodic Formulas 

22.16.27 

£{x\ + x 2 , k) = £(xi,k) + £(x 2 ,k) 

— k 2 sn (xi, k) sn (x 2 , k) sn (x 7 + x 2 , k), 

22.16.28 

£ (x + K, k) = £(x, k) + E{k) — k 2 sn (x, k) cd (x, k), 

22.16.29 £{x + 2 1\, k) = £(x, k ) + 2 E{k). 

For E(k) see §19.2(ii). 


22.16.30 £(x, k ) = 2 


0 4(?,g) 


O^q) 


m 

K(k) 


x, 


where ^ = x/ 0 2 (0, q). For 6j see §20.2(i). For E(k) see 
§19.2(ii). 


Relation to the Elliptic Integral E(cf>,k ) 


22.16.31 


£(am (x, k), k) = £(x, k), —K<x<K. 


For E(<j>,k ) see §19.2(ii). See also (22.16.14). 


22. 16(iii) Jacobi's Zeta Function 

Definition 

With E(k) and K(k ) as in §19.2(ii) and x £ K, 

22.16.32 z ( x | jfe) = £{x, k ) - (E(k) / K(k))x. 

See Figure 22.16.3. (Sometimes in the literature Z(x|fc) 
is denoted by Z(am (x, k),k 2 ).) 

Properties 

Z(x|fc) satisfies the same quasi-addition formula as the 
function £(x,k), given by (22.16.27). Also, 

22.16.33 Z(x + K\k) = Z(x| k) — k 2 sn (x, k) cd (x, k), 

22.16.34 Z(x + 2K\k) = Z(x|fc). 


22.16(iv) Graphs 



Figure 22.16.1: Jacobi’s amplitude function am (x, k) for 
0 < x < 107T and k = 0.4,0.7,0.99,0.999999. Values of 
k greater than 1 are illustrated in Figure 22.19.1. 
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Figure 22.16.2: Jacobi’s epsilon function £(x,k) for 
0 < x < 107r and k = 0.4,0.7,0.99,0.999999. (These 
graphs are similar to those in Figure 22.16.1; com- 
pare (22.16.3), (22.16.17), and the graphs of dn (x, k) 
in §22.3(i).) 



Figure 22.16.3: Jacobi’s zeta function Z(x|fc) for 0 < x < 
10tt and k = 0.4, 0.7, 0.99, 0.999999. 


22.17 Moduli Outside the Interval [0,1] 


22.17(i) Real or Purely Imaginary Moduli 

Jacobian elliptic functions with real moduli in the in- 
tervals (—oo,0) and (l,oo), or with purely imaginary 
moduli are related to functions with moduli in the in- 
terval [0, 1] by the following formulas. 

First 


22 . 17.1 pq (z, k) = pq (z, — fc), 

for all twelve functions. 

Secondly, 


22 . 17.2 sn (z, 1/k) = fcsn (z/k, k), 

22 . 17.3 cn (z, 1/k) = dn (z/k, k), 

22 . 17.4 dn (z, 1/k) = cn (z/k, k). 
Thirdly, with 


ki = 


k 


k 

1 + fc 2 ’ 


22 . 17.6 sn (z, ik) = k[ sd (z/k[, k±), 

22 . 17.7 cn (z, ik) = cd (z/k[, k\), 

22 . 17.8 dn (z, ik) = nd (z/k [ , k\). 

In terms of the coefficients of the power series of 
§22. 10(i) , the above equations are polynomial identities 
in k. In (22.17.5) either value of the square root can be 
chosen. 

22. 17 (ii) Complex Moduli 

When z is fixed each of the twelve Jacobian elliptic 
functions is a meromorphic function of k 2 . For illus- 
trations see Figures 22.3.25-22.3.27. In consequence, 
the formulas in this chapter remain valid when k is 
complex. In particular, the Landen transformations 
in §§22.7(i) and 22.7 (ii) are valid for all complex val- 
ues of k, irrespective of which values of yfk and k' = 
yfY^W are chosen — as long as they are used consis- 
tently. For proofs of these results and further informa- 
tion see Walker (2003). 


Applications 

22.18 Mathematical Applications 

22. 18(i) Lengths and Parametrization of Plane 
Curves 


Ellipse 


22 . 18.1 (x 2 /a 2 ) + ( y 2 /b 2 ) = 1, 
with a > b > 0, is parametrized by 

22 . 18.2 x = a sn (u, k) , y = bcn(u,k), 

where k = y / 1 — ( b 2 /a 2 ) is the eccentricity, and 0 < 
u < 4 K(k). The arc length l(u) in the first quadrant, 
measured from u = 0, is 

22 . 18.3 l{u) = a£(u,k), 

where £{u,k) is Jacobi’s epsilon function (§22.16(ii)). 

Lemniscate 


In polar coordinates, x = r cos <j), y = r sin </>, the lem- 
niscate is given by r 2 = cos(2</>), 0 < <fi < 27t. The arc 
length l(r ), measured from (f> = 0, is 


22 . 18.4 

Inversely: 

22 . 18.5 

and 


l(r) = (1/V2) arccn 1 / \/2^ • 


r = cn 



x 

22 . 18.6 


cn ^y/2l, l/y/2 ^ dn ^y/2 /, 1 








22 . 17.5 


y/T+W’ 


fci k[ = 


y = cn 
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For these and other examples see Lawden (1989, 
Chapter 4), Whittaker and Watson (1927, §22.8), and 
Siegel (1988, pp. 1-7). 

22. 18(ii) Conformal Mapping 

With k £ [0, 1] the mapping z — > w = sn {z, k ) gives a 
conformal map of the closed rectangle [■ —K , K\ x [0, K '] 
onto the half-plane Sw > 0, with 0, ±K , ±K + iK ' , iK' 
mapping to 0, ±1, ±fc -2 , oo respectively. The half-open 
rectangle (— K,K ) x \—K',K') maps onto C cut along 
the intervals (— oo,— 1] and [l,oo). See Akhiezer (1990, 
Chapter 8) and McKean and Moll (1999, Chapter 2) 
for discussions of the inverse mapping. Bowman (1953, 
Chapters V-VI) gives an overview of the use of Jacobian 
elliptic functions in conformal maps for engineering ap- 
plications. 

22.18(iii) Uniformization and Other 
Parametrizations 

By use of the functions sn and cn, parametrizations of 
algebraic equations, such as 

22 18 7 azV + b(x 2 y + xy 2 ) + c(x 2 + y 2 ) 

+ 2 dxy + e(x + y) + f = 0, 

in which a, b, c, d, e, / are real constants, can be achieved 
in terms of single- valued functions. This circumvents 
the cumbersome branch structure of the multivalued 
functions xfy) or y(x), and constitutes the process of 
uniformization ; see Siegel (1988, Chapter II). See Bax- 
ter (1982, p. 471) for an example from statistical me- 
chanics. Discussion of parametrization of the angles 
of spherical trigonometry in terms of Jacobian elliptic 
functions is given in Greenhill (1959, p. 131) and Law- 
den (1989, §4.4). 

22.18(iv) Elliptic Curves and the Jacobi-Abel 
Addition Theorem 

Algebraic curves of the form y 2 = P(x), where P is 
a nonsingular polynomial of degree 3 or 4 (see McK- 
ean and Moll (1999, §1.10)), are elliptic curves , which 
are also considered in §23.20(ii). The special case 
y 2 = (1 — a; 2 )(l — k 2 x 2 ) is in Jacobian normal form. 
For any two points (xi,y±) and ( £ 2 , 2 / 2 ) on this curve, 
their sum (£ 3 , 2 / 3 ), always a third point on the curve, is 
defined by the Jacobi-Abel addition law 

22 . 18.8 

XiV 2 + x 2 y\ 

X 3 ~ 1 _ L2 T 2„2 > 

X rv Ju 2 «X/2 

_ 2 / 12/2 + £tT 2 ( — (1 + k 2 )x\ + 2k 2 x\) | __ 2k 2 x\yix\ 
y 3 _ 1 _ 1 . 2 t 2 t 2 ^ X 3 1 _ L 2.2 2 > 

a construction due to Abel; see Whittaker and Wat- 
son (1927, pp. 442, 496-497). This provides an abelian 


group structure, and leads to important results in num- 
ber theory, discussed in an elementary manner by Sil- 
verman and Tate (1992), and more fully by Koblitz 
(1993, Chapter 1, especially §1.7) and McKean and Moll 
(1999, Chapter 3). The existence of this group struc- 
ture is connected to the Jacobian elliptic functions via 
the differential equation (22.13.1). With the identifi- 
cation x = sn (z,k), y = d(sn(z,k))/dz, the addition 
law (22.18.8) is transformed into the addition theorem 
(22.8.1); see Akhiezer (1990, pp. 42, 45, 73-74) and 
McKean and Moll (1999, §§2.14, 2.16). The theory 
of elliptic functions brings together complex analysis, 
algebraic curves, number theory, and geometry: Lang 
(1987), Siegel (1988), and Serre (1973). 


22.19 Physical Applications 

22. 19(i) Classical Dynamics: The Pendulum 

With appropriate scalings, Newton’s equation of motion 
for a pendulum with a mass in a gravitational field con- 
strained to move in a vertical plane at a fixed distance 
from a fulcrum is 

22.19.1 fm = _ 

dt 2 v ; 

9 being the angular displacement from the point of sta- 
ble equilibrium, 9 = 0. The bounded (— 7 r < 9 < w) 
oscillatory solution of (22.19.1) is traditionally written 

22.19.2 sin(Jf?(t)) = sin(ia) sn ft, sin(|a)) , 

for an initial angular displacement a, with d9/dt = 0 at 
time 0; see Lawden (1989, pp. 114-117). The period is 
4A'(sin(|a)) . The angle a = 7r is a separatrix , separat- 
ing oscillatory and unbounded motion. With the same 
initial conditions, if the sign of gravity is reversed then 
the new period is 4iC (sin ( J a ) ) ; see Whittaker (1964, 
§44). 

Alternatively, Sala (1989) writes: 

22.19.3 Qft) = 2 am (i, y/2/E) , 

for the initial conditions 0(0) = 0, the point of stable 
equilibrium for E = 0, and d9(t)/dt = y/2E. Here 
E = ^{d9{t) / dt) 2 + 1 — cos 0(f) is the energy, which is a 
first integral of the motion. This formulation gives the 
bounded and unbounded solutions from the same for- 
mula (22.19.3), for k > 1 and k < 1, respectively. Also, 
Oft) is not restricted to the principal range — 7r < 9 < n. 
Figure 22.19.1 shows the nature of the solutions Oft) of 
(22.19.3) by graphing am (x, k) for both 0 < k < 1, as 
in Figure 22.16.1, and k> 1, where it is periodic. 
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Figure 22.19.1: Jacobi’s amplitude function am (x, k) for 
0 < x < IOtt and k = 0.5,0.9999,1.0001,2. When 
k < 1, am {x, k ) increases monotonically indicating that 
the motion of the pendulum is unbounded in 9 , cor- 
responding to free rotation about the fulcrum; com- 
pare Figure 22.16.1. As k — > 1—, plateaus are seen 
as the motion approaches the separatrix where 6 = mr , 
n = ±1, ±2, ..., at which points the motion is time inde- 
pendent for k = 1. This corresponds to the pendulum 
being “upside down” at a point of unstable equilibrium. 
For k > 1, the motion is periodic in x, corresponding to 
bounded oscillatory motion. 


22. 19(ii) Classical Dynamics: The Quartic 
Oscillator 


Classical motion in one dimension is described by New- 
ton’s equation 


22.19.4 


d 2 x(t) dV(x) 

dt 2 dx 


where V(x) is the potential energy, and x(t) is the co- 
ordinate as a function of time t. The potential 


22.19.5 V{x) = ±\x 2 ± \f3x 4 

plays a prototypal role in classical mechanics (Law- 
den (1989, §5.2)), quantum mechanics (Schulman (1981, 
Chapter 29)), and quantum field theory (Pokorski 
(1987, p. 203), Parisi (1988, §14.6)). Its dynamics for 
purely imaginary time is connected to the theory of in- 
stantons (Itzykson and Zuber (1980, p. 572), Schafer 
and Shuryak (1998)), to WKB theory, and to large- 
order perturbation theory (Bender and Wu (1973), Si- 
mon (1982)). 

For (3 real and positive, three of the four possible 
combinations of signs give rise to bounded oscillatory 
motions. We consider the case of a particle of mass 1, 
initially held at rest at displacement a from the origin 
and then released at time t = 0. The subsequent po- 
sition as a function of time, x(t), for the three cases 
is given with results expressed in terms of a and the 
dimensionless parameter r) = 3a 2 . 


Case I: V (x) = \x 2 + |/3a; 4 

This is an example of Duffing ’s equation ; see Ablowitz 
and Clarkson (1991, pp. 150-152) and Lawden (1989, 
pp. 117 119). The subsequent time evolution is always 
oscillatory with period 4/v(fc)/y'l + rj: 

22.19.6 x{t) = acn ^\/l + rjt, l/\/2 + ? 7 -1 ^ . 

Case II: V (x) = |cc 2 — |/3a; 4 

There is bounded oscillatory motion near x = 0, with 
period AK(k)/y/l — r), for initial displacements with 

M < \[W- 

22.19.7 x(t) = a sn ^^/l — rjt, 1 j \J t? - 1 — l^j . 

As a — > ^/l//3 from below the period diverges since 
a = ±a/1 / (3 are points of unstable equilibrium. 

Case III: V (x) = — |cc 2 + |/ 3x 4 

Two types of oscillatory motion are possible. For an ini- 
tial displacement with ^/l//3 < |a| < y/2/f3, bounded 
oscillations take place near one of the two points of sta- 
ble equilibrium x = ±\Jl/ (3. Such oscillations, of pe- 
riod 4A'(fc) / ffirj, are given by: 

22.19.8 x(t) = adn \J2 - j?- 1 ). 

As a — > y/2/0 from below the period diverges since 
x = 0 is a point of unstable equilibrium. For initial 
displacement with |a| > y / 2//3 the motion extends over 
the full range —a < x < a: 

22.19.9 x(t) = acn — It, l/\/2 — , 

with period 4K (k)/^/2ij — 1. As |a| — > y/2 / (3 from 
above the period again diverges. Both the dn and cn 
solutions approach asecht as a — > yj2/ f3 from the ap- 
propriate directions. 

22.19(iii) Nonlinear ODEs and PDEs 

Many nonlinear ordinary and partial differential equa- 
tions have solutions that may be expressed in terms of 
Jacobian elliptic functions. These include the time de- 
pendent, and time independent, nonlinear Schrodinger 
equations (NLSE) (Drazin and Johnson (1993, Chap- 
ter 2), Ablowitz and Clarkson (1991, pp. 42, 99)), the 
Korteweg-de Vries (KdV) equation (Kruskal (1974), Li 
and Olver (2000)), the sine-Gordon equation, and oth- 
ers; see Drazin and Johnson (1993, Chapter 2) for an 
overview. Such solutions include standing or station- 
ary waves, periodic cnoidal waves, and single and multi- 
solitons occurring in diverse physical situations such as 
water waves, optical pulses, quantum fluids, and elec- 
trical impulses (Hasegawa (1989), Carr et al. (2000), 
Kivshar and Luther-Davies (1998), and Boyd (1998, Ap- 
pendix D2.2)). 
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22.19(iv) Tops 

The classical rotation of rigid bodies in free space or 
about a fixed point may be described in terms of ellip- 
tic, or hyperelliptic, functions if the motion is integrable 
(Audin (1999, Chapter 1)). Hyperelliptic functions u(z) 
are solutions of the equation 2 = dx, 

where f(x) is a polynomial of degree higher than 4. 
Elementary discussions of this topic appear in Lawden 
(1989, §5.7), Greenhill (1959, pp. 101-103), and Whit- 
taker (1964, Chapter VI). A more abstract overview is 
Audin (1999, Chapters III and IV), and a complete dis- 
cussion of analytical solutions in the elliptic and hyper- 
elliptic cases appears in Golubev (1960, Chapters V and 
VII), the original hyperelliptic investigation being due 
to Kowalevski (1889). 

22.19(v) Other Applications 

Numerous other physical or engineering applications in- 
volving Jacobian elliptic functions, and their inverses, to 
problems of classical dynamics, electrostatics, and hy- 
drodynamics appear in Bowman (1953, Chapters VII 
and VIII) and Lawden (1989, Chapter 5). Whittaker 
(1964, Chapter IV) enumerates the complete class of 
one-body classical mechanical problems that are solv- 
able this way. 


Computation 


22.20 Methods of Computation 
22.20(i) Via Theta Functions 

A powerful way of computing the twelve Jacobian el- 
liptic functions for real or complex values of both the 
argument z and the modulus k is to use the definitions 
in terms of theta functions given in §22.2, obtaining the 
theta functions via methods described in §20.14. 

22.20(ii) Arithmetic-Geometric Mean 

Given real or complex numbers ao,bo, with bo/ao not 
real and negative, define 

On 2 (On — 1 A b n — l) , b n — (u n _i6 n _i) , 

22.20.1 i , 

Cn 2 v^n— 1 On — 1) •> 

for n > 1, where the square root is chosen so that 
ph6„ = ^(pha n _i + ph6 ra _i), where pha ra _i and 
phfrjj-i are chosen so that their difference is numeri- 
cally less than 7 r. Then as n — > 00 sequences {a n }, 
{b n } converge to a common limit M = M(ao,bo), the 
arithmetic- geometric mean of ao,&o- And since 

22.20.2 max(|a„ — M\ , \b n — M\ , |c„|) < (const.) x 2 -2 , 


convergence is very rapid. 

For x real and k £ (0,1), use (22.20.1) with ao = 
1, bo = k 1 £ (0, 1), Co = k, and continue until 
Cn is zero to the required accuracy. Next, compute 
</>Ar,0jv-i, ■ ■ • Ao, where 

22 . 20.3 (j) N = 2 N a N x, 


22 . 20.4 


Pn - 1 — 


arcsm 


■ sin ( 


and the inverse sine has its principal value (§4. 23(h)). 
Then 


sn (x, k) = sin </> 0, cn (x, k ) = cos <f>o, 


22 . 20.5 


dn (x, k) = 


COS < t > 0 


cos(((>i - (/>o) ’ 

and the subsidiary functions can be found using 

( 22 . 2 . 10 ). 

See also Wachspress (2000). 


Example 

To compute sn, cn, dn to 10D when x = 0.8, k = 0.65. 

Four iterations of (22.20.1) lead to C4 = 6.5 x 
10 -12 . From (22.20.3) and (22.20.4) we obtain 
<j> x = 1.40213 91827 and 0 O = 0.76850 92170. 
Then from (22.20.5), sn (0.8, 0.65) = 0.69506 42165, 
cn (0.8, 0.65) = 0.71894 76580, dn (0.8, 0.65) = 

0.89212 34349. 


22.20(iii) Landen Transformations 


By application of the transformations given in §§22.7(i) 
and 22.7(h), k or k' can always be made sufficiently small 
to enable the approximations given in §22.10(ii) to be 
applied. The rate of convergence is similar to that for 
the arithmetic-geometric mean. 

Example 

To compute dn (x, k) to 6D for x = 0.2, k 2 = 0.19, 
k! = 0.9. 

From (22.7.1), k\ = ^ and x/(l + k\) = 

0.19. From the first two terms in (22.10.6) we find 
dn (0.19, i) = 0.999951. Then by using (22.7.4) we 
have dn (0.2, = 0.996253. 

If needed, the corresponding values of sn and cn 
can be found subsequently by applying (22.10.4) and 
(22.7.2), followed by (22.10.5) and (22.7.3). 

22.20(iv) Lattice Calculations 


If either r or q = e l7rr is given, then we use 
k = 0|(O,g)/0f(O,g), k' = 0 2 (O, q)/ 6>§(0, q), K = 


^7r (0, <7), and K' = — irK , obtaining the values of 

the theta functions as in §20.14. 

If k, k' are given with k 2 + k' 2 = 1 and < 0, 

then K, K' can be found from 

7T 


22 . 20.6 


K = 


2M(1, k') ’ 


K' = 


2M(1, k) 


using the arithmetic-geometric mean. 
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Example 1 

If k = k! = l/y/2, then three iterations of (22.20.1) 
give M = 0.84721 30848, and from (22.20.6) K = 
7t/(2M) = 1.85407 46773 — in agreement with the value 
of (r(|)) 2 /(4v /7r ); compare (23.17.3) and (23.22.2). 

Example 2 

If k' = 1 — i, then four iterations of (22.20.1) give 
K = 1.23969 74481 + *0.56499 30988. 

22.20(v) Inverse Functions 

See Wachspress (2000). 

22.20(vi) Related Functions 

am (i, i) can be computed from its definition (22.16.1) 
or from its Fourier series (22.16.9). Alternatively, Sala 
(1989) shows how to apply the arithmetic-geometric 
mean to compute am ( x , k). 

Jacobi’s epsilon function can be computed from its 
representation (22.16.30) in terms of theta functions and 
complete elliptic integrals; compare §20.14. Jacobi’s 
zeta function can then be found by use of (22.16.32). 

22.20(vii) Further References 

For additional information on methods of computation 
for the Jacobi and related functions, see the introduc- 
tory sections in the following books: Lawden (1989), 
Curtis (1964b), Milne-Thomson (1950), and Spenceley 
and Spenceley (1947). 

22.21 Tables 

Spenceley and Spenceley (1947) tabulates sn (Kx,k), 
cn (Kx,k), dn(Kx,k), am(Kx,k), £(I\x,k) for 
arcsin k = 1°(1°)89° and x = 0 (<^) 1 to 12D, or 12 
decimals of a radian in the case of am ( Kx , k). 

Curtis (1964b) tabulates sn(mK/n,k), 

cn (mAT/n, fc), dn (m.K/n,k) for n = 2(1)15, m = 
l(l)n - 1, and q (not k) = 0(.005)0.35 to 20D. 

Lawden (1989, pp. 280-284 and 293-297) tabulates 
sn(a ;, fc), cn(x,k), dn (x,k), £(x,k), Z(x\ k) to 5D for 
k = 0.1(.1)0.9, x = 0(.1)X, where X ranges from 1.5 to 
2 . 2 . 

Zhang and Jin (1996, p. 678) tabulates sn (Kx,k), 
cn (Kx,k), dn (Kx,k) for k = \, ^ and x = 0(.1)4 to 
7D. 

For other tables prior to 1961 see Fletcher et al. 
(1962, pp. 500-503) and Lebedev and Fedorova (1960, 
pp. 221-223). 

Tables of theta functions (§20.15) can also be used 
to compute the twelve Jacobian elliptic functions by ap- 
plication of the quotient formulas given in §22.2. 


22.22 Software 

See http : //dlmf .nist .gov/22 . 22. 
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Notation 


23.1 Special Notation 


(For other notation see pp. xiv and 873.) 


lattice in C. 
integers. 

integer, except in §23.20(ii). 
complex variable, except in §§23.20(ii), 
23.21 (iii). 

closed, or open, straight-line segment 
joining a and b , whether or not a and b 
are real. 

derivatives with respect to the variable, 
except where indicated otherwise, 
complete elliptic integrals (§19.2(i)). 
lattice generators ($s(u) 3 /uii) > 0). 

-wi - u> 3 . 

lattice parameter (St > 0). 
nome. 

lattice invariants, 
zeros of Weierstrass normal cubic 
4 z 3 - g 2 z - g 3 . 
discriminant gf — 27gf . 
set of all integer multiples of n. 
set of all elements of Si, modulo 
elements of S 2 . Thus two elements of 
Si / S 2 are equivalent if they are both 
in S ± and their difference is in S 2 . (For 
an example see §20. 12(h).) 

Cartesian product of groups G and H , 
that is, the set of all pairs of elements 
( g , h ) with group operation 
{gi, h{) + ( g 2 , h 2 ) = (51 + g 2l hi + h 2 ). 

The main functions treated in this chapter are the 
Weierstrass p-function p(z) = p(z |L) = p(z; g 2l 33); the 
Weierstrass zeta function ((z) = £(z|L) = £(z; <72,^3); 
the Weierstrass sigma function cr(z) = cr(z|L) = 
cj{z\ g 2 , g 3 )] the elliptic modular function A(r); Klein’s 
complete invariant J(t); Dedekind’s eta function g{r). 

Other Notations 

Whittaker and Watson (1927) requires only 3 (w 3 /wi) / 
0, instead of 3 (w 3 /u;i) > 0. Abramowitz and Ste- 
gun (1964, Chapter 18) considers only rectangular and 
rhombic lattices (§23.5); u>i, uj 3 are replaced by ui, u J for 
the former and by u> 2 , ui' for the latter. Silverman and 
Tate (1992) and Koblitz (1993) replace 2uq and 2u; 3 
by ui and uj 3 , respectively. Walker (1996) normalizes 
2uq = 1, 2 w 3 = r, and uses homogeneity (§23.10(iv)). 
McKean and Moll (1999) replaces 2 uq and 2^3 by uq 
and u> 2 , respectively. 


L 

i, n 
m 

z = x + iy 
[a, b] or (a, b) 

primes 
K(k), K’(k) 

2u>i , 2 w 3 
oj 2 

T = UJ 3 /u>i 

q _ e i7rw 3 /wi 

= e i7rr 
ei, e 2 , e 3 

A 

nZ 

Si/s 2 


Gx H 
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23.2 Definitions and Periodic Properties 
23.2(i) Lattices 

If oji and to 3 are nonzero real or complex numbers such 
that 3(w 3 /wi) > 0, then the set of points 2mwi +2nui 3 , 
with to, n £ Z, constitutes a lattice L with 2u>i and 2<x>3 
lattice generators. 

The generators of a given lattice L are not unique. 
For example, if 

23.2.1 uq + u) 2 cu 3 = 0, 

then 2uj 2 , 2lo 3 are generators, as are 2lo 2 , 2uji. In gen- 
eral, if 

23 - 2 - 2 Xi = auj i + buj 3l x3 = coji + du 3 , 

where a, b , c, d are integers, then 2\i, 2\ 3 are generators 
of L iff 

23.2.3 ad — bc= 1. 


23.2(ii) Weierstrass Elliptic Functions 


23.2.4 p ( z ) 


z 2 ((2 — w 2 ) w 2 / 


23.2.5 ((-) 




23.2.6 a( 2 ) = , ]q 

212£L\{0} V V 77 

The double series and double product are absolutely and 
uniformly convergent in compact sets in C that do not 
include lattice points. Hence the order of the terms or 
factors is immaterial. 

When z ^ L the functions are related by 


23.2.7 


p(z) = -C(z), 


23.2.8 £(z) = a'(z)/a(z) . 

p(z) and £(2) are meromorphic functions with poles 
at the lattice points. p(z) is even and £(z) is odd. The 
poles of p(z) are double with residue 0; the poles of £(z) 
are simple with residue 1. The function er(z) is entire 
and odd, with simple zeros at the lattice points. When 
it is important to display the lattice with the functions 
they are denoted by p(z |L), £(z|L), and a(z |L), respec- 
tively. 
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23.2(iii) Periodicity 


If 2cui, 2 u 3 is any pair of generators of L, and lu 2 is 
defined by (23.2.1), then 


23.2.9 

p(z + 2 ujj) = p(z ), j = 1, 2, 3. 

Hence p(z) is an elliptic function , that is, p(z) is mero- 
morphic and periodic on a lattice; equivalently, p(z) is 
meromorphic and has two periods whose ratio is not 
real. We also have 

23.2.10 

p'H')=0, i = 1,2,3. 

The function £(z) is quasi-periodic: for j = 1,2,3, 

23.2.11 

C( 2 + 2 Wj) — C{z) + 2r]j, 

where 


23.2.12 

Vj = CKO- 

Also, 


23.2.13 

m + r )2 + 773 = 0, 

23.2.14 r] 3 uj 2 - r) 2 oj 3 = 772 wi - giUJ 2 = giu 3 - g 3 u>i = n. 

For j = 

1,2,3, the function a(z) satisfies 

23.2.15 

a(z + 2u>j) = tr(z). 

23.2.16 

= -e 2r >W. 


More generally, if j = 1,2,3, k = 1,2,3, j y4 k, and 
to, n £ Z, then 

23.2.17 

cr(z + 2 mojj + 2nu>k) / cr(z) 

= (— i'j m + n + mn exp((2mr]j + 2nr]k)(mujj + nujk + z)). 
For further quasi-periodic properties of the a- 
function see Lawden (1989, §6.2). 


23.3.7 g 3 = 4eie 2 e 3 = |(e? + e| + e^). 

Let g 2 27(/| , or equivalently A be nonzero, or 
e i, e 2 ,e 3 be distinct. Given g 2 and g 3 there is a unique 
lattice L such that (23.3.1) and (23.3.2) are satisfied. 
We may therefore define 

23.3.8 p{z;g 2: g 3 ) = p(z\L). 

Similarly for £(z; g 2 , g 3 ) and a(z\ c/ 2 , 53 )- As functions of 
g 2 and g 3 , p{z-,g 2 ,g 3 ) and C,{z\g 2 ,g 3 ) are meromorphic 
and cr(z',g 2 ,g 3 ) is entire. 

Conversely, g 2 , g 3l and the set {ei,e 2 ,e 3 } are deter- 
mined uniquely by the lattice L independently of the 
choice of generators. However, given any pair of gener- 
ators 2wi, 2u) 3 of L, and with to 2 defined by (23.2.1), we 
can identify the ey individually, via 

23.3.9 e.j = p(uj\L), j = 1,2,3. 

In what follows, it will be assumed that (23.3.9) al- 
ways applies. 

23.3(ii) Differential Equations and Derivatives 

23.3.10 p ,2 (z) = 4p 3 (z) -g 2 p{z) - g 3 , 

23.3.11 p ,2 (z) = 4(p(z) - ei )(p(z) - e 2 )(p(z) - e 3 ), 

23.3.12 p"{z) = 6 p 2 (z) - \g 2 , 

23.3.13 p"\z) = 12 p{z)p\z). 

See also (23.2.7) and (23.2.8). 

23.4 Graphics 


23.3 Differential Equations 

23.3(i) Invariants, Roots, and Discriminant 

The lattice invariants are defined by 
52 = 60 ^2 


23.3.1 


iueL\{o} 


23.3.2 


93 


= 140 Y, 


,, — 6 


u;£L\{0} 

The lattice roots satisfy the cubic equation 


23.3.3 4 z 3 - g 2 z - g 3 = 0, 

and are denoted by ei,e 2 ,e 3 - The discriminant 
(§1. ll(ii)) is given by 

23.3.4 A = gl - 27 g\ = 16(e 2 - e 3 ) 2 (e 3 - ei) 2 (ei - e 2 ) 2 . 
In consequence, 

23.3.5 e 3 + e 2 + e 3 = 0, 

23.3.6 g 2 = 2(e 2 + e 2 + e 2 ) = — 4(e 2 e 3 + e 3 ei + eie 2 ), 


23.4(i) Real Variables 

See Figures 23.4.1-23.4.7 for line graphs of the Weier- 
strass functions p( x), £(x), and a ( x )i illustrating the 
lemniscatic and equianharmonic cases. (The figures in 
this subsection may be compared with the figures in 
§22.3(i).) 



Figure 23.4.1: p(x;g 2 ,0) for 0 < x < 9, g 2 = 0.1, 0.2, 
0.5, 0.8. (Lemniscatic case.) 
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Figure 23.4.2: p(a;; 0,(73) for 0 < x < 9, (73 = 0.1, 0.2, 
0.5, 0.8. (Equianharmonic case.) 



Figure 23.4.4: £(;r; 0,(73) for 0 < x < 8, (73 = 0.1, 0.2, 
0.5, 0.8. (Equianharmonic case.) 



Figure 23.4.6: cr(ar; 0, <73) for — 5 < x < 5, 773 = 0.1, 0.2, 
0.5, 0.8. (Equianharmonic case.) 



Figure 23.4.3: C(x\g2,0) for 0 < x < 8, (72 = 0.1, 0.2, 
0.5, 0.8. (Lemniscatic case.) 



Figure 23.4.5: cr(x;g2,0) for — 5 < x < 5, <72 = 0.1, 0.2, 
0.5, 0.8. (Lemniscatic case.) 



Figure 23.4.7: p(x) with u>\ = K(k ), to 3 = iK'(k) for 
0 < x < 9, k 2 = 0.2, 0.8, 0.95, 0.99. (Lemniscatic case.) 
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23.4(ii) Complex Variables 

See Figures 23.4.8-23.4.12 for surfaces for the Weierstrass functions p(z), ( (z), and a(z ). Height corresponds to 
the absolute value of the function and color to the phase. See also p. xiv. (The figures in this subsection may be 
compared with the figures in §22.3(iii).) 



2 K 


Figure 23.4.8: p(x + iy) with cui = K(k ), W 3 = iK'(k) 
for -2 K(k) < x < 2 K(k), 0 < y < 6K'(k), k 2 = 0.9. 
(The scaling makes the lattice appear to be square.) 



Figure 23.4.9: p(x + iy; 1, 4i) for —3.8 < x < 3.8, 
—3.8 < y < 3.8. (The variables are unsealed and the 
lattice is skew.) 



Figure 23.4.10: ((x + iy, 1, 0) for — 5 < x < 5, — 5 < y < 

5. 
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Figure 23.4.11: a{x + iy\l,i) for —2.5 < x < 2.5, 
-2.5 <y <2.5. 
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Quadrant Colors 


Figure 23.4.12: p(3.7; a + ib, 0) for — 5 < a < 3, — 4 < 
b < 4. There is a double zero at a = b = 0 and double 
poles on the real axis. 


23.5 Special Lattices 

23.5(i) Real-Valued Functions 

The Weierstrass functions take real values on the real 
axis iff the lattice is fixed under complex conjugation: 
L = L; equivalently, when 32, <73 £ R. This happens in 
the cases treated in the following four subsections. 

23.5(ii) Rectangular Lattice 

This occurs when both u>± and u> 3 /i are real and posi- 
tive. Then A > 0 and the parallelogram with vertices 
at 0, 2 uj\, 2 w\ + 2 u> 3 , 2 u 3 is a rectangle. 

In this case the lattice roots e\, e2, and e3 are real 
and distinct. When they are identified as in (23.3.9) 

23.5.1 ei > e2 > e3, ei > 0 > 

Also, e2 and <73 have opposite signs unless uj 3 = iu 4 , in 
which event both are zero. 

As functions of Qoj 3 , ei and e2 are decreasing and 
e3 is increasing. 


23.5(iii) Lemniscatic Lattice 

This occurs when uj 1 is real and positive and u> 3 = iui 1. 
The parallelogram 0, 2wi, 2u>\ + 20)3, 2u)z is a square, 
and 

23.5.2 771 = ir] 3 = 7 t/(4wi), 


23.5.3 


e! = -e 3 = (r(i)) 4 /(327uu 1 2 ), e 2 = 0, 


23.5.4 <72= (T(i)) 8 /(256^), <73=0. 

Note also that in this case t = i. In consequence, 

23.5.5 k 2 = 


K(k ) = K'(k) = (T(i)) 2 /(4^) . 


23.5(iv) Rhombic Lattice 

This occurs when is real and positive, 3 > 0, 
3?W3 = 1, and A < 0. The parallelogram 0, 2wi — 2w 3 , 

2wi, 2 W 3 , is a rhombus: see Figure 23.5.1. 

The lattice root ei is real, and e3 = e 2 , with Sje 2 > 0. 
ei and g 3 have the same sign unless 2 lo 3 = (1 + i)u> 1 
when both are zero: the pseudo-lemniscatic case. As a 
function of 3e3 the root ei is increasing. For the case 
to 3 = e ni ^LOi see §23.5(v). 


23.5(v) Equianharmonic Lattice 


This occurs when is real and positive and u > 3 = 
e m / 3 wi. The rhombus 0, 2 uj\ — 2 u) 3 , 2cui, 2w3 can be 
regarded as the union of two equilateral triangles: see 
Figure 23.5.2. 


23.5.6 


m = e* ll \ 3 = 


2y/3wi’ 

and the lattice roots and invariants are given by 
23.5.7 ei = e 2m/3 e 3 = e _2,ri/3 e2 = 


2 14 /3 7r 2 w 2’ 


23.5.8 


S2 =0, g 3 = 


(r(D) 


18 


(47twi) 6 

Note also that in this case r = e I7r / 3 . In consequence, 

23.5.9 

k 2 = e in/3 , K{k) = e in/e K'(k) = e i7r/12 - 3 ' ^ 3 ^ 


2 7 /3 7 


23.6 Relations to Other Functions 


23.6(i) Theta Functions 

In this subsection 2uq, 2w3 are any pair of generators of 
the lattice L, and the lattice roots ei, e 2 , e3 are given 
by (23.3.9). 

23.6.1 q = e i7rT , t = u> 3 /u 1 . 


23.6.2 

ei = 

(^ 2 ( 0 , <7) + 2 ^ 4 ( 0 , q)) , 

23.6.3 

e 2 = 

i 2W 2 m q ) ^(o,5)), 

23.6.4 

e 3 = 

--^(2d 4 2 (0,q)+0j(0,q)). 

23.6.5 



p(z) 

- ei = 

f n0 3 (O,q)0 4 (O,q) 6 2 {vz/{2u 1 ),q) 

V 2 wi 6i(nz/(2u>i),q) 

23.6.6 



p(z) 

- e 2 = 

f 71 ^ 2 ( 0 , 9 ) 0 A (0,q) d 3 (TTz/(2uj 1 ),q) 

V 2u> 1 9 1 (TTz/(2ui),q) 

23.6.7 



p(z) 

- e 3 = 

( 77 ^( 0 , q) 0 3 (0,q) d 4 (TTz/(2uj 1 ),q) 

V 2u> 1 0 1 (Trz/(2u> 1 ),q) 


1 

2 1 


2 
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' N 4(03-2(0, 


; 2 (o. 


( 0 . 


" 2 ( 0 , 


; 2 ( 0 ,- 2 ( 0 3 


2(o,-4(o 3 


Figure 23.5.1: Rhombic lattice. 3 ?( 2 ( 03 ) = (o 3 . 


a 


ir/3 


tt/3 


X 2 ®3 


CO, 


,tt/3 . 


tt/3 


tt/ 3 y ‘ 2(0, 


a 2 ( 0 , 2 ( 0 , 


Figure 23.5.2: Equianharmonic lattice. 2(03 = e m ^2uix, 
2 (Oi — 2(o 3 = e 7 r */ 3 2 cui. 


23.6.8 7/i = - 

23.6.9 ( 7 ( 2 ) = 2(Oi exp 


^ 2 TO*?) 

12(0! 0i(O,g) ' 

?7i-^ 2 \ 0i(7rz/(2(Oi),g) 


23.6.10 cr(wi) = 2(Oi 


23.6.11 cr((o 2 ) = 2(Oi* 


2(0! / 7T 6»! (0, g) 

exp( 2 ? 7 i(Oi) 0 2 (O,g) 

( 0 )«) 

.expQryiWir 2 ) 0 3 (O,g) 


Trg 1 / 4 0((O, g) 
exp 771 ( 01 ) 0 4 ( 0 , g) 
7 rgV 4 0 i(O,g) 


2wiy \30'i(O, g) d* 

0 j« 2 \ ^+i(^)9) 


23.6.12 ( 7 ( 103 ) = —2(0! 

With z = 7 tx^/ (2^) , 

23.6.13 C(^) = — x — — ln0i (z,g), 

uji 2uj\ dz 

236 14 = fe) (sM ) ■ 

23.6.15 

er(lt + U)j) 

( 7 ((Oj) 2 ( 0 ! y 0 i+ i(O,g)’ 

For further results for the cr-function see Lawden 
(1989, §6.2). 

23.6(ii) Jacobian Elliptic Functions 

Again, in Equations (23.6.16)-(23.6.26), 2 toi, 2 co 3 are 
any pair of generators of the lattice L and ei, e 2 , e 3 are 
given by (23.3.9). 

,2 _ e 2 - e 3 ,2 _ ei - e 2 

(1 « lb « 


= exp rjjU + 


, 3 = 1,2,3. 


23.6.17 

23.6.18 

23.6.19 

23.6.20 

23.6.21 

23.6.22 

23.6.23 


K 2 = (K(k )) 2 = bj\[e\ — e 3 ), 
K ' 2 = (K(k ')) 2 = (o|(e 3 — ei). 

K 2 9 

ei = R d + n 

, x 2 (Kz .\ 

p(z) - ei = — cs ( —,k ), 


(Of 

K 2 


( 0 ! 


p(z) - e 2 = ds 2 ( —,k ) , 


p(z) - e 3 = 


A " 2 


ns 


(Of 


(Oi 
A"z 
(0 1 


,fc . 


23.6.24 p(z + (Oi) — ei = 


Kk'X 7 / ATz 
2 1 k 


sc 

(Oi y \ (Oi 

2 


ei - e 3 


ei - e 3 


f Kkk \ 2 f Kz 

23.6.25 p(z + (o 2 ) - e 2 = - sd , k 

\ toi / V w i 

23.6.26 p(z + ( 0 3 ) - e 3 = sn2 ^ • 

In (23.6.27)-(23.6.29) the modulus k is given and 
K = I\(k), K' = K(k') are the corresponding complete 
elliptic integrals (§19.2(ii)). Also, Li, L 2 , L 3 are the lat- 
tices with generators (AK ,2i K' ), (2 AT — 2i K’ , 2 A' + 
2 i K' ), (2 A' , Ai K'), respectively. 

23.6.27 C(~|Li) — C(z + 2K |Li) + £( 2 A" |Li) = ns (z, k), 


23.6.16 
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23.6.28 CON) - C(z + 2 K |L 2 ) + C{2K |L 2 ) = ds (z, k), 

23.6.29 

C(-|L 3 ) - C ( 2 + Si-ff 7 |L 3 ) - C( 2iK ' |L 3 ) = cs (z, k). 
Similar results for some of the other nine Jacobi 
functions can be constructed with the aid of the trans- 
formations given by Table 22.4.3, or for all nine by 
referring to the augmented version of Table 22.4.3 at 
http : //dlmf . nist.gov/22. 4. t3. 

For representations of the Jacobi functions sn, cn, 
and dn as quotients of er-functions see Lawden (1989, 
§§6.2, 6.3). 

23.6(iii) General Elliptic Functions 

For representations of general elliptic functions 
(§23.2(iii)) in terms of cr(z) and p(z) see Lawden (1989, 
§§8.9, 8.10), and for expansions in terms of £(z) see 
Lawden (1989, §8.11). 


23.6(iv) Elliptic Integrals 
Rectangular Lattice 

Let z be on the perimeter of the rectangle with vertices 
0, 2uq, 2oq + 2 w 3 , 2w 3 . Then t = p(z) is real (§§23.5(i)- 
23.5(h)), and 


23.6.30 


_ 1 


du 


2 J t \/{u- e 3 )(u - e 2 )(u - e 3 ) ’ 

t>ei,z€ (0, wi], 


2 - w 3 = - 

23.6.32 2 , 


i f ei dn 

z — u>i = - / — , 

23.6.31 2 J t yj ( ei — u)(u — e 2 )(u — e 3 ) 

e 2 < t < e 3 , 2 £ [uq, uq + w 3 ] , 

1 rt du 

V 7 ( e i “ u )( e 2 -u)(u- e 3 ) ’ 
e 3 < t < e 2 , 2 G [w 3 ,uq + w 3 ], 

1 r* du 

2 7-oo v 7 ( e i - u )( e 2 ~ u)(e 3 - u) ’ 
t < e 3 , z £ (0, w 3 ]. 

du 


23.6.33 


z = 




23.6.34 


' ei 

/*e2 


2u;*i = z 


23.6.35 


'e 2 

/*e 3 


\/(u - ei )(u - e 2 )(tt - e 3 ) 
du 

\J (ei - tt)(e 2 - u)(tt - e 3 ) ’ 
1 du 

\/{e i - u)(tt - e 2 )(zt - e 3 ) 

du 


7-oo \/(ei - u)(e 2 - u)(e 3 - u) 

For (23.6.30)-(23.6.35) and further identities see Law- 
den (1989, §6.12). 


See also §§19.2(i), 19.14, and Erdelyi et al. (1953b, 
§13.14). 

For relations to symmetric elliptic integrals see 
§19.25(vi). 

General Lattice 

Let z be a point of C different from e 3 , e 2 , e 3 , and define 
w by 

du 

\] 4n 3 - g 2 u - g 3 

" _1 [°° du 

2 J z y/(u~ ei )(u - e 2 ){u - e 3 ) ’ 

where the integral is taken along any path from z to 
oo that does not pass through any of ei,e 2 ,e 3 . Then 
z = p(w), where the value of w depends on the choice 
of path and determination of the square root; see McK- 
ean and Moll (1999, pp. 87-88 and §2.5). 



23.7 Quarter Periods 


23.7.1 p(^wi) = ei + \/(ei - e 3 )(ei - e 2 ) 

= e x + ^ 2 (K(k)) 2 k\ 

23.7.2 p(^ 2 ) = e 2 - iv 7 (ei - e 2 )(e 2 - e 3 ) 

= e 2 - ioj^ 2 (K(k)) 2 kk', 

23 7 3 p(^ 3 ) = e 3 - \/{e x - e 3 )(e 2 - e 3 ) 

= e 3 — u>i 2 (K(k)) 2 k, 

where k, k’ and the square roots are real and positive 
when the lattice is rectangular; otherwise they are de- 
termined by continuity from the rectangular case. 


23.8 Trigonometric Series and Products 
23.8(i) Fourier Series 

If q = , 3(z/uq) < 29f(u; 3 /uq), and z ^ L, then 


23.8.1 


PM + — - hi csc2 ( 


UJ\ 4 OJ 2 


2lch 


27T v 

= ~^T ^ 


nq 2n ( n7rz\ 
cos I I 


i , 1 - q 2n V w i 7 ’ 

1 n — 1 v 7 


7712 7T , ,, ~ 

C(*) — cot — 


7 TZ 


LJl 2 UJ 


\ 


27t S q 2n , fmrz\ 


z/i q 

uji 1 — q 2n \uJi> 

71—1 v 7 


■ sm 


23.8.2 
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23.8(ii) Series of Cosecants and Cotangents 

When z ^ L, 

2 / 7 t(z + 2nw 3 ) \ 


23.8.3 *>(*) = -— + f - 2 £ 


CSC 


n =— oo 
oo 


2o;i / 


. m z 71- / 7r(^ + 2?1W 3 ) 

23.8.4 c (z) = - ! I- - — > cot 

w wi 2wi ' V 


y 2tUi 


where in (23.8.4) the terms in n and — n are to be brack- 
eted together (the Eisenstein convention or principal 
value : see Weil (1999, p. 6) or Walker (1996, p. 3)). 


23.8.5 


Vi = 


2wi 


£ 

n= 1 


CSC 


i / nnuj3 

V wi 


with similar results for r/ 2 and q 3 obtainable by use of 
(23.2.14). 


23.8(iii) Infinite Products 

/ s M X 

cr(z) = exp 


23.8.6 


23.8.7 


2wi ( piz 2 


nz \ -pi- 1 — 2 q 2n coslnz/ui) + q 4n 

Mis n- 

' x / n— 1 


x x / n— 1 


(1 - q 2n ) 2 

nz \ pi- sin(7r(2nw 3 + z)/(2loi)) sin(7r(2nw 3 — z)/{ 2a>i)) 


sin 2 {nnu> 3 / u>\) 


23.9 Laurent and Other Power Series 

Let Zq(j^ 0) be the nearest lattice point to the origin, 
and define 


23.9.1 

Then 

23.9.2 

23.9.3 

Here 

23.9.4 

23.9.5 


= (2n — 1) ^2 w 2n , n = 2,3,4, .... 

it;ElL\{0} 


00 


p(*) = w + £ 


C n Z 2n 2 , 0 < |2| < \z 0 \, 


C(*) = 7-£ 


n—2 

O, 


n Jln-1 
Z 


, 0 < \z\ < |z 0 |- 


Cn — 


n—2 

1 

1 


23.10.1 

p{u + v) 

C2 - ^32, 

3 

c 3 = ^33, 

n—2 

n > 4. 

23.10.2 

C(u + V ) : 

(2 n + l)(n 

o\ / v c m c n-mi 
' m—2 

23.10.3 

a(u + 


where ao,o = 1, a m?n = 0 if either m or n < 0, and 

.. n Q ^m,n = 3(77?. + l)tt m +l,n— 1 “3" “I - l)^m— 2,n+l 

23i«/iO . 

— ^(2m + 3?r — l)(4m + 6n — l)a m _i jn . 

For a m ^ n with m = 0, 1, . . . , 12 and n = 0, 1, . . . , 8, see 
Abramowitz and Stegun (1964, p. 637). 


23.10 Addition Theorems and Other 
Identities 


23. 10(i) Addition Theorems 

1 ( p'(m) - P» 


Explicit coefficients c n in terms of c 2 and c 3 are given 
up to C19 in Abramowitz and Stegun (1964, p. 636). 

For j = 1, 2, 3, and with as in §23.3(i), 

p(u>j +t) = ej + (3e 2 - 5 c 2 )t 2 + (I0c 2 ej + 21 c 3 )f 4 
+ (7 c 2 e 2 + 21c 3 ej + 5c 2 )t^ + 0(t 8 ), 

as t — * 0. For the next four terms see Abramowitz and see Lawden (1989, §6.4). 
Stegun (1964, (18.5.56)). Also, Abramowitz and Ste- If u + v + w = 0, then 

gun (1964, (18.5.25)) supplies the first 22 terms in the 
reverted form of (23.9.2) as 1/ p(z) — > 0. 

For z € C 


, \ , s /SI- p(u) ~ p(v), 

4 V p( u ) - p( v ) J 

1 C»~C» 

’ + 2 C(u) - C(v) ’ 

= p(v) - p(u), 


a 2 (u) a 2 (v) 

a(u + v) <j(u — v) a(x + y) o(x — y ) 

23.10.4 + a(v + x) a(v — x) a(u + y) a(u — y) 

+ a(x + u) a(x — u) a(v + y) a(v — y) =0. 

For further addition-type identities for the cr-function 


23.10.5 


23.9.7 

OO 

er(z ) = ^2 «m,n(10c 2 ) m (56c 3 ) r 


1 p(u) p'(u) 

1 p(v) p'(v) 

1 p(w) p'M 


= 0 , 


~4ra+6n+l 


and 


m,n = 0 


(4m + 6n + 1)! ’ 


23.10.6 (C(w) + C(' y ) + C( u ')) + Ci u ) + C( v ) + Ci w ) = 0- 


578 


Weierstrass Elliptic and Modular Functions 


23.10(ii) Duplication Formulas 

23.10.7 p(2z) = -2 p(z) + ^ 

23.10.8 

(p(2z) - ei )p' 2 (z) = ((p(z) - ei) 5 
(23.10.8) continues to hold when < 
cyclically. 

1 C n, (7\ 

23.10.9 C(2*) = 2C(*) + 2^, 

23.10.10 cr(2 z) = - p'(z) a 4 (z). 

23.10(iii) n-Tuple Formulas 

For n = 2,3,..., 


W~)\ 2 

23.10.12 

KP'{z)) ’ 


-(ei— e 2 )(ei-e 3 )) 2 . 

23.10.13 

, e 2 , e 3 are permuted 

a(nz) 


n((nz) = -n(n - l)(??i + ?? 3 ) 

n— 1 n— 1 




J=0 fcO 


= jf + ^3 


j = 0 ^=0 


23.10.11 n 2 p(raz) = p 

j=o <=o 


2 j 2t 

z H wi H cj 3 

n n 


where 

n— 1 n— 1 

23.10.14 A n = n [] n 

Equivalently, 


j—0 t = o 


cr((2ja;i + 2 £cj 3 )/n) 


23.10.15 


A„ — 


_1 g n(n-l)/2 


Wl 


n-l)/2 / fj, _ 1'| T7l \ 

exp^ ((2n - l)(wf + w 2 ) + 3(n - l)wiw 3 ) J , 


where 

OO 

23.10.16 g = e 7r “ 3 / Wl , G = (1 — q 2n ). 

n—1 

23.10(iv) Homogeneity 

For any nonzero real or complex constant c 

23.10.17 p(c 2 |cL) = c -2 p(z|L), 

23.10.18 C(c 2 |cL) = c _1 C(~|L), 

23.10.19 a(cz\cL) = ccr(z|L). 

Also, when L is replaced by cL the lattice invariants <72 

and g 3 are divided by c 4 and c 6 , respectively. 

For these results and further identities see Lawden 
(1989, §6.6) and Apostol (1990, p. 14). 

23.11 Integral Representations 

Let r = LO3/LO 1 and 

cosh 2 (^ts) 

23 X1 x 1 1 - 2e _s cosh(rs) + e _2s ’ 


and 


23 


1 Z 100 

C(~) = - + / (e _s ( 2 s-sinh(zs))/i(s,r) 

.11.3 z Jo 

— e zrs ( zs — sin(zs)) / 2 (s, r)) ds, 
provided that — 1 < 9 ? (2 + r) < 1 and |Az| < At. 

23.12 Asymptotic Approximations 

If q (= e lr *“ 3 /“i) — > 0 with u>i and 2 fixed, then 

, , 7T 2 / 1 2 ( 71 

™ z) = — - + esc - " — 

4c <q \ 3 y 2oj\ 


23.12.1 


23.12.2 


23.12.3 


+ 8 (i - C os(^)) + 0{, 4 

, 7T 2 ( Z 2cJl ( 7T Z 

CW = 7T o + - cot — 

4u>{ \3 7 r yw! 

- 8 (-’-y si ”©K + 0<< ' 4 


, . 2cji / n 2 z 
cr{z) = exp 


7 r 

x ( 1- 


•? 1 sm , „ 

2 ' ' 2wi 


/2(s,t) = 


COS 


2 (^) 


1 - 2e iTS cos s + e 2irs ' 


Then 


23 


1 

110 p(z) = ~5+ 8/ s (e _s sinh 2 (Azs)/i(s, r) 

■11.2 2 Jo 

+ e ZTS sin 2 (A;rs)/ 2 (s,T)) ds, 


\24uj 

-(f — 

provided that z £ L in the case of (23.12.1) and 
(23.12.2). Also, 

2J.12. 4 ’ll + O («-)), 

with similar results for 772 and ?y 3 obtainable by use of 
(23.2.14). 


23.13 Zeros 
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23.13 Zeros 

For information on the zeros of p(z) see Eichler and 
Zagier (1982). 

23.14 Integrals 


where Cy i is a constant depending only on A, and £ (the 
level ) is an integer or half an odd integer. (Some ref- 
erences refer to 2£ as the level). If, as a function of q , 
f(r) is analytic at q = 0, then /(r) is called a modular 
form. If, in addition, /(r) — > 0 as q — > 0, then /(r) is 
called a cusp form. 


23.14.1 J p(z)dz = -C(z), 

23.14.2 J P 2 (z ) dz= 1 p'(z ) + j^ 92 Z, 

23.14.3 J p 3 (z) dz=^ p'"(z) - ~^g 2 ((z) + j^g 3 Z- 

For further integrals see Grobner and Hofreiter 
(1949, Vol. 1, pp. 161-162), Gradshteyn and Ryzhik 
(2000, p. 622), and Prudnikov et al. (1990, pp. 51-52). 


Modular Functions 


23.15 Definitions 


23.15(i) General Modular Functions 

In §§23.15-23.19, k and k' (£ C) denote the Jacobi 
modulus and complementary modulus, respectively, and 
_ e z7rr > o) denotes the nome; compare §§20.1 
and 22.1. Thus 


23.15.1 


23.15.2 


k = 


q = exp 
02 (0 ,q) 


_ K f (k) \ 
K{" 

k' = 


K{k) ) ’ 
02 ( 0 , Q) 


02(0 ,9)’ 01(0,5)' 

Also A denotes a bilinear transformation on r, given 
by 

. ar + b 

23.15.3 At= -, 

ct + d 

in which a, b , c, d are integers, with 

23.15.4 ad — be = 1. 


The set of all bilinear transformations of this form is 
denoted by SL(2,Z) (Serre (1973, p. 77)). 

A modular function f(r) is a function of r that is 
meromorphic in the half-plane > 0, and has the 
property that for all A £ SL(2, Z), or for all A belong- 
ing to a subgroup of SL(2,Z), 

23.15.5 /(* At) = c a (ct + d) £ /( r ), > 0, 


23.15(ii) Functions A (r), J(r), rj (r) 

Elliptic Modular Function 


23.15.6 A(r) = 

compare also (23.15.2). 

Klein's Complete Invariant 


03(o, g) 

03(o, g)’ 


7/ \ (0 2 8 (O, g )+0 3 8 (O,g) + 0 4 8 (O, g )) 3 

23.15.7 J(T) = o , 

54 (0i (0, q )) 8 

where (as in §20.2(i)) 

23.15.8 0'i(O,g) = d6 1 (z,q)/dz \ z=0 . 

Dedekind's Eta Function (or Dedekind Modular Function) 


23.15.9 

v(t) = (|0i(O,5)) 1/3 = e™ r/12 e 3 (±n(l + T)\3 t). 

In (23.15.9) the branch of the cube root is chosen to 
agree with the second equality; in particular, when r 
lies on the positive imaginary axis the cube root is real 
and positive. 


23.16 Graphics 

See Figures 23.16.1-23.16.3 for the modular functions 
A, J, and rj. In Figures 23.16.2 and 23.16.3, height cor- 
responds to the absolute value of the function and color 
to the phase. See also p. xiv. 



Figure 23.16.1: Modular functions J(iy), y{iy) for 
0<y<3. See also Figure 20.3.2. 



Weierstrass Elliptic and Modular Functions 


580 



Quadrant Colors 


Figure 23.16.2: Elliptic modular function X(x + iy) for 
-0.25 < x < 0.25, 0.005 < y < 0.1. 



Quadrant Colors 


Figure 23.16.3: Dedekind’s eta function rj(x + iy) for 
-0.0625 < x < 0.0625, 0.0001 < y < 0.07. 


23.17 Elementary Properties 


23.18 Modular Transformations 


23.17(i) Special Values 


Elliptic Modular Function 


23.17.1 A(i) = A(e 7ri/3 ) = e™/ 3 , 

23.17.2 J(i) = 1, j(e 7ri / 3 ) = 0, 

23.17.3 


V(i) = 


r(|) 


ry(e 7ri / 3 ) = 


s 1/8 (r(|)) 


3/2 


o ’ 1 '*/ 24 


27T 3 / 4 ’ ' v ' 2n 

For further results for J(t) see Cohen (1993, p. 376). 


23.17 (ii) Power and Laurent Series 

When |g| < 1 

23.17.4 A(r) = 16g(l — 8q + 44q 2 H ), 

23.17.5 

1728 J(r) = q~ 2 + 744+ 1 96884g 2 + 214 93760g 4 + • • • , 

OO 

23.17.6 n(r)= (-l)V 6n+1)2/12 . 

n=— oo 

In (23.17.5) for terms up to g 48 see Zuckerman 
(1939), and for terms up to g 100 see van Wijngaarden 
(1953). See also Apostol (1990, p. 22). 


A {At) equals 


•Mt), l-A(r), 

23.18.1 T ) 

1 


A(r) _ 1 


1 — A(t) ’ A(r) — 1 ’ A(t) ’ 


according as the elements 
the respective forms 


a b 
c d 


of A in (23.15.3) have 


o e 


e o 


o e 

e o 

7 

o e 

7 

o o 

e o 


o o 


o o 

o o 

7 

e o 

7 

o e 


Here e and o are generic symbols for even and odd inte- 
gers, respectively. In particular, if a — 1, 6, c, and d—1 
are all even, then 


23.18.3 


A {At) = A (r), 


23. 17 (iii) Infinite Products 

00 / -i i 2n \8 

23.17.7 A(r) = 16gn( T ^ =r ), 

n= 1 ^ ' 

oo 

23.17.8 V(r)=q 1/12 l{(l-q 2n ), 

n — 1 

with g 1 / 12 = e i7rr / 12 . 


and A(r) is a cusp form of level zero for the correspond- 
ing subgroup of SL(2,Z). 

Klein’s Complete Invariant 

J(At) = J(t). 


J(t) is a modular form of level zero for SL(2,Z). 
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Dedekind’s Eta Function 


23 . 18.5 = e{A) (—i(cT + d )) 1 ^ 2 

where the square root has its principal value and 

23 . 18.6 e {A) = expert + s(— d,c)^, 


23 . 18.7 s (d,c) 


C — 1 



(r,c)= 1 




c > 0. 


Here the notation ( 7 ', c) = 1 means that the sum is con- 
fined to those values of r that are relatively prime to c. 
See §27. 14(iii) and Apostol (1990, pp. 48 and 51-53). 
Note that rj{r) is of level 


23.19 Interrelations 


Rhombic Lattice 

The two pairs of edges [0, uq] U [uq, 2u; 3 ] and [2w 3 , 2w 3 — 
aq] U [2u>3 — aq, 0] of R are each mapped strictly mono- 
tonically by p onto the real line, with 0 — > 00 , uq — » e±, 
2 UJ 3 — > — 00 ; similarly for the other pair of edges. For 
each pair of edges there is a unique point zq such that 

p(zo) = 0 . 

The interior of the rectangle with vertices 0, uq, 2w 3 , 
2 u >3 — ui 1 is mapped two-to-one onto the lower half- 
plane. The interior of the rectangle with vertices 0, 
uq, |uq + U 3 , \ u>i — 0 J 3 is mapped one-to-one onto the 
lower half-plane with a cut from e 3 to p(|u; 1 + w 3 ) (= 
p(|uq — uq)). The cut is the image of the edge from 
|uq + u>3 to |uq — 0J3 and is not a line segment. 

For examples of conformal mappings of the function 
p(z), see Abramowitz and Stegun (1964, pp. 642-648, 
654-655, and 659-60). 

For conformal mappings via modular functions see 
Apostol (1990, §2.7). 


23 . 19.1 


A(t) = 16 


V( 2t)??(^t) 

V 3 ( t ) 


23 . 19.2 


23 . 19.3 


J( T ) = 4 ( 1 ~ A ( T ) + A2 ( r )) 3 

27 (A(r) (1 — A(t))) 2 ’ 


J ( T ) = « 


92 


gl-^gV 

where 32 > 93 are the invariants of the lattice L with gen- 
erators 1 and r; see §23.3(i). 

Also, with A defined as in (23.3.4), 


23 . 19.4 


A= (27t) 12 7 ? 24 (t). 


Applications 


23.20 Mathematical Applications 
23.20(i) Conformal Mappings 

Rectangular Lattice 

The boundary of the rectangle R, with vertices 0, uq, 
lo 1 + w 3 , U 3 , is mapped strictly monotonically by p onto 
the real line with 0 — > 00 , ciq — > ei, uq + u; 3 — > e 2 , 
L 03 — > e 3 , 0 — > — 00 . There is a unique point zq £ 
[wi,wi + w 3 ] U [wi + w 3 ,a; 3 ] such that p(^o) = 0. The 
interior of R is mapped one-to-one onto the lower half- 
plane. 


23.20(ii) Elliptic Curves 

An algebraic curve that can be put either into the form 

23.20.1 C : y 2 = x 3 + ax + 5, 

or equivalently, on replacing x by x/z and y by yjz 
(projective coordinates), into the form 

23.20.2 C : y 2 z = x 3 + axz 2 + bz 3 , 

is an example of an elliptic curve (§22.18(iv)). Here a 
and b are real or complex constants. 

Points P = ( x , y) on the curve can be parametrized 
by x = p{z-,g 2 ,g 3 ), %y = p'(z; g 2 , g 3 ), where g 2 = -4 a 
and g 3 = —46: in this case we write P = P(z). 
The curve C is made into an abelian group (Mac- 
donald (1968, Chapter 5)) by defining the zero ele- 
ment o = (0, 1, 0) as the point at infinity, the nega- 
tive of P = (x,y) by — P = (x,—y), and generally 
Pi + P 2 + P 3 = 0 on the curve iff the points Pi, P 2 , 
P3 are collinear. It follows from the addition formula 
(23.10.1) that the points Pj = P(zj), j = 1,2,3, have 
zero sum iff zi + z 2 + z 3 £ L, so that addition of points 
on the curve C corresponds to addition of parameters Zj 
on the torus C/L; see McKean and Moll (1999, §§2.11, 
2.14). 

In terms of (x, y) the addition law can be expressed 
( x,y ) + o = ( x,y ), ( x,y ) + (x, -y) = o; otherwise 
(xi,Vi) + ( x 2 ,y 2 ) = (z 3 ,7/ 3 ), where 

23.20.3 X 3 — 7?T 2 x± x 2l y 3 = m(x 3 X\) yi : 
and 

23.20.4 m= f<3*? + «)/(«, 

\ ( 2/2 - yi)/{x2 - xi), Pi^P 2 . 

If a, 6 £ R, then C intersects the plane R 2 in a curve 
that is connected if A = 4a 3 + 276 2 > 0; if A < 0, 
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then the intersection has two components, one of which 
is a closed loop. These cases correspond to rhombic 
and rectangular lattices, respectively. The addition law 
states that to find the sum of two points, take the third 
intersection with C of the chord joining them (or the 
tangent if they coincide); then its reflection in the x-axis 
gives the required sum. The geometric nature of this 
construction is illustrated in McKean and Moll (1999, 
§2.14), Koblitz (1993, §§6, 7), and Silverman and Tate 
(1992, Chapter 1, §§3, 4): each of these references makes 
a connection with the addition theorem (23.10.1). 

If a, b £ Q, then by rescaling we may assume a,b £ 
Z. Let T denote the set of points on C that are of finite 
order (that is, those points P for which there exists a 
positive integer n with nP = o), and let /, K be the 
sets of points with integer and rational coordinates, re- 
spectively. Then fiCTCICKCC. Both T, K are 
subgroups of C\ though I may not be. K always has the 
form T x Z r ( MordelTs Theorem : Silverman and Tate 
(1992, Chapter 3, §5)); the determination of r, the rank 
of K , raises questions of great difficulty, many of which 
are still open. Both T and I are finite sets. T must 
have one of the forms Z/(nZ), 1 < n < 10 or n = 12, or 
(Z/(2Z)) x (Z/(2nZ)), 1 < n < 4. To determine T, we 
make use of the fact that if (x,y) £ T then y 2 must be 
a divisor of A; hence there are only a finite number of 
possibilities for y. Values of x are then found as integer 
solutions of x 3 +ax + h— y 2 = 0 (in particular x must be 
a divisor of b — y 2 ). The resulting points are then tested 
for finite order as follows. Given P, calculate 2 P, 4P, 
8 P by doubling as above. If any of these quantities is 
zero, then the point has finite order. If any of 2 P, 4P, 
8 P is not an integer, then the point has infinite order. 
Otherwise observe any equalities between P, 2 P, 4P, 
8 P, and their negatives. The order of a point (if finite 
and not already determined) can have only the values 3, 
5, 6, 7, 9, 10, or 12, and so can be found from 2 P = — P, 
4P = -P, 4P = —2 P, 8 P = P, 8P = -P, 8 P = -2 P, 
or 8 P = —4 P. If none of these equalities hold, then P 
has infinite order. 

For extensive tables of elliptic curves see Cremona 
(1997, pp. 84-340). 

23.20(iii) Factorization 

§27.16 describes the use of primality testing and factor- 
ization in cryptography. For applications of the Weier- 
strass function and the elliptic curve method to these 
problems see Bressoud (1989) and Koblitz (1999). 

23.20(iv) Modular and Quintic Equations 

The modular equation of degree p, p prime, is an al- 
gebraic equation in a = A (jpr) and (3 = A(r). For 


Weierstrass Elliptic and Modular Functions 

p = 2, 3, 5, 7 and with u = a 1 / 4 , v = /I 1 / 4 , the mod- 
ular equation is as follows: 

23.20.5 v 8 (l + u 8 ) =4u 4 , p= 2, 

23.20.6 u 4 — v 4 + 2uv(l — u 2 v 2 ) = 0, p = 3, 

23.20.7 

u 6 — v 6 + 5 u 2 v 2 {u 2 — v 2 ) + 4uu(l — u 4 v 4 ) =0, p = 5, 

23.20.8 (l-it 8 )(l-x 8 ) = (1-uvf, p = 7. 

For further information, including the application of 
(23.20.7) to the solution of the general quintic equation, 
see Borwein and Borwein (1987, Chapter 4). 

23.20(v) Modular Functions and Number 
Theory 

For applications of modular functions to number theory 
see §27.14(iv) and Apostol (1990). See also Silverman 
and Tate (1992), Serre (1973, Part 2, Chapters 6, 7), 
Koblitz (1993), and Cornell et al. (1997). 

23.21 Physical Applications 

23.21 (i) Classical Dynamics 

In §22. 19(ii) it is noted that Jacobian elliptic functions 
provide a natural basis of solutions for problems in 
Newtonian classical dynamics with quartic potentials 
in canonical form (1 — x 2 )(l — k 2 x 2 ). The Weierstrass 
function p plays a similar role for cubic potentials in 
canonical form g 3 + g 2 X — 4x 3 . See, for example, Law- 
den (1989, Chapter 7) and Whittaker (1964, Chapters 
4-6). 

23.21(H) Nonlinear Evolution Equations 

Airault et al. (1977) applies the function p to an in- 
tegrate classical many-body problem, and relates the 
solutions to nonlinear partial differential equations. For 
applications to soliton solutions of the Korteweg-de 
Vries (KdV) equation see McKean and Moll (1999, 
p. 91), Deconinck and Segur (2000), and Walker (1996, 
§ 8 . 1 ). 

23.21 (iii) Ellipsoidal Coordinates 

Ellipsoidal coordinates (£,??, C) may be defined as the 
three roots p of the equation 



P~e 1 p- e 2 p - e 3 
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where a :,y,z are the corresponding Cartesian coordi- 
nates and ei, e2, e 3 are constants. The Laplacian oper- 
ator V 2 (§1.5(ii)) is given by 

23 . 21.2 

(v - o(c - ok - ^?)v 2 = (c - v)mno^ 

+ K- 

+(v-omno^, 

where 

23 . 21.3 /(p) = 2 ((p - ei)(p - e 2 )(p - e 3 )) 1/2 . 

Another form is obtained by identifying e\, e 2 , e 3 as 

lattice roots (§23.3(i)), and setting 

23 . 21.4 £=p(u), ii = p(v), (=p(w). 

Then 


(p(v) - p(w)) (p(w) - p(u )) (p(u) - p(v)) V 2 

9 2 <9 2 

, 15 = (pH - p(f)) + (p( u ) - pM) ^2 

< 9 2 

+ (p(t) - pK )) ^-2- 

aw 

See also §29.18(ii). 


23.21(iv) Modular Functions 

Physical applications of modular functions include: 

• Quantum field theory. See Witten (1987). 

• Statistical mechanics. See Baxter (1982, p. 434) 
and Itzykson and Drouffe (1989, §9.3). 

• String theory. See Green et al. (1988a, §8.2) and 
Polchinski (1998, §7.2). 


Computation 


23.22 Methods of Computation 
23.22(i) Function Values 

Given uj\ and w 3 , with Q(w 3 /a;i) > 0, the nome q is 
computed from q = e I7rW3 / Wl . For p(z) we apply (23.6.2) 
and (23.6.5), generating all needed values of the theta 
functions by the methods described in §20.14. 

The functions £(*) and a(z) are computed in a simi- 
lar manner: the former by replacing u and 2 in (23.6.13) 
by z and nz/{ 2aq), respectively, and also referring to 
(23.6.8); the latter by applying (23.6.9). 

The modular functions A(r), J(t), and p(r) are also 
obtainable in a similar manner from their definitions in 
§23. 15(ii) . 


23.22(ii) Lattice Calculations 

Starting from Lattice 

Suppose that the lattice L is given. Then a pair of gen- 
erators 2uq and 2w 3 can be chosen in an almost canon- 
ical way as follows. For 2oji choose a nonzero point of 
L of smallest absolute value. (There will be 2, 4, or 6 
possible choices.) For 2 w 3 choose a nonzero point that 
is not a multiple of 2wi and is such that 3r > 0 and 
|t| is as small as possible, where r = wz/w\. (There 
will be either 1 or 2 possible choices.) This yields a pair 
of generators that satisfy 3 t > 0, |3?r| < 5, |r| > 1. 
In consequence, q = e lnu>3 / u>1 satisfies |g| < e -7r ^/ 2 = 
0.0658 .... The corresponding values of ei, e 2 , e 3 are 
calculated from (23.6.2)-(23.6.4), then g 2 and g 3 are ob- 
tained from (23.3.6) and (23.3.7). 

Starting from Invariants 

Suppose that the invariants g 2 = c, g 3 = d, are given, 
for example in the differential equation (23.3.10) or 
via coefficients of an elliptic curve (§23. 20(h)). The 
determination of suitable generators 2uq and 2w 3 is 
the classical inversion problem (Whittaker and Wat- 
son (1927, §21.73), McKean and Moll (1999, §2.12); see 
also §20.9(i) and McKean and Moll (1999, §2.16)). This 
problem is solvable as follows: 

(a) In the general case, given by cd, 7^ 0, we com- 
pute the roots a, /3, 7, say, of the cubic equation 
4 t 3 — ct—d = 0; see §1.11 (iii) - These roots are nec- 
essarily distinct and represent ei, e 2 , e 3 in some 
order. 

If c and d are real, then ei, e 2 , e 3 can be identified 
via (23.5.1), and k 2 , k' 2 obtained from (23.6.16). 

If c and d are not both real, then we label a, /?, 7 so 
that the triangle with vertices a, (3, 7 is positively 
oriented and [a, 7] is its longest side (chosen arbi- 
trarily if there is more than one). In particular, if 
a, (3, 7 are collinear, then we label them so that 
j3 is on the line segment (0,7). In consequence, 
k 2 = ((3 — 7)/(a — 7), k' 2 = (a — (3) /{a — 7) satisfy 
Sfc 2 > 0 > Qk' 2 (with strict inequality unless a, 
/ 3 , 7 are collinear); also |fc 2 |, \k r \ < 1. 

Finally, on taking the principal square roots of k 2 
and k' 2 we obtain values for k and k! that lie in 
the 1st and 4th quadrants, respectively, and 2uq, 
2 w 3 are given by 

2u)\M(l, k') = -2iw 3 M(l,&) 

23 - 22 - 1 7T / c(2 + k 2 k' 2 ){k' 2 — k 2 ) 

~ 3 y d{ 1 - k 2 k' 2 ) ’ 

where M denotes the arithmetic-geometric mean 
(see §§19.8(i) and 22.20(h)). This process yields 2 
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possible pairs (2wi, 2^3), corresponding to the 2 
possible choices of the square root. 


Weierstrass Elliptic and Modular Functions 


(b) If d = 0, then 

3.22.2 o . _ o . _ ( F (l)) 

2 Wl - -2*u, 3 - ^174- 

There are 4 possible pairs {2lo\, 2w 3 ), correspond- 
ing to the 4 rotations of a square lattice. The 
lemniscatic case occurs when c > 0 and uj\ > 0. 

(c) If c = 0, then 


23.22.3 


2wi = 2e-™ /3 w 3 


Mil! 

27rd 1 / 6 


There are 6 possible pairs (2wi, 2w 3 ), correspond- 
ing to the 6 rotations of a lattice of equilateral 
triangles. The equianharmonic case occurs when 
d > 0 and lo\ > 0. 


Example 

Assume c = 52 = —4(3 — 2i ) and d = g 3 = 4(4 — 2 i). 
Then a = — 1 — 2i, /3 = 1, 7 = 2i; k 2 = (7 + 6*)/17 , 
and k' 2 = (10 — 6i)/17. Working to 6 decimal places 
we obtain 

2wi = 0.867568 + il.466607, 

23 . 22.4 2u 3 = -1.223741 + zl.328694, 

r = 0.305480 + *1.015109. 


23.23 Tables 

Table 18.2 in Abramowitz and Stegun (1964) gives val- 
ues of p(z), p'(z ), and £(z) to 7 or 8D in the rectangu- 
lar and rhombic cases, normalized so that uq = 1 and 
u> 3 = ia (rectangular case), or ui-[ = 1 and u> 3 = \ + ia 
(rhombic case), for a = 1.00, 1.05, 1.1, 1.2, 1.4, 2, 4. 
The values are tabulated on the real and imaginary z- 
axes, mostly ranging from 0 to 1 or * in steps of length 
0.05, and in the case of p(z) the user may deduce val- 
ues for complex z by application of the addition theorem 
(23.10.1). 

Abramowitz and Stegun (1964) also includes other 
tables to assist the computation of the Weierstrass func- 
tions, for example, the generators as functions of the 
lattice invariants 52 and g 3 . 

For earlier tables related to Weierstrass functions see 
Fletcher et al. (1962, pp. 503-505) and Lebedev and Fe- 
dorova (1960, pp. 223-226). 


23.24 Software 


References 


General References 

The main references used in writing this chapter are 
Lawden (1989, Chapters 6, 7, 9), McKean and Moll 
(1999, Chapters 1-5), Walker (1996, Chapter 7 and 
§§3.4, 8.4), and Whittaker and Watson (1927, Chap- 
ter 20 and §21.7). For additional bibliographic reading 
see Apostol (1990, Chapters 1-6), Copson (1935, Chap- 
ters 13 and 15), Erdelyi et al. (1953b, §§13.12-13.15 and 
13.24), and Koblitz (1993, Chapters 1-4). 


Sources 

The following list gives the references or other indica- 
tions of proofs that were used in constructing the various 
sections of this chapter. These sources supplement the 
references that are quoted in the text. 

§23.2 Whittaker and Watson (1927, §§20.2-20.21, 
20.4-20.421), Walker (1996, §3.1), Lawden (1989, 
Chapter 6). For (23.2.16) differentiate (23.2.15) 
and use (23.2.6). For (23.2.17) use (23.2.15) and 
induction. 

§23.3 Whittaker and Watson (1927, §§20.22, 20.32, 
21.73), Lawden (1989, §6.7), Walker (1996, §3.4). 

(23.3.11) follows from (23.3.3), (23.3.10). For 

(23.3.12) , (23.3.13) differentiate (23.3.10). 

§23.4 These graphics were produced at NIST. 

§23.5 Walker (1996, §§7.5, 8.4.2). (Some errors in §7.5 
are corrected here.) 

§23.6 For (23.6. 2)-(23. 6.7) see Walker (1996, pp. 94 
and 103). For (23.6.8) and (23.6.9) see Whit- 
taker and Watson (1927, §21.43). For (23.6.10)- 

(23.6.12) use (23.6.9). For (23.6.13) and (23.6.14) 
see Lawden (1989, §6.6). For (23.6.15) com- 
bine (20.2.6) and (23.6.9). For (23.6.16) and 
(23.6.17) combine (23.6. 2)-(23. 6.4) with (22.2.2) 
and (20.7.5). For (23.6.18)-(23.6.20) combine 
(20.9.1) and (20.9.2) with (23.6.2)-(23.6.4). For 
(23.6.21)-(23.6.23) combine (23.6.5)-(23.6.7) with 
(22.2.4)-(22.2.9). For (23.6.24)-(23.6.26) com- 
bine (23.6.21)-(23.6.23) with §22.4(iii). (23.6.27)- 
(23.6.29) can be verified by matching periods, 
poles, and residues as in Lawden (1989, §8.11). 


See http : //dlmf . nist . gov/23 . 24. 


§23.7 Lawden (1989, p. 182). 

§23.8 Lawden (1989, §6.5, pp. 183-184, §8.6). 
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§ 23.9 For (23.9.2)-(23.9.5) equate coefficients in 
(23.2.4), (23.2.5), and also apply (23.10.1), 

(23.10.2). The first two coefficients in the Maclau- 
rin expansion (23.9.6) are given by (23.3.9), 
(23.2.10); the others are obtained from §23.3(ii) 
combined with (23.9.4). (23.9.7) follows from 

(23.2.8) and (23.9.3). 

§ 23.10 Whittaker and Watson (1927, §§20.3-20.311, 
20.41), Lawden (1989, pp. 152-158, 161-162). 
For (23.10.7), (23.10.9), (23.10.10) let v -> u 
in (23.10.1)-(23.10.3). For (23.10.8) see Walker 
(1996, p. 83). For (23.10.11) and (23.10.12) com- 
pare the poles and residues of the two sides. 
(23.10.13) follows by integration. For (23.10.15) 
combine (23.10.14), (23.8.7), and (4.21.35). 

§ 23.11 Dienstfrey and Huang (2006). 

§ 23.12 These approximations follow from the expan- 
sions given in §23.8(ii). For (23.12.4) use Lawden 
(1989, Eq. 6.2.7) and (20.4.8). 

§ 23.14 To verify these results differentiate and use 
(23.2.7), §23.3(ii). 


§ 23.15 Apostol (1990, Chapters 1, 2), Walker (1996, 
Chapter 7), McKean and Moll (1999, Chapters 4, 
6). For (23.15.9) use (20.5.3) and (23.17.8). 

§23.16 These graphics were produced at NIST. 

§ 23.17 Walker (1996, §7.5). For (23.17.4)-(23.17.6) 
combine §23. 15(ii) with the q-expansions of the 
theta functions obtained by setting z = 0 

in §20.2(i). For (23.17.7), (23.17.8) combine 
(23.15.6), (23.15.9), and (20.5. l)-(20. 5.3). 

§ 23.18 See Walker (1996, Chapter 7), Ahlfors (1966, 
pp. 271-274), and Serre (1973, Chapter 7). For 
(23.18.4)-(23.18.7) see Apostol (1990, pp. 17, 52). 

§ 23.19 Apostol (1990, Chapters 2, 3), Serre (1973, 
Chapter 7). (23.19.4) follows from (20.5.3) and 
(23.17.8). 

§ 23.20 McKean and Moll (1999, §2.8). 

§ 23.21 Jones (1964, pp. 31-33). 

§23.22 For (23.22.1) combine (23.6.2)-(23.6.4) and 
§23.10(iv). (23.22.2) and (23.22.3) follow from 

(23.5.3) and (23.5.7), respectively. 
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Bernoulli and Euler Polynomials 


Notation 


Properties 


24.1 Special Notation 24.2 Definitions and Generating Functions 

(For other notation see pp. xiv and 873.) 24.2(i) Bernoulli Numbers and Polynomials 


j, k, i, m, n 

t, x 
V 

P | TO 

(k, to) 

(fc, to) = 1 


integers, nonnegative unless stated 
otherwise. 

real or complex variables, 
prime. 
p divides to. 

greatest common divisor of to, n. 
k and to relatively prime. 


Unless otherwise noted, the formulas in this chapter 
hold for all values of the variables x and t, and for all 
nonnegative integers n. 


Bernoulli Numbers and Polynomials 

The origin of the notation B n , B n (x), is not clear. The 
present notation, as defined in §24.2(i), was used in Lu- 
cas (1891) and Norlund (1924), and has become the 
prevailing notation; see Table 24.2.1. Among various 
older notations, the most common one is 

-®1 = 6 ’ = 30 ’ = 42 ’ -® 4 = 30 > ' ' ' ’ 

It was used in Saalschiitz (1893), Nielsen (1923), 
Schwatt (1962), and Whittaker and Watson (1927). 

Euler Numbers and Polynomials 

The secant series ((4.19.5)) first occurs in the work of 
Gregory in 1671. Its coefficients were first studied in Eu- 
ler (1755); they were called Euler numbers by Raabe in 
1851. The notations E n , E n (x), as defined in §24.2(ii), 
were used in Lucas (1891) and Norlund (1924). 

Other historical remarks on notations can be found 
in Cajori (1929, pp. 42-44). Various systems of notation 
are summarized in Adrian (1959) and D’Ocagne (1904). 


t \ — ' i 

24-2.1 ~t T = Z-, Bn ~ T’ 

e l — 1 ' n\ 

n — 0 


oo 


t n 


24.2.2 B- 


2n+l 


= 0, (~l) n+1 B 2n > 0, 


-j-pXt °° J.71 

24.2.3 - r ^ r = £s„(a:)^ T , 

e t — 1 n ! 

n— 0 

24.2.4 B n = B n { 0), 


|t| < 27T. 

n= 1,2,.... 

|t| < 27T. 


24.2.5 B n { X) = J2[ n k j B kX n ~ k - 

k = 0 ' ' 

See also §§4.19 and 4.33. 

24.2(ii) Euler Numbers and Polynomials 


24.2.6 

24.2.7 

24.2.8 

24.2.9 

24.2.10 


2e‘ _ ^ t" 

e 2t + 1 - ^ n n\ ’ 

n = 0 


^2n+l=0, {-l) n E 2n > 0. 

2 e 

e* + 1 


O pXt °° f 

= ^2 E n{x) 


n\ 


n—0 

E n = 2 n E n (\) = integer 


E n( x) = 


k—0 


—(r - i\ n ~ k 
k) 2 k[X 2 • 


See also (4.19.5). 


\t\ < r, 

1*1 < 7T, 


24.2(iii) Periodic Bernoulli and Euler Functions 

24.2.11 B n (x) = B n {x ) , E n (x) = E n (x), 0 < x < 1, 

B n (x + 1) = B n (x), E n (x+ 1) = -E n (x), 

x £ R. 


24.2.12 




24.3 Graphs 
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24.2(iv) Tables 

Table 24.2.1: Bernoulli and Euler numbers. 


n 

B n 

E n 

0 

1 

1 

1 

1 

2 

0 

2 

1 

6 

-1 

4 

1 

30 

5 

6 

1 

42 

-61 

8 

1 

30 

1385 

10 

5 

66 

-50521 

12 

691 

2730 

27 02765 

14 

7 

6 

-1993 60981 

16 

3617 

510 

1 93915 12145 


For extensions of Tables 24.2.1 and 24.2.2 see http://dlmf 


Table 24.2.2: Bernoulli and Euler polynomials. 


n 

B n {x) 

B n (x) 

0 

1 

1 

1 

X — 2 

X — 2 

2 

x 2 — X + g 

2 

X — X 

3 

-y 3 3 ™2 1^ ry, 

tij 2 i 2 ^ 

„3 32,1 

2 1 ^ 

4 

x 4 — 2a; 3 + x 2 — ^ 

a; 4 — 2a; 3 + x 

5 

T 5 _ 5 4 , 5 3 _ 1™ 

tu 2 1 ^ 4/ 0 *4/ 

r 5 _ 5 4 , 5 2 _ 1 

■i 1 2 *'*■' i 2 2 


. nist . gov/24 . 2 . iv. 


24.3 Graphs 



2,3,. ..,6. 



24.4 Basic Properties 
24.4(i) Difference Equations 

24.4.1 B n (x + 1) — B n (x) = na;” -1 

24.4.2 E n (x + 1) + E n (x) = 2x n . 


24.4.6 (-1)"+! E n {-x) = E n (x) - 2x n . 

24.4(iii) Sums of Powers 


24.4(ii) Symmetry 

24.4.3 B n (l-x) = (-l) n B n (x), 

24.4.4 E n (l — x) = (—1)™ E n (x). 
(-1)" B n {- x) = B n { x) + ra" _1 , 


24.4.7 


m 




B n+ i{m+ 1) - B n+ 1 
n + 1 


m 

24.4.8 k n 

fc = 1 


E n (m + 1) + (— l) m E n (0) 


24.4.5 


2 
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24.4.9 

m— 1 


J2(a + dk) n - n + 1 (- B n+1 (m+ J 


k—0 

24.4.10 

m— 1 


E(-i ) fc (°+ dfc ) r 


fc =0 


24.4.11 


((-l) m +“)+£«(“)). 


n+1 


y fc n = — y 

2 — ' n+1 


fc=i 

(/c,m) = l 


3 = 1 


n+1 


n(l-p"- J ')Bn+l-J 

24.4(iv) Finite Expansions 

24.4.12 B n {x + ft) = y Q B k (x)h n ~ k , 

24.4.13 B n (s + ft) = y W E k {x)h n ~ k , 

k—0 ' ' 

24.4.14 £?„_i (x) = 2 y (?) (1 - 2 fc ) Pfc 


24.4.15 

= 

24.4.16 


2n 


k = o 


n— 1 

E 

k—0 


%—k 


2n — 1 


E2k, 


2 2n (2 2n - 1) ^ V 2fc 

v ' fe=0 v 

2n \ 2 2fe (2 2fc " 1 - l)P 2fc 


1 


^2™ - - — — - E 

fc=l 


2n -|- 1 

24.4.17 

n 

E 2 n = 1 - y 


2fc-l 


fc=l 


2n \ 2 2fe (2 2fe -l)B 2fc 
2fc — 1 / 2k 


24.4(v) Multiplication Formulas 

Raabe’s Theorem 

m— 1 

E 

k—0 


24.4.18 B n (mx ) = m n 1 y P„( a; H 

^ ' \ m. 

Next, 


E n (mx) = - y (-l) fe £„ + i ( x + — ), 

n -A- — * \ m / 


m— 1 


24.4.19 


24.4.20 


n+1 


k = o 


m = 2, 4, 6, . . . , 


m_ / L\ 

E n (mx) = m n y (-l) fc Bn ( x H j , m = 1, 3, 5, . . . . 

fc=o ' 771 ' 


24.4.21 B n (®) = 2 n ~ 1 (B n (\x)+B n (\ *+ D) , 

24.4.22 B„_i(a;) = ^ (B„(®) -2 n B„(iar)) , 

2 n 

24.4.23 B„_i(a;) = — (B n (\x + I) - B n (|x)) , 

24.4.24 


n fc— 1 

B n (mx ) = m n B n (x) + n.y y (-1) J 

/c— 1 .7=0 


X 


■y ^ g2rti(k—j)r /m \ 

E (X_ e 2 ^/m)n ) (j + n »r 1 . 


n = 1 , 2 , . . . , to = 2, 3, . . . . 


24.4(vi) Special Values 


24.4.25 B n (0) = (-l)"B n (l) = B n , 

24.4.26 B„(0) = - B„(l) = (2 n+1 - 1) B n+1 . 

n + 1 

24.4.27 B n (k) = _(l_2 1 -")S n , 

24.4.28 = 2- n S n - 

24.4.29 B 2n (!) = B 2n (|) = - 3l_2n ) S 2n - 

24.4.30 


E 2 n-l{\) ~-E 2n - 1(|) 


(1 - 3 1 " 2n )(2 2ri 
2 n 


1) 


Bln , 


n = 1,2,.... 


24.4.31 

S„(|) =(-!)” Bn(|) 


1 - 2 1-n n 

~ -L/u " -C/u — 1 . 

On ™ +n - 1 - ’ 

»= 1,2 


24.4.32 

B 2 „(i) =Ban(|) = |(1 - 2 1 “ 2 ”)(1 - 3 1 ” 2 ") P 2 „, 

1 + 3 -2n 

24.4.33 Band) = Mi) = 2 2n+l ^n • 

24.4(vii) Derivatives 


24.4.34 — B n (x) = nB n _i(x), 

ax 


24.4.35 — E n (x) = nB„_i(x), 

ax 

24.4(viii) Symbolic Operations 


«= 1 , 2 ,..., 

n = 1, 2, . . . . 


Let P(a;) denote any polynomial in x, and after expand- 
ing set (B(x)) n = B n (x ) and (B(a;)) n = E n (x). Then 

24.4.36 P{B(x) + l)-P(B(x)) = P'(x), 

24.4.37 B n (x+ h) = {B(x) + h) n , 

24.4.38 P(B(a;) + 1) + P{E(x)) = 2P(x ), 

24.4.39 E n (x + /i) = (B(z) + h) n . 

For these results and also connections with the umbral 
calculus see Gessel (2003). 


24.5 Recurrence Relations 
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24.4(ix) Relations to Other Functions 

For the relation of Bernoulli numbers to the Riemann 
zeta function see §25.6, and to the Eulerian numbers see 
(26.14.11). 


24.6 Explicit Formulas 

The identities in this section hold for n = 1,2,.... 
(24.6.7), (24.6.8), (24.6.10), and (24.6.12) are valid also 
for n = 0. 


24.5 Recurrence Relations 
24.5(i) Basic Relations 


24.5.1 


24.5.2 


24.5.3 


24.5.4 


24.5.5 


E V k) Bk ^ = nxTl n = 2 ’ 3 ’-'-’ 

k = 0 ' ' 

(?) E k(x) +E n (x ) = 2x n , n= 1,2,.... 


k = 0 


n— 1 


k—0 


E 

k—0 


E n = 2,3,..., 


k—0 


( 7 !p k E n - k +E n =2. 


24.5(ii) Other Identities 

24.5.6 


EL? 


k—2 


1 


k — 2 J k (n + l)(n + 2) 


En-\- 1 , ti — 2 , 3 , ... , 


24.5.7 


^ — 1.2, ... , 


k = 0 


A;/ n + 2 — A: n + 1 ’ 


24.5.8 £ 


o2fc o 
* &2k 


k—0 


1 


(2fc)!(2n + l-2fc)! (2n)! 


, n=l,2,.... 


24.5(iii) Inversion Formulas 

In each of (24.5.9) and (24.5.10) the first identity im- 
plies the second one and vice-versa. 

24.5.9 a n = g Q b n = g Q B k a n - k . 

Ln/2j 


24.5.10 


k—0 


- E [‘>L.) bn - 2k ’ 


2k, 

n 


L n /2j 

= ^ ^ j E/2k Un— 2k- 


k=0 




fc=i i=i 


it— V * y 2 -' 

v y i=i 

71 + 1\ 

k-j) 


k—2 ' ' 1= 

n fe 


24.6.2 R n =4-^^(-l)V Yn + A ' ‘ n 
n + 1 



2463 = (*")!*■• 


a <“ + ft 

n ^ fc 


24.6.4 = E Jill EU 1 )- 1 ' “ 


2 fc_ i ' \k — j 

fc= i 1=1 v ^ 


2k 


E2k = 0, 71=1,2,..., 24.6.5 


£>» = 5^rE(-i)"-‘(»- u 2 " E ( 2 jl 


fc =0 


1=0 


24.6.6 


2?l ' -"ifc /0»4_1_1\ /J, 


^-e^C;;, 1 ) e 

fe=l x 7 j=0 XJ/ 


n k /j\ 

24 6 7 w-EmEHt (•+ jr, 

i.O ,!+1 J=0 W 


7 «+l fe-1 / , i \ 

24 ' 6 ' 8 ^w-^EEf- 1 ) 7 ) t )(*+jt 

fe=l j=0 x 7 


24.6.9 


n 1 k 


fc=0 j= o w 7 


1 n+1 / 1 \ k ~ l 

24 ' 610 ^ = 2;E("£ )E(- 1 ) < Pj' + 1 )' 

fc=i x 7 i=o 


n fc— 1 


24.6.11 B = - VVf-lV 


1+ 1 ( “ 1 ,-n-l 


2™(2 n - 1) ^ \k 

y ' k= 1 1=0 


2n . fe 

24.6.12 B2„ = E^E ( - 1 ) i (j( 1 + 2 l) 2 " 

/c— o i=o x,y 7 
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24.7 Integral Representations 

24.7(i) Bernoulli and Euler Numbers 

The identities in this subsection hold for n = 1,2, ... . 
(24.7.6) also holds for n = 0. 

24.7.1 

4 77 r°° f 2n - 1 

B 2n = (-1)”+ 1 _ 2l -2n j Q + ! (lt 

= (-!)" +1 1 _ 2 2 ? i-2n ^ t^e-^ sech(Trt) dt, 

r 

B 2n = (— l) n+1 4 n / 

Jo 


24.7.2 


roo j.2n— 1 


e 2 77t _ X 


dt 


f'OO 

= (— l) n+1 2n / t 2n - Y e-^ csch(7 rt) dt, 

Jo 

f'OO 

B 2n = (~l) n+1 j _ ^_ 2ra J t 2n sech 2 {nt)dt, 

24.7.4 

f'OO 

B 2n = (— l) n+1 7r / t 2n csch 2 (7rf) df, 
do 


24.7.3 


24.7.5 


S 2 „ = (- 1 )” 2n(2 ^ 1} t 2 "- 2 ln(l - e- 2Tt ) dt. 


24.7.6 


/■OO 

E 2n = (— l)"2 2rl+1 / t 2n sech(nt) dt. 

Jo 

24.7(ii) Bernoulli and Euler Polynomials 

The following four equations hold for 0 < -ffa; < 1. 


24.7.7 


B 2n (x) = (— l) n+i 2?r 


/ 


cos(27nr) — e 2,rt 
o cosh(27rt) — cos(27nr) 


t 2 "" 1 dt, 
n= 1 , 2 ,..., 


24.7.8 

S 2n+1 ( a; ) = (— l) n+1 (2n + 1) 


sin(27ra;) 2n 


I o cosh(27rf) — cos(27rx) 


t 2n dt. 


24.7.9 

E 2n (x) = (— 1)"4 


sin(7ra) cosh(7rf) 2n 


’o cosh(27rt) — cos(27r;r) 


t 2n dt. 


24.7.10 

E 2n+1 {x) = (— l) n+1 4 


cos(7ra?) sinh(Trf) 2n+1 


d 0 cosh(27rt) — cos(27nr) 

Mellin-Barnes Integral 
24.7.11 


C n+i dt. 


I r — C+lOO / 7 T \ 

B n {x) = — / ( x + t) n ( . ) dt, 0 < c < 1. 

2ttZ d-c-ioo 


24.7 (iii) Compendia 

For further integral representations see Prudnikov et al. 
(1986a, §§2.3-2. 6) and Gradshteyn and Ryzhik (2000, 
Chapters 3 and 4). 

24.8 Series Expansions 

24.8(i) Fourier Series 

If n = 1, 2, . . . and 0 < x < 1, then 

+1 2(2n)! ^ cos(2-Kkx) 


24.8.1 B 2n {x) = (-1) 

24.8.2 B 2n+1 (x) = (-1) 


(27 r) 2n ^ k 2n ’ 

v ' k= 1 

n+1 2(2 n + 1)! sin(27rfca:) 


£ 


(27r)2n+l Z^ p+1 ■ 

v ’ fc— 1 


The second expansion holds also for n = 0 and 0 < x < 

1. 

If n = 1 with 0 < x < 1, or n = 2,3,... with 
0 < x < 1, then 


n! ^ P 2*ikx 
Bn{x ) — - / o ~\n E 

k= — oo 
k^O 


24.8.3 “ v ; (27rt) n , Z— - 


If n = 1, 2, . . . and 0 < a; < 1, then 

24.8.4 

P , ^n 4 Q2) ! Sin((2fc+ 1 )ttx) 

i^nOr) ( 1) 2re+1 2^ (2fc + l)2«+i ’ 

k = 0 v ’ 

24.8.5 

p ^ \n 4 Q ~ !) ! cos((2 k + 1)tts) 

2n— 1 ^ ( ' n 2n (2k+l) 2n ' 

k = 0 V ' 

24.8(ii) Other Series 

24.8.6 


-8471+2 — (8n + 4) E] 


fc=i 


£.4n+l 
3 27 t/c ^ ’ 


n= 1,2,..., 


24.8.7 


D (— 1)" +1 4ti ^ k 2n ~ 1 ^ 0 D 

r>2n _ 1 / > ~ttT i 7 1 U-Tr. J 77- — 2, 3, ... . 


2 2 " - 1 e 7rfc + (-l) fe + n ’ 


Let aP = 7 r 2 . Then 

B 2r 
An 

24.8.8 


R 00 +2n— 1 

-?f(a"-(-^n = a"X 


g2a/c ^ 

fc=l 

00 L2n-1 

-M n E 


fc=i 


e 2/3fc _ X ’ 

n = 2, 3, . . . . 


24.8.9 


00 I,2ra 

£2n = (-l)"E wi 

^ cosh( 5 7rfc) 


-4E 


00 7 


fc =0 


(— l) fc (2/c + l) 2 

e 27r(2fe+l) _ X 


77=1,2,.... 


24.9 Inequalities 
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24.9 Inequalities 


24. 10(ii) Kummer Congruences 


Except where otherwise noted, the inequalities in this 
section hold for n = 1,2, 

24.9.1 \B 2n \>\B 2n (x)l 1 > x > 0, 

24.9.2 

(2 - 2 1 ~ 2n )\ B 2n | > | B 2n (x) -B 2n |, 1 > x > 0. 

(24.9.3)-(24.9.5) hold for § > x > 0. 

24.9.3 4 _n | E 2n | > (-l) n E 2n (x) > 0, 

24.9.4 

2(2n+ 1)! 


(27r) 2n+1 

24.9.5 

4(2n — 1)! 2 2n - 1 


> {-l) n+1 B 2n+l {x) >0, n = 2,3,..., 

>(-l)"£k„-i(®) >0. 


n 2n 2 2n - 2 

(24.9.6)-(24.9.7) hold for n = 2, 3, ... . 


24.9.6 

24.9.7 


( 77 \ 2 n 

) > ( — 1 ) 

7re/ 


" +1 5 2n >4V^(-) 2n , 

\7r eJ 


2n 


n f 4 n 
n \ne 
Lastly, 

24.9.8 

2(2n)! 1 




4n Y 
n \ne J 


2 n 


(2n) 2n 1 - 2^ _2n 
with 




2(2n)! 


(27t) 2 " 1 - 2~ 2n 


ln(l — 67 t 2 ) 

24.9.9 f3 = 2+ K - = 0.6491 .... 


24.9.10 

4 n+1 (2 n)\ 


T 2n+1 


In 2 


> (-1 ) n E 2n > 


4 n+1 (2n)! 


j2n-\-l ^ _|_ ^— 1 — 2 n ’ 


24.10 Arithmetic Properties 


24.10(i) Von Staudt-Clausen Theorem 

Here and elsewhere in §24.10 the symbol p denotes a 
prime number. 


24.10.1 


B 2n + 


E 1 

2 -— * p 

(p-l)| 2 n 


integer, 


where the summation is over all p such that p—1 divides 
2 n. The denominator of B 2n is the product of all these 
primes p. 


24.10.2 pB 2n = p—l (mod p f+1 ), 

where n > 2, and £{> 1) is an arbitrary integer such that 
( p — 1 )p e | 2 n. Here and elsewhere two rational numbers 
are congruent if the modulus divides the numerator of 
their difference. 


B m B n . . 

24.10.3 = mod p , 

m n 

where m = 0 (mod p — 1). 

24.10.4 (1-p™- 1 )— = (l-p^- 1 )— (mod p e+1 ), 

m n 

valid when m = n (mod (p— l)p^) and n ^ 0 (mod p — 
1), where £(> 0) is a fixed integer. 

24.10.5 E n = E n+p _ 1 (mod p), 
where p(> 2) is a prime and n >2. 

24.10.6 E 2n = E 2n+W (mod 2^), 

valid for fixed integers £(> 0), and for all n(> 0) and 
w(> 0) such that 2 e \ w. 


24. 10(iii) Voronoi’s Congruence 


Let B 2n = N 2n /D 2n , with N 2n and D 2n relatively 
prime and D 2n > 0. Then 


24.10.7 


(b 2n - l)iV 2n 

M — 1 

= 2n6 2n ~ 1 D 2n fc2 ” _1 

k = 1 


kb 

M 


(mod M), 


where M{> 2) and b are integers, with b relatively prime 
to M. 

For historical notes, generalizations, and applica- 
tions, see Porubsky (1998). 


24.10(iv) Factors 

With N 2n as in §24.10(iii) 

24.10.8 N 2n = 0 (mod p e ), 

valid for fixed integers £{> 1), and for all n(> 1) such 
that 2n ^ 0 (mod p—1) and p e \ 2 n. 

^ fo (mod p e ) if p = 1 (mod 4), 

24.10.9 2n = | 2 (mod ^ if p = 3 (mod 4)) 

valid for fixed integers £(> 1) and for all n(> 1) such 
that (p — l)p^ _1 | 2 n. 


24.11 Asymptotic Approximations 


As n — > ex) 

24.11.1 

24.11.2 

24.11.3 

24.11.4 


(— 1 ) n + 1 B 2n 
(- l) n+1 B 2n 
( l) n E 2n 
(-1 ) n E 2n 


2(2 n)\ 

(2^’ 


40^ f — 

\7re 
2 2n+2 (2 n)\ 

jj-2n+l 


4n V 
7r \ 7re / 


2 n 


2 n 
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Also, 

24.11.5 




2 (n!) 


24.11.6 




cos(27nr), n even, 
sin(27nr), n odd, 

sin(7ra;), n even, 
cos(7nr), n odd, 


uniformly for x on compact subsets of C. 

For further results see Temme (1995b) and Lopez 
and Temme (1999b). 


24.12 Zeros 

24.12(i) Bernoulli Polynomials: Real Zeros 


When 

n is odd y[ n ^ = J, 

24.12.9 

3 7r ” +1 / , (») ^ 3 

2 3 (n!) <V2 < 2 

24.12.10 

3 ^ (") ^ 3 , 7r " +1 
2 < 2/2 < 2 + 3(n!) 

and as n - 

-> oo with m(> 1) fixed, 

24.12.11 

(n) l 

V2rn-> m - 2- 


n= 3,7,11,..., 
n = 5, 9, 13, . . . , 


24.12(iii) Complex Zeros 

For complex zeros of Bernoulli and Euler polynomials, 
see Delange (1987) and Dilcher (1988). A related topic 
is the irreducibility of Bernoulli and Euler polynomials. 
For details and references, see Dilcher (1987b), Kimura 
(1988), or Adelberg (1992). 


In the interval 0 < x < 1 the only zeros of B 2 n +i{x), n = 
1 , 2 ,..., are 0 , 1 , and the only zeros of -B 2n (ir) — B 2n , 

n= 1 , 2 ,..., are 0 , 1 . 

For the interval \ < x < oo denote the zeros of 
B n {x) by xf \ j = 1,2,..., with 

24.12.1 i < x ^ n) < x ( 2 n) < • • • • 

Then the zeros in the interval — oo < x <\ are 1 — Xj. 
When n(> 2) is even 


24.12(iv) Multiple Zeros 

B n {x), n = 1,2,..., has no multiple zeros. The only 
polynomial E n {x) with multiple zeros is E$(x) = {x — 
^)(x 2 — x — l) 2 . 

24.13 Integrals 

24. 13(i) Bernoulli Polynomials 


24.12.2 

24.12.3 

and as n 

24.12.4 


3 1 („) 3 

4 + 2^A <a] > < 4 


1 

2 n + 1 7r’ 


(n) O 

*1 “4 


1 


2 n + 1 7r ’ 
-> 00 with m(> 1) fixed, 

( n ) 1 (n) 

•Eo™ — 1 7 Ilf' A 1 Er) 


2m— 1 ^ 4 ’ Im ^ 1,0 ~ 4 * 

When n is odd x ^ = |, x ^ = 1 (n > 3), and as 
n — > oo with m(> 1) fixed, 

24.12.5 4m- 1 *171 4m m. 

Let R(n) be the total number of real zeros of B n (x). 
Then R{n) = n when 1 < n < 5, and 


24.12.6 


R(n) ~ 2n/(ne), 


24.12(ii) Euler Polynomials: Real Zeros 

For the interval \ < x < oo denote the zeros of E n ( x) 
by Vj n \ j = 1,2,..., with 

24.12.7 i<4 n) <4 n) <---- 

Then the zeros in the interval — oo < x < \ are 1 — yj" 2 - 

When n(> 2) is even = 1, and as n — > oo with 
m(> 1) fixed, 

24.12.8 2/m } ->■ m. 


24.13.1 

J B n (t) dt = 

71+1 

+ const., 


rx+l 



24.13.2 

/ B n (t) dt = 


n = 1,2, 

24.13.3 

/■*+( 1 / 2 ) 

/ -B„(t) dt = 

J X 

E„(2x) 

2n+l ’ 


24.13.4 

[ 1/2 

/ B n {t)dt = 
Jo 

1 - 2 n+1 B n+1 

2™ 

71 + 1 ’ 

24.13.5 

f 3/4 

/ B n (t) dt = 

il/4 

E n 


22n+l ’ 



For ra, n = 1,2,..., 


1 m , n ! 

24.13.6 / B„(t)B m (t)di= A-Z- — +B m+ „. 

7o (m + n)! 


24. 13(ii) Euler Polynomials 


24.13.7 


J E n (t) dt = 


-EWi(i) 

n + 1 


const., 


24.13.8 

fl 


[ E n (t) dt = 

Jo 


10 

24.13.9 


n E n + 1(0) 

71+1 


4(2"+ 2 - 1) 
(n + l)(n + 2) 


r 1/2 


E 2n {t ) dt 


E 2 n+l{ 0) _ 2(2 2rl+2 — 1) B2n+2 
2n + 1 (2?r + l)(2n + 2) ’ 


24.14 Sums 
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r 1/2 

.13.10 / E 2n -i{t)dt = 

Jo 

For m,n = 1,2, ... , 

[ E n (t) E m (t) dt 


24 


E , 


n2 2n+1 


, n = 1, 2, 


24.13.11 


_ r a\ua (2 m+n+2 — l)m!n! 

( ) (m + n + 2)! m+n+2 ' 


24. 13(iii) Compendia 

For Laplace and inverse Laplace transforms see Prud- 
nikov et al. (1992a, §§3.28.1-3.28.2) and Prudnikov 
et al. (1992b, §§3.26.1-3.26.2). For other integrals see 
Prudnikov et al. (1990, pp. 55-57). 


24.14 Sums 

24.14(i) Quadratic Recurrence Relations 

24.14.1 

V ( , ) B k (x) B n - k {y) = n(x + y - 1) B n _i(® + y) 
k = 0 ' ' 

- (n- l)B n (x + y), 


24.14.2 


fc= 0 


^ ^ B n _ k — (1 7t) B n _ i . 


24.14.3 


y, Cf) E k (h) E n _ k {x) = 2(E„ + i(a: + h) 

k—0 ' ' 

— (x + /i — 1) E n (x + h)), 


24.14.4 


V (l) E k E n _ k = —2 n+1 E n+1 (0) 

k = 0 ' ' 

= -2 n+2 (l - 2 n+2 ) 


Bn + 2 

n + 2 ' 


24.14.5 


y Q E k {h)B n _ k {x) =2 n B n (l(x + h)), 


k=0 

24.14.6 


y ( J 2 fe = 2(1 - 2"” 1 ) . 


fc =0 

Let to + n be even with to and n nonzero. Then 

Bj B k 


EE 

24.14.7 3=0 k=0 

= (-l) 


j J \k J to + 7i — j — k + 1 


m— 1 


m!n! 
(to + n)! 




ra+n ■ 


24. 14(ii) Higher-Order Recurrence Relations 

In the following two identities, valid for n > 2, the 
sums are taken over all nonnegative integers j, k , £ with 
j + k + 1 = 7i. 

24.14.8 

E (2j)!(2fc)!(2Q! S2/c 
= (n - l)(2n - 1) B 2n +n(n - \) B 2n - 2 , 

24.14.9 

E (2j)!(2fc)!(2Q! E2j E2k Eu = 2 ( ' £ ' 2 ” ~~ E2n + 2 ^ ■ 

In the next identity, valid for n > 4, the sum is taken 
over all positive integers j, k,£,m with j + k+£+m = n. 

24 14 10 ^ (2j)!(2/c)!(2£)!(2m)! B2j B2k Bn B2m 
= - ^ B ’ 2 n -^n 2 {2n - 1) B 2n _ 2 . 

For (24.14.11) and (24.14.12), see Al-Salam and Car- 
litz (1959). These identities can be regarded as higher- 
order recurrences. Let det[a r + s ] denote a Hankel (or 
persymmetric) determinant, that is, an (n + 1) x (n+1) 
determinant with element a r + s in row r and column s 
for r, s = 0, 1, . . . , 7i. Then 

24.14.11 

( n \ 6 / /2n+l \ 

det [B r+S ] = (— l) n ( n+1 )/ 2 \J[ klj / ( J] fc! J > 

24.14.12 

det[£ r+s ] = (— l) n (" +1 )/ 2 ■ 

See also Sachse (1882). 


24.14(iii) Compendia 

For other sums involving Bernoulli and Euler numbers 
and polynomials see Hansen (1975, pp. 331-347) and 
Prudnikov et al. (1990, pp. 383-386). 


24.15 Related Sequences of Numbers 
24.15(i) Genocchi Numbers 


24.15.1 


2 1 

e* + 1 


24.15.2 G n 

See Table 24.15.1. 



n— 1 


2(1 - 2") B n . 
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24.15(ii) Tangent Numbers 


24.15.3 

24.15.4 


tan t = V' T n — , 

* — ' 77,! 


n — 0 


o2n/o2n -i \ 

T 2n - 1 = {-l) n ~ 1 —±- ’-Bin, n= 1 , 2 ,..., 

An 

24.15.5 T 2n = 0, n = 0, 1, . . . . 

Table 24.15.1: Genocchi and Tangent numbers. 


n 

0 

1 

2 

3 

4 

5 

6 

7 

8 

G n 

0 

1 

-1 

0 

1 

0 

-3 

0 

17 

T n 

0 

1 

0 

2 

0 

16 

0 

272 

0 


24.15(iii) Stirling Numbers 

The Stirling numbers of the first kind s{n,m), and the 
second kind S(n,m), are as defined in §26.8(i). 


24.15.6 B n = Y^{~ 1) 

k = 0 


k k\ S(n , k) 
k + 1 : 


24.15.7 B n = ^(- 1 ) fe ( ? + j ) S(n + k, k) 

k = 0 ' 


n + k 
k 


24.15.8 ^(-l) n+fc s(n+l,fc+l)B fc = 


>.! 


fc =0 


n + 1 


In (24.15.9) and (24.15.10) p denotes a prime. See 
Horata (1991). 

24.15.9 

p— = S(p — 1 + n,p — 1) (mod p 2 ), l<n<p— 2, 


2n — 1 

24.15.10 4 n 


p 2 B 2n = S(p + 2n,p- 1) (mod p 3 ), 


2 < An < p — 3. 

24.15(iv) Fibonacci and Lucas Numbers 

The Fibonacci numbers are defined by uq = 0, iti = 1, 
and u n+ 1 = u n + u n -i , n > 1. The Lucas numbers are 
defined by Vo =2, V\ = 1, and v n+ \ = v n + v n -i, n > 1. 

24.15.11 

Ln/2j 


fc =0 

24.15.12 

Ln/2J 


n \ / 5 
2k) l 9 




£ I" im = 1 


fc =0 


2k J V4 


For further information on the Fibonacci numbers 
see §26.11. 


24.16 Generalizations 
24.16(i) Higher-Order Analogs 

Polynomials and Numbers of Integer Order 

For i = 0,1,2,..., Bernoulli and Euler polynomials of 
order l are defined respectively by 

\i OO 


24.16.1 


t 


e t — 1 




n— 0 


9 V — ' 4 -n 

24.16.2 I , r ) e" 4 = E EW(x) v 

n=0 n - 


e* + 1 


\t\ < 2tt, 


< 7 T. 


When x = 0 they reduce to the Bernoulli and Euler 
numbers of order t. 

24.16.3 bW = bW(o), eW = f;W(o). 

Also for f = 1, 2,3, ... , 


24.16.4 


Inti _L Li V p>(£+ n ) 4 in 

( °' = |(| < 1. 


f ) ' £ + n nV 

n = 0 


For this and other properties see Milne-Thomson (1933, 
pp. 126-153) or Norlund (1924, pp. 144-162). 

For extensions of Bn\x) to complex values of x, n, 
and £, and also for uniform asymptotic expansions for 
large x and large n, see Temme (1995b). 


Bernoulli Numbers of the Second Kind 


24.16.5 


ln(l + t) 


= E 6 - r ’ 


iti <i, 


n = 0 


l 


24.16.6 n\b n = rBE, n = 2,3,.... 

n — 1 

Degenerate Bernoulli Numbers 

For sufficiently small \t\, 


24.16.7 


24.16.8 


t °° fn 

(1 + At) 1 / A -1 = 


Ln/2j 


/?n(A) = n\b n X n + E ^ 2 fe s(n — 1, 2k — l)\ n ~ 2k , 

k - 1 

n = 2, 3, ... . 

Here s(n,m) again denotes the Stirling number of the 
first kind. 

Norlund Polynomials 


v rc oo n 

24.16.9 | — I = E B n ] 1*1 < 2tt. 

n— 0 


e* — 1 


t x \ 

Bn ; is a polynomial in x of degree n. (This notation is 
consistent with (24.16.3) when x = £.) 
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24. 16(ii) Character Analogs 

Let x be a primitive Dirichlet character mod / (see 
§27.8). Then / is called the conductor of X- General- 
ized Bernoulli numbers and polynomials belonging to x 
are defined by 


24.16.10 


24.16.11 



Let Xo be the trivial character and X4 the unique (non- 
trivial) character with / = 4; that is, X 4 (l) = 1) 
y 4 (3) = -1, X 4 ( 2 ) = X 4 ( 4 ) = 0. Then 

24.16.12 B n {x) = B nao { x-1), 

2l-n 

24.16.13 E n (x) = -—-B n+ltXt (2x - 1). 

For further properties see Berndt (1975a). 


24. 16(iii) Other Generalizations 

In no particular order, other generalizations include: 
Bernoulli numbers and polynomials with arbitrary com- 
plex index (Butzer et al. (1992)); Euler numbers and 
polynomials with arbitrary complex index (Butzer et al. 
(1994)); q-analogs (Carlitz (1954b), Andrews and Foata 
(1980)); conjugate Bernoulli and Euler polynomials 
(Hauss (1997, 1998)); Bernoulli-Hurwitz numbers (Katz 
(1975)); poly-Bernoulli numbers (Kaneko (1997)); Uni- 
versal Bernoulli numbers (Clarke (1989)); p-adic in- 
teger order Bernoulli numbers (Adelberg (1996)); p- 
adic g-Bernoulli numbers (Kim and Kim (1999)); pe- 
riodic Bernoulli numbers (Berndt (1975b)); cotangent 
numbers (Girstmair (1990a)); Bernoulli-Carlitz num- 
bers (Goss (1978)); Bernoulli-Pade numbers (Dilcher 
(2002)); Bernoulli numbers belonging to periodic func- 
tions (Urbanowicz (1988)); cyclotomic Bernoulli num- 
bers (Girstmair (1990b)); modified Bernoulli numbers 
(Zagier (1998)); higher-order Bernoulli and Euler poly- 
nomials with multiple parameters (Erdelyi et al. (1953a, 
§§1.13.1, 1.14.1)). 


Applications 

24.17 Mathematical Applications 

24.17 (i) Summation 

Euler-Maclaurin Summation Formula 

See §2.10(i). For a generalization see Olver (1997b, 
p. 284). 


Boole Summation Formula 

Let 0 < h < 1 and a, m, and n be integers such that 
n > a, m > 0, and /^ m ^( x ) is absolutely integrable over 
[a,n\. Then with the notation of §24.2(iii) 

24.17.1 

n—1 1 m— 1 j-, ,, n 

B i)'7u • in = 2 E ((- l )"” 1 / (fe) w 

j—a k — 0 

+ (-l Tf {k \a))+Rm(n), 

where 

24.17.2 

\ r n ~ 

R m(n) = —7 / E m _i(h - x) dx. 

2 (m - 1)! J a 

Calculus of Finite Differences 

See Milne-Thomson (1933), Norlund (1924), or Jordan 
(1965). For a more modern perspective see Graham 
et al. (1994). 


24.17(ii) Spline Functions 


Euler Splines 

Let S n denote the class of functions that have n — 1 
continuous derivatives on ffi. and are polynomials of de- 
gree at most n in each interval (k, k + 1), k £ Z. The 
members of S n are called cardinal spline functions. The 
functions _ 

E n (x + \n + 


24.17.3 


S n {x) = 


n = 0 , 1 ,..., 


E n {\n+\) 

are called Euler splines of degree n. For each n, S n (x) 
is the unique bounded function such that S n (x) £ S n 
and 


24.17.4 S n {k) = (-l) fc , k £ Z. 

The function S n (x) is also optimal in a certain sense; 
see Schoenberg (1971). 

Bernoulli Monosplines 

A function of the form x n — S(x), with S(x) £ S n _ i 
is called a cardinal monospline of degree n. Again with 
the notation of §24.2(iii) define 


24.17.5 M n ( x) 


B n ( x) - B n , n even, 
B n (x +|), n odd. 


M n (x) is a monospline of degree n, and it follows from 
(24.4.25) and (24.4.27) that 

24.17.6 M n (k) = 0, k £ Z. 

For each n — 1,2,... the function M n (x) is also 
the unique cardinal monospline of degree n satisfying 
(24.17.6), provided that 


24.17.7 M n (x) = 0(|x| 7 ), x — > ±oo, 

for some positive constant 7 . 
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For any n > 2 the function 

24 . 17.8 F(x) = B n (x) - 2~ n B n 

is the unique cardinal monospline of degree n having 
the least supremum norm ||F'|| (X) on M (minimality prop- 
erty). 

24.17 (iii) Number Theory 

Bernoulli and Euler numbers and polynomials occur in: 
number theory via (24.4.7), (24.4.8), and other identi- 
ties involving sums of powers; the Riemann zeta func- 
tion and L-series (§25.15, Apostol (1976), and Ireland 
and Rosen (1990)); arithmetic of cyclotomic fields and 
the classical theory of Fermat’s last theorem (Riben- 
boim (1979) and Washington (1997)); p-adic analysis 
(Koblitz (1984, Chapter 2)). 

24.18 Physical Applications 

Bernoulli polynomials appear in statistical physics 
(Ordonez and Driebe (1996)), in discussions of Casimir 
forces (Li et al. (1991)), and in a study of quark-gluon 
plasma (Meisinger et al. (2002)). 

Euler polynomials also appear in statistical physics 
as well as in semi-classical approximations to quan- 
tum probability distributions (Ballentine and McRae 
(1998)). 


Computation 

24.19 Methods of Computation 


then N 2n 



for n > 2. 


For proofs and further 


information see Fillebrown (1992). 

For other information see Chellali (1988) and Zhang 
and Jin (1996, pp. 1-11). For algorithms for comput- 
ing B n , E n , B n { x), and E n (x) see Spanier and Oldham 
(1987, pp. 37, 41, 171, and 179-180). 


24. 19(ii) Values of B n Modulo p 

For number-theoretic applications it is important to 
compute B 2n (mod p ) for 2n < p — 3; in particular 
to find the irregular pairs (2n,p) for which B 2n = 0 
(mod p). We list here three methods, arranged in in- 
creasing order of efficiency. 

• Tanner and Wagstaff (1987) derives a congruence 
(mod p) for Bernoulli numbers in terms of sums 
of powers. See also §24.10(iii). 

• Buhler et al. (1992) uses the expansion 


24 . 19.3 


t 2 

cosh t — 1 


-2^(2n-l)R 2n 

n— 0 


t 2n 

(2nj!’ 


and computes inverses modulo p of the left-hand 
side. Multisectioning techniques are applied in im- 
plementations. See also Crandall (1996, pp. 116- 
120 ). 

• A method related to “Stickelberger codes” is ap- 
plied in Buhler et al. (2001); in particular, it 
allows for an efficient search for the irregular 
pairs (2 n,p). Discrete Fourier transforms are used 
in the computations. See also Crandall (1996, 
pp. 120-124). 


24.19(i) Bernoulli and Euler Numbers and 
Polynomials 

Equations (24.5.3) and (24.5.4) enable B n and E n to be 
computed by recurrence. For higher values of n more ef- 
ficient methods are available. For example, the tangent 
numbers T n can be generated by simple recurrence rela- 
tions obtained from (24.15.3), then (24.15.4) is applied. 
A similar method can be used for the Euler numbers 
based on (4.19.5). For details see Knuth and Buckholtz 
(1967). 

Another method is based on the identities 


24 . 19.1 

24 . 19.2 


A^2n — 



D 2n = II 

p—l\2n 


If N 2n denotes the right-hand side of (24.19.1) but with 
the second product taken only for p < [(7re) -1 2nJ + 1, 


24.20 Tables 

Abramowitz and Stegun (1964, Chapter 23) includes 
exact values of EfcLi m = 1(1)100, n = 1(1)10; 

EZik~ n , Er=o(2fc+l)-", n = 

1, 2, . . . , 20D; ntoMm + i)-", n = 1, 2, ... , 18D. 

Wagstaff (1978) gives complete prime factorizations 
of N n and E n for n = 20(2)60 and n = 8(2)42, respec- 
tively. In Wagstaff (2002) these results are extended 
to n = 60(2)152 and n = 40(2)88, respectively, with 
further complete and partial factorizations listed up to 
n = 300 and n = 200, respectively. 

For information on tables published before 1961 see 
Fletcher et al. (1962, v. 1, §4) and Lebedev and Fedorova 
(1960, Chapters 11 and 14). 

24.21 Software 

See http://dlmf.nist.gov/24.21. 
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Notation 

25.1 Special Notation 


25.2.4 C(s) 
where 


s — 1 ' n\ 

71=0 


£; ( ^n(s - 1 )", 


Ks > o, 


(For other notation see pp. xiv and 873.) 


k, m , n 

V 

x 

a 

s = a + it 
z = x + iy 
7 

ip(x) 

B n , B n ( X ) 

B n (x) 
m | n 
primes 


nonnegative integers, 
prime number, 
real variable. 

real or complex parameter, 
complex variable, 
complex variable. 

Euler’s constant (§5.2(ii)). 

digamma function T , (a;)/r(a;) except in 

§25.16. See §5.2(i). 

Bernoulli number and polynomial 
(§24.2(1)). 

periodic Bernoulli function B n (x — |_xj). 
m divides n. 

on function symbols: derivatives with 
respect to argument. 


The main function treated in this chapter is the Rie- 
mann zeta function £(s). This notation was introduced 
in Riemann (1859). 

The main related functions are the Hurwitz zeta 
function ((s,a), the dilogarithm Li2(z), the polylog- 
arithm Li s (z) (also known as Jonquiere’s function 
(j>(z, s)), Lerch’s transcendent $(2, s, a), and the Dirich- 
let L - functions L(s,x)- 


Riemann Zeta Function 


25.2 Definition and Expansions 

25.2(i) Definition 

When 3?s > 1, 

OO 1 

25.2.1 C (a) = E 

^ J n s 

n=l 

Elsewhere £(s) is defined by analytic continuation. It is 
a meromorphic function whose only singularity in C is 
a simple pole at s = 1, with residue 1. 


25.2(ii) Other Infinite Series 


od 

II 

1 00 1 

V 

Ks > 1. 

1 -2" s ^ (2n + l) s ’ 

71=0 

II 

'co' 

1 ~ (-I)”" 1 

3?s > 0 

1 _ 2 1-s n s ’ 

71=1 


„ /v^(ln k) n (In m) n+1 
25.2.5 7n = hm V - 

m . — ino \ L 


Kk=l 


25.2.6 


25.2.7 


n+1 I 

£'( s ) = — ^(ln n)n~ s , 3?s > 1. 


71=2 


c {k \s) = (-l) fc ^(lnn) fc n- s , 5fs > 1, A; = 1, 2, 3, 

71 = 2 

For further expansions of functions similar to 
(25.2.1) (Dirichlet series) see §27.4. This includes, for 
example, 1/ £(s). 


25.2(iii) Representations by the 

Euler-Maclaurin Formula 


N 


25.2.8 


c w = E 


1 


N 


1 — S 


k = 1 


N 


S — 1 


— 5 


X — |_ x\ 


In x 


S+1 


dx , 


> 0, N = 1,2,3,.... 


c(«) = Ei + — 


k = 1 


5 — 1 


25.2.9 


E 


s + 2k — 2\ B 


k= 1 
s + 2n 
2n T 1 


2k -l 


7V 1_s_2fc 


2k 


in 


B2n+l{%) 

rpS ~ | — 2 ^ 1 . — | — 1 


dx, 


C (s) = 


5 — 1 


> —2 n; n, N = 1, 2, 3, 

71 

+E 


fc= i 


s 2k 2\ B 2 k 
2k- 1 ) ~2k 


25.2.10 


s + 2n 
2 n + 1 


B 2n +i{x) 

rp S ~\~ 2 71 1 


dx, 


5Rs > —2 n, n = 1, 2 , 3, ... . 
For B 2 k see §24.2(i), and for B n (x ) see §24.2(iii). 


25.2(iv) Infinite Products 

25.2.11 CW=n(l-^')" 1 . 


product over all primes p. 


25.2.12 C(s) = 


(2tt) 




2(s-l)r(|a + l) 


n i 


5is > 1, 


s/p 


product over zeros p of £ with > 0 (see §25.10(i)); 7 
is Euler’s constant (§5.2(ii)). 




25.3 Graphics 
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25.3 Graphics 



Figure 25.3.1: Riemann zeta function ((x) and its 
derivative ('(x), —20 < x < 10. 


.08 



Figure 25.3.2: Riemann zeta function C(a;) and its 
derivative C{x), —12 < x < —2. 



Figure 25.3.3: Modulus of the Riemann zeta function 
| £(x + iy) |, — 4 < x < 4, —10 < y < 40. 



Figure 25.3.4: Z(t ), 0 < t < 50. Z(t) and C(j + have 
the same zeros. See §25. 10(i) . 



-10 

1000 1025 1050 

Figure 25.3.5: Z(t), 1000 <t< 1050. 


20 



Figure 25.3.6: Z(t), 10000 < t < 10050. 

25.4 Reflection Formulas 

For s ^ 0,1, 

25 . 4.1 C(1 — s) = 2(27 t) _s cos(^7rs) T(s) £(s), 

25 . 4.2 CO) = 2(27t) s ^ 1 sin(|7rs) T(1 — s) C(1 — s). 
Equivalently, 

25 . 4.3 


£0) = £0 - s), 
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where £(s) is Riemann’s £- function , defined by: 

25.4.4 £(s) = |s(s — 1) r(|s) 7 T _s / 2 C(s). 
For s ^ 0,1 and k = 1,2,3,..., 

25.4.5 

(-l) fe C (fc) (l-s) 



25.4.6 c = — ln( 2 - 7 r) — ri. 

25.5 Integral Representations 

25.5(i) In Terms of Elementary Functions 

Throughout this subsection s / 1. 


25.5.1 

25.5.2 

25.5.3 

25.5.4 

25.5.5 

25.5.6 

CW = 


CW 

cm 

as) 

as) 


m. 

i 


e x - 1 


dx, 


r(s+l)7 0 (e* — l) 2 

i r°° x 1 


dx, 


(1-2 1 - S )r(s) J 0 e x + 1 
1 


dx, 


(1-2 1 - S )r(s + 1) J 0 (e x + 1) 


3?s > 1. 
Ks > 1. 

Ks > 0. 

2 dx ’ 

Ks > 0. 


CW 




x s+l 


dx, 


-1 < Ks < 0. 


1 1 1 f°° f 1 1 1 \ x s_1 , 

2 + J^i + r(s) J Q {^i-x + 2j^r dx ’ 

3?s > -1. 


25.5.7 


as) 


1 1 A B 2m r( S + 2m - 1) 1 r ( 1 

2 8-1 ^(2m)! r(s) r(s) Jo [e x - 1 


1 

a; 


1 

2 


^2m 2m — 1 

d 

3?s > — (2?r + 1), n 


x 


dx, 

gX 

1,2,3,.... 


25.5.8 CO) = 


25.5.9 CO) = 


2(1 — 2 _s )T(s) J 0 sinhx 


dx, 3fJs > 1. 


2 s - 1 r°° x s 


r(s + l) do (sinhx ) 2 


dx, 5is > 1. 


, 2 s 1 cos(sarctanx) 

25.5.10 <(s) = rdx. 


1 — 2 1 s J 0 (1 + x 2 ) s / 2 cosh(i?rx) 


25.5.11 

1 1 sin(sarctanx) 

^ s)= 2 + ^1 +2 7 0 (1 + x 2 ) s / 2 (e 27rx — 1) dX ' 

. 2 S_1 sin(s arctanx) 

25.5.12 CO) = 2 s / dx. 

s — 1 J o (1 + x 2 ) s / 2 {e KX + 1) 

25.5(ii) In Terms of Other Functions 

25.5.13 


as) = 


s/2 


s(s-!)r(is) 

.s/2 


where 


s^l, 

OO -j 

;(x) = 5>-" 2 ™=-(0 3 (O|*x)-1). 


For 03 see §20.2(i). For similar representations involving 
other theta functions see Erclelyi et al. (1954a, p. 339). 

In (25.5.15)-(25.5.19), 0 < SRs < 1, ip(x) is the 
digamma function, and 7 is Euler’s constant (§5.2). 
(25.5.16) is also valid for 0 < < 2, s ^ 1. 

. 1 sin(7rs) 

25.5.15 «*> = ^ + 00 


7*00 

x / (ln(l + #) — 0(1 + x))x~ s dx, 

Jo 


<(•) = ~7 + 8i " ( ” ) 


25.5.16 


s — 1 7r(s — 1) 
00 / 2 


X 


25.5.17 ((I + s) = 


0 \ 1 + x 

sin(7rs) 

‘o 


— V’ , (l + x))x 1 s dx, 


7 r 


25.5.18 C(l + s) = 


sin(7rs) 


7*00 

/ (7 + ^(1 + x)) x -8 ^ 1 dx, 

do 

7*00 

/ t//(l + x)x~ s dx, 

do 


C(m + s) = (-1) 


,_ i r(s)sin(7rs) 


25.5.19 


7rr(m + s) 

7*00 

X / ^( m )(l + x)x" s dx, 

do 

m = 1, 2, 3, . . . . 


25.5.14 


— n TTX 
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25.5(iii) Contour Integrals 

25.5.20 

rn - s') /4°+) 2 s_1 
c(s) = 2m /«*, lF*^i dz ' 

where the integration contour is a loop around the neg- 
ative real axis; it starts at — oo, encircles the origin once 
in the positive direction without enclosing any of the 
points x = ±27 tz, ± 47 tz, . . . , and returns to — oo. Equiv- 
alently, 

25.5.21 

rci - s) / ,(0+) 

C(S) = 2ni(l - 2 1 ~ s ) Loo ^+l dZ ' 

The contour here is any loop that encircles the origin 
in the positive direction not enclosing any of the points 
±7TZ, ±37TZ, .... 

25.6 Integer Arguments 
25.6(i) Function Values 

25.6.1 

«°>=4 « 4) =S- « e >=4 

('277-1 2 " 

25.6.2 C(2 n) = \ B2n | 


25.6.5 


25.6.3 C(-n) = - 

25.6.4 C(-2 n) = 0, 


2(2n)! 
B n + i 
n + 1 ’ 


n = 1,2,3,.... 

n = 1,2,3,.... 
n = 1,2,3,.... 


OO OO 




ni=l nfc 


ni • ■■n k (ni H h n fc ) ’ 

fc = 1,2,3 


25.6.6 


C( 2 /c + 1 ) = 777777 ... / i?2fc+l(t) cot(7rt) dt, 


2(2k + 1)! J Q 


k = 1,2,3,.... 


<P)-/7‘ 

Jo Jo 


25.6.7 


25.6.8 


25.6.9 


25.6.10 


1 


0 Jo 1 - ^ 

OO -J 

C(2,=3 S^<?)' 

r °° /_1\fc-l 

« (3) =2g *>(?) ■ 


«->=??£ 1 


dx dy. 


17 fcU(“)- 


25.6(ii) Derivative Values 

25.6.11 C'(0) = -|ln( 27 r). 

25.6.12 C"(0) = -|(ln(27r)) 2 + \ 7 2 - + 71 , 

where 71 is given by (25.2.5). 


With c defined by (25.4.6) and n= 1, 2, 3, ... , 

fc m 

. . . . 21-1)" - 

25.6.13 


(-D‘C'‘>(- 2 n ) = ^=^tt nUm 


(27 r) 


m—0 r — 0 


3 ( c fc-m) r (r)( 2n + 1 ) £("*-»•) ( 2 „ + 1), 


25.6.14 


25.6.15 


(-l)*c w (l - 2 ") = E E Q) (^W"”) rW ( 2 »)C ( "-’'>( 2 „), 

' ' m—0 r— 0 \ / \ / 

( — \ N ) n + 1 ('27r') 2n 

C'(2n) = 1 J 1 j (2nC'(l - 2n) - ty(2 n) - ln( 2 ^)) B 2n ) . 


25.6(iii) Recursion Formulas 


n— 1 

25616 (n + 4) C(2n) = ^ C(2fc) C(2n — 2fc), n > 2. 

fe = 1 

25.6.17 

n 

( n + |) C(4n + 2) = ^ C(2fc) C(4n + 2 - 2k), n > 1. 

fc=i 


25.6.18 

4+j) C(4n) + 5(C(2n)) 2 


= ^C(2fc)C(4n-2fc), 


(to + n + |) ((2m + 2n + 2) 

( m n \ 

J2 + J2) C,(2k)((2m + 2n + 2-2k), 
k - 1 fc=l/ 

to > 0, n > 0, to + n > 1. 
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25.6.20 

n— 1 

i(2 2n - 1) C(2n) = ^(2 2 "- 2fe - 1) ((2 n - 2k) {{2k), 

k — 1 

n> 2. 

For related results see Basil and Apostol (2000). 


25.7 Integrals 

For definite integrals of the Riemann zeta function see 
Prudnikov et al. (1986b, §2.4), Prudnikov et al. (1992a, 
§3.2), and Prudnikov et al. (1992b, §3.2). 


25.8 Sums 


25.8.1 


25.8.2 


25.8.3 


E (£(*)- i) = L 


k = 2 




E 

fc =0 


{k + 1)! 

r (s- 1) 

r(s + k) {{ s + k) 


k = o 
= F(s - 1), 


k\ T{s)2 s + k 


5^1,0, -1,-2,.... 
= (l-2- s )C(s), s / 1. 


25.8.4 


E E^(C ink) - 1) = In ( n r(2 - e W+iW") j , 

n = 2, 3, 4, ... . 


k = 1 


J = 0 


25.8.5 55 {{k)z k = iz — 2; ^>(1 — 2), 

k=2 

OO 

25.8.6 ^C(2fc)2 2fc = — |7T2CQt(7r2), 


k = 0 
00 


25.1 


■8 . 7 E ^ = _ 7 , + inr(l-,), 


k—2 


£(2&) o/r , / TTZ 

25.8.8 > =ln 

' Jc 


k = 1 


25.8.9 


E 

fc=i 


C(2fc) 


sin (712) / 


= E (7 In 2. 


1*1 <1- 


1*1 <1- 


1*1 < I- 


1*1 <1- 


{2k + l)2 2k 2 2 


25.8.10 y 


C(2fc) 


= EEC(3). 


fc=l 


{2k + 1) {2k + 2)2 2k 4 4tt 2 


For other sums see Prudnikov et al. (1986b, pp. 648- 
649), Hansen (1975, pp. 355-357), Ogreid and Osland 
(1998), and Srivastava and Choi (2001, Chapter 3). 


25.9 Asymptotic Approximations 


If x > 1, y > 1, 27 Txy — t , and 0 < cr < 1, then as 
t — > 00 with a fixed, 

{{a + it) = Y, ^+*( s ) 51 ^7 

25.9.1 1 <n<x 1 <n<y 

+ 0{x~ ,J ) +0(y CT -43- ff ), 
where s = a + it and 


25.9.2 x(s) = 7r S =r(i-is)/r(|s). 

If a = \, x = y = t/{2ir ), and m = [x\, then 
(25.9.1) becomes 


25.9.3 


£(§ + **) = E — 


n— 1 


-\-it 


m 1 

+ x (\ + it ) E 1 -u +°( t 1/4 ) ■ 

, 712 v / 

n=l 

For other asymptotic approximations see Berry and 
Keating (1992), Paris and Cang (1997); see also Paris 
and Kaminski (2001, pp. 380-389). 


25.10 Zeros 

25.10(i) Distribution 

The product representation (25.2.11) implies {{s) yf 0 
for 3?s > 1. Also, £( s ) / 0 for 3Js = 1, a prop- 
erty first established in Hadamard (1896) and de la 
Vallee Poussin (1896a, b) in the proof of the prime num- 
ber theorem (25.16.3). The functional equation (25.4.1) 

implies ((—2n) = 0 for n = 1, 2, 3, These are called 

the trivial zeros. Except for the trivial zeros, £(s) yf 0 
for < 0. In the region 0 < 3?s < 1, called the 
critical strip , £(s) has infinitely many zeros, distributed 
symmetrically about the real axis and about the critical 
line -fts = The Riemann hypothesis states that all 
nontrivial zeros lie on this line. 

Calculations relating to the zeros on the critical line 
make use of the real- valued function 

25.10.1 Z{t) = exp(i$(t)) £(| + it), 
where 

25.10.2 $(£) = phr(| + — Ifln7T 

is chosen to make Z{t) real, and phr(| + I it) assumes 
its principal value. Because \Z{t)\ = |£(|+it)|, Z{t) 
vanishes at the zeros of £ (| + it), which can be sepa- 
rated by observing sign changes of Z{t). Because Z{t) 
changes sign infinitely often, £(|+it) has infinitely 
many zeros with t real. 


Related Functions 
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25. 10(ii) Riemarm-Siegel Formula 


Riemann developed a method for counting the total 
number N(T) of zeros of £(s) in that portion of the 
critical strip with 0 < t < T. By comparing N(T) 
with the number of sign changes of Z(t) we can de- 
cide whether ((s) has any zeros off the line in this re- 
gion. Sign changes of Z(t ) are determined by multiply- 
ing (25.9.3) by exp(ii9(t)) to obtain the Riemann- Siegel 
formula: 


cos(’d(t) — flnn) , 

25 . 10.3 Z(t) = 2J2 nl/2 ~ + X(t), 

n—1 

where R(t) = O 1//4 ) as t — > oo. 

The error term R(t) can be expressed as an asymp- 
totic series that begins 


25 . 10.4 

R(t) = (-I)™" 1 


/ 27t cos(t — (2m + l)V27rf 
\ t ) cos(v / 27 rt) 




Riemann also developed a technique for determin- 
ing further terms. Calculations based on the Riemann- 
Siegel formula reveal that the first ten billion zeros of 
C(s) in the critical strip are on the critical line (van de 
Lune et al. (1986)). More than one-third of all the ze- 
ros in the critical strip lie on the critical line (Levinson 
(1974)). 

For further information on the Riemann-Siegel ex- 
pansion see Berry (1995). 
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25.11 Hurwitz Zeta Function 


25.1 1 (i) Definition 


The function £(s, a) was introduced in Hurwitz (1882) 
and defined by the series expansion 


25 . 11.1 

CO, a) 


OO 


E 

n— 0 


l 

(n + a) s ’ 


> 1, a/ 0,-1, -2,.... 


£(s,a) has a meromorphic continuation in the s- 
plane, its only singularity in C being a simple pole at 
s = 1 with residue 1. As a function of a, with s (y^ 1) 
fixed, ((s, a) is analytic in the half-plane 3?a > 0. The 
Riemann zeta function is a special case: 


25 . 11.2 C0,1) = C0)- 

For most purposes it suffices to restrict 0 < 3?a < 1 
because of the following straightforward consequences 
of (25.11.1): 


25 . 11.3 ((s, a) = ((s, a + 1) + a s , 


25 . 11.4 

m — 1 ^ 

CO, a ) = C0,a + w)+ V - — - — r-, m = 1,2,3, .... 

' (n + a) s 

n—0 

Most references treat real a with 0 < a < 1. 


25 . 1 1 ( ii ) Graphics 



Figure 25.11.1: Hurwitz zeta function a = 0.3, 

0.5, 0.8, 1, —20 < x < 10. The curves are almost indis- 
tinguishable for — 14 < x < — 1, approximately. 
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25.11(iii) Representations by the Euler-Maclaurin Formula 

x — [xj 


N 


25.11.5 


25.11.6 


25.11.7 


, . 1 (IV + a) 1 s 

C(a,a) = 2Z / 4 a 


n— 0 


(n + a) & 


5 — 1 


n (x + a) s+1 


dx, s ^ 1, Jis > 0, a > 0, N = 0, 1, 2, 3, 


, 1 (l a 

<(s ’ a) = a- U + 


)_ s(s+1) r aw 

/ Jo {x + a) s + 2 


1 1 + a 


E 


s + 2fc 2\ B 2 k 1 


f s + 2n 


s / 1, 5is > — 1, a > 0. 
i?2n+i(a:) 


2. L_ 

_ a s + (1 + a) s V2 s - 1 y ' ^ V ^ 1 7 2fc (1 + a) s+2fc_1 V 2n +!7 J l (x + a) s+2n+1 


dx, 


For B n (x) see §24.2(iii). 

25.11(iv) Series Representations 


25.11.8 


25.11.9 


C(s,i«) = C(s,|«+ i) + 2 S ^ 


n— 0 


(- 1 )" 
(n + a)‘ 


s / 1, a > 0, n = 1, 2, 3, . . . , 3?s > — 2n. 


25.11.13 C(0,a) = |-a. 

25.11.14 C(-n,a) = - Bn+1 ( a \ n = 0,1,2,.... 

v ' n+ 1 


jfe-i 


C(1 - s,a) = 


Jis > 0, s / 1, 0 < a < 1. 25.11.15 

C(s, fca) = fc _s ^C(s,a+ s y 1, fc = 1, 2, 3, . . . . 


C(a,a) = V 

25.11.10 ^ n 

n—0 


2 r(s) y 1 n „ s 

. > — cos ^ 7 T 5 — znira , 

(27 t) s ^ n s V2 

v ' n= 1 

C(s, ka) 

SRs > 1, 0 < 0 < 1. 

25.11.16 

, , r / ^ C(« + s)(l a) > 

c(i-« 


n—0 


2 r(a) 

(27t/c) s 


X> T- 


r=l 


7ts 27rr/i 


«*£)■ 


S 2 1, 1° — 1| < 1- 

When a = |, (25.11.10) reduces to (25.8.3); compare 25.11(vi) Derivatives 
(25.11.11). 


s 2 0, 1; h,k integers, 1 < h < k. 


25.11(v) Special Values 

Throughout this subsection 3?a > 0. 

25.11.11 C(s, 5 ) = ( 2S - l)C(s), 

25.11.12 


, N (— l) n+1 ip^ n \a) 

C(n+l,a) = , n= 1,2,3,.... 


a-Derivative 

d 

25.11.17 — £(s, a) = — s £(s + 1, a), s 7 ^ 0, 1; 9?a > 0. 

s-Derivatives 

s ^ \ In (25.11.18)-(25.11.24) primes on ( denote deriva- 
tives with respect to s. Similarly in §§25. 1 l(viii) and 
25.11(xii). 


n! 


25.11.18 2(0, a) = lnr(a) — | ln(27r), a > 0. 


, In a (l 

25.11.19 C ( s : a ) — I o 


G + ^l)-(^TF + s(s + 1) i 


(-l) fc C«(s,a) = 


a s V 2 3-1 J (s-1) 2 

(In a ) k (1 a 


B 2 (x) ln(x + a) 
0 ( x + a) s+2 


+ (x + dx ’ 


I o {x + a) s + 2 

3?s > —1, s y 1, a > 0. 


a s V 2 s — 1 


k - 1 


Er +* !al "E 


(In a) r 


1 \k— r+1 


25.11.20 


r—0 


r!(s — 1) 


s(s T 1) [ 
Jo 


B 2 {x)( ln(x + a)) A 


o (x + a) s+2 


dx 


+ k(2s + 1) f 

Jo 


B 2 (x)( ln(x + a)) 
o (x + a) s+2 


fc-i 


dx — k(k — 1) f 

Jo 


B 2 (x)( ln(x + a)) 


k - 2 


dx, 


0 (x + a) s+2 

3?s > —1, s / 1, a > 0. 
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25.11.21 


^/j 1 _ 2n = (^(2?i) ^ ln(27rfc)) B 2n {h/k ) _ (V>(2 n) - ln(27r)) B 2n | (-1)" +1 tt ^pn-i) (JL'j 


2 n 


2nk 2n 


(27rfc) : 


\ k ) 


(-l) n+1 2 • (2n- 1)! ^4 / 2nrh\ ,/ r\ <'(1-2 n) 


E 


cos 


(27rfc) 2n ' V A ) ^ ’ k) ' k 2-n 

\ / r— 1 x x 

where h, /c are integers with 1 < h < k and n = 1,2,3,.... 

£? 2 n In 2 ( 2 2 ”" 1 - 1)<'(1 - 2 n ) 


25.11.22 

25.11.23 


C'(l -2 n,\) = - 


n ■ 4 ri 


2 2n ~ 1 


n — 1, 2, 3, ... . 


>, h _ 9 n ir(9"-l)B 2n B 2 „ln3 (-1)" ^ 2 "-D(l) (3 2 - 1 - l) <'(1 - 2n) 

8ny3(3 2 ™-! - 1) dn-3 2 ™- 1 2V3(6 tt) 2 -i 2 • 3 2 - 1 ’ 

fc -1 

E C'(s, l) = (k s - 1) <'(s) + k s <(s) In /c, a ^ 1, A = 1, 2, 3, ... . 


25.11.24 


25.11(vii) Integral Representations 


25.11.25 


25.11.26 


25.11.27 


25.11.28 


25.11.29 


25.11.30 


1 roo X s-l e -ax 

C|s '“ |a iwi, 
r 

<(s,a) = -s / 

J — a 


x - l x \ - \ , 

-7 , , , ax, 

-a (x+a) s+1 

1 — s 1 roo 


x 1 a s 1 

(( S ,a)-- a + — + — ^ 


1 1\ x 


e x — 1 x 2 J e 


Ks > 1, Ka > 0. 
-1 < Ks < 0, 0 < a < 1. 
■ dx, Ks > —1, s 7 ^ 1, Ka > 0. 


1 „l-s ” 

<(s, a) = -a~ s + j- + E 


r(s+2/c 1) l? 2 fc ^_ 2 fc- s +l 


1 

rM 



fc=i 

1 11 


r(s) (2fc)! 


e* - 1 x ' 2 E (2jfc)! 

1 o 1_s / ,<x 

C(s,a) = -a- + -+2 / 

2 s - 1 7 0 


s 2fe „2k-i j jp.-ig-o* da . } Sfta > — (2n + 1), a ^ 1, Ka > 0. 


sin(s arctan(x/a)) 
(a 2 + x 2 ) s / 2 (e 2 ' KX — 1 ) 


dx, 


^ , T (1 - s) f (0+) e az z s ~ x , 

C(s,a) = / ~ dz > 


27ri 


1 - e 2 


s ^ 1, Ka > 0. 
s / 1, Ka > 0, 


where the integration contour is a loop around the negative real axis as described for (25.5.20). 

25. 1 1 (viii) Further Integral Representations 


25.11.31 

25.11.32 

where 

25.11.33 

25.11.34 


r(a) J 0 2 cosh x 


dx = 4 s (<(s, \ + \a) - <(s, f + \a)) , 


Ks > 0, Ka > -1. 


J\°i,(x)ix = + (-!)»(,(„) - ]T(-1 )*(”)/.(<■•) 

+b- i )‘(Y) 


k + 1 


/c — 0 


~n—k 


n = 1 , 2 ,..., Ka > 0, 


M«) = E fc 

fc=l 

i f <'(1 — n, x) dx = <'(— n, a) — <'(— n) + ™ +1 ”' +1 ^ ^ 

Jo 


n{n + 1) 


n = 1 , 2 ,..., Ka > 0 . 
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25.11(ix) Integrals 

See Prudnikov et al. (1990, §2.3), Prudnikov et al. 
(1992a, §3.2), and Prudnikov et al. (1992b, §3.2). 

25.11(x) Further Series Representations 

25.11.35 

(- 1 )" 

^ 0 (n + ay 

1 f°° x s ~ l e~ ax , 

r(s) Jo 1 + e~ x 

= 2 _s (C(s, \a) - C(s, |(1 + a ))) , 

5ia > 0, 3?s > 0; or = 0, 3a 7^ 0, 0 < 5is < 1. 
When a = 1, (25.11.35) reduces to (25.2.3). 

OO / x k 

= <(«.*). **> 1 . 

n= 1 r=l 

where x( n ) is a Dirichlet character (mod k) (§27.8). 
See also Srivastava and Choi (2001). 


25.11(xi) Sums 


25.11.37 

00 (_ I'lfc 

— - — £(nfc, a) = — nlnr(a) 

< ^ k 


k = 1 


' n— 1 


+ In I 


IK* 


_ „(2i+ Vjiri/n 


0=0 


25.11.38 


25.11.39 


E 

fc=i 


n + k 
k 

(- 1 )" 


n = 2, 3, 4, . . . , 3?a > 1. 
C(n + /c + l,a)z fe 


^{^">(a)-^">(a-*)), 

n = 1, 2 , 3, ... , 3?a >0, |z| < |a|. 

OO , 


k=2 


where G is Catalan’s constant: 


25.11.40 


G = E 


(-i) r 


n— 0 


(2n+ l) 2 


= 0.91596 55941 772 ... . 


For further sums see Prudnikov et al. (1990, pp. 396- 
397) and Hansen (1975, pp. 358-360). 


25.1 1 (xii) a-Asymptotic Behavior 

As a — > 0 with s (^ 1) fixed, 

25.11.41 <C(s, a + 1) = ((s) — s £(s + l)a + 0(a 2 ) . 
As (3 — * ±00 with s fixed, 3?s > 1, 

25.11.42 ((s,a + i/3) -> 0, 


uniformly with respect to bounded nonnegative values 
of a. 

As a — > ex) in the sector |pha| < w — 5(< 7r), with 
s(y^ 1) and <5 fixed, we have the asymptotic expansion 

25.11.43 

, ( 1 al " S 1 

C( s , a) — 


s — 1 2° 


B 2 k r(s + 2k — 1) 


2k 


k = 1 


(2fe)! r(s) 


Similarly, as a —> 00 in the sector | ph a\ < — 6 (< 




25.11.44 


and 


25.11.45 


1 1 


C(~l,a) - - + -a 2 - — -~a+-a 2 In 


12 


1 1 


1 


E 

fc= 1 


B2k+2 


12 2 2 
-2k 


(2k + 2)(2k + l)2k 


a 


C'(-2,a)-— a + 


12 9 


1 2 1 3 

a— -a + -a i 


In ( 


E 

^=1 


2-B 2 fc +2 


(2A; + 2)(2fc + l)2fe(2fc — 1) 


3 

— (27c — 1 ) 


For the more general case £'(— to, a), m = 1,2,..., see 
Elizalde (1986). 

For an exponentially-improved form of (25.11.43) see 
Paris (2005b). 


25.12 Polylogarithms 


25.12(i) Dilogarithms 

The notation Li 2 (z) was introduced in Lewin (1981) for 
a function discussed in Euler (1768) and called the dilog- 
arithm in Hill (1828): 

25.12.1 U 2 (z) = E E 1*1 < !• 

71—1 

25.12.2 Li 2 (z) = — / ln(l — t) dt, 2 £ C\(l,oo). 

Jo 

Other notations and names for Li 2 (z) include S 2 (z) 
(Kolbig et al. (1970)), Spence function Sp(z) (’t Hooft 
and Veltman (1979)), and L 2 (z) (Maximon (2003)). 

In the complex plane Li 2 (z) has a branch point at 
z = 1. The principal branch has a cut along the in- 
terval [l,oo) and agrees with (25.12.1) when \z\ < 1; 
see also §4.2(i). The remainder of the equations in this 
subsection apply to principal branches. 

25.12.3 

Li 2 (2:) + Li 2 “ z)) 2 , zG<C\[l,oo). 

25.12.4 

Li 2 (2) + Li 2 ^ = -E 2 - i(ln(-2)) 2 , 2: G C\[0, 00). 

771—1 

25 12 5 Li 2 ( 2 ”) = m £ Li 

k = 0 

TO= 1,2,3,..., |z| < 1. 


25.12 Polylogarithms 
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25.12.6 


1 


Li 2 (ir) + Li 2 (l — x) = -7r 2 — (In x) ln(l — x), 0 < x < 1. 

6 

When z = e l8 , 0 < 9 < 27r, (25.12.1) becomes 


25.12.7 Li?(e*' 


= E 


cos (nO) 


n * 


■Y sin (n6) 

*E 


n = 1 n—l 

The cosine series in (25.12.7) has the elementary sum 


25.12.8 


E 

n—l 


cos (nO) 7T 2 


7 t9 

Y 


°1 
4 ' 


By (25.12.2) 

n—l *'° 

The right-hand side is called Clausen’s integral. 

For graphics see Figures 25.12.1 and 25.12.2, and for 
further properties see Maximon (2003), Kirillov (1995), 
Lewin (1981), Nielsen (1909), and Zagier (1989). 



Figure 25.12.1: Dilogarithm function Li 2 (x), —20 < x < 



Figure 25.12.2: Absolute value of the dilogarithm func- 
tion |Li 2 (x + iy ) |, —20 < x < 20, —20 < y < 20. Prin- 
cipal value. There is a cut along the real axis from 1 to 

oo. 


25.12(ii) Polylogarithms 

For real or complex s and z the polylogarithm Li s (z) is 
defined by 

OO yi 

25.12.10 U.Jz) = V — . 

n s 

n—l 

For each fixed complex s the series defines an ana- 
lytic function of z for \z\ < 1. The series also converges 
when 1 2 1 = 1, provided that 5fts > 1. For other values of 
z, Li s (z) is defined by analytic continuation. 

The notation <j>(z, s ) was used for Li s (z) in Truesdell 
(1945) for a series treated in Jonquiere (1889), hence 
the alternative name Jonquiere ’s function. The special 
case 2 = 1 is the Riemann zeta function: £(s) = Li s (l). 

Integral Representation 

r r°° x s-l 

251211 Li ‘ w = r (s)l —, ix ' 

valid when SRs > 0 and |ph(l — z)\ < it, or Jis > 1 and 
2=1. (In the latter case (25.12.11) becomes (25.5.1)). 


Further properties include 
Li a ( 2 )=r(l-a)(ln 1 T 1 + £c(5-n) (1 ^E, 

' ' n = 0 

s ^ 1, 2, 3, ... , | In 2 | < 27t, 

and 

25.12.13 

s p Kis/2 

Li s (e 27ria ) + e™ Li s (e" 2 ™) = C(1 ~ s , a), 

valid when 3?s > 0, 3a > 0 or Sfts > 1, 3a = 0. When 
s = 2 and e 2nia = 2 , (25.12.13) becomes (25.12.4). 

See also Lewin (1981), Kolbig (1986), Maximon 
(2003), Prudnikov et al. (1990, §§1.2 and 2.5), Prud- 
nikov et al. (1992a, §3.3), and Prudnikov et al. (1992b, 
§3.3). 

25.12(iii) Fermi-Dirac and Bose-Einstein 
Integrals 

The Fermi-Dirac and Bose-Einstein integrals are de- 
fined by 
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1 f°° t s 

25.12.14 F s (x) = / dt , s > -1, 

T(s + 1) Jo e* x + 1 

1 t s 

25.12.15 “ r(.s + 1) J 0 e t_x - 1 

s > — 1, x < 0; or s > 0, x < 0, 

respectively. Sometimes the factor 1/T(s+ 1) is omit- 
ted. See Cloutman (1989) and Gautschi (1993). 

In terms of polylogarithms 

25.12.16 F s (x) = — Li s+1 (— e x ), G a (x) = Li s+1 (e x ). 

For a uniform asymptotic approximation for F s {x) 
see Temme and Olde Daalhuis (1990). 


25.13 Periodic Zeta Function 

The notation F(x, s) is used for the polylogarithm 
Li s (e 2mx ) with x real: 

00 g2ninx 

25.13.1 F(;r , s) = ^__ ) 

n—1 

where !fts > 1 if x is an integer, > 0 otherwise. 

F(x , s) is periodic in x with period 1, and equals 
C(s) when x is an integer. Also, 

F(X ’ S) = T£0 (e" <1 " )/2 « 1 -».U 

25.13.2 \ 

+ e^-i)/ 2 C(i - s, 1 - x) J , 

0 < x < 1, 5Rs > 1, 


25.13.3 

C(1 - *> *) = (§7 ( e_ " iS/2 F (*> *) + e ™ /2 n-x, a)) , 

0 < x < 1, 5Rs > 0. 


25.14 Lerch’s Transcendent 


25. 14(i) Definition 


${z, s,a) = y 

25.14.1 v ' ^ 


-i (a + n) s ’ 

n—0 

a/0, -1, —2, . . . , \z\ < 1; Rs > 1, \z\ = 1. 


For other values of 2 , 4>(z, s, a) is defined by analytic 
continuation. This is the notation used in Erdelyi 
et al. (1953a, p. 27). Lerch (1887) used M(a,x,s) = 
<F(e 27r “,s,a). 

The Hurwitz zeta function ((s,a) (§25.11) and the 
polylogarithm Li s (*) (§25. 12(h)) are special cases: 


25.14.2 C(s, a) = <F(1, s, a), $ts > 1, a ^ 0, -1, -2, . . . , 


25.14.3 Li s (z) = z$>(z,s,l), 5is > 1, \z\ < 1. 


25.14(ii) Properties 

With the conditions of (25.14.1) and m = 1,2,3,..., 

m ~ 1 r n 

25.14.4 $(z, s,a) = z m $(z, s, a + m) + y 

s, a) = 

25.14.5 v ’ T(s) 


n—0 


■ dx. 


( a + n) s 


J 0 1 — ze x 

> 0, 3?a > 0, z £ C\[l,oo). 


25.14.6 

$(z,s,a) = ^a~ s + 


- 2 


dx 


Jo (a + xJ 

sin(x In z — s arctan(x/a)) 


dx, 


(a 2 + x 2 ) s / 2 {e 2 ™ x — 1) 

Sis > 0 if \z\ < 1; Sis > 1 if \z\ = 1, Sia > 0. 
For these and further properties see Erdelyi et al. 
(1953a, pp. 27-31). 


25.15 Dirichlet L-functions 


25.15(i) Definitions and Basic Properties 

The notation L(s, x) was introduced by Dirichlet (1837) 
for the meromorphic continuation of the function de- 
fined by the series 

25.15.1 L(s, X ) = y ^ > 1, 

i ^ 

n—1 

where x(n) is a Dirichlet character (mod k) (§27.8). 
For the principal character xi (mod k), L(s,x l) is an- 
alytic everywhere except for a simple pole at s = 1 with 
residue <f>{k)/k, where 4>{k) is Euler’s totient function 
(§27.2). If x 7^ Xi> then L(s,x) is an entire function of 
s- 

25.15.2 L{s, X ) = f 1 - > SJs > 1, 

with the product taken over all primes p, beginning with 
p= 2. This implies that L(s, x) 0 if 3?s > 1. 

Equations (25.15.3) and (25.15.4) hold for all s if 
X / X l ? and for all s (^ 1) if x = Xi : 

fc-i 

25.15.3 L(s,x) = k~ s yx(r)({s, ^), 

r= 1 

25.15.4 L{s, x) = L(s, Xo) nf 1 - ) » 

P\k V P J 

where xo is a primitive character (mod d) for some pos- 
itive divisor d of k (§27.8). 

When x is a primitive character (mod k) the L- 
functions satisfy the functional equation: 

25.15.5 

L(l -8 )X )= kS ~ { ^y S) (e” W2 + X(-I)e" is/2 ) 

X G{x)L{s,x), 
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where x is the complex conjugate of x> and 

k 

25.15.6 G( X ) = J2x(r) e2 ™ /k - 

r—1 

25.15(ii) Zeros 

Since L(s,x) ^ 0 if 3?s > 1, (25.15.5) shows that for a 
primitive character x the only zeros of L(s, x) for 5is < 0 
(the so-called trivial zeros) are as follows: 

25.15.7 L(-2n,x) = 0 if x(-l) = 1, n = 0,1,2,..., 

25.15.8 

L{-2n - 1 , X ) = 0 if x(— 1) = - 1 , n = 0 , 1 , 2 , ... . 
There are also infinitely many zeros in the critical 
strip 0 < Sfts < 1, located symmetrically about the criti- 
cal line 3?s = | , but not necessarily symmetrically about 
the real axis. 

25.15.9 L{ l, x ) ^Oify^Xi, 

where xi is the principal character (mod k). This re- 
sult plays an important role in the proof of Dirichlet’s 
theorem on primes in arithmetic progressions (§27.11). 
Related results are: 

! 1 k 

X * X1 ' 

o, X = Xi- 


with the digamma function used elsewhere in this chap- 
ter), given by 

OO 

25-16.1 ^(z) = ln?5 ’ 

m—1 p m <x 

which is related to the Riemann zeta function by 



where the sum is taken over the nontrivial zeros p of 

COO- 

The prime number theorem (27.2.3) is equivalent to 
the statement 


25.16.3 


1 p(x) = x + o( x), 


The Riemann hypothesis is equivalent to the state- 
ment 


25-16.4 ip(x) = x + O 

for every e > 0. 


(a^ +e ), 


25. 16(ii) Euler Sums 


Applications 

25.16 Mathematical Applications 

25. 16(i) Distribution of Primes 

In studying the distribution of primes p < x, Chebyshev 
(1851) introduced a function ip{ x ) (not t° be confused 


Euler sums have the form 

25.16.5 H (s) = f h( ^ ) 

^ — J n s 

n—1 

where h(n) is given by (25.11.33). 

H(s) is analytic for 3?s > 1, and can be extended 
meromorphically into the half-plane -fts > — 2k for ev- 
ery positive integer k by use of the relations 


25.16.6 


k OO 1 n 

H(s) = -C'(s) +7<(s) + 2 C( s + 1 ) + -2r)C(s + 2r) + ^ — / 

r= 1 n= 1 U Jn 


B 2k+ i{x) 


r 2k+2 


dx, 


25.16.7 H(s) = - ((s + 1) + ^ - X! ( “ o_"' i “ ) C(1 - 2r) C(s + 2 r) - 


s 2v — 2 

2r — 1 


For integer s (> 2), H(s) can be evaluated in terms 
of the zeta function: 

25.16.8 H( 2) = 2C(3), H(3) = f C(4), 


25.16.9 #( a ) = ~Y~ C(a + 1 ) - \ £( r + X ) C(a - r), 

r—1 


s + 2k\ 1 f 00 B 2 k+i(x) 

2k + l) ^ n J n x s+2k+1 


Also, 

25.16.10 

J?(-2a) = Jc(l-2o) = -^, ci = 1, 2, 3, 

2 4a 

H(s ) has a simple pole with residue £(1 — 2 r) (= 
— B 2r /(2r)) at each odd negative integer s = 1 — 2r, 
r = 1,2,3,.... 


a = 2,3,4,.... 
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H(s) is the special case H(s, 1) of the function 

25 . 16.11 




n a z ' m* 

n= 1 m = 1 


which satisfies the reciprocity law 

25 . 16.12 H(s, z) + H(z , s) = C(s) ((z) + C (s + z), 

when both H{s,z) and H(z,s) are finite. 

For further properties of H(s, z) see Apostol and Vu 
(1984). Related results are: 


25 . 16.13 


25 . 16.14 


25 . 16.15 


n—1 
oo r 


E 

n= 
r 

EE 

r= 1 k — 1 
oo r 

EE 


h(n) 

n 

1 


= t c(4) ’ 


= - C(3) 

rk(r + k) 4 ^ 

2 , = jC( 3 )- 

r 2 (r + k) 4 


r— 1 k - 1 

For further generalizations, see Flajolet and Salvy 
(1998). 


25.17 Physical Applications 

Analogies exist between the distribution of the zeros of 
£(s) on the critical line and of semiclassical quantum 
eigenvalues. This relates to a suggestion of Hilbert and 
Polya that the zeros are eigenvalues of some operator, 
and the Riemann hypothesis is true if that operator is 
Hermitian. See Armitage (1989), Berry and Keating 
(1998, 1999), Keating (1993, 1999), and Sarnak (1999). 

The zeta function arises in the calculation of the 
partition function of ideal quantum gases (both Bose- 
Einstein and Fermi-Dirac cases), and it determines 
the critical gas temperature and density for the Bose- 
Einstein condensation phase transition in a dilute gas 
(Lifshitz and Pitaevskii (1980)). Quantum field theory 
often encounters formally divergent sums that need to 
be evaluated by a process of regularization: for example, 
the energy of the electromagnetic vacuum in a confined 
space ( Casimir-Polder effect). It has been found pos- 
sible to perform such regularizations by equating the 
divergent sums to zeta functions and associated func- 
tions (Elizalde (1995)). 


Computation 


25.18 Methods of Computation 

25.18(i) Function Values and Derivatives 

The principal tools for computing </(s) are the expan- 
sion (25.2.9) for general values of s, and the Riemann- 
Siegel formula (25.10.3) (extended to higher terms) for 


C ( | + it). Details are provided in Haselgrove and Miller 
(1960). See also Allasia and Besenghi (1989), Butzer 
and Hauss (1992), Kerimov (1980), and Yeremin et al. 
(1985). Calculations relating to derivatives of (( s ) 
and/or ( (s,a) can be found in Apostol (1985a), Choud- 
hury (1995), Miller and Adamchik (1998), and Yeremin 
et al. (1988). 

For the Hurwitz zeta function £(s, a) see Spanier and 
Oldham (1987, p. 653). 

For dilogarithms and polylogarithms see Jacobs and 
Lambert (1972), Osacar et al. (1995), and Spanier and 
Oldham (1987, pp. 231-232). 

For Fermi-Dirac and Bose-Einstein integrals see 
Cloutman (1989), Gautschi (1993), Mohankumar and 
Natarajan (1997), Natarajan and Mohankumar (1993), 
Paszkowski (1988, 1991), Pichon (1989), and Sagar 
(1991a, b). 

25.18(ii) Zeros 

Most numerical calculations of the Riemann zeta func- 
tion are concerned with locating zeros of £(A + it) in 
an effort to prove or disprove the Riemann hypothesis, 
which states that all nontrivial zeros of £(s) lie on the 
critical line 3?s = \. Calculations to date (2008) have 
found no nontrivial zeros off the critical line. For re- 
cent investigations see, for example, van de Lune et al. 
(1986) and Odlyzko (1987). For earlier work see Hasel- 
grove and Miller (1960). 


25.19 Tables 

• Abramowitz and Stegun (1964) tabulates: ( (n), 

n = 2,3,4,..., 20D (p. 811); Li 2 (l-ar), 

x = 0(.01)0.5, 9D (p. 1005); /(0), 9 = 
15°(l o )30 o (2 o )90 o (5°)180 o , f{9) + 01n0, 0 = 
0(1°)15°, 6D (p. 1006). Here /(0) denotes 
Clausen’s integral, given by the right-hand side 
of (25.12.9). 

• Morris (1979) tabulates Li 2 (x) (§25.12(i)) for 
±x = 0.02(.02)1(.1)6 to 30D. 

• Cloutman (1989) tabulates r(s + l)F s (x), where 

F s ( x) is the Fermi-Dirac integral (25.12.14), for 
s = §, §, x = —5(. 05)25, to 12S. 

• Fletcher et al. (1962, §22.1) lists many sources for 
earlier tables of ((s) for both real and complex s. 
§22.133 gives sources for numerical values of coef- 
ficients in the Riemann-Siegel formula, §22.15 de- 
scribes tables of values of £ (s,a), and §22.17 lists 
tables for some Dirichlet L-functions for real char- 
acters. For tables of dilogarithms, polylogarithms, 
and Clausen’s integral see §§22.84-22.858. 
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25.20 Approximations 

• Cody et al. (1971) gives rational approximations 
for £(s) in the form of quotients of polynomials 
or quotients of Chebyshev series. The ranges cov- 
ered are 0.5 < s < 5, 5 < s < 11 , 11 < s < 25, 
25 < s < 55. Precision is varied, with a maximum 
of 20S. 

• Piessens and Branders (1972) gives the coefficients 
of the Chebyshev-series expansions of s£(s + l) 
and C(s + k), k = 2, 3, 4, 5, 8, for 0 < s < 1 (23D). 

• Luke (1969b, p. 306) gives coefficients in 
Chebyshev-series expansions that cover £(s) for 
0 < s < 1 (15D), C(s+ 1) for 0 < s < 1 (20D), 
and ln£(g + ix) (§25.4) for —1 < x < 1 (20D). 
For errata see Piessens and Branders (1972). 

• Morris (1979) gives rational approximations for 
Li 2 (:r) (§25. 12(i)) for 0.5 < x < 1. Precision is 
varied with a maximum of 24S. 

• Antia (1993) gives minimax rational approxima- 
tions for r(s + 1 )F s {x), where F s (x) is the Fermi- 
Dirac integral (25.12.14), for the intervals — oo < 
x < 2 and 2 < x < oo, with s = — |, |, |, |. For 
each s there are three sets of approximations, with 
relative maximum errors 10 -4 , 10 -8 , 10 -12 . 

25.21 Software 

See http : // dlmf . ni st . gov/ 25.21. 
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and integrate by parts. For (25.11.8)-(25.11.9) 
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(1976, pp. 268, 264). For (25.11.15) use (25.11.1) 
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a = 1/k, multiply by k s and differentiate. 
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for (25.5.6) and (25.5.7). For (25.11.29) see Lin- 
delof (1905, p. 106). For (25.11.30) assume > 
1, collapse the integration path onto the real 
axis, apply (25.11.25) and (5.5.3) followed by an- 
alytic continuation. For (25.11.31) use (25.11.25). 
For (25. 11.32)-(25. 11.34) see Adamchik (1998). 
For (25.11.35) use (25.11.25) and (25.11.8). For 


(25.11.36) see Apostol (1976). For (25.11.37)- 
(25.11.40) see Adamchik and Srivastava (1998). 
For (25.11.41) and (25.11.42) see Apostol (1952). 
For (25.11.43) see Paris (2005b). For (25.11.44) 
and (25.11.45) see Elizalde (1986). The graphics 
were constructed at NIST. 

§ 25.12 Erdelyi et al. (1953a, pp. 27, 29), Maximon 
(2003). For (25.12.13) see Erdelyi et al. (1953a, 
p. 31) with change of notation. The graphics were 
constructed at NIST. 

§ 25.13 Apostol (1976, Chapter 13). 

§ 25.15 Apostol (1976, Chapter 12), Apostol (1985b). 
For (25.15.9) see Apostol (1976, pp. 142, 149). 

§ 25.16 Apostol (1976, Chapter 13). For (25.16.2) see 
Apostol (2000). For (25.16.4) see Ingham (1932, 
p. 84). For (25.16.5)-(25.16.15) see Apostol and 
Vu (1984) and Basu and Apostol (2000). 
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Notation Properties 


26.1 Special Notation 


(For other notation see pp. xiv and 873.) 


X 

real variable. 

k , £, m, n 

nonnegative integers. 

A 

integer partition. 

7 r 

plane partition. 

w 

number of elements of a finite set A. 

j 1 k 

j divides k. 

(h, k) 

greatest common divisor of positive 
integers h and k. 

The main 

functions treated in this chapter are: 

C) 

binomial coefficient. 


multinomial coefficient. 

c> 

Eulerian number. 

n 

LnJ q 

Gaussian polynomial. 

B(n ) 

Bell number. 

C(n) 

Catalan number. 

pip) 

number of partitions of n. 

Pk{n) 

number of partitions of n into at most k 
parts. 

pp{n) 

number of plane partitions of n. 

s{n, k) 

Stirling numbers of the first kind. 

S(n , k) 

Stirling numbers of the second kind. 


Alternative Notations 

Many combinatorics references use the rising and falling 
factorials: 

x n = x(x + l)(ir + 2) • • • (x + n — 1), 

26.1.1 xtL _ x ^ x _ _ 2 ) • • • (x — n + 1). 

Other notations for s(n, k), the Stirling numbers 

(k) 

of the first kind, include Sn ; (Abramowitz and Ste- 
gun (1964, Chapter 24), Fort (1948)), S * (Jordan 
(1939), Moser and Wyman (1958a)), (^.Zi) (Milne- 
Thomson (1933)), (— l) n ~ k Si(n — 1 , n — k) (Carlitz 
(1960), Gould (I960)), ( -l) n ~ k [”] (Knuth (1992), 
Graham et al. (1994), Rosen et al. (2000)). 

Other notations for S(n, k), the Stirling numbers of 
the second kind, include S^n (Fort (1948)), (Jor- 
dan (1939)), cr* (Moser and Wyman (1958b)), 
(Milne-Thomson (1933)), S 2 (k,n — k) (Carlitz (1960), 
Gould (I960)), { { } (Knuth (1992), Graham et al. 
(1994), Rosen et al. (2000)), and also an unconventional 
symbol in Abramowitz and Stegun (1964, Chapter 24). 


26.2 Basic Definitions 

Permutation 

A permutation is a one-to-one and onto function from 
a non-empty set to itself. If the set consists of the in- 
tegers 1 through n, a permutation a can be thought 
of as a rearrangement of these integers where the inte- 
ger in position j is cr(j). Thus 231 is the permutation 
o-(l) = 2, <r(2) = 3, <7(3) = 1. 

Cycle 

Given a finite set S with permutation cr, a cycle is an 
ordered equivalence class of elements of S where j is 
equivalent to k if there exists an ( = £(j. k) such that 
j = a f (k), where a 1 = a and a e is the composition of 
cr with o 1 ^ 1 . It is ordered so that cr(j) follows j. If, for 
example, a permutation of the integers 1 through 6 is 
denoted by 256413, then the cycles are (1,2,5), (3,6), 
and (4). Here cr(l) = 2,<r(2) = 5, and <r(5) = 1. The 
function o also interchanges 3 and 6, and sends 4 to 
itself. 

Lattice Path 

A lattice path is a directed path on the plane integer lat- 
tice {0, 1, 2, . . .} x {0, 1,2... .}. Unless otherwise speci- 
fied, it consists of horizontal segments corresponding to 
the vector (1,0) and vertical segments corresponding to 
the vector (0, 1). For an example see Figure 26.9.2. 

A k-dimensional lattice path is a directed path com- 
posed of segments that connect vertices in {0, 1, 2, . . . } k 
so that each segment increases one coordinate by exactly 
one unit. 

Partition 

A partition of a set S is an unordered collection of 
pairwise disjoint nonempty sets whose union is S. As 
an example, {1,3,4}, {2,6}, {5} is a partition of 
{1,2, 3, 4, 5, 6}. 

A partition of a nonnegative integer n is an un- 
ordered collection of positive integers whose sum is n. 
As an example, {1, 1, 1, 2, 4, 4} is a partition of 13. The 
total number of partitions of n is denoted by p(n). See 
Table 26.2.1 for n = 0(1)50. For the actual partitions 
(7r) for n = 1(1)5 see Table 26.4.1. 

The integers whose sum is n are referred to as the 
parts in the partition. The example {1, 1, 1, 2, 4, 4} has 
six parts, three of which equal 1. 
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Table 26.2.1: Partitions p{n). Table 26.3.2: Binomial coefficients ( m ^ n ) for lattice 


paths. 


n 

p(n) 

n 

p{n) 

n 

p{n) 











0 

1 

17 

297 

34 

12310 

m 






n 




1 

1 

18 

385 

35 

14883 

0 

1 

2 

3 

4 

5 

6 

7 

8 

2 

2 

19 

490 

36 

17977 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

3 

3 

20 

627 

37 

21637 

1 

1 

2 

3 

4 

5 

6 

7 

8 

9 

4 

5 

21 

792 

38 

26015 

2 

1 

3 

6 

10 

15 

21 

28 

36 

45 

5 

7 

22 

1002 

39 

31185 

3 

1 

4 

10 

20 

35 

56 

84 

120 

165 

6 

11 

23 

1255 

40 

37338 

4 

1 

5 

15 

35 

70 

126 

210 

330 

495 

7 

15 

24 

1575 

41 

44583 

5 

1 

6 

21 

56 

126 

252 

462 

792 

1287 

8 

22 

25 

1958 

42 

53174 

6 

1 

7 

28 

84 

210 

462 

924 

1716 

3003 

9 

30 

26 

2436 

43 

63261 

7 

1 

8 

36 

120 

330 

792 

1716 

3432 

6435 

10 

42 

27 

3010 

44 

75175 

8 

1 

9 

45 

165 

495 

1287 

3003 

6435 

12870 

11 

56 

28 

3718 

45 

89134 











12 

77 

29 

4565 

46 

1 05558 

26.3(ii) Generating Functions 




13 

101 

30 

5604 

47 

1 24754 




14 

135 

31 

6842 

48 

1 47273 





m , 






15 

176 

32 

8349 

49 

1 73525 

26.3.3 



£ 

= (1 + 

x) m , 

m = 

0,1,..., 

16 

231 

33 

10143 

50 

2 04226 





z — ' \ 

n = 0 

nj 






26.3 Lattice Paths: Binomial Coefficients 


26.3.4 



1 

(1 - x) n+1 ’ 


\ x \ < !• 


26.3(i) Definitions 


(™) is the number of ways of choosing n objects from 
a collection of to distinct objects without regard to or- 
der. ( m ^ n ) is the number of lattice paths from (0, 0) 
to (m,n). The number of lattice paths from (0,0) to 
( m,n ), m < n, that stay on or above the line y = x is 


/m+n\ 

/m+n\ 


\ m ) 

Vra— 1/ ’ 



f m\ 

f m 

26.3.1 

= 



\nj 

\m — n 



( m\ 

26.3.2 


u 


= 0, 


m> n, 
n > m. 


For numerical values of (™) and ( m + n ) see Tables 
26.3.1 and 26.3.2. 


Table 26.3.1: Binomial coefficients (™). 


26.3(iii) Recurrence Relations 


26.3.5 


26.3.6 


to — 1\ /to — 1\ 

n J + U-i;’ 

to /to — 1\ m — n + 1 
n V n — 1 / n 


26.3.7 


26.3.8 


m+l\ 


n + 1 

n 

= £ 

k—0 


k—n 

m — n — 1 + k 
k 


26.3(iv) Identities 


m > n > 1, 



m > n > 1, 
m > n> 0, 

, m>n> 0. 


m 

0 

1 

2 

3 

4 

n 

5 

6 

7 

8 

9 

10 

0 

1 











1 

1 

1 










2 

1 

2 

1 









3 

1 

3 

3 

1 








4 

1 

4 

6 

4 

1 







5 

1 

5 

10 

10 

5 

i 






6 

1 

6 

15 

20 

15 

6 

1 





7 

1 

7 

21 

35 

35 

21 

7 

1 




8 

1 

8 

28 

56 

70 

56 

28 

8 

1 



9 

1 

9 

36 

84 

126 

126 

84 

36 

9 

1 


10 

1 

10 

45 

120 

210 

252 

210 

120 

45 

10 

1 


26.3.9 


26.3.10 


n 
n 

\n—k 


= i, 


TO + 1 

k 


26.3.11 


"2 rP 
n 

See also §1.2(i). 


k=0 

2 n (2n — l)(2n — 3) • • • 3 

77 .1 


m > n> 0, 
1 


26.3(v) Limiting Form 


26.3.12 


2n 



n 


oo. 
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26.4 Lattice Paths: Multinomial 

Coefficients and Set Partitions 


26.4(i) Definitions 

( nk ) is the number of ways of placing n = 

n\ + n 2 + ■ ■ ■ + n k distinct objects into k labeled boxes 
so that there are rij objects in the jtli box. It is also the 
number of fc-dimensional lattice paths from (0,0,..., 0) 
to (rii, n 2 , . . . , rife). For k = 0, 1, the multinomial coeffi- 
cient is defined to be 1. For k = 2 


26.4.1 


' n i + n 2 
ni,n 2 
and in general, 

26.4.2 

+ n 2 H 1 -n k 

Hi 7 H 2 5 • ■ - ? Hfc 


n\ + n 2 
ni 


ni + n 2 
n 2 


(ni 


■ n 2 


n k )\ 


n\\ n 2 \ ••• n k \ 


k - 1 

n 

1= i 


rij + rij + 1 + • • • + n k 


Table 26.4.1 gives numerical values of multinomi- 
als and partitions A ,Mi,M 2 ,M 3 for 1 < m < n < 5. 
These are given by the following equations in which 
ai, a 2 , . . . , a n are nonnegative integers such that 


26.4.3 


n = a\ + 2 a 2 + • • • + na r: 


26.4.4 m = ai + a 2 + ■ ■ ■ + a n . 

A is a partition of n: 

26.4.5 A = l ai ,2 “ 2 ,...,n a ". 

M\ is the multinominal coefficient (26.4.2): 



(l!) ai (2!)° 2 • • • (n!) a ™ ' 


M 2 is the number of permutations of {1, 2, . . . , n} with 
ai cycles of length 1, a 2 cycles of length 2, . . . , and a n 
cycles of length n: 


l ai (ai!)2 a2 (a 2 !) ••• n“"(a„!)' 

(The empty set is considered to have one permutation 
consisting of no cycles.) M 3 is the number of set parti- 
tions of {1,2,..., n} with a\ subsets of size 1, a 2 subsets 
of size 2, . . . , and a n subsets of size n: 


A (l!)“ 1 (a 1 !)(2!)“ 2 (a 2 !) (n!)“»(aj)- 

For each n all possible values of ai, a 2 , . . . , a n are cov- 
ered. 


Table 26.4.1: Multinomials and partitions. 


n 

m 

A 

Mi 

m 2 

m 3 

i 

i 

l 1 

1 

1 

1 

2 

i 

2 1 

1 

1 

1 

2 

2 

l 2 

2 

1 

1 

3 

1 

3 1 

1 

2 

1 

3 

2 

l 1 , 2 1 

3 

3 

3 

3 

3 

l 3 

6 

1 

1 

4 

1 

4 1 

1 

6 

1 

4 

2 

l 1 ^ 1 

4 

8 

4 

4 

2 

2 2 

6 

3 

3 

4 

3 

l 2 , 2 1 

12 

6 

6 

4 

4 

l 4 

24 

1 

1 

5 

1 

5 1 

1 

24 

1 

5 

2 

l 1 ^ 1 

5 

30 

5 

5 

2 

2 1 ,3 1 

10 

20 

10 

5 

3 

l 2 ^ 1 

20 

20 

10 

5 

3 

l 1 , 2 2 

30 

15 

15 

5 

4 

l 3 ^ 1 

60 

10 

10 

5 

5 

l 5 

120 

1 

1 


26.4(ii) Generating Function 


(xi + X 2 + • • • + Xk) 

26.4.9 sr^ f n 


= ^ I \X'^X. 

^ \ n 1 ,n 2 , ...,n k 


"1„«2 

1 x 2 




where the summation is over all nonnegative integers 
ni, n 2 , . . . , n k such that n± + n 2 + ■ ■ ■ + n k = n. 

26.4(iii) Recurrence Relation 


26.4.10 

i + n 2 + ■ ■ ■ + 

^1 7 ^2 7 ■ ■ ■ 7 

m / i „ i 

- / fi i + ti 2 + • • • + n m — 1 


fc= l 


Hi 7 H'2 , . . . , Tlk— 1 7 kl k 1 7 kl k -\-i , . . . , Tim J 


Hi 7 U 2 , . . . , Tim, ^ 1 • 

26.5 Lattice Paths: Catalan Numbers 
26.5(i) Definitions 

C(n) is the Catalan number. It counts the number of 
lattice paths from (0, 0) to (n, n) that stay on or above 
the line y = x. 

26.5.1 

1 (2 n\_ 1 f2n+l^ 

' n+l\n) 2n+l\ n 

'2n\ ( 2n \ _ (2n - 1\ /2n - V 

n ) \n — l) \ n J \n-l-l 

(Sixty-six equivalent definitions of C(n) are given in 
Stanley (1999, pp. 219-229).) 

See Table 26.5.1. 


26.6 Other Lattice Path Numbers 
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Table 26.5.1: Catalan numbers. 


n 

C(n) 

n 

C(n) 

n 

C(n) 

0 

1 

7 

429 

14 

26 74440 

1 

1 

8 

1430 

15 

96 94845 

2 

2 

9 

4862 

16 

353 57670 

3 

5 

10 

16796 

17 

1296 44790 

4 

14 

11 

58786 

18 

4776 38700 

5 

42 

12 

2 08012 

19 

17672 63190 

6 

132 

13 

7 42900 

20 

65641 20420 


Ln/2J 


26 . 5.5 C(n+l)= Y, ( 2k p n ~ 2k C(k). 


k = 0 


26.5(iv) Limiting Forms 


26 . 5.6 


26 . 5.7 


C{n) 


' irn° 


n — » oo, 


r <?(n + l) . 

lim n< \ = 4 

n — >oo G (n) 


26.5(ii) Generating Function 


26.6 Other Lattice Path Numbers 


26 . 5.2 


E c ^ xn 

n — 0 


1 - VI -4x 
2x 


fI < I- 


26.5(iii) Recurrence Relations 


26 . 5.3 

26 . 5.4 


C[n + 1) = E C(*0 C(n - *0, 

fc= o 


C7(n + 1) 


2(2ra + l) 
n + 2 




26.6(i) Definitions 

Dellanoy Number D(m,n) 

D(m,n) is the number of paths from (0,0) to (m, n) 
that are composed of directed line segments of the form 
(1,0), (0,1), or (1,1). 


26 . 6.1 



See Table 26.6.1. 


Table 26.6.1: Dellanoy numbers D(m,n). 


m 

0 

1 

2 

3 

4 

5 

n 

6 

7 

8 

9 

10 

0 

1 

1 

1 

1 

1 

1 

i 

1 

1 

1 

1 

1 

1 

3 

5 

7 

9 

11 

13 

15 

17 

19 

21 

2 

1 

5 

13 

25 

41 

61 

85 

113 

145 

181 

221 

3 

1 

7 

25 

63 

129 

231 

377 

575 

833 

1159 

1561 

4 

1 

9 

41 

129 

321 

681 

1289 

2241 

3649 

5641 

8361 

5 

1 

11 

61 

231 

681 

1683 

3653 

7183 

13073 

22363 

36365 

6 

1 

13 

85 

377 

1289 

3653 

8989 

19825 

40081 

75517 

1 34245 

7 

1 

15 

113 

575 

2241 

7183 

19825 

48639 

1 08545 

2 24143 

4 33905 

8 

1 

17 

145 

833 

3649 

13073 

40081 

1 08545 

2 65729 

5 98417 

12 56465 

9 

1 

19 

181 

1159 

5641 

22363 

75517 

2 24143 

5 98417 

14 62563 

33 17445 

10 

1 

21 

221 

1561 

8361 

36365 

1 34245 

4 33905 

12 56465 

33 17445 

80 97453 


Motzkin Number M (n) 

M(n ) is the number of lattice paths from (0,0) to (n,n) that stay on or above the line y 
directed line segments of the form (2, 0), (0, 2), or (1, 1). 


26 . 6.2 


M (n) = E 


(- 1 )* 


k = 0 


n + 2 — k 


2n + 2 — 2k 
n + 1 — k 


x and are composed of 


See Table 26.6.2. 
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Table 26.6.2: Motzkin numbers M(n). 


n 

M(n) 

n 

M(n ) 

n 

M(n ) 

n 

M (n) 

n 

M (n) 

0 

1 

4 

9 

8 

323 

12 

15511 

16 

8 53467 

1 

1 

5 

21 

9 

835 

13 

41835 

17 

23 56779 

2 

2 

6 

51 

10 

2188 

14 

1 13634 

18 

65 36382 

3 

4 

7 

127 

11 

5798 

15 

3 10572 

19 

181 99284 


IMarayana Number N(n,k ) 

N(n,k ) is the number of lattice paths from (0,0) to (n,n) that stay on or above the line y = x, are composed of 
directed line segments of the form (1, 0) or (0, 1), and for which there are exactly k occurrences at which a segment 
of the form (0, 1) is followed by a segment of the form (1,0). 

266 3 s CD G-i> 

See Table 26.6.3. 

Table 26.6.3: Narayana numbers N(n,k). 



r{n) is the number of paths from (0,0) to (n,ri) that stay on or above the diagonal y = x and are composed of 
directed line segments of the form (1, 0), (0, 1), or (1, 1). 

26 . 6.4 r(n) = D(n, n) — D{n + 1, n — 1), n > 1. 

See Table 26.6.4. 


Table 26.6.4: Schroder numbers r(n). 


n 

r(n) 

n 

r{n) 

n 

r(n ) 

n 

r(ri) 

n 

r(ri) 

0 

1 

4 

90 

8 

41586 

12 

272 97738 

16 

2 09271 56706 

1 

2 

5 

394 

9 

2 06098 

13 

1420 78746 

17 

11 18180 26018 

2 

6 

6 

1806 

10 

10 37718 

14 

7453 87038 

18 

60 03188 53926 

3 

22 

7 

8558 

11 

52 93446 

15 

39376 03038 

19 

323 67243 17174 


26.7 Set Partitions: Bell Numbers 
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26.6(ii) Generating Functions 

For sufficiently small |x| and \y\, 


26.6.5 ^2 D{m, n)x m y n = 


1 


m,n — 0 
oo 

26.6.6 _D(n, n)x n = 


n— 0 


26.6.7 M(n)x n = 


n— 0 


1 — x — y — xy 
1 

Vl — 6x + x 2 ’ 

1 — x — \/l — 2x — 3x 2 
2x 2 


) x n y k 


E N(n,k)o 
:1 

1 — x — xy — y/(l — x — xy) 2 — 4 x 2 y 
2x ’ 

, . 1 — x - \/l — 6x + x 2 

26.6.9 2_^r(n)x n = 

n = 0 


2x 


26.7.4 


B(n) = e~^ = l 


k = 1 


e_1 E 



See Table 26.7.1. 


Table 26.7.1: Bell numbers. 


n 

B(n) 

n 

B(n) 

0 

1 

10 

1 15975 

1 

1 

11 

6 78570 

2 

2 

12 

42 13597 

3 

5 

13 

276 44437 

4 

15 

14 

1908 99322 

5 

52 

15 

13829 58545 

6 

203 

16 

1 04801 42147 

7 

877 

17 

8 28648 69804 

8 

4140 

18 

68 20768 06159 

9 

21147 

19 

583 27422 05057 


26.6(iii) Recurrence Relations 

D(m, n) = D(rn, n — 1) + D{m — 1, n) 


26.6.10 


26.6.11 


+ D(m — 1 ,n— 1), m, n > 1, 

n 

M(n) = M(n - 1) + ^ M(fc - 2) M{n - k ), 


26.7 (ii) Generating Function 


26.7.5 


fc — 2 


rn"' 

J2 B ( n )~ = exp(e a: - 1). 
' n! 


n > 2. 


n— 0 


26.6(iv) Identities 

n 

26.6.12 C(n) = iV(n, *;), 

fc=i 

26.6.13 M(n) = ^(-l) fe C(n + 1 - fc), 

k = 0 ' ' 

2 / c\ \ 

26.6.14 C(n) = yy(-l) fc ^ ”jM(2n- fc). 

26.7 Set Partitions: Bell Numbers 
26.7(i) Definitions 

B(n) is the number of partitions of {1,2, . . . , n}. For 
S(n, fc) see §26.8(i). 


26.7.1 

B{ 0) = 1, 


26.7.2 

n 

B{n) = yy S(n, fc), 



fc— 0 


26.7.3 

m , r, m—k / \ a 

k= 1 j = 0 J 

m > n. 


26.7 (iii) Recurrence Relation 


26.7.6 


B(n + 1) 



B(n). 


26.7(iv) Asymptotic Approximation 


26.7.7 

B{n) 


N n e N-n- 1 / /(l nn )i/2\\ 

(1 + In TV) 1 / 2 ^ + V n 1 / 2 y y ’ 


where 


oo, 


26.7.8 IV In TV = n, 

or, equivalently, N = e Wm ("), with properties of the 
Lambert function Wm(n) given in §4.13. For higher 
approximations to B{n ) as n — > oo see de Bruijn (1961, 
pp. 104-108). 
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26.8 Set Partitions: Stirling Numbers 

26.8(i) Definitions 

s(n, k) denotes the Stirling number of the first 
kind : (—l) n ~ k times the number of permutations of 
{1,2,..., n} with exactly k cycles. See Table 26.8.1. 

26.8.1 s(n, n) = l, n> 0, 

26.8.2 s(l,fc) =<5i, fc , 

26.8.3 

(— l) n_fe s(n, k) = ^2 

l<6i <--<6n-fc 1 

n > k > 1. 


S(n,k) denotes the Stirling number of the second 
kind: the number of partitions of {1,2,..., n.} into ex- 
actly k nonempty subsets. See Table 26.8.2. 

26 -8.4 S(n,n) = 1, n > 0, 

26.8.5 S{n,k) = ^2 1C1 2 ° 2 ' ' ' k ° k * 

where the summation is over all nonnegative integers 
Ci, C 2 , . . . , Cfc such that C\ + c 2 + • • • + c*, = n — k. 

‘ 3=0 


Table 26.8.1: Stirling numbers of the first kind s(n,k). 



Table 26.8.2: Stirling numbers of the second kind S(n,k). 


n 

0 

1 

2 

3 

4 

k 

5 

6 

7 

8 

9 

10 

0 

1 











1 

0 

1 










2 

0 

1 

1 









3 

0 

1 

3 

1 








4 

0 

1 

7 

6 

1 







5 

0 

1 

15 

25 

10 

1 






6 

0 

1 

31 

90 

65 

15 

1 





7 

0 

1 

63 

301 

350 

140 

21 

1 




8 

0 

1 

127 

966 

1701 

1050 

266 

28 

1 



9 

0 

1 

255 

3025 

7770 

6951 

2646 

462 

36 

1 


10 

0 

1 

511 

9330 

34105 

42525 

22827 

5880 

750 

45 

1 


26.8(ii) Generating Functions 


where (x) n is the Pochhammer symbol: x{x+l) ■ ■ ■ (x + 
n — 1). 


s(n, k)x k = (a; — n + 1)„, 

k - o 


E»(».*)5r 

n— 0 


(ln(l + x)) k 


26.8.7 


26.8.8 


k\ 


1*1 < 1 , 


26.8 Set Partitions: Stirling Numbers 
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26.8.9 V s(n, k)— ry k = (1 + x) y , \x\ < 1. 

n\ 

n,k—0 


26.8.10 'y S(n, k)(x — k + l)fc = 

fc= l 

26.8.11 

00 „fc 

y S(n, fc) a;” = — — 


a: 


n— 0 


(1 — a;)(l — 2a:) •••(! — kx) 


, \x\ < 1/k, 


^ a . ,.x n ( e x ~l) k 

26.8.12 > S(n, k )— r = 

Z ' 77 , 


n— 0 


jfe! 


26.8.13 V S(n, k)—y k = exp (y(e x - 1)) . 
' n! 

n,k = 0 


26.8(iii) Special Values 

For n > 1, 

26.8.14 s(n, 0) = 0, s(n, 1) = (— l) ra_1 (n — 1)!, 

26.8.15 s(n,2) = (-l) n (n- 1)! (l + ^ H 1 — , , 

\ 2 n — 1 ) 

26.8.16 — s(n, n — 1) = S(n, n — 1) = 


2 J 1 

26.8.17 5(n, 0) = 0, S(n, 1) = 1, S(n, 2) = 2”" 1 - 1. 

26.8(iv) Recurrence Relations 

26.8.18 s(n, k) = s(n — 1, A: — 1) — (n — 1) s(n — 1, k), 
n ~ h / n \ 

s(n,k)= y l\s(n-j,h)s(j,k-h), 


26.8.19 \h 


j=k—h 


n > k > h, 


n ( i \n—j 

26.8.20 s(n + l,fe + l) = n! y 


j=k 

k 


J- 


26.8.21 s(n + k + 1, A) = — y (n + j) s(n + j,j). 

3=0 

26.8.22 5(n, A;) = fc <S'(n — 1, k) + S(n — 1, k — 1), 

26.8.23 

'k 


i—h 


S(n, k) = y ( . j S(n- j,h) S(j,k - h), 

j—k—h ^ ' 

n > k > h, 


26.8.24 


S{n, k) = y S(j — l,k — l)k n ~i , 


j=k 


26.8.25 5(n + 1, AH- l) = y ( n )S(j,k), 


j—k 
k 

26.8.26 S(n + k+l,k) = y j S(n + j,j). 

j= o 


26.8(v) Identities 

s(n, n — k) 

26 - 8 - 2 ' i «*+«). 


3=0 


k + j J \k — j 


26.8.28 y s(n, k) = 0, n> 1, 

fc=l 

n 

26.8.29 y(-l)"- fc s(n,A) = n!, 
fc=l 

n 

26.8.30 y s(n + 1, j + 1) n : ’~ k = s(n , A). 

j=k 

26.8.31 I ^ /(*) = V A” f(x), 

k\ dx k y n\ y h 

n—k 

when f{x) is analytic for all x, and the series converges, 
where 

26.8.32 A/(*) = /(a: + l)-/(aO; 
compare §3.6(i). 

S(n, n — k) 


26.8.33 




’ L JL di /I — t "+ 1 

26.8.34 y j k x 3 = y S(k, j)x° 


3=0 3=0 

n k 


dx 3 V 1 ~ ^ 


26.8.35 Ef-EHSfo })(" + } 
3=0 3=0 


26.8.36 


y(-l)"- fc A!S'(n,A) = 1 . 


k—0 


2,8.32 iA‘/W = Ey>- 


n—k 


when f(x) is analytic for all x, and the series converges. 

Let A and B be the n x n matrices with ( j , A)th 
elements s(j,k), and S(j,k), respectively. Then 


26.8.38 


A- 1 = B. 


26.8.39 y s(j,k)S(n,j) = y s(n,j) S(j,k) = S nik . 
j—k j=k 

26.8(vi) Relations to Bernoulli Numbers 

See §24. 15(iii). 


626 


Combinatorial Analysis 


26.8(vii) Asymptotic Approximations 

26.8.40 

s(n + 1, k + 1) ~ (-l) rl_fc 77(7 + ln?r) fc , n — > oo, 

re! 

uniformly for k = o(lnn), where 7 is Euler’s constant 
(§5.2(ii)). 

f— l) n 

26.8.41 s(n + k, k) ~ — — r fc 2rt , fc — > 00, 

2 n n! 

n fixed. 

k n 

26.8.42 S(n,k) ~ — 7 . ra — > 00, 

k\ 

k fixed. 

k 2n 

26.8.43 S(n + k,k)~ /c — > 00, 

v ’ 2 "n! 

uniformly for n = o(fc 1 ^ 2 ). 

For asymptotic approximations for s(n + l,£: + l) 
and fc) that apply uniformly for 1 < k < n as 
n — > 00 see Temme (1993). 

For other asymptotic approximations and also ex- 
pansions see Moser and Wyman (1958a) for Stirling 
numbers of the first kind, and Moser and Wyman 
(1958b), Bleick and Wang (1974) for Stirling numbers 
of the second kind. 

For asymptotic estimates for generalized Stirling 
numbers see Chelluri et al. (2000). 

26.9 Integer Partitions: Restricted Number 
and Part Size 


represented by a row of dots. An example is provided 
in Figure 26.9.1. 


• • • • 

• • • 

• • • 

• • 

Figure 26.9.1: Ferrers graph of the partition 7 + 4 + 3 + 
3 + 2 + 1. 

The conjugate partition is obtained by reflecting 
the Ferrers graph across the main diagonal or, equiv- 
alently, by representing each integer by a column of 
dots. The conjugate to the example in Figure 26.9.1 is 
6 + 5 + 4 + 2 + 1 + 1 + 1. Conjugation establishes a one- 
to-one correspondence between partitions of n into at 
most k parts and partitions of n into parts with largest 
part less than or equal to k. It follows that pk{n) also 
equals the number of partitions of n into parts that are 
less than or equal to k. 

Pfc(<m,n) is the number of partitions of n into 
at most k parts, each less than or equal to m. It is 
also equal to the number of lattice paths from (0, 0) to 
(m,k) that have exactly n vertices ( h,j ), 1 < h < m, 
1 < j < k, above and to the left of the lattice path. See 
Figure 26.9.2. 


26.9(i) Definitions 

Pk (n) denotes the number of partitions of n into at most 
k parts. See Table 26.9.1. 

26.9.1 pk(n)=p(n), k > n. 

Unrestricted partitions are covered in §27.14. 

Table 26.9.1: Partitions pk (n ) . 


n 

0 

1 

2 

3 

4 

k 

5 

6 

7 

8 

9 

10 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

2 

0 

1 

2 

2 

2 

2 

2 

2 

2 

2 

2 

3 

0 

1 

2 

3 

3 

3 

3 

3 

3 

3 

3 

4 

0 

1 

3 

4 

5 

5 

5 

5 

5 

5 

5 

5 

0 

1 

3 

5 

6 

7 

7 

7 

7 

7 

7 

6 

0 

1 

4 

7 

9 

10 

11 

11 

11 

11 

11 

7 

0 

1 

4 

8 

11 

13 

14 

15 

15 

15 

15 

8 

0 

1 

5 

10 

15 

18 

20 

21 

22 

22 

22 

9 

0 

1 

5 

12 

18 

23 

26 

28 

29 

30 

30 

10 

0 

1 

6 

14 

23 

30 

35 

38 

40 

41 

42 


A useful representation for a partition is the Ferrers 
graph in which the integers in the partition are each 



(6,5) 


Figure 26.9.2: The partition 5 + 5 + 3 + 2 represented as 
a lattice path. 


Equations (26.9.2)-(26.9.3) are examples of closed 
forms that can be computed explicitly for any positive 
integer k. See Andrews (1976, p. 81). 

26 - 9 - 2 po(«) = 0 , n > 0 , 


Pi(n) = 1, p 2 (n) = l + |_n/2j 

26 ' 9 ' 3 , , n 2 + 6n 

p 3 (n) = 1 + — — — 


26.10 Integer Partitions: Other Restrictions 


26.9(ii) Generating Functions 

In what follows 


26 . 9.4 


=n 

9 j=l 


1 — q m ~ n +i 

1 — qi 


n > 0, 


is the Gaussian polynomial (or q-binomial coefficient ); 
compare §§17.2(i)-17.2(ii). In the present chapter to > 
n > 0 in all cases. It is also assumed everywhere that 
M<i. 


26 . 9.5 

OO 


Y,Pk{n)q n = \[^— = l+Y J 

3=1 


n—0 


26 . 9.6 m,n)q n = 


m—1 

m + k 


k + m — 1 

TO 


n—0 


Also, when \xq\ < 1 


26 . 9.7 


^2 Pk(<m,n)x k q n = l + '22 

m,n = 0 


k= 1 


J Q 

to + k 
k 


n 

4 = 0 


1 — xqi 


26.9(iii) Recurrence Relations 

26 . 9.8 p k (n) =p k {n- k) + p k -i{n)\ 

equivalently, partitions into at most k parts either have 
exactly k parts, in which case we can subtract one from 
each part, or they have strictly fewer than k parts. 

1 71 

26 9 9 **(") = “&*(«-*) 

*= 1 4 1* 

j<k 

where the inner sum is taken over all positive divisors 
of t that are less than or equal to k. 


26.9(iv) Limiting Form 


As n — > oo with k fixed, 


26 . 9.10 


Pk(n) 


k\{k — 1)! ' 


26.10 Integer Partitions: Other Restrictions 
26. 10(i) Definitions 

p(T > , n) denotes the number of partitions of n into dis- 
tinct parts. p m (T>,ri) denotes the number of partitions 
of n into at most to distinct parts. p(T>k , n) denotes 
the number of partitions of n into parts with difference 
at least k. p(T>'3,n ) denotes the number of partitions 
of n into parts with difference at least 3, except that 
multiples of 3 must differ by at least 6. p(0,n) denotes 
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the number of partitions of n into odd parts. p(£S,n) 
denotes the number of partitions of n into parts taken 
from the set S. The set {n > 1 \n = ±j (mod k)} is de- 
noted by A jk . The set {2, 3, 4, . . .} is denoted by T. If 
more than one restriction applies, then the restrictions 
are separated by commas, for example, p(V2,GT,n). 
See Table 26.10.1. 

26 . 10.1 p(V, 0) = p(Vk, 0) = p(i E S, 0) = 1. 


Table 26.10.1: Partitions restricted by difference condi- 
tions, or equivalently with parts from Aj k- 


n 

p(V,n) 

and 

p{0,n) 

p(T>2, n) 
and 

p(eAi i5 ,n) 

p(V2,GT, n) 
and 

p(eA 2i5 ,n) 

piP’ 3,n) 
and 

p(£A lfi ,n) 

0 

1 

1 

1 

1 

1 

1 

1 

0 

1 

2 

1 

1 

1 

1 

3 

2 

1 

1 

1 

4 

2 

2 

1 

1 

5 

3 

2 

1 

2 

6 

4 

3 

2 

2 

7 

5 

3 

2 

3 

8 

6 

4 

3 

3 

9 

8 

5 

3 

3 

10 

10 

6 

4 

4 

11 

12 

7 

4 

5 

12 

15 

9 

6 

6 

13 

18 

10 

6 

7 

14 

22 

12 

8 

8 

15 

27 

14 

9 

9 

16 

32 

17 

11 

10 

17 

38 

19 

12 

12 

18 

46 

23 

15 

14 

19 

54 

26 

16 

16 

20 

64 

31 

20 

18 


26.10(ii) Generating Functions 

Throughout this subsection it is assumed that \q\ < 1. 

OO 


n—0 


nu+rt-IIr 


26 . 10.2 


i=l 


4=1 


- q 2 !- 1 




7 m(m+ 1)/2 


m—1 


(1 - q)( 1 - q 2 ) ■ ■ ■ (1 - q m ) 


= l+Y^q m (l + q)(l + q 2 )--- (1 + q m ~ 1 ), 


m—1 


where the last right-hand side is the sum over to > 0 
of the generating functions for partitions into distinct 
parts with largest part equal to to. 
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( 1 -*) ^ Pm(<k, / D,n)x m q ri 
m,n=0 


26.10.3 


26.10.4 

oo 


= £ 

m— 0 


ry m(m+l)/2^m 


= nti+z^), 


3 = 1 


M < 1, 


n )?" = 1 + £ 773 


9 


(km 2 -\- (2— k)m) / 2 


n = 0 




26.10.5 J2p^s,n)q n =Y[- j. 

Us 1 “ q 


n = 0 


26. 10(iii) Recurrence Relations 


26.10.6 


p(V, n) = - ^p(V, n-t) ^2 3, 


t— l 


j\t 

j odd 


where the inner sum is the sum of all positive odd divi- 
sors of t. 


26.10.7 


£(-l ) k p{V,n-^3k 2 ±k)) 
f (— l) r , n = 3r 2 ± r, 


I 0, otherwise, 

where the sum is over nonnegative integer values of k 
for which n — |(3 k 2 ± k) > 0. 

26.10.8 


p{V,n- (3 k 2 ±k)) = 


W 2 

0, otherwise, 


1, n=i(r 2 ±r), 


where the sum is over nonnegative integer values of k 
for which n — (3fc 2 ± k) > 0. 

In exact analogy with (26.9.8), we have 

26.10.9 p m (V,n) = p m (D,n — m) + p m _i(2?,n), 

26.10.10 p(Vk,n) = J> ro (n- \km 2 — m + \km), 

where the sum is over nonnegative integer values of m 
for which n — ^ km 2 — m + ^km > 0. 


26.10.11 


1 ” 

p(£S,n) = -Y,P(£S,n-t)^j, 


j\ t 

3&S 


where the inner sum is the sum of all positive divisors 
of t that are in S. 


26.10(iv) Identities 

Equations (26.10.13) and (26.10.14) are the Rogers- 
Ramanujan identities. See also §17.2(vi). 

p(V,n) =p(0,n), 


26.10.13 p(P2,n)=p(e d li5 ,n), 

26.10.14 p(P2,eT,n)=p(ed 2 ,5,n), T={ 2,3,4,...}, 

26.10.15 p(V 3, n) = p{& A lfi , n). 

Note that p(V'3,n) < p(T>3 : n), with strict inequal- 
ity for n > 9. It is known that for k > 3, p(T>k,n) > 
P(€^i, k+ 3 , n), with strict inequality for n sufficiently 
large, provided that k = 2 m — l,m = 3,4,5, or k > 32; 
see Yee (2004). 

26.10(v) Limiting Form 


26.10.16 


p(V,n) 




26.10(vi) Bessel-Function Expansion 


26.10.17 

p(V,n) 




A2k-i(n) 


^ (2fc- 1 )v / 24u31 1 1 2A; — 1 


fc= i 


24?r + 1 
72 


where I\{x) is the modified Bessel function (§10.25(ii)), 
and 


26.10.18 

with 


A k(n) = 


7rif(h,k) — (2Trinh/k) 


l<.h<.k 
(h,k )= 1 


26.10.19 f(h,k) = ^ 

3 = 1 

and 

26.10.20 M 


pi- 1 ! 

p(2j-l)| 

2 k 

k 


x — |_xj — x^Z, 


(0, x £ Z. 

The quantity Ak(n) is real- valued. 

26.11 Integer Partitions: Compositions 


A composition is an integer partition in which order is 
taken into account. For example, there are eight compo- 
sitions of 4: 4, 3+1, 1+3, 2+2, 2+1 + 1, 1+2+1, 1+1+2, 
and 1 + 1 + 1 + 1. c{n) denotes the number of composi- 
tions of n, and c m (n) is the number of compositions into 
exactly m parts. c(£ T, n) is the number of compositions 
of n with no l’s, where again T = {2, 3,4,...}. The in- 
teger 0 is considered to have one composition consisting 
of no parts: 

26.11.1 c(0) = c(gT, 0) = 1. 

Also, 


26.11.2 

26.11.3 

26.11.4 


Cm(0) — ^0,mi 

' n — 1 


Cm{n ) = 


m — 1 ) ’ 


m 

'£ c m(n)q n = {i q _ q)m . 


n = 0 


26.10.12 


26.12 Plane Partitions 
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The Fibonacci numbers are determined recursively 


by 



26 . 11.5 F ° 

= 0, 

F\ — 1 , F n — F n _ i + F n _ 2 , 

n> 2 

26 . 11.6 


c(GT, n) = F n ^i, n > 1 

Explicitly, 



26 . 11.7 

F n = 

(1 + V5) n - (1 - V5) n 


2 n V$ 

Additional information on Fibonacci numbers can 
be found in Rosen et al. (2000, pp. 140-145). 


26.12 Plane Partitions 
26.12(i) Definitions 

A plane partition, ir, of a positive integer n, is a par- 
tition of n in which the parts have been arranged in 
a 2-dimensional array that is weakly decreasing (non- 
increasing) across rows and down columns. Different 
configurations are counted as different plane partitions. 
As an example, there are six plane partitions of 3: 

26 . 12.1 

2 ii 1 

3, 21, 111, , 1 . 

1 

An equivalent definition is that a plane partition is 
a finite subset of M x N x M with the property that 
if ( r,s,t ) £ 7T and (1,1,1) < ( h,j,k ) < ( r,s,t ), then 
(h, j, k) must be an element of n. Here (h, j, k ) < (r, s, t) 
means h < r, j < s, and k < t. It is useful to be able 
to visualize a plane partition as a pile of blocks, one 
block at each lattice point ( h,j,k ) £ 7r. For example, 
Figure 26.12.1 depicts the pile of blocks that represents 
the plane partition of 75 given by (26.12.2). 



5 5 4 3 3 
4 3 3 1 
4 3 11 
2 2 1 
1 1 
1 1 

The number of plane partitions of n is denoted by 
pp{n), with pp(0) = 1. See Table 26.12.1. 

Table 26.12.1: Plane partitions. 


26 . 12.2 


n 

pp(n) 

n 

PP{n) 

n 

pp{n) 

0 

1 

17 

18334 

34 

281 75955 

1 

1 

18 

29601 

35 

416 91046 

2 

3 

19 

47330 

36 

614 84961 

3 

6 

20 

75278 

37 

903 79784 

4 

13 

21 

1 18794 

38 

1324 41995 

5 

24 

22 

1 86475 

39 

1934 87501 

6 

48 

23 

2 90783 

40 

2818 46923 

7 

86 

24 

4 51194 

41 

4093 83981 

8 

160 

25 

6 96033 

42 

5930 01267 

9 

282 

26 

10 68745 

43 

8566 67495 

10 

500 

27 

16 32658 

44 

12343 63833 

11 

859 

28 

24 83234 

45 

17740 79109 

12 

1479 

29 

37 59612 

46 

25435 35902 

13 

2485 

30 

56 68963 

47 

36379 93036 

14 

4167 

31 

85 12309 

48 

51913 04973 

15 

6879 

32 

127 33429 

49 

73910 26522 

16 

11297 

33 

189 74973 

50 

1 04996 40707 


We define the r x s x t box B(r, s, t) as 

26 . 12.3 

B(r, s, t) = {( h,j , k)\l<h<r,l<j<s,l<k<t}. 
Then the number of plane partitions in B{r, s, t) is 


26 . 12.4 


n 

(h,j,k)£B(r,s,t) 


h + j + k — 1 
h + j + k — 2 


r s 


nn 


h + j + t — 1 
h + j-1 


A plane partition is symmetric if ( h,j,k ) £ tt im- 
plies that (j, h, k) £ 7r. The number of symmetric plane 
partitions in B{r,r,t) is 


26 . 12.5 


~i — r 2 h T t — 1 
2/i-l 

h= 1 


n 

1 <h<j<r 


h ~\~ j ~\~ t — 1 
h + j-1 


A plane partition is cyclically symmetric if ( h,j , k) £ 
7 r implies ( j,k,h ) £ n. The plane partition in Fig- 
ure 26.12.1 is an example of a cyclically symmetric plane 
partition. The number of cyclically symmetric plane 
partitions in B{r,r,r) is 


26 . 12.6 


n 

/»=i 


3/j-I 

3/i-2 


n 

1 <h<j<r 


h + 2j - 1 
h+j-1 ’ 
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or equivalently, 


26 . 12.7 


TT f 3h — 1 - 1 -r 7* + h + j — 1 
1 3/1-2 2h + j - 1 

A=1 \ j=h J 


A plane partition is totally symmetric if it is both 
symmetric and cyclically symmetric. The number of 
totally symmetric plane partitions in B(r,r,r) is 


The number of cyclically symmetric self- 
complementary plane partitions in B(2r,2r,2r) is 


26 . 12.16 



(3/i+l)! A 
( r + h)\ J 


The number of totally symmetric self- 
complementary plane partitions in B(2r,2r 1 2r) is 


26 . 12.8 


n 


h + j + r — 1 


h + 2 j — 2 

1 <h<j<r J 

The complement of n C B(r,s,t) is 7 r c = 
{(h,j,k) | (r - h + l,s - j + l,t - k + 1) ^ 7r}. A 
plane partition is self-complementary if it is equal to its 
complement. The number of self-complementary plane 
partitions in B(2r,2s,2t) is 


nn 


26 . 12.9 

\ 

^7i=lj = l 

in B(2r + 1, 2s, 2t) it is 

26 . 12.10 

h + j + t — 1 
h + j — 1 

in B(2r + 1, 2s + 1, 2 1) it is 

26 . 12.11 


h + j + / — 1 
h + j-1 


’ r+1 s 


nn 


nn^^ 1 

<h= lj=l J 


r+1 s 

nn 


h + j t — 1 
h + j-1 


(rin+7+ 1 

\h=ij=i J 


yh-lj = l 

A plane partition is transpose complement if it is 
equal to the reflection through the (x, y)-plane of its 
complement. The number of transpose complement 
plane partitions in B(r,r,2t) is 


26 . 12.12 


t + r — 1 
r — 1 


n 


h + j + ‘It + 1 
h + j + 1 


l<h<j<r — 2 

The number of symmetric self-complementary plane 
partitions in B(2r,2r,2t) is 


26 . 12.13 

h—1 j 

in B(2r + 1, 2r + 1, 2 1) it is 

r r+1 


TT TT h + j + t — 1 

+ + h+j-1 ■ 


26 . 12.14 


TT TT h + j + t — 1 

h+j-i 

h~\ j-1 J 


The number of cyclically symmetric transpose com- 
plement plane partitions in B(2r,2r,2r) is 


26 . 12.15 


n 

h = 0 


(3/i + l) (6h)\(2h)\ 
(4/i + l)!(4/i)! ' 


26 . 12.17 


TT (3/l + 1)! 
11 (r + h)\ 


A strict shifted plane partition is an arrangement of 
the parts in a partition so that each row is indented one 
space from the previous row and there is weak decrease 
across rows and strict decrease down columns. An ex- 
ample is given by: 


6 6 6 4 3 

26 . 12.18 3 3 

2 


A descending plane partition is a strict shifted plane 
partition in which the number of parts in each row is 
strictly less than the largest part in that row and is 
greater than or equal to the largest part in the next 
row. The example of a strict shifted plane partition 
also satisfies the conditions of a descending plane par- 
tition. The number of descending plane partitions in 
B(r, r, r) is 


26 . 12.19 


tt ( 3 h + 1)! 

ii ( r + /l ) ! ' 


26. 12(ii) Generating Functions 

The notation Blr s t) denotes the sum over all plane 
partitions contained in B(r, s,t), and |7r| denotes the 
number of elements in tt. 


26 . 12.20 


OO 


E + = U 

7 tCNxNxN fc = 1 


1 

(1 — q k ) k 1 


26 . 12.21 


e += n 

■nC-B{r,s,t) ( h,j,k)(zB(r,s,t ) 


l _ qh+j+k - 1 

1 — qh-\-j-\-k — 2 


r s 

= nn 


h=lj=l 


1 — ++•/+*- 1 
1 - ++ 7- 1 ’ 
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E * 

7rC B(r,r,t) 

7r symmetric 


M 


n 

h = 1 


1 ~q 


2h-\-t—l 


1 -Q 


2h— 1 


n 

1 <h<j<r 


1 _ q+h+j+t-l) 

1 _ q2(h+j-\) 
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E 


7 m 


26.12.23 


26.12.24 


, KC.B{r,r,r) 

7r cyclically symmetric 
3/i-l 


n 


1-9 


n 


1 _ a 3(/i+2j-l) 


1 — 2 XX 1 — Qf3(fo+j — 1) 

fc=l ^ 1 <h<j<r H 


n 

h=l 


1 — q 3/t_1 Ai _ q3(r+h+j-l) 

n 3h-2 11 i _ „3(2/i+j-l) 
j—h 


1 -q 3 


E 


= 


n 


nC.B(r,r,r) 

tv descending plane partition 


1 <h<j<r 


l _ qr+h+j-l 

l _ q2h+j-l 


26. 12(iii) Recurrence Relation 

1 " 

26.12.25 pp{n) = -'S^ppin- j)cr 2 (j), 

n z — ' 

j'=i 

where a 2 (j) is the sum of the squares of the divisors of 
3- 

26.12(iv) Limiting Form 

As n — > oo 


(ai, a 2 , . . . , a n ). The number of elements of & n with 
cycle type (ai, a 2 , • • • , a n ) is given by (26.4.7). 

The Stirling cycle numbers of the first kind, de- 
noted by [?], count the number of permutations of 
{1,2, with exactly k cycles. They are related 

to Stirling numbers of the first kind by 


26.13.3 


= |s(n,ft)| . 


See §26.8 for generating functions, recurrence relations, 
identities, and asymptotic approximations. 

A derangement is a permutation with no fixed 
points. The derangement number, d{n), is the number 
of elements of 6„ with no fixed points: 


26 - 13 - 4 d(n) = nlf> 1)^ = 

A transposition is a permutation that consists of a 
single cycle of length two. An adjacent transposition 
is a transposition of two consecutive integers. A per- 
mutation that consists of a single cycle of length k can 
be written as the composition of k — 1 two-cycles (read 
from right to left): 


n! + e — 2 
e 


26.12.26 


pp{n) 


C(3) 


1/36 


exp 


2 11 n 25 / 

where C, is the Riemann ((-function (§25.2(i)). 


(,(«92!f + <■<_„) 


26.13 Permutations: Cycle Notation 


©„ denotes the set of permutations of {1, 2, . . . , n}. cr £ 
©„ is a one-to-one and onto mapping from {1,2,..., n} 
to itself. An explicit representation of <r can be given 
by the 2 x n matrix: 


26.13.1 


26.13.2 


1 2 3 ••• n 

cr(l) <t( 2) cr(3) • • • er(n) 

In cycle notation, the elements in each cycle are put 
inside parentheses, ordered so that o(j) immediately fol- 
lows j or, if j is the last listed element of the cycle, then 
cr(j) is the first element of the cycle. The permutation 

'1 2 3 4 5 6 7 8' 
35247816 

is (1, 3, 2, 5, 7)(4)(6, 8) in cycle notation. Cycles of 
length one are fixed points. They are often dropped 
from the cycle notation. In consequence, (26.13.2) can 
also be written as (1, 3, 2, 5, 7) (6, 8). 

An element of & n with a± fixed points, a 2 cy- 
cles of length 2 ,...,a n cycles of length n, where 
n = ai + 2a 2 + • • • + na n , is said to have cycle type 


26.13.5 

(jl,32, ■ ■ ■ >3k) = (jl,32){j2,33) • • • (jk-2,jk-l)Uk-l,jk)- 

Every permutation is a product of transpositions. A 
permutation with cycle type (ai, a 2 , ... , a n ) can be writ- 
ten as a product of a 2 + 2 a 3 + • • • + (n — l)a n = 
n — (ai + a 2 + • • • + a n ) transpositions, and no fewer. 
For the example (26.13.2), this decomposition is given 
by (1, 3, 2, 5, 7) (6, 8) = (1, 3) (2, 3) (2, 5) (5, 7) (6, 8) . 

A permutation is even or odd according to the parity 
of the number of transpositions. The sign of a permu- 
tation is + if the permutation is even, — if it is odd. 

Every transposition is the product of adjacent trans- 
positions. If j < k, then ( j , k) is a product of 2k — 2j — 1 
adjacent transpositions: 

26.13.6 (-b fc ) = {k - l,k)(k - 2,k - 1) ■ ■ ■ (j + l,j + 2) 

x U,3 + 1 )(j + 1, j + 2) • • • (k - 1, k). 

Every permutation is a product of adjacent transpo- 
sitions. Given a permutation er £ 6 n , the inversion 
number of cr, denoted inv(cr), is the least number of 
adjacent transpositions required to represent a. Again, 
for the example (26.13.2) a minimal decomposition into 
adjacent transpositions is given by (1, 3, 2, 5, 7) (6, 8) = 
(2, 3) (1, 2) (4, 5) (3, 4) (2, 3)(3, 4)(4, 5) (6, 7) (5, 6)(7, 8) x 
(6,7): inv((l, 3, 2, 5, 7)(6, 8)) = 11. 
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26.14 Permutations: Order Notation 
26.14(i) Definitions 

The set 6 n (§26.13) can be viewed as the collec- 
tion of all ordered lists of elements of {1,2, 
{er(l)cr(2) • • • a (n)}. As an example, 35247816 is an el- 
ement of 08 ■ The inversion number is the number of 
pairs of elements for which the larger element precedes 
the smaller: 

inv(cr) = 1. 

26 . 14.1 1 <j<k<n 

<j(j)>a(k) 

Equivalently, this is the sum over 1 < j < n of 
the number of integers less than cr(j) that lie in po- 
sitions to the right of the jth position: inv(35247816) = 
2 + 3 + 1 + 1 + 2 + 2 + 0 = 11. 

A descent of a permutation is a pair of adjacent ele- 
ments for which the first is larger than the second. The 


permutation 35247816 has two descents: 52 and 81. The 
major index is the sum of all positions that mark the 
first element of a descent: 

maj(cr) = > j. 

26 . 14.2 ^ 

1<j <n 

<r(J)> a ti+ 1) 

For example, maj (35247816) = 2 + 6 = 8. The major 
index is also called the greater index of the permutation. 

The Eulerian number , denoted ())), is the number 
of permutations in 6„ with exactly k descents. An ex- 
cedance in a G ©„ is a position j for which a(j) > j. A 
weak excedance is a position j for which a(j) > j. The 
Eulerian number (?) is equal to the number of permu- 
tations in ©„ with exactly k excedances. It is also equal 
to the number of permutations in ©„ with exactly k + 1 
weak excedances. See Table 26.14.1. 


Table 26.14.1: Eulerian numbers (?). 



26. 14(ii) Generating Functions 


3 

26 . 14.3 9 inV(<T) = E qmai{a) = II 

ues„ o-e© „ j — l 


26 . 14.4 


E 


n,k—0 

26 . 14.5 


n\ xk r = 1-x 

k/ n! exp((x — l)t) — x 


, |x| < 1, \t\ < 1. 


E 

fc = 0 


n\ (x + k 


= x . 


26. 14(iii) Identities 

In this subsection S(n , k) is again the Stirling number 
of the second kind (§26.8), and B m is the mth Bernoulli 


number (§24.2(i)). 

2644,7 (i) = 


n > 1, 


26 . 14.8 



26 . 14.9 

26 . 14.10 






= n\, 


n> 2, 
n > 1, 


n > 1. 


26.15 Permutations: Matrix Notation 
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26.14.11 


Bm. = 


m 


26.14.12 


2 m (2 m - 1) 


n— 1 


zirEc-^r: 1 '), m>2. 


k = 0 


5(n,m) = 


ml * — ' \k 
k = o 


k 

n — to 


, n > m, n > 1. 


26.14(iv) Special Values 


26.14.13 


26.14.14 


26.14.15 


26.14.16 


= <5o ,fc, 

= 1 , 

= 2 n — n — 1, 


;)=3«-(n + 1 )2" + (^ 1 


n > 1, 
n > 1. 


26.15 Permutations: Matrix Notation 


The set 6„ (§26.13) can be identified with the set of 
n x n matrices of 0’s and l’s with exactly one 1 in each 
row and column. The permutation <r corresponds to the 
matrix in which there is a 1 at the intersection of row 
j with column a(j), and 0’s in all other positions. The 
permutation 35247816 corresponds to the matrix 
'0 0 1 0 0 0 0 O' 
00001000 
01000000 
00010000 
26 " 15 " 1 00000010 
00000001 
10000000 
00000100 

The sign of the permutation a is the sign of the de- 
terminant of its matrix representation. The inversion 
number of a is a sum of products of pairs of entries in 
the matrix representation of a: 


26.15.2 inv(cr) = ^ a g hau , 

where the sum is over 1 < g < k < n and n > h > i > 1. 

The matrix represents the placement of n nonat- 
tacking rooks on an n x n chessboard, that is, rooks 
that share neither a row nor a column with any other 
rook. A permutation with restricted position specifies a 
subset B C {1,2,..., 77.} x {1,2,..., n}. If ( j , k) 6 B, 
then u(j) k. The number of derangements of n is 
the number of permutations with forbidden positions 
B = {(1, 1), (2, 2), ... , (n, n)}. 

Let rj(B) be the number of ways of placing j nonat- 
tacking rooks on the squares of B. Define ro(B) = 1. 


For the problem of derangements, rj(B) = ("). The 
rook polynomial is the generating function for rj(B): 

n 

26.15.3 R(x,B) = IAwa 

4=0 

If B = B\ U 1?2> where no element of Bi is in the 
same row or column as any element of B 2 , then 

26.15.4 R(x, B) = R(x, Bi) R(x, i?2)- 

For (j, k) £ B , B\ [j, k] denotes B after removal of 
all elements of the form (j. t) or (t,k), t = 1,2 
B\(j,k) denotes B with the element (j, k) removed. 

26.15.5 R(x,B) = x R(x,B\\j,k]) + R(x,B\(j,k)). 
Nk(B) is the number of permutations in & n for 

which exactly k of the pairs (j,cr(J)) are elements of 
B. N(x,B) is the generating function: 

n 

N(x,B) = Y, N ^ B ) x " ’ 

k—0 
n 

N{x , B) = J2 r k(B) (n - k)!(x - l) k . 

k = 0 

The number of permutations that avoid B is 


26.15.6 

and 

26.15.7 


26.15.8 N 0 (B) = N( 0, B) = £(-l ) k r k (B)(n - k)\. 

fc= 0 


Example 1 


The probleme des menages asks for the number of ways 
of seating n married couples around a circular table 
with labeled seats so that no men are adjacent, no 
women are adjacent, and no husband and wife are ad- 
jacent. There are 2(n!) ways to place the wives. Let 
B = 1) 1 1 <3 < n}U{(n,n), (n,l)}. Then 


26.15.9 r k (B) 

The solution is 


2 n /2 n— k\ 
2 n — k\ k J 


26.15.10 

2 MN 0 (B) = 2 („!) ±(-D k ^- k ( 2n ~ k ) (n - *)!■ 

k = 0 ^ ' 

Example 2 

The Ferrers board of shape (61, 62, • • • , b n ), 0 < b\ < 
b 2 < • • ■ < b n , is the set B = {(J, k) \ 1 < j < n, 1 < k < 
bj}. For this set, 

n n 

26.15.11 r n _k(B)(x -k+l) k = + bj - j + 1). 

fc=o 4=1 

If B is the Ferrers board of shape (0, 1, 2, . . . , n — 1), 
then 

n 

26.15.12 J2 r n-k(B)(x-k + l)k = X n , 
k= 0 

and therefore by (26.8.10), 

26.15.13 r n _ k {B) = S(n, k). 
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26.16 Multiset Permutations 


and again with S = { l ai , 2“ 2 , . . . , n a " } we have 


Let S = {l ai , 2“ 2 , . . . , n a "} be the multiset that has a, 
copies of j, 1 < j < n. &s denotes the set of permuta- 
tions of S for all distinct orderings of the ai+ci 2 +- • -+a n 
integers. The number of elements in 6g is the multi- 
nomial coefficient (§26.4) ( ai + aaH *“°"V Additional in- 
formation can be found in Andrews (1976, pp. 39-45). 

The definitions of inversion number and major in- 
dex can be extended to permutations of a multi- 
set such as 351322453154 € ®{i 2 , 2 2 , 3 3 , 4 2 , 5 3 }- Thus 
inv(351322453154) = 4+8+0+3+1+1+2+3+1+0+1 = 
24, and maj (351322453154) = 2 + 4 + 8 + 9 + 11 = 34. 

The q-multinomial coefficient is defined in terms of 
Gaussian polynomials (§26.9(ii)) by 


26.16.1 

«1 + «2 + 
ai, 02 , . 


n— 1 r 

n 

fc=i 


Qfc + Ofc_|_ i + • • • + a„ 

a/c 


Er 


26.16.2 \ + nv (' 7 ) = 
CT 


26 


.16.3 ^2 g maj(<T) = 


ae&s 


CL\ H - CL2 + • • • ~b Cln 

d\ ~\~ CL2 Cln 

d\ i CL2 5 • • • 7 dn 


J Q 


26.17 The Twelvefold Way 

The twelvefold way gives the number of mappings / 
from set N of n objects to set K of k objects (putting 
balls from set N into boxes in set K). See Table 26.17.1. 
In this table ( k) n is Pochhammer’s symbol, and S(n, k) 
and pk{n) are defined in §§26.8(i) and 26.9(i). 

Table 26.17.1 is reproduced (in modified form) from 
Stanley (1997, p. 33). See also Example 3 in §26.18. 


Table 26.17.1: The twelvefold way. 


elements of N 

elements of K 

/ unrestricted 

/ one-to-one 

f onto 

labeled 

labeled 

k n 

(k-n+ 1)„ 

k\ S(n, k) 

unlabeled 

labeled 

CT 1 ) 

0 

TT' 

1 1 
£ £ 

labeled 

unlabeled 

S(n, 1) + S(n, 2) 

+ * * * + S (?2, /u) 

j 1 n < k 

1 0 n> k 

S(n , k ) 

unlabeled 

unlabeled 

Pk{n ) 

j 1 n < k 

1 0 n> k 

Pk(n) — pk~i{n) 


26.18 Counting Techniques 

Let Ai, A 2 , . . . , A n be subsets of a set S that are not necessarily disjoint. Then the number of elements in the set 
S\(Ai U A 2 U • • • U A n ) is 

n 

26.18.1 |S , \(AiUA 2 U---UA„)| = |5|+^(-l)‘ \ A h nA h n ’- -nAJ . 

t= 1 

Example 1 

The number of positive integers < N that are not divisible by any of the primes pi,p 2 , ■ ■ ■ ,p n (§27.2(i)) is 

n 

w + B- 1 )' E 

t=l l<jl<j2< -<jt <n 


26.18.2 


lPjlPj2 ‘ ‘ ‘ Pjt J 


Applications 
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Example 2 

With the notation of §26.15, the number of placements 
of n nonattacking rooks on an n x n chessboard that 
avoid the squares in a specified subset B is 

n 

26.18.3 n\ + '^2(-l) t r t (B)(n-t)\. 

t — i 

Example 3 

The number of ways of placing n labeled objects into k 
labeled boxes so that at least one object is in each box 
is 

26.18.4 k n + J2(-iy( k \k-t) n . 

Note that this is also one of the counting problems for 
which a formula is given in Table 26.17.1. Elements of 
N are labeled, elements of K are labeled, and / is onto. 

For further examples in the use of generating func- 
tions, see Stanley (1997, 1999) and Wilf (1994). See also 
Polya et al. (1983). 


Applications 

26.19 Mathematical Applications 

Combinatorics has applications to analysis, algebra, 
and geometry. Examples can be found in Beckenbach 
(1981), Billera et al. (1996), and Lovasz et al. (1995). 
Partitions and plane partitions have applications to rep- 
resentation theory (Bressoud (1999), Macdonald (1995), 
and Sagan (2001)) and to special functions (Andrews 
et al. (1999) and Gasper and Rahman (2004)). 

Other areas of combinatorial analysis include graph 
theory, coding theory, and combinatorial designs. These 
have applications in operations research, probability 
theory, and statistics. See Graham et al. (1995) and 
Rosen et al. (2000). 

26.20 Physical Applications 

An English translation of Polya (1937) on applications 
of combinatorics to chemistry has been published as 
Polya and Read (1987). Other articles on this subject 
are de Bruijn (1981) and Rouvray (1995). The latter 
reference also describes chemical applications of other 
combinatorial techniques. 

Applications of combinatorics, especially integer and 
plane partitions, to counting lattice structures and other 
problems of statistical mechanics, of which the Ising 
model is the principal example, can be found in Mon- 
troll (1964), Godsil et al. (1995), Baxter (1982), and 


Korepin et al. (1993). For an application of statistical 
mechanics to combinatorics, see Bressoud (1999). 

Other applications to problems in engineering, crys- 
tallography, biology, and computer science can be found 
in Beckenbach (1981) and Graham et al. (1995). 

Computation 

26.21 Tables 

Abramowitz and Stegun (1964, Chapter 24) tabulates 
binomial coefficients (™) for m up to 50 and n up to 25; 
extends Table 26.4.1 to n = 10; tabulates Stirling num- 
bers of the first and second kinds, s(n,k) and S(n,k), 
for n up to 25 and k up to n; tabulates partitions p(n) 
and partitions into distinct parts p(T>, n) for n up to 
500. 

Andrews (1976) contains tables of the number of 
unrestricted partitions, partitions into odd parts, par- 
titions into parts ^ ±2 (mod 5), partitions into parts 
^ ±1 (mod 5), and unrestricted plane partitions up to 
100. It also contains a table of Gaussian polynomials 

^ to PeV 

Goldberg et al. (1976) contains tables of binomial 
coefficients to n = 100 and Stirling numbers to n = 40. 

26.22 Software 

See http : //dlmf . nist . gov/26 . 22. 
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§ 26.10 Andrews (1976, pp. 5, 11-12, 16-17, 19, 36, 82, 
97, 104, 116), Bressoud (1999, pp. 60, 78-79). Ta- 
ble 26.10.1 was computed by the author. 
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(1994, pp. 267-272), Riordan (1958, pp. 38- 
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Notation 


27.1 Special Notation 


(For other notation see pp. xiv and 873.) 


d , k, in, n 

d | n 
(to, n) 


(di , . . . , d 7l 

0d| 




^ (n ' 1 Ip 

x,y 

log X 


as) 

(n|P) 

(n\p) 


positive integers (unless otherwise 
indicated) . 
d divides n. 

greatest common divisor of to, n. If 
( m,n ) = 1, to and n are called relatively 
prime, or coprime. 

greatest common divisor of d \, . . . , d n . 
sum, product taken over divisors of n. 
sum taken over to, 1 < to < n and to 
relatively prime to n. 
prime numbers (or primes): integers 
(> 1) with only two positive integer 
divisors, 1 and the number itself, 
sum, product extended over all primes, 
real numbers. 

A^n—1 ' 

natural logarithm of x, written as In a; in 
other chapters. 

Riemann zeta function; see §25.2(i). 
Jacobi symbol; see §27.9. 

Legendre symbol; see §27.9. 


Multiplicative Number Theory 


27.2 Functions 
27.2(i) Definitions 

Functions in this section derive their properties from the 
fundamental theorem of arithmetic , which states that 
every integer n > 1 can be represented uniquely as a 
product of prime powers, 

v(n) 

27.2.1 n = n Pr r , 

r— 1 

where pi,P 2 , ■ ■ ■ ,Pv(n) are the distinct prime factors of 
n, each exponent a r is positive, and v{n) is the number 
of distinct primes dividing n. (^(1) is defined to be 0.) 
Euclid’s Elements (Euclid (1908, Book IX, Proposition 
20)) gives an elegant proof that there are infinitely many 
primes. Tables of primes (§27.21) reveal great irregular- 
ity in their distribution. They tend to thin out among 
the large integers, but this thinning out is not com- 
pletely regular. There is great interest in the function 


ir(x) that counts the number of primes not exceeding x. 
It can be expressed as a sum over all primes p < x: 


27.2.2 tt(x) = y~] 1. 

p<x 

Gauss and Legendre conjectured that tt(x) is asymp- 
totic to x/ log x as x — > oo: 

27.2.3 ir(x) ~ . 

log X 

(See Gauss (1863, Band II, pp. 437-477) and Legendre 
(1808, p. 394).) 

This result, first proved in Hadamard (1896) and 
de la Vallee Poussin (1896a, b), is known as the prime 
number theorem. An equivalent form states that the 
nth prime p n (when the primes are listed in increasing 
order) is asymptotic to nlog nasn-> oo: 

27.2.4 p n ~ nlog n. 

(See also §27.12.) Other examples of number-theoretic 
functions treated in this chapter are as follows. 


27.2.5 

27.2.6 



n = 1, 
n > 1. 


<f>k{n) = ^2 mk ’ 

(m,n)= 1 


the sum of the fcth powers of the positive integers to < n 
that are relatively prime to n. 


27.2.7 </>(n) = <j>o(n). 

This is the number of positive integers < n that are 
relatively prime to n; <p(n) is Euler’s totient. 

If (a, n) = 1, then the Euler-Fermat theorem states 
that 

27.2.8 a 0(n) s 1 (mod n), 

and if 4>{n) is the smallest positive integer / such that 
= 1 (mod n), then a is a primitive root mod n. The 
4>{n) numbers a, a 2 , ... , a are relatively prime to n 
and distinct (mod n ). Such a set is a reduced residue 
system modulo n. 


27.2.9 


d{n) = ^1 


d\r, 


is the number of divisors of n and is the divisor func- 
tion. It is the special case fc = 2 of the function dk{n) 
that counts the number of ways of expressing n as the 
product of k factors, with the order of factors taken into 
account . 

27.2.10 a Q (n) = ^d“, 

d\n 

is the sum of the ath powers of the divisors of n, where 
the exponent a can be real or complex. Note that 
cr 0 (n) = d(n). 

= ^ ^ 

((di,...,d k ),n)=l 


27.2.11 




27.2 Functions 


639 


is the number of fc-tuples of integers < n whose greatest 
common divisor is relatively prime to n. This is Jordan’s 
function. Note that Ji(n) = 4>{n). 

In the following examples, oi,. . . ,a, v ( n ) are the ex- 
ponents in the factorization of n in (27.2.1). 


j 1, n = 1, 

27 . 2.12 !)"("), ai = 02 = ••• = (*„(„) = 1, 

[O, otherwise. 

This is the Mobius function. 


27 . 2.13 A (n) 


1, n= 1, 

(_!)«! +-+o,(„ )) n> i 


This is Liouville ’s function. 

27 . 2.14 A(n) = log p , n = p a , 

where p a is a prime power with a > 1; otherwise 
A (n) = 0. This is Mangoldt.’s function. 


27.2(ii) Tables 

Table 27.2.1 lists the first 100 prime numbers p n . Ta- 
ble 27.2.2 tabulates the Euler totient function the 
divisor function d(n) (= ao(n)), and the sum of the 
divisors a(n) (= CTi(n)), for n = 1(1)52. 


Table 27.2.1: Primes. 


n 

Pn 

Pn+10 

Pn + 20 

Pn + 30 

Pn + 40 

Pn+ 50 

Pn- 1-60 

Pn+ 70 

Pn+80 

Pn + 90 

i 

2 

31 

73 

127 

179 

233 

283 

353 

419 

467 

2 

3 

37 

79 

131 

181 

239 

293 

359 

421 

479 

3 

5 

41 

83 

137 

191 

241 

307 

367 

431 

487 

4 

7 

43 

89 

139 

193 

251 

311 

373 

433 

491 

5 

11 

47 

97 

149 

197 

257 

313 

379 

439 

499 

6 

13 

53 

101 

151 

199 

263 

317 

383 

443 

503 

7 

17 

59 

103 

157 

211 

269 

331 

389 

449 

509 

8 

19 

61 

107 

163 

223 

271 

337 

397 

457 

521 

9 

23 

67 

109 

167 

227 

277 

347 

401 

461 

523 

10 

29 

71 

113 

173 

229 

281 

349 

409 

463 

541 




Table 27.2.2: 

Functions 

related to division. 




n 

4>{n) 

d(n) 

er(n) 

n 

(fin) 

d(n) 

a(n) 

n 

(f{n) 

d{n) 

cr(rc) 

n 

4>{n) 

d{n) 

er(n) 

i 

1 

1 

1 

14 

6 

4 

24 

27 

18 

4 

40 

40 

16 

8 

90 

2 

1 

2 

3 

15 

8 

4 

24 

28 

12 

6 

56 

41 

40 

2 

42 

3 

2 

2 

4 

16 

8 

5 

31 

29 

28 

2 

30 

42 

12 

8 

96 

4 

2 

3 

7 

17 

16 

2 

18 

30 

8 

8 

72 

43 

42 

2 

44 

5 

4 

2 

6 

18 

6 

6 

39 

31 

30 

2 

32 

44 

20 

6 

84 

6 

2 

4 

12 

19 

18 

2 

20 

32 

16 

6 

63 

45 

24 

6 

78 

7 

6 

2 

8 

20 

8 

6 

42 

33 

20 

4 

48 

46 

22 

4 

72 

8 

4 

4 

15 

21 

12 

4 

32 

34 

16 

4 

54 

47 

46 

2 

48 

9 

6 

3 

13 

22 

10 

4 

36 

35 

24 

4 

48 

48 

16 

10 

124 

10 

4 

4 

18 

23 

22 

2 

24 

36 

12 

9 

91 

49 

42 

3 

57 

11 

10 

2 

12 

24 

8 

8 

60 

37 

36 

2 

38 

50 

20 

6 

93 

12 

4 

6 

28 

25 

20 

3 

31 

38 

18 

4 

60 

51 

32 

4 

72 

13 

12 

2 

14 

26 

12 

4 

42 

39 

24 

4 

56 

52 

24 

6 

98 
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27.3 Multiplicative Properties 

Except for i/(re), A (re), p n , and 7r(x), the functions in 
§27.2 are multiplicative , which means /( 1) = 1 and 

27.3.1 /(rein) = f(m)f(n), (m,n) = 1. 

If / is multiplicative, then the values /(re) for re > 1 
are determined by the values at the prime powers. 
Specifically, if re is factored as in (27.2.1), then 

"(«) 

27.3.2 f( n ) = n f(jPr r )- 

r= 1 

In particular, 

27.3.3 Hn) = nY[(l~P~ 1 ), 

p\n 

27 . 3.4 Jk(n) = n k l[(l-p- k ), 

p\n 

v{n) 

27.3.5 d(re) = JJ (1 + a r ), 

r—1 

•'(n) a(l+a r ) _ . 

27.3.6 a a (n) = [] ^ _ x , a/0. 

r=l 

Related multiplicative properties are 

27.3.7 a a (m) er Q (re) = ^ d a a a , 

d\(m,n ) 

27.3.8 f>(m) </>(n) = 4>{mn) n))/ (to, re) . 

A function / is completely multiplicative if /(l) = 1 
and 

27.3.9 /(reire) = /(m)/(n), to, re =1,2, 

Examples are [1/reJ an d A(n), and the Dirichlet char- 
acters, defined in §27.8. 

If / is completely multiplicative, then (27.3.2) be- 
comes 

v{n) 

27.3.10 /(re) = JJ (/(p r )r ■ 

r—1 

27.4 Euler Products and Dirichlet Series 

The fundamental theorem of arithmetic is linked to 
analysis through the concept of the Euler product. Ev- 
ery multiplicative / satisfies the identity 

oo / oo 

2741 J2 = n ( 1 + J2 f( pr ) 

n—1 p \ r = 1 

if the series on the left is absolutely convergent. In this 
case the infinite product on the right (extended over all 
primes p) is also absolutely convergent and is called the 


Euler product of the series. If /(re) is completely multi- 
plicative, then each factor in the product is a geometric 
series and the Euler product becomes 

OO 

27.4.2 ^/(n) = n (WtP))" 1 - 

n—1 p 

Euler products are used to find series that generate 
many functions of multiplicative number theory. The 
completely multiplicative function /(re) = n~ s gives the 
Euler product representation of the Riemann zeta func- 
tion C(s) (§25.2(i)): 

OO 

27.4.3 £(s) = ^2 n~ s = J|(l - p~ s )~ l , 5is > 1. 

n—1 p 

The Riemann zeta function is the prototype of series 
of the form 

OO 

27.4.4 F(s) = ^2f{n)n~ s , 

n= 1 

called Dirichlet series with coefficients /(re). The func- 
tion F(s) is a generating function, or more precisely, a 
Dirichlet generating function , for the coefficients. The 
following examples have generating functions related to 
the zeta function: 


27.4.5 

OO 

i(n)n~ s 

n—1 

l 

: "CW’ 

> 1, 

27.4.6 

oo 

<f>{n)n~ s 

n—1 

C(s-l) 

cm ’ 

> 2, 

27.4.7 

oo 

X (n)n~ s 

n= 1 

ii 

^ At 

> 1, 

27.4.8 

oo 

n—1 

II 

/A 

3?s > 1, 

27.4.9 

oo 

J2^ {n) n~ s 

n—1 

(CM) 2 
" C(2s) ’ 

3?s > 1, 

27.4.10 

yy <4 (re) re s 

n= 1 

-56 

II 

3?s > 1, 


27.4.11 

OO 

a a (n)n~ s = /(s) £(s — a ), > max(l, 1 + 9?a), 

n—1 

°° 

27.4.12 V A(re)n _s = -/f/, > 1, 

OO 

27.4.13 y^(log n)n~ s = — C'(s), 3?s > 1. 

n = 2 

In (27.4.12) and (27.4.13) /'(s) is the derivative of £(s). 
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27.5 Inversion Formulas 

If a Dirichlet series F(s) generates f(n), and G(s) gen- 
erates g(n), then the product F(s)G(s) generates 


27.5.1 


K n ) = ^f( d )g Q) 


d\n 


called the Dirichlet product (or convolution ) of / and 
g. The set of all number-theoretic functions / with 
/( 1) ^ 0 forms an abelian group under Dirichlet multi- 
plication, with the function \ l/n\ in (27.2.5) as identity 
element; see Apostol (1976, p. 129). The multiplicative 
functions are a subgroup of this group. Generating func- 
tions yield many relations connecting number-theoretic 
functions. For example, the equation £(s) ■ ( l/£(s) ) = 1 
is equivalent to the identity 


27.5.2 


Y^ = 

d\n 

which, in turn, is the basis for the Mobius inversion 
formula relating sums over divisors: 

27.5.3 g(n) = Y f(d) «=> f{n) = Y 9( d ) mQ) ■ 

d\n d\n 

Special cases of Mdbius inversion pairs are: 

27.5.4 n = Y&W ^( n ) = E d/i (<D’ 

d\n d\n 

27.5.5 log n = Y^ A(d) -4=> A (n) = ^(log d) ■ 

d\n d\n 

Other types of Mobius inversion formulas include: 

27.5.6 G{x) = Y F (n)^ F ^ = E M(n)G (n) ’ 


27.5.7 


G{x) = Y 


F(mx ) 


F ( x ) = Y m ) 


G{mx) 


m—1 


m—1 


*»>-n(«(S)J 

d\n 


m b 
\ y»(d) 


27.5.8 g(n) = Y[f(d) 

d\n 

For a general theory of Mobius inversion with appli- 
cations to combinatorial theory see Rota (1964). 

27.6 Divisor Sums 

Sums of number-theoretic functions extended over divi- 
sors are of special interest. For example, 


27.6.1 YK d ) = 


27.6.2 


1, n is a square, 
0, otherwise. 

If / is multiplicative, then 

Y v( d ) f( d ) = na ~ ^ p )), 

d\n p\n 


n > 1. 


Generating functions, Euler products, and Mobius 
inversion are used to evaluate many sums extended over 
divisors. Examples include: 


27.6.3 


27.6.4 


27.6.5 


Y\»{d)\=2^\ 

d\n 

Y^d) = | Mn)[, 

d 2 \n 


E 


I 9 (d) | = n 
cj)(d) (fin) 1 


27.6.6 Y M d ) Q)* = l k + 2 k + • • • + n k , 

d\n 


27.6.7 


27.6.8 E J k{d) - 

d\n 


n k . 


27.7 Lambert Series as Generating 
Functions 


Lambert series have the form 

OO 

E-K") 


27.7.1 


1 — X n 


If \x\ < 1, then the quotient x n /{l — x n ) is the sum of a 
geometric series, and when the series (27.7.1) converges 
absolutely it can be rearranged as a power series: 


27 ' 7 ' 2 E/Mubr'EE/M*” 

n — 1 n— 1 d\n 

Again with \x\ < 1, special cases of (27.7.2) include: 


/r(n)E = x, 

’ 1 - x n 


n—1 

oo 


27.7.4 V (bin) - = - 

^ n) l-x n (l^z) 2 ’ 

n—1 x 7 


27.7.5 


E 


n 


i 1 - x i 

n—1 n=l 


= yj <r a (n) x n , 


277 6 

n—1 n—1 
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27.8 Dirichlet Characters 


If k (> 1) is a given integer, then a function %(n) is 
called a Dirichlet character (mod k) if it is completely 
multiplicative, periodic with period fc, and vanishes 
when (n, k) > 1. In other words, Dirichlet characters 
(mod k) satisfy the four conditions: 

27.8.1 x(l) = 1, 

27.8.2 x(mn) = x(m) %(n), m,n= 1,2,..., 

27.8.3 x( n + k) = x( n ), n= 1,2,..., 

27.8.4 y(n) = 0, (n, k) > 1. 

An example is the principal character (mod k): 


27.8.5 


Xi(n) 


1 , (n,k) = 1 , 

0, (n, A:) > 1. 


For any character x (mod fc), %(n) 7 ^ 0 if and only 
if (n, fc) = 1, in which case the Euler-Fermat theorem 
(27.2.8) implies (x( n ))^^^ = 1- There are exactly 4>(k) 
different characters (mod k), which can be labeled as 
Xi, • • • > ^ X is a character (mod k), so is its com- 

plex conjugate %. If ( n, k) = 1 , then the characters 
satisfy the orthogonality relation 


Hk) 

27 - 8 - 6 Y Xr( m )Xr( n ) = 

r—1 



m — n (mod k ) , 
otherwise. 


A Dirichlet character x (mod k) is called primitive 
(mod k) if for every proper divisor d of k (that is, a 
divisor d < k), there exists an integer a = 1 (mod d), 
with (a, k) = 1 and x( a ) 7 ^ 1- If A is prime, then ev- 
ery nonprincipal character x (mod k ) is primitive. A 
divisor d of k is called an induced modulus for x if 

27.8.7 xi a ) = 1 f° r all a = 1 (mod d), (a, k ) = 1. 

Every Dirichlet character x (mod k) is a product 


27 - 8 - 8 x(n) = Xo( n )Xi (n), 

where Xo I s a character (mod d) for some induced mod- 
ulus d for x ■> an< i Xi is the principal character (mod k). 
A character is real if all its values are real. If k is odd, 
then the real characters (mod k) are the principal char- 
acter and the quadratic characters described in the next 
section. 


27.9 Quadratic Characters 

For an odd prime p, the Legendre symbol ( n\p ) is de- 
fined as follows. If p divides n, then the value of (n|p) 
is 0. If p does not divide n, then (n\p) has the value 
1 when the quadratic congruence x 2 = n (mod p) has 
a solution, and the value —1 when this congruence has 
no solution. The Legendre symbol (n|p)> as a function 


of n, is a Dirichlet character (mod p). It is sometimes 
written as (^). Special values include: 

27.9.1 (-lb) = (-l) (p_1)/2 , 

27.9.2 (2|p) = (-l) (p2 “ 1)/s . 

If p, q are distinct odd primes, then the quadratic 
reciprocity law states that 

27.9.3 (p\q) ( q\p ) = (-1 )(p-1)(9-U/4. 

If an odd integer P has prime factorization P = 
n^p-, then the Jacobi symbol ( n\P ) is defined by 

(n|P) = JlrlTi ( n\p r ) ar , with (n|l) = 1. The Jacobi 
symbol (n\P) is a Dirichlet character (mod P). Both 
(27.9.1) and (27.9.2) are valid with p replaced by P; the 
reciprocity law (27.9.3) holds if p, q are replaced by any 
two relatively prime odd integers P, Q. 


27.10 Periodic Number-Theoretic 
Functions 

If k is a fixed positive integer, then a number-theoretic 
function / is periodic (mod k) if 

27.10.1 f(n + k) = f(n ), n= 1,2, 

Examples are the Dirichlet characters (mod k) and the 
greatest common divisor (n, k ) regarded as a function 
of n. 

Every function periodic (mod k) can be expressed as 
a finite Fourier series of the form 

k 

27.10.2 f(n) = g(m)e 2mmn/k , 

171 = 1 

where g(m) is also periodic (mod k), and is given by 
k 

27.10.3 g(m) = lY fWe~ 2mmn/k - 

n = 1 

An example is Ramanujan’s sum : 

k 

27.10.4 C k (n ) = Y Xi(m)e 2 ~ lk , 

171=1 

where Xi is principal character (mod k). This is 
the sum of the nth powers of the primitive fcth roots of 
unity. It can also be expressed in terms of the Mobius 
function as a divisor sum: 

27.10.5 Cfc(n) = dp, 

d\ ( n,k ) 

More generally, if / and g are arbitrary, then the 
sum 

27.10.6 s fc (n) = Y f(d)g 

d\ ( n,k ) 
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is a periodic function of n (mod k) and has the finite 
Fourier-series expansion 
k 

27.10.7 s k (n) = Y a k (m)e 2 ~' k , 

m = 1 

where 

27.10.8 Ofc(m) = E 9(d)f 

d\(m,k ) 

Another generalization of Ramanujan’s sum is the 
Gauss sum G(n, x) associated with a Dirichlet charac- 
ter x (mod k). It is defined by the relation 

k 

27.10.9 G(n, X )= Yx(m)e 2 ~/ k . 

m= 1 

In particular, G(n,x i) = c k (n). 

G(n , x) is separable for some n if 

27.10.10 G(n, X )=x(n)G(l,x)- 

For any Dirichlet character x (mod fc), G(n,x) is 
separable for n if (n, k) = 1, and is separable for every 
n if and only if G(ro, x) = 0 whenever (n, k) > 1. For a 
primitive character x (mod k), G(n,x) is separable for 
every n, and 

27.10.11 | G(l,x)| 2 = k. 

Conversely, if G(n, x) is separable for every n , then 
X is primitive (mod k). 

The finite Fourier expansion of a primitive Dirichlet 
character x (mod k ) has the form 

k 

27.10.12 x(n) = Y x(m)e~ 2 ~ lk . 

m—1 

27.11 Asymptotic Formulas: Partial Sums 

The behavior of a number-theoretic function f(n) for 
large n is often difficult to determine because the func- 
tion values can fluctuate considerably as n increases. It 
is more fruitful to study partial sums and seek asymp- 
totic formulas of the form 

27.11.1 Y /(«) = F ( x ) + 

n<x 

where F{x) is a known function of x, and 0(g(x)) repre- 
sents the error, a function of smaller order than F(x) for 
all x in some prescribed range. For example, Dirichlet 
(1849) proves that for all x > 1, 

27.11.2 'Y / d(n) = slog x + (2y — l)x + 0(\/x ), 

n<x 

where 7 is Euler’s constant (§5.2(ii)). Dirichlet’s divi- 
sor problem (unsolved in 2009) is to determine the least 
number 9 0 such that the error term in (27.11.2) is O(ar) 
for all 9 > 8q. Kolesnik (1969) proves that 9q < 


Equations (27.11.3)— (27.11.11) list further asymp- 
totic formulas related to some of the functions listed 
in §27.2. They are valid for all x > 2. The error terms 
given here are not necessarily the best known. 

27.11.3 Y = I (^g a;) 2 + 2y log a; + 0(1), 

Z ' 71 ) 


where 7 again is Euler’s constant. 

2 

27.11.4 'Yj cr i( n ) = u, x 2 + 0(x log x). 


n<x 


27.11.5 


Y = 


C(a + 1) a+ i 


x 


o{ 




a + 1 

a > 0, a 7^ 1, (3 = max(l, a). 


27.11.6 


27.11.7 


Y, ^( n ) = ~ 2 X 2 + 0(s log x). 


n<x 


E d>(n) 6 , 

= — 2 £ + 0(log x). 

71 7 T Z 


log x 


27.11.8 V - = log log x + A + O 

p 

p<x 

where A is a constant. 

y 1 = — 

27.11.9 ^ p 6(h) 

p<x 
p=h (mod k) 

where (h, k) = 1, k > 0, and B is a constant depending 
on h and k. 


log log x + B + O 


log x J ' 


27.11.10 


y;fcL£ = loga; + 0( i ) . 

Z—/ 77 


p<x 


E 


log p 


m 


log x + 0(1), 


27.11.11 ^ p 

p<x 
p=h (mod k) 

where (h, k) = 1, k > 0. 

Letting x — > 00 in (27.11.9) or in (27.11.11) we see 
that there are infinitely many primes p = h (mod k ) if 
h, k are coprime; this is Dirichlet ’s theorem on primes 
in arithmetic progressions. 


27.11.12 Y. ] K n ) = o(a 


0 -CV log x 


)• 


for some positive constant G, 


27.11.13 


27.11.14 


27.11.15 


lim — V u(n) = 0, 


n<x 


lim Y — = °’ 

— >00 • 


x — >OC z ' fl 
n<x 


iim y ddhtu = -1. 

r. — >00 • ^ 71 
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Each of (27.11.13)— (27.11.15) is equivalent to the 
prime number theorem (27.2.3). The prime num- 
ber theorem for arithmetic progressions — an extension 
of (27.2.3) and first proved in de la Vallee Poussin 
(1896a, b) — states that if (h, k) = 1, then the number 
of primes p < x with p = h (mod k) is asymptotic to 
x/{(j)(k) log x) as x — > oo. 


27.12 Asymptotic Formulas: Primes 


p n is the ?rth prime, beginning with p\ = 2. 7r(x) is the 
number of primes less than or equal to x. 


27 . 12.1 


lim 

Pn 




n — ►oo 

nlog n 

27 . 12.2 


Pn> n log n, 

27 . 12.3 





7 r(x) = 

t*J - 1 

- E 

Pj<V% 

«l t? 

1 



+B- 

iy 

E 


r> 2 

PJi<Pi 2 <- 

■<Pj T 


n= 1 , 2 ,.... 


x 

.PjlPh ■■■Pir\' 
x > 1, 


where the series terminates when the product of the first 
r primes exceeds x. 

As x — > oo 


27 . 12.4 


OO 


~ E 

k= 1 


( k — 1)! x 
(log x) k 


Prime Number Theorem 


There exists a positive constant c such that 

27 . 12.5 

\i r(x) — li(x)| = O (x exp c\/log x^, x — > oo. 

For the logarithmic integral li(x) see (6.2.8). The best 
available asymptotic error estimate (2009) appears in 
Korobov (1958) and Vinogradov (1958): there exists a 
positive constant d such that 

|tt(x) — li(x) | 

27 12 6 = o(xexp(-d(log x) 3/5 (log log x)" 1/5 )). 

7 r(x) — li(x) changes sign infinitely often as x — > oo; 
see Littlewood (1914), Bays and Hudson (2000). 

The Riemann hypothesis (§25.10(i)) is equivalent to 
the statement that for every x > 2657, 

27 . 12.7 K(x) — li (x) | < v— \A log x. 

07T 

If a is relatively prime to the modulus m, then there 
are infinitely many primes congruent to a (mod m). 
The number of such primes not exceeding x is 

-J—r + O (x exp f — A(a) (log x) 1/2 )), 

27 . 12.8 <p{m) V V // 

m < (log x) Q , a > 0, 


where A(cr) depends only on a, and 4>{m) is the Euler 
totient function (§27.2). 

A Mersenne prime is a prime of the form 2 P — 1. 
The largest known prime (2009) is the Mersenne prime 
243,112,609 _ i For curren t records online, see http: 
//dlmf .nist .gov/27. 12. 

A pseudoprime test is a test that correctly identi- 
fies most composite numbers. For example, if 2" ^ 2 
(mod n ), then n is composite. Descriptions and com- 
parisons of pseudoprime tests are given in Bressoud and 
Wagon (2000, §§2.4, 4.2, and 8.2) and Crandall and 
Pomerance (2005, §§3.4-3. 6). 

A Carmichael number is a composite number n for 
which b n =b (mod n) for all b £ N. There are infinitely 
many Carmichael numbers. 


Additive Number Theory 


27.13 Functions 
27. 13(i) Introduction 

Whereas multiplicative number theory is concerned 
with functions arising from prime factorization, addi- 
tive number theory treats functions related to addition 
of integers. The basic problem is that of expressing a 
given positive integer n as a sum of integers from some 
prescribed set S whose members are primes, squares, 
cubes, or other special integers. Each representation of 
n as a sum of elements of S is called a partition of n, 
and the number S{n) of such partitions is often of great 
interest. The subsections that follow describe problems 
from additive number theory. See also Apostol (1976, 
Chapter 14) and Apostol and Niven (1994, pp. 33-34). 

27.13(ii) Goldbach Conjecture 

Every even integer n > 4 is the sum of two odd primes. 
In this case, S(n) is the number of solutions of the equa- 
tion n = p + q, where p and q are odd primes. Gold- 
bach’s assertion is that S(n) > 1 for all even n > 4. 
This conjecture dates back to 1742 and was undecided 
in 2009, although it has been confirmed numerically up 
to very large numbers. Vinogradov (1937) proves that 
every sufficiently large odd integer is the sum of three 
odd primes, and Chen (1966) shows that every suffi- 
ciently large even integer is the sum of a prime and a 
number with no more than two prime factors. 

For an online account of the current status of Gold- 
bach’s conjecture see http://dlmf.nist.gov/27.13. 
ii. 
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27.13(iii) Waring’s Problem 


(In §20.2(i), i9(x) is denoted by 0 3 (O,x).) Thus, 


This problem is named after Edward Waring who, in 
1770, stated without proof and with limited numerical 
evidence, that every positive integer n is the sum of four 
squares, of nine cubes, of nineteen fourth powers, and 
so on. Waring’s problem is to find, for each positive in- 
teger fc, whether there is an integer m (depending only 
on k) such that the equation 

27.13.1 n = x k + x 2 + b x ^ 

has nonnegative integer solutions for all n > 1. The 
smallest m that exists for a given k is denoted by 
g(k). Similarly, G(k ) denotes the smallest m for which 
(27.13.1) has nonnegative integer solutions for all suffi- 
ciently large n. 

Lagrange (1770) proves that g( 2) = 4, and during 
the next 139 years the existence of g(k) was shown for 
k = 3,4,5,6,7,8,10. Hilbert (1909) proves the exis- 
tence of g{k) for every k but does not determine its 
corresponding numerical value. The exact value of g(k) 
is now known for every k < 200, 000. For example, 
5(3) = 9, 5(4) = 19, 5(5) = 37, 5(6) = 73, 5(7) = 143, 
and 5(8) = 279. A general formula states that 


for all k > 2, with equality if 4 < k < 200,000. If 
3 fe = q2 k + r with 0 < r < 2 k , then equality holds 
in (27.13.2) provided r + q < 2 fc , a condition that is 
satisfied with at most a finite number of exceptions. 

The existence of G(k) follows from that of g(k) be- 
cause G(k) < g(k ), but only the values G( 2) = 4 and 
G( 4) = 16 are known exactly. Some upper bounds 
smaller than g(k) are known. For example, G(3) < 7, 
G(5) < 23, G(6) < 36, G(7) < 53, and G(8) < 73. 
Hardy and Littlewood (1925) conjectures that G(k ) < 
2k + 1 when k is not a power of 2, and that G{k) < 4 k 
when k is a power of 2, but the most that is known (in 
2009) is G(k ) < cfclog k for some constant c. A survey 
is given in Ellison (1971). 

27.13(iv) Representation by Squares 

For a given integer k >2 the function rfc(n) is defined 
as the number of solutions of the equation 

27.13.3 n= x\ + x % + ■■■ + x 2 , 

where the Xj are integers, positive, negative, or zero, 
and the order of the summands is taken into account. 

Jacobi (1829) notes that r 2 (n) is the coefficient of 
x n in the square of the theta function t){x): 

OO 

tf{x) = l + 2Y / x m \ \x\<l. 

m= 1 


27.13.2 g(k) >2 k + 


27.13.5 (i9(x)) 2 = 1 + r 2 (n)x n . 

n= 1 

One of Jacobi’s identities implies that 

OO 

27.13.6 (i9( x)) 2 = 1 + 4 (<5i(n) - S 3 (n))x n , 

n— 1 

where <5i(n) and J 3 (n) are the number of divisors of 
n congruent respectively to 1 and 3 (mod 4), and by 
equating coefficients in (27.13.5) and (27.13.6) Jacobi 
deduced that 

27.13.7 r 2 (n) = 4(S 1 (n) - S 3 (n)) . 

Hence r 2 (5) = 8 because both divisors, 1 and 5, are 
congruent to 1 (mod 4). In fact, there are four rep- 
resentations, given by 5 = 2 2 + l 2 = 2 2 + (— l) 2 = 
(— 2) 2 + l 2 = (— 2) 2 + (— l) 2 , and four more with the 
order of summands reversed. 

By similar methods Jacobi proved that r^n) = 
8<7 i (n) if n is odd, whereas, if n is even, r^(n) = 24 
times the sum of the odd divisors of n. Mordell (1917) 
notes that Vk{n) is the coefficient of x n in the power- 
series expansion of the fcth power of the series for i9(x). 
Explicit formulas for rfc(n) have been obtained by sim- 
ilar methods for k = 6, 8, 10, and 12, but they are more 
complicated. Exact formulas for rfe(n) have also been 
found for k = 3, 5, and 7, and for all even k < 24. 
For values of k > 24 the analysis of ri-(n ) is consider- 
ably more complicated (see Hardy (1940)). Also, Milne 
(1996, 2002) announce new infinite families of explicit 
formulas extending Jacobi’s identities. For more than 
8 squares, Milne’s identities are not the same as those 
obtained earlier by Mordell and others. 


27.14 Unrestricted Partitions 
27. 14(i) Partition Functions 

A fundamental problem studies the number of ways n 
can be written as a sum of positive integers < n, that 
is, the number of solutions of 

27 . 14.1 n = a 1 + a 2 + ■ ■ ■ , a\> a 2 > ■ ■ ■ >1. 

The number of summands is unrestricted, repetition is 
allowed, and the order of the summands is not taken into 
account. The corresponding unrestricted partition func- 
tion is denoted by p(n), and the summands are called 
parts ; see §26.9(i). For example, p( 5) = 7 because there 
are exactly seven partitions of 5: 5 = 4 + l = 3 + 2 = 
3 + 1 + 1 = 2 + 2 + 1 = 2 + l + l + l = l + l + l + l + l. 

The number of partitions of n into at most k parts 
is denoted by pk(n ); again see §26.9(i). 


27.13.4 
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27. 14(ii) Generating Functions and Recursions 


and s(h,k) is a Dedekind sum given by 


Euler introduced the reciprocal of the infinite product 

OO 

27.14.2 f(x) = H (1 - X m ), M<1, 

m—1 

as a generating function for the function p{n) defined in 
§27 . 14(i): 

^ OO 

27.14.3 ~ 7 t — 7 = y ^p(n)x n , 

n = 0 


/0) 


X u ( k ) _|_ 


with p(0) = 1. Euler’s pentagonal number theorem 
states that 

/( x) = 1 - x - x 2 + x 5 + x 7 - x 12 - x 15 H 

OO 

27.14.4 , ^k f 

= 1 + zJ(- 1 ) ( a 

fc= 1 

where the exponents 1, 2, 5, 7, 12, 15, . . . are the pen- 
tagonal numbers , defined by 

27.14.5 u>(±k) = {3k 2 =F k)/2, k= 1,2,3,.... 
Multiplying the power series for f(x) with that for 

1 / f(x) and equating coefficients, we obtain the recur- 
sion formula 

27.14.6 

OO 

p(n) = (P( n ~ w ( fc )) + P( n ~ w (~ fc ))) 

k = 1 

= p{n - 1) + p(n - 2) - p(n - 5) - p(n - 7) 4 , 

where p(k) is defined to be 0 if k < 0. Logarithmic dif- 
ferentiation of the generating function 1/ f(x) leads to 
another recursion: 


27.14.7 


np(n) = cr 1 (n) p{n — fc), 


fc= l 


where <7i(n) is defined by (27.2.10) with a = 1. 

27. 14(iii) Asymptotic Formulas 

These recursions can be used to calculate p{n), which 
grows very rapidly. For example, p(10) = 42,p(100) = 
1905 69292, and p(200) = 397 29990 29388. For large n 

27.14.8 p(n ) ~ e K ' / "/(4nv / 3), 

where K = 7r\/2/3 (Hardy and Ramanujan (1918)). 
Rademacher (1938) derives a convergent series that also 
provides an asymptotic expansion for p(n): 

27.14.9 

p{n) 


1 ^ 

— ^VkA k (n) 

k = l 


d s\nh[K\/t/k) 


dt 


Vt 


J t=n-(l/24) 


where 


27.14.10 


A k {n) = exp(nis(h,k) — 2Trin—j , 

h= l ' ' 


(h,k )= 1 


k - 1 


27.14.11 s(h, k) = ^ 


hr 


hr 

~k 


27.14(iv) Relation to Modular Functions 

Dedekind sums occur in the transformation theory of 
the Dedekind modular function defined by 

OO 

27.14.12 77 (r) = e" r/12 C 1 - e 27rinT ), > 0. 

n—1 

This is related to the function f(x) in (27.14.2) by 

27.14.13 7 7(r) = e" T/12 /(e 2 ™ r ). 

?7(r) satisfies the following functional equation: if 
a , b , c, d are integers with ad — be = 1 and c > 0, then 

27.14.14 77^ — -t— ^ = e(— i(cr + d )) 5 77(r), 

\ct + d J 

where e = exp(7ri(((a + d) /(12c)) — s(d, c))) and s(d, c ) 
is given by (27.14.11). 

For further properties of the function t/(t) see 
§§23.15-23.19. 


27.14(v) Divisibility Properties 

Ramanujan (1921) gives identities that imply divisibil- 
ity properties of the partition function. For example, 
the Ramanujan identity 

271415 = ^ \ p{5n + 4K 

implies p(5n + 4) = 0 (mod 5). Ramanujan also found 
that p(7n + 5) = 0 (mod 7) and p[lln + 6) = 0 
(mod 11) for all n. After decades of nearly fruitless 
searching for further congruences of this type, it was 
believed that no others existed, until it was shown in 
Ono (2000) that there are infinitely many. Ono proved 
that for every prime q > 3 there are integers a and b 
such that p{an + b) = 0 (mod q ) for all n. For example, 
p(1575 25693n + 1 11247) = 0 (mod 13). 

27.14(vi) Ramanujan’s Tau Function 

The discriminant function A (r) is defined by 

27.14.16 A(t) = (27t) 12 (t7(t)) 24 , 3t > 0, 

and satisfies the functional equation 

27.14.17 a ( aT + ^ _ ( CT + d) 12 A(T), 

\ct + d J 

if a, b, c, d are integers with ad — be = 1 and c > 0. 

The 24th power of 7 ?(r) in (27.14.12) with e 27rlT = x 
is an infinite product that generates a power series in 
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x with integer coefficients called Ramanujan’s tau func- 
tion r(n): 

oo oo 

27 . 14.18 a; (1 — x n ) 24 = T (n)x n , |.t| < 1. 

n = 1 n=l 

The tau function is multiplicative and satisfies the more 
general relation: 

27 . 14.19 

\ fmn\ 

T(m)T(n)= 2 ^ “ T \(P ) ’ 

d\ (m,n) 

Lehmer (1947) conjectures that r(n) is never 0 and ver- 
ifies this for all n < 21 49286 39999 by studying various 
congruences satisfied by r(n), for example: 

27 . 14.20 r(u) = a\\ (n) (mod 691). 

For further information on partitions and generating 
functions see Andrews (1976); also §§17.2-17.14, and 
§§26.9-26.10. 


Applications 

27.15 Chinese Remainder Theorem 

The Chinese remainder theorem states that a system of 
congruences x = a \ (mod mi ), . . . ,x = ak (mod roj), 
always has a solution if the moduli are relatively prime 
in pairs; the solution is unique (mod m), where m is the 
product of the moduli. 

This theorem is employed to increase efficiency in 
calculating with large numbers by making use of smaller 
numbers in most of the calculation. For example, sup- 
pose a lengthy calculation involves many 10-digit inte- 
gers. Most of the calculation can be done with five-digit 
integers as follows. Choose four relatively prime mod- 
uli mi, m 2 , m 3 , and 7714 of five digits each, for example 
2 16 - 3, 2 16 - 1, 2 16 + 1, and 2 16 + 3. Their prod- 
uct m has 20 digits, twice the number of digits in the 
data. By the Chinese remainder theorem each integer 
in the data can be uniquely represented by its residues 
(mod mi), (mod m2), (mod m3), and (mod 7714), re- 
spectively. Because each residue has no more than five 
digits, the arithmetic can be performed efficiently on 
these residues with respect to each of the moduli, yield- 
ing answers Gq (mod mi), 02 (mod m2), <23 (mod m3), 
and <24 (mod 7124), where each aj has no more than five 
digits. These numbers, in turn, are combined by the 
Chinese remainder theorem to obtain the final result 
(mod m), which is correct to 20 digits. 

Even though the lengthy calculation is repeated four 
times, once for each modulus, most of it only uses five- 
digit integers and is accomplished quickly without over- 
whelming the machine’s memory. Details of a machine 


program describing the method together with typical 
numerical results can be found in Newman (1967). See 
also Apostol and Niven (1994, pp. 18-19). 

27.16 Cryptography 

Applications to cryptography rely on the disparity in 
computer time required to find large primes and to fac- 
tor large integers. 

For example, a code maker chooses two large primes 
p and q of about 100 decimal digits each. Procedures 
for finding such primes require very little computer time. 
The primes are kept secret but their product n = pq, a 
200-digit number, is made public. For this reason, these 
are often called public key codes. Messages are coded 
by a method (described below) that requires only the 
knowledge of n. But to decode, both factors p and q 
must be known. With the most efficient computer tech- 
niques devised to date (2009) , factoring a 200-digit num- 
ber may require billions of years on a single computer. 
For this reason, the codes are considered unbreakable, 
at least with the current state of knowledge on factoring 
large numbers. 

To code a message by this method, we replace each 
letter by two digits, say A = 01 , B = 02 , . . . , Z = 26 , 
and divide the message into pieces of convenient length 
smaller than the public value n = pq. Choose a prime 
r that does not divide either p — 1 or q — 1. Like n, the 
prime r is made public. To code a piece x, raise x to the 
power r and reduce x r modulo n to obtain an integer y 
(the coded form of x) between 1 and n. Thus, y = x r 
(mod n) and 1 < y < n. 

To decode, we must recover x from y. To do this, 
let s denote the reciprocal of r modulo (f{n), so that 
rs = 1 + 1 4>(n) for some integer t. (Here (f>(n ) is Euler’s 
totient (§27.2).) By the Euler-Fermat theorem (27.2.8), 
x <t>{n) = ]_ ( moc i hence x = 1 (mod n). But 
y s = x rs = a; 1 + t ^( n ) = x (mod n), so y s is the same 
as x modulo n. In other words, to recover x from y we 
simply raise y to the power s and reduce modulo n. If p 
and q are known, s and y s can be determined (mod n) 
by straightforward calculations that require only a few 
minutes of machine time. But if p and q are not known, 
the problem of recovering x from y seems insurmount- 
able. 

For further information see Apostol and Niven 
(1994, p. 24), and for other applications to cryptography 
see Menezes et al. (1997) and Schroeder (2006). 

27.17 Other Applications 

Reed et al. (1990, pp. 458-470) describes a number- 
theoretic approach to Fourier analysis (called the arith- 
metic Fourier transform) that uses the Mobius inversion 
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(27.5.7) to increase efficiency in computing coefficients 
of Fourier series. 

Congruences are used in constructing perpetual cal- 
endars, splicing telephone cables, scheduling round- 
robin tournaments, devising systematic methods for 
storing computer files, and generating pseudorandom 
numbers. Rosen (2004, Chapters 5 and 10) describes 
many of these applications. Apostol and Zuckerman 
(1951) uses congruences to construct magic squares. 

There are also applications of number theory in 
many diverse areas, including physics, biology, chem- 
istry, communications, and art. Schroeder (2006) de- 
scribes many of these applications, including the de- 
sign of concert hall ceilings to scatter sound into broad 
lateral patterns for improved acoustic quality, precise 
measurements of delays of radar echoes from Venus and 
Mercury to confirm one of the relativistic effects pre- 
dicted by Einstein’s theory of general relativity, and the 
use of primes in creating artistic graphical designs. 


Computation 

27.18 Methods of Computation: Primes 

An overview of methods for precise counting of the 
number of primes not exceeding an arbitrary integer 
x is given in Crandall and Pomerance (2005, §3.7). 
T. Oliveira e Silva has calculated Tt(x) for x = 10 23 , us- 
ing the combinatorial methods of Lagarias et al. (1985) 
and Deleglise and Rivat (1996); see Oliveira e Silva 
(2006). An analytic approach using a contour integral 
of the Riemann zeta function (§25.2(i)) is discussed in 
Borwein et al. (2000). 

The Sieve of Eratosthenes (Crandall and Pomerance 
(2005, §3.2)) generates a list of all primes below a given 
bound. An alternative procedure is the binary quadratic 
sieve of Atkin and Bernstein (Crandall and Pomerance 
(2005, p. 170)). 

For small values of n, primality is proven by showing 
that n is not divisible by any prime not exceeding s/n. 

Two simple algorithms for proving primality re- 
quire a knowledge of all or part of the factorization 
of n — 1, n + 1, or both; see Crandall and Pomerance 
(2005, §§4. 1-4.2). These algorithms are used for test- 
ing primality of Mersenne numbers , 2” — 1, and Fermat 
numbers , 2 2 + 1. 

The APR (Adleman-Pomerance-Rumely) algorithm 
for primality testing is based on Jacobi sums. It runs in 
time 0((log n) clog log log "). Explanations are given in 
Cohen (1993, §9.1) and Crandall and Pomerance (2005, 
§4.4). A practical version is described in Bosma and 
van der Hulst (1990). 


The AKS (Agrauial-Kayal-Saxena) algorithm is the 
first deterministic, polynomial-time, primality test. 
That is to say, it runs in time 0((logn) c ) for some 
constant c. An explanation is given in Crandall and 
Pomerance (2005, §4.5). 

The ECPP (Elliptic Curve Primality Proving) algo- 
rithm handles primes with over 20,000 digits. Explana- 
tions are given in Cohen (1993, §9.2) and Crandall and 
Pomerance (2005, §7.6). 

27.19 Methods of Computation: 
Factorization 

Techniques for factorization of integers fall into three 
general classes: Deterministic algorithms , Type I prob- 
abilistic algorithms whose expected running time de- 
pends on the size of the smallest prime factor, and 
Type II probabilistic algorithms whose expected running 
time depends on the size of the number to be factored. 

Deterministic algorithms are slow but are guaran- 
teed to find the factorization within a known period of 
time. Trial division is one example. Fermat’s algorithm 
is another; see Bressoud (1989, §5.1). 

Type I probabilistic algorithms include the Brent- 
Pollard rho algorithm (also called Monte Carlo method ), 
the Pollard p — 1 algorithm, and the Elliptic Curve 
Method (ecm) . Descriptions of these algorithms are 
given in Crandall and Pomerance (2005, §§5.2, 5.4, and 
7.4). As of January 2009 the largest prime factors found 
by these methods are a 19-digit prime for Brent-Pollard 
rho, a 58-digit prime for Pollard p — 1, and a 67-digit 
prime for ECM. 

Type II probabilistic algorithms for factoring n rely 
on finding a pseudo-random pair of integers (x,y) that 
satisfy x 2 = y 2 (mod n). These algorithms include the 
Continued Fraction Algorithm (cfrac), the Multiple 
Polynomial Quadratic Sieve (mpqs), the General Num- 
ber Field Sieve (gnfs), and the Special Number Field 
Sieve (snfs). A description of CFRAC is given in Bres- 
soud and Wagon (2000). Descriptions of MPQS, GNFS, 
and SNFS are given in Crandall and Pomerance (2005, 
§§6.1 and 6.2). As of January 2009 the SNFS holds the 
record for the largest integer that has been factored by 
a Type II probabilistic algorithm, a 307-digit compos- 
ite integer. The SNFS can be applied only to numbers 
that are very close to a power of a very small base. 
The largest composite numbers that have been factored 
by other Type II probabilistic algorithms are a 63-digit 
integer by CFRAC, a 135-digit integer by MPQS, and a 
182-digit integer by GNFS. 

For further information see Crandall and Pomerance 
(2005) and §26.22. 

For current records online, see http://dlmf.nist. 
gov/27.19. 
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27.20 Methods of Computation: Other 
Number-Theoretic Functions 

To calculate a multiplicative function it suffices to de- 
termine its values at the prime powers and then use 
(27.3.2). For a completely multiplicative function we 
use the values at the primes together with (27.3.10). 
The recursion formulas (27.14.6) and (27.14.7) can be 
used to calculate the partition function p(n). A similar 
recursion formula obtained by differentiating (27.14.18) 
can be used to calculate Ramanujan’s function -r(n), and 
the values can be checked by the congruence (27.14.20). 

For further information see Lehmer (1941, pp. 5-83) 
and Lehmer (1943, pp. 483-492). 

27.21 Tables 

Lehmer (1914) lists all primes up to 100 06721. Bres- 
soud and Wagon (2000, pp. 103-104) supplies tables and 
graphs that compare 7r(x), x/log x , and li(x). Glaisher 
(1940) contains four tables: Table I tabulates, for all 
n < 10 4 : (a) the canonical factorization of n into pow- 
ers of primes; (b) the Euler totient </>(n); (c) the divisor 
function d(n); (d) the sum a(n) of these divisors. Ta- 
ble II lists all solutions n of the equation f(n) = m 
for all m < 2500, where f(n) is defined by (27.14.2). 
Table III lists all solutions n < 10 4 of the equation 
d(n) = to, and Table IV lists all solutions n of the 
equation cr(n) = m for all m < 10 4 . Table 24.7 of 
Abramowitz and Stegun (1964) also lists the factoriza- 
tions in Glaisher’s Table 1(a); Table 24.6 lists <j>(n),d(n), 
and <r(n) for n < 1000; Table 24.8 gives examples of 
primitive roots of all primes < 9973; Table 24.9 lists all 
primes that are less than 1 00000. 

The partition function p{n) is tabulated in Gupta 
(1935, 1937), Watson (1937), and Gupta et al. (1958). 
Tables of the Ramanujan function r(n) are published 
in Lehmer (1943) and Watson (1949). Lehmer (1941) 
gives a comprehensive account of tables in the theory of 
numbers, including virtually every table published from 
1918 to 1941. Those published prior to 1918 are men- 
tioned in Dickson (1919). The bibliography in Lehmer 
(1941) gives references to the places in Dickson’s His- 
tory where the older tables are cited. Lehmer (1941) 
also has a section that supplies errata and corrections 
to all tables cited. 

No sequel to Lehmer (1941) exists to date, but many 
tables of functions of number theory are included in Un- 
published Mathematical Tables (1944). 

27.22 Software 

See http : //dlmf . nist .gov/27 . 22. 
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Notation 


28.1 Special Notation 


(For other notation see pp. xiv and 873.) 


m , n 

x,y 

z = x + iy 
v 


d 

a, q, h 
primes 


integers, 
real variables, 
complex variable. 

order of the Mathieu function or modified 
Mathieu function. (When v is an integer 
it is often replaced by n.) 
arbitrary small positive number, 
real or complex parameters of Mathieu’s 
equation with q = K 2 . 
unless indicated otherwise, derivatives 
with respect to the argument 


The main functions treated in this chapter are the 
Mathieu functions 


c e„(z,q), se u (z,q), fe n (z,q ), g e n (z,q), m e v {z,q), 

and the modified Mathieu functions 

C e v (z,q), Se„(z,q), F e n (z,q), G e n (z,q), 
Me„(z,q), M l 3 \z,h), Me %\z,h), Ms %\z,h), 
Icyi(^, /i), Io n (^, /i), Ke n (^, /i), Ko n (*, /)). 

The functions Mc^ (z, h) and Ms^ (z, h ) are also known 
as the radial Mathieu functions. 

The eigenvalues of Mathieu’s equation are denoted 
by 

a n (q), b n {q ), A „(<?)• 

The notation for the joining factors is 

/7e,n(^)i f/o,n(^): /e,n(^): /o,n(^)* 

Alternative notations for the parameters a and q are 
shown in Table 28.1.1. 

Table 28.1.1: Notations for parameters in Mathieu’s 
equation. 


Reference 

a 

q 

Erdelyi & a l- (1955) 

h 

e 

Meixner and Schafke (1954) 

X 

h 2 

Moon and Spencer (1971) 

X 

q 

Strutt (1932) 

X 

h 2 

Whittaker and Watson (1927) 

a 

8 q 


Alternative notations for the functions are as follows. 


Arscott (1964b) and McLachlan (1947) 


Fey„( 2 ,g) = ^Trg e , n (h) ce„(0, q) Mc {2 \z, h), 
Me£' 2 \z,q) = ^JJng etn (h)ce n (0 : q)Mc^ A \z,h) 1 
Gey n (z,q) = yJl^g 0 , n {h)se' n {Q,q)Ms ( ' 2 \z,h), 

Ne^ 1,2 )( 2 :,g) = ^ng o , n {h)se' n (0,q)Ms£ A \z,h). 
Arscott (1964b) also uses —ig for v. 

Campbell (1955) 

in„ — fe^, ceh n — Ce^, inh n — Fe^, 

jn„ = §e n , seh n = Se n , jnh„ = Ge„ . 


Abramowitz and Stegun (1964, Chapter 20) 

F v {z) = M e u (z,q). 


NBS (1967) 

With s = 4 q, 

Se n (s,z) — . . , So n (s, z) 

ce ra (0,i/) 

Stratton et al. (1941) 

With c = 2 y/q, 

q r ^ _ ce n{z,q) c , v 
Sc n (c, z) — . \ , So n (c, z) 

(0, Q) 


se n (z,q) 
se n(0j q) 


se n {z,q) 
se(j(0, q) ' 


Zhang and Jin (1996) 

The radial functions Mc®(z, h) and Ms^(;z, h) are de- 
noted by Me n\z,q) and Ms^O q), respectively. 


Mathieu Functions of Integer Order 


28.2 Definitions and Basic Properties 
28.2(i) Mathieu’s Equation 

The standard form of Mathieu’s equation with param- 
eters (a, q) is 

28 . 2.1 w" + (a — 2qcos(2z))w = 0. 

With f = sin 2 z we obtain the algebraic form of Math- 
ieu’s equation 

28 . 2.2 

C(1 - c W + l (! - 2CX + \{a - 2q(l - 2()) w = 0. 
This equation has regular singularities at 0 and 1, both 
with exponents 0 and and an irregular singular point 
at oo. With £ = cos z we obtain another algebraic form: 

28 . 2.3 (1 - ( 2 )w" - O' + (a + 2q - 4 q^ 2 ) w = 0. 
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28.2(ii) Basic Solutions w lt w u 


28.2(iv) Floquet Solutions 


Since (28.2.1) has no finite singularities its solutions are 
entire functions of z. Furthermore, a solution w with 
given initial constant values of w and w' at a point Zo 
is an entire function of the three variables z, a, and q. 
The following three transformations 

28.2.4 z — > — z; z—>z±tt-, z — > z ± ij7r, q — > — q; 
each leave (28.2.1) unchanged. (28.2.1) possesses a fun- 
damental pair of solutions w I (z-,a,q),w u (z;a,q) called 
basic solutions with 


w : (0; a,q) 

cf 

0 

1 


'1 O' 

w[(0 ;o,g) 

«4(0;a,g) 


0 1 


Wi{z\a,q) is even and w u (z: a, q) is odd. Other proper- 
ties are as follows. 

W {tUulOn} = 1, 

Wi(z ± 7r; a , q) = w^tt, a , q)w l {z\ a, q) 

±w[(tt-, a,q)w u (z;a,q), 
w u (z ± 7 r; a, q) = ±U7„(7r; a, q)w 1 {z ; a, q) 

+ w' I1 (ir,a,q)w 1I (z-, a,q), 

w^tt, a, q) = w' n {-rr,a,q), 
w^tt, a, q) - 1 = 2uj((^7t; a, q)w u (^Tr, a, q), 
a,q) + 1 = 2w I (i7r; a, q)w[ 1 {\n-, a, q), 
w[(n-,a,q) = a, q)w[{\ir, a,q), 

w„(7r; a, q) = 2w n (§7r; a, q)w' u (^Tr; a, g). 


28.2.6 

28.2.7 

28.2.8 

28.2.9 

28.2.10 
28.2.11 
28.2.12 
28.2.13 


28.2(iii) Floquet’s Theorem and the 
Characteristic Exponents 

Let v be any real or complex constant. Then Mathieu’s 
equation (28.2.1) has a nontrivial solution w(z) such 
that 


28.2.14 w(z + n) = e* iv w(z), 

iff e Kl1 ' is an eigenvalue of the matrix 


28.2.15 

Equivalently, 


w I (7r; a, q) w n (i t; a, g) 
w[{-n\a,q) «4(7r;a,g). 


28.2.16 cos(7w) = w i(7r; a, q) = w^ir, a, — q). 

This is the characteristic equation of Mathieu’s equa- 
tion (28.2.1). cos(7 tv) is an entire function of 

a,g 2 . The solutions of (28.2.16) are given by v = 
7T _1 arccos(wii(7r; a, q)). If the inverse cosine takes its 
principal value (§4.23(ii)), then v = 9, where 0 < -Ji9 < 
1. The general solution of (28.2.16) is v = ±9 + 2 n, 
where n £ Z. Either 9 or v is called a characteristic ex- 
ponent of (28.2.1). If 9 = 0 or 1, or equivalently, v = n, 
then v is a double root of the characteristic equation, 
otherwise it is a simple root. 


A solution with the pseudoperiodic property (28.2.14) 
is called a Floquet solution with respect to v. (28.2.9), 
(28.2.16), and (28.2.7) give for each solution w(z) of 
(28.2.1) the connection formula 

28.2.17 w(z + 7r) + w(z — 7r) = 2cos(nv)w(z). 

Therefore a nontrivial solution w(z) is either a Floquet 
solution with respect to v, or w(z + 7r) — e W7T w(z) is a 
Floquet solution with respect to —v. 

If q ^ 0, then for a given value of v the correspond- 
ing Floquet solution is unique, except for an arbitrary 
constant factor (Theorem of Ince; see also 28.5(i)). 

The Fourier series of a Floquet solution 

OO 

28.2.18 w(z) = ^ c 2n e i{v+2n)z 

Tl— — OO 

converges absolutely and uniformly in compact subsets 
of C. The coefficients c 2n satisfy 

28.2.19 

qc 2n + 2 - (a - (u + 2 n) 2 ) c 2n + qc 2n - 2 =0, n £ Z. 

Conversely, a nontrivial solution c 2n of (28.2.19) that 
satisfies 

28.2.20 lim |c 2 „| 1/|n| = 0 

n — >-±oo 

leads to a Floquet solution. 

28.2(v) Eigenvalues a n , b n 

For given v and g, equation (28.2.16) determines an in- 
finite discrete set of values of a, the eigenvalues or char- 
acteristic values , of Mathieu’s equation. When 9=0 
or 1, the notation for the two sets of eigenvalues corre- 
sponding to each 9 is shown in Table 28.2.1, together 
with the boundary conditions of the associated eigen- 
value problem. In Table 28.2.1 n = 0, 1, 2, ... . 

Table 28.2.1: Eigenvalues of Mathieu’s equation. 


V 

Boundary Conditions 

Eigenvalues 

0 

w/(0) = w'(^n) = 0 

a 2n (q) 

l 

w/(0) = w(^tt) = 0 

a 2n +i(q) 

l 

w(0) = w'(\i r) = 0 

b2n+i(q) 

0 

ui(0) = = 0 

b2n+2(q) 


An equivalent formulation is given by 


28.2.21 

and 

28.2.22 


u, i(! 7 r; a, q) = 0, 
Wi{\i r; a,q) = 0, 

r; a,q) = 0, 
w u {^ tt; o,g) = 0, 


a = a 2n (q), 
o = o 2n+ i(q), 

a = b 2n+1 {q ), 
a = b 2rl+2 (q), 
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where n = 0,1,2, When q = 0, 

28.2.23 a n (0) = n 2 , n = 0,1,2,..., 

28.2.24 6„(0)=n 2 , n=l,2,3,.... 

Near q = 0, a n (q) and b n (q) can be expanded in power 
series in q (see §28.6(i)); elsewhere they are determined 
by analytic continuation (see §28.7). For nonnegative 
real values of q, see Figure 28.2.1. 



Figure 28.2.1: Eigenvalues a n (q), b n (q) of Mathieu’s 
equation as functions of q for 0 < q < 10, n = 0, 1, 2, 3, 4 
(a’s), n = 1, 2, 3, 4 (b's). 

Distribution 

28.2.25 

for q > 0: a 3 <b\ < a\ <b 2 < a 2 <b 3 < ■ ■ ■ , 
for q < 0: a 0 < a 3 < &i < b 2 < a 2 < a 3 < • • • . 

Change of Sign of q 

28.2.26 a 2n (-q) = a 2n (q), 

28.2.27 a 2 n+i(— q) = b 2n +i(q), 

28.2.28 b 2n+2 {— q) = b 2n+2 (q). 

28.2(vi) Eigenfunctions 

Table 28.2.2 gives the notation for the eigenfunctions 
corresponding to the eigenvalues in Table 28.2.1. Pe- 
riod 7 r means that the eigenfunction has the property 
w(z + tt) = w(z), whereas antiperiod 7r means that 
w(z + 7r) = —w(z). Even parity means w(—z ) = w(z), 
and odd parity means w(—z) = —w(z). 


Table 28.2.2: Eigenfunctions of Mathieu’s equation. 


Eigenvalues Eigenfunctions 

Periodicity 

Parity 

a 2n (q) 

ce 2n (z, q) 

Period tt 

Even 

a 2n +i(q) 

ce 2n+ i (z,q) 

Antiperiod 7 r 

Even 

b 2 n+i{q) 

se 2n+1 (z,q) 

Antiperiod 77 

Odd 

b 2n +2(q ) 

s e 2n+2 (z,q) 

Period tt 

Odd 


28.2.29 


When q = 0. 

c e 0 (z, 0) = 1 / a/ 2, ce n (z,0) = cos (nz), 
se n (z, 0) = sin(nz), n= 1,2,3, 

For simple roots q of the corresponding equations 
(28.2.21) and (28.2.22), the functions are made unique 
by the normalizations 


28.2.30 

r 2n 


f 2 f 271 

/ (ce n (x,q)) dx=n, / (s e n (x,q)) 

Jo Jo 


dx = 


the ambiguity of sign being resolved by (28.2.29) when 
q = 0 and by continuity for the other values of q. 

The functions are orthogonal, that is, 

r 2ir 


.2.31 / ce m (x, q) ce n (x, q) dx = 0, 

Jo 

/ s e m (x, q) se n (x, q) dx = 0, 

Jo 

/ ce m (x,q)se n (x,q) dx = 0. 
Jo 


28.2.32 


n/m, 
n m, 


28.2.33 


For change of sign of q (compare (28.2.4)) 

28.2.34 c e 2 n(z,-q) = (-1)" ce 2 „ (577 - z, q ) , 

28.2.35 ce 2n +i (z, -q) = (-1)" se 2n+ i -z,q), 

28.2.36 se 2n+ i (z, -q) = (-1)" ce 2n+i (§77 -z,q), 

28.2.37 se 2n+2 (z, -q) = (-1)" se 2rl+2 (|tt - z, q) . 

For the connection with the basic solutions in 
§28.2(ii), 

c e n (z,q) 


28.2.38 


28.2.39 


ce„(0, q) 
s e n (z,g) 
s e' n (0,q) 


= w^ttniq)^), 
= w u (z ; b n (q),q), 


n = 0,1 ,..., 


n= 1 , 2 ,.... 
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28.3 Graphics 

28.3(i) Line Graphs: Mathieu Functions with Fixed q and Variable x 


Even 7r-Periodic Solutions 




Even 7r-Antiperiodic Solutions 



Figure 28.3.3: ce 2 „+i(a:, 1) for 0 < x < 7t/2, n = 
0 , 1 , 2 , 3 . 


Odd 7r-Antiperiodic Solutions 



Figure 28.3.5: se2ra+i( a: , 1) for 0 < x < 7t/2, n = 
0,1, 2, 3. 



Figure 28.3.4: ce 2 n +i(:r, 10) for 0 < x < 7t/2, n = 
0,1, 2, 3. 



Figure 28.3.6: se 2 n +i(a:, 10) for 0 < x < n/2, n = 
0,1, 2, 3. 
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Odd 7r-Periodic Solutions 




For further graphs see Jahnke et al. (1966, pp. 264-265 and 268-275). 

28.3(ii) Surfaces: Mathieu Functions with Variable x and q 



Figure 28.3.9: ceo(a g) for 0 < x < 2ir , 0 < q < 10. 

For further graphics see http : //dlmf . nist . gov/28 . 



Figure 28.3.10: sei (x,q) for 0 < x < 2i r, 0 < q < 10. 


. ii. 


28.4 Fourier Series 
28.4(i) Definitions 

The Fourier series of the periodic Mathieu functions 
converge absolutely and uniformly on all compact sets 
in the z-plane. For n = 0, 1, 2, 3, ... , 

OO 

28 . 4.1 c e 2 n (z,q) = Y Al^{q) cos 2 mz, 

m = 0 
oo 

28 . 4.2 ce 2n+1 (z, q) = Y j4 2m+ 1 i(9) cos ( 2m + 1 ) z ^ 

m= 0 
oo 

28 . 4.3 se2n+i(z, q) = Y B z™ + +\ (q)sm( 2 m+l)z, 

m= 0 
oo 

28 . 4.4 se 2n+2 (z, q) = Y B 2m+2 (q) sin ( 2m + 2 ) z - 

m= 0 


28.4(ii) Recurrence Relations 

clAq — qA .2 = 0, {cl — 4)yi.2 — q{^Aq + A 4 ) = 0, 
28 - 4 ' 5 (a - 4TO 2 )^2m - q{A 2m -2 + A 2m+2 ) = 0, 

m = 2,3,4,..., a = a 2n (q ), A 2m = A^q). 

28 . 4.6 

(a — 1 — q)Ai - qA 3 = 0, 

(a — (2m + 1)”) A 2m +i — q(A 2m -i + A 2m+3 ) = 0, 
m = 1, 2, 3, . . . , a = a2n+l(9)j 4t2rra+l = ^fjm+lC?)- 

28 . 4.7 

(a — 1 + q)Bi — qB 3 = 0, 

(a — (2m + l) 2 ) B 2m+ i — q(B 2m _i + B 2m+3 ) = 0, 
to = 1,2,3,..., a = b 2n+1 (q), B 2m+1 = S^+\(g). 


28.5 Second Solutions fe n , ge n 


657 


28.4.8 

(a — 4)B 2 - qB 4 = 0, 

( a — 4m 2 )B2m ~ q(B 2m -2 + B 2m+2 ) = 0, 

to = 2, 3, 4, ... , a = b 2n + 2 (q) , B 2m + 2 = -62771+2(9) • 

28.4(iii) Normalization 

OO 

28.4.9 2 = h 

m—1 

00 

28.4.10 ^ (A 2 Z\\ (q)f = 1, 

m—0 

00 

28.4.11 ^ (B 2 ^+\ (q) f = 1, 

m—0 

00 

28.4.12 jr (B%«*(q)f = 1. 

m—0 

Ambiguities in sign are resolved by (28.4.13)-(28.4.16) 
when <7 = 0, and by continuity for the other values of q. 


28.4(iv) Case q = 0 


28.4.13 

4>(o) = i/A 
(0) = 0, 

^(0) = 1, 

n > 0. 
n 7^ m. 

28.4.14 

^£1(0) = 1, 

^2” + +l(0)=0, 

77 7^ 777, 

28.4.15 

Bttli 0) = 1, 

^Vi(0) = 0, 

77 772, 

28.4.16 

-®2n+2 (0) = 1, 

5 2 2 ”| 2 2 (0) = 0, 

n 7^ 777. 

28.4(v) 

Change of Sign of q 


28.4.17 

Al n m {~q) = (■ 

-l)"- m A 2 :"( g ), 


28.4.18 

-®2m+2 (“9) = (' 

-l) n " m ^2(9), 


28.4.19 

^2m+l( — 9) = 0 

-l)”- ro 6 2 ^+ 1 1 (9), 


28.4.20 

^i(-9) = (■ 

-l)"- m A 2 ^ + \(9). 



28.4(vi) Behavior for Small q 

For fixed s = 1, 2, 3, . . . and fixed 777 = 1, 2, 3, ... , 

28.4.21 A° 2s (q) = 2 f<1 ^ 


28.4.22 


4 m 

^ 1 m+ 2 fi 

■ (9) 

pm 

-°m+ 2 £ 

,(9) 

28.4.23 


A 771 

■ 7± m—2s 

(9)' 

r>m 

1J m—2s 

(9). 


( s !) 2 

(— l) s m! 


(!) 


s!(m + s) 
(m — s — 1)! 


)! W 


0(q s + 2 ) ) A°(q) 
0{q s+1 


42(9), 

B%(q), 


f (I)'+°(9' +i : 


42(9), 

s!(tti - 1)! V4 7 ' V I6^(g). 

For further terms and expansions see Meixner and 
Schafke (1954, p. 122) and McLachlan (1947, §3.33). 


28.4(vii) Asymptotic Forms for Large m 

As 771 —7 00, with fixed q (7^ 0) and fixed n, 

28.4.24 

^lm(g) = (~l) m /9\ m 7r(l + 0(?77- 1 )) 

Al n {q) ( 777 I ) 2 V47 w 11 (J 1 ir,a 2n (q),qy 

28.4.25 

^+\(g) = (~l) m+1 / qV n + 1 2(1 + Q(m- 1 )) 

A 2n+1 (g) ^47 7n I , I (i7r;a 2 „ + i(g),g)’ 

28.4.26 

^+\(g) = (-ir m m+1 2 (i + o(t77- 1 )) 

6 2n+1 (g) ^j 2 V47 b 2n+1 (q), q)’ 

28.4.27 

6^ +2 (g) = (~l) m /9\ m g7r(l + 0(m- 1 )) 

B 2n+2 (q) (m\) 2 V47 w[{\^b 2n+2 {q) iq y 

For the basic solutions w Y and w u see §28.2(ii). 


28.5 Second Solutions fe„, ge^ 


28.5(i) Definitions 


Theorem of Ince (1922) 

If a nontrivial solution of Mathieu’s equation with q 7^ 0 
has period ir or 2-7T, then any linearly independent solu- 
tion cannot have either period. 

Second solutions of (28.2.1) are given by 

28.5.1 f e n (z,q) = C n (q) (zce n (z,q) + f n (z,q )) , 
when a = a n (q), n= 0,1,2,..., and by 


28.5.2 g e n (z, q) = S n (q) (z s e n (z, q) + g„(z, q )) , 

when a = b n (q ), 77 = 1, 2, 3, ... . For 777 = 0, 1, 2, ... , we 
have 

2g53 f 2 m{z,q) 7r-periodic, odd, 

f 2m +i(z,q) 7r-antiperiodic, odd, 


and 

28.5.4 


g 2 m+i(z,q) 7r-antiperiodic, even, 
g 2 m+ 2 {z,q) 7r-periodic, even; 


compare §28.2(vi). The functions f n (z,q), g n (z,q) are 
unique. 

The factors C n (q) and S n (q) in (28.5.1) and (28.5.2) 
are normalized so that 


t*27T 

(Cn(q)) 2 (f n (x,q)) 2 dx 

28.5.5 

/»Z7T 

= (Sn(q)) 2 {g n {x,q)) 2 dx = n. 

Jo 

As q — > 0 with n ^ 0, C n {q) — > 0, S n (q) — ► 0, 
C n (q)fn{z 1 q) -> sin nz, and S n (q)g n (z,q) — ► cos nz. 
This determines the signs of C n (q) and S n (q). (Other 
normalizations for C n (q) and S n (q) can be found in 
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the literature, but most formulas — including connec- 
tion formulas — are unaffected since ie n (z,q)/C n (q) and 
g e n (z , q) / S n (q) are invariant.) 

C 2m (-q) = C 2 m(q), 

28 . 5.6 C 2m +i(-q) = S 2m +i(q), 

^ 2 m +2 ( q) = S 2m + 2 (q). 

For q = 0, 

feo(z, 0) = z, fe„(,z, 0) = sin nz, 
ge n (z,0) = cos nz, n= 1,2,3,...; 

compare (28.2.29). 

As a consequence of the factor z on the right-hand 
sides of (28.5.1), (28.5.2), all solutions of Mathieu’s 


equation that are linearly independent of the periodic 
solutions are unbounded as 2 — > ±oo on R. 

Wronskians 

28 . 5.8 W {ce n ,fe„} = ce n (0,q)fe' n (0,q), 

28 . 5.9 'W {se n ,ge n } = — se(j(0, q) ge n (0, q). 

See (28.22.12) for fe(, (0, q) and ge„(0, q). 

For further information on C n (q), S n (q ), and expan- 
sions of f n {z , q), g n (z , q) in Fourier series or in series of 
ce„, se n functions, see McLachlan (1947, Chapter VII) 
or Meixner and Schafke (1954, §2.72). 


28.5(ii) Graphics: Line Graphs of Second Solutions of Mathieu’s Equation 
Odd Second Solutions 




Figure 28.5.1: feo(x,0.5) for 0 < x < 2 tt and (for com- Figure 28.5.2: feo(x, 1) for 0 < x < 27 t and (for compar- 
parison) ceo(x,0.5). ison) ceo(x,l). 



Figure 28.5.3: fei(x,0.5) for 0 < x < 2-7T and (for com- 
parison) cei(x,0.5). 



Figure 28.5.4: fei(x, 1) for 0 < x < 27r and (for compar- 
ison) cei(x, 1). 
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Even Second Solutions 



Figure 28.5.5: ge 1 (x, 0.5) for 0 < x < 2 tt and (for com- 
parison) sei(x,0.5). 



Figure 28.5.6: ge 1 (ai, 1) for 0 < x < 2ir and (for compar- 
ison) sei(x, 1). 


28.6 Expansions for Small q 
28.6(i) Eigenvalues 

Leading terms of the power series for a m (q) and b m (q) for m < 6 are: 


28 . 6.1 

28 . 6.2 

28 . 6.3 

28 . 6.4 

28 . 6.5 

28 . 6.6 

28 . 6.7 

28 . 6.8 

28 . 6.9 

28 . 6.10 
28 . 6.11 
28 . 6.12 
28 . 6.13 


68687 8 

188 74368^ 


n (n\ — _i „ 2 _L J—n 4 - 29 ~ 6 

a 0\Q) 2^ ' 128^ 2304^ 

a l(<Z) — 1 + 9 ~ s'? ~ 64 ® ~ 1536 ® 1 36864 

bi(q) = l-q~ W + f - 

02(9) = 4 + J^q — 435249 + 796 26240® 


11 q 5 


_U_ a 5 - 

36864 V 


— — — q 9 + 55 7 ^ „ 

5 89824 V v- 94 37184 V 353 89440 V 


83 


4 9 g 6 55_ 7 

5 89824 v 94 37184 v 


83 


353 89440 - 


45 86471 42400 ^ 

u ( r .\ — A L n 2 _i_ 5 n 4 _ 289 6 , 21391 8 

V: !2 v ' 13824 V 796 26240 V 4-4585474424009 

13 „4 5 „5 1961 „6 


13824 - 
64 - 

b 3 (q) =9 + T^q 2 - ^ 9 3 


03(9) 9 + 16 9 + 04 9 + 20480® 16384® 235 92960® 1048 57600® 


609 


16 V 64 

04(9) = 16 + +9 2 + 
bi{q) = 16 + 3 q 9 — 8 64000® 


— Q 4 ■ 

20480 v 


— - — Qf 5 1961 „6 

16384 v 235 92960 9 


609 


1048 57600 - 


5701 


30 
1 „2 


27216 00000 v 

10049 6 

27216 00000® 


37 


a 5(9) — 25+ 4g 9 + 7744449 + 1 47456® + 8918^13888 ® 

7, / nc j L„ 2 4 11 „4 1 „5 1 37 6 

U 5 W 481 4-77444411 1 47456 V 4-894843888(1 

a e(9) = 36 + 7 q 9 + 439 oiooo ® 

^6 (9) =36+ + 9 2 


439 04000 V 1 9293 59872 00000® 

187 4 58 61633 „6 

439 04000 ® 


28 . 6.14 


70 V 1 439 04000 V 9293 59872 00000® 1 

Leading terms of the of the power series for m = 7, 8 , 9, . . . are: 

1 9 5 to 2 + 7 4 


7 (®) 


= TO + 


b m {q) / ' 2 (to 2 — 1) ^ ' 32 (to 2 — l) 3 (m 2 — 4) ' 64 (to 2 — l) 5 (m 2 — 4)(m 2 — 9) 

The coefficients of the power series of a 2n (q), b 2n (q) and also 02™+! (9); &2n+i(9) are the same until the terms in 


:9 


9to 4 + 58m 2 + 29 


g 2 " 2 and 9 2ra , respectively. Then 


28 . 6.15 


6+1(9) - b m (q) = 


2 q r ‘ 


(i + o(® 2 )). 


(2 m— 1 (to - 1)!) 

Higher coefficients in the foregoing series can be found by equating coefficients in the following continued-fraction 
equations: 

28 . 6.16 

a — (2 n) 2 — 


jr <r 

a — (2n — 2) 2 — a - (2n - 4) 2 - 


9 2 2g 2 

a — 2 2 — a 


9 


(2n + 2) 2 - a - (2 n + 4) 2 - a - 


, a = a 2n (q), 
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28.6.17 

a — (2n + l) 2 - 

q 2 

q 2 

q 2 

q 2 

q 2 

a — (2 n — l) 2 — 

a — 3 2 — 

a — l 2 — q 

(2 n + 3) 2 — a — 

(2n + 5) 2 - a- 

28.6.18 

a — (2 n + l) 2 — 

28.6.19 

a — (2n T 2) 2 - 

q 2 

q 2 

q 2 

q 2 

q 2 

a — (2 n — l) 2 — 

q 2 

a — 3 2 — 

q 2 

a — l 2 + q 

q 2 

(2 n + 3) 2 — a — 

q 2 

(2n + 5) 2 — a — 

q 2 

a — (2 n) 2 — a — 

(2n — 2) 2 - 

a- 2 2 

(2n + 4) 2 — a — 

(2 n + 6 ) 2 — a — 


, a — < 2271+1 (<?)> 

, a = b 2n +i(q), 


= b 


2n+2 


(«)■ 


Numerical values of the radii of convergence piP of the power series (28.6.1)-(28.6.14) for n = 0, 1, . . . , 9 are given 
in Table 28.6.1. Here j = 1 for a 2n {q ), j = 2 for b 2n+2 (q), and j = 3 for a 2 n +i(<?) and b 2n+ i(q). (Table 28.6.1 is 
reproduced from Meixner et al. (1980, §2.4).) 

Table 28.6.1: Radii of convergence for power-series expansions of eigenvalues of Mathieu’s equation. 


n 

o (1) 

pn 

o (2) 

pn 

« (3) 

pn 

0 or 1 

1.46876 86138 

6.92895 47588 

3.76995 74940 

2 

7.26814 68935 

16.80308 98254 

11.27098 52655 

3 

16.47116 58923 

30.09677 28376 

22.85524 71216 

4 

30.42738 20960 

48.13638 18593 

38.52292 50099 

5 

47.80596 57026 

69.59879 32769 

58.27413 84472 

6 

69.92930 51764 

95.80595 67052 

82.10894 36067 

7 

95.47527 27072 

125.43541 1314 

110.02736 9210 

8 

125.76627 89677 

159.81025 4642 

142.02943 1279 

9 

159.47921 26694 

197.60667 8692 

178.11513 940 


It is conjectured that for large n , the radii increase in proportion to the square of the eigenvalue number n; see 
Meixner et al. (1980, §2.4). It is known that 

28.6.20 liminf > kk'(K(k )) 2 = 2.04183 4 . . . , 

n — >oo Tl z 

where k is the unique root of the equation 2 E{k) = K(k ) in the interval (0, 1), and k! = y/1 — k 2 . For E(k) and 
K(k) see §19.2(ii). 

28.6(ii) Functions ce^ and se^ 

Leading terms of the power series for the normalized functions are: 

28.6.21 2 1 / 2 ce 0 (z, q) = 1 — |gcos2z + ^ q 2 (cos42 — 2) — ■ j ^ q 3 (| cos 6 z — 11 cos 2 z ) + ■ ■ ■ , 
cei (z, q) = cos 2 — |gcos30 

+ (| cos 52 — 2cos3z — cos z) — (g cos7z — | cos 5z — | cos3z + 2 cos z) + • • • , 

sei(z,q) = sin z — |<7sin3z 

+ q 2 (| sin5z + 2sin3z — sin 2 ) — j^q 3 (g sin 7+ + | sin 52 — g sin 3+ — 2 sin 2 ) + • • • , 

28.6.24 ce 2 (z, q) = cos 2 2 — \q ( g cos 42 — l) + ggg q 2 (| cos 62 — ™ cos 22 ) + • • • , 

28.6.25 se 2 ( 2 , q) = sin 22 — gg < 7 sin 42 + q 2 (| sin 62 — | sin 22 ) + • • • . 


28.6.22 


28.6.23 


For to = 3, 4, 5, ... , 


28.6.26 


ce m (z,q) = costo 2 - - _ v ... , 1 

4 \ ra+l to — 1 


cos (m + 2)2 - cos (to — 2)2 




32 \ (to + 1)(to + 2) 


cos (to + 4)2 + 


(to — 1)(to — 2) 


cos (to — 4)2 — 


2 (to 2 + 1) 
(to 2 — l ) 2 


cos to 2 
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For the corresponding expansions of s e m (z,q) for 
to = 3,4,5,... change cos to sin everywhere in 
(28.6.26). 

The radii of convergence of the series (28.6.21)- 
(28.6.26) are the same as the radii of the corresponding 
series for a n (q) and b n (q); compare Table 28.6.1 and 
(28.6.20). 

28.7 Analytic Continuation of Eigenvalues 

As functions of q , a n (q) and 6 „(g) can be continued 
analytically in the complex g-plane. The only singu- 
larities are algebraic branch points, with a n (q) and 
b n (q) finite at these points. The number of branch 
points is infinite, but countable, and there are no fi- 
nite limit points. In consequence, the functions can be 
defined uniquely by introducing suitable cuts in the g- 
plane. See Meixner and Schafke (1954, §2.22). The 
branch points are called the exceptional values , and the 
other points normal values. The normal values are sim- 
ple roots of the corresponding equations (28.2.21) and 
(28.2.22). All real values of q are normal values. To 
4D the first branch points between ao(g) and 02 (g) are 
at g 0 = ±zl.4688 with a 0 (q 0 ) = a 2 (g 0 ) = 2.0886, and 
between 6 2 (g) and 64 (g) they are at gi = ±z6.9289 with 
62 (gi) = 64 (gi) = 11.1904. For real g with |g| < |g 0 |, 
ao(ig) and a 2 (zg) are real- valued, whereas for real g with 
|g| > | go | , ao(zg) and a 2 (zg) are complex conjugates. 
See also Mulholland and Goldstein (1929), Bouwkamp 
(1948), Meixner et al. (1980), Hunter and Guerrieri 
(1981), Hunter (1981), and Shivakumar and Xue (1999). 

For a visualization of the first branch point of a 0 (zg) 
and a 2 (zg) see Figure 28.7.1. 



Figure 28.7.1: Branch point of the eigenvalues ao(zg) 
and a 2 (zg): 0 < g < 2.5. 


All the a 2 „(g), n = 0, 1, 2, ... , can be regarded as be- 
longing to a complete analytic function (in the large). 
Therefore w'^n; a, q) is irreducible, in the sense that it 
cannot be decomposed into a product of entire functions 


that contain its zeros; see Meixner et al. (1980, p. 88 ). 
Analogous statements hold for a 2n +i(g), & 2 n+i(g)> and 
6211 + 2 (g), also for n = 0,1,2,.... Closely connected 
with the preceding statements, we have 

OO 

28.7.1 JZ ( a2 "(«) _ ( 2n ) 2 ) = °> 

n= 0 
00 

28.7.2 (°2n+i (<z) - (2n + l) 2 ) = g, 

n= 0 
00 

28.7.3 (Wi (g) - (2 n + l) 2 ) = -g, 

n— 0 
00 

28.7.4 J2 ( W 2 (g) - (2 n + 2) 2 ) = 0. 

n— 0 


28.8 Asymptotic Expansions for Large q 


28.8(i) Eigenvalues 


Denote h = ^Jq and s = 2 m+ 1. Then as h — > +00 with 
to = 0 , 1 , 2 ,..., 

28 . 8.1 

bS}i(h 2 ) } ~ ~ 2k 2 + 2sk ~ + 1} “ ¥h is3 + 3S) 

~ ^ 3 ^ 2 " (5s 4 + 34s 2 + 9) 

- ^^(33s 5 + 410s 3 + 405s) 

- ^y(63s 6 + 1260s 4 + 2943s 2 + 486) 

- xJnr(527 s 7 + 15617s 5 + 69001s 3 
2 25 6 5 

+ 41607s) + • • • . 

For error estimates see Kurz (1979), and for graphical 
interpretation see Figure 28.2.1. Also, 


28 . 8.2 


6m+l(6 ) U m (6“) 

o4m+5 /oX 1 / 2 

= =— ^(-) h m+ W 2 )e- Ah 

TO! \7 T J 


( 6 to 2 + 14to + 7 

x 1 — h O 

V 32 h 



28.8(ii) Sips’ Expansions 

Let x = ^ 7 r + A 6 -1 / 4 , where A is a real constant 
such that |A| < 2 1 / 4 . Also let ^ = 2\/hcosx and 
D m (C) = eT^ / 4 He m {^) (§18.3). Then as h — > +cxd 

ce m (x, h 2 ) = C m {U m (^) + Vm(£)) , 

28 . 8.3 se m +i (x, 6 2 ) 


sini 


= S m (U m (0 - V m (0) , 


where 
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28 . 8.4 

28 . 8.5 

and 

28 . 8.6 

28 . 8.7 


Um(0 ~ D m (0 - ^ (d to+4 (0 - 4! Q D m _ 4(0 

+ 21^2 (a*+ 8(0 - 2 * * * * 5 * (m + 2) D m+4 (0 + 4! 2 5 (m - 1) D m _ 4 (0 + 8lf^ An-s(£) ) + 

Kn(6 ~ ^ f - -D m+2 (0 - m(m - 1) D m _ 2 (£) \ + f-Dm+e(£) + (m 2 - 25m - 36) D m+2 (£) 




- m(m - l)(m 2 + 27m - 10) D m _ 2 (£) + 6! ( g ) £> m _ 6 (£) ) + 


7 rft \ 1/4 A 2m + 1 m 4 + 2m 3 + 263 m 2 + 262m. + 108 \ 1 ^ 2 

2(m!) 2 J V + 8ft + 2048/? 2 + ' 


7T ft. 


1/4 


1 - 


2m + 1 m 4 + 2m 3 — 121m 2 — 122m. — 84 \ 1 ^ 


2(m!) 2 7 V 8ft 2048ft 2 

These results are derived formally in Sips (1949, 1959, 1965). See also Meixner and Schafke (1954, §2.84). 

28.8(iii) Goldstein’s Expansions 

Let x = — /rft - 4 / 4 , where /i is a constant such that /i > 1, and s = 2m + 1. Then as ft. — > +oo 

c e m (x,h 2 ) 


28 . 8.8 

where 

28 . 8.9 

and 

28 . 8.10 

28 . 8.11 

28 . 8.12 


ce m (0, ft 2 ) 

se m+ i (x, ft 2 ) _ 2 m- ( 1 / 2 ) 

se m+l(®i ^ 2 ) T m + 1 


(W+(a;)(P m (a:) - Q m (x)) + W m (a;)(P m (a;) + Q m (x))) , 
( W m 0*0 (-Pm (a) - Qm(i)) - W~{x)(P m (x) + Q m (a;))) , 


W±{x) = 


D ±2 h sin x 


(cos(|m + |tt)) 

(cosa;) m+1 1 (sin(|a;+ \n)) 


1 \\2m+l 


1 \ \ 2m+l 


„ s 4s 2 + 3 19s 3 + 59s 

Um ~ 1 + ATT + 


OL 1 2s 2 + 3 7s 3 + 47s 

, T m +1 ~ 2ft. — -s 2<5ft 


2 3 ft 2 7 ft 2 2 n ft 3 

s 1 / s 4 + 86s 2 + 105 s 4 + 22s 2 + 57 


Pm{x) ~ 1 + 


2 3 ftcos 2 x ft 2 V 2 11 cos 4 


“ X 


2 11 cos 2 x 
4s 3 + 44s 


_ , . sins / 1,9 1 ( -i 

Qm { x ) ~^ x \¥ h {s +3) + 2^p( S +3S+ cos 2 * 


28.8(iv) Uniform Approximations 
Barrett’s Expansions 

Barrett (1981) supplies asymptotic approximations for 
numerically satisfactory pairs of solutions of both Math- 
ieu’s equation (28.2.1) and the modified Mathieu equa- 
tion (28.20.1). The approximations apply when the pa- 
rameters a and q are real and large, and are uniform 
with respect to various regions in the z-plane. The 
approximants are elementary functions, Airy functions, 
Bessel functions, and parabolic cylinder functions; com- 
pare §2.8. It is stated that corresponding uniform ap- 
proximations can be obtained for other solutions, in- 
cluding the eigensolutions, of the differential equations 


by application of the results, but these approximations 

are not included. 

Dunster's Approximations 

Dunster (1994a) supplies uniform asymptotic approxi- 
mations for numerically satisfactory pairs of solutions 
of Mathieu’s equation (28.2.1). These approximations 
apply when q and a are real and q — > oo. They are uni- 
form with respect to a when —2 q < a < (2 — 6)q : where 

S is an arbitrary constant such that 0 < 6 < 4, and 

also with respect to z in the semi-infinite strip given by 

0 < < 7r and > 0. 

The approximations are expressed in terms of Whit- 

taker functions W K ^(z) and M K ^(z) with fi= com- 


28.9 Zeros 
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pare §2.8(vi). They are derived by rigorous analysis 
and accompanied by strict and realistic error bounds. 
With additional restrictions on z, uniform asymptotic 
approximations for solutions of (28.2.1) and (28.20.1) 
are also obtained in terms of elementary functions by re- 
expansions of the Whittaker functions; compare §2.8(ii). 

Subsequently the asymptotic solutions involving ei- 
ther elementary or Whittaker functions are identified in 
terms of the Floquet solutions me„(z, q) (§28. 12(ii) ) and 
modified Mathieu functions M „\z,h) (§28.20(iii)). 

For related results see Langer (1934) and Sharpies 
(1967, 1971). 


28 . 10.4 


,77/2 

/ cos z cos t cosh(2 h sin z sin t ) ce 2 „+i (t, h 2 ) dt 

Jo 

A\ n+ \h 2 ) 


2ce 2 „+i(0,/i 2 ) 


ce 2 n+ 1 h ) i 


28 . 10.5 


2 
7 r 


-77/2 


sinh(2ft. sin z sin t) se 2n+ i (t, /r 2 ) dt 

i 

hBl n+ \h 2 ) 


Se 2n+l(0j h 2 ) 


S^2n+1 (-2/ 7 


28.9 Zeros 

For real q each of the functions ce 2n (z,g), se 2 „ +1 (z,q), 
ce 2n +i(z, g), and se 2 n+ 2 (z,q) has exactly n zeros in 
0 < z < ^7r. They are continuous in q. For q — > oo 
the zeros of c e 2 n (z, q) and se 2n +i(z, q) approach asymp- 
totically the zeros of He 2n (q 1 ^('^ ~ 2z)), and the zeros 
of ce 2n +i(z, q) and se 2rt + 2 (z, q) approach asymptotically 
the zeros of He 2n +i (g 1 / 4 (7r — 2z)) . Here He n {z) de- 
notes the Hermite polynomial of degree n (§18.3). Fur- 
thermore, for q > 0 c e m (z,q) and s e m (z, g) also have 
purely imaginary zeros that correspond uniquely to the 
purely imaginary z-zeros of J m (2y / gcosz) (§10.21 (i)) , 
and they are asymptotically equal as q — ► 0 and |3z| — > 
oo. There are no zeros within the strip |5ffz| < other 
than those on the real and imaginary axes. 

For further details see McLachlan (1947, pp. 234- 
239) and Meixner and Schafke (1954, §§2.331, 2.8, 2.81, 
and 2.85). 


28 . 10.6 


2 

7T 


,77/2 

/ sin z sin t cos(2 h cos z cos t) se 2n+ i (t, h 2 ) dt 

Jo 

B 2 n+ 1 (h 2 ) . , 2 > 

o 71 7W se 2n+l [Z, h-), 

2se 2n+ i(i7T, h 2 ) 


28 . 10.7 

2 / >7r/2 


sin z sin t sin(2 h cos z cos t ) se 2rl+2 ( t , h 2 ) dt 
hB 2n+2 (h 2 ) 


2 Se 2n+2 (I’Tj h 2 ) 


se 2n+2 (z, h ) , 


28 . 10.8 

2 
7 r 


»tt/2 


cos z cos t sinh(2/i sin z sin t) se 2rt+2 (f , h 2 ) dt 
hBl n+2 {h 2 ) 


2 se 2n+2(0> ^ 2 ) 


se 2n+2 (z, h 2 ). 


28.10 Integral Equations 

28.10(i) Equations with Elementary Kernels 

With the notation of §28.4 for Fourier coefficients, 


28 . 10.1 


2 
7 r 


.77/2 


cos(2 h cos z cos t) ce 2n (f , /i 2 ) dt 


A 2 o n {h 2 ) 

ce 2n (|7r, h 2 ) 

2 f v/2 


ce 2 n ( z , h 2 ), 


28 . 10.2 


cosh(2 h sin z sin t) ce 2n (t, /i 2 ) dt 
ce 2n (z, h ) , 


Al n {h 2 ) 


ce 2n (0 ,h 2 ) 


28 . 10.3 


2 
7 r 


77/2 


sin(2 h cos z cos t) ce 2n+ i (t, h 2 ) dt 
hAl n+ \h 2 ) 


ce 2 n+i(| 7r > /l2 ) 


ce 2n+ i (z, h ) , 


28. 10(ii) Equations with Bessel-Function 
Kernels 


28 10 9 Jo (z\J cos 2 r - sin 2 C ) j ce 2 „( r , q ) dr 

= Wii (| tt ; a 2 „( g ), q) ce 2 n ( C , q), 

/*7T 

28 . 10.10 / J o ( V9(cosT + cosC )) ce „( T , g)dT 

0 

= w „( 7 r ; a „( g ), g ) ce n ( C , g ). 


28. 10(iii) Further Equations 

See §28.28. See also Prudnikov et al. (1990, pp. 359- 
368), Erdelyi et al. (1955, p. 115), and Gradshteyn and 
Ryzhik (2000, pp. 755-759). For relations with variable 
boundaries see Volkmer (1983). 
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28.11 Expansions in Series of Mathieu 
Functions 


Let f(z) be a 27r-periodic function that is analytic in an 
open doubly-infinite strip S that contains the real axis, 
and q be a normal value (§28.7). Then 


28.11.1 

OO 

f(z) = a 0 ce 0 (z, q) + ^2 (a n c e n (z, q) + /3 n s e n (z, q )) , 

n = 1 


where 


28.11.2 


1 f 2 7r 

a.n = - f{x)ce n (x,q)dx, 

71 J 0 

1 f 2n 

0n=~ f(x)se n {x,q)dx. 

K J 0 


The series (28.11.1) converges absolutely and uniformly 
on any compact subset of the strip S. See Meixner and 
Schafke (1954, §2.28), and for expansions in the case 
of the exceptional values of q see Meixner et al. (1980, 
p. 33). 


Examples 

With the notation of §28.4, 


OO 

28.11.3 1 = 2j2 A2 o n (Q)ce 2 n{z,q), 

n — 0 

OO 

28.11.4 cos 2 mz = E ^2m(9)c e 2n (z,q), m yf 0 , 

n — 0 


28.11.5 cos (2 to + 1 )z 

n—0 

oo 

28.11.6 sin (2m + 1 )z = E S 2 m+i( 3 ) se 2 „+i (z, q), 

n—0 

oo 

28.11.7 sin (2m + 2)z - E B 2 m +2 (?) se 2n+2 (;z, g). 

n—0 


Mathieu Functions of Noninteger 
Order 


28.12 Definitions and Basic Properties 

28.12(i) Eigenvalues A^_|_ 2 n(q) 

The introduction to the eigenvalues and the functions 
of general order proceeds as in §§28.2(i), 28.2(ii), and 
28.2(iii), except that we now restrict v yf 0,1; equiva- 
lently v ^ n. In consequence, for the Floquet solutions 
w(z) the factor e Klu in (28.2.14) is no longer ±1. 


For given v (or cos(u7r)) and q , equation (28.2.16) 
determines an infinite discrete set of values of a, de- 
noted by A v + 2 n(q), n = 0,±1, ±2, When q = 0 

Equation (28.2.16) has simple roots, given by 

28.12.1 A„ +2n (0) = (v + 2n) 2 . 

For other values of q , A „+ 2n (g) is determined by ana- 
lytic continuation. Without loss of generality, from now 
on we replace v + 2n by v. 

For change of signs of v and q, 

28.12.2 A v {-q) = A „{q) = A _„(g). 

As in §28.7 values of q for which (28.2.16) has simple 
roots A are called normal values with respect to u. For 
real values of v and q all the \ v {q) are real, and q is 
normal. For graphical interpretation see Figure 28.13.1. 
To complete the definition we require 


28.12.3 A m(q) 


a m (q), m = 0,1,..., 
b-m(q), m=- 1 ,- 2 ,.... 


As a function of v with fixed q (yf 0), A v (q) is discon- 
tinuous at v = ±1, ±2, .... See Figure 28.13.2. 


28.12(ii) Eigenfunctions me v ,(z, q) 

Two eigenfunctions correspond to each eigenvalue a = 
A v (q). The Floquet solution with respect to v is denoted 
by me„( 2 :,?). For q = 0, 

28.12.4 me„(z, 0) = e ivz . 

The other eigenfunction is m e v (—z,q), a Floquet so- 
lution with respect to —v with a = A v {q). If q is a 
normal value of the corresponding equation (28.2.16), 
then these functions are uniquely determined as ana- 
lytic functions of z and q by the normalization 

28.12.5 / me„(x, q) me„(— x, q) dx = n. 

Jo 

They have the following pseudoperiodic and orthogonal- 
ity properties: 

28.12.6 me„(z + 7T, q) = e 7 ”" me„(z, q), 

28.12.7 

me„ +2m (j:, q) me„ +2n (-a:, q) dx =0, m ^n. 

For changes of sign of q , and z, 

28.12.8 me_„(z, q) = me v (-z,q), 

28.12.9 me v (z, —q) = e* 1 ' 71 ’/ 2 me„ (z — q ') , 

28.12.10 me v (z, q) = me p (— z, q). 

(28.12.10) is not valid for cuts on the real axis in the 
g-plane for special complex values of u; but it remains 
valid for small </; compare §28.7. 




28.13 Graphics 


665 


To complete the definitions of the me„ functions we 
set 

me n ( 2 , q) = V2ce n (z, q), n = 0,1,2,..., 

28. 1 2.11 . . . . . 

m e- n (z, q) = - V2 * se„(z, q), n= 1,2,...; 

compare (28.12.3). However, these functions are not the 
limiting values of me±„(z, q) as v — > n 0). 

28. 12(iii) Functions ce u (z,q), se l/ (z,q), when 
v (// Z 

28.12.12 c e v (z, q) = 5 (me^x, g) + me„(- 2 , g)) , 

28.12.13 s e v {z,q) = (me„( 2 , q) -m e v {—z,q)). 


These functions are real-valued for real u, real q, and 
z = x, whereas vae u {x, q ) is complex. When v = s/m is 
a rational number, but not an integer, all solutions of 
Mathieu’s equation are periodic with period 2mn. 

For change of signs of v and z, 

28.12.14 ce „{z,q) = c e„{-z,q) = c e_„(z,g), 

28.12.15 s e v (z, q) = - s e v (-z, q) = - se_„(z, q). 

Again, the limiting values of c e„(z, g) and se„(z,q) as 
v — > n 0) are not the functions ce n (z, q) and se n (z, q) 
defined in §28.2(vi). Compare e.g. Figure 28.13.3. 


28.13 Graphics 

28.13(i) Eigenvalues A v (q) for General u 



Figure 28.13.1: A v (q) as a function of q for v = 0. 5(1)3. 5 
and a n (q),b n (q) for n = 0,1, 2, 3, 4 (a’s), n = 1,2, 3, 4 
(6’s). (Compare Figure 28.2.1.) 



Figure 28.13.2: A„(g) for — 2 < v < 2, 0 < q < 10. 


28.13(ii) Solutions ce u (x,q), s e l/ (x,q), and me l/ (x,q) for General v 



Figure 28.13.3: ce l/ (x, 1) for — 1 < v < 1, 0 < x < 27r. Figure 28.13.4: se u (x, 1) for 0 < v < 1, 0 < x < 2n. 
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28.14 Fourier Series 


The Fourier series 

OO 

28.14.1 m e„(z,q)= ]T c^ m (q)e^+ 2m > , 

m =— oo 

OO 

28.14.2 ce v (z, q) = ^2 c 2 ' mio) cos (u + 2m) z, 

m=— oo 
oo 

28.14.3 s e v (z,q) = ^2 c 2 m (g) sin { v + 2m) 2 , 

m— — oo 


converge absolutely and uniformly on all compact sets 
in the 0-plane. The coefficients satisfy 

00 , . . 9 c 2m+2 - (a - (u + 2m) 2 ) c 2m + qc 2m -2 = 0, 

2o.l4.4 

a = A „(<?), c 2m = c% m (q), 

and the normalization relation 


OO 

28.14.5 (c 2 m (g )) 2 = 1 ; 

171 — — OO 

compare (28.12.5). Ambiguities in sign are resolved by 
(28.14.9) when q = 0, and by continuity for other values 
of q. 

The rate of convergence is indicated by 


28.14.6 


l (l) 


-q 
4m 2 


1 + 0 [ — 

m 


^2m=f 2 (*?) 

For changes of sign of u, g, and m, 


m 


± 00 . 


28.14.7 c:£ ro (<?) = C 2 m (g), 

28.14.8 c 2m(~q) = (-l) m C 2m (?). 
When <7 = 0, 


28.14.9 

When 


c o(0) = 1) c 2m(0) = 0, 

0 with m (> 1) and fixed, 


m 7 ^ 0 . 


28.14.10 


(-i) m <7 m r(z/± i) 
m! 2 2m r(u + m + 1 ) 



28.15 Expansions for Small q 
28.15(i) Eigenvalues A u (q) 


28.15.1 


1 


K(q) = v + —q 


5i/ 2 ±7 


2 | 2 

2(u 2 -l) 9 '' 32(u 2 — l) 3 (u 2 — 4) ' 
9iz 4 + 58u 2 + 29 6 

64(i/ 2 -1) 5 (z/ 2 -4)(i/ 2 -9) 9 + '"' 


Higher coefficients can be found by equating powers 
of q in the following continued- fraction equation, with 
a = A v (q): 


a — v — 


28.15.2 


a— (z/±2) 2 — a — (u±4 ) 2 — 


. — (z/ — 2 ) 2 — a — (y — 4 ) 2 — 


28. 15(ii) Solutions me,y(z, q) 


28.15.3 

m e„(z,q) 


= e iuz - - 


J(u+2)z 


0 i(v—2)z 


q 


4 ± 1 

2 / ! 


V- 1 
D i(i/+4)z 


32 \ (u ± l)(u ± 2) 

1 i(i/-4)z _ 2(u 2 + 1) il/z 

(j/-1)(i/- 2) (u 2 -l) 2 


compare §28.6(ii). 


28.16 Asymptotic Expansions for Large q 

Let s = 2m ±1, m = 0, 1, 2, ... , and v be fixed with 
m < v < m + 1. Then as /i(= yd)) — > ±00 

28.16.1 

K{h 2 ) ~ — 2/i 2 ± 2sh - ^(s 2 + 1) - ^-(s 3 + 3s ) 

“ 212^2 ( 5s4 + 34s2 + 9 ) 

- ^3 (33s 5 + 410s 3 + 405s) 

- F3F7 t ( 63s6 + 1260s 4 + 2943s 2 + 486) 

2^ u /i 4 

- (527 s 7 + 15617s 5 + 69001s 3 + 41607s) 

H . 

For graphical interpretation, see Figures 28.13.1 and 
28.13.2. 

See also §28.8(iv). 


c v 2m{q) 


28.17 Stability as i — > ±oo 
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28.17 Stability as x — > ±oo 

If all solutions of (28.2.1) are bounded when x — > ±oo 
along the real axis, then the corresponding pair of pa- 
rameters (a, q) is called stable. All other pairs are un- 
stable. 

For example, positive real values of a with q = 0 
comprise stable pairs, as do values of a and q that cor- 
respond to real, but noninteger, values of v. 

However, if Si/ ^ 0, then (a, q) always comprises an 
unstable pair. For example, as x — > +oo one of the 
solutions me„(x,q) and me„(- x,q) tends to 0 and the 
other is unbounded (compare Figure 28.13.5). Also, all 
nontrivial solutions of (28.2.1) are unbounded on R. 

For real a and q (^ 0) the stable regions are the open 
regions indicated in color in Figure 28.17.1. The bound- 
ary of each region comprises the characteristic curves 
a = a n (q) and a = b n (q); compare Figure 28.2.1. 


a 



Figure 28.17.1: Stability chart for eigenvalues of Math- 
ieu’s equation (28.2.1). 


28.18 Integrals and Integral Equations 

See §28.28. 

28.19 Expansions in Series of me v+2 n 
Functions 

Let q be a normal value (§28. 12(i) ) with respect to i/, 
and f(z) be a function that is analytic on a doubly- 
infinite open strip S that contains the real axis. Assume 
also 

28.19.1 f{z + n) = e lV 7 r f(z). 

Then 

OO 

28.19.2 f{z)= /n m e„ + 2 n(z, q), 

n=—oo 

where 

i r 

28.19.3 f n = - / f(z)me„ + 2 n{-z,q)dz. 

7r J o 

The series (28.19.2) converges absolutely and uniformly 
on compact subsets within S. 


Example 

OO 

28.19.4 e lvz = ^2 c'^l n (q)me I/+ 2 n(z,q), 

n =— oo 

where the coefficients are as in §28.14. 


Modified Mathieu Functions 

28.20 Definitions and Basic Properties 

28.20(i) Modified Mathieu’s Equation 

When z is replaced by ±iz, (28.2.1) becomes the modi- 
fied Mathieu’s equation : 

28.20.1 w" — (a — 2qcosh(2z)) w = 0, 
with its algebraic form 

28.20.2 

(£ 2 — l)w" + ( w ' + (4 qCf — 2q — a) w =0, ( = cosh z. 


28.20(ii) Solutions Ce u , Se^, Me^, Fe^, Ge„ 


28.20.3 Ce I/ (z,q) = ce u (±iz,q), 

28.20.4 Se„(z,q) = =fise u (±iz,q), 

28.20.5 Me„( 2 , (?) = me„(— iz, q), 

28.20.6 F e n (z, q) = =R fe n (±iz, q), 

28.20.7 Ge„(+ q) = g e n (±iz, q), 


v ^ - 1 ,- 2 , 
v 7 ^ 0 ,- 1 ,..., 

« = 0 , 1 ,..., 
n= 1 , 2 ,.... 


28.20(iii) Solutions 

Assume first that v is real, q is positive, and a = A „(q)\ 
see §28.12(i). Write 

28.20.8 h = y/q (> 0). 

Then from §2.7(ii) it is seen that equation (28.20.2) 
has independent and unique solutions that are asymp- 
totic to £ e ±2lft A as £ — > oo in the respective sectors 
| ph(+i£)| — f 71 " — ^7 8 being an arbitrary small positive 
constant. It follows that (28.20.1) has independent and 
unique solutions M^\z,h), M ^\z,h) such that 

28.20.9 M W(z,h) = Hl 1 \2hcoshz) (1 + O(sechz)) , 

as — > +oo with — 7r + 6 < Ssz < 2tt — <5, and 

28.20.10 M^\z,h) = {2h cosh z) (1 + O(sech^)) , 

as 3 ftz — > +oo with — 27 t + S < Sz < 7 r — <5. See §10.2(ii) 
for the notation. In addition, there are unique solutions 
M ^}\z,h), M ^\z,h) that are real when z is real and 
have the properties 

28.20.11 

M«(z, h) = J„(2h cosh 2 ) + e l a (^ cosh2 )l o((sech z) 3/2 ) , 
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28.20.12 

M^\z,h) = Y„(2hcoshz)+e^ 2hcoshz)l o((sechz) 3 / 2 ) , 

as 3 ftz — > +oo with |3z| <7 r — <5. 

For other values of z, h, and v the functions 
M„ (z,h), j = 1, 2, 3, 4, are determined by analytic con- 
tinuation. Furthermore, 

28.20.13 M^\z,h) = M^\z,h) + iM^\z,h), 

28.20.14 M^{z,h)=M^\z,h)-iM^\z,h). 

28.20(iv) Radial Mathieu Functions Me®, 
Ms^ 

For j = 1,2, 3, 4, 

28.20.15 Mc®(z,/l) = M^(z,/l), n = 0,l,..., 

28.20.16 Ms^ (*,/») = (-l)"M®(2,/l), n = l,2,.... 

28.20(v) Solutions Ie^, Io^, Ke„, Ko„ 


28.20(vii) Shift of Variable 

28.20.22 (z =b ^777, K) = M^(2, ±ih), v Z. 
For n = 0, 1, 2, ... , 

28.20.23 Mc^ (z ± ri, h ) = Me 2n( z > ±ih ), 

Ms 2n+1 ( Z ± I 71- *’ = M 4n+l0b 

28.20.24 Mc® +1 (z ± \t ri, h) = Ms^+i (A ±ih), 

M 4n+ 2 (~ ± h ) = M 4n +2 (A ±ih )■ 

For s€Z, 


28.20.17 I e n (z,h) = i~ n Mc£\z,ih), 

28.20.18 Io n {z,h) = i~ n Ms!^\z,ih), 

28.20.19 

K e 2 m(z,h) = (-l) m i7r7Mc^(z,7/i), 
Ke 2m+ i (z,h) = (-l) m+1 i7rMc^ +1 (2,i/i), 

28.20.20 

Ko 2 m(z,h) = (— l) m ^7ri M.s^l(z,ih), 
Ko 2m+ i (z,h) = (-l) m+1 ^7rMs^ +1 (z,!/i). 

28.20(vi) Wronskians 

28.20.21 

= -ir |m(, 2) ,m(, 3) | 

= - IT = 2/tt, 

-r |m^,m[; 3) | = -w {mw.m®} 

= -l lT |M^,MW} = 2 */tt. 


28.20.25 


MW(^+S7T7,/i) =e im MW(z,/i), 

M & + siri, /i) = e" is ™ M<, 2) (z, /i) 

+ 2* cot(7ru) sin(s7ru) MW(z, /i), 


+ S7T7, h) 


sin((s — l)7ru) 
sin(7ri/) 

-in V sin(s7w) 
sin(7ru) 


M( 3 )(2,/7) 

M' 4) (a), 




S7TI, a ) = 


sm(7ru) 


sin((s + l)7rz/) 
sin(7ru) 


M^(z,h). 


When v is an integer the right-hand sides of (28.20.25) 
are replaced by the their limiting values. And for 
the corresponding identities for the radial functions use 
(28.20.15) and (28.20.16). 


28.21 Graphics 
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28.21 Graphics 


Radial Mathieu Functions: Surfaces 



Figure 28.21.1: Mcq 1 ^, h) for 0 < h < 3, 0 < x < 2. Figure 28.21.2: Mc^(r,/i) for 0 < h < 3, 0 < x < 2. 


For further graphics see http : //dlmf . nist . gov/28 . 21. 


28.22 Connection Formulas 
28.22(i) Integer is 
28.22.1 


28.22.2 


28.22.3 


(z,h) = 

* 2.2 

Ms = yi 

*2.3 

Me = 


1 


I?e,m(A) ce m (0, A“) 
1 

9 o,m{h ) se' m (0 , A 2 ) 
1 


C e m (z,h 2 ), 
Se m (z,h 2 ), 


9e,m(fl) ce m (0, A 2 ) 
x (^ — fe,m{h) Ce m (z, h 2 ) 


7rC m (/i 2 ) 


Fe m (z,h 2 ) ) , 


28.22.4 


Ms { ${z,h) = 


1 


9o,m{h) se' m (0 , A 2 ) 

x | /o,m(A) Se m A ) 
2 


Ge m (z, h 2 ) 


nS m (h 2 ) 

The joining factors in the above formulas are given by 
28.22.5 WA) = (- i r ./I“- ( bA 2 ) 


28.22.6 g e , 2 m+l(h) = (-1) 


m+1 


7T A 2m (h 2 ) ’ 

2 c4 m +i(^,fe 2 ) 
7T hA\ m+ \h 2 ) 


28.22.7 

9o,2m+l (A) 

28.22.8 

9o,2m+2(h) 

28.22.9 

fe,m{h ) 


2 se 2m+ i(i7r,/i 2 ) 
7T /lB 2m+1 (/l 2 ) 


(- 1 ) 

1 ' V 7 r h 2 Bl m+2 (h 2 ) 

-\fiij2g e ,m{h) Mc^(0, A), 


2 sen 


2m+2 V 2 


r, A 2 ) 


28.22.10 fo,m{ h ) = -\^/^go,m(h)Ms {2) '{0,h), 
where A™(h 2 ), B™(h 2 ) are as in §28.4(i), and C m (A 2 ), 
S m (h 2 ) are as in §28.5(i). Furthermore, 


Mc^ }, (0, A) = a/ 2/ng e , m {h), 
MsW(0,h) = -y/2fr g 0 , m (h), 


28.22.12 

fe' m (0,A 2 ) = \nC m {h 2 ) (g e ,m(h)) 2 ce m (0, A 2 ) , 
ge m (0,/i 2 ) = \k S m {h 2 ) {g 0 ,m{ti)) 2 se' m (0, A 2 ) . 


28.22(ii) Noninteger is 

28.22.13 M W (z, A ) = ( °’ y Me, (2, A 2 ) . 

Here me, (0, A 2 ) (y^ 0) is given by (28.14.1) with z = 0, 
and MS^(0, A) is given by (28.24.1) with j = 1, z = 0, 
and n chosen so that |c 2 n 0 2 )l = max(|c^(A 2 )|), where 
the maximum is taken over all integers i. 

28.22.14 

M ( 2 \z, A) = cot(isn) M£\z, A) — ^ — r M^l(z, A ). 

sin(i/7r) 

See also (28.20.13) and (28.20.14). 
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28.23 Expansions in Series of Bessel Functions 

We use the following notations: 

28.23.1 <#) = ./„, CW=y M , C^ = H£\ CP = HW; 
compare §10.2(ii). For the coefficients d£(q) see §28.14. For A™(q) and B™(q) see §28.4. 

28.23.2 


me„(0,/i 2 ) M„ w (z,/i) = ^ {-l) n c v 2n {h 2 )C[°l 2n {2h cosh z), 

TI— — 00 

oo 

28 - 23 ' 3 me^(0,/i 2 ) M^(z,h) = ztanhz ^ (-l) n (u + 2n)c^ n (ft 2 )C^ 2n (2/icosh z), 

n=— oo 

valid for all z when j = 1, and for 3 ftz > 0 and | cosh z\ > 1 when j = 2, 3, 4. 

OO 

28.23.4 me„(§7r, h 2 ) M«>(z, /i) - e^/ 2 ^ c^(/i 2 )C$ 2 j2ftsinh*), 

n=— oo 

oo 

28.23.5 me^dvr, h 2 ) MSj\z, h) = ie* 1 ' 71 '/ 2 cothz ^ (v + 2n)c 2n (ft 2 )C^ 2n (2/isinh z), 

TL— — 00 

valid for all z when j = 1, and for 3?z > 0 and | sinh z | > 1 when j = 2, 3, 4. 

In the case when v is an integer 


28.23.6 


28.23.7 


Me £>(*,&) = (-l) m (ce 2m (0 ,h 2 )) Aw (h 2 )C$( 2 h cosh z), 


e=o 


Mc 2 m( z > h ) = (-!) m (ce 2m (|7T,/i 2 )) 1 Alf(h 2 )C { 2 J e \2hsinhz), 


L = 0 


28.23.8 Me %l +1 (z,h) = (-1 ) m (ce 2m+1 (0,ft 2 )) ^(-l)^ 2 ^ 1 ^ 2 )^ ^/icoshz), 

£=0 

oo 

28.23.9 Me ™ +1 (z,h) = (-1 ) m+1 (ce / 2m+1 (|7r,/i 2 ))- 1 coth^(2^+ l)^ 2 ™+ 1 (/i 2 )C^ 1 (2/ i sinh^), 

£=0 

oo 

28.23.10 Ms %l +1 (z,h) = (-1 ) m (se , 2m+1 (0^ 2 )r 1 tanh^(-l)^(2£+ 1) B 2 ™^ 1 (h 2 )C$ +1 (2h cosh z) , 

£=0 

oo 

28.23.11 Ms W +1 (z,h) = (-1 ) m (se 2ro+1 (|7r,/i 2 ))- 1 ^S 2 2 ™+ 1 (/i 2 )C^i(2/isinh^), 

£=0 

oo 

28.23.12 Ms « +2 (z,/i) = (-l) m (se' 2m+2 (0,/ l 2 ))- 1 tanh 2 ^(— 1)^(2£+ 2)B^ + f(h 2 )C^ +2 (2hcoshz), 

£=0 

oo 

28.23.13 Ms !£ +2 (z,h) = (-1 ) m+1 (se , 2m+2 (^,/ 1 2 ))- 1 cothz^(2f + 2)B^ + + 2 (h 2 )C^ +2 (2hsinh z). 

e=o 

When j = 1, each of the series (28.23.6)-(28.23.13) converges for all z. When j = 2,3,4 the series in the even- 
numbered equations converge for Sffz > 0 and | coshz| > 1, and the series in the odd-numbered equations converge 
for 3fz > 0 and | sinh z > 1. 

For proofs and generalizations, see Meixner and Schafke (1954, §§2.62 and 2.64). 
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28.24 Expansions in Series of Cross-Products of Bessel Functions or Modified Bessel 
Functions 

Throughout this section £o = 2 and e s = 1, s = 1, 2, 3, 

With Cp \ c"(q), A™(q), and B™(q) as in §28.23, 


28.24.1 


c" 2n (h 2 )M(J\z,h)= E (-1 Yc^(h 2 ) J e _ n (he- z )C^ n+e (he z ) 


where j = 1, 2, 3, 4 and n £ Z. 

In the case when v is an integer, 


28.24.2 e s 


oo t ‘2‘fji / t 2 \ 

Me = (-l) m E(- 1 )'^| 42 y (Je-s(he- z )c% s (hen + J t+a (he~*)cV} a {he*j) 


28.24.3 Me 


U) 

2m+l V 


£=0 

oo j2m+l/72\ 

^2^+1 V 77 ) 


(z,h) = (j,_ s (/ie^)cE +1 (^) + J, +S+1 (/ I e- Z )CE(^)) 


£=0 


*2s+l 

}2ra+l 


28.24.4 Ms. 


oo o2m+l / l 2\ 

^+i M = (-irEc- 1 )' X + +i , 2 (^- s (^- z )cE + i(^) - j. +s+ i(^)cE(^)) , 

0 -^2s+l \ n ) 

(ji- s {he~ z )C^ s+2 {he z ) - Je +s+2 (he~ z )C^ s (he z )) , 


28.24.5 Ms&> +2 (*, ft) = (-l) m E(~ X ) 


J 2s+1 


where j = 1, 2, 3, 4, and s = 0,1,2, 

Also, with /„ and K n denoting the modified Bessel functions (§10.25(ii)), and again with s = 0, 1, 2, . . . , 


28.24.6 


28.24.7 


28.24.8 


28.24.9 


?(h 2 ) 


le 2m (z,h) = (-l) s {h-s{he~ z ) h +s {he z ) + h +s {he~ z ) h- s {he z )) 

£=0 2s ' 


n 2 m+ 2 /i 2 \ 

’ D 2l+2 \ n ) 


Io 2m+2(z,h) = om +2 , 2 (h-s(he~ e ) I e+s+2 (he z ) - h +s+2 (he- z ) h- s {he z )) 

0 - n -^2s + 2 ) 


£—0 2s+2 

oo r>2m+l / 7 2\ 

I<Wn(*,l>) = (-1)»^(-1)' 

-^Es+l V 77, / 

>Al?+\h 2 ) 


( Ie- S (he z ) h +s+1 (he z ) + I e+s+ i(he z ) h- s (he z )) , 


^=o 


I<Wi(*,ft) = (-1 ) s E(- 1 ) EL + + 1 , 2 

^=0 ^2s+l V 71 J 

00 .A 

28.24.10 e s Ke 2m ( 2 , ft) = E JEE ( /ie_2 ) + //+, ( he~ z ) K e _ a (he z )) 

£=0 
oo 

28.24.11 Ko 2m+2 {z,h) = E 


28.24.12 Ke2 TO +i(z, ft) — E! 


A l?(h 2 ) 

JZ T 0 ^(* 2 ) 

oo B 2m+2 (Ji 2 ) 

„E+ 2 , 2 (h-s{he~ z ) K e+s+ 2 (he z ) - /, +s+2 (/ie- 2 ) tf/_ a (fte*)) 
^=0 -^2s+2 V 77 J 

oo £2m+l/^2\ 

^ JEi J {h- s (he~ z ) K e+s+ 1 (he z ) - J /+8+1 (fte"*) tf/_,(fte*)) 
f=o -“28+1 W 1 


oo ^4 2 m + 1 ('/ l 2\ 

28.24.13 Ko2 m +i(^, /t) = E! i 2 m+i,, n , (Ic-sjhe z ) K^ +s+ i(he z ) + Ie+ s +i [he “) K^_ s (he~)) . 

e=o A 2 s+i \ h ) 

The expansions (28.24.1)-(28.24.13) converge absolutely and uniformly on compact sets of the z-plane. 
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28.25 Asymptotic Expansions for Large 3^2 


For fixed h(^ 0) and fixed i/, 

^izi( 2 h cosh z— ( 1 ^+ 5 )^) 


M^(z,h) 


28 . 25.1 


(nh(coshz + l )) 2 


x 


E 

m = 0 


(=F4z/i(cosh ^ + 1)) 


where the coefficients are given by 

28 . 25.2 Dt ± =0, D± = !i 

and 


28 . 25.3 

(to + 1 )D± +1 

+ ((to + \) 2 ± (to + |)8i/i + 2/i 2 - a ) 

± (to — |) (8 ihm) D^ l _ 1 = 0 , to > 0 . 

The upper signs correspond to M[i^ ( 2 , h) and the lower 
signs to Mi 4) (z,h). The expansion (28.25.1) is valid for 
M^\z,h) when 

28 . 25.4 3?2 — > + 00 , — 7 r + S < ph h + < 2 tt — S, 

and for M [f\z,h) when 

28 . 25.5 — > + 00 , — 2-7T + S < ph h + 92 < 7r — 5, 


where S again denotes an arbitrary small positive con- 
stant. 

For proofs and generalizations see Meixner and 
Schafke (1954, §2.63). 


28.26 Asymptotic Approximations for Large 

<7 


28.26(i) Goldstein’s Expansions 


Denote 


pi<t> 


28 . 26.1 (nhcoshz) 1 / 2 


x /i) i Gc^tj ,(Z) ^)) 


28 . 26.2 


iMs^iz^h) 


(71-/1 cosh 2 ) l / 2 

x (Fs m ( 2 ,/i) - iGs m (z,h)), 


where 


28 . 26.3 ( f > = 2/isinh 2 — (to + |) arctan(sinh 2 ). 

Then as h — > +00 with fixed 2 in 3^2 > 0 and fixed 
s = 2 m + 1 , 


Fc m (z,h) ~ 1 + 


28 . 26.4 


28 . 26.5 


Gc ro ( 2 ,/l) 


8/1 cosh 2 


1 


2 14 /i 3 


1 


2 14 /i 3 


s 4 + 86 s 2 + 105 s 4 + 22s 2 + 57 


cosh 4 2 


cosh 2 


1 

2 41 /i 2 

14s 3 + 33s 2s 5 + 124s 3 + 1122s . 3s 5 + 290s 3 + 1627s \ 


cosh 2 
1 


sinh ; 


cosh 2 2 V 2 5 /l 29 h 2 


cosh 4 2 
4s 3 + 44s 
cosh 2 2 


cosh 6 2 


5s + 34s + 9 - 


s + 3s 

s 6 - 47s 4 + 667s 2 + 2835 s 6 + 505s 4 + 12139s 2 + 10395 \ 


12 cosh 2 


12 cosh 2 




The asymptotic expansions of Fs m (z,h) and Gs m {z,h) 
in the same circumstances are also given by the right- 
hand sides of (28.26.4) and (28.26.5), respectively. 

For additional terms see Goldstein (1927). 

28.26(ii) Uniform Approximations 

See §28.8(iv). For asymptotic approximations for 
M(?’ 4 ) ( 2 , h) see also Naylor (1984, 1987, 1989). 

28.27 Addition Theorems 

Addition theorems provide important connections be- 
tween Mathieu functions with different parameters and 
in different coordinate systems. They are analogous to 
the addition theorems for Bessel functions (§10.23(ii)) 
and modified Bessel functions (§10. 44(h)). For a com- 
prehensive treatment see Meixner et al. (1980, §2.2). 


28.28 Integrals, Integral Representations, 
and Integral Equations 

28.28(i) Equations with Elementary Kernels 

Let 


28 . 28.1 w ■=. cosh 2 cos t cos a + sinh 2 sin t sin a. 

Then 

28 . 28.2 

1 f 2n 

/ e 2ih w ce n (f, /i 2 ) dt = i n ce n (a, h 2 ) McJ, 1 ^, /i), 
27 r In 


28 . 28.3 

1 f 2n 

_ J e 2 l/ ™ s e n (t,h 2 )dt 


i n se n (a,h 2 ) Ms £\z,h), 
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28.28.4 


28.28.5 


— f ^-e 2lhw c e n (t,h 2 )dt 
t r J 0 da 

= i n ce' n ( a, ft 2 ) Mc^ ( 2 , ft) , 


ih f 2n dw 


d a e2lhw se n (t,h 2 ) dt 


= i n s e' n (a,h 2 ) Ms £\z,h). 

In ( 28 . 28 . 7 )-( 28 . 28 . 9 ) the paths of integration Cj are 
given by 

C\ : from — rft + ioo to 2ir — r]i + ioo , 

28.28.6 Co : from — rji + ioo to 772 — ioo, 

£4 : from 772 — ioo to 27 r — 771 + ioo, 

where 771 and 772 are real constants. 

— [ e 2lhw me„(i, ft 2 ) dt 

28.28.7 n JCj 

— e lI/7r / 2 me„(a, ft 2 ) ft), 

— I 2ih^-e 2lhw me„(f, h 2 ) dt 

28.28.8 77 Jc, ^ 


3 = 3,4, 


28.28.9 


da 

= e ivn / 2 me; (a, h 2 ) M»(z, h ), 

J e 2lhw m e v (t,h 2 )dt 

= e iun / 2 me v (a,h 2 )M^(z,h). 


3= 3,4, 


In (28.28. ll)-(28. 28.14) 

28.28.10 0 < ph(ft(cosh z ± 1)) < 7 r. 


J2ih cosh 2 cosh t 


28.28.11 


Ce„(t, ft 2 ) dt 


28.28.12 Jo 


= ±7rie“ /,r ce^ft^M^^ft), 

O 

e 2ih cosh 2 cosh * sinh 2 sinh t Se„ (t, ft 2 ) dt 


= _^ e W 2 s e ;( 0 ,ft 2 ) M (3) ( ,,ft ) , 


J2ih cosh 2 : cosh t 


28.28.13 Jo 


sinh z sinh t Fe m (f , ft 2 ) dt 


= _ ^j* mfe ™(0’ft 2 )Mc m(z,h), 


Jlih cosh z cosh t 


28.28.14 


Ge m (t, ft 2 ) dt 


= ^iri m+1 ge m (0, ft 2 ) Ms))f ( 2 , ft). 


In particular, when ft > 0 the integrals (28.28.11), 
(28.28.14) converge absolutely and uniformly in the half 
strip > 0, 0 < Sz < tt. 


28.28.15 

28.28.16 


/ cos(2 ft cos y cosh t ) Ce 2n (f , ft 2 ) dt = (— l) n+1 |7r Mc^ (0, ft) ce 2n (y, ft 2 ) , 

Jo 

ft 00 TrA 2n (h 2 ) ( 2 \ 

/ sin(2ft cos y cosh t) Ce 2n (f , ft 2 ) dt = - % ' , ce 2 „ (y, ft 2 ) =F „ fe 2 „ (y, h 2 ) , 

Jo 2ce 2n (J7 r,ft 2 ) V tt C 2 „(ft 2 ) V 


where the upper or lower sign is taken according as 
0<y<7ror7r<y< 27 t. For Al n (q) and C- 2 n{q) 
see §§28.4 and 28.5(i). 

For details and further equations see Meixner et al. 
(1980, §2.1.1) and Sips (1970). 

28.28(ii) Integrals of Products with Bessel 
Functions 

With the notations of §28.4 for d.” (y) and BJ n (q), 
§28.14 for c v n {q), and (28.23.1) for C { J\ j = 1,2, 3, 4, 

- [ ci J l 2s (2hR)e~ l{v+2s ^meJt,h 2 )dt 
28 . 28.17 tt J 0 ! ' +2sV V ' 

= (-i) s cL(ft 2 )M«(z,ft), sez, 

where R = R(z, t) and </> = <f>(z, t ) are analytic functions 

for Jftz > 0 and real t with 

R(z,t ) = (|(cosh(2^) + cos(2t))) 1 ^ 2 , 

R(z, 0) = cosh z, 


e 2 icf, = cosh (2 + it) 

8.19 COsh(2 — it) ’ 

0 ( 2 , 0 ) = 0 . 

In particular, for integer v and £ = 0,1,2,..., 

C 2 i (2hR) cos(2 £(/>) c e 2m (t, ft 2 ) dt 

= e e (-iy+ m A 2 T(h 2 )Mc^(z,h), 
again £q = 2 and et = 1, £=1,2,3, 


2 

1.20 tt 


1.21 


r 

C%> +1 (2 hR) cos((2£ + 1 )<j>) ce 2m+ i (f , ft 2 ) dt 


(-l/ +m A 2 - + 1 1 (ft 2 )Mc« +1 ( 2 ,ft), 

£71 

I C 2 f+i(2fti?) sin((2£ + 1)0) se 2m +i (f, ft 2 ) dt 
0 

:(-l)^B 2 ™+ 1 (ft 2 )Ms« +1 ( 2 ,ft), 


28.28.18 
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28.28.23 



Cu+ 2 (2/i-R) sin((2f? + 2)(j>) se 2m +2 (f , h 2 ) dt 


= (-l) e+m B 2 ™ + ?(h 2 )M S ^ +2 (z,h). 


28.28(iii) Integrals of Products of Mathieu 
Functions of Noninteger Order 

With the parameter h suppressed we use the notation 

28.28.24 

D 0 (iw) =Mt 3 )( Z )Ml 4 >( 2 ) — 

Di(*w) =M[ 3 )'( Z )M( 4 )( 2 ) ( 2 ), 

and assume v ^ Z and m £ Z. Then 

28.28.25 

sinh 0 I" 2w cos t me„ (f , h 2 ) me_„_ 2m _i (f , h 2 ) 

7T 2 J 0 sinh 2 2 + sin 2 t 

= {—l) m+1 iha^ m D 0 (t', u + 2m + 1,2), 

28.28.26 

cosh 2 / >2,r sinfme„(f, h 2 ) me_„_ 2m -i(t, h 2 ) 
it 2 J 0 sinh 2 2 + sin 2 t 

= (-l) m+1 iha^D 0 (u, u + 2m + 1,2), 

where 

28.28.27 

1 /’ 27r 

= 7T / cost me,, (t, /r 2 ) me_„_ 2ra _i(t, h 2 ) dt 

27T 

- f_1'| m2 * mei '( 0,/l2 ) me -^-2m-l (0, h 2 ) 

7 t /iDo(i / , u + 2m. + 1, 0) 

28.28.28 

1 t’ 271 ' 

a JL = 7T / sin t me„ (f , /i 2 ) me_„_ 2m -i (t, h 2 ) dt 

27t Jo 

_ , , m+ i 2 i me^ (0, /i 2 ) me_„_ 2 m-i (0, h 2 ) 

7 r /iDi(u, ^ + 2m + 1, 0) 

For further integrals see http://dlmf.nist.gov/ 
28.28. iii. 

28.28(iv) Integrals of Products of Mathieu 
Functions of Integer Order 

Again with the parameter h suppressed, let 

28.28.35 

Dso(n, m, z) = Ms^ 3) ( 2 ) Ms^( 2 ) - Ms^ 4) ( 2 ) Ms£f( 2 ), 
Dsi (n,m,z) = Ms^ 3) '(2) Ms^ } (2) - Ms^ 4) '(2) Ms^(2), 
Ds 2 (n, m, z) = Ms^ 3), (2) Ms^ }, ( 2 ) - Ms^ 4), ( 2 ) Ms^s). 
Then 

sinh 2 t’ 2 ’ 1 ' cos t se n (f , h 2 ) se m (t, h 2 ) ^ 

28.28.36 7r 2 Jo sinh 2 2 + sin 2 1 

= (-l) p+1 i/iS^Ds 0 (n,m, 2 ), 


cosh 2 / >27r sin t se' n (f , h 2 ) se m (t, h 2 ) 


28.28.37 


dt 


sinh 2 2 + sin 2 t 
= (-l) p+ 1 */iS^ } m D si(n,m,2), 
where m — n = 2p + 1, p G Z; ra, n = 1, 2, 3, . . . . Also, 

r 2n 


28.28.38 


1 / 

3 ,m = a / cos t se n (f , /i 2 ) se m (f , h 2 ) dt 

^ 7r Jo 

2 se' n (0,/i 2 ) se^(0, h 2 ) 


= (-1 ) ? 


77T /iDs 2 (n,m,0) 

For further integrals see http://dlmf.nist.gov/ 
28.28. iv and Schafke (1983). 

28.28(v) Compendia 


See Prudnikov et al. (1990, pp. 359-368), Gradshteyn 
and Ryzhik (2000, pp. 755-759), Sips (1970), and 
Meixner et al. (1980, §2.1.1). 


Hill’s Equation 


28.29 Definitions and Basic Properties 


28.29(i) Hill’s Equation 


A generalization of Mathieu’s equation (28.2.1) is Hill’s 
equation 

28.29.1 w"(z) + (A + Q(z)) w = 0, 

with 


28.29.2 Q{z + tt) = Q(z), 


and 

28.29.3 


Q(z ) dz = 0. 


Jo 

Q{z) is either a continuous and real- valued function for 
2 £ R or an analytic function of 2 in a doubly-infinite 
open strip that contains the real axis. 7r is the minimum 
period of Q. 


28.29(ii) Floquet’s Theorem and the 
Characteristic Exponent 


The basic solutions w r (z, A), w n (z, A) are defined in the 
same way as in §28.2(ii) (compare (28.2.5), (28.2.6)). 
Then 

28.29.4 

Wi{z + 7T, A) = Wi(n, A )w T (z, A) + to((7r, X)w u (z, A), 

28.29.5 

w u {z + 7T, A) = iy„(7T, X)w I (z, A) + w' n (ir, A )w„(z, A). 

Let v be a real or complex constant satisfying (with- 
out loss of generality) 

28.29.6 -1 < < 1 

throughout this section. Then (28.29.1) has a nontrivial 
solution w{z) with the pseudoperiodic property 

28.29.7 w(z + 7r) = e niv w(z), 
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iff e mv is an eigenvalue of the matrix 


The function 


ki(7T,A) Wii(tt,A) 

28 - 29 - 8 K(tt,A) <(tt,A)_ • 

Equivalently, 

28.29.9 2cos(7ti/) = w^-rr, A) + w' n ( n, A). 

This is the characteristic equation of (28.29.1), and 
cos(7w) is an entire function of A. Given A together with 
the condition (28.29.6), the solutions ±v of (28.29.9) 
are the characteristic exponents of (28.29.1). A solu- 
tion satisfying (28.29.7) is called a Floquet solution with 
respect to v (or Floquet solution). It has the form 

28.29.10 F v (z) = e ivz P v (z), 

where the function P v (z) is 7r-periodic. 

If v (7^ 0,1) is a solution of (28.29.9), then F v (z), 
F_ v (z) comprise a fundamental pair of solutions of Hill’s 
equation. 

If v = 0 or 1, then (28.29.1) has a nontrivial solu- 
tion P(z) which is periodic with period n (when v = 0) 
or 2-7T (when v = 1). Let w(z) be a solution linearly 
independent of P(z). Then 

28.29.11 w(z + tt) = (-1 yw(z) + cP(z), 

where c is a constant. The case c = 0 is equivalent to 


Wi(n,A) 

w u (tt,A) 


'(-1 )" 

0 

K (tt. A) 

w' u (n,A) 


0 

(-1)". 


The solutions of period 7r or 27r are exceptional in the 
following sense. If (28.29.1) has a periodic solution with 
minimum period nn, n = 3,4,..., then all solutions are 
periodic with period nn. 

Furthermore, for each solution w(z) of (28.29.1) 

28.29.13 w (z + 7r) + w(z — 7 r) = 2 cos(7U')u;(2). 

A nontrivial solution w(z) is either a Floquet solution 
with respect to u, or w(z + tt) — e w *w(z) is a Floquet 
solution with respect to — v. 

In the symmetric case Q(z) = Q(—z), w x (z,A) is an 
even solution and w n (z,X) is an odd solution; compare 
§28.2(ii). (28.29.9) reduces to 

28.29.14 cos(7r^) = iy I (7r, A). 

The cases v = 0 and v = 1 split into four subcases 
as in (28.2.21) and (28.2.22). The 7r-periodic or n- 
antiperiodic solutions are multiples of w,(z. A),w u (z, A), 
respectively. 

For details and proofs see Magnus and Winkler 
(1966, §1.3). 

28.29(iii) Discriminant and Eigenvalues in the 
Real Case 

Q(x) is assumed to be real- valued throughout this sub- 
section. 


28.29.15 A(A) = W,( tt, A) + <(tt, A) 

is called the discriminant of (28.29.1). It is an entire 
function of A. Its order of growth for | A| — >■ oo is exactly 
see Magnus and Winkler (1966, Chapter II, pp. 19- 
28). 

For a given v, the characteristic equation A(A) — 
2cos(7 tv) = 0 has infinitely many roots A. Conversely, 
for a given A, the value of A (A) is needed for the com- 
putation of v. For this purpose the discriminant can 
be expressed as an infinite determinant involving the 
Fourier coefficients of Q( x); see Magnus and Winkler 
(1966, §2.3, pp. 28-36). 

To every equation (28.29.1), there belong two in- 
creasing infinite sequences of real eigenvalues: 


28.29.16 A n , n = 0, 1, 2, . . . , with A(A n ) = 2, 

28.29.17 / ln: n = 1,2,3,..., with A (fj, n ) = -2. 

In consequence, (28.29.1) has a solution of period 7r iff 
A = A„, and a solution of period 27r iff A = p, n . Both 
A n and p n — > oo as n — > oo, and interlace according to 
the inequalities 

28.29.18 

Ao < Ml < /^2 < Ai < A2 < ^3 < 1*4 < A3 < A4 < • • • . 

Assume that the second derivative of Q(x) in 
(28.29.1) exists and is continuous. Then with 


28.29.19 

we have for m — > 00 


N = - 

TT . 


( Q(x )) 2 dx, 


28.29.20 


M2m-i - (2 m 
M2 m - (2m 


l ) 2 

l) 2 


N 

(4m,) 2 

N 

(4m) 2 


= o(m 2 ), 
= o(m -2 ), 


N 


28.29.21 


A 2 m— 1 - (2m) 2 - = o(m 2 ), 

(4 m) z v 7 


N 


A 2 m - (2m) 2 - — — = o(m 2 ). 

(4m ) A v 7 

If Q(x) has k continuous derivatives, then as m —> oo 

^2m ^2m- 1 — o(^\ / TYl ^ , 

M2 m - M2m— i = o( l/m fe ) ; 


28.29.22 


see Hochstadt (1963). 

For further results, especially when Q{z) is analytic 
in a strip, see Weinstein and Keller (1987). 


676 


Mathieu Functions and Hill’s Equation 


28.30 Expansions in Series of 
Eigenfunctions 

28.30(i) Real Variable 

Let X m , m = 0, 1, 2, . . . , be the set of characteristic val- 
ues (28.29.16) and (28.29.17), arranged in their natural 
order (see (28.29.18)), and let w m (x), m = 0,1,2,..., 
be the eigenfunctions, that is, an orthonormal set of 
2-7r-periodic solutions; thus 

28.30.1 w" + (A m + Q(x))w m = 0, 

1 f 2n 

28.30.2 — / w m (x)w n (x) dx = S m n . 

27T J 0 

Then every continuous 27r-periodic function f[x) whose 
second derivative is square-integrable over the interval 
[0,27 t] can be expanded in a uniformly and absolutely 
convergent series 

OO 

28.30.3 f(x) = ^ fmWm(x), 

m—0 

where 

1 f 27r 

28.30.4 f m = — J f(x)w m (x) dx. 

28.30(ii) Complex Variable 

For analogous results to those of §28.19, see Schafke 
(1960, 1961b), and Meixner et al. (1980, §1.1.11). 


28.31 Equations of Whittaker-Hill and Ince 

28.31(i) Whittaker-Hill Equation 

Hill’s equation with three terms 

28.31.1 W" + (A + B cos(2 z) - l ( kc) 2 cos(4fy) W = 0 

and constant values of A , B, k, and c, is called the Equa- 
tion of Whittaker-Hill. It has been discussed in detail 
by Arscott (1967) for k 2 < 0, and by Urwin and Arscott 
(1970) for k 2 > 0. 

28.31 (ii) Equation of Ince; Ince Polynomials 

When k 2 < 0, we substitute 

28 31 2 £ 2 = ~ 4fc2c2 ’ A = B = -(p+l)f, 

W(z) = w(z) exp(— j£cos(2z)), 

in (28.31.1). The result is the Equation of Ince: 

28.31.3 w" + £ sin(2z)u/ + (r/ — pf cos(2 z))w = 0. 

Formal 27r-periodic solutions can be constructed as 
Fourier series; compare §28.4: 

OO 

28.31.4 w e>s (z) = ^ A 2 e+ S cos (21 + s)z, s = 0, 1, 

^—0 

OO 

28.31.5 w 0 ' S {z) = ^ B 2 i+ S sin (21 + s)z, s = 1,2, 

e=o 

where the coefficients satisfy 


— 2 r]Ao + (2 + p)fA2 — 0 , pfAo + (4 — 77)^2 + (|p + 2 ) £ A 4 — 0 , 

(\p - l + 1)£4 m _2 + {u 2 -v)A 2e + (lp+e+ 1)^+2 = 0, £ > 2, 

(l ~ V + {\p+ \) £) A 1 + (\p + 1) = 0, 

— £ + ^)f,A2£-i + (( 2 £ + l) 2 — 77) A^+i + ( \p + 1 + |)£A2^+3 = 0 , £ > 1, 

(l - 77 - (\p+ \) £) Bi + ( \p+ |) fB 3 = 0 , 

(|p — £ + |)£i?2^_l + ((2£ + l) 2 — 77) B2E+I + (5P + £ + |)C^2£+3 =0, £ > 1, 

(4 — 77) 13 2 + (|p + 2 ) £H 4 = 0 , 

(\p ~ £ + l)fB 2 e-2 + ( 4£ 2 — r])B2e + (|p + £ + ^)fB 2 e+2 = 0 , i> 2 . 


When p is a nonnegative integer, the parameter 77 
can be chosen so that solutions of (28.31.3) are trigono- 
metric polynomials, called Ince polynomials. They are 
denoted by 


28.31.10 

28.31.11 


c 2n(z>0 with p = 2n, 
c 2 n+i (a 0 with p = 2n + 1, 

Sin- fl 1 ( A 0 with P = 2n + 1 > 
s ln+ 2 2 (A 0 with P = 2 tt + 2, 


and 777 . = 0, 1 , . . . , n in all cases. 

The values of 77 corresponding to C™(z,£), S™(z,£) 
are denoted by a™(£), &™(£), respectively. They are real 
and distinct, and can be ordered so that C™(z,£) and 
S™(z, £) have precisely m zeros, all simple, in 0 < z < it. 
The normalization is given by 
28.31.12 

- r (c™(x,of dx=~ r {s™( X ,of dx = 1 , 

n j 0 n j 0 
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ambiguities in sign being resolved by requiring C™(x, £) 
and S™'(x,0 to be continuous functions of x and posi- 
tive when x = 0 . 

For £ — > 0, with x fixed, 

28.31.13 

CpfoO -> 1/V2, C™(x,£) —* cos(mx), 

S™(x,Q-*sin (mx), m/ 0 ; a™(£), &™(£) -> rn 2 . 

If p — > 00 and £ — ♦ 0 in such a way that pf — > 2g, 
then in the notation of §§28.2(v) and 28.2(vi) 

28.31.14 C™(x,{) -» ce m (x,g), S™(x,£) -> se m (»,g), 

28.31.15 a™(0 -► a m (g), 6™(0 -► & m (<?). 

For proofs and further information, including con- 
vergence of the series (28.31.4), (28.31.5), see Arscott 
(1967). 


28.31 (iii) Paraboloidal Wave Functions 


With (28.31.10) and (28.31.11), 

28.31.16 hc™(z, 0 = e- 3 « cos( 22 ) C™( 2 ,£), 

28.31.17 /is™(*,£) = e-it cos ^S™(z, 0, 

are called paraboloidal wave functions. They satisfy the 
differential equation 

28.31.18 

w/' + (j) — g £ 2 — (p + 1)£ cos(2,z) + |£ 2 cos(4z)) w = 0, 

with 77 = cz™(£), 77 = 6 ™(£), respectively. 

For change of sign of £, 

28.31.19 

^(^-o = (-ir^(i7r-^,o, 

= (-l) m /lS 2 n+l 1 (| 7 r -^ 0 > 

and 


28.31.20 

hsln+ = (-1 ) m hcl™^(±TT - z,£), 
hst™£(z,-0 = (-l) m hs%$2fa-z,Z). 
For 777-1 TTl 2 5 


r 27T 


/ 1 C 1 (x, £)/*C 2 (a;, £) dx 


28.31.21 


P 

7*2tt 


- / hs™ 1 (x,0hs™ 2 (x,f) dx = 0 . 

Jo 

More important are the double orthogonality relations 
for pi 7 ^ P 2 or TOi 7 ^ m 2 or both, given by 

28.31.22 

/■Uoo /*27T 

/ / /<> (77, o/»C («, 0 («> 0 /< 2 («, 0 


x (cos(2u) — cos(2t;)) dvdu = 0, 


and 

28.31.23 

pUoo p2tt 

/ / hs™f(u,0hs™f(v,0hs™(u,0hs™(v,0 

J uq J 0 

x (cos(2u) — cos(2t;)) dvdu = 0, 
and also for all pi,p 2 ,mi,m, 2 , given by 

28.31.24 

rUoo p2n 

/ / he™? (77, Ohc™? (v, Ohs™? (77, OK 2 K 0 

J uq J 0 

x (cos(2t7) — cos(2t;)) dvdu = 0, 

where (uo,Uoo) = (0,zoo) when £ > 0, and (uo,Uoo) = 
(^ 7 r, g 7 r + zoo) when £ < 0. 

For proofs and further integral equations see Urwin 
(1964, 1965). 

Asymptotic Behavior 

For £ > 0, the functions hc™(z,0 , hs™(z,0 behave 
asymptotically as multiples of exp(— cos( 2 z)) (cos z) p 
as z — > ±7oo. All other periodic solutions behave as 
multiples of exp(|^cos( 2 ^)) (cos z)~ p ~ 2 . 

For £ > 0, the functions hc™(z,~0 , 
hs™(z,—£) behave asymptotically as multiples of 
exp(|^cos(2z))(cos ^) _p_2 as z —> ± zoo. All 

other periodic solutions behave as multiples of 
exp(— i£cos( 2 z)) (cos 2 ) p . 
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28.32 Mathematical Applications 


28.32(i) Elliptical Coordinates and an Integral 
Relationship 


If the boundary conditions in a physical problem relate 
to the perimeter of an ellipse, then elliptical coordinates 
are convenient. These are given by 

28.32.1 x = c cosh £ cos 77 , y = c sinh £ sin 77 . 

The two-dimensional wave equation 


28.32.2 

then becomes 


d 2 V 
dx 2 


8 2 V 

~W 


+ k 2 V = 0 


d 2 V d 2 V 1 

28.32.3 — j- -I j- + -c 2 /c 2 (cosh(2£) — cos( 2 t 7 ))IJ = 0. 

<9£ eh? 2 

The separated solutions V(£, 77 ) = v{0)w( 77 ) can be ob- 
tained from the modified Mathieu’s equation (28.20.1) 
for v and from Mathieu’s equation (28.2.1) for w, where 
a is the separation constant and q — \c 2 k 2 . 

This leads to integral equations and an integral re- 
lation between the solutions of Mathieu’s equation (set- 
ting £ = z£, z = 77 in (28.32.3)). 
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28.32.4 


= 2 q (cos(2 z) — cos(2£)) K. 


Let u(() be a solution of Mathieu’s equation (28.2.1) 
and K(z,Q be a solution of 

d 2 K d 2 K 

ihF ~ Ik 2 

Also let £ be a curve (possibly improper) such that the 
quantity 

du(C) . dK(z,Q 
28.32.5 K{z, C) ~ u( C) 

approaches the same value when £ tends to the end- 
points of C. Then 


28.32.6 w(z) = J K(z, C)w(C) d( 

defines a solution of Mathieu’s equation, provided that 
(in the case of an improper curve) the integral converges 
with respect to z uniformly on compact subsets of C. 

Kernels K can be found, for example, by separat- 
ing solutions of the wave equation in other systems of 
orthogonal coordinates. See Schmidt and Wolf (1979). 


28.32(ii) Paraboloidal Coordinates 

The general paraboloidal coordinate system is linked 
with Cartesian coordinates via 

28.32.7 

X\ = \c (cosh(2a) + cos(2/3) — cosh(27)) , 
x-i = 2c cosh a cos f3 sinh 7, X 3 = 2c sinh a sin (3 cosh 7, 
where c is a parameter, 0 < a < 00, — 7r < (3 < n, and 
0 < 7 < 00. When the Helmholtz equation 

28.32.8 X7 2 V + k 2 V = 0 

is separated in this system, each of the separated equa- 
tions can be reduced to the Whittaker-Hill equation 

(28.31.1), in which A, B are separation constants. Two 
conditions are used to determine A , B. The first is the 
27r-periodicity of the solutions; the second can be their 
asymptotic form. For further information see Arscott 
(1967) for k 2 < 0, and Urwin and Arscott (1970) for 
k 2 > 0. 


28.33 Physical Applications 


28.33(ii) Boundary-Value Problems 


Physical problems involving Mathieu functions in- 
clude vibrational problems in elliptical coordinates; see 

(28.32.1). We shall derive solutions to the uniform, ho- 
mogeneous, loss- free, and stretched elliptical ring mem- 
brane with mass p per unit area, and radial tension r 
per unit arc length. The wave equation 


28.33.1 


d 2 W d 2 W p d 2 W 


= 0 , 


dx dy t dt 
with W(x,y,t ) = e lut V(x,y), reduces to (28.32.2) with 
k 2 = ui 2 p/r. In elliptical coordinates (28.32.2) becomes 
(28.32.3). The separated solutions V n (£, rf) must be 27 t- 
periodic in 7/, and have the form 


28.33.2 

V n (t,v) = (cn MW (£, v^) +d„M( l 2 )(^, y^)) m e n (r],q), 

where q = \c 2 k 2 and a n (q ) or b n (q ) is the sepa- 
ration constant; compare (28.12.11), (28.20.11), and 
(28.20.12). Here c n and d n are constants. The boundary 
conditions for £ = £ 0 (outer clamp) and £ = £1 (inner 
clamp) yield the following equation for q: 


28 33 3 >V9) 

-M<d\£ 1 ,^q)MM(Zo,Vq)=V- 

If we denote the positive solutions q of (28.33.3) by 
qn,m, then the vibration of the membrane is given by 
UJ ‘nm = Mn.mX / (c 2 p) . The general solution of the prob- 
lem is a superposition of the separated solutions. 

For a visualization see Gutierrez- Vega et al. (2003), 
and for references to other boundary- value problems see: 


• McLachlan (1947, Chapters XVI-XIX) for appli- 
cations of the wave equation to vibrational sys- 
tems, electrical and thermal diffusion, electromag- 
netic wave guides, elliptical cylinders in viscous 
fluids, and diffraction of sound and electromag- 
netic waves. 


• Meixner and Schafke (1954, §§4.3, 4.4) for elliptic 
membranes and electromagnetic waves. 


28.33(i) Introduction 

Mathieu functions occur in practical applications in two 
main categories: 

• Boundary-values problems arising from solution 
of the two-dimensional wave equation in elliptical 
coordinates. This yields a pair of equations of the 
form (28.2.1) and (28.20.1), and the appropriate 
solution of (28.2.1) is usually a periodic solution 
of integer order. See §28.33(ii). 

• Initial- value problems, in which only one equation 

(28.2.1) or (28.20.1) is involved. See §28.33(iii). 


• Daymond (1955) for vibrating systems. 

• Troesch and Troesch (1973) for elliptic mem- 
branes. 

• Alhargan and Judah (1995), Bhattacharyya and 
Shafai (1988), and Shen (1981) for ring antennas. 

• Alhargan and Judah (1992), Germey (1964), 
Ragheb et al. (1991), and Sips (1967) for electro- 
magnetic waves. 

More complete bibliographies will be found in 
McLachlan (1947) and Meixner and Schafke (1954). 
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28.33(iii) Stability and Initial-Value Problems 

If the parameters of a physical system vary periodically 
with time, then the question of stability arises, for ex- 
ample, a mathematical pendulum whose length varies 
as cos (2 Lot). The equation of motion is given by 

28 . 33.4 w"(t) + (b — f cos(2 Wt)) w(t) = 0, 

with 6, /, and w positive constants. Substituting z = wt, 
a = b/oj 2 , and 2 q = f / u 2 , we obtain Mathieu’s stan- 
dard form (28.2.1). 

As u> runs from 0 to +00, with b and / fixed, the 
point (<7, a) moves from 00 to 0 along the ray C given 
by the part of the line a = (2 b/f)q that lies in the 
first quadrant of the (q, a)-plane. Hence from §28.17 
the corresponding Mathieu equation is stable or unsta- 
ble according as ( q , a) is in the intersection of C with 
the colored or the uncolored open regions depicted in 
Figure 28.17.1. In particular, the equation is stable for 
all sufficiently large values of w. 

For points ( q 1 a) that are at intersections of C with 
the characteristic curves a = a n (q) or a = b n (q), a pe- 
riodic solution is possible. However, in response to a 
small perturbation at least one solution may become 
unbounded. 

References for other initial- value problems include: 

• McLachlan (1947, Chapter XV) for amplitude dis- 
tortion in moving-coil loud-speakers, frequency 
modulation, dynamical systems, and vibration of 
stretched strings. 

• Vedeler (1950) for ships rolling among waves. 

• Meixner and Schafke (1954, §§4.1, 4.2, and 4.7) 
for quantum mechanical problems and rotation of 
molecules. 

• Aly et al. (1975) for scattering theory. 

• Hunter and Kuriyan (1976) and Rushchitsky and 
Rushchitska (2000) for wave mechanics. 

• Fukui and Horiguchi (1992) for quantum theory. 

• Jager (1997, 1998) for relativistic oscillators. 

• Torres- Vega et al. (1998) for Mathieu functions in 
phase space. 


Computation 

28.34 Methods of Computation 

28.34(i) Characteristic Exponents 

Methods available for computing the values of 
w^tt-jCL, ±q) needed in (28.2.16) include: 

(a) Direct numerical integration of the differential 
equation (28.2.1), with initial values given by 
(28.2.5) (§§3.7 (ii), 3.7(v)). 

(b) Representations for w l (i r; a, ±q) with limit formu- 
las for special solutions of the recurrence relations 
§28.4(ii) for fixed a and q ; see Schafke (1961a). 

28.34(H) Eigenvalues 

Methods for computing the eigenvalues a n (q), b n (q), 
and A v {q), defined in §§28.2(v) and 28.12(i), include: 

(a) Summation of the power series in §§28.6(i) and 
28. 15(i) when \q\ is small. 

(b) Use of asymptotic expansions and approximations 
for large q (§§28.8(i), 28.16). See also Zhang and 
Jin (1996, pp. 482-485). 

(c) Methods described in §3.7(iv) applied to the dif- 
ferential equation (28.2.1) with the conditions 
(28.2.5) and (28.2.16). 

(d) Solution of the matrix eigenvalue problem for each 
of the five infinite matrices that correspond to the 
linear algebraic equations (28.4.5)-(28.4.8) and 
(28.14.4). See Zhang and Jin (1996, pp. 479-482) 
and §3.2(iv). 

(e) Solution of the continued-fraction equations 
(28.6.16)-(28.6.19) and (28.15.2) by successive ap- 
proximation. See Blanch (1966), Shirts (1993), 
and Meixner and Schafke (1954, §2.87). 

28.34(iii) Floquet Solutions 

(a) Summation of the power series in §§28.6(ii) and 
28.15(h) when \q\ is small. 

(b) Use of asymptotic expansions and approximations 
for large q (§§28.8(ii)-28.8(iv)). 

Also, once the eigenvalues a n (q ), b n (q ), and A „{q) 
have been computed the following methods are applica- 
ble: 
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(c) Solution of (28.2.1) by boundary-value meth- 
ods; see §3.7(iii). This can be combined with 
§28.34(ii)(c). 

(d) Solution of the systems of linear algebraic equa- 
tions (28.4.5)-(28.4.8) and (28.14.4), with the 
conditions (28.4.9)-(28.4.12) and (28.14.5), by 
boundary-value methods (§3.6) to determine the 
Fourier coefficients. Subsequently, the Fourier se- 
ries can be summed with the aid of Clenshaw’s 
algorithm (§3.11(ii)). See Meixner and Schafke 
(1954, §2.87). This procedure can be combined 
with §28.34(ii)(d). 

28.34(iv) Modified Mathieu Functions 

For the modified functions we have: 

(a) Numerical summation of the expansions in series 
of Bessel functions (28.24.1)-(28.24.13). These se- 
ries converge quite rapidly for a wide range of val- 
ues of q and 2 . 

(b) Direct numerical integration (§3.7) of the differen- 
tial equation (28.20.1) for moderate values of the 
parameters. 

(c) Use of asymptotic expansions for large z or large 
q. See §§28.25 and 28.26. 

28.35 Tables 

28.35(i) Real Variables 

• Blanch and Clemm (1962) includes values of 
Mc[^ (x, ydj) and Mc^ (x, y/g) for n = 0(1)15 
with q = 0(.05)1, x = 0(.02)1. Also Ms£^ (x, y/q) 

and Ms^ (x, ydj) for n = 1(1)15 with q = 
0(.05)1, x = 0(.02)1. Precision is generally 7D. 

• Blanch and Clemm (1965) includes values of 
Mc^ 2) (x, y/q ) , Mc^ 2), (ir, y/q) for n = 0(1)7, x = 
0(.02)1; n = 8(1)15, x = 0(.01)1. Also 
Ms^ 2) (x, y/q ) , Ms { n ] ' (x,^/q) for n = 1(1)7, x = 
0(.02)1; n = 8(1)15, x = 0(.01)1. In all cases 
q = 0(.05)1. Precision is generally 7D. Approxi- 
mate formulas and graphs are also included. 

• Blanch and Rhodes (1955) includes Be n (t), 
Bo n (t), t = \y/q, n = 0(1)15; 8D. The range of t 
is 0 to 0.1, with step sizes ranging from 0.002 down 
to 0.00025. Notation: Be n (t) = a n {q) + 2q — (4n + 
2 )y/q, Bo n (t ) = b n (q) +2 q- (4 n - 2 )y/q. 


• Ince (1932) includes eigenvalues a n , b n , and 
Fourier coefficients for n = 0 or 1(1)6, q = 
0(1)10(2)20(4)40; 7D. Also ce„(x, g), se n (x,g) for 
q = 0(1)10, x = 1(1)90, corresponding to the 
eigenvalues in the tables; 5D. Notation: a n = 
be n - 2 q, b n = bo n - 2 q. 

• Kirkpatrick (1960) contains tables of the modi- 
fied functions Ce n (x, q), Se n+ i(x, q) for n = 0(1)5, 
q = 1(1)20, x = 0.1(.1)1; 4D or 5D. 

• NBS (1967) includes the eigenvalues a„(q ), b n (q) 
for n = 0(1)3 with q = 0(.2)20(. 5)37(1)100, and 
n = 4(1)15 with q = 0(2)100; Fourier coeffi- 
cients for c e n (x 7 q) and se n (x,q) for n = 0(1)15, 
n = 1(1)15, respectively, and various values of q 
in the interval [0,100]; joining factors g e ,n(y/q), 
fe,n{y/Q) f° r n = 0(1)15 with q = 0(.5 to 10)100 
(but in a different notation) . Also, eigenvalues for 
large values of q. Precision is generally 8D. 

• Stratton et al. (1941) includes b n , b' nl and the cor- 
responding Fourier coefficients for Se n (c, x) and 
So n {c,x) for n = 0 or 1(1)4, c = 0(.l or .2)4.5. 
Precision is mostly 5S. Notation: c = 2^/g, b n = 
a n + 2q, b' n = b n + 2q, and for Se n (c, x), So n (c, x) 
see §28.1. 

• Zhang and Jin (1996, pp. 521-532) includes 

the eigenvalues a n (q), b n +i(q) for n = 0(1)4, 
q = 0(1)50; n = 0(1)20 (a’s) or 19 (6’s), 
q = 1,3,5,10,15,25,50(50)200. Fourier co- 
efficients for ce n (x, 10), se„+i(x, 10), n = 
0(1)7. Mathieu functions ce n (x, 10), se„ + i(x, 10), 
and their first x-derivatives for n = 0(1)4, 
x = 0(5°) 90°. Modified Mathieu functions 

Mc^(x, -\/T0), Ms^Ij^Xj-v/IO), and their first x- 
derivatives for n = 0(1)4, j = 1,2, x = 0(.2)4. 
Precision is mostly 9S. 

28.35(ii) Complex Variables 

• Blanch and Clemm (1969) includes eigenvalues 
a n (q), b n {q) for q = pe l<t> , p = 0(.5)25, 4> = 
5°(5°)90°, n = 0(1)15; 4D. Also a n {q) and b n (q) 
for q = ip, p = 0(.5)100, n = 0(2)14 and 
n = 2(2)16, respectively; 8D. Double points for 
n = 0(1)15; 8D. Graphs are included. 

28.35(iii) Zeros 

• Blanch and Clemm (1965) includes the first and 
second zeros of Mc^(x, yfi), Mc^ (x, y/q) for 

n = 0,1, and Ms^ 2) (x,yg), Ms^ 2) '(x, y/q) for 
n= 1,2, with q = 0(.05)1; 7D. 


28.36 Software 


681 


• Ince (1932) includes the first zero for ce n , se„ for 
n = 2(1)5 or 6, q = 0(1)10(2)40; 4D. This ref- 
erence also gives zeros of the first derivatives, to- 
gether with expansions for small q. 

• Zhang and Jin (1996, pp. 533-535) includes the 
zeros (in degrees) of ce n (x, 10), se n (:r, 10) for n = 
1(1)10, and the first 5 zeros of Mc^ (x, a/ 10) , 
Ms^(x, \/l0) for n = 0 or 1(1)8, j = 1,2. Preci- 
sion is mostly 9S. 

28.35(iv) Further Tables 

For other tables prior to 1961 see Fletcher et al. (1962, 

§2.2) and Lebedev and Fedorova (1960, Chapter 11). 

28.36 Software 

See http : //dlmf .nist .gov/28 . 36. 
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Notation 


Lame Functions 


29.1 Special Notation 


29.2 Differential Equations 


(For other notation see pp. xiv and 873.) 


29.2(i) Lame’s Equation 


m, n,p 

nonnegative integers. 

X 

real variable. 

z 

complex variable. 

h , k, v 

real parameters, 0 < fc < 1, v > — \. 

k! 

Vl - fc 2 , 0 < k! < 1. 

K, K' 

complete elliptic integrals of the first kind 
with moduli fc, k! , respectively (see §19.2(ii)) 


All derivatives are denoted by differentials, not by 
primes. 

The main functions treated in this chapter are 
the eigenvalues a 2m (fc 2 ), a 2m+1 (fc 2 ), 6 2m+1 (fc 2 ), 

6 2m+2 (fc 2 ), the Lame functions Ec 2m ( 2 , fc 2 ), 
Ecl m+1 (z,k 2 ), Esl m+1 (z,k 2 ), Esl m+2 (z,k 2 ), and 

the Lame polynomials uE™ n (z,k 2 ), sE™ n+1 (z,k 2 ), 
cEZ,+i(z,k 2 ), dE™ n+1 (z, k 2 ), scE™ n+2 (z, k 2 ) , 
sdE™ n+2 (z,k 2 ), cdE 2n+2 (z,k 2 ), scdE™ n+3 (z,k 2 ) . The 
notation for the eigenvalues and functions is due to 
Erdelyi et al. (1955, §15.5.1) and that for the polynomi- 
als is due to Arscott (1964b, §9.3.2). The normalization 
is that of Jansen (1977, §3.1). 

Other notations that have been used are as follows: 
Ince (1940a) interchanges a 2m+1 (fc 2 ) with b 2m+1 (k 2 )- 

The relation to the Lame functions L^of Jansen 
(1977) is given by 

Eci m (z,k 2 ) = (-i r4 2 ™)(v>,fc' 2 ), 
Eci m+i ( z ,k 2 ) = (-i r4 2m+i )(v,,fc' 2 ), 

Es 2m+1 (z, k 2 ) = (-1 rL%r +1 \^,k'\ 
Esl m+2 (z,k 2 ) = (-1 ) m Lil m+2 \^,k' 2 ), 
where ip = am(z,/:); see §22. 16(i) . The relation to the 
Lame functions Ec™, Es™ of Ince (1940b) is given by 

Ec 2m (z,k 2 ) = c 2m (k 2 )Ec 2m (z,k 2 ), 
Ecl m+1 {z,k 2 ) = c 2m+1 (fc 2 )Es 2m+1 ( 2 ,fc 2 ), 
Esl m+1 \z,k 2 ) = s 2m+1 (fc 2 )Ec 2m+1 ( 2 ,fc 2 ), 
Esl m+2 lz,k 2 ) = s 2m+2 (k 2 )F,s 2m+2 (z, k 2 ), 

where the positive factors c™(k 2 ) and s™(fc 2 ) are deter- 
mined by 

(C(k 2 )) 2 = 4 f (Ec™ (x,k 2 )f dx, 

77 Jo 

(C(£: 2 )) 2 = 4 / (Es™(x,k 2 )) 2 dx. 

77 Jo 


(p w 

29 . 2.1 — j + (h — v(v + 1 )fc 2 sn 2 (z, k))w = 0, 
dz 

where k and v are real parameters such that 0 < k < 1 
and u > — For sn (z, k) see §22.2. This equation has 
regular singularities at the points 2pK + (2 q + l)iK', 
where p, g £ Z, and Tv, K' are the complete elliptic inte- 
grals of the first kind with moduli k, fc'(= (1 — k 2 ) 1 / 2 ), 
respectively; see §19.2(ii). In general, at each singular- 
ity each solution of (29.2.1) has a branch point (§2.7(i)). 
See Figure 29.2.1. 


X 

X 

ZiK’ > 

< 

X 

X 



2iK' 




X 
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iK'y 

c 

X 

X 




0 



—4 K 
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2K 
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X 

-iK' > 

< 

X 
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—2iK' 




X 

X 

-ZiK' > 

c 

X 
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Figure 29.2.1: 2 -plane: singularities xxx of Lame’s 
equation. 


29.2(ii) Other Forms 


29 . 2.2 


where 


d 2 w 1 fl 1 1 \ 

^ + 2i v ( + ri + rHj 


+ 


hk 2 — v(v + 1)£ 

m-m~k- 2 ) 


w = 0, 


dw 


29 . 2.3 £ = sn 2 {z,k). 

, 2 2 ,\ d 2 w o , . dw 

(1 — Ar cos p) — T + K'cosfflsmffl-— 

29 . 2.4 V Y> dp 2 dp 

+ (h — + 1 )k 2 cos 2 p)w = 0, 

where 


29 . 2.5 p = pn — am (z, k). 

For am (z,k) see §22. 16(i) . 
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Next, let ei, e2, e 3 be any real constants that satisfy 
ei > e2 > e3 and 

29.2.6 ei + e 2 + e 3 =0, (e 2 -e 3 )/(ei - e 3 ) = fc 2 . 

(These constants are not unique.) Then with 

29.2.7 g = (e\ - e 3 )h + v{y + l)e 3 , 

29.2.8 7? = (ei — e 3 ) _1 / 2 (t — iK'), 
we have 

29.2.9 < ^ + (g-v(v+l)p(rjj)w = Q, 
dp 

and 


29.2.10 


where 


d 2 w 

d( 2 


c - ei c - 62 C - e 3 


g-v{v + 1)C 


4(C-ei)«-e 2 )(C-e 3 ) 


w = 0, 


dw 

dc 


29.2.11 C = P(W,92,93 ) = p(d)> 

with 


29.2.12 52 = -4(e 2 e 3 + e 3 ei + eie 2 ), g 3 = 4eie 2 e 3 . 
For the Weierstrass function p see §23.2(ii). 

Equation (29.2.10) is a special case of Heun’s equa- 
tion (31.2.1). 


The eigenvalues coalesce according to 

29.3.5 a™(k 2 ) = b™(k 2 ), v = 0, 1, . . . , to — 1. 
If v is distinct from 0,1,. . . ,m — 1, then 

29.3.6 «(fc 2 ) - b™(k 2 )) u(u - 1) • • • (u - m + 1) > 0. 
If v is a nonnegative integer, then 


29.3.7 



<c(fc 2 ) + = v(u + i), 

TO = 0, 1, . . 

■,v, 

29.3.8 



b™(k 2 ) +b v - m+l (l-k 2 ) =i/(i/ + 1), 

TO = 1, 2, . . 

.,u. 

For the special case k = k' = 1 j \J 2 

see Erdelyi et al. 


(1955, §15.5.2). 

29.3(iii) Continued Fractions 

The quantity 

29.3.9 H = 2 a 2m ( k 2 ) - v{v + 1 )k 2 

satisfies the continued-fraction equation 


(3 P -H- 




Otp-2lp-\ 


29.3.10 


Pp-l-H- P p -2-H- 

ap7p+i ap+i7p+2 


Pp+i-H- Pp+2-H- 
where p is any nonnegative integer, and 


29.3 Definitions and Basic Properties 
29.3(i) Eigenvalues 

For each pair of values of v and k there are four in- 
finite unbounded sets of real eigenvalues h for which 
equation (29.2.1) has even or odd solutions with periods 
2 K or 4 K. They are denoted by a^ m (/c 2 ), a 2m+1 (/c 2 ), 
6 2m+1 (/c 2 ), & 2m+2 (fc 2 ), where to = 0, 1, 2, . . .; see Ta- 
ble 29.3.1. 

Table 29.3.1: Eigenvalues of Lame’s equation. 


eigenvalue h 

parity 

period 

al m (k 2 ) 

even 

2K 

a 2m+1 (k 2 ) 

odd 

AK 

6 2m+1 (k 2 ) 

even 

4 K 

bl m+2 (k 2 ) 

odd 

2 K 


29.3(ii) Distribution 

The eigenvalues interlace according to 


29.3.1 

a™(fc 2 ) 

< a™ +1 (k 2 

29.3.2 

<C(fc 2 ) 

< b™ +1 (k T 

29.3.3 

b™{k 2 ) 

< 6™ +l (fc 2 ; 

29.3.4 

b™(k 2 ) 

<a™ +1 (fc 2 


29 3 11 a = p- 1 )^ 2 )^’ P = 0 ’ 

P — 2p — l)(v + 2p + 2)fc 2 , p> 1, 

f3 p = 4p 2 (2 - k 2 ), 

29 312 7 p = 1 {y - 2p+ 2)(v + 2p - l)fc 2 . 

The continued fraction following the second negative 
sign on the left-hand side of (29.3.10) is finite: it equals 
0 if p = 0, and if p > 0, then the last denominator 
is /3q — H . If v is a nonnegative integer and 2 p < v , 
then the continued fraction on the right-hand side of 
(29.3.10) terminates, and (29.3.10) has only the solu- 
tions (29.3.9) with 2m < v. If v is a nonnegative inte- 
ger and 2 p > v, then (29.3.10) has only the solutions 
(29.3.9) with 2m > v. 

For the corresponding continued-fraction equations 
for a 2m+1 (fc 2 ), & 2m+1 (fc 2 ), and b 2m+2 (k 2 ) see http: 
/ /dlmf . nist . gov/29 . 3 . iii. 

29.3(iv) Lame Functions 

The eigenfunctions corresponding to the eigenvalues of 
§29.3(i) are denoted by Ec 2m (z,k 2 ), Ec 2m+1 (z,k 2 ) , 
Es 2m+1 (z, k 2 ), Es 2m+2 (z,k 2 ) . They are called Lame 
functions with real periods and of order u, or more sim- 
ply, Lame functions. See Table 29.3.2. In this table 
the nonnegative integer to corresponds to the number 
of zeros of each Lame function in (0,A'), whereas the 
superscripts 2 to, 2 to + 1, or 2 to + 2 correspond to the 
number of zeros in [0, 2K). 
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Table 29.3.2: Lame functions. 


boundary conditions 

eigenvalue 

h 

eigenfunction 

w(z) 

parity of 
w(z ) 

parity of 
w(z — K ) 

period of 
w{z) 

dw/dz | 2=0 = dw/dz\ z=K = 0 

a 2m (fc 2 ) 

Ec 2m (z, k 2 ) 

even 

even 

2K 

w(0) = dw / dz\ z=K = 0 

a 2m+1 (fc 2 ) 

Ec 2 r +1 (z,e) 

odd 

even 

4 K 

dw/dz | z _ 0 = w(K) = 0 

bl m+1 (k 2 ) 

Esl m+1 (z,k 2 ) 

even 

odd 

4 K 

ix(0) = w(K) = 0 

6 2m+2 (fc 2 ) 

Es 2m+2 (z, k 2 ) 

odd 

odd 

2 K 


29.3.18 


29.3(v) Normalization 

pK -| 

/ dn (x, k) (Ec 2m (x, fc 2 )) 2 dx = -n, 

Jo 4 

r K 9 1 

/ dn (x, k) (Ec 2m+1 (re, fc 2 )) dx = -7r, 

Jo 4 

pK -j 

/ dn (x, fc) (i?s 2m+1 (x, fc 2 )) 2 dx = —% r, 

Jo 4 

f dn (x, k) (Es 2 J n+2 {x, k 2 )) dx = - u. 

Jo 4 

For dn (z, k) see §22.2. 

To complete the definitions, Ec™ ( K , k 2 ) is positive 
and dEs™(z, k 2 ) / dz \ z _ K is negative. 

29.3(vi) Orthogonality 


For m ^ p, 

r K 


/o 


Ecl m (x , fc 2 ) Ecl p (x, k 2 ) da: = 0, 


29.3.19 


[ Ecl m+1 (x,k 2 ) Ecl p+1 (x,k 2 )dx = 0, 

f Es 2m+1 (x, k 2 ) Es 2p+l (x, k 2 ) dx = 0, 
Jo 

[ Esl m+ 2 (x, k 2 ) Es 2p+2 (x, k 2 ) dx = 0. 


For the values of these integrals when m = p see §29.6. 

29.3(vii) Power Series 

For power-series expansions of the eigenvalues see Volk- 
mer (2004b). 


29.4 Graphics 

29.4(i) Eigenvalues of Lame’s Equation: Line 
Graphs 



Figure 29.4.1: a™\ 0.5), 6™ +1 (0.5) as functions of v for 
m = 0,1, 2, 3. 
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For additional graphs see http : //dlmf . nist . gov/29 . 

29.4(ii) Eigenvalues of Lame’s Equation: Surfaces 



4 


Figure 29.4.9: a°(fc 2 ) as a function of v and k 2 . 

For additional surfaces see http : / / dlmf . nist . gov/29 

29.4(iii) Lame Functions: Line Graphs 



Figure 29.4.13: Ec™ 5 (x, 0.5) for -2 K < x <2K, m = 
0,1,2. K= 1.85407. ... 


10 



Figure 29.4.3: a™ 5 (fc 2 ), b™^ 1 (k 2 ) as functions of k 2 for 
m = 0, 1, 2. 



Figure 29.4.10: bl(k 2 ) as a function of v and k 2 . 


4 . ii. 



Figure 29.4.14: Es™ 5 {x, 0.5) for -2 K < x < 2 K, m = 
1,2,3. K = 1.85407 


For additional graphs see http : // dlmf . nist . gov/29 . 4 . iii. 
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29.4(iv) Lame Functions: Surfaces 



For additional surfaces see http : //dlmf . nist . gov/29 . 4 . iv. 


29.5 Special Cases and Limiting Forms 


29.5.1 a™( 0) = 0™( 0) = m 2 , 

29.5.2 Fc°( 2 , 0) = 2-3, 
Ec™{z,0) = cos n - z)), 

zy.o.o 

E$™(z, 0) = sin(TO(^7r — 2 )), 
Let jj, = max ( v — m, 0). Then 


m > 1, 
m > 1. 


29.5.4 lim a™(k 2 ) = lim 6™ +1 (fc 2 ) = + 1) - /x 2 , 

29.5.5 

,. EC{z,k 2 ) ^C +1 (^fc 2 ) 

lim -7- = lllll pr— 

k^i- Fc™(0,fc 2 ) k^i- Es™ +1 (0,k 2 ) 

y - \v, \n + \v + 1 


(cosh 2 )^ 


F 


; tanh 2 2 J , 
to even, 


29.5.6 


EC( z ,e) 


fc 1 ™- dEc™{z,k 2 )/dz\ z=0 
Es™ +1 ( 2 , fc 2 ) 


= lim 


fc-i- dF;c +1 (^,fc 2 )/^|,=o 


tanh ; 


hp - + L \n F + 1 


F| 2 ^ 2 " ' 2 ’ 2 ^ ' 2 " ' ; tanh 2 . 


(cosh 2 )^ 

to odd, 

where F is the hypergeometric function; see §15.2(i). 


If fc — > 0+ and v — > 00 in such a way that 
fc 2 v(v + 1) = 40 (a positive constant), then 

29 5 7 lim Fc™ ( 2 , fc 2 ) = ce m (i7r - 2 , 0 ), 
lim Fs™ ( 2 , fc 2 ) = se m (|7r - 2,0), 

where c e m (z, 0) and se m ( 2 , 0) are Mathieu functions; see 
§28.2(vi). 

29.6 Fourier Series 

29.6(i) Function Ecl m {z,k 2 ) 

With <j> = — am ( 2 , fc), as in (29.2.5), we have 

OO 

29.6.1 Fc 2m ( 2 , fc 2 ) = \ A 0 + ^ A 2p cos (2 p(j)). 

p = 1 

Here 

29.6.2 F = 2a 2m (fc 2 ) - u(u+ l)fc 2 , 

29.6.3 (A) - H)A) + a 0 A 2 = 0, 

29.6.4 

'7p^l2p — 2 F (/dp H)A 2p F OpH2p-{-2 — 0; P F 1, 
with a p , /dp, and as in (29.3.11) and (29.3.12), and 

OO 

29.6.5 i-Al + Y, A % = I’ 

P=1 

OO 

29.6.6 i Ao + ^H 2 p>0. 

P=1 


29.7 Asymptotic Expansions 
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When v ^ 2 n, where n is a nonnegative integer, it 
follows from §2.9(i) that for any value of H the sys- 
tem (29.6.4)-(29.6.6) has a unique recessive solution 
Aq , A 2 , A 4 , . . . ; furthermore 


29.6.7 

lim — 2p+2 — — — v + 2 n, or v = 2 n and m > n. 

p^oo A 2p (1 + A ') 2 

In addition, if H satisfies (29.6.2), then (29.6.3) applies. 

In the special case v = 2 n, m = 0, 1, . . . , n, there is 
a unique nontrivial solution with the property A 2p = 0, 
p = n + 1,71 + 2 ,.... This solution can be con- 
structed from (29.6.4) by backward recursion, start- 
ing with A 2n+2 = 0 and an arbitrary nonzero value of 
A 2n , followed by normalization via (29.6.5) and (29.6.6). 
Consequently, J 7 c 2 m ( 2 , A 2 ) reduces to a Lame polyno- 
mial; compare §§29.12(i) and 29. 15(i). 

An alternative version of the Fourier series expan- 
sion (29.6.1) is given by 

29.6.8 

Ecl m (z, A 2 ) = dn ( 2 , k) (^\C 0 + J2 p cos (2 P<f>)J ■ 

Here dn( 2 , A) is as in §22.2, and 

29.6.9 (p 0 - H)C 0 + a 0 C 2 = 0 , 

29.6.10 

n fpC 2p — 2 + (Pp ki^C 2p + Oc p C 2p j r2 — 0 , p + 1 , 

with a p ,p p , and now defined by 


_ I i/(v + 1 )A 2 , p = 0, 

^ \|(^-2p)(iz + 2p+l)fc 2 , p> 1, 

Pp = 4p 2 (2 - A’ 2 ), 

7 P = |(^-2p+l)(z/ + 2p)fc 2 , 


and 


29.6.12 

( 1 -ifc 2 ) 

29.6.13 




\k 2 C 2 P C 2p+2 = 1 , 

p =0 


\Cq + y ) c 2p > 0 , 

p =1 


29.6.14 


lim 

p — >00 


C 2p + 2 

c 2p 


k 2 

(1 + A ') 2 ’ 

v 2 n + 1 , or v = 2 n + 1 and m > n, 


29.6.15 


\AqCq + y ) A 2p c 2p — 

P =1 



(. Ecl m (x,k 2 )f dx. 


For the corresponding expansions for Ec 2m+1 ( z,k 2 ) , 
Es 2m+1 ( 2 , A 2 ) , and Es 2m+2 ( 2 , A 2 ) see http://dlmf. 
nist .gov/29 . 6 . ii. 


29.7 Asymptotic Expansions 

29.7(i) Eigenvalues 

As v — > 00 , 

29.7.1 a™ (A 2 ) ~ pn — r 0 — TikC 1 — t 2 k ~ 2 — • • • , 
where 

29.7.2 ac = A(tz(zy + l)) 1 / 2 , p = 2m+l, 

29.7.3 t 0 = ^(l + A 2 )(l+p 2 ), 

29.7.4 Ti = J((l + A 2 ) 2 (p 2 + 3) - 4k 2 (p 2 + 5)). 

The same Poincare expansion holds for 6 )J l+ 1 (A 2 ), since 

29.7.5 

C +1 +) - a” +) = o (■/"+« (FA) . ^ 00 . 

See also Volkmer (2004b). 

For higher terms in (29.7.1) see http : //dlmf .nist . 
gov/29 . 7 . i. 

29.7(ii) Lame Functions 

Muller (1966a, b) found three formal asymptotic expan- 
sions for a fundamental system of solutions of (29.2.1) 
(and (29.11.1)) as v — > 00 , one in terms of Jacobian 
elliptic functions and two in terms of Hermite polyno- 
mials. In Muller (1966c) it is shown how these expan- 
sions lead to asymptotic expansions for the Lame func- 
tions Ec™ ( 2 , A 2 ) and Es™(z,k 2 ). Weinstein and Keller 
(1985) give asymptotics for solutions of Hill’s equation 
(§28.29(i)) that are applicable to the Lame equation. 


29.8 Integral Equations 


Let w(z) be any solution of (29.2.1) of period 4 K, w 2 (z ) 
be a linearly independent solution, and W {w,w 2 } de- 
note their Wronskian. Also let x be defined by 

x = A 2 sn ( 2 , A) sn ( z\ , A) sn (z 2, A) sn ( 2 : 3 , A) 

A 2 

29.8.1 “ 772 cn ( z > fc ) cn ( z i > k ) cn ( z z, A) cn (c 3 , A) 


A' 

1 

V 2 


dn ( 2 , A) dn ( z \ , A) dn ( z 2 , A) dn ( 23 , A), 


where 2 , 21 , 22,23 are real, and sn, cn, dn are the Jaco- 
bian elliptic functions (§22.2). Then 

,-2K 

29.8.2 fiiu(zi)w(z 2 )w(z 3 ) = / P „(x)w(z)dz, 

J- 2 K 

where P„(x) is the Ferrers function of the first kind 
(§14-3(i)), 

2ctt 

29-8.3 ^ = 7’ 

W { w,w 2 1 
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and a (= ±1) and r are determined by 

w(z + 2 K) = aw(z), 

W2^z + 2 K) = tw(z) + aw2(z). 


A special case of (29.8.2) is 


29 . 8.5 


Ecl m ( Zl ,k 2 ) 


w 2 (K) - w 2 {~K) 
dw 2 (z)/dz | 2=0 



P v (y)Ecl m (z,k 2 ) dz, 


where ^ 

29 . 8.6 y = — dn (z, k) dn (zi, k). 

k! 

For results corresponding to (29.8.5) for Ec 2 J n+1 , 
Esl m+1 , Es‘^ rn+2 see http://dlmf.nist.gOv/29.8. 

For further integral equations see Arscott (1964a), 
Erdelyi et al. (1955, §15.5.3), Shail (1980), Sleeman 
(1968a), and Volkmer (1982, 1983, 1984). 


29.9 Stability 

The Lame equation (29.2.1) with specified values of 
k, h , v is called stable if all of its solutions are bounded 
on R; otherwise the equation is called unstable. If v is 
not an integer, then (29.2.1) is unstable iff h < a°(/c 2 ) 
or h lies in one of the closed intervals with endpoints 
a™(fc 2 ) and 5™(fc 2 ), to = 1,2,.... If v is a nonnega- 
tive integer, then (29.2.1) is unstable iff h < a°(fc 2 ) or 
h £ \b™(k 2 ), a™{k 2 )] for some m = 1, 2, . . . , u. 

29.10 Lame Functions with Imaginary 
Periods 

The substitutions 

29 . 10.1 h=v(v + l)-ti, 

29 . 10.2 z! = i(z —K - iK'), 
transform (29.2.1) into 

7 2 

29 . 10.3 — % + (h' — v(v + 1 )k' 2 sn 2 {z ' , k'))w = 0. 
dz' 

In consequence, the functions 

Ecl m (i(z-K-iK'),k ,2 ), 

Ec 2m+1 (i(z —K - iK'),k ' 2 \ , 

29 . 10.4 ; { 

Es 2m+1 [i{z —K - iK'),kj , 

Es 2m+2 (i{z - K - iK'),k ,2 ) , 

are solutions of (29.2.1). The first and the fourth func- 
tions have period 2iK'; the second and the third have 
period 4 iK'. 

For these results and further information see Erdelyi 
et al. (1955, §15.5.2). 


29.11 Lame Wave Equation 

The Lame (or ellipsoidal) wave equation is given by 

29 . 11.1 

+ (h— u(u + l)fc 2 sn 2 (z, k) + k 2 to 2 sn 4 ( z , k))w = 0, 
dz 

in which to is another parameter. In the case u> = 0, 
(29.11.1) reduces to Lame’s equation (29.2.1). 

For properties of the solutions of (29.11.1) see Ar- 
scott (1956, 1959), Arscott (1964b, Chapter X), Erdelyi 
et al. (1955, §16.14), Fedoryuk (1989), and Muller 
(1966a, b,c). 


Lame Polynomials 


29.12 Definitions 

29.12(i) Elliptic-Function Form 

Throughout §§29.12-29.16 the order v in the differential 
equation (29.2.1) is assumed to be a nonnegative integer. 

The Lame functions Ec™ (z,k 2 ) , m = 0,1,..., v, 
and Es™(z,k 2 ), to = 1,2, ... ,u, are called the Lame 
polynomials. There are eight types of Lame polynomi- 
als, defined as follows: 


29 . 12.1 

uEZ{z,k 2 ) 

i =Ec 2 ™(z,k 2 ), 

29 . 12.2 

sEZ +1 (z,k 2 ) 

i=Pc"(z,fc 2 ), 

29 . 12.3 

cEZ +1 (z,k 2 ) 

I=p s “(z,fc 2 ), 

29 . 12.4 

dE™ n+1 (z,k 2 ) 

1 =Ec 2 ™ +1 (z,k 2 ), 

29 . 12.5 

scE™ n+2 (z, k 2 ) 

1 =Esl™${z,k 2 ), 

29 . 12.6 

sdE™ +2 (z,k 2 ) 

1 = Pc“(z,fc 2 ), 

29 . 12.7 

cdE™ n+2 (z,k 2 ) 

)=Es 2 2 ™+ 2 1 (z,k 2 ), 

29 . 12.8 

scdE™ n+3 (z,k 2 ) 

1 =Es 2 2 ^ 2 (z,k 2 ), 

where n 

= 0,1,2,..., to 

= 0,1,2 ,... ,n. These func- 


tions are polynomials in sn (z, k), cn (z, k), and dn (z, k). 
In consequence they are doubly-periodic meromorphic 
functions of z. 

The superscript to on the left-hand sides of 
(29.12.1)-(29.12.8) agrees with the number of z- zeros 
of each Lame polynomial in the interval (0 ,K), while 
n — to is the number of z-zeros in the open line segment 
from K toK + iK' . 

The prefixes u, s , c, d, sc, sd, cd, scd indicate the 
type of the polynomial form of the Lame polynomial; 
compare the 3rd and 4th columns in Table 29.12.1. In 
the fourth column the variable z and modulus k of the 
Jacobian elliptic functions have been suppressed, and 
P(sn 2 ) denotes a polynomial of degree n in sn 2 (z, k) 
(different for each type). For the determination of the 
coefficients of the P’s see §29.15(ii). 
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Table 29.12.1: Lame polynomials. 


V 

eigenvalue 

h 

eigenfunction 

w{z) 

polynomial 

form 

real 

period 

imag. 

period 

parity of 
w{z) 

parity of 
w(z — K ) 

parity of 
w(z —K — iK') 

2n 

a 2m (k 2 ) 

uE™(z,k 2 ) 

P(sn 2 ) 

2 K 

2iK' 

even 

even 

even 

2 Ti 1 

a 2m+ 1 

sE™(z,k 2 ) 

sn P(sn 2 ) 

4 K 

2iK' 

odd 

even 

even 

2?7- -f- 1 

b 2m+l ( k 2j 

°E™ (z, k 2 ) 

cn P(sn 2 ) 

AK 

AiK' 

even 

odd 

even 

2 TI -f- 1 

al m (k 2 ) 

dE™(z,k 2 ) 

dn P(sn 2 ) 

2 1< 

AiK' 

even 

even 

odd 

2n + 2 

bl m+2 (k 2 ) 

scE™(z, k 2 ) 

sn cnP(sn 2 ) 

2 K 

AiK ’ 

odd 

odd 

even 

2n + 2 

a 2m+1 ( k 2 ) 

sdE™(z, k 2 ) 

sndnP(sn 2 ) 

AI< 

AiK ' 

odd 

even 

odd 

2n + 2 

bl m+1 (k 2 ) 

ccLE ™ ( 2 , fc 2 ) 

cn dnP(sn 2 ) 

AI< 

2iK' 

even 

odd 

odd 

2?7- 3 

bl m+2 (k 2 ) 

scdE™(z, fc 2 ) 

sn cndnP(sn 2 ) 

2 K 

2iK' 

odd 

odd 

odd 


29.12(ii) Algebraic Form 

With the substitution £ = sn 2 (z, k ) every Lame poly- 
nomial in Table 29.12.1 can be written in the form 

29.12.9 ^(£-ir(£-fc-Tm 

where p , a , r are either 0 or The polynomial P(£) 
is of degree n and has to zeros (all simple) in (0,1) 
and n — to zeros (all simple) in (1, fc~ 2 ). The functions 
(29.12.9) satisfy (29.2.2). 


and r + j, respectively, and n movable point masses at 
ti, £ 2 , • • ■ , t n arranged according to (29.12.12) with unit 
positive charges, the equilibrium position is attained 
when tj = £j for j = 1,2, , n. 


29.12(iii) Zeros 

Let £i,£ 2 , • • • ,£ n denote the zeros of the polynomial P 
in (29.12.9) arranged according to 

29.12.10 0<£i<---<£ m <l< £ m+ i <•••<£„< k~ 2 . 
Then the function 


29.12.11 

3(^1 ! • • • 1 tn) 

= (f[C lz \tp-M a+i (k- 2 -t p y + i \ n (t r -t q ), 

\P=1 / Q<r 

defined for (ti, ■ ■ ■ , t n ) with 

29.12.12 0<ti<---<i m <l< t m+ 1 <-<t n < k~ 2 , 

attains its absolute maximum iff tj = £j, j = 1 , 2 ,..., n. 
Moreover, 


29.12.13 


£ P -i 


£ P - fc - 2 


+ 


q =i ^ 

q^p 


= 0, 


p= l,2,...,n. 


This result admits the following electrostatic inter- 
pretation: Given three point masses fixed at t = 0, 
t = 1, and t = k ~ 2 with positive charges p + cr + |, 


29.13 Graphics 


29. 13(i) Eigenvalues for Lame Polynomials 



Figure 29.13.1: a™(k 2 ), 6™(fc 2 ) as functions of fc 2 for 
to = 0, 1 , 2 (a’s), to = 1 , 2 (6’s). 


For additional graphs see http://dlmf.nist.gov/ 
29.13. i. 


692 


Lame Functions 


29. 13(ii) Lame Polynomials: Real Variable 



Figure 29.13.5: uEf(x, 0.1) for -2 K < x < 2 K, 
m = 0,1, 2. K = 1.61244.... 

For additional graphs see http://dlmf.nist.gov/ 
29.13.ii. 


29. 13(iii) Lame Polynomials: Complex Variable 



3 K 


Figure 29.13.21: | uE\(x + iy, 0.1)| for -3 K <x< 3 K, 
0 <y< 2 K'. I< = 1.61244 . . . , K' = 2.57809 .... 


For the corresponding results for the other seven 
types of Lame polynomials see http://dlmf.nist. 
gov/29 . 14. 


29.15 Fourier Series and Chebyshev Series 
29. 15(i) Fourier Coefficients 

Polynomial uE™ n (z, fc 2 ) 

When v = 2 n, m = 0,1,..., n, the Fourier series 
(29.6.1) terminates: 


29 . 15.1 uE™ n (z,k 2 ) = iA 0 + ]T7l 2pC os(2W>). 

p= 1 


A convenient way of constructing the coefficients, to- 
gether with the eigenvalues, is as follows. Equations 
(29.6.4), with p = 1, 2, . . . , n, (29.6.3), and A 2n+ 2 = 0 
can be cast as an algebraic eigenvalue problem in the 
following way. Let 


29 . 15.2 M = 


Po Oio 0 

7i A an 

0 


0 

0 


0 


^fn—l Pn—1 Ot-n—1 
0 In At, 


be the tridiagonal matrix with a p , /3 P , as in (29.3.11), 
(29.3.12). Let the eigenvalues of M be H v with 


29 . 15.3 

and also let 


H 0 < H x < ■ ■ ■ < H n , 


For additional graphics see http://dlmf.nist. 
gov/29 . 13 . iii. 


29.14 Orthogonality 


Lame polynomials are orthogonal in two ways. 
First, the orthogonality relations (29.3.19) apply; see 
§29.12(i). Secondly, the system of functions 

29 . 14.1 = uE ^k 2 ) uE™ n (K + it, k 2 ), 

n = 0,1,2,..., m = 0, 1, . . . , n, 

is orthogonal and complete with respect to the inner 
product 


29 . 14.2 {g,h) 
where 



w(s, t)g(s, t)h(s, t) dt ds, 


29 . 14.3 w(s,t ) = sn 2 (K + it, k) — sn 2 (s, k). 


29 . 15.4 [A 0 , A 2 , . . . , A 2n ] T 

be the eigenvector corresponding to H m and normalized 

n 

\ A l + ^2 A 2 p = 1 

P = 1 

n 

^a 0 + a 2p > 0. 

p = 1 


al m (k 2 ) = l(H m + v(v+l)k 2 ), 

and (29.15.1) applies, with 4> again defined as in (29.2.5). 

For the corresponding formulations for the other 
seven types of Lame polynomials see http : //dlmf . 
nist .gov/29 . 15 . i. 


so that 

29 . 15.5 

and 

29 . 15.6 

Then 

29 . 15.7 
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29.15(ii) Chebyshev Series 

The Chebyshev polynomial T of the first kind (§18.3) 
satisfies cos (p<f>) = T p ( cosp). Since (29.2.5) implies that 
cos 4> = sn (z, k), (29.15.1) can be rewritten in the form 

n 

29 . 15.43 uE™ n (z, k 2 ) = ±A 0 + '^2A 2p T 2p (sn(z,k)). 

P -i 

This determines the polynomial P of degree n for which 
uE™ n (z,k 2 ) = P(sn 2 (z, k)); compare Table 29.12.1. 
The set of coefficients of this polynomial (without nor- 
malization) can also be found directly as an eigenvector 
of an (n + 1) x (n + 1) tridiagonal matrix; see Arscott 
and Khabaza (1962). 

For the corresponding expansions of the other seven 
types of Lame polynomials see http://dlmf.nist. 
gov/29 . 15 . ii. 

For explicit formulas for Lame polynomials of low 
degree, see Arscott (1964b, p. 205). 

29.16 Asymptotic Expansions 

Hargrave and Sleeman (1977) give asymptotic approx- 
imations for Lame polynomials and their eigenvalues, 
including error bounds. The approximations for Lame 
polynomials hold uniformly on the rectangle 0 < IRz < 
AT, 0 < Sz < K', when nk and nk! assume large real 
values. The approximating functions are exponential, 
trigonometric, and parabolic cylinder functions. 

29.17 Other Solutions 
29.17 (i) Second Solution 

If (29.2.1) admits a Lame polynomial solution E, then 
a second linearly independent solution F is given by 

29 . 17.1 F(z) = E(z ) f dU ' 

JiK' {E{u)) 2 

For properties of these solutions see Arscott (1964b, 
§9.7), Erdelyi et al. (1955, §15.5.1), Shail (1980), and 
Sleeman (1966a). 

29. 17(ii) Algebraic Lame Functions 

Algebraic Lame functions are solutions of (29.2.1) when 
v is half an odd integer. They are algebraic functions of 
sn (z, k ), cn (z, k), and dn (z, k), and have primitive pe- 
riod 8 K. See Erdelyi (1941c), Ince (1940b), and Lambe 
(1952). 

29. 17(iii) Lame-Wangerin Functions 

Lame-Wangerin functions are solutions of (29.2.1) with 
the property that (sn (z, k)) 1 ^ 2 w{z) is bounded on the 
line segment from iK' to 2 A' + i K' . See Erdelyi et al. 
(1955, §15.6). 


Applications 


29.18 Mathematical Applications 

29. 18(i) Sphero-Conal Coordinates 

The wave equation 

29 . 18.1 V 2 u + oj 2 u = 0, 

when transformed to sphero-conal coordinates r, (3, 7: 

29 . 18.2 

k 

x = kr sn (/3, k) sn (7, k ), y = i — r cn (/3, k ) cn (7, k), 

k' 

z = — rdn(/3,fc)dn(7,fc), 
with 


29 . 18.3 

r > 0, P =K + ip, 0<P< 2AT', 0 < 7 < 4A', 

admits solutions 


29 . 18.4 7) = u 1 (r)u 2 (P)u 3 ('y), 
where U \ , u 2 , u 3 satisfy the differential equations 

29 . 18.5 (r 2( ^-] + (u 2 r 2 - v{y + l))m = 0, 

1 dr 1 


29 . 18.6 


29 . 18.7 


dr 

d 2 u 2 

hpF 

d 2 u 3 

Ikf 


+ (h — v(v + 1 )k 2 sn 2 (/3, k))u 2 = 0, 


+ (h — + 1 )k 2 sn 2 (7, k))u 3 = 0, 


with separation constants h and v. (29.18.5) is 
the differential equation of spherical Bessel functions 
(§10.47 (i)) , and (29.18.6), (29.18.7) agree with the Lame 
equation (29.2.1). 


29. 18(ii) Ellipsoidal Coordinates 

The wave equation (29.18.1), when transformed to el- 
lipsoidal coordinates a , /3, 7: 

x = k sn (a, k) sn (/?, k) sn (7, k ) , 
k 

29.18.8 y = cn (a ) fc) cn (/3,fc) cn (7)fc) I 

2 = kk’ dn k>) dn k ^ dn ^ 7 ’ k ^ 

with 

29.18.9 

a = K + iK' — a , 0 < a' < K, 

p=K + ip, 0</?'<2iT,0< 7 < 4 AT, 

admits solutions 

29.18.10 u(a, (3, 7 ) = iti ( 0 ) 112 (^) 113 ( 7 )) 

where u\, u 2 , u 3 each satisfy the Lame wave equation 
(29.11.1). 
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29. 18(iii) Spherical and Ellipsoidal Harmonics 

See Erdelyi et al. (1955, §15.7). 

29.18(iv) Other Applications 

Triebel (1965) gives applications of Lame functions to 
the theory of conformal mappings. Patera and Winter- 
nitz (1973) finds bases for the rotation group. 

29.19 Physical Applications 
29.19(i) Lame Functions 

Simply-periodic Lame functions {v noninteger) can be 
used to solve boundary-value problems for Laplace’s 
equation in elliptical cones. For applications in antenna 
research see Jansen (1977). Brack et al. (2001) shows 
that Lame functions occur at bifurcations in chaotic 
Hamiltonian systems. Bronski et al. (2001) uses Lame 
functions in the theory of Bose-Einstein condensates. 


the asymptotic expansions supplied in §29.7(i). Sub- 
sequently, formulas typified by (29.6.4) can be applied 
to compute the coefficients of the Fourier expansions 
of the corresponding Lame functions by backward re- 
cursion followed by application of formulas typified by 
(29.6.5) and (29.6.6) to achieve normalization; compare 
§3.6. (Equation (29.6.3) serves as a check.) The Fourier 
series may be summed using Clenshaw’s algorithm; see 
§3.11(ii). For further information see Jansen (1977). 

A third method is to approximate eigenvalues and 
Fourier coefficients of Lame functions by eigenvalues 
and eigenvectors of finite matrices using the methods 
of §§3.2(vi) and 3.8(iv). These matrices are the same as 
those provided in §29. 15(i) for the computation of Lame 
polynomials with the difference that n has to be cho- 
sen sufficiently large. The approximations converge ge- 
ometrically (§3.8(i)) to the eigenvalues and coefficients 
of Lame functions as n — > oo. The numerical computa- 
tions described in Jansen (1977) are based in part upon 
this method. 


29. 19(ii) Lame Polynomials 

Ward (1987) computes finite-gap potentials associated 
with the periodic Korteweg-de Vries equation. Shail 
(1978) treats applications to solutions of elliptic crack 
and punch problems. Hargrave (1978) studies high fre- 
quency solutions of the delta wing equation. Macfadyen 
and Winternitz (1971) finds expansions for the two- 
body relativistic scattering amplitudes. Roper (1951) 
solves the linearized supersonic flow equations. Clark- 
son (1991) solves nonlinear evolution equations. Strutt 
(1932) describes various applications and provides an 
extensive list of references. 

See also §29.12(iii). 


Computation 

29.20 Methods of Computation 
29.20(i) Lame Functions 

The eigenvalues a™(k 2 ), b™(k 2 ), and the Lame func- 
tions Ec™(z,k 2 ), Es™(yZ,k 2 ), can be calculated by di- 
rect numerical methods applied to the differential equa- 
tion (29.2.1); see §3.7. The normalization of Lame func- 
tions given in §29.3(v) can be carried out by quadrature 
(§3.5). 

A second approach is to solve the continued-fraction 
equations typified by (29.3.10) by Newton’s rule or 
other iterative methods; see §3.8. Initial approxima- 
tions to the eigenvalues can be found, for example, from 


29.20(ii) Lame Polynomials 

The eigenvalues corresponding to Lame polynomials are 
computed from eigenvalues of the finite tridiagonal ma- 
trices M given in §29. 15(i) , using methods described in 
§3.2(vi) and Ritter (1998). The corresponding eigen- 
vectors yield the coefficients in the finite Fourier series 
for Lame polynomials. §29. 15(i) includes formulas for 
normalizing the eigenvectors. 

29.20(iii) Zeros 

Zeros of Lame polynomials can be computed by solv- 
ing the system of equations (29.12.13) by employing 
Newton’s method; see §3.8(ii). Alternatively, the ze- 
ros can be found by locating the maximum of function 
g in (29.12.11). 

29.21 Tables 

• Ince (1940a) tabulates the eigenvalues a™(k 2 ), 
6™ +1 (fc 2 ) (with a 2m+1 and b 2m+1 interchanged) 
for k 2 — 0.1, 0.5, 0.9, v = — A , 0(1)25, and m = 
0, 1, 2, 3. Precision is 4D. 

• Arscott and Khabaza (1962) tabulates the co- 
efficients of the polynomials P in Table 29.12.1 
(normalized so that the numerically largest coef- 
ficient is unity, i.e. monic polynomials), and the 
corresponding eigenvalues h for k 2 = 0.1(.1)0.9, 
n = 1(1)30. Equations from §29.6 can be used 
to transform to the normalization adopted in this 
chapter. Precision is 6S. 
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29.22 Software 

See http : / /dlmf . nist . gov/29 . 22. 
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Spheroidal Wave Functions 


spheroidal coordinates y 2 is positive, in applications in- 
volving oblate spheroidal coordinates 7 2 is negative; see 
§§30.13, 30.14. 

30.1 Special Notation 


Notation 


(For other notation see pp. xiv and 873.) 

x real variable. Except in §§30.7(iv), 30.11(ii), 
30.13, and 30.14, — 1 < x < 1. 

7 2 real parameter (positive, zero, or negative). 
m order, a nonnegative integer. 
n degree, an integer n = m, to + 1 , to + 2 , .... 
k integer. 

S arbitrary small positive constant. 


The main functions treated in this chapter are the 
eigenvalues A™ ( 7 2 ) and the spheroidal wave functions 
Ps™(^,7 2 ). QC(z,7 2 ), Psn(z, 7 2 ), QC(~.7 2 ), and 


S'n '' 7 ^ (z, 7 ), j = 1,2, 3, 4. These notations are similar to 
those used in Arscott (1964b) and Erdelyi et al. (1955). 
Meixner and Schafke (1954) use ps, qs, Ps, Qs for Ps, 
Qs, Ps, Qs, respectively. 


Other Notations 

Flammer (1957) and Abramowitz and Stegun (1964) use 


A m n(y) for A™(y 2 ) +y 2 , i?™„( 7 , z) for S™ 0 (z, 7 ), and 
30 11 S ™(7’ z ) = ^(7) p C( a; >7 2 ) ) 

S mn(l, x ) = dmn{l) Qs!^(x,'y 2 ), 

where d mn { 7 ) is a normalization constant determined 
by 


30.1.2 


S£U 7,0) = (-1) 

^ S mU^ x ) 


prw, 

: (- 1 )- 


n — m even, 


dx 


to 


x—0 


n — m odd. 

For older notations see Abramowitz and Stegun (1964, 
§21.11) and Flammer (1957, pp. 14,15). 


30.2(ii) Other Forms 

The Liouville normal form of equation (30.2.1) is 

30 ' 2 ' 2 5+(A+U 7 2 sin 2 t- / ^i) 5 = 0 , 

dt \ 4 sin t J 


30.2.3 z = cost, w(z) = (1 — z 2 ) *g(t). 
With C = 72 Equation (30.2.1) changes to 

30.2.4 


, 9 0 .d 2 w nJ .dw 

(C -7 2 )— T + 2C-T7 


dC 


d( 


(c 2 -A-7 2 


7 V \ 

C 2 -7 V 


w = 0 . 


30.2(iii) Special Cases 

If 7 = 0, Equation (30.2.1) is the associated Legendre 
differential equation; see (14.2.2). If g 2 = Equation 
(30.2.2) reduces to the Mathieu equation; see (28.2.1). If 
7 = 0, Equation (30.2.4) is satisfied by spherical Bessel 
functions; see (10.47.1). 


30.3 Eigenvalues 
30.3(i) Definition 

With fi = m = 0,1,2,..., the spheroidal wave functions 
Ps™(x,y 2 ) are solutions of Equation (30.2.1) which are 
bounded on (— 1 , 1 ), or equivalently, which are of the 
form (1 — x 2 )^ m g( x) where g(z) is an entire function 
of z. These solutions exist only for eigenvalues A™(y 2 ), 
n = m, m + 1, m + 2, . . . , of the parameter A. 


Properties 

30.2 Differential Equations 
30.2(i) Spheroidal Differential Equation 


30.3(ii) Properties 

The eigenvalues A™(y 2 ) are analytic functions of the 
real variable y 2 and satisfy 

30.3.1 A™ ( 7 2 ) < \Z +1 ( 7 2 ) < A ™ +2 (y 2 ) < • • • , 


30.2.1 

wf(l- 2 )5) + (A + 7 2 (l^ 2 )- 




w = 0 . 


dz ' dz J ' \ ' 1 x ’ 1 — z 2, 

This equation has regular singularities at z = ±1 with 
exponents ± 1 g and an irregular singularity of rank 1 at 
z = 00 (if 7 7 ^ 0). The equation contains three real pa- 
rameters A, y 2 , and g. In applications involving prolate 


30.3.2 A ” 1 (y 2 ) = n(n + 1) - A 7 2 + O (n 2 ), n — > 00 , 

30.3.3 A™(0) = n(n + 1), 


30.3.4 


dA™(y 2 ) 

-1 < — — — < 0. 

d{ 7 2 ) 
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30.3(iii) Transcendental Equation 

If p is an even nonnegative integer, then the continued- 
fraction equation 


30.3.5 


0^p—2 r ) / p &p—4:'Yp—2 

ftp— 2 A ftp — 4 A 


Otplp+2 a p+ 27p+4 

ftp+2 — A — ftp+i — A — 
where a k , ftk, 7 k are defined by 


30 3 6 a k = —(k+l)(k + 2), 

ftk = (m + k)(m + k + 1) - y 2 , 7fc = 7 2 , 

has the solutions A = A™ +2j ( 7 2 ), j = 0,1,2, If p 

is an odd positive integer, then Equation (30.3.5) has 


the solutions A = A™ +2; - +] (y 2 ) , j =0,1,2,.... If p = 0 
or p = 1, the finite continued- fraction on the left-hand 
side of (30.3.5) equals 0; if p > 1 its last denominator is 
fto — A or fti — A. 

For a different choice of a p , ft p , y p in (30.3.5) see 
http : //dlmf . nist .gov/30 . 3 . iii. 


30.3(iv) Power-Series Expansion 

OO 

30.3.8 A-( 7 2 )=5> fe 7 2fe , |7 2 |<C- 

fc= o 

For values of r™ see Meixner et al. (1980, p. 109). 


4 = n(n + 1), 2£ 2 = — 1 — 


(2m — l)(2m + 1) 


30.3.9 


24 = 


(2n-l)(2n + 3) ’ 

(n — m — 1) (n — to) (n + to — 1) (n + to) (n — m + 1) (n — m + 2) (n + m + 1) (n + m + 2) 


(2n — 3)(2n — l) 3 (2n + 1) 


(2n + l)(2n + 3) 3 (2n + 5) 


For additional coefficients see http : //dlmf . nist . gov/30 . 3 . iv. 


30.4 Functions of the First Kind 


where 


30.4(i) Definitions 


The eigenfunctions of (30.2.1) that correspond to the 
eigenvalues A™(y 2 ) are denoted by Ps™(a;, y 2 ), n = 
m,m + 1, to + 2, . . . . They are normalized by the con- 
dition 


30.4.1 



(Ps™(x, 7 2 )) 2 dx 


2 (71 + to )! 

2n + 1 (n — to)! ’ 


the sign of Ps™(0,y 2 ) being (-l)("+ m )/ 2 when n - to 
is even, and the sign of dPs™(ar, y 2 )/da; | x=0 being 
(— l)( n+m-1 )/ 2 when n — to is odd. 

When y 2 > 0 Ps™(x, 7 2 ) is the prolate angular 
spheroidal wave function , and when y 2 < 0 Ps™(a:, 7 2 ) 
is the oblate angular spheroidal wave function. If y = 0, 
Ps™(x, 0) reduces to the Ferrers function P™(t): 


30.4.2 Ps™4,0) = P™4); 

compare §14.3(i). 


30.4(ii) Elementary Properties 


30.4.3 Ps™ (-*, y 2 ) = (-i)"- m Ps(T (*, 7 2 ) . 

Ps™(a;,y 2 ) has exactly n — to zeros in the interval 

— 1 < x < 1. 

30.4(iii) Power-Series Expansion 


30.4.4 

OO 

Ps™(a;,y 2 ) = (1 - ® 2 ) &"*£<;***, -1 < * < 1, 

k—0 


30.4.5 a k g k+2 + (ft k - A™(y 2 ))g fe + y k g k - 2 = 0 

with a k , ft k , yfc from (30.3.6), and i = g_ 2 = 0, 
g k = 0 for even k if n — to is odd and g k = 0 for odd k 
if 77 . — m is even. Normalization of the coefficients g k is 
effected by application of (30.4.1). 


30.4(iv) Orthogonality 


30.4.6 

r*l 


j ^ Ps“(x,y 2 ) Ps^(x,y 2 ) dx = 


2 (n + to) ! 


2n + 1 (n — ?n)! 

If /(a;) is mean-square integrable on [—1,1], then for- 
mally 


30.4.7 

where 


/O) = c„ p C(z,7 2 ), 


30.4.8 Cn = (n+ |) [ n [ f[t) Ps™(t,y 2 ) dt. 

[n + to)! 

The expansion (30.4.7) converges in the norm of 
L 2 (— 1, 1), that is, 


30.4.9 lim 

N — >OC 


1-1 


N 


f ( x ) - V CnPs™(a;,y 2 ) 


da; = 0. 


It is also equiconvergent with its expansion in Ferrers 
functions (as in (30.4.2)), that is, the difference of cor- 
responding partial sums converges to 0 uniformly for 
-1 < ar < 1. 
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30.5 Functions of the Second Kind 


30.7 Graphics 


Other solutions of (30.2.1) with fi = m, A = A™ (y 2 ), 
and z = x are 


30.5.1 Qs™(x,y 2 ), n = to, to + 1, to + 2, 

They satisfy 

30.5.2 Qs(TH, 7 2 ) = (— l)" -m+1 Qs™ (x, 7 2 ) , 
and 


30.5.3 Qs™(:r,0) = Q™(z); 

compare §14.3(i). Also, 

W |Ps™(x, 7 2 ),Qs” (a;, 7 2 )} 

30 ' 5 ' 4 = ( n + w ) ! A m h 2 )A~ m h 2 ) & 0) 

(1 -x 2 )(n-m)\ n[1 ’ n 17 1 h 

with A± m { 7 2 ) as in (30.11.4). 

For further properties see Meixner and Schafke 
(1954) and §30.8(ii). 


30.7(i) Eigenvalues 



Figure 30.7.1: Eigenvalues A° (y 2 ), n = 0,1, 2, 3, —10 < 
7 2 < 10. 

For additional graphs see http://dlmf.nist.gov/30. 

7 . i. 

30.7(ii) Functions of the First Kind 


30.6 Functions of Complex Argument 

The solutions 

30.6.1 Ps™{z, 7 2 ), QsZ{z, 7 2 ), 

of (30.2.1) with fj, = m and A = A ” 1 ( 7 s ) are real when 
z € (l,oo), and their principal values (§4.2(i)) are ob- 
tained by analytic continuation to C \ (— 00 , 1]. 

Relations to Associated Legendre Functions 

30.6.2 Ps™(z,0) = p™(z), QCM) = Q™(*); 
compare §14.3(ii). 

Wronskian 

w{pc(z,i 2 ),QC(W)} 

3063 = rrVniW 7 2 )^-( 7 2 ). 

(1 — z z )[n — m)\ 
with A^ m ( 7 2 ) as in (30.11.4). 

Values on (— 1, 1) 

30.6.4 Ps ™ (x ± iO, 7 2 ) = (T*) m Ps™ (*, 7 2 ) , 


30.6.5 


QSn (x±*0,7 2 ) 


= ("F*) m (Qs™ (x, 7 2 ) =F Ps™ (ir, y 2 )) ■ 

For further properties see Arscott (1964b). 

For results for Equation (30.2.1) with complex pa- 
rameters see Meixner and Schafke (1954). 



For additional graphs see http://dlmf.nist.gov/30. 
7 . ii. 



Figure 30.7.9: Ps^a^y 2 ), — 1 < x < 1, —50 < y 2 < 50. 


30.7 Graphics 
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For an additional surface see http://dlmf.nist. 
gov/30 . 7 . ii. 


30.7(iii) Functions of the Second Kind 



For additional graphs see http://dlmf.nist.gov/30. 
7 . iii. 



Figure 30.7.15: Qs°(x, 7 2 ),— 1 < x < 1,-10 < 7 2 < 10. 


30.7(iv) Functions of Complex Argument 



x 


Figure 30.7.16: | Psq(x + iy, 4)|, — 2 < x < 2, — 2 < y < 

2 . 

For additional surfaces see http : //dlmf . nist . gov/30 . 
7 . iv. 



-2 


Figure 30.7.20: | Qso(a: + iy, 4) | , — 2 < x < 2, — 2 < y < 

2 . 

For an additional surface see http://dlmf.nist. 
gov/30 . 7 . iv. 
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30.8 Expansions in Series of Ferrers 
Functions 


30.8(i) Functions of the First Kind 


30.8.1 Ps™(z, 7 2 )= £ (- 1 ) fc < fc (7 2 ) p ^ + 2 fc (*), 

k=~R 

where P ” l + 2 k( x ) the Ferrers function of the first 
kind (§14.3(i)), R = — m)J , and the coefficients 

a ™fc( 7 2 ) are given by 


7+) = (- i)‘(»+^+l) (n_m+2 ‘ )! 


30.8.2 


Let 


) k 

C 


Psr(x, 7 2 )P 


(n + m + 2k ) ! 

n+2 k( x ) dx - 


2 {n — m + 2k — 1) (n — m + 2k) 
k 7 (2n + 4fc — 3)(2n + 4fc — 1) 

Bk = (n + 2k) (n + 2k + 1) 

30.8.3 o - ,2 ( n + 2fc)(n + 2k + 1) - 1 + to 2 

7 (2n + 4fc- l)(2n + 4fc + 3) ’ 

2 (n + m + 2k + 1) (n + m + 2k + 2) 

' k = _7 (2n + 4fc + 3)(2n + 4fc + 5) ' 

Then the set of coefficients a™ fc ( 7 2 ), k = — R, — R + 
l,—R + 2,... is the solution of the difference equation 

30.8.4 Akfk-l + (Bk — A™ (l 2 )) fk + Ckfk+1 = 0, 

(note that A_r = 0) that satisfies the normalizing con- 
dition 


where P™ and Q™ are again the Ferrers functions and 
N = [l(n + ra)J. The coefficients a™ k ( 7 2 ) satisfy 
(30.8.4) for all k when we set a™ fe (7 2 ) = 0 for k < —N. 
For k > —R they agree with the coefficients defined 
in §30.8(i). For k = —IV, — N + 1, . . . , —R — 1 they 
are determined from (30.8.4) by forward recursion us- 
ing a™_ Ar _ 1 ( 7 2 ) = 0. The set of coefficients a'™ k ( 7 2 ), 
k = — IV — 1,— TV — 2,..., is the recessive solution of 
(30.8.4) as k — > — oo that is normalized by 


A /m / 2\ 

A— N — 1 a n ,—N— 2 \i ) 

+ C o”_„(7 2 ) = 0, 

with 


30.8.11 C ' 


4 to 2 — 1 ’ 

'f 

(2 to — l)(2m — 3) ’ 


n — m even, 
n — m odd. 


It should be noted that if the forward recursion (30.8.4) 
beginning with f-N - 1 = 0, f-N = 1 leads to f-n = 0, 
then a™ fe ( 7 2 ) is undefined for n < —R and Qsf) (x , 'y 2 ) 
does not exist. 


30.9 Asymptotic Approximations and 
Expansions 


30.8.5 

with 


OO 1 

E 

k— — R 


1 

2n + 1 ’ 


30.8.6 a-£( 7 2 ) = 
Also, as k — > oo, 


(n — m)!(n + to + 2fc)! m f 
(n + to) ! (n — m + 2fc) ! an ’ k 7 } 


30.8.7 

and 


fc 2 < fe ( 7 2 ) _ 7 2 n /i\ 
< fe _i(7 2 ) i6 + Ur 


30.8.8 


A ™(j 2 )-B k a ” k ( 7 2 ) 

Cfe-i(7 2 ) 


l + O 



30.8(ii) Functions of the Second Kind 


-N-l 


Qs™( a: ,7 2 )= E (-l) k aZ,kh 2 ) P n+2k(x) 


30.8.9 


k=—c 


+ J2 (-l) fc <fe(7 2 ) Qn+2k( x ), 


k=-N 


30.9(i) Prolate Spheroidal Wave Functions 

As y 2 —a +oo, with q = 2 (n — m) + 1, 

30 - 91 K ( l 2 ) 7 2 + 79 + Po + /5i7 _1 + /327 -2 4 , 

where 


8/3 0 = 8m 2 - q 2 - 5, 2 6 /?i = -g 3 - llg + 32 m 2 q, 
30.9.2 2 10 /3 2 = -5(g 4 + 26g 2 + 21) + 384m 2 (g 2 + 1), 

2 14 /3 3 = — 33<? 5 - 1594g 3 - 5621g 

+ 128m 2 (37g 3 + 167g) - 2048ro 4 g. 

For additional coefficients see http://dlmf.nist. 
gov/30 . 9 . i. 

For the eigenfunctions see Meixner and Schafke 
(1954, §3.251) and Muller (1963). 

For uniform asymptotic expansions in terms of Airy 
or Bessel functions for real values of the parameters, 
complex values of the variable, and with explicit error 
bounds see Dunster (1986). See also Miles (1975). 


30.10 Series and Integrals 
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30.9(ii) Oblate Spheroidal Wave Functions 

As y 2 — > — oo, with <7 = n + l if n — mis even, or q = n 
if n — m is odd, we have 

30.9. 4 A™(y 2 ) ~2g|7|+c 0 + Ci|7|^ 1 + c 2 |7r 2 H , 

where 

30.9.5 

2co = — q 2 — 1 + m 2 , 8ci = — q 3 — q + m 2 q , 

2 6 c 2 = —5q 4 — 10<7 2 — 1 + 2to 2 (3<j 2 + 1) — to 4 , 

2 9 c 3 = — 33g 5 - 114g 3 - 2,7 q + 2 to 2 (23g 3 + 25g) - 13m 4 g. 

For additional coefficients see http://dlmf.nist. 
gov/30 . 9 . ii. 

For the eigenfunctions see Meixner and Schafke 
(1954, §3.252) and Muller (1962). 

For uniform asymptotic expansions in terms of ele- 
mentary, Airy, or Bessel functions for real values of the 
parameters, complex values of the variable, and with 
explicit error bounds see Dunster (1992, 1995). See also 
Jorna and Springer (1971). 


with ,/„, Y v , H^\ and as in §10.2(ii). Then solu- 
tions of (30.2.1) with /z = to and A = A™(y 2 ) are given 
by 


30.11.3 

S? U) {z, 7) 


(1 

An m ( 7 2 ) 


a n™ (7 2 ) ^i+ 2 fe(7 z ) ■ 

2 k>m—n 


Here a n ™( 7 2 ) is defined by (30.8.2) and (30.8.6), and 


30.11.4 At m ( 7 2 )= E ("!)*<* (T 2 ) (^0). 

2fc>=fm-n 

In (30.11.3) z ^ 0 when j = 1, and \z\ > 1 when 
3 = 2,3,4. 


Connection Formulas 


30.11.5 


S^\z, 7) = ^ (1) (+7 ) + *ST®(z, 7 ), 

3T (4) (+ 7) = {Zi 7 ) _ i (z, 7) ■ 


30.1 1 (ii) Graphics 


30.9(iii) Other Approximations and Expansions 

The asymptotic behavior of A ™(y 2 ) and a™ fc ( 7 2 ) as 
n — > oo in descending powers of 2 ti + 1 is derived in 
Meixner (1944). The cases of large m, and of large to 
and large |y| , are studied in Abramowitz (1949). The 
asymptotic behavior of Ps™ (x,y 2 ) and Qs™(a;,7 2 ) as 
x — > ±1 is given in Erdelyi et al. (1955, p. 151). The 
behavior of A™(y 2 ) for complex y 2 and large | A™(y 2 )| 
is investigated in Hunter and Guerrieri (1982). 

30.10 Series and Integrals 



Integrals and integral equations for Ps™ (x, y 2 ) are given 
in Arscott (1964b, §8.6), Erdelyi et al. (1955, §16.13), 
Flammer (1957, Chapter 5), and Meixner (1951). For 
product formulas and convolutions see Connett et al. 
(1993). For an addition theorem, see Meixner and 
Schafke (1954, p. 300) and King and Van Buren (1973). 
For expansions in products of spherical Bessel functions, 
see Flammer (1957, Chapter 6). 


30.11 Radial Spheroidal Wave Functions 
30.11(i) Definitions 


Denote 

30.11.1 

where 

30.11.2 


V’fc ) (*) = j = 1 > 2 > 3 > 4 > 


r( l ) — T r( 2 ) — y r( 3) _ iriX) /A 4 ) — rf( 2 ) 

U V'> 1 Vl 11 V 5 V -'iv 1 1 v 5 


For additional graphs see http://dlmf.nist.gov/30. 
11. ii. 


30.1 1 (iii) Asymptotic Behavior 

For fixed y, as 2 — > oo in the sector | ph z\ < n — 6 (< ir), 


30.11.6 


r (i) f , -a = + 2 e'^l), j = 1,2, 

n 1 ’ 7J \^‘ ) (7*)(1 + 0(*" 1 )), i = 3,4. 

For asymptotic expansions in negative powers of 2 
see Meixner and Schafke (1954, p. 293). 


30.11(iv) Wronskian 

30.11.7 W {5™«(+ 7 ),5r (2) (+7)} = 
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30.11(v) Connection with the Ps and Qs 
Functions 


30.11.8 S^\z, 7 ) = K?( 7 ) PsZ(z, 7 2 ), 

30.11.9 

cm(2) ( ) _ (n-m)! (~l) m+1 QC^.T 2 ) 

" 1 J (n + m)! 7 ^( 7 )A-( 7 2)A^( 7 2)’ 

where 


30.11.10 

Wh) 


V^r / 7 \ m ( 1 ) ma n, ? i( m _ n )(7 2 ) 

r(| + m)^ m ( 7 2 )Ps™(0, 7 2 )’ 
n — m even, 


or 


30.11.11 

K™{ 7) 


/ 7 \ m + 1 
T~ V2/ 

(- 1 ) m VT( TO -n + l)(7 2 ) 

* r(| + m) A^ m ( 7 2 )( dPs™(z, j 2 )/dz | z=0 ) ’ 

n — m odd. 


30.11(vi) Integral Representations 

When z € C \ (—oo, 1] 

Arh 2 )s^ (1, U,7) 

30 11 12 = 

30.11.12 2 (n + ra)! 

x J e—(l-O^PC(^ 7 2 ) di. 

For further relations see Arscott (1964b, §8.6), Con- 
nett et al. (1993), Erdelyi ef al. (1955, §16.13), Meixner 
and Schafke (1954), and Meixner et al. (1980, §3.1). 


30.12 Generalized and Coulomb Spheroidal 
Functions 


Generalized spheroidal wave functions and Coulomb 
spheroidal functions are solutions of the differential 
equation 




30.12.1 


dz 


dz 


+ ( A + az + 7 2 (1 - z 2 ) 



which reduces to (30.2.1) if a = 0. Equation (30.12.1) 
appears in astrophysics and molecular physics. For the 
theory and computation of solutions of (30.12.1) see Fal- 
loon (2001), Judd (1975), Leaver (1986), and Komarov 
et al. (1976). 


Another generalization is provided by the differential 
equation 


30.12.2 




which also reduces to (30.2.1) when a = 0. See Leitner 
and Meixner (1960), Slepian (1964) with fi = 0, and 
Meixner et al. (1980). 


Applications 


30.13 Wave Equation in Prolate Spheroidal 
Coordinates 

30. 13(i) Prolate Spheroidal Coordinates 

Prolate spheroidal coordinates £, r], (j) are related to 
Cartesian coordinates x, y, z by 

30.13.1 X = c V / (^ 2 “ 1 )( 1 - ? 7 2 ) cos </>, 

y = c\/(£ 2 - 1)(1 - V 2 ) sin (j), z = c£ri, 

where c is a positive constant. The (x,y,z)- space with- 
out the z-axis corresponds to 

30.13.2 1 < £ < oo, — 1 < 77 < 1 , 0 < <f> < 27 r. 

The coordinate surfaces £ = const, are prolate ellipsoids 
of revolution with foci at x = y = 0, 2 = ±c. The co- 
ordinate surfaces 77 = const, are sheets of two-sheeted 
hyperboloids of revolution with the same foci. The focal 
line is given by £ = 1, —1 < 77 < 1, and the rays ±2 > c, 
x = y = 0 are given by 77 = ±1, £ > 1. 


30.13(ii) Metric Coefficients 


30.13.3 


30.13.4 


30.13.5 



c 2 (e~v 2 ) 

e-i 



\dv J \&nj \dy J 


c 2 (e ~ V 2 ) 
I-77 2 ’ 



= c 2 (£ 2 -l)(l-r? 2 ). 



30.14 Wave Equation in Oblate Spheroidal Coordinates 
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30.13(iii) Laplacian 


30.13.6 

V 2 = 


1 / d_ f hrih^d_ 

h r] hfj, \d£\ h,£ d£ 



d_ / d \ 


1 Or, { 

h v dr/J 

d 

/ h^hv d 

84 i 

V h $ dcj) 

x d \ 


L) d~U 


^ry 

to 

1 

rj 2 <9 2 




30.13(iv) Separation of Variables 

The wave equation 

30.13.7 V 2 w + k 2 w = 0, 

transformed to prolate spheroidal coordinates (£,77, </>), 
admits solutions 


30.13.8 w(£, 77 , (j>) = w 1 {£,)w 2 {v)w3{^), 
where w 1, w 2 , w 3 satisfy the differential equations 

30.13.9 


d 



(a + 7 2 (1 - £ 2 ) - Wl = °> 


30.13.10 


d 

drj 



^A + 7 2 (l- 77 2 )- w 2 = 0, 


d 2 W3 n 

30.13.11 Z + y 2 w 3 = 0, 

d(f) 

with y 2 = k 2 c 2 > 0 and separation constants A and y 2 . 
Equations (30.13.9) and (30.13.10) agree with (30.2.1). 

In most applications the solution w has to be a 
single- valued function of (x, y, 3), which requires y = m 
(a nonnegative integer) and 


30.13.12 w 3 {(j)) = a 3 cos(m(j)) + b 3 sin (m</>). 

Moreover, w has to be bounded along the 3-axis away 
from the focal line: this requires w 2 (if) to be bounded 
when —1 < 77 < 1. Then A = A™(7 2 ) for some 
n = m,m + l,m + 2, , and the general solution of 
(30.13.10) is 


30.13(v) The Interior Dirichlet Problem for 
Prolate Ellipsoids 

Equation (30.13.7) for £ < £ 0 , and subject to the bound- 
ary condition w = 0 on the ellipsoid given by £ = £ 0 > 
poses an eigenvalue problem with k 2 as spectral param- 
eter. The eigenvalues are given by c 2 k 2 = 7 2 , where 7 
is determined from the condition 

30.13.15 <ST ( 1 ) (£o, 7 ) =0. 

The corresponding eigenfunctions are given by 
(30.13.8), (30.13.14), (30.13.13), (30.13.12), with 61 = 
b 2 = 0. For the Dirichlet boundary- value problem of 
the region £1 < £ < £ 2 between two ellipsoids, the 
eigenvalues are determined from 

30.13.16 «h(£i) = toi( 6 j) = 0, 

with w\ as in (30.13.14). The corresponding eigenfunc- 
tions are given as before with b 2 = 0. 

For further applications see Meixner and Schafke 
(1954), Meixner et al. (1980) and the references cited 
therein; also Ong (1986), Muller et al. (1994), and Xiao 
et al. (2001). 


30.14 Wave Equation in Oblate Spheroidal 
Coordinates 

30.14(i) Oblate Spheroidal Coordinates 

Oblate spheroidal coordinates 77, 0 are related to 
Cartesian coordinates x,y,z by 

x = c\/(£ 2 + 1) (1 - if ) cos </>, 
y = C V (£ 2 + 1)(1 - V 2 ) z = c£rj, 

where c is a positive constant. The (x,y,z)- space with- 
out the 3-axis and the disk 3 = 0, x 2 + y 2 < c 2 corre- 
sponds to 

30.14.2 0 < £ < 00, — 1 < 77 < 1, 0 < 4> < 2-7T. 

The coordinate surfaces £ = const, are oblate ellipsoids 
of revolution with focal circle z = 0, x 2 + y 2 = c 2 . 
The coordinate surfaces 77 = const, are halves of one- 
sheeted hyperboloids of revolution with the same focal 
circle. The disk 3 = 0, x 2 + y 2 < c 2 is given by £ = 0, 
— 1 < 77 < 1, and the rays ±3 > 0 , x = y = 0 are given 
by 77 = ±1, £ > 0. 


30 . 13.13 7/12(77) = a 2 Ps™ (77, 7 2 ) + b 2 Qs™ (77, 7 s ) . 

The solution of (30.13.9) with y = m is 

30 . 13.14 T/irtO = ffll S™ (1) (£> 7 ) + h sr (2) (£, 7 )- 

If b \ = b 2 = 0, then the function (30.13.8) is a twice- 
continuously differentiable solution of (30.13.7) in the 
entire ( x , y, 3)-space. If b 2 = 0, then this property holds 
outside the focal line. 


30.14(ii) Metric Coefficients 


30.14.3 

30.14.4 

30.14.5 


2 _c 2 (£ 2 + t 7 2 ) 

h- l + e ■ 

u2 _c 2 (e + V 2 ) 

n v 1 _ r] 2 ’ 

h 2 =c 2 (e+ i)(i-T7 2 ). 
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30.14(iii) Laplacian 


30.15 Signal Analysis 


30.14.6 

V 2 = 


1 


c 2 (£2_|_^ 2 ) yg^ 


(C 2 + l)^ 


dl ; 




dr] 


e+v 2 


s 2 


(£ 2 + 1)(1 - 77 2 ) a </» 5 


30.14(iv) Separation of Variables 

The wave equation (30.13.7), transformed to oblate 
spheroidal coordinates (£, 77 , <(>), admits solutions of the 
form (30.13.8), where wi satisfies the differential equa- 
tion 


30.14.7 


d 



( A + 7 2 (! + 1 2 ) - Wl = °’ 


and w 2 , W 3 satisfy (30.13.10) and (30.13.11), respec- 
tively, with y 2 = — k 2 c 2 < 0 and separation constants 
A and /r 2 . Equation (30.14.7) can be transformed to 
equation (30.2.1) by the substitution 2 = ±££. 

In most applications the solution w has to be a 
single- valued function of (, x , y , z), which requires y = m 
(a nonnegative integer). Moreover, the solution w has to 
be bounded along the z-axis: this requires 1112 ( 77 ) to be 
bounded when — 1 < 77 < 1. Then A = A™( 7 2 ) for some 
n = 771 , 771 + 1, m + 2, ... , and the solution of (30.13.10) 
is given by (30.13.13). The solution of (30.14.7) is given 
by 


30.14.8 «*(£) = a\ S^t&y) + h SK*< 2 >(*£, 7). 

If bi = 62 = 0, then the function (30.13.8) is a twice- 
continuously differentiable solution of (30.13.7) in the 
entire (x, y, z)-space. If &2 = 0, then this property holds 
outside the focal disk. 


30.14(v) The Interior Dirichlet Problem for 
Oblate Ellipsoids 

Equation (30.13.7) for £ < £ 0 together with the bound- 
ary condition w = 0 on the ellipsoid given by £ = £ 0 , 
poses an eigenvalue problem with k 2 as spectral param- 
eter. The eigenvalues are given by c 2 k 2 = — y 2 , where 
y 2 is determined from the condition 

30.14.9 S™W(i£o, 7 ) =0. 

The corresponding eigenfunctions are then given by 
(30.13.8), (30.14.8), (30.13.13), (30.13.12), with b ± = 
62 = 0. 

For further applications see Meixner and Schafke 
(1954), Meixner et al. (1980) and the references cited 
therein; also Kokkorakis and Roumeliotis (1998) and Li 
et al. (1998). 


30.15(i) Scaled Spheroidal Wave Functions 

Let r (> 0) and a (> 0) be given. Set 7 = to and define 

30.15.1 

^ (<) = \Z^7 T% / ^ Ps °(^7 2 ), 77 = 0,1,2,..., 

3015 - 2 A„=^(iF°( 7 K(7 2 )) 2 ; 

see §30.11(v). 


30. 15(ii) Integral Equation 


30.15.3 


sin cr(t — s) 
7 r(f — s ) 


</> n (s) ds = A n <t> n (t). 


30.15(iii) Fourier Transform 


30.15.4 

J e~ ltuJ (j) n (t) dt = (-*)" XaM, 


30.15.5 



e- itu <f> n (t) dt = (-i) n 



where 

30.15.6 


X<rM 


1, |w| < a, 

0, |w| > (7. 


Equations (30.15.4) and (30.15.6) show that the func- 
tions 4> n are a-bandlimited , that is, their Fourier trans- 
form vanishes outside the interval [ — cr, cr] . 


30.15(iv) Orthogonality 


30.15.7 


30.15.8 



dt 





dt 


dk,n- 


The sequence 4> n , n = 0,1,2,... forms an orthonormal 
basis in the space of a-bandlimited functions, and, after 
normalization, an orthonormal basis in L 2 {— r, r). 
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30.15(v) Extremal Properties 

The maximum (or least upper bound) B of all numbers 

1 r 

30.15.9 8 = — / 

2tt J_ a 

taken over all / £ L 2 (— oo, oo) subject to 

/ OO pT 

\f(t)\ 2 dt = l, / \f(t)\ 2 dt = a, 

-OO J —T 

for (fixed) A 0 < a < 1, is given by 

30.15.11 arccos a/B + arccos \[a. = arccos V Ace 
or equivalently, 

30.15.12 B = ( v^oa + V 1 ~ A oVl - aj . 

The corresponding function / is given by 

/(f) = a</> 0 (t)xr(t) + bj) 0 (t)(l - Xr(t)), 

30.15.13 / a , I l~a 

“=V v 6 = v 

If 0 < a < Ao, then B = 1. 

For further information see Frieden (1971), Lyman 
and Edmonson (2001), Papoulis (1977, Chapter 6), 
Slepian (1983), and Slepian and Poliak (1961). 


f 


J f(t) dt 


du> 


Computation 


30.16 Methods of Computation 


30. 16(i) Eigenvalues 


For small |y 2 | we can use the power-series expansion 
(30.3.8). Schafke and Groh (1962) gives corresponding 
error bounds. If |y 2 | is large we can use the asymptotic 
expansions in §30.9. Approximations to eigenvalues can 
be improved by using the continued-fraction equations 
from §30.3(iii) and §30.8; see Bouwkamp (1947) and 
Meixner and Schafke (1954, §3.93). 

Another method is as follows. Let n — m be even. 
For d sufficiently large, construct the d x d tridiagonal 
matrix A = [Aj^\ with nonzero elements 

30.16.1 


Aj,j = (to + 2 j — 2) (to + 2 j — 1) 

2 (in + 2 j — 2) (to. + 2j — 1) — 1 + to 2 


-2 7 ' 
Ato+i = ~7 
Ahi-i = -7 


(2 to + 4 j — 5) (2 to + 4 j — 1) 
2 (2m + 2j — 1) (2 to + 2 j) 

(2 to + 4 j — 1)(2 to + 4 j + 1) ’ 

2 (2j — 3)(2j — 2) 

(2to + 4j - 7)(2to + 4j - 5)’ 


and real eigenvalues ot\ t d, ct 2 ,d, ■ ■ ■ , &d,d, arranged in 
ascending order of magnitude. Then 

30.16.2 cXj d- t-i A otj,di 
and 

30.16.3 A™( y 2 ) = lim a Pi d, p= [^(n — m ) J +1. 

d — »oo 

The eigenvalues of A can be computed by methods in- 
dicated in §§3.2(vi), 3.2(vii). The error satisfies 

a P ,d~ A™(7 2 ) 


30.16.4 


= o 


7 


Ad 


4 2d +i((m + 2d — 1)!(to + 2d - 


l )!) 2 

d —> 


oo. 


a 2 , 3 = 13.98002 013, 
a 2 ,5 = 13.97907 345, 


Example 

For to = 2, n = 4, y 2 = 10, 

02,2 = 14.18833 246, 

30.16.5 o 2 ,4 = 13.97907 459, 
o 2 ,6 = 13.97907 345, 

which yields A 2 (10) = 13.97907 345. If n — to is odd, 
then (30.16.1) is replaced by 

Ajj = (to + 2 j - 1)(to + 2j) 

2 (to + 2j — 1) (to. + 2j) — 1 + to 2 


— 2 7 


30.16.6 


Aj,j + i — -7 2 


(2 to. + 4j — 3) (2 to. + 4j + 1) 
(2 to + 2j)(2m + 2 j + 1) 

3 )’ 


Ajj-i = -7 : 


(2to + 4 j + 1)(2 to + 4j 

2 (2j - 2)(2j - 1) 

(2 to + 4j — 5) (2m + Aj — 3) ' 


30. 16(ii) Spheroidal Wave Functions of the 
First Kind 

If I7 2 1 is large, then we can use the asymptotic expan- 
sions referred to in §30.9 to approximate Ps™(x,7 2 ). 

IfA™( 7 2 ) is known, then we can compute Ps™ ( x , y 2 ) 
(not normalized) by solving the differential equation 
(30.2.1) numerically with initial conditions w(0) = 1, 
«/(0) = 0 if n — to is even, or w(0) = 0, w/(0) = 1 if 
n — to is odd. 

If a-( 7 2 ) is known, then Ps(( l (a:,7 2 ) can be found 
by summing (30.8.1). The coefficients a™ 1 .(7 2 ) are com- 
puted as the recessive solution of (30.8.4) (§3.6), and 
normalized via (30.8.5). 

A fourth method, based on the expansion (30.8.1), is 
as follows. Let A be the dx d matrix given by (30.16.1) 
if n— to is even, or by (30.16.6) if n—m is odd. Form the 
eigenvector [ei : d, e 2y d, ■ ■ ■ , ed,d\ T of A associated with 
the eigenvalue a Pt d, p = [|(n — m)J + 1, normalized 
according to 

d 2 (n + m + 2 j — 2 p ) ! 1 

■*’ d (n — to + 2 j — 2 p ) ! 2 n + Aj — Ap + 1 


30.16.7 i =1 


(n + m)! 1 

(n — to)! 2 n + 1 
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Then 

30.16.8 < fc ( 7 2 ) = Jim e k+P:d , 

d 

30.16.9 Ps™ (®, 7 2 ) = Km P™ +2(i _ p) (x) . 

~^°° i=i 

For error estimates see Volkmer (2004a). 

30. 16(iii) Radial Spheroidal Wave Functions 

The coefficients a™ k ( 7 2 ) calculated in §30. 16(ii) can 

be used to compute Sn\z, 7), j = 1,2, 3,4 from 

(30.11.3) as well as the connection coefficients K™( 7) 

from (30.11.10) and (30.11.11). 

For another method see Van Buren and Boisvert 

(2002). 

30.17 Tables 

• Stratton et al. (1956) tabulates quantities closely 
related to A™ (7 s ) and a™ fc (7 2 ) for 0 < m < 8, 
m < n < 8, —64 < y 2 < 64. Precision is 7S. 

• Flammer (1957) includes 18 tables of eigenvalues, 
expansion coefficients, spheroidal wave functions, 
and other related quantities. Precision varies be- 
tween 4S and 10S. 

• Hanish et al. (1970) gives A™(q 2 ) and S™^\z, 7), 
j = 1,2, and their first derivatives, for 0 < m < 2, 
m < n < m + 49, —1600 < r ) 2 < 1600. The range 
of 2 is given by 1 < 2 < 10 if 7 2 > 0, or z = — 

0 < £ < 2 if y 2 < 0. Precision is 18S. 

• EraSevskaja et al. (1973, 1976) gives 

S m ^\iy,—ic), S m V)(z, 7) and their first deriva- 
tives for j = 1 , 2 , 0.5 < c < 8, y = 0,0.5, 1,1.5, 
0.5 < 7 < 8, 2 = 1.01,1.1,1.4,1.8. Precision is 
15S. 

• Van Buren et al. (1975) gives A°(7 2 ), Ps°(x,7 2 ) 
for 0 < n < 49, —1600 < 7 2 < 1600, — 1 < x < 1. 
Precision is 8S. 

• Zhang and Jin (1996) includes 24 tables of eigen- 
values, spheroidal wave functions and their deriva- 
tives. Precision varies between 6S and 8S. 

Fletcher et al. (1962, §22.28) provides additional infor- 
mation on tables prior to 1961. 

30.18 Software 

See http : // dlmf . nist . gov/30 .18. 
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Notation 


31.1 Special Notation 

(For other notation see pp. xiv and 873.) 


31.2.4 



7£ 
2 a 


q 

5 

a 



Se 

2 (o-l) 


q — a/3 
a — 1 ’ 


C — 7e i d£ 

2 a 2(a — 1) 

E=\5{\5-1) 1 


aa(3 — q 
a(a — 1) ’ 
F = 


D = h(h~ 1 ) - 
i)- 


x, y 

Z , C, W 

j, k, £, to, n 
a 

q, a, (3, 7, 5, e, u 


real variables, 
complex variables, 
nonnegative integers, 
complex parameter, |a| > l,a / 1. 
complex parameters. 


The main functions treated in this chapter 
are H£(a, q\ a, /?, 7, 5; z), (si, s 2 )Hf m (a, q m ; a , /?, 7, 6; z ), 
(si) q m ] a, /3, 7, z), and the polynomial 

Hp n m (a, — n, /?, 7, (5; *). These notations were in- 
troduced by Arscott in Ronveaux (1995, pp. 34-44). 
Sometimes the parameters are suppressed. 


Properties 


31.2 Differential Equations 
31.2(i) Heun’s Equation 


31.2.1 

d 2 w ( 7 
~d? + \z 
= 0, 




dw a/3z — q 

1 w 

dz z(z — 1 )(z — a) 

a + /3+l=j + S + e. 


This equation has regular singularities at 0, 1, a, 00, with 
corresponding exponents {0,1 — 7}, {0, 1 — <5|, {0,1 — e}, 
{a,/3}, respectively (§2.7(i)). All other homogeneous 
linear differential equations of the second order having 
four regular singularities in the extended complex plane, 
C U {00}, can be transformed into (31.2.1). 

The parameters play different roles: a is the singu- 
larity parameter ; a, (3, 7, 5, e are exponent parameters ; q 
is the accessory parameter. The total number of free 
parameters is six. 


31.2(ii) Normal Form of Heun’s Equation 

31.2.2 w(z) = z~^/ 2 {z - 1 )~ 5/2 (z - a)~ e / 2 W(z ), 

d 2 W fAB CD E 
~dz r ~\^ + + ~a + ^ + (^ Ip 

+ 7 W, 

( z — a) 2 ) 

A + B + C = 0, 


3 1 . 2 (iii ) Trigonometric Form 

31.2.5 z = sin 2 6, 

1 j2 / 

— + ( (27 — 1) cot 6 — (25 — 1) tan 9 

31 2 6 ' 

esin(20) \ dw a/3sin 2 0 — q 

V- -ur + 4— = 0 

a — sin“ 9 J dO a — sin 6 


31.2(iv) Doubly-Periodic Forms 

Jacobi's Elliptic Form 

With the notation of §22.2 let 

31.2.7 a = k~ 2 , z = sn 2 (£, k). 

Then (suppressing the parameter k) 

^ + ((2 7 -i)5H£Ai_ (M _ 1 )EH£AC 
d( 2 V snC V ; cnC 

31 - 2 ' 8 — (2e — 1) fc 2 Sn ^ Cn ^ — 

dn ( ) dC, 

+ 4/c 2 (a/3sn 2 £ — q)w = 0. 

Weierstrass’s Form 

With the notation of §§19.2(ii) and 23.2 let 

k 2 = (e 2 - e 3 )/(ei - e 3 ), 

31.2.9 ( = iK' +C(ei - e 3 ) 1/2 , d = p( Wl ), 

e 2 = p(w 2 ), e 3 = p(w 3 ), ei + e 2 + e 3 = 0, 

where 2wi and 2 lo 3 with 3 (w 3 /wi) > 0 are generators 
of the lattice L for p(z |L). Then 

31 2 10 = “ e 3) (1_27)/4 (p(0 - e 2 ) (1_2<5)/4 

x (p(0- ei ) (1 - 2e)/4 W(e), 
where W(£) satisfies 

31 2 11 d2W / d Z 2 +(H + b 0 p(0 + 61 p(£ + wi) 

+ h p(£ + w 2 ) + b 3 p(£ + ui 3 )) W = 0, 

with 


b 0 = 4 a(3 - (7 + 5 + e - |)(7 + 5 + e - §), 

bi = — ( e — |)(e — |)j 6 2 = -(5-i)(<5-|), 

= -(7- |)(7“ |), 

77 = ei(7 + <5 - l) 2 + e 2 (7 + e - l) 2 

+ e 3 (<5 + e - l) 2 - Aa/3e 3 - Aq(e 2 - e 3 ). 


31.2.3 


31.2.12 
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31.2(v) Heun’s Equation Automorphisms 


8 = a + 1 — (3. 


F-Homotopic Transformations 

w(z) = £ 1_7 -uii(z) satisfies (31.2.1) if w\ is a solution 
of (31.2.1) with transformed parameters q\ = q + ( aS + 
e)(l - 7); cti = a + 1 - 7, /?i = /3 + 1 - 7, 7i = 2 - 7. 
Next, w(z) = (z — \) x ~ Si w 2 {z) satisfies (31.2.1) if w 2 
is a solution of (31.2.1) with transformed parameters 
q2 = q + 07(1 — 8); a 2 = a + 1 — 8, fa = (3 + 1 — 8, 
82 = 2 — 8. Lastly, w(z) = (z — a) 1 ~ e W3(z) satisfies 

(31.2.1) if W3 is a solution of (31.2.1) with transformed 
parameters 93 = < 7 + 7 ( 1 — e); 03 = a+1— e, (83 = /3+1 — e, 
€3 = 2 — 6. By composing these three steps, there result 
2 3 = 8 possible transformations of the dependent vari- 
able (including the identity transformation) that pre- 
serve the form of (31.2.1). 

Homographic Transformations 

There are 4! = 24 homographies z(z) = ( Az + 
B)/(Cz + D) that take 0, l,a, 00 to some permutation 
of 0,1, a', 00 , where a' may differ from a. If z = z(z) 
is one of the 3! = 6 homographies that map 00 to 00 , 
then w(z) = w(z ) satisfies (31.2.1) if w(z) is a solu- 
tion of (31.2.1) with z replaced by z and appropriately 
transformed parameters. For example, if z = z/a, then 
the parameters are a = 1/a, q = q/a\ 8 = e, e = 8. 
If 5 = z(z) is one of the 4! — 3! = 18 homographies 
that do not map 00 to 00 , then an appropriate prefac- 
tor must be included on the right-hand side. For exam- 
ple, w(z) = (1 — z)~ a w(z/(z — 1 )), which arises from 
z = z/(z — 1), satisfies (31.2.1) if w(z) is a solution of 

(31.2.1) with 0 replaced by z and transformed parame- 
ters a = a/ (a— 1 ), q = —(q—aa'y)/(a — l); /? = a + 1 — 8, 


Composite Transformations 

There are 8 • 24 = 192 automorphisms of equation 

(31.2.1) by compositions of F-homotopic and homo- 
graphic transformations. Each is a substitution of de- 
pendent and/or independent variables that preserves 
the form of (31.2.1). Except for the identity automor- 
phism, each alters the parameters. 


31.3 Basic Solutions 


31.3(1) Fuchs-Frobenius Solutions at 2 = 0 


Hi{a. q: a, /?, 7 , <5; z) denotes the solution of (31.2.1) that 
corresponds to the exponent 0 at z = 0 and assumes the 
value 1 there. If the other exponent is not a positive in- 
teger, that is, if 7 7 ^ 0,-1,— 2,..., then from §2.7(i) 
it follows that Hi (a, q\ a, /3, 7 , <5; z) exists, is analytic in 
the disk \z\ < 1, and has the Maclaurin expansion 


31 . 3.1 Ht{a, q\ a, /3, 7 , <5; z) = CjZ J , 

j = 0 

where Cq = 1 , 


31 . 3.2 



«7 c i - geo 

= 0 , 

31 . 3.3 

Rj 

1 c j+i 

( Qj 3- q)cj 

+ p.'i C J 

with 






P, 

= U - 

1 + a)(j - 

1 + ( 3 ), 

31 . 3.4 

Qj 

= j (C? 

- 1 + 7)(1 

+ Cl) + 


Rj = a(j + l)(j + 7 ). 


M < !. 


j> 1, 


Similarly, if 7 7 ^ 1, 2, 3, ... , then the solution of (31.2.1) that corresponds to the exponent 1 — 7 at z = 0 is 
31 . 3.5 z 1 ^ 1 Hi (a , (a8 + e)(l - 7 ) + q; a + 1 - 7 , [3 + 1 — 7 , 2 — 7 , <5; z). 

When 7 G Z, linearly independent solutions can be constructed as in §2.7 (i) . In general, one of them has a 
logarithmic singularity at z = 0. 


31.3(H) Fuchs-Frobenius Solutions at Other Singularities 

With similar restrictions to those given in §31.3(i), the following results apply. Solutions of (31.2.1) corresponding 
to the exponents 0 and 1 — 8 at z = 1 are respectively, 

31 . 3.6 Hi(l — a, a(3 — q; a, f3, 8, 7 ; 1 — z), 


31 . 3.7 (1 — z) 1 s Hi(l — a, ((1 — a) 7 + e)(l — 8) + a(3 — q; a + 1 — <5, (3 + 1 — <5, 2 — <5, 7; 1 — z). 

Solutions of (31.2.1) corresponding to the exponents 0 and 1 — e at z = a are respectively, 


31 . 3.8 


Hi 


a af3a — q a — z 

7 1 •> r 5 £•> ^5 7 

a — 1 a — 1 a — 1 


a — 1 


1— e 


Hi 


(■ a(S + 7 ) — 7)(1 — e) a(3a — q 


a — 1 


a — 1 


a — 1 


5 ex + 1 — e, (3 + 1 — 6 , 2 — e, 


a — 1 


31 . 3.9 
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Solutions of (31.2.1) corresponding to the exponents a and (3 at z = oo are respectively, 

a / a q , 1' 


31 . 3.10 

z~ a HI [ 

-,ol{(3 

\ a 

31 . 3.11 

z~ 0 mi 

-,(3{a 

,a 


z & Hl( -,(3 (a — e) + — (a — 6) — (3, (3 — 7 + l,/3 — a + 1, 6; -V 

\a a a z ) 


31.3(iii) Equivalent Expressions 


Solutions (31.3.1) and (31.3.5)-(31.3.11) comprise a set of 8 local solutions of (31.2.1): 2 per singular point. Each 
is related to the solution (31.3.1) by one of the automorphisms of §31.2(v). There are 192 automorphisms in all, so 
there are 192/8 = 24 equivalent expressions for each of the 8. For example, H£(a, q: a, (3,7,5; z ) is equal to 

31 . 3.12 Hi(l/a, q/a; a, (3, 7, a + (3 + 1 — 7 — 5; z/a), 

which arises from the homography z = z/a, and to 


31 . 3.13 


(i - z )-°m(-?- 

\a — 1 


« - ««7 , , . , 0 

— ; a, a + 1 - 0 , 7, a + 1 - (3; 

a — 1 



which arises from z = z/{z — 1), and also to 21 fur- 
ther expressions. The full set of 192 local solutions of 

(31.2.1), equivalent in 8 sets of 24, resembles Rummer’s 
set of 24 local solutions of the hypergeometric equation, 
which are equivalent in 4 sets of 6 solutions (§15. 10(ii)); 
see Maier (2007). 


31.4 Solutions Analytic at Two 

Singularities: Heun Functions 

For an infinite set of discrete values q m , m = 
0,1,2,..., of the accessory parameter q, the function 
H£(a, q; a, (3, 7, 5; z) is analytic at z = 1, and hence also 
throughout the disk |z:| < a. To emphasize this property 
this set of functions is denoted by 

31 . 4.1 (0, l)Hf m (a,q m ;a,(3,7,5;z), m = 0,1,2,.... 

The eigenvalues q m satisfy the continued-fraction 
equation 


31.5 Solutions Analytic at Three 

Singularities: Heun Polynomials 


Let a = — n, n = 0, 1, 2, ... , and q n?m , m = 0, 1, . . . , n, 
be the eigenvalues of the tridiagonal matrix 


31 . 5.1 


0 07 0 

Pi -Qi Ri 
0 P 2 -Q 2 


0 

0 


R n —i 

.0 0 ... P n Qn _ 

where Pj,Qj,Rj are again defined as in §31.3(i). Then 


31 . 5.2 

H Pn,m( a ’ -n, (3 , 7, z) = H£{a, q n , m ; -n, (3, 7, 5; z) 
is a polynomial of degree n, and hence a solution of 

(31.2.1) that is analytic at all three finite singularities 
0, 1, a. These solutions are the Heun polynomials. Some 
properties are included as special cases of properties 
given in §31.15 below. 


ayPi PiP 2 R2P3 

31 . 4.2 q = — — • • • , 

Ql + q— Q2 + q— Q3 + q — 

in which Pj,Qj,Rj are as in §31.3(i). 

More generally, 

31 . 4.3 ( Sl ,s 2 )Hf m {a,q m ;a, (3,7,5; z), m = 0,1,2,..., 

with (si, S2) G {0, 1, a, 00}, denotes a set of solutions of 

(31.2.1), each of which is analytic at Si and s 2 . The set 
q m depends on the choice of si and s 2 . 

The solutions (31.4.3) are called the Heun functions. 
See Ronveaux (1995, pp. 39-41). 


31.6 Path-Multiplicative Solutions 

A further extension of the notation (31.4.1) and (31.4.3) 
is given by 

31 . 6.1 (s 1 ,s 2 )Hf( rl (a,q m ;a,(3,7,5;z), m = 0,1,2,..., 

with (si,s 2 ) G {0,1, a}, but with another set of {q m }- 
This denotes a set of solutions of (31.2.1) with the prop- 
erty that if we pass around a simple closed contour in 
the z-plane that encircles Si and s 2 once in the positive 
sense, but not the remaining finite singularity, then the 
solution is multiplied by a constant factor e 2vm . These 
solutions are called path-multiplicative. See Schmidt 
(1979). 


31.7 Relations to Other Functions 
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31.7 Relations to Other Functions 

31.7(i) Reductions to the Gauss 
Hypergeometric Function 

31 . 7.1 

2 F 1 (a,l3-,r, z ) = H£(l,a/3-,a,P,j,6; z) 

= H£( 0, 0; a, (3, 7, a + f3 + 1 — 7; 2) 

= H£(a, aa/3 ; a, /?, 7, a + /? + 1 — 7; 2). 
Other reductions of Hi to a 2 jFi, with at least one free 
parameter, exist iff the pair ( a,p ) takes one of a finite 


number of values, where q = a[3p. Below are three 
such reductions with three and two parameters. They 
are analogous to quadratic and cubic hypergeometric 
transformations ( § § 1 5 . 8 (iii)-15 . 8 ( v) ) . 

317 2 Hl(2, a(3\ a, /3, 7 , a + /? — 2y + 1; z) 

= 2 -Fi(|a, 1 - (1 - z) 2 ), 

3173 ( a + P)i z ) 

= 2^1(50, |/ 3 ; 1 (1 — ^) 2 (1 — \ z )), 


\ \ T *^p); a >/5) 5(0 + /3 + 1), |(a + /3 + 1); z) 

= 2-F1 |/3; | (a + (3 + 1); 1 - (l - (§ - *77) z) ^ • 


For additional reductions, see Maier (2005). Joyce 
(1994) gives a reduction in which the independent vari- 
able is transformed not polynomially or rationally, but 
algebraically. 


31 . 7.5 


31.7(H) Relations to Lame Functions 

With z = sn 2 (£, k) and 

a=k~ 2 , q = —\ah , a= — \v, 

t3=\(v + l), 7 = J = e=l, 

equation (31.2.1) becomes Lame’s equation with inde- 
pendent variable £; compare (29.2.1) and (31.2.8). The 
solutions (31.3.1) and (31.3.5) transform into even and 
odd solutions of Lame’s equation, respectively. Sim- 
ilar specializations of formulas in §31.3(ii) yield solu- 
tions in the neighborhoods of the singularities ( = K , 
K + i K ' , and i K ' , where K and K' are related to k 
as in §19.2(ii). 


31.8 Solutions via Quadratures 


For half-odd-integer values of the exponent parameters: 

31 . 8.1 

/3 — a = mo + |, 7 =-toi + |, 8 = -m 2 + §, 

e =-TO 3 -l-i, to 0 , mi, m 2 , m 3 = 0,1,2, ..., 

the Hermite-Darboux method (see Whittaker and Wat- 
son (1927, pp. 570-572)) can be applied to construct so- 
lutions of (31.2.1) expressed in quadratures, as follows. 
Denote m = (mo, mi, m 2 , m3) and A = —4 q. Then 

31 . 8.2 

w±( m; A; z) 

= yJ^ g ,N(X,z) 

( iv( A) [ z t mi (t~l) m 2 (t- a )™ 3 dt \ 

V 2 Jzo ^g,N (A, t) y/t (t - 1) (t - a) J 


are two independent solutions of (31.2.1). Here 
'I'g,iv(A, z) is a polynomial of degree g in A and of degree 
N = mo + mi + m 2 + m3 in z, that is a solution of the 
third-order differential equation satisfied by a product 
of any two solutions of Heun’s equation. The degree g 
is given by 

q = 1 max 2 max mt , 1 + N 
V 0<k<3 

— (l + (— 1 )")(|+ mi nm,)). 

The variables A and v are two coordinates of the associ- 
ated hyperelliptic (spectral) curve T : v 2 = ~ 

A j). (This v is unrelated to the v in §31.6.) Lastly, A j, 
j = 1, 2, . . . , 2g + 1, are the zeros of the Wronskian of 
iu+(m; A; z) and W- (m; A; z). 

By automorphisms from §31.2(v), similar solutions 
also exist for mo, mi, m 2 , m 3 £ Z, and Tg^A, z) may 
become a rational function in z. For instance, 

31 . 8.4 

4+ 2 = z“ + A z + cl, v 2 = (A + a + 1)(A 2 — 4a), 

m = (1,1, 0,0), 

and 

tki —i = (z 3 + (A + 3a + 3)2: + a) /z 3 , 

31 . 8.5 V 2 = (A + 4a + 4) ((A + 3a + 3) 2 - 4a), 

m= (1,-2, 0,0). 

For m = (mo, 0,0,0), these solutions reduce to Her- 
mite’s solutions (Whittaker and Watson (1927, §23.7)) 
of the Lame equation in its algebraic form. The curve 
r reflects the finite-gap property of Equation (31.2.1) 
when the exponent parameters satisfy (31.8.1) for mj £ 
Z. When A = —4 q approaches the ends of the gaps, 
the solution (31.8.2) becomes the corresponding Heun 
polynomial. For more details see Smirnov (2002). 
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The solutions in this section are finite-term Liouvil- 
lean solutions which can be constructed via Kovacic’s 
algorithm; see §31.14(ii). 

31.9 Orthogonality 


31.9(i) Single Orthogonality 


With 

31.9.1 w m (z) = (0, l)Hf m (a,q m ;a,/3,'y,S;z), 
we have 


/■(l+,0+,l-,0-) 

31.9.2 J c \ J \ / 

X 'Wm(t') l Wk(t) dt = 

Here £ is an arbitrary point in the interval (0,1). The 
integration path begins at z = £, encircles 2=1 once 
in the positive sense, followed by z = 0 once in the 
positive sense, and so on, returning finally to z = £. 
The integration path is called a Pochhammer double- 
loop contour (compare Figure 5.12.3). The branches of 
the many- valued functions are continuous on the path, 
and assume their principal values at the beginning. 

The normalization constant 0 m is given by 


6 


m 


31.9.3 


where 


(1 - e 2 " 7 )(l - e 2 wi, 5 )C 7 (l - C) 5 (C - a ) € 

fi(Q,0 dq 


where 

31 9 6 ^ = ( S ~ t ^ st ^ 1 (( s “ !)(* “ 1 )) 5 ” 1 

x ((s-a)(t-a)) £ -\ 

and the integration paths C±, Co are Pochhammer 
double-loop contours encircling distinct pairs of singu- 
larities { 0 , 1 }, { 0 ,a}, {l,a}. 

For further information, including normalization 
constants, see Sleeman (1966b). For bi-orthogonal re- 
lations for path-multiplicative solutions see Schmidt 
(1979, §2.2). For other generalizations see Arscott 
(1964b, pp. 206-207 and 241). 


31.10 Integral Equations and 
Representations 

31 . 10(i) Type I 

If w(z) is a solution of Heun’s equation, then another 
solution W(z) (possibly a multiple of w(z)) can be rep- 
resented as 

31.10.1 W(z)= I K.(z,t)w(t)p(t) dt 

Jc 

for a suitable contour C. The weight function is given 

by 


31.9.4 

fo(q m ,z) = H£(a,q m ;a,(3, 7 , 6 ; 2 ), 

fi(q m ,z) = H(( 1 -a,af3- q m ] a, /3, 6, 7 ; 1 - 2 ), 

and W denotes the Wronskian (§1.13(i)). The right- 
hand side may be evaluated at any convenient value, or 
limiting value, of £ in ( 0 , 1 ) since it is independent of £. 

For corresponding orthogonality relations for Heun 
functions (§31.4) and Heun polynomials (§31.5), see 
Lambe and Ward (1934), Erdelyi (1944), Sleeman 
(1966b), and Ronveaux (1995, Part A, pp. 59-64). 

31.9(ii) Double Orthogonality 


Heun polynomials Wj = Hp n . mj , j = 1,2, satisfy 

I / p(s, t)wi(s)wi(t)w 2 {s)w 2 (t) ds dt 
£1 Jc 2 

= 0 , \n\ — n 2 \ + |mi — m 2 | 0 , 


31.9.5 


31.10.2 p(t) = i 7_1 (t - 1 ) s ~\t - ay- 1 , 

and the kernel K.(z, t) is a solution of the partial differ- 
ential equation 

31.10.3 (V z - V t )K. = 0, 

where D z is Heun’s operator in the variable 2 : 

31.10.4 Vz = Z ^ Z ~ ^ ( 2 “ ffl ) ( dz 2 ) + OK* -!)(«- a ) 

+ 5z(z — a) + ez(z — 1)) ( d/dz ) + a(3z. 
The contour C must be such that 


31.10.5 

where 


P(t) 



w(t ) — K, 


dw(t) 

dt 


= 0 , 
c 


31.10.6 p(t)=t' y (t-l) S (t-a) e . 


Kernel Functions 

Set 



sin 9 cos 6 = i 


(2 — a)(t — a) 
a(l — a) 



sin 9 sin <f> = 


(*-!)(*-!) 
1 — a 


31.10.7 


cos 6 = 


1/2 


31.10 Integral Equations and Representations 
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The kernel /C must satisfy 


31.10.8 sin 


2 ^ ^\d^ 2y) tan0 + 2((5 + e— \ ) cot 9 ) — 4 a/3IC^ + ^-^ + ((1 — 2(5) cot ^ — (1 — 2e) tan</>) = 0. 


d9 


J d4> 


dcj) 


The solutions of (31.10.8) are given in terms of the Riemann P-symbol (see §15.11(i)) as 



I 

r 0 


1 

OO "j 

j I 

r 0 

1 

OO ^ 

31.10.9 

K(e,4>) = p\ 

: 0 

1 

2 

— 6 — a 

a cos 2 9 


: ° 

0 

— \ + (5 + a cos 2 (j> > 


1 

U -7 

1 

2 

- e + a 

P J 

1 1 

1 1 — e 

1 — (5 

-5 + e-cr J 


where a is a separation constant. For integral equations satisfied by the Heun polynomial Hp nm (z) we have a = 

2 ^ J; j 0, 1, . . . ,n. 

For suitable choices of the branches of the P-symbols in (31.10.9) and the contour C, we can obtain both integral 
equations satisfied by Heun functions, as well as the integral representations of a distinct solution of Heun’s equation 
in terms of a Heun function (polynomial, path-multiplicative solution). 

Example 1 

Let 

31.10.10 

/C(z, t) 

<5— CT + a, 5 - cr + (3 zt\ f - \ + <5 + cr, - \ + e - cr _ a(z - 1) (t - 1) \ 

7 ’ a / 2 \ <5 ’ (a — 1 )(zt — a) / ’ 

where SJiy > 0, 5i(5 > 0, and C be the Pochhammer double-loop contour about 0 and 1 (as in §31.9(i)). Then the inte- 
gral equation (31.10.1) is satisfied by w(z) = w m {z) and W{z) = n m w m (z), where w m (z) = (0, l)P/ m (a, q m ] a, (3, 7 , <5 ; z) 
and K m is the corresponding eigenvalue. 

Example 2 

Fuchs-Frobenius solutions W m (z) = kmZ -01 Hi(l/a, q m \ a, a — 7 + 1, a — (3 + 1, (5; 1/z) are represented in terms of 
Heun functions w m (z) = (0, l)P/ m (a, a, /3, 7 , (5; z) by (31.10.1) with W(z) = W m (z), w(z) — iv m (z), and with 
kernel chosen from 


= {zt — a ) 2 s a 2 Pi 


31.10.11 



(zt/ay^ +5+a - a 2 Pi 


| — (5 — cr + a, § — (5 — cr + a — 7 a 
a — /3 + 1 ’ zt 


00 


_i A (z-a)(t-a) 

2 (1 — a)(zt — a) ( 


1 — e 1 — S — 5 + e — cr 
Here k m is a normalization constant and C is the contour of Example 1. 


31 . 10(ii) Type II 

If w(z) is a solution of Heun’s equation, then another 
solution W(z) (possibly a multiple of w(z)) can be rep- 
resented as 

31.10.12 W(z)= / / /Cfy; s,t)w(s)w(t)p(s,t) ds dt 

J Ci J C 2 

for suitable contours C \ , Cfy The weight function is 
31 10 13 P( ' S ’ ^ = _ t )( st ) 7 ^ 1 ((! - s )( 1 - i )) 5 ” 1 

x ((l-( S /a))(l-(t/a))r\ 

and the kernel /C(z; s,t) is a solution of the partial dif- 
ferential equation 

31.10.14 ((t - z)V s + (z- s)V t + (s - t)V z ) K = 0, 


where T> z is given by (31.10.4). The contours C 1 , C 2 
must be chosen so that 


31.10.15 


and 


. ( d/C . dw(t)\ 


= 0, 


c 1 


31.10.16 . , (die . , ^dw(s) 

P(.) - >C— 


= 0 , 


c 2 


where p(t) is given by (31.10.6). 
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Kernel Functions 

Set 

31.10.17 

(stz) 1 / 2 


u = 


V = 




1 — a 

(s — a)(t — a)(z — a) \ 1//2 


a(l — a) 
The kernel K must satisfy 


d 2 K d 2 K d 2 K 2 7 - 1 9/C 

1 1 1 

31 10 18 <9u 2 dv 2 dw 2 u du 

+ 25-l dK | 2e — 1 dK _ Q 
v dv w dw 

This equation can be solved in terms of cylinder func- 
tions ^ v (z) (§10.2(ii)): 

31.10.19 

K,(u, V, w) = U 1 ~ 1 V 1 ^ S W 1 ~ t < ^L_ 7 (ziv / (Ti) 

x Vy/a + cr 2 ), 
where ay and cr 2 are separation constants. 


Transformation of Independent Variable 

A further change of variables, to spherical coordinates, 

31.10.20 

u = rcos6, v = rsm9sm(j), w = rsmd cosif), 
leads to the kernel equation 

31.10.21 

d 2 K 2(7 + S + e) - 1 dK 1 d 2 K 

dr 2 r dr r 2 d6 2 

(2(<5 + e) — 1) cot 0 — (2q — 1) tan 9 dK, 

r 2 QQ 

1 d 2 K (2 S — 1) cot (j> — (2e — 1) tan </> dK 
r 2 sin 2 9 dcj) 2 r 2 sin 2 9 d<f> 

This equation can be solved in terms of hypergeometric 
functions (§15.11(i)): 

31.10.22 

f 0 

K{r 1 9, (f>) = r m sin 2p 9 P< 0 

U(3-7) 

( 0 1 oo 

x pi 0 0 a' 

1 1 — e 1 — b' 



COS 2 ( j ) 


with 

m 2 + 2(a + 0)m — a i = 0, 
p 2 + (a + (3 - 7 - \)p - \o 2 = 0, 

a + b = 2(a + f3 + p) - 1, 

31.10.23 2 / , ' , i 

ao = P -p(l - a - p) - 3 cri, 

c = 7 - | - 2(a + /3 + p), 
a' + 6' = 5 + e — 1 , a'b' = - \a 2 , 
and fj i and cr 2 are separation constants. 

For integral equations for special confluent Heun 
functions (§31.12) see Kazakov and Slavyanov (1996). 


31.11 Expansions in Series of 

Hypergeometric Functions 

31.11(i) Introduction 

The formulas in this section are given in Svartholm 
(1939) and Erdelyi (1942a, 1944). 

The series of Type I (§31. ll(iii)) are useful since 
they represent the functions in large domains. Series of 
Type II (§31.11(iv)) are expansions in orthogonal poly- 
nomials, which are useful in calculations of normaliza- 
tion integrals for Heun functions; see Erdelyi (1944) and 
§31.9(i). 

For other expansions see §31. 16(ii) . 

31.11(ii) General Form 

Let w(z) be any Fuchs-Frobenius solution of Heun’s 
equation. Expand 

OO 

31111 w{z) = Y J C j P j , 

3 = 0 

where (§15.11 (i)) 

r o i 

31.11.2 Pi = P{ 0 0 

\l-7 1 — (5 

with 

31.11.3 A T fj, = 7 T 3 — 1 = a + (3 — e. 

The coefficients Cj satisfy the equations 

31.11.4 L 0 c 0 + M O d=0, 

31.11.5 KjCj - 1 + Lj c.j + MjCj + 1 =0, j = 1,2,..., 
where 


oo ) 

^ + j * L 
I- 1 ~ j ) 


(j + a- p- 1 )(j + /3-H- 1 ){j + 7 - m - l)(j + A - 1) 
(2j + A- M -l)(2j + A-/i-2) 


31.11.6 


31.12 Confluent Forms of Heun’s Equation 
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Lj = a(X + j){n-j) ~q + 


(j + ot- n){j + p- n){j + 7 - n){j + A) 


31.11.7 


31.11.8 


Mj = 


(2 j + A — fi)(2 j + A — + 1) 
(j-<x+ A )(j - P + A)(j - 7 + A)(j - n) 

(2j + A — fi)(2j + A — fj, — 1) 

(j - a + A + l)(j - P + A + 1)Q' - 7 + A + 1 ){j - /i + 1) 
(2 j + A — /x + 1) (2 j + A — /i + 2) 


A, p, must also satisfy the condition 


31.11(iv) Type II 


31.11.9 


= 0 . 


31.1 1 (iii) Type I 

Here 


31.11.10 A = a, ii = P-e, 

or 


31.11.11 A = /?, fi = a — e. 

Then condition (31.11.9) is satisfied. 

Every Fuchs-Frobenius solution of Heun’s equation 
(31.2.1) can be represented by a series of Type I. For 
instance, choose (31.11.10). Then the Fuchs-Frobenius 
solution at oo belonging to the exponent a has the ex- 
pansion (31.11.1) with 


31.11.12 


f(q + j) r(i — 7 + a + j) _j 

r(l + a - P + e + 2j) 

„ f a + j, 1-7 + a + i 1\ 

2 1 \l + a-P + e + 2j'z)' 


and (31.11.1) converges outside the ellipse £ in the z- 
plane with foci at 0, 1, and passing through the third 
finite singularity at z = a. 

Every Heun function (§31.4) can be represented by a 
series of Type I convergent in the whole plane cut along 
a line joining the two singularities of the Heun function. 

For example, consider the Heun function which is 
analytic at z = a and has exponent a at oo. The ex- 
pansion (31.11.1) with (31.11.12) is convergent in the 
plane cut along the line joining the two singularities 
z = 0 and 2 = 1. In this case the accessory parameter 
q is a root of the continued-fraction equation 


31.11.13 ( L 0 /M 0 ) 


K\ / M\ K2 /M2 

Li/Mi — L2/M2 — 


The case a = —n for nonnegative integer n corresponds 
to the Heun polynomial Hp nm (z). 

The expansion (31.11.1) for a Heun function that is 
associated with any branch of (31.11.2) — other than a 
multiple of the right-hand side of (31.11.12) — is conver- 
gent inside the ellipse £. 


Here one of the following four pairs of conditions is sat- 
isfied: 

31.11.14 A = 7 + 5-1, ji = 0, 

31.11.15 A = 7, ii = 5- 1, 

31.11.16 A = <5, fi = 7-1, 

31.11.17 A = 1, /i = 7 + 5 — 2. 

In each case Pj can be expressed in terms of a Ja- 
cobi polynomial (§18.3). Such series diverge for Fuchs- 
Frobenius solutions. For Heun functions they are con- 
vergent inside the ellipse £. Every Heun function can 
be represented by a series of Type II. 

31.11(v) Doubiy-lnfinite Series 

Schmidt (1979) gives expansions of path- multiplicative 
solutions (§31.6) in terms of doubly-infinite series of hy- 
pergeometric functions. 


31.12 Confluent Forms of Heun’s Equation 


Confluent forms of Heun’s differential equation (31.2.1) 
arise when two or more of the regular singularities merge 
to form an irregular singularity. This is analogous to 
the derivation of the confluent hypergeometric equation 
from the hypergeometric equation in §13.2(i). There are 
four standard forms, as follows: 


Confluent Heun Equation 


31.12.1 


dz 


2-1 


dw 

dz 


az — q 
~ 1) 


w = 0. 


This has regular singularities at 2 = 0 and 1, and an 
irregular singularity of rank 1 at 2 = 00. 

Mathieu functions (Chapter 28), spheroidal wave 
functions (Chapter 30), and Coulomb spheroidal func- 
tions (§30.12) are special cases of solutions of the con- 
fluent Heun equation. 

Doubly-Confluent Heun Equation 


31.12.2 


dz 


+ ^ + l 


dw 

dz 


az — q 


w = 0. 


^ 2 2 

This has irregular singularities at 2 = 0 and 00, each of 
rank 1. 
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Biconfluent Heun Equation 


31.12.3 


d 2 v 

dz z 


/ 7 r \ dw az — q 

+ [ 1 + 5 + z) — + -w = 0. 

\z / dz z 


This has a regular singularity at z = 0, and an irregular 
singularity at oo of rank 2 . 


Triconfluent Heun Equation 

d 2 w , . dw 

31.12.4 — t + (7 + z)z— 1- (az - q) w = 0. 

dz dz 

This has one singularity, an irregular singularity of rank 
3 at 2 = 00 . 

For properties of the solutions of (31.12.1)-(31.12.4), 
including connection formulas, see Biihring (1994), Ron- 
veaux (1995, Parts B,C,D,E), Wolf (1998), Lay and 
Slavyanov (1998), and Slavyanov and Lay (2000). 


31.13 Asymptotic Approximations 

For asymptotic approximations for the accessory param- 
eter eigenvalues q m , see Fedoryuk (1991) and Slavyanov 
(1996). 

For asymptotic approximations of the solutions of 
Heun’s equation (31.2.1) when two singularities are close 
together, see Lay and Slavyanov (1999). 

For asymptotic approximations of the solutions of 
confluent forms of Heun’s equation in the neighborhood 
of irregular singularities, see Komarov et al. (1976), 
Ronveaux (1995, Parts B,C,D,E), Bogush and Otchik 
(1997), Slavyanov and Veshev (1997), and Lay et al. 
(1998). 


Normal Form 

(*-a J -r* /2 | W(z), 


31.14.4 





31.14(ii) Kovacic’s Algorithm 

An algorithm given in Kovacic (1986) determines if a 
given (not necessarily Fuchsian) second-order homoge- 
neous linear differential equation with rational coeffi- 
cients has solutions expressible in finite terms (Liouvil- 
lean solutions). The algorithm returns a list of solutions 
if they exist. 

For applications of Kovacic’s algorithm in spatio- 
temporal dynamics see Rod and Sleeman (1995). 


31.14.3 w(z) = 


31.15 Stieltjes Polynomials 
31.15(i) Definitions 

Stieltjes polynomials are polynomial solutions of the 
Fuchsian equation (31.14.1). Rewrite (31.14.1) in the 
form 


31.14 General Fuchsian Equation 


31.14(i) Definitions 


The general second-order Fuchsian equation with TV + 1 
regular singularities at z = aj, j = 1, 2, . . . , TV, and at 
00 , is given by 


31.14.1 




dw 

dz 




The exponents at the finite singularities aj are 
{ 0,1 — 7 y } and those at 00 are {cc, /?}, where 


N N 

31.14.2 a + jd + 1 = 7 j , a/3='^^ajqj. 

i=i 3 = 1 

The three sets of parameters comprise the singularity 
parameters aj , the exponent parameters a,(3,~/j, and 
the TV — 2 free accessory parameters qj. With ai = 0 
and a 2 = 1 the total number of free parameters is 3TV— 3. 
Heun’s equation (31.2.1) corresponds to TV = 3. 


31.15.1 




dw 

dz 


nf=i (z-aj) 


w = 0 , 


where <I>(z) is a polynomial of degree not exceeding 
TV — 2. There exist at most ("Jv^ 2 ) polynomials V{z) 
of degree not exceeding TV— 2 such that for T^) = V(z), 
(31.15.1) has a polynomial solution w = S(z ) of degree 
n. The V(z) are called Van Vleck polynomials and the 
corresponding S(z) Stieltjes polynomials. 


31.15(ii) Zeros 

If Z\, Z 2 , ■ ■ ■ , z n are the zeros of an nth degree Stieltjes 
polynomial S(z), then every zero Zk is either one of the 
parameters aj or a solution of the system of equations 

31.15.2 ^ 10 +Z1 = 0 ’ fc = 1 > 2 

Zk ~ Zk ~ Z i 

If tk is a zero of the Van Vleck polynomial V(z), cor- 
responding to an nth degree Stieltjes polynomial S(z), 
and z[, z ’ 2 , . . . , z , n _ 1 are the zeros of S'(z) (the derivative 
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of 5(z)), then tk is either a zero of S'(z) or a solution 
of the equation 


31.15.3 


N 

( tk - aj 


n — 1 


1=1 


= o. 




The system (31.15.2) determines the Zk as the points 
of equilibrium of n movable (interacting) particles with 
unit charges in a field of N particles with the charges 
7^/2 fixed at aj. This is the Stieltjes electrostatic inter- 
pretation. 

The zeros Zk, k = 1, 2, . . . , n, of the Stieltjes polyno- 
mial S(z) are the critical points of the function G, that 
is, points at which dG/d(,k = 0, k = 1,2 , . . . , n, where 


G(Cl,C2,...,Cn) 

n N n 

31154 = n rica - ^p /2 n (a - o). 

k — 1 £—1 j=k -\- 1 

If the following conditions are satisfied: 


31.15.5 7j > 0, a,j e R, j = 1,2, . . . , N, 

and 


with respect to the inner product 

311511 (f,g) P = [ f(z)§{z)p(z)dz, 

JQ 

with weight function 

31.15.12 

( IV- 1 N \ / N-l 

n n \ z o - “fci 7 ' 1 ” 1 n (** - ^ 

i=i *=i y \i<fc 

The normalized system of products (31.15.8) forms an 
orthonormal basis in the Hilbert space L 2 p (Q). For fur- 
ther details and for the expansions of analytic functions 
in this basis see Volkmer (1999). 



Applications 

31.16 Mathematical Applications 


31.15.6 a, < a J+ i, j = 1,2, . . . ,N - 1, 
then there are exactly ("t^ l) 2 ) polynomials S(z), each 
of which corresponds to each of the ("^2 2 ) wa Y s °f dis- 
tributing its n zeros among N — 1 intervals 

j = 1,2,. ..,1V — 1. In this case the accessory parame- 
ters qj are given by 

n 1 

31.15.7 q :l = 7 , V , j = 1,2,..., IV. 

Zk ~ a-i 
k= l J 

See Marden (1966), Alam (1979), and Al-Rashed 
and Zaheer (1985) for further results on the location 
of the zeros of Stieltjes and Van Vleck polynomials. 

31.15(iii) Products of Stieltjes Polynomials 

If the exponent and singularity parameters satisfy 
(31.15.5)-(31.15.6), then for every multi-index m = 
(toi, TO 2 , . . . , mjv_i), where each nij is a nonnegative 
integer, there is a unique Stieltjes polynomial with 
nij zeros in the open interval (aj,aj+i) for each j = 
1,2,. ..,1V — 1. We denote this Stieltjes polynomial by 
S m (z). 

Let S m (z ) and 5i(z) be Stieltjes polynomials 
corresponding to two distinct multi-indices m = 
(m 1 ,m 2 , ■ ■ ■ ,niN-i) and 1 = (£i,£ 2 , ■ ■ ■ ,£n-i)- The 
products 

31.15.8 »S'm(7l)<S , m (Z2) ’ ' ' S m (zN— l), Zj IE (dj , (2j-|-i) , 

31.15.9 Si ( 27 ) 61 ( 22 ) • • • Si^at-i), Zj e (aj,a j+1 ), 
are mutually orthogonal over the set Q: 

31.15.10 Q = (ai, a 2 ) x (a 2 , a 3 ) x • • • x (ajv-i, ajv), 


31. 16(i) Uniformization Problem for Heun’s 
Equation 

The main part of Smirnov (1996) consists of 
V. I. Smirnov’s 1918 M. Sc. thesis “Inversion problem 
for a second-order linear differential equation with four 
singular points”. It describes the monodromy group of 
Heun’s equation for specific values of the accessory pa- 
rameter. 

31. 16(ii) Heun Polynomial Products 

Expansions of Heun polynomial products in terms of Ja- 
cobi polynomial (§18.3) products are derived in Kalnins 
and Miller (1991a, b, 1993) from the viewpoint of inter- 
relation between two bases in a Hilbert space: 

31.16.1 

H Pn,m(x) HP n ,mW) 

n 

— J]] A? sin 2 "* Q 

J=o 

xP) (7+M21- 1 ,e- 1) (cos20)p^— b-V— 1) (c os 2 ^ ) , 
where n= 0,1,..., to = 0, 1, . . . , n, and 

31.16.2 x = sin 2 9 cos 2 <j>, y = sin 2 9 sin 2 <j>. 

The coefficients Aj satisfy the relations: 

31.16.3 QqAq + RaA\ = 0, 

31.16.4 PjAj — 1 + QjAj + It , Aj. 1 =0, j = 1, 2, . . . , n, 
where 
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31.16.5 


31.16.6 


31.16.7 


Pi = 


(e ~ j + n)j(P + j-l)('y + S + j- 2 ) 

(7 + 5 + 2j - 3) (7 + 5 + 2j - 2) 

(j - n)(j + 0){j + 7 )(j + 7 + 5-1) 


Qj = ~aj(j + l + 5- 1 ) - q+ 

(2j +7 + 5)(2j +7 + 5 - 1) 
(j + n + 7 + 5 - 1 )j(j + 5 - l)(j - /3 + 7 + 5-1) 

(2j + 7 + 5 — l)(2j + 7 + 5-2) 

= (n - j)(j + n + 7 + 5)(j + 7)(j + 5) 

J (7 + 5 + 2j) (7 + 5 + 2j + 1) 


By specifying either 0 or <f> in (31.16.1) and (31.16.2) 
we obtain expansions in terms of one variable. 


31.17 Physical Applications 


31.17(i) Addition of Three Quantum Spins 


The problem of adding three quantum spins s, t, and 
u can be solved by the method of separation of vari- 
ables t, and the solution is given in terms of a product 
of two Heun functions. We use vector notation [s,t,u] 
(respective scalar ( s,t,u )) for any one of the three spin 
operators (respective spin values). 

Consider the following spectral problem on the 
sphere S 2 : x 2 = x 2 + x 2 + x 2 = Ft 2 . 

31.17.1 

J 2 T(x) = (s + t + u) 2 + (x) = j(j + l)W(x), 
i7 s T(x) = (—2s • t — (2/a)s • u)'I'(x) = /i s T(x), 


for the common eigenfunction 'f'(x) = ^>(x a ,xt,x u ), 
where a is the coupling parameter of interacting spins. 
Introduce elliptic coordinates Z\ and z-i on S 2 . Then 



2 

31.17.2 

+ 

Zk Zk 

with 

xI~r 2ZiZ \ 

31.17.3 

a 


2 r>2 (+ ~ 


x t 


Zk~ 1 z k - a 


= 0 , 


k= 1 , 2 , 


^2 _ D 2 (^i - !)(“2 - 1 ) 

x t ^ -t ■ 

1 — a 


a{a — 1) 

The operators J 2 and H s admit separation of variables 
in z-[. Z'2, leading to the following factorization of the 
eigenfunction 'F(x): 


31.17.4 ^ (X) = (‘®1^)"'"*((* 1 - 1)(*2 - I))"*-* 

x ((zi - a)(z 2 - a))~ u ~iw{zi)w{z 2 ), 
where w(z) satisfies Heun’s equation (31.2.1) with a as 
in (31.17.1) and the other parameters given by 


31.17.5 

a = — s — t — u — j — 1, P = j~s — t — u, 7 = — 2 s, 
6 = — 2t, e = — 2 u] q = ah s + 2s(at + u). 


For more details about the method of separation of 
variables and relation to special functions see Olevskii 
(1950), Kalnins et al. (1976), Miller (1977), and Kalnins 
(1986). 

31.17 (ii) Other Applications 

Heun functions appear in the theory of black holes 
(Kerr (1963), Teukolsky (1972), Chandrasekhar (1984), 
Suzuki et al. (1998), Kalnins et al. (2000)), lattice sys- 
tems in statistical mechanics (Joyce (1973, 1994)), dislo- 
cation theory (Lay and Slavyanov (1999)), and quantum 
systems (Bay et al. (1997), Tolstikhin and Matsuzawa 
( 2001 )). 

For applications of Heun’s equation and functions 
in astrophysics see Debosscher (1998) where different 
spectral problems for Heun’s equation are also consid- 
ered. More applications — including those of generalized 
spheroidal wave functions and confluent Heun functions 
in mathematical physics, astrophysics, and the two- 
center problem in molecular quantum mechanics — can 
be found in Leaver (1986) and Slavyanov and Lay (2000, 
Chapter 4) . For application of biconfluent Heun func- 
tions in a model of an equatorially trapped Rossby wave 
in a shear flow in the ocean or atmosphere see Boyd and 
Natarov (1998). 

Computation 


31.18 Methods of Computation 

Independent solutions of (31.2.1) can be computed in 
the neighborhoods of singularities from their Fuchs- 
Frobenius expansions (§31.3), and elsewhere by numer- 
ical integration of (31.2.1). Subsequently, the coeffi- 
cients in the necessary connection formulas can be cal- 
culated numerically by matching the values of solutions 
and their derivatives at suitably chosen values of z; see 
Lai (1994) and Lay et al. (1998). Care needs to be 
taken to choose integration paths in such a way that the 
wanted solution is growing in magnitude along the path 
at least as rapidly as all other solutions (§3.7(ii)). The 
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computation of the accessory parameter for the Heun 
functions is carried out via the continued-fraction equa- 
tions (31.4.2) and (31.11.13) in the same way as for the 
Mathieu, Lame, and spheroidal wave functions in Chap- 
ters 28-30. 
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Painleve Transcendents 


Notation 


32.1 Special Notation 

(For other notation see pp. xiv and 873.) 

m, n integers. 
x real variable. 

2 complex variable. 

k real parameter. 

Unless otherwise noted, primes indicate derivatives 
with respect to the argument. 

The functions treated in this chapter are the solu- 
tions of the Painleve equations Pi-Pyi. 


Properties 


32.2 Differential Equations 


32.2(i) Introduction 


The six Painleve equations Pi-Pyi are as follows: 


32 . 2.1 


32 . 2.2 


32 . 2.3 


d 2 w 

dz 2 


d 2 w 

dz 2 

d 2 w 

dz 2 


= 6 w 2 + z, 

2 w 3 + zw + a, 


l f dw 
w \ dz 


1 dw aw 2 + 3 

-~r-\ 1 - jw' 

z dz z 


S 

w 


32 . 2.4 


32 . 2.5 


32 . 2.6 


1 ( dw 


dz 


1 

2w 


P 


d 2 w 

dz 2 


aw - 


— = = — -r- + -w 6 + 4 zw 2 + 2 (z 2 - a)w H , 

dz 2 2w \ dz) 2 v ’ 

1 \ / dw \ 2 1 dw (w — 1 ) 

w — 1 / \dz J z dz z 2 

1/1 1 1 \ /dw \ 2 /I 

2 \w w — 1 w — z ) \dz ) \ z 

w(w — l)(w — z) f (3z j(z — 1) 


w 

7 w 
z 

1 


! (^-i ) 2 


a 


2—1 w — z 
Sz(z — 1 ) 


Sw(w + 1 ) 
w — l ' 
dw 
dz 


(w — l ) 2 (w — z) 2 


with a, (3, 7 , and S arbitrary constants. The solutions 
of P i — P vi are called the Painleve transcendents. The 
six equations are sometimes referred to as the Painleve 
transcendents, but in this chapter this term will be used 
only for their solutions. 

Let 


32 . 2.7 




be a nonlinear second-order differential equation in 
which F is a rational function of w and dw/dz , and 
is locally analytic in z, that is, analytic except for iso- 
lated singularities in C. In general the singularities of 
the solutions are movable in the sense that their loca- 
tion depends on the constants of integration associated 
with the initial or boundary conditions. An equation is 
said to have the Painleve property if all its solutions are 
free from movable branch points; the solutions may have 
movable poles or movable isolated essential singularities 
(§ 1 . 10 (iii)), however. 

There are fifty equations with the Painleve property. 
They are distinct modulo Mobius (bilinear) transforma- 
tions 


32 . 2.8 


w(() = 


a(z)w + b(z ) 
c(z)w + d(z) ’ 


C = <£(*)> 


in which a(z), b(z), c(z), d(z ), and <f>(z) are locally an- 


alytic functions. The fifty equations can be reduced 
to linear equations, solved in terms of elliptic functions 
(Chapters 22 and 23), or reduced to one of Pi-Pyi ■ 

For arbitrary values of the parameters a, f3, 7 , and 
8, the general solutions of Pi-Pyi are transcendental, 
that is, they cannot be expressed in closed-form ele- 
mentary functions. However, for special values of the 
parameters, equations Pn -Pyi have special solutions in 
terms of elementary functions, or special functions de- 
fined elsewhere in this Handbook. 


32.2(ii) Renormalizations 

If 7<5 ^ 0 in Pni, then set 7 = 1 and <5 = — 1, without 
loss of generality, by rescaling w and 2 if necessary. If 
7 = 0 and aS 7 ^ 0 in Pm, then set a = 1 and 8 = — 1 , 
without loss of generality. Lastly, if <5 = 0 and /3y ^ 0, 
then set /3 = — 1 and 7=1, without loss of generality. 

If 8 7 ! 0 in Py, then set <5 = —I, without loss of 
generality. 


32.2(iii) Alternative Forms 

In Pm, if w(z) = C - 1 ^ 2 u (C) with ( = z 2 , then 


32 . 2.9 


dC 


1 du u 2 (a + "/u) 

CdC + 47 


(3 

4C 


S_ 

4u’ 


2 
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which is known as P( n . 

In Pm, if w{z) = exp(— iu(z)), (3 = —a, and 6 = — 7 , 
then 

d 2 u 1 du 2a . „ . . 

32.2.10 — H — = — smu + 27 sm( 2 u). 

dz 2 zdz z 

In Piv, if w(z) = 2\/2(m(C )) 2 with C = V%z and 
a = 2v + 1 , then 

32211 ^ = 3u 5 + 2 C U 3 + (K 2 -^)«+^- 

When (3 = 0 this is a nonlinear harmonic oscillator. 

In Py, if w(z) = (cothu (£)) 2 with ( = In then 

d 2 u a cosh u (3 sinh u 
32.2.12 d £ 2 2 (sinh u ) 3 2(cosh it ) 3 

— \'ye < ’ sinh(2it) — \5e 2< ' sinh(4it). 

See also Okamoto (1987c), McCoy et al. (1977), Bas- 
som et al. (1992), Bassom et al. (1995), and Takasaki 
(2001). 


Next, let 


32.2.19 


dfi 


dh 

Z dz 

dh 

Z dz 

dh 

Z dz 


hhih - h) + (| - H3)h + / 11 / 3 , 
hhih ~ h) + (| - tn)h + M 2 / 4 , 

/ 3/1 (/4 - h) + (g - Hl)h + M3/l, 
Uhifl ~ h) + [\ ~ ^2)/4 + M4/2, 


where m, /i 2 , /13, /M are constants, / 1 , / 2 , /3, fi are 
functions of z, with 


32.2.20 + /i 2 + /I 3 3~ Hi — 1) 


32.2.21 h(z) + f 3 {z) = Vz, 


32.2.22 f 2 {z) + f 4 {z) = y/z. 

Then w(z ) = 1 — {y/z/ fi(z)) satisfies Py with 

32.2.23 (a,/?, 7 ,( 5 ) = (g/i?, -g/ 13 , Hi - M 2 , -g). 


32.2(vi) Coalescence Cascade 


32.2(iv) Elliptic Form 

Pyi can be written in the form 


32.2.13 


* (1 - 2)7 (I 


dt 


\A(*- i)(t- z) y 

= 1 / w(w — l)(w — z) 

„ ( , P z , 7 ( 2 - 1 ) u 2 ( 2 - 1 )^ 

X al 2 + 7 TyJ + (0 — 2)7 Y2 ) > 

\ w z (w — \y [w — z) z y 

where 

, d 2 „ . d 1 

32.2.14 / = *(l-z )^-2 +(1- 2 ^)— - 

See Fuchs (1907), Painleve (1906), Gromak et al. (2002, 
§42); also Manin (1998). 

32.2(v) Symmetric Forms 

Let 

dfi 


32.2.15 


-^ + /i(/2-/ 3 )+ 2 /ii=0, 

+ h(h - fi) + 2 /i 2 = 0 , 


dh 

dz 


+ / 3 (/i-/ 2 )+ 2/13 = 0, 


where /ii, /t 2 , 713 are constants, / 1 , / 2 , /3 are functions 
of 2 , with 

32.2.16 /ii + /i 2 + /13 = 1, 

32.2.17 /i(z) + f 2 {z) + h( z ) + 2z = 0. 

Then w(z) = fi(z) satisfies Piy with 

32.2.18 (a, /3) = (/i 3 -/i 2 ,-2/t 2 ). 

See Noumi and Yamada (1998). 


Pi— Py are obtained from Pyi by a coalescence cascade: 

Pyi — > Py — ■» Piy 

32.2.24 | | 

Phi — > P11 — > Pi 

For example, if in Pn 


32.2.25 

32.2.26 

then 


w{z\ a) = eW( C) + 

_ 2 a _ _y_ 

Z_£ ( e 10 ’ a ~ gl5 ’ 


32.2.27 d ^- = 6W 2 + C + e 6 (2W 3 + (W)\ 

d( 

thus in the limit as e — > 0 , W{Q satisfies Pi with z = £. 
If in Pm 


32.2.28 


32.2.29 


w(z\ a, (3, 7 , 5) = 1 + 2 eW ((; a), 
z = l + e 2 (, a = — g£ -6 , 

(3 = g£ -6 + 2ae -3 , 7 = S = |e“ 6 , 


then as e — > 0 , W(£; a) satisfies Pn with z = (, a = a. 
If in Piy 

32.2.30 w(z;a,(3) = 2 2 / 3 e - 1 W(C;a) + e -3 , 

32.2.31 

* = 2- 2 / 3 < - W 3 , ot = —2a — g£ -6 , (3 = -\e~ 12 , 

then as e — > 0 , W(£; a) satisfies Pn with z = (, a = a. 
If in Py 

32.2.32 w(z ; a, (3, 7 , S) = 1 + e£W((); a, b, c, d), 


32.2.33 


Z = C 2 , a = |ae 1 + |ce 2 , 

(3 = —zce~ 2 , 7=1 eb, S = |e 2 d, 


then as e — > 0 , W(C; a, 6 , c, d) satisfies Pm with z = C, 
a = a, (3 = 6 , 7 = c, <5 = d. 

If in Py 

32.2.34 w(z;a,[3,'y,6) = ^\/2eW((; a, 6), 


726 


Painleve Transcendents 


32.2.35 z = 1 + V / 2eC, a = \e 4 , P = \b, 

7 = -e -4 , 5 = ae~ 2 - |e -4 , 

then as e — > 0, W ((; a, b) satisfies Piy with z = (, a = a, 
p = b. 


Lastly, if in Pyi 

32 . 2.36 u>(2:; a , /?, 7, 5) = FF(£; a, 6, c, d), 

32 . 2.37 ^ = 1 + eC, 7 = ce” 1 - de -2 , d = de -2 , 

then as e — > 0, W(£;a,b,c,d ) satisfies Py with 2 = £, 
a = a, P = b, 'y = c, d = d. 


32.3 Graphics 

32.3(i) First Painleve Equation 

Plots of solutions Wk{x) of Pi with Wk{ 0) = 0 and w' k (0) 
For analytical explanation see §32.11(i). 



Figure 32.3.1: Wk(x) for —12 < x < 1.33 and k = 0.5, 
0.75, 1, 1.25, and the parabola 6w 2 + x = 0, shown in 
black. 



Figure 32.3.3: w k (x) for —12 < x < 0.73 and k = 
1.85185 3, 1.85185 5. The two graphs are indistinguish- 
able when x exceeds —5.2, approximately. The parabola 
6 w 2 + x = 0 is shown in black. 


k for various values of fc, and the parabola 6 w 2 + x = 0. 



Figure 32.3.2: Wk{x ) for —12 < x < 2.43 and k = —0.5, 
—0.25, 0, 1, 2, and the parabola 6 w 2 + x = 0, shown in 
black. 



Figure 32.3.4: w k {x) for —12 < x < 2.3 and k = 
—0.45142 7, —0.45142 8. The two graphs are indis- 
tinguishable when x exceeds —4.8, approximately. The 
parabola 6 w 2 + x = 0 is shown in black. 
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32.3(ii) Second Painleve Equation with a = 0 


Here Wk (x) is the solution of Pn with a = 0 and such that 

32 . 3.1 Wk(x) ~ kAi(x), x — > +oo; 

compare §32.11 (ii). 



Figure 32.3.5: Wk{x) and k Ai(cc) for —10 < x < 4 with 
k = 0.5. The two graphs are indistinguishable when x 
exceeds —0.4, approximately. 



Figure 32.3.6: Wk{x) for —10 < x < 4 with k = 0.999, 
1.001. The two graphs are indistinguishable when x 
exceeds —2.8, approximately. The parabola 2w 2 +x = 0 
is shown in black. 


32.3(iii) Fourth Painleve Equation with (3 = 0 


Here u = Uk(x ; v) is the solution of 

32 . 3.2 

such that 


d 2 u 
dx 2 


3 u 5 + 2xu 3 + (\x 2 — v — u, 


32 . 3.3 u ~ kU[— v — \,x), x — > +oo. 

The corresponding solution of Piv is given by 


32 . 3.4 w(x) = 2\/2u1(V2x,i'), 
with P = 0, a = 2v + 1, and 

32 . 3.5 w(x)~2y/2 k 2 U 2 [—v — \,V2x^, x — > +oo; 

compare (32.2.11) and §32.11(v). If we set d 2 u/dx 2 = 0 in (32.3.2) and solve for u, then 

32 . 3.6 u 2 = — \x ± ^\/x^~-{-12u~+~6. 



Figure 32.3.7: Uk(x: — b) for —12 < x < 4 with k = 
0.33554 691, 0.33554 692. The two graphs are indis- 
tinguishable when x exceeds —5.0, approximately. The 
parabolas u 2 + ^x = 0, u 2 + ^x = 0 are shown in black 
and green, respectively. 



Figure 32.3.8: Uk{x ; |) for —12 < x < 4 with k = 
0.47442, 0.47443. The two graphs are indistinguish- 
able when x exceeds —2.2, approximately. The curves 
u 2 + |a;± g a/ x 2 + 12 = 0 are shown in green and black, 
respectively. 
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Figure 32.3.9: Uk(x\ |) for —12 < x < 4 with k = 
0.38736, 0.38737. The two graphs are indistinguish- 
able when x exceeds —1.0, approximately. The curves 
u 2 + |a;± | \/ x 2 + 24 = 0 are shown in green and black, 
respectively. 



Figure 32.3.10: Uk{x\ §) for —12 < x < 4 with k = 
0.24499 2, 0.24499 3. The two graphs are indistinguish- 
able when x exceeds —0.6, approximately. The curves 
u 2 + |x± ^ \J x 2 + 36 = 0 are shown in green and black, 
respectively. 


32.4 Isomonodromy Problems 
32.4(i) Definition 

Pi-Pyi can be expressed as the compatibility condition 
of a linear system, called an isomonodromy problem or 
Lax pair. Suppose 

d^Sf 

32.4.1 — =A(z,A)¥, — = B(*,A)¥, 

is a linear system in which A and B are matrices and A 
is independent of z. Then the equation 

9 2 \& d 2 ^ 


32.4.2 

dzd A dXdz 
is satisfied provided that 

32.4.3 ^ ^ + AB - BA = 0. 

az a A 

(32.4.3) is the compatibility condition of (32.4.1). 
Isomonodromy problems for Painleve equations are not 
unique. 

32.4(ii) First Painleve Equation 

Pi is the compatibility condition of (32.4.1) with 

A (z, A) = (4A 4 + 2 w 2 + z) 


32.4.4 


— i(4X 2 w + 2 w 2 + z) 


1 0 
0 -1 

0 -i 

1 0 


( 2X w' + 

'0 

1 ' 

\ 2A ) 

1 

0 


32.4.5 B( 



'i 

0 ' 

iw 

'0 -i 

V x) 

0 

-1 

T 

i 0 


32.4(iii) Second Painleve Equation 

Pn is the compatibility condition of (32.4.1) with 


32.4.6 


32.4.7 


— 2w' 


B(*,A) = 


+ 2 w 2 

+ z) 

'1 0 ' 
0 -1 



'0 -i 
i 0 

+ (4A„ - 2) 

'0 1' 
1 0 


—iX 

w 


w 

iX 


See Flaschka and Newell (1980). 


32.4(iv) Third Painleve Equation 

The compatibility condition of (32.4.1) with 


32.4.8 


32.4.9 


A(*,A) = 


B(*,A) = 



0 


1 

-k 

+ 


¥ 

Ul 




u 0 

In 

2 t7 °°. 


'l 

4 

o ' 
1 

x + 

'0 

Uq 

0 

~4. 


Ul 

0 


V 0 ~ -gZ -ViVq 

(v 0 -\z)/v 1 \z-v oj A 2 ’ 

1 
z 

v 0 - \z -viva JL^ 

(v 0 -\z)/vi \z-vo\zX 
where 0 ^ is an arbitrary constant, is 

32.4.10 ZU Q = dooUQ — ZVqVi, 

32.4.11 zu\ = —0ooUi — (z(2vq — z)/(2vi)), 

32.4.12 zVq = 2v 0 u 1 v 1 + v 0 + (u 0 {2v 0 - z)/v i), 

32.4.13 zv[ = 2 uq — 2uivf — 0ooVi. 

If w = —uq/(v ovi), then 

32.4.14 zw = (4ziq — z)w 2 + (2000 — l)u; + z , 
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and w satisfies Pm with 

32.4.15 (a, a 7, <5) = (200, 2 ( 1 - 000 ), 1,-1), 
where 

32.4.16 0 O = ^ (^0oo + \^ Uo + UlV ^j ' 

Note that the right-hand side of the last equation is a 
first integral of the system (32.4.10)-(32.4.13). 

32.4(v) Other Painleve Equations 

For isomonodromy problems for Piy, Py, and Pyj see 
Jimbo and Miwa (1981). 

32.5 Integral Equations 


Let K{z,Q be the solution of 


32.5.1 

K{z, C) 



+ 


k 2 


n oo 

K{z,s) Ai 


s + 1 
2 


Ai 


t + c 
2 


ds dt. 


where k is a real constant, and Ai(z) is defined in §9.2. 
Then 


32.5.2 w(z) = K(z,z), 

satisfies Pn with a = 0 and the boundary condition 

32.5.3 w(z) ~ kAi(z), z — > +oo. 

32.6 Hamiltonian Structure 


32.6(i) Introduction 

P i~ P vi can be written as a Hamiltonian system 
dq 9H dp 9H 

dz dp ’ dz dq ’ 

for suitable (non-autonomous) Hamiltonian functions 
H (q,p,z). 

32.6(ii) First Painleve Equation 

The Hamiltonian for Pi is 

32 . 6.2 Ki(q,p,z) = \p 2 - 2q 3 - zq, 
and so 

32 . 6.3 q = p, 

32 . 6.4 p' = 6 q 2 + 2 . 

Then q = w satisfies Pi. The function 

32 . 6.5 a = Hi(g,p, z), 
defined by (32.6.2) satisfies 

32 . 6.6 (cr") 2 + 4 (cr') 3 + 2za — 2a = 0. 

Conversely, if a is a solution of (32.6.6), then 

32 . 6.7 q = - a 

32 . 6.8 p = -a", 

are solutions of (32.6.3) and (32.6.4). 


32.6(iii) Second Painleve Equation 

The Hamiltonian for Pn is 

32.6.9 H n (q,p, z) = \p 2 - ( q 2 + \z)p - (a + \)q, 
and so 

32.6.10 q' =p- q 2 - \z, 

32.6.11 p' = 2qp + a + \ . 

Then q = w satisfies Pn and p satisfies 

32.6.12 pp" = \{p') 2 + 2 p 3 - zp 2 - \ {a+ |) 2 . 

The function a{z) = Hn (q,p,z) defined by (32.6.9) sat- 
isfies 

32.6.13 {a"f + 4 (a'f + 2a' ( za ' — a) = j(a + \) 2 . 
Conversely, if a(z) is a solution of (32.6.13), then 

32.6.14 q = (4a" + 2a + 1) /(8c/) , 

32.6.15 p=-2a', 

are solutions of (32.6.10) and (32.6.11). 

32.6(iv) Third Painleve Equation 

The Hamiltonian for Pm is 

32.6.16 

zHin(g,p, z) = q 2 p 2 - {n^zq 2 + (20 o + 1 )q - n 0 z) p 
T Koo (0o T @oo)zq, 

and so 

32.6.17 zq = 2q 2 p — K^zq 2 — (20o + 1 )q + «o z, 

32 6 18 ZP ' = ~ 2qp2 + 2KooZqp 

+ (200 + 1 )p — ^oo (00 + 0 OO )z. 

Then q = w satisfies Pm with 

32.6.19 (a, (3, 7 , S) = (- 2 ^ 00000 , 2k o (0 o + 1), «£,, -Kq) • 
The function 

32.6.20 a = zUm(q,p,z) + pq + 0q - |k 0 «ocA 2 
defined by (32.6.16) satisfies 

32 6 21 <yZa " ~ ^ + 2 (( a “ k o k L z2 ) W ~ 2cr ) 

+ 8/«o k oo0O0oo~<7 = 4KqK^ o (0q + 0^ o )^ 2 . 
Conversely, if cr is a solution of (32.6.21), then 

_ «o {za" - (20 o + 1 )a' + 2h 0 k oo 6 oo z) 

- w? 

32.6.23 p= [a' + k 0 k oo z)/{2k 0 ) , 

are solutions of (32.6.17) and (32.6.18). 
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The Hamiltonian for P( n (§32.2(iii)) is 
32 6 24 = q2p2 ~ {VooQ 2 + 0 o q ~ VoC) P 

+ \Voo{9q + ^oo)?, 

and so 

32.6.25 (q' = 2 q 2 p - rj^q 2 - 9 0 q + rj oC, 

32.6.26 Cp' = -2 qp 2 + 2r] 00 qp + 9 0 p - ^rj oc ( 9 0 + 61 ). 
Then q = u satisfies P( n with 

32.6.27 

(a,/3,7,<5) = (-477006*00, 4 r? 0 ( 6 » 0 + 1), 477^, -477^) . 
The function 


32.6(v) Other Painleve Equations 

For Hamiltonian structure for Piy see Jimbo and Miwa 
(1981), Okamoto (1986); also Forrester and Witte 
( 2001 ). 

For Hamiltonian structure for Py see Jimbo and 
Miwa (1981), Okamoto (1987b); also Forrester and 
Witte (2002). 

For Hamiltonian structure for Pyi see Jimbo and 
Miwa (1981) and Okamoto (1987a); also Forrester and 
Witte (2004). 

32.7 Backlund Transformations 


32.6.28 o- = CHm(g,p, () + \9 2 Q - |?7o?7ooC 
defined by (32.6.24) satisfies 


32.6.29 


CVT+(4(a') 2 -r7 0 2 ?7^)(Ca'-a) 
+ VoVooWoo o’ = lvovlo(°o + O- 
Conversely, if a is a solution of (32.6.29), then 

Vo (<>" - 20 oo-' + V0V00 0 oo) 


32.6.30 


q = 


vlvL - 4 ( ct 0 2 

32.6.31 p = (2cr' + ?7o77ooC)/ ( 2 0o) , 

are solutions of (32.6.25) and (32.6.26). 
The Hamiltonian for Pm with 7 = 0 is 


32.6.32 zS.m{q,p,z) = q 2 p 2 + (Qq - k 0 z)p — n^zq, 
and so 


32.6.33 zq' = 2q 2 p + 9q — KqZ, 

32.6.34 zp’ = —2 qp 2 — dp + Koo z. 

Then q = w satisfies Pm with 

32.6.35 (a, /?, 7 , (5) = (2k oo ,k 0 {9 - 1), 0, - reg ) . 
The function 


32.6.36 a = zH nl (g,p, z) + pq + |(0 + l) 2 
defined by (32.6.32) satisfies 

32.6.37 (^"-^) 2 + 2 (a 0 2 (^'- 2 a) 

- 4k 0 Roo(^ + l)0oo2Cr' = ^KqkIcZ 2 . 
Conversely, if a is a solution of (32.6.37), then 

32.6.38 q = k 0 (za" — 9a' + 2 koKooz) / (o ’') 2 , 

32.6.39 p=a'/{2n 0 ), 

are solutions of (32.6.33) and (32.6.34). 


32.7(i) Definition 

With the exception of Pi, a Backlund transformation 
relates a Painleve transcendent of one type either to 
another of the same type but with different values of 
the parameters, or to another type. 


32.7(ii) Second Painleve Equation 

Let w = w(z ; a) be a solution of Pm Then the trans- 
formations 


32.7.1 S : 1 v(z; —a) = —w, 

and 


. . 2 a ± 1 

32 . 7.2 T : ±l) = -„- s - J _^- 7 _, 

furnish solutions of Pn, provided that Pii also 

has the special transformation 


3 “ 3 

or equivalently, 

32.7.4 

w 2 ^ 0) = 2-V3 (V 2 (C; \e) - e^W(C; H + f c) > 

with ( = —2 1 ! 3 z and e = ±1, where W{(, \ |e) satisfies 
Pii with z = Q, a = |e, and w(z; 0) satisfies Pn with 
a = 0. 

The solutions w a = w{z\a), w a ± 1 = w(z;a ± 1), 
satisfy the nonlinear recurrence relation 


32.7.5 


a - 


w a + 1 + w a 


a — 


1 

2 


W a + W a -1 


T 2w 2 a -\ - z — 0. 


See Fokas et al. (1993). 
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32.7(iii) Third Painleve Equation 

Let Wj — w(z m ,aij,/3j,'Yj,6j), j = 0,1,2, be solutions of 
Pin with 

32.7.6 (a\, 0\, 71 , 61 ) = (—ao,— 0o, 70 , 60 ), 


32.7.7 (a 2 , 02,72,62) = {—0o,—a o ,—6o,—7o)- 

Then 


32.7.8 


s 1 : w 1 = -w 0 , 


32 - 7 -® S 2 ■ w 2 = 1 /wo . 

Next, let Wj = W(z\otj, 0j, 1,-1), j = 0,1, 2, 3, 4, 
be solutions of Pm with 

32 7 10 a i = a 3 = a o + 2, a 2 = a .4 = ao — 2, 

0i = 02 = 0o + 2, 03 = 04 = 00 ~ 2. 

Then 


32.7.11 

T, : 

32.7.12 

r 2 : 

32.7.13 
%■ 

32.7.14 

T 4 : 


zW’o + zW 0 2 - /3W 0 - Wo + z 
Wo{zW^ + zW 2 + aW 0 + W 0 + z) ’ 

zW'o - zW 0 2 - 0W O -W 0 + z 
~ Wo{zW^ - zW 2 - aW 0 + Wo + z) ’ 

zWq + zWq + 0W O — W 0 — z 
W 0 {zW^ + zlP 0 2 + aW o + W 0 - z) ’ 

zW'o - zW 0 2 + 0Wo - W 0 - z 
W 0 (zWq - zWq - aW/ o + W 0 - z) ' 


See Milne e< al. (1997). 

If 7 = 0 and a6 / 0, then set a = 1 and 6 = — 1, 
without loss of generality. Let Uj = w(z; 1, 0j, 0, — 1), 
j = 0, 5, 6, be solutions of Pm with 


32.7.15 

Then 


05 — 0o + 2, 06 — 00 — 2. 


32.7.16 X5 : «5 = (^u'o + Z - (/?o + l)u 0 )/ito , 

32.7.17 Ue = - {zu'o - z + (0 0 - l)u 0 )/uo • 

Similar results hold for P m with <5 = 0 and 07 ^ 0. 
Furthermore, 

32 - 7 - 18 w(z; a, b, 0, 0) = W 2 ((; 0, 0, a, b), z = \C0 . 


32.7(iv) Fourth Painleve Equation 

Let w 0 = w(z;a 0 ,/3 0 ) and wf = w(z; af, 0f), j = 
1, 2, 3, 4, be solutions of Piv with 


af = l(2- 2a 0 ± 3y/—20oj , 

0^ = -\(l + ao±\i/^2fo) , 
a 2 ± = -l(2 + 2a 0 ±3^2^), 

32.7.19 & = ( 1 “ a 0 ± W~W 0 ) , 

af = I _ h a o =F \\f-Wo, 

0f = (l - &0 ± W~20o) , 

af = -| - |c*o =F W~20o, 

04 = (-! -a 0 ± \ \J- 2/3o) • 

Then 


32.7.20 T* : wf 

32.7.21 T* : wf 

32.7.22 : wf 

32.7.23 Tf : wf 


w q- w o~ 2zw 0 =F \/~2/3q 
2 w 0 

Wq + Wq + 2zw 0 =F \J—2,0o 
2 wo 

2 (l — a 0 T |\/— 2/5o) w 0 
° Wq ± \J—20o + 2zw 0 + Wq ’ 
^ 2 (l + ao ± ^ a/ — 2/?o) wo 

w'o =F 2/3 0 - 2zw 0 - Wq ’ 


valid when the denominators are nonzero, and where 
the upper signs or the lower signs are taken throughout 
each transformation. See Bassom et al. (1995). 


32.7(v) Fifth Painleve Equation 

Let Wj(zj) = w{zj\a.j, 0j,7j,6j), j = 0,1,2, be solu- 
tions of Py with 

32.7.24 

Zi = -Z 0 , z 2 = z 0 , (ai, 01 , 71, <5i) = (ao,0o, ~7o,6 0 ), 

(a 2 , 02,7 2 , 62) = (— 0o , ~a 0 , ~7 o,6q)- 

Then 

32.7.25 6>i : Wi(zi) = w(zo), 

32.7.26 S-2 ■ w 2 (z 2 ) = l/w(z 0 ) . 

Let W 0 = W(z;a o,0o,7o,~\) and W 4 = 

W(z;a i,0i,7i,— 5) be solutions of Py, where 

32.7.27 

ai = | ^70 + £i ^1 — £3\/— 2/3q — e 2 y / 2o 0 ^ > 

0i = — | ^7o — £ i — £ 3 1 / 2/? 0 — £ 2 -s/2oo)) 1 
71 = £1 (e 3\/—20 o — £ 2 V2«o^ > 
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and £j = ±1, j = 1,2,3, independently. Also let 

$=^o- £ 2 v / 2 o 0 W / o + £ 3 '/^2Po 

32.7.28 / , — \ 

+ (^£2V / 2ao — £3 v _ 2/?o + £izj Wo, 

and assume $ ^ 0. Then 

32.7.29 T eiiE2;E 3 : IT, = ($ - 2 £l zW 0 )/^ , 

provided that the numerator on the right-hand side does 
not vanish. Again, since £j = ±1, j = 1,2,3, indepen- 
dently, there are eight distinct transformations of type 
T 

■ i ei,e 2 ,e 3 - 

32.7(vi) Relationship Between the Third and 
Fifth Painleve Equations 

Let w = w(z: a , /3, 1, —1) be a solution of Pm and 

32.7.30 v = w' — £w 2 + ( (1 — ea)w/z), 
with £ = ±1. Then 

32.7.31 1T(C; ao,/3o,7o,<5o) = ~rr> - Z =V / 2C, 

v + 1 

satisfies Py with 

32.7.32 

(<*o, Po, 7o, <5o) 

= ((/?-£a + 2) 2 /32, -(/? + £« — 2) 2 /32,-£,0). 

32.7 (vii) Sixth Painleve Equation 

Let Wj(zj) = Wj(zj ; aj, Pj,Jj,Sj), j = 0, 1, 2, 3, be solu- 
tions of Pyi with 

32.7.33 z\ = l/zo, 

32.7.34 Z 2 = 1 — Zq, 

32.7.35 Z 3 = l/z 0 , 

32.7.36 (ai,/3i,7i,5i) = (a 0 ,/3 0 ,-<5o + |,-7o + |), 

32.7.37 (a 2 , ffa, 72, ^2) = («o, — 7o, — A), ^0), 

32.7.38 (0,3, /?3, 73, ^3 ) = (— A), — cko,7o, A))- 

Then 

32.7.39 Si : Wi(zi) = w 0 (^o)/^0, 

32.7.40 S 2 ■■ w 2 (z 2 ) = 1 - 'U'o(^o), 

32.7.41 S3 : w 3 (z 3 ) = l/w 0 (z 0 ). 

The transformations Sj, for j = 1, 2, 3, generate a group 
of order 24. See Iwasaki et al. (1991, p. 127). 

Let w(z\ a, /3, 7, S ) and W (2; A,B,C , D) be solutions 
of Pyi with 

32.7.42 (a,/3,7,<5) = (l^-l) 2 , -§0g, 10 2 , i(l-6» 2 )) , 


32.7.43 

(A, b, c, D ) = (1(000 - 1) 2 , - f eg, ±e?, 1(1 - e 2 )) , 

and 

32.7.44 9j = Qj + \<j , 
for j = 0, 1, 2, 00, where 

32.7.45 

O ' = + 01 + 02 + $00 —1 = 1 — (©0 + ©1 + ©2 + @ oo )- 

Then 


32.7.46 

a z(z — 1 )W' @0 @1 @2 — 1 

w-W _ W(W - 1)(W -2) + 4T + fT-l + fT -2 
2(2 — 1W 00 01 02 — 1 

w(w — l)(w — z) w w — 1 w — z 

Pyi also has quadratic and quartic transformations. 
Let w = w(z; a, p, 7, <5) be a solution of Pyi. The 
quadratic transformation 


32.7.47 «i(Ci) 


(1 — w)(w — 2) 

(1 + ,/z) 2 w ’ Cl 



transforms Pyi with a = — (3 and 7 = 1 — 5 to Pyi with 
(oq, Pi, 71, 5i) = (4a, — 4q, 0, |). The quartic transfor- 
mation 


32.7.48 u 2 (C 2 ) = 


(■ w 2 — 2) 5 


4w(w — 1 )(w — z)’ 
transforms Pyi with a = — P = 7 = 1 
(«2,/32, 72,^2) = (16a, 0,0, 5). Also, 


C2 = 2, 

— <5 to Pyi with 


32.7.49 U 3 {( 3 ) 

32.7.50 


/ 1 — 2 1 / 4 \ 2 

\1 + 2 1 / 4 7 VyTu — 2 1 / 4 / 


C3 = 


1 - 2 1 / 4 
1 + 2 1 / 4 


transforms Pyi with a = P = 0 and 7 = ^ — S to Pyi 
with a 3 = /J 3 and 73 = | — J3. 


32.7 (viii) Affine Weyl Groups 

See Okamoto (1986, 1987a,b,c), Sakai (2001), Umemura 

(2000). 


32.8 Rational Solutions 
32.8(i) Introduction 

Pii _ Pvi possess hierarchies of rational solutions for spe- 
cial values of the parameters which are generated from 
“seed solutions” using the Backhand transformations 
and often can be expressed in the form of determinants. 
See Airault (1979). 
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32.8(ii) Second Painleve Equation 


32.8(iii) Third Painleve Equation 


Rational solutions of Pn exist for a = n(£ Z) and are 
generated using the seed solution 1/1(2; 0) = 0 and the 
Backhand transformations (32.7.1) and (32.7.2). The 
first four are 


32.8.1 

32.8.2 


w{z;l) = - l/z , 


w{z; 2) 


1 3z 2 

2 z 3 + 4’ 


32.8.3 


w(z; 3) 


3z 2 6z 2 (z 3 + 10) 

z 3 +4 ~ z 6 + 20z 3 — 80 ’ 


32.8.4 

w(z\ 4) 


1 | 6z 2 (z 3 + 10) 

z + z 6 + 20z 3 - 80 


More generally, 


9z 5 (z 3 + 40) 
z 9 + 60z 6 + 11200' 


32.8.5 


w(z; n) = — 
az 


In 


Qn— 1 (-^) 

Qn(z') 


where the Q n (z) are monic polynomials (coefficient of 
highest power of z is 1) satisfying 


Q n +i(z)Qn-i{z) 

32 8 6 = zQl(z) + 4 (Q' n (z)f - 4Q n (z)Q"(z), 

with Qo(z) = 1, Qi(z) = z. Thus 


Q 2 (z) = z 3 +4, 

Q 3 (z) = z 6 + 20z 3 -80, 

Qi(z) = z 10 + 60 z 7 + 11200z, 

32.8.7 Qs{z) = z 15 + 140z 12 + 2800z 9 + 78400z 6 

- 3 13600z 3 - 62 72000, 

Q 6 (z) = z 21 + 280z 18 + 18480z 15 + 6 27200z 12 

- 172 48000z 9 + 14488 32000z 6 

+ 1 93177 60000z 3 - 3 86355 20000. 

Next, let p m {z) be the polynomials defined by 
Pm(z) = 0 for m < 0, and 


Special rational solutions of Phi are 

32.8.11 w(z; //, — //ft 2 , A, — A/c 4 ) = re, 

32.8.12 w(z; 0, — p, 0, UK.) = KZ, 

32.8.13 w(z; 2k + 3, —2k + 1, 1, —1) = ~ + 'V , 

V J Z + K+l 

with «, A, and p arbitrary constants. 

In the general case assume 7 S ^ 0, so that as in 
§32.2(ii) we may set 7 = 1 and S = —1. Then Pni has 
rational solutions iff 

32.8.14 a±/3 = A n, 

with n £ Z. These solutions have the form 

32.8.15 w(z) = P m {z) / Qm{z) , 

where P m (z) and Q m (z) are polynomials of degree m, 
with no common zeros. 

For examples and plots see Milne et al. (1997); also 
Clarkson (2003a). For determinantal representations 
see Kajiwara and Masuda (1999). 


32.8(iv) Fourth Painleve Equation 

Special rational solutions of Piv are 

32.8.16 t0i(z;±2,-2) = ± l/z , 

32.8.17 w 2 {z; 0, -2) = — 2z, 

32.8.18 wafoO, -§) = -§*. 

There are also three families of solutions of Piy of 
the form 

32.8.19 w\ (z; ai,/3i) = Pi in _i(z)/Qi in (z) , 

32.8.20 w 2 {z-,a 2 ,P 2 ) = -2z + {P 2 , n -i{z) / Q 2 , n {z)), 


32.8.8 ^ Pm(z) A m = exp(zA — |A 3 ). 

m = 0 

Then for n> 2 



where r„(z) is the n x n determinant 

32.8.10 


Pl(z) 

Ps{z) 

• P 2 n-l(z) 

P’l(z) 

Psiz) 

■ P2n-l( Z ) 

(n— 1)/ \ 

Pi 0 ) 

P3” _1) (-) ’ 

■ P { 2n-hz) 


For plots of the zeros of Q n (z) see Clarkson and 
Mansfield (2003). 


32.8.21 W) 3 (z;a 3 ,^ 3 ) — ~\z + (P3,n-l( 2 )/Q3,n(~)), 

where Pj,n-i (z) and Qj t7l (z) are polynomials of degrees 
n — 1 and n, respectively, with no common zeros. 

In general, Piy has rational solutions iff either 

32.8.22 a = 7/7, (3= -2(1 + 277 - m) 2 , 

or 

32.8.23 a = 777, f3 = -2{\ + 2n - m) 2 , 

with m, 77 £ Z. The rational solutions when the param- 
eters satisfy (32.8.22) are special cases of §32.10(iv). 

For examples and plots see Bassom et al. (1995); 
also Clarkson (2003b). For determinantal representa- 
tions see Kajiwara and Ohta (1998) and Noumi and 
Yamada (1999). 
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32.8(v) Fifth Painleve Equation 


32.9 Other Elementary Solutions 


Special rational solutions of Py are 

32.8.24 w{z\ \, — \fi 2 , k(2 — fi), -|k 2 ) = kz + fi, 

32.8.25 w(z; \, k 2 fi, 2 Kfi, fi) = nf{z + k), 

32.8.26 w(z; -§, -Kfi, fi) = (k+z)/(k - 2 ), 
with k and fi arbitrary constants. 

In the general case assume 5 7^ 0, so that as in 
§32.2(ii) we may set 5 = — Then Py has a ratio- 
nal solution iff one of the following holds with m,n € Z 
and e = ±1: 

(a) a = \(m + ey) 2 and /3 = — \n 2 , where n > 0, 
to + n is odd, and a/0 when \m\ < n. 

(b) a = \n 2 and (3 = — ^(m + ei) 2 , where n > 0 , 
to + n is odd, and (3 7^ 0 when \m\ < n. 

(c) a = \a 2 , /3 = — \ (a + n) 2 , and 7 = to, with m + n 
even. 

(d) a = ^(6 + n) 2 , [3 = — \b 2 , and 7 = to, with m + n 
even. 

(e) a = |(2m + l) 2 , P = — |(2n + l) 2 , and 7 ^ Z. 
These rational solutions have the form 

32.8.27 w(z) = \z + fi + (P n -i(z)/Q n (z)), 

where A, /i are constants, and P„_i(z), Q n {z) are poly- 
nomials of degrees n — 1 and n, respectively, with no 
common zeros. Cases (a) and (b) are special cases of 
§32.10(v). 

For examples and plots see Clarkson (2005). For de- 
terminantal representations see Masuda et al. (2002). 
For the case 5 = 0 see Airault (1979) and Lukasevic 
(1968). 

32.8(vi) Sixth Painleve Equation 

Special rational solutions of Pyi are 

32.8.28 w{z\ fi, —fin 2 , \,\ — fi{n — l) 2 ) = kz, 

32.8.29 w[z\ 0, 0, 2, 0) = kz 2 , 

32.8.30 w(z\ 0, 0, — §) = k/z , 

32.8.31 w(z; 0,0, 2, -4) = k/z 2 , 

32.8.32 

w{z; \{k + fi) 2 , -\, \{n - l) 2 , |k( 2 - «)) = — 1 — , 

K “r (LZ 

with k and /i arbitrary constants. 

In the general case, Pyi has rational solutions if 

32.8.33 a + & + c + d= 2ra+l, 

where n £ Z, a = ei\/2a, 5 = e^yj—ip, c = £3^/27, 
and d = £4\/l — 25, with e, = ±1, j = 1,2, 3,4, inde- 
pendently, and at least one of a, b, c or d is an integer. 
These are special cases of §32.10(vi). 


32.9(i) Third Painleve Equation 


Elementary nonrational solutions of Pm are 

32 . 9.1 w(z; fi, 0, 0, —fiK 3 ) = kz 1 / 3 , 

32 . 9.2 


w(z; 0, —2k, 0,4 Kfi — A 2 ) = z(k{\i\z) 2 + A In 2 + fi ) , 


32 . 9.3 w(z; —v 2 \, 0 , p 2 (\ 2 —4,Kfi),0) = 


kz 1v + A z v + fi 


with k, A, fi, and v arbitrary constants. 

In the case 7 = 0 and a5 / 0 we assume, as in 
§32.2(ii), a = 1 and 5 = — 1. Then Pm has algebraic 
solutions iff 


32 . 9.4 /3 = 2 n, 

with n £ Z. These are rational solutions in £ = z 1 / 3 of 
the form 


32.9.5 w(z) = P n 2 +1 (0/Qn*(0 , 

where P n 2 +i(C) an d Qn 2 (C) are polynomials of degrees 
n 2 + 1 and n 2 , respectively, with no common zeros. 
For examples and plots see Clarkson (2003a) and Milne 
et al. (1997). Similar results hold when 5 = 0 and 

Pi J 1 0. 

Pm with P = 5 = 0 has a first integral 

32.9.6 z 2 {w') 2 + 2 zww' = (C + 2 azw + 7 z 2 w 2 )w 2 , 
with C an arbitrary constant, which is solvable by 
quadrature. A similar result holds when a = 7 = 0. 
Pm with a = /3 = 7 = 5 = 0 , has the general solution 
w(z) = Cz 11 , with C and fi arbitrary constants. 


32.9(ii) Fifth Painleve Equation 

Elementary nonrational solutions of Py are 

32.9.7 w(z; fi, — |, — fiK 2 , 0) = 1 + kz 1 / 2 , 

32.9.8 w(z; 0, 0, fi, — \fi 2 ) = Kexp(fiz), 
with k and fi arbitrary constants. 

Py, with 5 = 0, has algebraic solutions if either 

32.9.9 (a, P, 7 ) = (\fi 2 , — |( 2 n — l) 2 , — 1 ), 
or 

32.9.10 (a,p, 7 ) = (|(2n — l) 2 , —\fi 2 , 1), 

with n € Z and fL arbitrary. These are rational solutions 
in £ = z 1 / 2 of the form 

32.9.11 w(z) = P„ 2 _ n+ 1 (C)/Q„ 2 _ n (C) , 

where P n 2 _ n+1 (() and Q n 2 -n(0 are polynomials of de- 
grees n 2 — n+1 and 77 2 — n, respectively, with no common 
zeros. 

Py, with 7 = 5 = 0, has a first integral 

32.9.12 z 2 (u/) 2 = (w- 1) 2 (2 aw 2 + Cw - 2/3), 
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with C an arbitrary constant, which is solvable by 
quadrature. For examples and plots see Clarkson 
(2005). Py, with a = P = 0 and y 2 + 2 5 = 0, has 
solutions w(z) = Cexp(±\/— 26 z), with C an arbitrary 
constant. 

32.9(iii) Sixth Painleve Equation 

An elementary algebraic solution of Pyi is 

32.9.13 w(z; \ k 2 , — \k 2 , ^t 2 , |(1 — /x 2 )) = z 1 / 2 , 

with k and /x arbitrary constants. 

Dubrovin and Mazzocco (2000) classifies all alge- 
braic solutions for the special case of Pyi with P = 7 = 
0, (5 = For further examples of algebraic solutions see 
Andreev and Kitaev (2002), Boalch (2005, 2006), Gro- 
mak et al. (2002, §48), Hitchin (2003), Masuda (2003), 
and Mazzocco (2001b). 

32.10 Special Function Solutions 
32.10(i) Introduction 

For certain combinations of the parameters, Pn -Pyi 
have particular solutions expressible in terms of the so- 
lution of a Riccati differential equation, which can be 
solved in terms of special functions defined in other 
chapters. All solutions of Pu-Pyi that are expressible in 
terms of special functions satisfy a first-order equation 
of the form 

n— 1 

32.10.1 ( w') n + ^ Fj(w, z)(w'y = 0, 

j =0 

where Fj{w , z) is polynomial in w with coefficients that 
are rational functions of z. 

32. 10(ii) Second Painleve Equation 

P„ has solutions expressible in terms of Airy functions 
(§9.2) iff 

32.10.2 a = n +\ , 

with n £ Z. For example, if a = |e, with £ = ±1, then 
the Riccati equation is 

32.10.3 ew’ = w 2 + \ z , 
with solution 

32.10.4 w(z\ |e) = -ep'(z)/p(z), 
where 

32.10.5 p(z) = Ci Ai (-2“ 1 / 3 ^ + C 2 Bi (-2" 1 / 3 *) , 
with Ci, C 2 arbitrary constants. 


Solutions for other values of a are derived from 
w(z; ±^) by application of the Backhand transforma- 
tions (32.7.1) and (32.7.2). For example, 


32.10.6 

32.10.7 


w{z\ f ) = $ 


'K z > I) = 


2<f> 2 


1 

2 <f> 2 + z’ 

2z<!> 2 + 4> + z 2 
4$3 _|_ 2z<f> - 1 ’ 


where *F = p' (z) / p(z) , with p(z) given by (32.10.5). 
More generally, if n = 1, 2, 3, . . . , then 

32.10.8 w(z;n+ b) = — (inf — 

dz V V r «+i(-) 

where r n (z) is the n x n determinant 


32.10.9 T n (z) 


and 


p{z) p'{z) 

P'(z) P"(z) 

4><- n ~V(z) p^ n \z) 


p^-^iz) 

p^^z) 


32.10.10 w(z ; — n — |) = — w{z ; n + |). 

32. 10(iii) Third Painleve Equation 


If 7<5 y 0, then as in §32.2(ii) we may set 7=1 and 
S = — 1 . Pm then has solutions expressible in terms of 
Bessel functions (§10.2) iff 

32.10.11 £ict + E 2 P = 4n + 2, 

with n £ Z, and £1 = ±1, £ 2 = ±1, independently. In 
the case £ia + £ 2 /3 = 2, the Riccati equation is 

32.10.12 zvJ = £1 zw 2 + (a£i — l)w + £ 2 2 . 

If a y £ 1 , then (32.10.12) has the solution 

32.10.13 w(z) = — £1 p'(z)/p(z), 
where 

32.10.14 P(z) = z " (Ca MO + c 2 r„(C)) , 

with ( = £i£ 2 z , v = \ae\, and Ci, C 2 arbitrary con- 

stants. 

For examples and plots see Milne et al. (1997). For 
determinantal representations see Forrester and Witte 
(2002) and Okamoto (1987c). 


32.10(iv) Fourth Painleve Equation 


Piv has solutions expressible in terms of parabolic cylin- 
der functions (§ 12 . 2 ) iff either 

32.10.15 P = — 2(2n + 1 + ea) 2 , 
or 

32.10.16 P = — 2n 2 , 

with n £ Z and £ = ±1. In the case when n = 0 in 
(32.10.15), the Riccati equation is 

32.10.17 w' = £{w 2 + 2zw) - 2(1 + £«), 
which has the solution 

32.10.18 w(z) = —£p'(z)/p(z), 
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where 


32.10.19 

4>{z) = (Ci u(a , V2z^j + C 2 v[a, V^z'j'j exp(ie^ 2 ), 

with a = a + and C\, C 2 arbitrary constants. When 
a + 4 is zero or a negative integer the U parabolic cylin- 
der functions reduce to Hermite polynomials (§18.3) 
times an exponential function; thus 


32.10.20 

w(z; —m, — 2 (to — l) 2 ) = 
and 




to = 1,2,3,..., 


32.10.21 

w(z] —to, — 2(to+ l) 2 ) = — 2 z + m [ \ , to = 0 , 1,2, 

Hm{z) 

If 1 + ea = 0, then (32.10.17) has solutions 

( 2exp(z 2 ) 

‘ _1 ’. 

/if (C - erfc(z)) ’ £ 

where C is an arbitrary constant and erfc is the com- 
plementary error function (§7.2(i)). 

For examples and plots see Bassom et al. (1995). For 
determinantal representations see Forrester and Witte 
(2001) and Okamoto (1986). 


32.10(v) Fifth Painleve Equation 

If <5 ^ 0, then as in §32.2(ii) we may set S = — Py 
then has solutions expressible in terms of Whittaker 
functions (§13.14(i)), iff 

32.10.23 a + b + £37 = 2n + 1, 
or 

32.10.24 (a-n)(b-n) = 0, 

where n £ Z, a = £\\[2a, and b = e 2 \J — 2/3, with 
Ej = ±1, j = 1,2,3, independently. In the case when 
n = 0 in (32.10.23), the Riccati equation is 

32.10.25 zw' = aw 2 + (b — a + e 2 z)w — b. 

If a yf 0, then (32.10.25) has the solution 

32.10.26 w(z) = — Z(j) r (z) / (a<p(z)) , 
where 


32.10.27 4, {Z ) = oxp(K). 


with £ = E 3 Z, tv — | (a — b + 1), fj, = i(a + b ), and C 1, 
C 2 arbitrary constants. 

For determinantal representations see Forrester and 
Witte (2002), Masuda (2004), and Okamoto (1987b). 


32.10(vi) Sixth Painleve Equation 


Pyi has solutions expressible in terms of hypergeometric 
functions (§15.2(i)) iff 

32.10.28 a + b+c + d=2n+l, 

where n £ Z, a = E\\f2(x, b = £2/— 2/3, c = £3/27, and 
d = £4/1 — 26, with Ej = ±1, j = 1,2, 3, 4, indepen- 
dently. If n = 1, then the Riccati equation is 

r ' n D 2 ( b + c)z — a — c b 


32.10.29 w' = 


z- 1 


32.10.30 


*z) = 


z(z-l) z(z- 1) 

If a yf 0, then (32.10.29) has the solution 

C- 1 # = 1 

ac/>(() d( : 1 — z ’ 

where 

32.10.31 

</>(() = Ci F(b , -a; 6 + c; C) + C 2 C~ b+1 ~ c 

x F(— a — b — c + 1, — c + 1; 2 — b — c; £), 
with Ci, C 2 arbitrary constants. 

Next, let A = A (u,z) be the elliptic function 
(§§22.15(ii), 23.2(iii)) defined by 


32.10.32 


dt 


Jo y/t(t-l)(t- z)’ 
where the fundamental periods 2</>i and 2cf> 2 are lin- 
early independent functions satisfying the hypergeomet- 
ric equation 


32.10.33 z(l - z)^ + (1 - 2z) d< jj - ±<j> = 0. 

dz 2 dz 4Y 

Then Pyi, with a = /3 = 7 = 0 and 6 = has the 
general solution 

32.10.34 w{z\ 0, 0, 0, i) = A(Ci0i + C 2 <t> 2, z), 

with Ci, C 2 arbitrary constants. The solution 
(32.10.34) is an essentially transcendental function of 
both constants of integration since Pyi with a = /3 = 
7 = 0 and S = | does not admit an algebraic first inte- 
gral of the form P(z, w, w' , C) = 0, with C a constant. 

For determinantal representations see Forrester and 
Witte (2004) and Masuda (2004). 


32.11 Asymptotic Approximations for Real 
Variables 


32.11(i) First Painleve Equation 

There are solutions of (32.2.1) such that 

w{ x) = — J\\x\ + d\x\~ x ^ sm(<J)(x) — Qq) 

32.11.1 V . . 

+ o(M _1/8 ), x — 

where 

32.11.2 </>(: r) = (24) 1/4 (||;r| 5/4 - | d 2 In | re Q , 
and d and 9q are constants. 


32.11 Asymptotic Approximations for Real Variables 


737 


There are also solutions of (32.2.1) such that 

32.11.3 w(x) ~ \J ||x|, x — ► — oo. 

Next, for given initial conditions w(0) = 0 and 
w/(0) = k, with k real, w(x) has at least one pole on 
the real axis. There are two special values of k , k\ and 
k- 2 , with the properties —0.45142 8 < k\ < —0.45142 7, 
1.85185 3 < k 2 < 1.85185 5, and such that: 


(a) If k < fci, then w(x) >0 for Xo < x < 0, where Xq 
is the first pole on the negative real axis. 


(b) If k\ < k < ki, then w(x) oscillates about, and is 
asymptotic to, as x — > — oo. 


(c) If k 2 < k, then w(x) changes sign once, from pos- 
itive to negative, as x passes from xq to 0. 


For illustration see Figures 32.3.1 to 32.3.4, and for 
further information see Joshi and Kitaev (2005), Joshi 
and Kruskal (1992), Kapaev (1988), Kapaev and Kitaev 
(1993), and Kitaev (1994). 


32. 1 1 (ii) Second Painleve Equation 

Consider the special case of Pn with a = 0: 

32.11.4 w" = 2w 3 T xw, 
with boundary condition 

32.11.5 w(x) — > 0, x — > Too. 

Any nontrivial real solution of (32.11.4) that satisfies 
(32.11.5) is asymptotic to k Ai(ir), for some nonzero 
real k, where Ai denotes the Airy function (§9.2). Con- 
versely, for any nonzero real k, there is a unique solu- 
tion Wk{x) of (32.11.4) that is asymptotic to k Ai(x) as 
x — > Too. 

If \k\ < 1, then Wk{x) exists for all sufficiently large 
\x\ as x — > — oo, and 

32.11.6 Wk{ x) = d|ir|~ 1//4 sin(<j>(x) — 9 0 ) T , 

where 

32.11.7 </>(x) = §|x| 3/2 - §d 2 ln |x|, 

and d (yf 0), 9q are real constants. Connection formulas 
for d and 9q are given by 

32.11.8 d 2 = — 7T _1 ln(l — fc 2 ), 

32.11.9 

9 0 = | d 2 In 2 T phT(l — \id 2 ) T j7r(l — 2sign(fe)), 
where T is the gamma function (§5.2(i)), and the branch 
of the ph function is immaterial. 

If \k\ = 1, then 

32.11.10 Wk(x) ~ sign(fc)A/^|a;|, x — > — oo. 


If \k\ > 1, then Wk(x ) has a pole at a finite point 
x = Co, dependent on k, and 

32.11.11 Wk(x) ~ sign(fc)(x — co)^ 1 , x — > CoT. 

For illustration see Figures 32.3.5 and 32.3.6, and for 
further information see Ablowitz and Clarkson (1991), 
Bassom et al. (1998), Clarkson and McLeod (1988), De- 
ift and Zhou (1995), Segur and Ablowitz (1981), and 
Suleimanov (1987). For numerical studies see Miles 
(1978, 1980) and Rosales (1978). 


32.11(iii) Modified Second Painleve Equation 

Replacement of w by iw in (32.11.4) gives 

32.11.12 w" = -2w 3 T xw. 

Any nontrivial real solution of (32.11.12) satisfies 

w(x) = d|ic| -1/,4 sin(</>(:r) — %) 



where 

32.11.14 ^(a;) = ||a:| 3 ^ 2 T \d 2 In |x|, 

with d (y^ 0) and \ arbitrary real constants. 

In the case when 

32.11.15 x + §^ 2 In 2 — j7r — phT (|*d 2 ) = rnr, 
with n £ Z, we have 

32.11.16 w(x) ~ k Ai(x), x —> Too, 

where k is a nonzero real constant. The connection for- 
mulas for k are 

32.11.17 d 2 = 7T _1 ln(l T fc 2 ) , sign(fc) = (— l) ra . 
In the generic case 

32.11.18 x + |^ 2 In 2 — — phrQid 2 ) ^ mr, 

we have 


w(x) = o\ \x T ap(2x) 4 ^ 4 cos(ib(x) T 6) 

32.11.19 V 2 ' v ' \T\t / 

TO(cc _1 ), x — > Too, 

where a, p (> 0), and 9 are real constants, and 

32.11.20 i / j { x ) = \\/2x 312 - \p 2 lnx. 

The connection formulas for <r, p, and 9 are 

32.11.21 a = — sign(Ss), 

32.11.22 p 2 = 7T _1 ln((l T |s| 2 )/|23s|) , 

32.11.23 9 = — |7r — ^p 2 In 2 T ph(l T s 2 ) T phr(ip 2 ), 
where 

32.11.24 

s = (expand 2 ) — 1 ) 1 ^“ 

x exp(i (| d 2 In 2 — \n T X - phrQid 2 ))). 
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32.11(iv) Third Painleve Equation 


For Pm, with a = —f3 = 2v (e K) and 7 = — 5 = 1, 

32.11.25 

w(x) - 1 ~ -Ar(i/ + ^)2- 2u x-'-^ /2) e~ 2x , x -> + 00 , 
where A is an arbitrary constant such that — 1/tt < A < 
1 / 7r, and 

32.11.26 w(x) ~ Bx CT , X -> 0, 

where B and a are arbitrary constants such that B 7 ^ 
0 and |5ftfj| < 1. The connection formulas relating 
(32.11.25) and (32.11.26) are 


32.11.27 a = ( 2 / 7 t) arcsin( 7 rA), 


32.11.28 


r> = o-2 * I ' 2 (h( 1 - (J )) r (h( 1 + t7 ) + ,y ) 

r 2 (i( 1 + cr))r(i( 1 -cr) + i/)' 


See also Abdullaev (1985), Novokshenov (1985), 
Its and Novokshenov (1986), Kitaev (1987), Bobenko 
(1991), Bobenko and Its (1995), Tracy and Widom 
(1997), and Kitaev and Vartanian (2004). 


32.11(v) Fourth Painleve Equation 


where 

32.11.37 fi = 1 + (^2ihTT 3/2 exp(— i-Kv) j T( — v) ''j , 

and the branch of the ph function is immaterial. 

Next if h = h*, then 

32.11.38 Wh*( x) ~ — 2x, x — > — 00 , 

and Wh*(x) has no poles on the real axis. 

Lastly if h > h* , then Wh(x) has a simple pole on 
the real axis, whose location is dependent on h. 

For illustration see Figures 32.3.7-32.3.10. In terms 
of the parameter k that is used in these figures h = 
2 3 /2 k 2 . 


32.12 Asymptotic Approximations for 
Complex Variables 

32.12(i) First Painleve Equation 

See Boutroux (1913), Kapaev and Kitaev (1993), Takei 
(1995), Costin (1999), Joshi and Kitaev (2001), Kapaev 
(2004), and Olde Daalhuis (2005b). 


Consider Piv with a = 2v + 1 (gl) and /3 = 0, that is, 
( w ') 2 3 

32.11.29 w" = + -w 3 + Axw 2 + 2(x 2 -2v~ l)w, 

2w 2 

and with boundary condition 

32.11.30 w(x) —■ > 0, x — > + 00 . 

Any nontrivial solution of (32.11.29) that satisfies 
(32.11.30) is asymptotic to hU 2 (—i/— \,\/2x\ as x — > 
+ 00 , where h ( 7 ^ 0) is a constant. Conversely, for any 
h (/ 0) there is a unique solution Wh( x) of (32.11.29) 
that is asymptotic to hU 2 [—u — ^,y/2x) as x —> + 00 . 
Here U denotes the parabolic cylinder function (§ 12 . 2 ). 

Now suppose x ^ — 00 . l{ 0 < h < h*, where 

32.11.31 h* = lj (n 1/2 T(i/+l) S j , 

then Wh{x) has no poles on the real axis. Furthermore, 
if v = n = 0 , 1 , 2 , . . . , then 

32.11.32 Wh{x) ~ h2 n x 2n exp(— x 2 ), x — > — 00 . 

Alternatively, if v is not zero or a positive integer, then 

32 11 33 w h(.x) = -lx+td\/lis\\\((t>(x) -0 O ) + 0(x _1 ), 

x — > — 00 , 

where 

32.11.34 (j>{ x) = ^y/3x 2 — |d 2 -\/31n^\/2|a;|^ , 

and d (> 0) and 0o ar e real constants. Connection for- 
mulas for d and 0 o ar e given by 

32.11.35 d 2 = 3tt — 1 ln(l — |//| 2 ) , 

0 o = | d 2 -\/ 31 n 3 + \-kv + 

32.11.36 ' / . n „\ 

+ ph // + phr( — |iv3d 2 J , 


32.12(H) Second Painleve Equation 

See Boutroux (1913), Novokshenov (1990), Kapaev 
(1991), Joshi and Kruskal (1992), Kitaev (1994), Its and 
Kapaev (2003), and Fokas et al. (2006, Chapter 7). 

32.12(iii) Third Painleve Equation 

See Fokas et al. (2006, Chapter 16). 

Applications 

32.13 Reductions of Partial Differential 
Equations 

32. 13(i) Korteweg-de Vries and Modified 
Korteweg-de Vries Equations 

The modified Korteweg-de Vries (mKdV) equation 

32.13.1 Vt Q’V V x T Xxxx — 0) 
has the scaling reduction 

32.13.2 z = x(3t)~ 1 / 3 , v(x, t) = (St)~ 1 / 3 w(z), 
where w(z) satisfies Pn with a a constant of integration. 

The Korteweg-de Vries (KdV) equation 

32.13.3 Ut J- Qwu x T Uxxx — 
has the scaling reduction 

32.13.4 z = x(3t)~ 1 / 3 , u(x, t) = — (3t)~ 2 ^ 3 (w' + w 2 ), 
where w(z) satisfies Pn. 
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Equation (32.13.3) also has the similarity reduction 

32.13.5 z = x + 3Xt 2 , u(x, t) = W(z) — Xt, 

where A is an arbitrary constant and W(z) is express- 
ible in terms of solutions of Pi. See Fokas and Ablowitz 
(1982) and P. J. Olver (1993b, p. 194). 

32.13(ii) Sine-Gordon Equation 

The sine-Gordon equation 

32.13.6 zt x t = sin u, 
has the scaling reduction 

32.13.7 z = xt, u{x,t) = v{z ), 

where v(z) satisfies (32.2.10) with a = | and 7 = 0. In 
consequence if w = exp(-iv), then w(z ) satisfies Pm 
with a = —p = \ and 7 = 5 = 0. 

32. 13(iii) Boussinesq Equation 

The Boussinesq equation 

32.13.8 Uf.t = U X x 6(u 'jxx llxxxx'i 
has the traveling wave solution 

32.13.9 z = x — ct, u(x,t) = v(z ), 

where c is an arbitrary constant and v(z) satisfies 

32.13.10 v" = 6v 2 + (c 2 - l)v + Az + B, 

with A and B constants of integration. Depending 
whether A = 0 or A 7^ 0, v(z) is expressible in terms of 
the Weierstrass elliptic function (§23.2) or solutions of 
Pi, respectively. 


The distribution function F(s) given by (32.14.2) 
arises in random matrix theory where it gives the lim- 
iting distribution for the normalized largest eigenvalue 
in the Gaussian Unitary Ensemble ofnxn Hermitian 
matrices; see Tracy and Widom (1994). 

See Forrester and Witte (2001, 2002) for other in- 
stances of Painleve equations in random matrix theory. 

32.15 Orthogonal Polynomials 

Let Pn(0> n = 0> 1, ■ ■ • , be the orthonormal set of poly- 
nomials defined by 

/ OO 

ex P(-K 4 - z£. 2 )Pm(0Pn{£.) = <W, 

-CO 

with recurrence relation 

32.15.2 a n+1 (z)p n+1 (0 = &>„(£) - a n {z)p n - 1(£), 

for n = 1, 2, . . . ; compare §18.2. Then u n (z) = ( a n (z )) 2 
satisfies the nonlinear recurrence relation 

32.15.3 (u n+ i + u n + u n -i)u n = n - 2zu n , 

for n = 1 , 2 ,..., and also Piv with a = — and 
p = — ^n 2 . 

For this result and applications see Fokas et al. 
(1991): in this reference, on the right-hand side of 
Eq. (1.10), (n + 7) 2 should be replaced by n + 7 at 
its first appearance. See also Freud (1976), Brezin et al. 
(1978), Fokas et al. (1992), and Magnus (1995). 


32.14 Combinatorics 


32.16 Physical 


Let Sn be the group of permutations 7r of the numbers 
1,2, ... ,N (§26.2). With 1 < mi < ■ • • < m n < N, 
7t(toi), 7r(m2), . • • , 7r(m n ) is said to be an increasing 
subsequence of 7r of length n when 7r(mi) < 7 t(to 2) < 
••• < 7r (m n ). Let £n( tt) be the length of the longest 
increasing subsequence of 7r. Then 


32.14.1 lim Prob 

N — >00 


' t N {iz) -2s/N 

W/e 


< s = F(s), 


where the distribution function F(s) is defined here by 

32,4.2 F(s) = exp(- JP X - s)w 2 (x) dx^j. 

and w{ x) satisfies Pn with a = 0 and boundary condi- 
tions 


32.14.3 

32.14.4 


w(x) ~ Ai(a;), 
w(x) ~ \J ~\x, 


x —*■ +00, 
x —y — 00 , 


where Ai denotes the Airy function (§9.2). 


Statistical Physics 

Statistical physics, especially classical and quantum 
spin models, has proved to be a major area for research 
problems in the modern theory of Painleve transcen- 
dents. For a survey see McCoy (1992). See also McCoy 
et al. (1977), Jimbo et al. (1980), Essler et al. (1996), 
and Kanzieper (2002). 

Integrable Continuous Dynamical Systems 

See Bountis et al. (1982) and Grammaticos et al. (1991). 

Other Applications 

For the Ising model see Barouch et al. (1973). 

For applications in 2D quantum gravity and related 
aspects of the enumerative topology see Di Francesco 
et al. (1995). For applications in string theory see 
Seiberg and Shih (2005). 
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Painleve Transcendents 


Computation 

32.17 Methods of Computation 


§32.5 Ablowitz and Clarkson (1991), Ablowitz and Se- 
gur (1977, 1981). 

§32.6 Forrester and Witte (2002), Jimbo and Miwa 
(1981), Okamoto (1981, 1986, 1987c). 


The Painleve equations can be integrated by Runge- 
Kutta methods for ordinary differential equations; see 
§3.7(v), Butcher (2003), and Hairer et al. (2000). For 
numerical studies of Pi see Holmes and Spence (1984) 
and Noonburg (1995). For numerical studies of Pn see 
Kashevarov (1998, 2004), Miles (1978, 1980), and Ros- 
ales (1978). For numerical studies of Piv see Bassom 
et al. (1993). 
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Coulomb Functions 


Notation 


33.1 Special Notation 

(For other notation see pp. xiv and 873.) 

k,£ nonnegative integers, 

r, x real variables. 

p nonnegative real variable, 

e, 77 real parameters. 

if{x) logarithmic derivative of T(x); see §5.2(i). 

S(x) Dirac delta; see §1.17. 

primes derivatives with respect to the variable. 

The main functions treated in this chapter are 
first the Coulomb radial functions Fe(r],p), Gg(r],p), 
Hf(r],p) (Sommerfeld (1928)), which are used in the 
case of repulsive Coulomb interactions, and secondly the 
functions /(e, £;r), h(e, £;r), s(e, £;r), c(e,£;r) (Seaton 
(1982, 2002)), which are used in the case of attractive 
Coulomb interactions. 

Alternative Notations 

Curtis (1964a): Pe(e 7 r) = ( 2 £ + 1 )! f (e, £; r)/ 2 £+1 , 
Qt(e, r) = -( 2 £ + 1)! h(e, £; r)/{2 i + 1 A{e, £)). 

Greene et al. (1979): f(°>(e,£]r) = f(e,£-,r), 

/(e, £; r) = s(e, £; r), g(e, £; r) = c(e, £; r). 


Variables /o, ij 


33.2 Definitions and Basic Properties 
33.2(i) Coulomb Wave Equation 


33 . 2.1 

d 2 w 
2 


dp 


1 _ 2 V _ 


1 ) 


w = 0, £ = 0,1,2,.... 


p p 

This differential equation has a regular singularity at 
p = 0 with indices £ + 1 and — £, and an irregu- 
lar singularity of rank 1 at p = 00 (§§2.7(i), 2.7(h)). 
There are two turning points, that is, points at which 
d 2 w/dp 2 = 0 (§2.8(i)). The outer one is given by 

33 . 2.2 p tp (r), £) = rj + {r] 2 + £(£ + 1 )) 1/2 . 


33.2(ii) Regular Solution Fi{r], p) 

The function Ff {r). p) is recessive (§2.7(iii)) at p = 0, 
and is defined by 

33 . 2.3 F t {r,,p) = (T ^ +1 M ±i „ ii+ i (±2ip), 

or equivalently 

33 . 2.4 

F t { v, P ) = Ce(r])p e+1 e llip M{£ + 1 T ip, 2£ + 2 , ±2 ip), 


where M K ^(z) and M(a,b,z ) are defined in §§13.14(i) 
and 13.2(i), and 


33 . 2.5 


CM = 


2 e -e~^/ 2 \Y{£+l+iri)\ 


( 2 £+l)! 

The choice of ambiguous signs in (33.2.3) and (33.2.4) 
is immaterial, provided that either all upper signs are 
taken, or all lower signs are taken. This is a consequence 
of Kummer’s transformation (§13.2(vii)). 

FeiViP) i s a real an d analytic function of p on the 
open interval 0 < p < 00 , and also an analytic function 
of 77 when —00 < 77 < 00 . 

The normalizing constant C^( 77 ) is always positive, 
and has the alternative form 


33 . 2.6 

2 * ((27r? ? /(e 2m7 - 1)) nLi( ? ? 2 + fc2 )) 

CM = — — 


33.2(iii) Irregular Solutions Gi{rf, P)i H±{rj, p) 

The functions H±(r],p) are defined by 

33.2.7 Hf{ V ,p) = (T e W 2 )±^W W^ +i (T2ip), 
or equivalently 

33.2.8 

H f{v,p) 

= e ±l B ^ p) (=f 2 ipY +1±lri U(£+l± in, 2£ + 2 , ^2ip) , 
where W K ^{z), U(a,b,z) are defined in §§13.14(i) and 
13.2(i), 

33.2.9 0e{r],p) = P - 7 ? ln(2p) - \£n + cr^ ( 77 ) , 
and 

33.2.10 < 7 ^( 77 ) = phT(£ + 1 + ir]), 

the branch of the phase in (33.2.10) being zero when 
77 = 0 and continuous elsewhere. oy(? 7 ) is the Coulomb 
phase shift. 

ij/(? 7 ,yo) and Hf ( 77 , p) are complex conjugates, and 
their real and imaginary parts are given by 

33 2 11 H t( r hP) = G MP)+ iF Mp)i 

^ HHn,p) = G e {n,p)-iF e {n,p). 

As in the case of F({r), p), the solutions H±(n, p) and 
Ge(rj,p) are analytic functions of p when 0 < p < 00 . 
Also, e^ 1 p) are analytic functions of 77 when 

—00 < p < 00 . 


33.2(iv) Wronskians and Cross-Product 

With arguments 77 , p suppressed, 

33 . 2.12 W {G e , F e } = W {Hf,F t } = 1 . 

33 . 2.13 Fg-i Ge — Fg Gn-\ = £/(£ 2 + ?? 2 ) 1/2 , £ > 1 . 
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33.3 Graphics 

33.3(i) Line Graphs of the Coulomb Radial Functions Fi(r],p ) and Gi{r),p) 




Figure 33.3.3: Fi(rj,p), Ge(rj,p) with £ = 0, rj = 2. The 
turning point is at ptp(2,0) = 4. 



Figure 33.3.4: Ff (r]. p), Ge(r],p) with £ = 0, rj = 10. The 
turning point is at p tp (10, 0) = 20. 


In Figures 33.3.5 and 33.3.6 

33 - 3 - 1 M e (r),p) = (F$(r], p) + G 2 e (r), p)) 1/2 = \Hf{r),p)\ . 



Figure 33.3.5: Fe(r],p), Ge(rj,p), and Me(rj,p) with £ 
0, rj = -y/15/2. The turning point is at p tp ^y/l5/2, 0^ 
\/30 = 5.47 



Figure 33.3.6: Fi(r],p), Ge(rj,p), and Mg(rj,p) with £ = 
5, 77 = 0. The turning point is at p t p(0, 5) = -\/30 (as in 
Figure 33.3.5). 
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33.3(ii) Surfaces of the Coulomb Radial Functions Fo(t], p) and Go(r],p) 



Figure 33.3.7: F 0 (p,p ), — 2 < 77 < 2, 0 < p < 5. Figure 33.3.8: G 0 (p,p ), — 2 < rj < 2, 0 < p < 5. 


33.4 Recurrence Relations and Derivatives 


For £ = 1 , 2 , 3 ,..., let 


33.4.1 Re — \jl + £>£ — — + Tf — S'f + S, +1 . 

Then, with JQ denoting any of Fe(rj,p), Ge(p,p), or 

Hi(ri,p), 


33.4.2 R^Xe-i — TeXe + Re+iXi + i — 0, £ > 1, 

33.4.3 X; = £ > 1, 

33.4.4 -X^ = — 7?£+iX£_|_i, £ > 0. 


Equivalently, 


33 5 4 EK°,p) = (7rp/2) 1/2 J^ + i(p), 

G^(0,p) = — (7rp/2) 1 / 2 y^ + i (p). 

For the functions j, y, J, Y see §§10.47(ii), 10.2(ii). 

33.5.5 

F 0 (0,p) = smp, G 0 (0,p) = cosp, H±(0 ,p) = e ±lp . 


33.5.6 


Ci( 0) 


2^£! 

( 2 £ + 1 )! 


1 

(2£ +!)!!' 


33.5 Limiting Forms for Small p, Small |? 7 | , 
or Large £ 

33.5(i) Small p 

As p — » 0 with 77 fixed, 

33.5.1 

Ft(v,p) ~ C^y +1 , F'( v ,p) ~ (£ + 1) C^y. 


(2£ +^1) Ce(rj) ’ 

~ -(2£TlKMr?)’ 


£ = 0 , 1 , 2 ,..., 

£= 1 , 2 , 3 ,.... 


33.5(ii) rj = 0 

33.5.3 E>(0,p) = pjf(p), G^(0,p) = -pye(p). 


33.5(iii) Small 1 77 1 

33.5.7 00(77) ~ -777, 77 — ^ 0 , 

where 7 is Euler’s constant (§5.2(ii)). 


33.5(iv) Large £ 

As £ — > 00 with 77 and p (y£ 0) fixed, 

33.5.8 

Fe(v, P) ~ ft(?7)p £+1 , Ge(p, p) ~ 


P 


33.5.9 


<?/(»?) 


e -7T77/2 

( 2 £+ 1 )!! 


0 — 7 TT 7/2 _ 


(2£ + 1) Ce(p) ’ 

a i 


V / 2(2£) 


M-i 
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33.6 Power-Series Expansions in p 


33.6.1 


Fe(v,P) = C t (v) A k(v)p k , 

k=£+l 


33.6.2 


F e(v,p) = Ce(v) E kA k(’ l l)p k \ 

k =£+ 1 


where Aj +1 = 1, A e e+2 = rj/(( + 1), and 

33 6 3 {k + l){k ~ £ ~ 1)A * = 2?? ^- 1 " A *-» 

k = t + 3,^ + 4,..., 

or in terms of the hypergeometric function (§§15.1, 
15.2(i)), 

33.6.4 

A Uv) 

( '\k—£— 1 

= 2 Fi(t+l-k,£+l-irr,2£+2-,2). 


Hf(v,p) = 


o ±i0e(Vip) 


(2£+l)\T(-l + irf) 


33.6.5 


V 

\k=0 


(“)a 


(T2 ip) a+k (ln(T2ip) + i/)(a + k) - ^(1 + k) - i\>(2i + 2 + k)) 


(2£ + 2 ) k k\ 


2i+l 


~E 

fc= i 


(2£+l)!(k-l)! 

( 2 £+l-ky.(l-a) i 


-(T2 ip) 


a—k 


where a = 1 + £± irj and = r'(x)/T(x) (§5.2(i)). 

The series (33.6.1), (33.6.2), and (33.6.5) converge 
for all finite values of p. Corresponding expansions for 
(r],p) can be obtained by combining (33.6.5) with 
(33.4.3) or (33.4.4). 


33.7 Integral Representations 


33.7.1 

F t(.V,p) 


p e+1 2 e e ip -( vr, / 2 ' > 

\T(i + 1 + irj)\ 



e - 2 ipt t e+ir 1 ^ l _ t Y-i V 


33.7.2 

-ip -l roo 

H ‘ (”■ '> = M l e ^ {t + ^ dt ’ 


33.7.3 

Hi (V, P) 


-ie-^pt+i r°° / exp(— z(ptanhf — 2r]t)) 

(2£+l )\Ce(v) Jo V (cosht)«+ 2 

+ i( 1 + t 2 ) 1 exp(— pt + 2 ? 7 arctanf) ) dt , 


33.7.4 

H^ ( 77 , p) 


z'e 7r7 7p^+ 1 

( 2 £ + 1 )! Ce(r]) 


0 —ipt 




i-i 


dt. 


Noninteger powers in (33.7.1)-(33.7.4) and the arc- 
tangent assume their principal values (§§4.2(i), 4.2(iv), 
4.23(h)). 


33.8 Continued Fractions 


With arguments rj,p suppressed, 

33.8.1 -f = 5 £+1 - €+1 e+2 

ie+ 1 — if+2 — 

For R, S , and T see (33.4.1). 

33.8.2 


m 


m 


= c ± - 


ab 


L t 
where 


(a + 1 ) (b + 1 ) 
p 2 (p - 77 ± i) + 2 (p — 77 ± 2 z) + 


33.8.3 a = 1 + f? ± * 77 , b=—£±ir), c = ±z(l — ( 77 /p)). 

The continued fraction (33.8.1) converges for all finite 
values of p, and (33.8.2) converges for all p 7 ^ 0. 


then 


If we denote u = F[jF{ and p + zg = H^' j 


Ht, 


33.8.4 F t = ±(g 1 (u- p) 2 + q) 1/2 , F[=uF u 

33.8.5 = q~ 1 (u — p) F^, G' e = q~ l (up - p 2 - q 2 ) F e . 
The ambiguous sign in (33.8.4) has to agree with that 
of the final denominator in (33.8.1) when the continued 
fraction has converged to the required precision. For 
proofs and further information see Barnett et al. (1974) 
and Barnett (1996). 


33.9 Expansions in Series of Bessel 
Functions 


33.9(i) Spherical Bessel Functions 

OO 

33.9.1 F e (r],p) = p^2a k ie +k (p), 

k—0 
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where the function j is as in §10.47(ii), a_i = 0, 
ao = (21 + 1 )!! Ct(rj), and 

k(k + 2i + 1 ) 


33.9.2 


2k + 2t + 1 


a k - 2rjak-i 


(k-2)(k + 2£- 1 ) 


a k - 2 = 0, A: =1,2, 


2k + 2i - 3 

The series (33.9.1) converges for all finite values of rj 
and p. 

33.9(ii) Bessel Functions and Modified Bessel 
Functions 

In this subsection the functions J, J, and K are as in 
§§10.2(ii) and 10.25(h). 

With t = 2 |?j| p, 

33.9.3 


FtiV, P ) = Ci(fj) 1 P" 4 £ b k t k ' 2 I k (2Vt), 

N t U OP I 1 

v > 0 , 


fc= 2 £+l 


33.9.4 

Ft 


(v,p) = Ce(v) P - £ ht k/2j k (2Vt), 

rj < 0. 


fc= 2 £+l 


33.9.5 


Here 62 ^ — 62^+2 — 0, 62^+1 — 1> and 

4?7 2 (fc - 2 f) 6 fc+ i + kb k - 1 + b k —2 = 0 , 

fc = 2£+2,2£+3,.... 
The series (33.9.3) and (33.9.4) converge for all finite 
positive values of |ry| and p. 

Next, as 77 — > +00 with p (> 0) fixed, 

33.9.6 

Ge(v,p) 

_p OO 

P 


(£+i)A e(v)C e (v) 


]T (-l) k b k t k ' 2 K k (2Vi), 

k=2£+l 


where 

OO 

33.9.7 A<(jj)~ ^ (-l) fc (fc- l)!6fc. 

fc= 2 ^+l 

For other asymptotic expansions of Ge(p,p) see 
Froberg (1955, § 8 ) and Humblet (1985). 

33.10 Limiting Forms for Large p or Large 

M 

33. 10(i) Large p 

As p — > 00 with 77 fixed, 

F i(v,p) =sin (9 e (rj,p)) +o(l), 


33.10.1 


Gjt(v,p) = cos(0e(rj, p)) + o(l), 


33.10.2 Hf(r],p) ~ exp(±i 6 ^( 77 , p)), 

where ^( 77 , p) is defined by (33.2.9). 


33. 10(ii) Large Positive 77 

As 77 — > 00 with p fixed, 


33.10.3 


~ ^ ( 2 ^) V2 ^+i((877p) 1/2 ), 

( 277 P ) 1 / 2 A 2 W (( 8 t? P ) 1/2 ). 


( 2 p)^+ 

2(27?) f 


Ge(v,p) ~ ( 2 £ + i)!Q(t?) 

In particular, for £ = 0, 


33.10.4 


33.10.5 


Also, 


33.10.6 


F 0 (v,P)~e ^(Trp) 1 / 2 /i^( 87 ?p) 1/2 ), 
G 0 (r],p) ~2e nri (p/tt) 1/2 Ad^pp ) 1/2 

F'(77,p)~e-^(2^) 1 / 2 / 0 ((8r7p) 1 / 2 ), 

G'o(ri,p) 2e^(2r,M 1/2 I< 0 (( 8 ? 7 p ) 1/2 ) . 

co(i?) = 7?(ln 77 — 1) + j7T + 0 (l), 

C 0 ( 77 ) ~ (27T77) 1 / 2 e-^. 


33. 10(iii) Large Negative rj 

As 77 — > — 00 with p fixed, 

(2£ + 1)! Ce(rj) (( 0m , 1/2 


Fe(v,p) = 


33.10.7 


(- 2» ? )<+ 1 ( ( 
x J 2 £+i((-8t7p) 1/2 ) + o(^|?7| 1/4 ) ) 


Ge(v,p) = - 


7T(-27 ? ) f 


(2* +1)! C/fa) 


((- 2 PP) 


1/2 


x y 2 r+i((- 8 ? 7 p) 1/2 ) + o^l 7 ?! 1/4 ) ) 


In particular, for i = 0, 

33.10.8 


^o(p,p) = (ttp ) 1/2 J\ ((— 8?7p) 1/2 ^ +o(|?7| 1/4 ), 

G 0 (v,p) = -(*P) 1/2 *i((-8r?p) 1/2 ) +o(|77|- 1/4 ). 


33.10.9 


^o(i?,p) = (- 2 tt 77) 1/2 J 0 ((- 8 t 7 p) 1/2 ) + o(j? 7 | 1/4 ), 

G'o(v,P) = — (— 27 t? 7 ) 1/2 F 0 ((-8t7p) 1/2 ) -F o(|t7| 1/4 ^) . 

Also, 

33.10.10 

o-o(p) = 77(ln(— 77 ) - 1) - 37T + o(l), Co(p) ~ (— 2tt77) 1/2 . 


33.11 Asymptotic Expansions for Large p 
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33.11 Asymptotic Expansions for Large p 

For large p , with i and p fixed, 

33 11 1 H ± (n n) — e ±i0 Fv,p) ( a )fc(^)fc 
33.11.1 L kXiTKp)*' 


k=0 


where Og(g,p) is defined by (33.2.9), and a and b are 
defined by (33.8.3). 

With arguments (77, p) suppressed, an equivalent for- 
mulation is given by 

33.11.2 F( = g cos 6? + / sin Of , Ge = f cosOe — gsmO^, 

33.11.3 F[ = gcosOi F fsin6e, G' e = / cos Oi — 3 sin Oi, 


33.11.4 

where 

33.11.5 

33.11.6 

33.11.7 


H? = e ±ie *(f±ig), 

OO OO 

/-£/*, 9 9k, 


k = 0 k—0 

00 00 

k = 0 

gf- fd= i- 


g~^2gk, 
k = 0 


Here / 0 = 1, go = 0, f 0 = 0, g 0 = 1 - (77/p), and for 

k = 0,1,2, , 

fk + 1 = Afc/fc — Pkgk, 
gk + 1 — A kgk F pkfki 

fk+1 A kfk PkPk ( /).:+! / P) ; 

5/c+i ^kgk f Pkfk (gk+ 1 / p) , 

where 

33.11.9 

_ (2fc + 1)77 _ £(£ + 1) - fc(fc + 1) + ?y * 2 

fc _ (2k F 2)p’ (2fc + 2)p ' 

33.12 Asymptotic Expansions for Large 77 
33.12(i) Transition Region 

When £ = 0 and 77 > 0, the outer turning point is given 
by ptp{g, 0) = 277; compare (33.2.2). Define 

33.12.1 x = (2rj — p) / ( 277 ) 1//3 , p = (2g) 2 ^ 3 * . 

Then as 77 — > 00, 


33.12.2 


33.12.3 


F o( 7 hp) 


Fo(v,p) r 
G 0 (V,P) 

-nr 1 /* 


r 1/2 (277) 


1/6 


(217) 


-1/6 


Ai(x) 
Bi(a;) 
Ai(ir) ^ 
Bi(x) 


B\ B2 

IF — F-=-F-- 
P P 

F xA\ Bn T xA ‘2 


A2 

~/2 


Ai\x) / A x 
Bi 7 (a;) \ p p* 
Ai 7 (a:) ( B\ + A! x 
Bi 7 (ir) 


B 2 F A' 2 


Gq ( 77, p) ' L-tsfiicj \ p p * j u\{x) \ p p * 

uniformly for bounded values of Up — 277) / 77 1 / 3 1 . Here Ai and Bi are the Airy functions (§9.2), and 


33.12.4 

33.12.5 

In particular, 


M = h 


B\ = -\x, 


A 2 — TH^a; 3 + 6), A 3 — 


15750 


(21cc 7 + 370x 4 + 580 .t), 


B 2 (7ic 5 - 30a; 2 ) , B 3 = (264a: 6 - 290a; 3 - 560) . 


33.12.6 


33.12.7 


Fo (77,277) 

3-V2 Go (77, 277) 

Fq ( v > 277) 
3-V2 G 7 ( 77,2,7) " 




1/2 


2^/n 

r (l) 

2 V 7 ^ 1 / 2 


It 


2 r(|) 1 81 5792 r(§) 1 


35 r( 


UT 


±1 


1 r (j) 1 

i5r(|) w 2 


± 


2025 u 6 
2 1 


F 


where w = (f^) 1 / 3 . 


46 06875 r(|) w 10 

I 1436 r(i) 1 

14175 w 6 23 38875 T(|) w 8 


± 


For derivations and additional terms in the expan- 
sions in this subsection see Abramowitz and Rabinowitz 
(1954) and Froberg (1955). 


Then, by application of the results given in §§2.8(iii) 

and 2.8(iv), two sets of asymptotic expansions can be 

constructed for 1^(77, p) and Ge(g,p) when 77 — > 00. 


33 . 1 2 ( ii) Uniform Expansions 

With the substitution p = 2pz, Equation (33.2.1) be- 
comes 


The first set is in terms of Airy functions and the ex- 
pansions are uniform for fixed l and 5 < z < 00, where 

5 is an arbitrary small positive constant. They would 

include the results of §33.12(i) as a special case. 


33.12.8 


d 2 w 

~d. 



1-z 


z 


i{*f m 

~^) w 


The second set is in terms of Bessel functions of or- 
ders 21 + 1 and 2£ + 2, and they are uniform for fixed £ 
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and 0 < z < 1 — <5, where 5 again denotes an arbitrary 
small positive constant. 

Compare also §33.20(iv). 

33.13 Complex Variable and Parameters 

The functions F^(r],p), Geip,p), and H^(r],p) may 
be extended to noninteger values of £ by generalizing 
(2£ + 1)! = T{2£ + 2), and supplementing (33.6.5) by a 
formula derived from (33.2.8) with U(a,b,z) expanded 
via (13.2.42). 

These functions may also be continued analytically 
to complex values of p, r /, and L The quantities Ce(p), 
and Re, given by (33.2.6), (33.2.10), and (33.4.1), 
respectively, must be defined consistently so that 

33.13.1 

Ce{n) = 2 e e iae ^- {Tri/2) T{£ + 1 - ip)/T{ 2£ + 2), 
and 

33.13.2 R e = (2£ + l)C e (v)/Ce-i(v). 

For further information see Dzieciol et al. (1999), 
Thompson and Barnett (1986), and Humblet (1984). 


Variables r , e 


33.14 Definitions and Basic Properties 


33. 14(i) Coulomb Wave Equation 


Another parametrization of (33.2.1) is given by 


33.14.1 

where 


d 2 w 
dr 2 



r 2 ) 


w = 0, 


33.14.2 r = —rjp, e=l/r] 2 . 

Again, there is a regular singularity at r = 0 with 
indices £+1 and —i, and an irregular singularity of rank 
1 at r = (30. When e > 0 the outer turning point is given 
by 

33.14.3 r tp (e,£) = (yTT^TT) - 1 J / e; 
compare (33.2.2). 


33.14(ii) Regular Solution /(e, £',r) 

The function /(e,£;r) is recessive (§2.7(iii)) at r = 0, 
and is defined by 

33.14.4 f{e, t, r) = n e+1 M K<1+ 1 (2r/«)/(2* + 1)!, 
or equivalently 

33.14.5 

/0,£; r) 

= (2 rY +1 e~ r / K M(£ + 1 - k, 2£ + 2, 2r/«)/(2£ + 1)!, 


where M Kjfl (z) and M(a,b,z ) are defined in §§13.14(i) 
and 13.2(i), and 

f(-e)- 1 / 2 , e < 0, r > 0, 

33.14.6 K=<-(-e )- 1/2 , e < 0, r < 0, 

[±fe -1 / 2 , e > 0. 

The choice of sign in the last line of (33.14.6) is imma- 
terial: the same function /(e, t, r ) is obtained. This is a 
consequence of Rummer’s transformation (§13.2(vii)). 

f(e,£; r) is real and an analytic function of r in the 
interval — oo < r < oo, and it is also an analytic func- 
tion of e when — oo < e < oo. This includes e = 0, hence 
f{e, £; r) can be expanded in a convergent power series 
in e in a neighborhood of e = 0 (§33.20(ii)). 


33. 14(iii) Irregular Solution ft(e, £;r) 


For nonzero values of e and r the function hie, £\ r) is 
defined by 

33.14.7 


h(e,£;r) = 


r(£ + 1 - K ) 


7TK 


w t 




(2r//c) 


+ (-l) < S( t ,r) r g + |+f iU.,, +i (2r/ K )) 
where k is given by (33.14.6) and 


33.14.8 Sie,r) 


{ 2cos(7r|e|” 1 / 2 ), e<0,?’>0, 

0, e < 0, r < 0, 

e 71 ' 6 1/2 , e > 0, r > 0, 

e~ 7Te 1/2 , e > 0, r < 0. 


(Again, the choice of the ambiguous sign in the last line 
of (33.14.6) is immaterial.) 

hie, £; r) is real and an analytic function of each of r 
and e in the intervals — oo < r < oo and — oo < e < oo, 
except when r = 0 or e = 0. 


33.14(iv) Solutions s(e,£;r) and c(e, i‘,r) 


The functions s(e, £; r) and c(e, £; r) are defined by 

33.14.9 sie,t,r) = iBie,£)/2f/ 2 fie, t,r), 
c(e, £\ r) = (2 B(e, £)) _1/2 hie, £; r ), 
provided that £ < (— e) -1 / 2 when e < 0, where 


33.14.10 

Bie,£) 

and 

33.14.11 


A(e,£)(l-exp(-27r/e 1 /2)) \ 

Aie,£), 

i 

+( e ) = (1 + efc 2 )- 

k = o 


An alternative formula for A(e, £) is 

33.14.12 


Aie,£)= T{ }, + e+K) K - 2e - 1 


Tin - £) 


e > 0, 
e < 0, 



33.15 Graphics 
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the choice of sign in the last line of (33.14.6) again being 
immaterial. 

When e < 0 and £ > (— e) -1 / 2 the quantity A(e,£) 
may be negative, causing s(e,£;r) and c(e,£;r) to be- 
come imaginary. 

The function s(e, £; r ) has the following properties: 

/»oo 

33 . 14.13 / s(e 1 ,£-,r) s(e 2 ,£',r) dr = 5(ei - e 2 ), 

Jo 

where the right-hand side is the Dirac delta (§1.17). 
When e = — 1/n 2 , n = £ + l,£ + 2, . . . , s(e 7 £;r) is 
exp (— r/n) times a polynomial in r, and 

33 . 14.14 <f> n ,t(r) = (-l) f+1+ ”(2/n 3 ) 1/2 s(-l/n 2 , £; r ) 
satisfies 

33 . 14.15 

33.14(v) Wronskians 

With arguments e, £, r suppressed, 

33 . 14.16 W {h 7 /} = 2 / 7r, W {c, s} = 1/7T. 


/»00 

/ 4>l,e( r ) ^ = 1 - 

Jo 


33.15 Graphics 

33.15(i) Line Graphs of the Coulomb Functions 

/(e,£;r) and h(e,£-,r) 




Figure 33.15.2: f(e,£',r),h(e,£\r) with £ = l,e = 4. 



Figure 33.15.3: f(e,£;r),h(e,£;r) with £ = 0,e = 

-l/v 2 ,v = 1.5. 



— 1/ v 2 , v — 2. 



Figure 33.15.5: f(e,£;r) 7 h(e,£;r) with £ = 0,e = 

-\/v 2 7 v = 2.5. 
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33.15(ii) Surfaces of the Coulomb Functions /(e,£;r), /i(e,£;r), s(e,£;r), and c(e,£;r) 






33.16 Connection Formulas 


751 


33.16 Connection Formulas 
33.16(i) Fg and Gg in Terms of f and h 


33.16.1 


Ft(v,p) = — /(W^; -vp), 

tt(— 2 nV 

33.16.2 G,(v,p)= (2< , + 1) lc,(„ ) '‘(I/’’ 2 ’ t; 
where C((rj) is given by (33.2.5) or (33.2.6). 

33. 16(ii) f and h in Terms of Fg and Gg when 

e > 0 

When e > 0 denote 

33.16.3 r = e 1/2 (>0), 

and again define A(e,£) by (33.14.11) or (33.14.12). 
Then for r > 0 

33.16.4 /M;r)=(- A{cJ) ) F t (-yr,rr), 

33.16.5 L. ( n = ( — , . ) Gef—l/r, rr). 


Fg(l/T,-Tr), 


y 7TT 1 — e -2ir/r J 
Alternatively, for r < 0 

33.16.6 

2 e 27r / r - l xl/2 


f(e,£-,r) = (-1) 


i+i 


A{e,l) 


33.16.7 

h(e,£-r) = (-lY^ e ^ f> J Gg(l/r, —rr). 

33.16(iii) f and h in Terms of W n ^{z) when 
e < 0 

When e < 0 denote 

33.16.8 v = l/(-e) 1/2 (> 0), 

&(v,r) = W v g + i (2r/v), 

r) = W_ Vtt+ j (e'*2r/v)), 

and again define A(e,£) by (33.14.11) or (33.14.12). 
Then for r > 0 

f(e £-r) = (-1 )V+ 3 

J 1 ’ \ t{£+1 + v) 

sin(7ru) T(u — £)£e(v, r) 


33.16.10 


h(e,£;r) = (-1 )V +1 A( 


( sin(7r v)(,g(v,r) 


33.16.11 


V v{i + i + v) 
cos(7ru) T{v — £)t,g(v, r ) 


Alternatively, for r < 0 

33.16.12 

(_1)V+1 ( i T&(-i/,r) 


f(e,£; r) = 


7 r \ T{£ + 1 + v) 

+ sin(7ri/) cos(7ru) T(y — £)Q{—v, r) ) , 


33.16.13 

h(e, £; r ) = (-1 ) V +1 A(e, £) T(u - £)&(-v, r)/ -rr. 

33.16(iv) s and e in Terms of Fg and Gg when 

e > 0 

When e > 0, again denote r by (33.16.3). Then for 
r > 0 

s(e,£;r) = (ttt )~ 1/2 Fg(-l/r, rr), 
c(e,£;r) = ( 7 rr) _1/2 Gg(-l/r,Tr). 
Alternatively, for r < 0 


33.16.14 


33.16.15 


s(e , £; r ) = (tut) 1/2 Fe(l/r, -rr), 
c(e,£;r) = (7tt)~ 1/2 G^(1/t, -rr). 


33.16(v) s and e in Terms of W KjI1 (z) when 
e < 0 

When e < 0 denote u, Q(v,r), and £g(v, r) by (33.16.8) 
and (33.16.9). Also denote 

33.16.16 K{v, £) = (v 2 T(u + £ + 1) T(v - £))” 1/2 . 

Then for r > 0 

s( e £-r) = t 1 )l( sin M c.(v r) 

1 ’ ’ J 2 I / V 2 V 7 tF ( z /,£)^ 1 ’ J 

-cos(7Ti/)i/ 2 A:(i/,^)0(^r) ) , 


33.16.17 


c( e f r ) = ^f C0S H fJv r ) 
{ ’ 1 ] 2i/V2 ^A>,£)^ 1 ’ j 


+ sin(7ru)u 2 A'(u, £)Qg(y,r) 


Alternatively, for r < 0 

33.16.18 


2 1 / 2 \K[y, £) 


(-1) £+1 / u 3 / 2 

= o1/9 I e M (-v,r) 


c(e,£;r) = 


(-1 Y 


r(2u)V2 


sin(Tru) cos(ttu) 

777 K (u, ^)CH-F r ) 

K{v, £)C e(-v, r). 
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33.17 Recurrence Relations and Derivatives 

33.17.1 (£ + l)r f(e, i - 1; r) - (2£ + 1) (£(£ + 1) - r) f(e, £; r) + l (l + (£ + l) 2 e) r f(e, £ + 1; r) = 0, 

33.17.2 {£ + 1) (l + t 2 e) r h(e, £ — 1; r) — (2£ + 1) {£{£ + 1) — r) h(e, £; r) + £r h(e, t + 1; r) = 0, 

33.17.3 {£ + l)r f'(e, £-r)=((£ + l) 2 - r) /(e, £; r) - (l + (£ + l) 2 e) r f(e, £ + 1; r), 

33.17.4 (£ + l)r h'(e,t, r) = {{£ + l) 2 — r) h(e,£; r) — r h(e,£ + 1; r). 


33.18 Limiting Forms for Large £ 


33.20 Expansions for Small |e| 


As £ — > oo with e and r 0) fixed, 

(2 

33.18.1 h(e, £; r) 


m 

7t( 2 r)^ 


33.19 Power-Series Expansions in r 


33 . 19.1 f(e,£-,r) = / +1 ^2a k r k , 

fc= o 

where 

33 . 19.2 

o 0 = 2 £+1 / (2€ + 1)!, an = —ao/(£ + 1), 

/c(/c -|- 2£ -J- 1 )cLfc + + ea^-2 = 0, /c = 2,3,.... 

33 . 19.3 

2„ /,(«, (!; r) = £ (2f 7t (2r)‘^ - £ 

/c=0 /c— 0 

— A(e, £) (2 In |2r/«| + 5fr/>(£ + 1 + «) 

+ ?Rip(-£+ k)) f(e,£;r), r/0. 

Here k is defined by (33.14.6), A(e,£) is defined by 
(33.14.11) or (33.14.12), 7o = 1, 71 = 1, and 

33 . 19.4 

7k ~ 7k-i + \{k- l)(k-2£-2)e"/k-2 = 0, k = 2,3, 

Also, 

,, 1 Q , <5o = (fae+1 - 2(ip(2£ + 2) + ^(l))A(e, £)) a 0 , 

oo.iy.o 

Si = (#a +2 - 2{^{2£ + 3) + ip(2))A(e, £)) ai, 


k(k + 2t + l)<5fe + 2i5fc_i + eSk -2 

33.19.6 

+ 2(2fc + 2^ + l)A(e, £)a k = 0, k = 2,3,..., 
with Pq — f3i = 0, and 

Pk Pk — 1 

33.19.7 +I(fc-l)(/c-2^-2) e /3 fe _ 2 + i(fc-l)e 7fe _ 2 = 0, 

k = 2,3, 

The expansions (33.19.1) and (33.19.3) converge for all 
finite values of r, except r = 0 in the case of (33.19.3). 


33.20(i) Case e = 0 


33.20.1 


33.20.2 


/(0, £\ r) = (2 r) 1/2 J^+i (V8r) , 

/i(0, £; r) = -(2r) 1/2 y 2f+1 (\/8r) , r > 0, 


/( 0 ,£;r) = (-ir +1 ( 2 |r 


h(0,£’,r) = ( — 1)^(2/ 7r) (2|r 


'8|r| J, 

r < 0. 

For the functions J, Y, I, and K see §§10.2(ii), 10.25(ii). 


33.20(ii) Power-Series in e for the Regular 
Solution 


OO 

33 . 20.3 f{e,t,r) = Y J ^k{t,r), 

k - 0 

where 

33 . 20.4 

3 k 

F k(£;r)= J^(2 r)^ /2 C k , p J 2 t+ 1+P {y^), r > 0, 

p—2k 

33 . 20.5 

F k(£;r) 

3k 

= <T (-lY^(2\r\)^ /2 C k>p 

I 2 e+i+ p ^VW\) j 

p—2k 

r < 0 . 

The functions J and I are as in §§10.2(ii), 10.25(ii), and 
the coefficients C k:P are given by C^o = 1, C\ ; q = 0, 
and 

C k ,p = 0, p < 2k or p > 3k, 

33 . 20.6 Ch >p = {—(2£ + p)C k -i tP -2 + Ck-i,p-z) / (4 p), 

k > 0, 2k < p < 3k. 

The series (33.20.3) converges for all r and e. 


33.21 Asymptotic Approximations for Large |r[ 
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33.20(iii) Asymptotic Expansion for the 
Irregular Solution 

As e — > 0 with £ and r fixed, 

OO 

33.20.7 h(e,£;r) ~ -A{e,£) ^ e k H k {£- r), 

k — 0 

where A(e,£) is given by (33.14.11), (33.14.12), and 

33.20.8 

3k 

H k (i- r)=J2 (2 r) (p+1)/2 C fe , p Y u+ 1+p (v^) , r > 0, 

p—2k 

33.20.9 

H k (e-,r) 

n 3k 

= (- 1 )* 1 - E (2|r|)^+ 1 )/ 2 C7 feiP ^ +1+p ( v ^H), 

p—2k 

r < 0. 

The functions Y and K are as in §§10.2(ii), 10.25(ii), 
and the coefficients C kp are given by (33.20.6). 

33.20(iv) Uniform Asymptotic Expansions 

For a comprehensive collection of asymptotic expansions 
that cover f(e,£;r) and h(e,£;r) as e — > 0± and are 
uniform in r, including unbounded values, see Curtis 
(1964a, §7). These expansions are in terms of elemen- 
tary functions, Airy functions, and Bessel functions of 
orders 2£ + 1 and 2£ + 2. 

33.21 Asymptotic Approximations for Large 

r 


33.21(i) Limiting Forms 


We indicate here how to obtain the limiting forms of 
/(e, £',r), h(e,£\r), s(e,£\r), and c(e,£;r) as r — > ±oo, 
with e and £ fixed, in the following cases: 

(a) When r — * ±oo with e > 0, Equations (33.16.4)- 
(33.16.7) are combined with (33.10.1). 

(b) When r — > ±oo with e < 0, Equations 
(33.16.10)-(33.16.13) are combined with 

33 . 21.1 0 (^> r ) ~ e~ r / v (2r /v)” , 

&{v, r ) ~ e r/v {2r /v)~ v , r — > oo, 


33.21.2 0(-^r)~e^(-2 r/v)~\ 

£e(— v, r) ~ e~ r ^ v {— 2r/v) v , r — » — oo. 

Corresponding approximations for s(e, £; r) and c(e, £; r) 
as r — > oo can be obtained via (33.16.17), and as 
r — > — oo via (33.16.18). 

(c) When r — > ±oo with e = 0, combine (33.20.1), 
(33.20.2) with §§10.7 (ii) , 10.30(ii). 


33.21 (ii) Asymptotic Expansions 


For asymptotic expansions of f(e,£;r) and h(e,£;r) as 
r —> ±oo with e and £ fixed, see Curtis (1964a, §6). 


Physical Applications 


33.22 Particle Scattering and Atomic and 
Molecular Spectra 


33.22(i) Schrodinger Equation 


With e denoting here the elementary charge, the 
Coulomb potential between two point particles with 
charges Z\e^Z- 2 .e and masses mi, m2 separated by a 
distance s is V(s) = -2a-Z2e 2 /(47reos) = ZiZ^olTic/ s, 
where Z ;) are atomic numbers, is the electric con- 
stant, a is the fine structure constant, and % is the re- 
duced Planck’s constant. The reduced mass is m = 
nn\mil (m,\ + m2), and at energy of relative motion 
E with relative orbital angular momentum £%, the 
Schrodinger equation for the radial wave function w(s) 
is given by 

33.22.1 

( h 2 f d 2 1(1+ 1) \ Z 1 Z 2 ahc 
V 2m \ds 2 s 2 ) + s 
With the substitutions 



33.22.2 k = (2 mE/h 2 ) 1 ^ 2 , Z = mZ\Z 2 aclh , x = s, 
(33.22.1) becomes 


33.22.3 


d? w , ( l 2 2 Z 

dx 2 V x 


e(e + i) \ 

X 2 J 


w = 0. 


33.22(ii) Definitions of Variables 
k Scaling 

The k-scaled variables p and rj of §33.2 are given by 

33.22.4 p = s{2mE/h 2 ) 1/ 2 , 77 = Z 1 Z 2 ac(m/(2E)) 1/2 . 

At positive energies E > 0, p > 0, and: 

Attractive potentials : ZiZ 2 < 0, 77 < 0. 

Zero potential (V = 0): ^1^2 = 0, 77 = 0. 

Repulsive potentials: Z\Z 2 > 0, 77 > 0. 

Positive-energy functions correspond to processes 
such as Rutherford scattering and Coulomb exci- 
tation of nuclei (Alder et al. (1956)), and atomic 
photo-ionization and electron-ion collisions (Bethe and 
Salpeter (1977)). 

At negative energies E < 0 and both p and 77 are 
purely imaginary. The negative-energy functions are 
widely used in the description of atomic and molecular 
spectra; see Bethe and Salpeter (1977), Seaton (1983), 
and Aymar et al. (1996). In these applications, the Z- 
scaled variables r and e are more convenient. 
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Z Scaling 

The Z-scaled variables r and e of §33.14 are given by 

33.22.5 r = —ZiZ 2 (mca/fi)s, e = E / {Z\Z 2 m(? a 2 / 2). 
For Z 1 Z 2 = —1 and m = ra e , the electron mass, 

the scaling factors in (33.22.5) reduce to the Bohr ra- 
dius, ao = Ti/(m e ca), and to a multiple of the Rydberg 
constant, 

Roo = m e ca 2 /(2Ti). 

Attractive potentials: Z 1 Z 2 < 0, r > 0. 

Zero potential ( V = 0): Z\Z 2 = 0, r = 0. 

Repulsive potentials: Z 1 Z 2 > 0, r < 0. 

ik Scaling 

The ik-scaled variables z and k of §13.2 are given by 

33.22.6 

2 = 2is(2mE /ft 2 ) 1 / 2 , k = iZiZ 2 ac(m/( 2 E)) 1 ^ 2 . 

Attractive potentials: Z 1 Z 2 < 0, 3k < 0. 

Zero potential (V = 0): Z 1 Z 2 = 0, k = 0. 
Repulsive potentials: Z 1 Z 2 > 0, 3k > 0. 

Customary variables are (e, r) in atomic physics and 
(77, p) in atomic and nuclear physics. Both variable sets 
may be used for attractive and repulsive potentials: the 
(e, r) set cannot be used for a zero potential because this 
would imply r = 0 for all s, and the ( 77 , p) set cannot be 
used for zero energy E because this would imply p = 0 
always. 

33.22(iii) Conversions Between Variables 


33.22.7 

r = ~VP, £ = 1/t? 2 , 

Z from k. 

33.22.8 

•iS> 

II 

£ 

•2~ 

CM 

II 

?'k from k. 

33.22.9 

p=z/(2i), ?7 = k/*, 

k from ik. 

33.22.10 

r = kz/2, e = — 1/k 2 , 

Z from ik. 

33.22.11 

II 

bb 

rt\ 

1 

II 

1 

C3 

k from Z . 

33.22.12 

k = ±(— e) 1//2 , 2 = 2r/K, 

ik from Z . 

Resolution 

of the ambiguous signs in 

(33.22.11), 


(33.22.12) depends on the sign of Z/k in (33.22.3). See 
also §§33.14(ii), 33.14(iii), 33.22(i), and 33.22(h). 

33.22(iv) Klein-Gordon and Dirac Equations 

The relativistic motion of spinless particles in a 
Coulomb field, as encountered in pionic atoms and pion- 
nucleon scattering (Backenstoss (1970)) is described by 
a Klein-Gordon equation equivalent to (33.2.1); see 
Barnett (1981a). The motion of a relativistic electron in 
a Coulomb field, which arises in the theory of the elec- 
tronic structure of heavy elements (Johnson (2007)), is 
described by a Dirac equation. The solutions to this 
equation are closely related to the Coulomb functions; 
see Greiner et al. (1985). 


33.22(v) Asymptotic Solutions 

The Coulomb solutions of the Schrodinger and Klein- 
Gordon equations are almost always used in the external 
region, outside the range of any non-Coulomb forces or 
couplings. 

For scattering problems, the interior solution is 
then matched to a linear combination of a pair of 
Coulomb functions, F((r],p) and Ge(v,p), or /(e, £;r) 
and ft(e, £; r), to determine the scattering S-matrix and 
also the correct normalization of the interior wave solu- 
tions; see Bloch et al. (1951). 

For bound-state problems only the exponentially de- 
caying solution is required, usually taken to be the 
Whittaker function W_ v e+ 1 (2 p). The functions 4> n /{r) 
defined by (33.14.14) are the hyclrogenic bound states 
in attractive Coulomb potentials; their polynomial com- 
ponents are often called associated Laguerre functions ; 
see Christy and Duck (1961) and Bethe and Salpeter 
(1977). 

33.22(vi) Solutions Inside the Turning Point 

The penetrability of repulsive Coulomb potential bar- 
riers is normally expressed in terms of the quantity 
p/{F 2 (r 7 , p)+G 2 {i 7 , p)) (Mott and Massey (1956, pp. 63- 
65)). The WKBJ approximations of §33.23(vii) may 
also be used to estimate the penetrability. 

33.22(vii) Complex Variables and Parameters 

The Coulomb functions given in this chapter are most 
commonly evaluated for real values of p, r, 77 , e and 
nonnegative integer values of £, but they may be con- 
tinued analytically to complex arguments and order £ 
as indicated in §33.13. 

Examples of applications to noninteger and/or com- 
plex variables are as follows. 

• Scattering at complex energies. See for example 
McDonald and Nuttall (1969). 

• Searches for resonances as poles of the S'-matrix in 
the complex half-plane 3k < 0. See for example 
Csoto and Hale (1997). 

• Regge poles at complex values of £. See for exam- 
ple Takemasa et al. (1979). 

• Eigenstates using complex-rotated coordinates 
r —7 re™ , so that resonances have square- 
integrable eigenfunctions. See for example Halley 
et al. (1993). 

• Solution of relativistic Coulomb equations. See for 
example Cooper et al. (1979) and Barnett (1981b). 
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• Gravitational radiation. See for example Berti 
and Cardoso (2006). 

For further examples see Humblet (1984). 


Computation 

33.23 Methods of Computation 

33.23(i) Methods for the Confluent 
Hypergeometric Functions 

The methods used for computing the Coulomb functions 
described below are similar to those in §13.29. 

33.23(ii) Series Solutions 

The power-series expansions of §§33.6 and 33.19 con- 
verge for all finite values of the radii p and r, respec- 
tively, and may be used to compute the regular and 
irregular solutions. Cancellation errors increase with 
increases in p and |r|, and may be estimated by com- 
paring the final sum of the series with the largest par- 
tial sum. Use of extended-precision arithmetic increases 
the radial range that yields accurate results, but even- 
tually other methods must be employed, for example, 
the asymptotic expansions of §§33.11 and 33.21. 

33.23(iii) Integration of Defining Differential 
Equations 

When numerical values of the Coulomb functions are 
available for some radii, their values for other radii may 
be obtained by direct numerical integration of equations 
(33.2.1) or (33.14.1), provided that the integration is 
carried out in a stable direction (§3.7). Thus the reg- 
ular solutions can be computed from the power-series 
expansions (§§33.6, 33.19) for small values of the radii 
and then integrated in the direction of increasing val- 
ues of the radii. On the other hand, the irregular solu- 
tions of §§33.2(iii) and 33. 14(iii) need to be integrated 
in the direction of decreasing radii beginning, for exam- 
ple, with values obtained from asymptotic expansions 
(§§33.11 and 33.21). 

33.23(iv) Recurrence Relations 

In a similar manner to §33.23(iii) the recurrence rela- 
tions of §§33.4 or 33.17 can be used for a range of values 
of the integer l, provided that the recurrence is carried 
out in a stable direction (§3.6). This implies decreas- 
ing £ for the regular solutions and increasing £ for the 
irregular solutions of §§33.2(iii) and 33.14(iii). 


33.23(v) Continued Fractions 

§33.8 supplies continued fractions for F' ( / Ft and 
H±' / Hf . Combined with the Wronskians (33.2.12), 
the values of F(, G^, and their derivatives can be ex- 
tracted. Inside the turning points, that is, when p < 
Ptp(r/,l), there can be a loss of precision by a factor of 
approximately \Gg 2 . 

33.23(vi) Other Numerical Methods 

Curtis (1964a, §10) describes the use of series, radial 
integration, and other methods to generate the tables 
listed in §33.24. 

Bardin et al. (1972) describes ten different methods 
for the calculation of F( and G i, valid in different re- 
gions of the (77, p)-plane. 

Thompson and Barnett (1985, 1986) and Thompson 
(2004) use combinations of series, continued fractions, 
and Pade-accelerated asymptotic expansions (§3.11(iv)) 
for the analytic continuations of Coulomb functions. 

Noble (2004) obtains double-precision accuracy for 
W- VilJ ,(2p) for a wide range of parameters using a com- 
bination of recurrence techniques, power-series expan- 
sions, and numerical quadrature; compare (33.2.7). 

33.23(vii) WKBJ Approximations 

WKBJ approximations (§2.7(iii)) for p > pt P {r],£) are 
presented in Hull and Breit (1959) and Seaton and 
Peach (1962: in Eq. (12) (p—c)/c should be (p—c)/p). A 
set of consistent second-order WKBJ formulas is given 
by Burgess (1963: in Eq. (16) 3k 2 +2 should be 3k 2 c+2). 
Seaton (1984) estimates the accuracies of these approx- 
imations. 

Hull and Breit (1959) and Barnett (1981b) give 
WKBJ approximations for Fq and Go in the region in- 
side the turning point: p < p tp (r],£). 

33.24 Tables 

• Abramowitz and Stegun (1964, Chapter 14) tab- 
ulates F 0 (r],p), G 0 {rj,p), ^(77, p), and G' 0 (r],p) 
for 77 = 0.5(.5)20 and p = 1(1)20, 5S; Co(r]) for 
77 = 0(.05)3, 6S. 

• Curtis (1964a) tabulates Pe(e,r), Qe{e,r) (§33.1), 
and related functions for £ = 0,1,2 and e = 
— 2(.2)2, with x = 0(.1)4 for e < 0 and x = 0(.1)10 
for e > 0; 6D. 

For earlier tables see Hull and Breit (1959) and 
Fletcher et al. (1962, §22.59). 
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33.25 Approximations 

Cody and Hillstrom (1970) provides rational approxi- 
mations of the phase shift <Jo(r]) = phr(l + i?7) (see 
(33.2.10)) for the ranges 0 < 77 < 2, 2 < 77 < 4, and 
4 < rj < 00 . Maximum relative errors range from 
1.09xl0" 20 to 4.24x 10 -19 . 

33.26 Software 

See http : //dlmf . nist . gov/33 . 26. 
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see also the General References in Chapter 13. 


§33.9 The convergence of (33.9.1) follows from the 
asymptotic forms, for large fc, of a*, (obtained by 
application of §2.9(i)) and j e+k{p) (obtained from 
(10.19.1) and (10.47.3)). For (33.9.3) see Yost 
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sections of this chapter. These sources supplement the 
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§ 33.2 Yost et al. (1936), Hull and Breit (1959, pp. 409- 
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with (5.11.7). 
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U(a,b,z) expanded as in (13.2.9). For (33.6.4) 
use (33.2.4) with Eq. (1.12) of Buchholz (1969). 
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see also Lowan and Horenstein (1942), with 
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(2002, Eqs. 88, 90, 93, 95). For (33.16.14) 
and (33.16.15) combine (33.14.9) with (33.16.4)- 
(33.16.7). For (33.16.17) and (33.16.18) com- 
bine (33.14.6), (33.14.9)-(33. 14.12), (33.16.10)- 
(33.16.13), and (33.16.16). 

§ 33.17 Seaton (2002, Eqs. 77, 78, 82). 

§ 33.18 Combine (33.5.8) and (33.16.1), (33.16.2). For 
/(e,£;r) (33.19.1) can also be used. 

§ 33.19 Seaton (2002, Eqs. 15-17, 31-48). 

§ 33.20 Seaton (2002, Eqs. 58, 59, 64, 67-70, 96, 98, 
100, 102 (corrected)). 

§ 33.21 Seaton (2002, Eqs. 104, 107), or apply 

(13.14.21) to (33.16.9). 

§33.23 Stable integration directions for the differen- 
tial equations are determined by comparison of 
the asymptotic behavior of the solutions as the 
radii tend to infinity and also as the radii tend to 
zero (§§33.11, 33.21; §§33.6, 33.19). Stable recur- 
rence directions for §33.4 are determined by the 
asymptotic form of Fe(r), p) / Ge(r], p) as £ — > 00; 
see (33.5.8) and (33.5.9). For §33.17 see §33.18. 
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3j, 6j, 9j Symbols 


Notation 


34.1 Special Notation 


(For other notation see pp. xiv and 873.) 

2ji , 2j 2 , 2j 3 ,2li,2l 2 , 2l 3 nonnegative integers, 
r, s, t nonnegative integers. 


The main functions treated in this chapter are the 
Wigner 3 j, 6j,9j symbols, respectively, 


7 1 

TOi 


3 2 
m 2 


J 3 

m 3 


3 1 

h 


32 73 

l 2 ^3 


3 n 

712 

713 

721 

722 

723 

731 

732 

733 


The most commonly used alternative notation for 
the 3 j symbol is the Clebsch-Gordan coefficient 


(ii rri! j 2 m 2 \jx j 2 j 3 -m 3 ) 

= <-l)h-32-m 3 r 2 j +1 ^(h 32 73 V 

v ' \ j / yrrii m 2 m 3 J 

see Condon and Shortley (1935). For other notations see 
Edmonds (1974, pp. 52, 97, 104-105) and Varshalovich 
et al. (1988, §§8.11, 9.10, 10.10). 


Properties 


34.2 Definition: 3 j Symbol 

The quantities ji,j 2 ,j 3 in the 3j symbol are called an- 
gular momenta. Either all of them are nonnegative in- 
tegers, or one is a nonnegative integer and the other 


two are half-odd positive integers. They must form the 
sides of a triangle (possibly degenerate). They therefore 
satisfy the triangle conditions 

34 . 2.1 \j r - j s \ < j t < j r + 3s: 

where r,s,t is any permutation of 1,2,3. The corre- 
sponding projective quantum numbers m\,m 2 ,m 3 are 
given by 

34 . 2.2 m r = jr , j r + 1, ... ,jr 1 : jr: r = 1,2,3, 
and satisfy 

34 . 2.3 mi + m 2 + m 3 = 0. 

See Figure 34.2.1 for a schematic representation. 



Figure 34.2.1: Angular momenta j r and projective 
quantum numbers m r , r = 1,2, 3. 


If either of the conditions (34.2.1) or (34.2.3) is not satisfied, then the 3 j symbol is zero. When both conditions 
are satisfied the 3 j symbol can be expressed as the finite sum 


34 . 2.4 

h 32 J3 
.mi m 2 m 3 


where 

34 . 2.5 


= (-1) J1 32 m3 A(jij 2 j 3 ) ((ji + mfylfy'i - TOi)!(j 2 + m 2 y.(j 2 - m 2 )\(j 3 + m 3 )\{j 3 - m 3 )!) 2 

(~l) s 


E 


s -(ji + 32 - J3 - s)!(ji - mi - s)!(j 2 + m 2 - s)\(j 3 - j 2 + mi + s)\(j 3 - j\ - m 2 + s)! ' 

1 

A(h j 2 j 3 ) = ( ^ 1 + J2 _ + 33)K~3i + 32 + J 3 )! ' 


U 1 + 32 + J3 + 1)! 

and the summation is over all nonnegative integers s such that the arguments in the factorials are nonnegative. 
Equivalently, 

34 . 2.6 

f 3 1 32 J3 . _ . , 

- mi)\{j 2 + m 2 )\(j 2 - m 2 )\(j 3 + m 3 )! 

x 3 -F 2 (-ji - 32 - js - 1, ~ji + mi,-j 3 - m 3 ; -j x - j 2 - m 3 ,-j 2 - j 3 + m 3 ; 1) 
where 3 F 2 is defined as in §16.2. 


, 1 y 2 -m 1 +m 3 til + h + m 3 )\(j 2 + j 3 - mi)! / 

A {jij 2 j 3 ) (ji + j 2 + j 3 + 1) ! V (ii 


(ji + - m 3 )\ 
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For alternative expressions for the 3j symbol, written either as a finite sum or as other terminating generalized 
hypergeometric series 3 F 2 of unit argument, see Varshalovich et al . (1988, §§8.21, 8.24-8.26). 

34.3 Basic Properties: 3 j Symbol 


34.3(i) Special Cases 

When any one of ji , j 2 , j:i is equal to 0, or 1, the 3 j symbol has a simple algebraic form. Examples are provided 
by 

34.3.1 


34.3.2 


34.3.3 


J 


j 

j 


(_1 y-m 

m —m 

V 

(2j + i)h 

j 

j 

0 ) 

= ( 1 y~ m - 
( 

nn —m 

j 

— m — 1 

:) 

= (-1 y~ m 


2 m 


(2j(2j + l)(2j + 2)y 


V 2j(2j + l)(2j + 2) 

3 


3 > b 


j>b 


For these and other results, and also cases in which any one of ji, j 2 , j 3 is ^ or 2, see Edmonds (1974, pp. 125-127). 
Next define 

34.3.4 ./ = ji + j 2 + j. 3 - 

Then assuming the triangle conditions are satisfied 

' 0 , 

'(J-2j 1 )!(J-2j 2 )!(J-2j 3 )!' 


34.3.5 


Jl J2 J3 
0 0 0 


(- 1 ) 2 - 


(J + l)! 


(iJ)! 


aj-ji)\(U-j 2 )\aj-j 3 r 


J odd, 
J even. 


Lastly, 

34.3.6 


34.3.7 


3 1 32 3i+32 

mi m 2 —m\ — m 2 

31 32 J3 

ji - ji - m 3 m 3 


= (- 1 ) 


jl—j 2 +m 1 +m 2 


(2ji) !(2 j 2 )!(ji + j 2 + mi + m 2 )!(ji + j 2 - mi - m 2 )! 
(2ji + 2j 2 + l)!(ji + mi)\(ji - mi)!(j 2 + to 2 )!(j 2 - m 2 )! 


_ r^-j2+j3+m 3 

5 assume 

34.3(ii) Symmetry 


(2ji)!(-Ji + 32 + j3)Kii + 32 + m 3 )\(j 3 - m 3 )l 


Y. 

, (ji + j 2 + j 3 + l)!(ji - j 2 + J 3 )!(ji + 32 - js)-( ji + j 2 - m 3 )\(j 3 + m 3 )\ J 
Again it is assumed that in (34.3.7) the triangle conditions are satisfied. 


Even permutations of columns of a 3 j symbol leave it unchanged; odd permutations of columns produce a phase 
factor (— 1 ) Ji+ ' J2+J3 j f or example, 


34.3.8 

(3i 

J2 

j 3 


\mi 

m 2 

m 3 

34.3.9 

(h 

j2 

j3 


V mi 

nr 2 

m 3 


( J2 

j3 

+ ) 

= ( ■ ? 3 

j 1 

J 2 ) 

Vm 2 

m 3 

mW 

\m 3 

mi 

m 2 y 


= (-1) 


n + h+33 ( 32 3 1 3 3 

m 2 mi m 3 


Next, 

34.3.10 

34.3.11 


34.3.12 


Jl 

3 2 

J3 

mi 

m 2 

m 3 

Jl 

j 2 

js 

mi 

m 2 

m 3 

Ji 

j2 

js 

mi 

m 2 

m 3 


_ 7_jpi+j2+j3 / 31 3 2 3 3 

mi — m 2 —m 3 

ji Uj2+j3 + mi) 


1 U 2 + j3 - mi) 


j 2 - j 3 i(j 3 - j 2 + mr) + m 2 |(j 3 - j 2 + mi) + m 3 / ’ 


|(ji + j 2 ^ m 3 ) |(j 2 + j 3 - mi) b(ji + j 3 - m 2 ) 

^3 - |(ji + j 2 +rn 3 ) jl - |(j 2 + j3 + mi) j 2 - |(ji + j3 + m 2 )y/ ' 

Equations (34.3.11) and (34.3.12) are called Regge symmetries. Additional symmetries are obtained by applying 
(34.3.8)-(34.3.10) to (34.3.11)) and (34.3.12). See Srinivasa Rao and Rajeswari (1993, pp. 44-47) and references 
given there. 
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34.3(iii) Recursion Relations 

In the following three equations it is assumed that the triangle conditions are satisfied by each 3 j symbol. 


((ji + h + J 3 + 1 )(— ii + 32 + J 3 )) a 


34 . 3.13 


3 1 J 2 3 3 

777 i 777-2 777-3 


= (C ?2 + W2)(j3 - W. 3)) 5 


Jl J 2 2 J 3 2 
mi m 2 — i m 3 + i 


J 3 


-(02-m2)03 + m 3 ))^^ TO3 _-i,, 

j'l J 2 J 3 ' 


3 3 


m 3 m 2 m 3 , 

ii J2 


mi m 2 + 1 m 3 — 1 
ii i 2 33 


mi m 2 — 1 m 3 + 1 / ’ 
Ji i 2 33 


(il (il + 1) - i2 C?2 + 1) - i3 (i3 + 1) - 2 m 2 m 3 ) 

34 . 3.14 = ((i 2 - m 2 )(i 2 + m 2 + l)(i 3 - m 3 + l)(j 3 + m 3 )) 5 

+ ((j 2 - to 2 + l)(i 2 + m 2 )(j 3 - m 3 )(j 3 + m 3 + l)) 5 
(2ii + 1) ((32(32 + 1 ) - 33(33 + 1 ))toi - il (il + l)(m 3 - m 2 )) 

34 . 3.15 = (il + 1) (il - (j 2 - is) 2 ) 5 (O 2 + 33 + l) 2 - i?) 5 (jl - m\) 

+ 31 ((il + 1) 2 - (h - i 3 ) 2 ) 5 ((i 2 + is + 1) 2 - (il + 1) 2 ) 5 ((il + 1) 2 - m?) v mi TO2 ^ 

For these and other recursion relations see Varshalovich et al. (1988, §8.6). See also Micu (1968), Louck (1958), 
Schulten and Gordon (1975a), Srinivasa Rao and Rajeswari (1993, pp. 220-225), and Luscombe and Luban (1998). 


m 1 m 2 m 3 

212 (3 1 ^ 1 i 2 33 

m 2 m 3 

2 \l/^ii + l J2 33 


34.3(iv) Orthogonality 


34 . 3.16 


34 . 3.17 


34 . 3.18 


V(2j 3 + 1) Jl J3 

^ \ 771i 777 2 777-3 

mi m 2 ' 

V(2i 3 + 1 )f J1 j2 j3 

' V mi m 2 m 3 

J3 m 3 


mim2m3 


Jl J 2 


Jl 

m'i 


is 


mi m 2 m 3 


J 2 

m 2 


J 3 

m 3 


^33 


,777^ i‘77) 2 ,777^ 7 


il J 2 33 \ il J 2 J 3 
mi m 2 m 3 J \mi m 2 m 3 


= 1. 


In the summations (34.3.16)-(34.3.18) the summation variables range over all values that satisfy the conditions given 
in (34.2.1)-(34.2.3). Similar conventions apply to all subsequent summations in this chapter. 

34.3(v) Generating Functions 

For generating functions for the 3 j symbol see Biedenharn and van Dam (1965, p. 245, Eq. (3.42) and p. 247, 
Eq. (3.55)). 

34.3(vi) Sums 

For sums of products of 3 j symbols, see Varshalovich et al. (1988, pp. 259-262). 


34.3(vii) Relations to Legendre Polynomials and Spherical Harmonics 

For the polynomials Pi see §18.3, and for the functions Yi rn and Y* m see §14.30. 


34 . 3.19 


Pq (cos 9) Pi 2 (cos 9) = B 2 ; + 1 ) 


h h i 
0 0 0 


Pi (cos 9 ) , 


34 . 3.20 Y lumi (9,4,)Y l ^ rn2 (9 1 4>) = ^2( 

1 m ' 


(27 + 1) (2Z 2 + 1)(2^ + 1) V f li l 2 l 
47 t J \mi m 2 m 


^(M) ( 0 


h 


k l\ 
o o y ’ 
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34.3.21 


34.3.22 


r // 

P , q (cos 9) Pi 2 (cos 9) Pi 3 (cos 6) sin 9 dO = 2 ( ^ 

Yi i , mi (0, 0) Yi 2i m 2 (0, <£) Yi 3 , m3 (9, </>) sin 0 d0 dcj) 

) 

(2Z X + 1) (2Z 2 + 1)(2^3 + 1) 


4-7T 


^2 

0 


( Z1 

\mi 


h 

m 2 


h 

TO 3 


Equations (34.3.19)-(34.3.22) are particular cases of more general results that relate rotation matrices to 3j symbols, 
for which see Edmonds (1974, Chapter 4). The left- and right-hand sides of (34.3.22) are known, respectively, as 
Gaunt’s integral and the Gaunt coefficient (Gaunt (1929)). 

34.4 Definition: 6 j Symbol 


The 6 j symbol is defined by the following double sum of products of 3 j symbols: 


34.4.1 


fjl 32 33 \ 

\h h h] 


E ( - 1} 


l 1 +m' 1 +l'2+m' 2 +l3+m' 3 


x ( 3i 32 J3 \ ( 3 i h h \ ( h 32 h \ ( h h 33 \ 
y? 7 Li m2 m 3 J \m\ m' 2 — m§y y—m\ m2 m' 3 J\rni —m! 2 m3 J’ 

where the summation is taken over all admissible values of the m’s and m” s for each of the four 3 j symbols; compare 
(34.2.2) and (34.2.3). 

Except in degenerate cases the combination of the triangle inequalities for the four 3 j symbols in (34.4.1) is equiv- 
alent to the existence of a tetrahedron (possibly degenerate) with edges of lengths j\, j 2 , j 3 , h,h,h'-> see Figure 34.4.1. 



The 6 j symbol can be expressed as the finite sum 

= £ 


34 . 4.2 


3 1 3 2 3 3 
w h h 


( _ i) s ( s + 1)! 


(s-j 1 - J 2 -J3)!( s - h -I 2 - h)K s - h -32 ~ h)K s -h-h - k) } - 

1 


(ji + 32 + h + h — s)\(j 2 + J3 + h + h — s)Kj 3 + j 1 + ^3 + h — s)! 
where the summation is over all nonnegative integers s such that the arguments in the factorials are nonnegative. 
Equivalently, 


34.4.3 


fjl 32 J 3 ] / y\ji+j 3 +h+h A(jlj 2 j 3 )A(j 2 liZ 3 )(ji - J2 + h + h)'\-32 + 33 + h + Z 3 )!(j'i + j 3 + h + h + 1)! 

\h h h) A(ji/ 2 Z 3 )A(j 3 iii 2 )(ji — j 2 + j 3 )!(— j 2 + Zi + Z 3 )!(ji + i 2 + i 3 + l)!(j 3 + ii + / 2 + 1)! 


x 4-F3 


; 1 | 7 


— ji + 32 — j3,32 — h — h, ~j 1 — h — h — 1 , —33 — h — h - 1 _ 

— ji + 32 — h — hi 32 — 33 — h — h, — j 1 — j 3 — h ~ h - 1 
where 4 F 3 is defined as in §16.2. 

For alternative expressions for the 6j symbol, written either as a finite sum or as other terminating generalized 
hypergeometric series 4 F 3 of unit argument, see Varshalovich et al. (1988, §§9.2.1, 9.2.3). 
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34.5 Basic Properties: 6 j Symbol 
34.5(i) Special Cases 

In the following equations it is assumed that the triangle inequalities are satisfied and that J is again defined by 
(34.3.4). 

If any lower argument in a 6 j symbol is 0, 1, or 1, then the 6 j symbol has a simple algebraic form. Examples are 
provided by: 

(-i y 


34 . 5.1 


34 . 5.2 


34 . 5.3 


34 . 5.4 


34 . 5.5 


34 . 5.6 


34 . 5.7 



(jj 

32 33 


\o 

33 32 

(jl 

32 

33 

u 

33 ~ 2 

32 4- \ 

(jl 

32 

33 

u 

h - l 

32 - 1 

f.?j 

32 

33 


33 - 1 

32 - 1 


( jl 32 33 


\ 1 33 

- 1 32 

(ji 

32 

33 

u 

33 - 1 

32 + 1 


(31 

h j3 


\1 

33 32 


((2j2 + l)(2j3 + l)) 5 

( (ji + h - + 32 - 33 + 1) 


(-1) J 
(- 1 ) 
(- 1) 7 
(-1) J 
(- 1 ) 
(- 1) J+1 


V (2ja + 1)(2 j 2 + 2)2j 3 (2j 3 + 1) 

J ( (32 + 33 ~ jl)(jl + 32 + 33 + 1 ) 

2j 2 (2j 2 + l)2j 3 (2j 3 + 1) 

J(J+l)(J-2 Jl )(J-2j 1 -1) 

(2 h - l)2j 2 (2j 2 + 1)(2 j 3 - 1)2j 3 (2j 3 + 1) 

( 2(J + !)(</ — 2ji)( J — 2j 2 )(J — 2j 3 + 1) 

\2j 2 (2j 2 + l)(2j 2 + 2)(2 j 3 - 1)2j 3 (2j 3 + 1) 

j ( {J - 2 j 2 ~ 1)(J - 2 j 2 )(J ~ 2j 3 + 1)(J - 2j 3 + 2) 
(2 h + 1)(2 h + 2) (2 j 2 + 3) (2 j 3 - l)2j 3 (2j 3 + 1) 
2(j2 (j2 + 1) + 33(33 + 1) - jl(jl + 1)) 

(2j 2 (2 j 2 + 1)(2 j 2 + 2)2j 3 (2j 3 + 1)(2 j 3 + 2 ))* ‘ 


34.5(ii) Symmetry 


The 6 j symbol is invariant under interchange of any two columns and also under interchange of the upper and lower 
arguments in each of any two columns, for example, 


34 . 5.8 

Next, 

34 . 5.9 

34 . 5.10 


3 1 3 2 J 3 

h h h 


3 2 3 1 3 3 

h h h 


3 1 h h 

h 32 33 j' 


3 1 J2 J3 

h 1 2 ^3 

jl J2 .7.3 

Zl 1-2 l 3 


= q 


, 7 i 2 O ' 2 + ^2 4 - 33 — h) \{j2 — h + j3 + h) 

h |(j2 + h ~ J3 + ^ 3 ) |(— j2 + I 2 + 33 + £ 3 )/’ 

|(j2 + h + J3 — ^ 3 ) |(jl — ^1 + j3 + ^ 3 ) |(jl + ^1 + J2 — yi 

(j2 + ^2 — J3 + ^ 3 ) 4( — jl + ^1 + j3 + ^ 3 ) 2 (jl + ^1 — j2 + h) J 


2 V Jl 1 1 Jo 1 " 0 / 2' 

Equations (34.5.9) and (34.5.10) are called Regge symmetries. Additional symmetries are obtained by applying 
(34.5.8) to (34.5.9) and (34.5.10). See Srinivasa Rao and Rajeswari (1993, pp. 102-103) and references given there. 

34.5(iii) Recursion Relations 

In the following equation it is assumed that the triangle conditions are satisfied. 


34 . 5.11 

where 

34 . 5.12 

34 . 5.13 


(2ji + 1) ((J 3 + J 2 — J\)(L 3 + L 2 — Ji) — 2 (J 3 L 3 + J 2 L 2 — JiL\)) ^ 


= ji-E(ji + !) 


ji + 1 32 33 

h h h 


+ {ji + 1 )E{ji) 


j 1-1 32 j3 

h h h 


J r — jr(jr 4” 1); Rj — l r (lr 4” 1); 


m = ((j 2 - (h - k) 2 )((32 + 33 + 1) 2 - j 2 )(j 2 - (h kfm 2 +k+ 1) 2 - j 2 )) 5 . 


For further recursion relations see Varshalovich et al. (1988, §9.6) and Edmonds (1974, pp. 98-99). 
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34.5(iv) Orthogonality 


34.5.14 


E^ 3 + l)(2/ 3 + 1) 


Jl J2 J3 II Jl J2 J3 

h k Z 3 JUl h I3 


k 3 ,l' 3 ‘ 


34.5(v) Generating Functions 

For generating functions for the 6 j symbol see Biedenharn and van Dam (1965, p. 255, eq. (4.18)). 

34.5(vi) Sums 


34.5.15 


34.5.16 


E(-l ) j+/+/ ' ( 2i + l ) 


Jl J 2 J II Jl J2 J 
33 34 // 1j4 33 j" 


Jl J4 3 
32 33 j’‘ 


(-1 y 


.71 +J2 +43 +.7 { +.72 + 1 1 4^2 J Jl 32 3 3 l J Jl J 2 J3 


/l k k 


h k k 


= E(- 1 )' 3+ ^ +i ( 2 J + 1 ) 


Jl Jl J 


<3 J 


J2 j2 J3 J \ Jl jl k J \ J*2 J2 ZlJ' 

Equations (34.5.15) and (34.5.16) are the sum rules. They constitute addition theorems for the 6 j symbol. 


34.5.17 


34.5.18 


34.5.19 


34.5.20 


34.5.21 


34.5.22 


34.5.23 


£c«+i){2 % f\ = (-i) au,+i,) . 


£ ( _ 1) i>+»+i ( 2 i + i)|.r 

j 

E 

1 

E(- 1 ) ;+J 

y^(_iy+j+ji+j2 


Jl J2 J 
J2 jl j' 


— \/ (2ji + l)(2j 2 + 1) Sj/fiy 


jl 32 l 

32 ji j 

f ji J 2 l 

\ jl J2 j 


jl J2 l 
32 jl j 


= 0, 

(-l) 2 ^ 

" 2 j + 1 ’ 

(2ji — j)!(2j 2 + j + 1)! 

2j + l V(2j 2 -j)!(2ji+j + l)! 


2/r - j odd, /i = min(j!, j 2 ), 

H = min(ji, j 2 ), 


E(-d 


i+J+4l+42 . 


1 


jl 32 l 


1 


/ (2ji - j)!(2j 2 + j + 1)! 


Z(Z + !) I J 2 Ji j J ji (ji + 1) ^ J 2 O 2 + 1) V (2j 2 - j)!(2ji + j + 1)! 


32 < ji, 


32 < Jl. 


Jl J2 J3 \ I Jl J2 J3 
mi to 2 m 3 /Ui / 2 Z 3 


= E (- 1 )* 1 


+ ^2+^3+^i+^2+ m 3 


m. 


jj k 


l?, 


m 1 m 2 — ra 3 / v — m 1 m2 m 3 


/1 


J2 




^1 


z 2 


J3 


-777.2 to 3 


Equation (34.5.23) can be regarded as an alternative definition of the 6 j symbol. 

For other sums see Ginocchio (1991). 

34.6 Definition: 9 j Symbol 

The 9 j symbol may be defined either in terms of 3j symbols or equivalently in terms of 6 j symbols: 


34.6.1 


34.6.2 


jll 

j 12 

Jl3 1 V- 

J21 

J22 

J23 > = E 

J31 

J32 

J33 J all m rs 


f jll jl2 jl3 \ f J21 322 J23 \ f J31 J32 J33 

l mu mi2 m 13 / \m 2 i m 22 m 23 /lm 3 1 m 32 m 33 


/ j 


Jll J21 J31 


Jll 

Jl2 

Jl3 

J21 

J22 

J23 

J31 

J32 

J33 


= £(-l) 2 ^(2j + l) 


Jl2 

J 22 

J32 

m 12 

m 22 

m 32 

J21 

J3l\ 

f J*12 

J33 

j J 

\ J*21 


/ j 


Jl3 J23 J33 


J 21 J J23 I I J Jll Jl2 
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The 9 j symbol may also be written as a finite triple sum equivalent to a terminating generalized hypergeometric 
series of three variables with unit arguments. See Srinivasa Rao and Rajeswari (1993, pp. 7 and 125-132) and 
Rosengren (1999). 

34.7 Basic Properties: 9j Symbol 
34.7(i) Special Case 


34.7.1 



_1 \jl2+j21+jl3+j31 


("I) 


((2j 13 + 1)(2 j 3 i + l)) 5 


Jll Jl2 Jl3 
J22 J21 J31 


34.7(ii) Symmetry 


The 9 j symbol has symmetry properties with respect to permutation of columns, permutation of rows, and transpo- 
sition of rows and columns; these relate 72 independent 9 j symbols. Even (cyclic) permutations of either columns 
or rows, as well as transpositions, leave the 9 j symbol unchanged. Odd permutations of columns or rows introduce 
a phase factor (—1)^, where R is the sum of all arguments of the 9 j symbol. 

For further symmetry properties of the 9 j symbol see Edmonds (1974, pp. 102-103) and Varshalovich et al. (1988, 
§10.4.1). 

34.7(iii) Recursion Relations 

For recursion relations see Varshalovich et al. (1988, §10.5). 

34.7(iv) Orthogonality 


34.7.2 


jl 

32 

J121 

r 31 

32 

33 

34 

J34 > 


34 

jl3 

J24 

j J U'l3 

J24 


l 3 '.Li 3 ^24 O 24 ' 


34.7(v) Generating Functions 

For generating functions for the 9 j symbol see Biedenharn and van Dam (1965, p. 258, eq. (4.37)). 

34.7(vi) Sums 


J 1 J3 Jl3 

34 J2 J24 

,jl4 J23 j 


! Jl J2 Jl2 
33 34 J34 

jl3 J24 j 

This equation is the sum rule. It constitutes an addition theorem for the 9 j symbol. 

v ( hl 

^ \mn 

m r i ,m r 2 ,r=l,2,3 v 

331 332 J33 



3 2 3 12 

33 334 

3 



( 313 

J23 

333 \ 1 

[ jll 

jl2 

jl3 


, J21 

322 

J23 

34 . 7.4 

V TO 13 

m 2 3 

777-33 7 | 

[j31 

J32 

J33 


j 12 

j 13 \ 

( J21 

322 

mi2 

71713 / 

\77l21 

77722 

/ jll 

J21 

J31 A 

f jl2 

l mn 

77121 

71731/ 

\ 771-12 


3 23 


3 22 3 32 


34.7.5 ypf + 1)< 

( jll 

jl2 

J21 

J22 

j' 

[j31 

J32 


I Jll Jl2 3 
I J23 333 3 


= (_l)2j)321 J22 J23 

1 j \jl2 j 332 


J 3 1 3 32 J33 

j Jll J21 


34.8 Approximations for Large Parameters 


For large values of the parameters in the 3 j, 6 j, and 9 j symbols, different asymptotic forms are obtained depending 
on which parameters are large. For example, 


34.8.1 


Jl J 2 33 

J2 jl k 


= (-l) 


jl+j2+j3+h 


n(2ji + l)( 2 j 2 + 1 )( 2?3 + l)sin0 


(cos ((l 3 + \)6- jTr) + o(l)) , 

jl, J2, J3 > I 3 » 1, 


34.9 Graphical Method 
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where 


34.8.2 COS 8 = 


3 i(ji + !) + h(h + l) - 33(33 + 1 ) 


2\/jl(jl + l)j2 (j2 + 1) 
and the symbol o(l) denotes a quantity that tends to 
zero as the parameters tend to infinity, as in §2.1(i). 

Semiclassical (WKBJ) approximations in terms of 
trigonometric or exponential functions are given in Var- 
shalovich et al. (1988, §§8.9, 9.9, 10.7). Uniform ap- 
proximations in terms of Airy functions for the 3 j and 
6 j symbols are given in Schulten and Gordon (1975b). 
For approximations for the 3 j, 6 j, and 9 j symbols with 
error bounds see Flude (1998), Chen et al. (1999), and 
Watson (1999): these references also cite earlier work. 


34.9 Graphical Method 

The graphical method establishes a one-to-one corre- 
spondence between an analytic expression and a dia- 
gram by assigning a graphical symbol to each function 
and operation of the analytic expression. Thus, any an- 
alytic expression in the theory, for example equations 
(34.3.16), (34.4.1), (34.5.15), and (34.7.3), may be rep- 
resented by a diagram; conversely, any diagram rep- 
resents an analytic equation. For an account of this 
method see Brink and Satchler (1993, Chapter VII). 
For specific examples of the graphical method of repre- 
senting sums involving the 3j, 6j, and 9 j symbols, see 
Varshalovich et al. (1988, Chapters 11, 12) and Lehman 
and O’Connell (1973, §3.3). 


34.10 Zeros 


In a 3 j symbol, if the three angular momenta j 1 , j? , J 3 do 
not satisfy the triangle conditions (34.2.1), or if the pro- 
jective quantum numbers do not satisfy (34.2.3), then 
the 3 j symbol is zero. Similarly the 6 j symbol (34.4.1) 
vanishes when the triangle conditions are not satisfied 
by any of the four 3 j symbols in the summation. Such 
zeros are called trivial zeros. However, the 3 j and 6 j 
symbols may vanish for certain combinations of the an- 
gular momenta and projective quantum numbers even 
when the triangle conditions are fulfilled. Such zeros 
are called nontrivial zeros. 

For further information, including examples of non- 
trivial zeros and extensions to 9 j symbols, see Srini- 
vasa Rao and Rajeswari (1993, pp. 133-215, 294-295, 
299-310). 

34.11 Higher-Order 3 nj Symbols 

For information on 12j, 1 5 j , . - - , symbols, see Var- 
shalovich et al. (1988, §10.12) and Yutsis et al. (1962, 
pp. 62-65 and 122-153). 


Applications 


34.12 Physical Applications 

The angular momentum coupling coefficients (3 j, 6 j, 
and 9 j symbols) are essential in the fields of nuclear, 
atomic, and molecular physics. For applications in 
nuclear structure, see cle Shalit and Talmi (1963); in 
atomic spectroscopy, see Biedenharn and van Dam 
(1965, pp. 134-200), Judd (1998), Sobelman (1992, 
Chapter 4), Shore and Menzel (1968, pp. 268-303), and 
Wigner (1959); in molecular spectroscopy and chemi- 
cal reactions, see Burshtein and Temkin (1994, Chap- 
ter 5), and Judd (1975). 3j, 6j, and 9 j symbols are also 
found in multipole expansions of solutions of the Laplace 
and Helmholtz equations; see Carlson and Rushbrooke 
(1950) and Judd (1976). 


Computation 


34.13 Methods of Computation 

Methods of computation for 3 j and 6 j symbols include 
recursion relations, see Schulten and Gordon (1975a), 
Luscombe and Luban (1998), and Edmonds (1974, pp. 
42-45, 48-51, 97-99); summation of single-sum expres- 
sions for these symbols, see Varshalovich et al. (1988, 
§§8.2.6, 9.2.1) and Fang and Shriner (1992); evaluation 
of the generalized hypergeometric functions of unit ar- 
gument that represent these symbols, see Srinivasa Rao 
and Venkatesh (1978) and Srinivasa Rao (1981). 

For 9 j symbols, methods include evaluation of the 
single-sum series (34.6.2), see Fang and Shriner (1992); 
evaluation of triple-sum series, see Varshalovich et al. 
(1988, §10.2.1) and Srinivasa Rao et al. (1989). A review 
of methods of computation is given in Srinivasa Rao and 
Rajeswari (1993, Chapter VII, pp. 235-265). See also 
Roothaan and Lai (1997) and references given there. 


34.14 Tables 

Tables of exact values of the squares of the 3 j and 6 j 
symbols in which all parameters are < 8 are given in 
Rotenberg et al. (1959), together with a bibliography of 
earlier tables of 3j, 6j, and 9 j symbols on pp. 33-36. 

Tables of 3j and 6 j symbols in which all parameters 
are < 17/2 are given in Appel (1968) to 6D. Some se- 
lected 9 j symbols are also given. Other tabulations for 
3 j symbols are listed on pp. 11-12; for 6 j symbols on 
pp. 16-17; for 9 j symbols on p. 21. 
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Biedenharn and Louck (1981) give tables of algebraic 
expressions for Clebsch-Gordan coefficients and 6 j sym- 
bols, together with a bibliography of tables produced 
prior to 1975. In Varshalovich et al. (1988) algebraic 
expressions for the Clebsch-Gordan coefficients with all 
parameters < 5 and numerical values for all parameters 
< 3 are given on pp. 270-289; similar tables for the 6 j 
symbols are given on pp. 310-332, and for the 9 j sym- 
bols on pp. 359, 360, 372-411. Earlier tables are listed 
on p. 513. 

34.15 Software 

See http : // dlmf . nist . gov/34 . 15. 


References 

General References 

The main references used in writing this chapter are Ed- 
monds (1974), Varshalovich et al. (1988), and cle Shalit 
and Talmi (1963). 


Sources 

The following list gives the references or other indica- 
tions of proofs that were used in constructing the various 
sections of this chapter. These sources supplement the 
references that are quoted in the text. 

§ 34.2 Edmonds (1974, pp. 44-45). 

§ 34.3 Edmonds (1974, pp. 46-50, 63), de Shalit and 
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Notation 

35.1 Special Notation 

(For other notation see pp. xiv and 873.) 

All matrices are of order m x to, unless specified oth- 
erwise. All fractional or complex powers are principal 
values. 


Koranyi (1994, pp. 320-329)), K m (0, . . . , 0, v\ S, T) = 
IT^B^ST) (Terras (1988, pp. 49-64)), and K v { T) = 
|T| I/ B v { ST) (Faraut and Koranyi (1994, pp. 357 358)). 


Properties 


35.2 Laplace Transform 


a, b 

j,k 

m 

K 

0 

1 

s 


S, T, X 

trX 

etr(X) 

|X| 


l( x )j| 

*Ej,k 

dX 

SI 


tl ? • • • i tm 

Ill’ll 

X > T 
Z 

u,v 

/(X) 

O(to) 

H 

dU 

Z K ( T) 


complex variables, 
nonnegative integers, 
positive integer. 

partitional shifted factorial (§35.4(i)). 
zero matrix, 
identity matrix. 

space of all real symmetric matrices, 
real symmetric matrices, 
trace of X. 
exp(tr X). 

determinant of X (except when to = 1 
where it means either determinant or 
absolute value, depending on the context), 
jth principal minor of X. 

(j, fc)th element of X. 

Ill <j<k<m d x j,k- 

space of positive-definite real symmetric 

matrices. 

eigenvalues of T. 

spectral norm of T. 

X- T is positive definite, 
complex symmetric matrix, 
real and complex parts of Z. 
complex- valued function with X £ SI. 
space of orthogonal matrices, 
orthogonal matrix, 
normalized Haar measure on O (to). 
zonal polynomials. 


The main functions treated in this chapter are 
the multivariate gamma and beta functions, respec- 
tively r m (a) and B m (a, 6 ), and the special functions 
of matrix argument: Bessel (of the first kind) A u ( T) 
and (of the second kind) B„(T); confluent hyperge- 
ometric (of the first kind) iFi(a; 6 ;T) or i_Fi^;T^ 
and (of the second kind) \E'(a; 6 ;T); Gaussian hyper- 
geometric 2 ^ 1 ( 01 , 0256 ; T) or 2 -Fi( ai ^ a2 ; T^; gener- 


alized hypergeometric p F q (a \, . . . , a p , 61 , . . . , b q ; T) or 
/ai, . . . , a p r 

An alternative notation for the multivariate gamma 
function is II m (a) = r m (a + ^(to + 1)) (Herz (1955, 
p. 480)). Related notations for the Bessel func- 
tions are J v+ i( m+1 )(T) = A V (T)/ A v (Qi) (Faraut and 


Definition 

For any complex symmetric matrix Z, 

35 . 2.1 g{ Z)= / etr(— ZX)/(X) dX, 

J n 

where the integration variable X ranges over the space 

SI. 

Suppose there exists a constant X 0 £ SI such that 
|/(X)| < etr(— X 0 X) for all X e SI. Then (35.2.1) con- 
verges absolutely on the region 9?( Z) > X 0 , and g(Z) is 
a complex analytic function of all elements z h k of Z. 

Inversion Formula 

Assume that J s \g(Z)\ dV converges, and also that 
limu^oo f s |<?(Z)| dV = 0. Then 

35 - 2 - 2 /< X ) = / etr(ZX) 3 (Z) riZ. 

where the integral is taken over all Z = U + iV such 
that U > X 0 and V ranges over S. 

Convolution Theorem 

If gj is the Laplace transform of f j , j = 1, 2, then <?i <72 is 
the Laplace transform of the convolution /1 * f 2 , where 

35 . 2.3 /r * / 2 (T) = J A(T — X)/ 2 (X) dX. 

0<X<T 

35.3 Multivariate Gamma and Beta 
Functions 

35.3(i) Definitions 

r m (a) = [ etr(-X)|X| a -s( m+ 1 )dX, 

35 . 3.1 J n 

5R(a) > \{m — 1). 

35 . 3.2 

fm (^1 5 ■ • ■ , S m ) 

,. m — 1 

= / etr(-X)|X| s ™-5( m+1 ) TT |(X) J A '-^+ 1 dX, 
Jn i=1 

sj e C, > \{j - 1), j = 1, . . . ,m. 

35 . 3.3 

B m (a, b) = J |X| a -3 (m+ 1 ) |I-X| h -5 (m+ 1 ) dX, 

o<x<i 

3?(a), 3?(6) > \(rn — 1). 
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35.3(ii) Properties 

m 

35.3.4 r m (o) = 7 r™^" 1 )/ 4 JJ T (a - \{j - 1)). 

3 = 1 


35.3.5 


r m ( Sl , . . . , s m ) = 7r m ( m— x )/ 4 JJ r( Sj - - !))■ 

i=i 


35.3.6 


35.3.7 


35.3.8 


Tm(^, ■ • • > a) — r m (a). 

p, , u r m (a)r m (6) 
B m (a, b) = 


r m (a + fr) 

B m (o,6)= f |X| a -2( m+1 )|I + xr (a+b) dX, 

Jci 


R(a),R(&) > |(m- 1). 


35.4 Partitions and Zonal Polynomials 

35.4(i) Definitions 

A partition k = (k\, . . . ,k m ) is a vector of nonnegative 
integers, listed in nonincreasing order. Also, |k denotes 
ki + - ■ ■+k m , the weight of k; £(k) denotes the number of 
nonzero kj ; a + n denotes the vector (a + ki, . . . , a + k m ). 
The partitional shifted factorial is given by 

3541 

3 = 1 

where (a) k = a(a + 1) • • • (a + k — 1). 

For any partition k, the zonal polynomial Z K : S —> 
R. is defined by the properties 

35.4.2 

II (2 kj — 2 ki — j + 1) 

i <j<l<t(.K) 


^(I)=N!2 2|K| [m/ 2] k - 


and 

35.4.3 

Z k (T) = Z K { I) | T | 


n (2 kj + e(K) -j)i 

3=1 


n k hth_ 


O(m) 


3 = 1 


dH, 


T G S. 


See Muirhead (1982, pp. 68-72) for the definition 
and properties of the Haar measure dH. See Hua 
(1963, p. 30), Constantine (1963), James (1964), and 
Macdonald (1995, pp. 425-431) for further information 
on (35.4.2) and (35.4.3). Alternative notations for the 
zonal polynomials are C K ( T) (Muirhead (1982, pp. 227 
239)), JA(T) (Takemura (1984, p. 22)), and <F K (T) (Fa- 
raut and Koranyi (1994, pp. 228-236)). 


35.4(ii) Properties 
Normalization 

35.4.4 Z K ( 0) = 


1 , «=( 0 ,..., 0 ), 


0, ft/(0,...,0). 

Orthogonal Invariance 

35.4.5 Z k (HTH _1 ) = Z k (T), HeO(m). 
Therefore Z K (T) is a symmetric polynomial in the eigen- 
values of T. 

Summation 

For k = 0, 1, 2, ... , 

35.4.6 £ Z «( T > = (“-T) 4 ' 

\K,\=k 

Mean-Value 

35.4.7 f Z^SHTH" 1 ) dH = Zk{ ^ ^ (T) . 

JO(m) Z k( 1 ) 

Laplace and Beta Integrals 

For T G f2 and 3?(a), 3t(b) > | (m — 1), 

[ etr(-TX) |X| a -s (m+1) Z K (X)dX 

35.4.8 Jci 

= r m (a + «)|T|- a Z K (T- 1 ), 

J |X| a -5 (m+1) |I - X| b -5 (m+1) Z k (TX) dX 


35.4.9 0<x<1 


[a + 6], 


■B m (a, b)Z K ( T). 


35.5 Bessel Functions of Matrix Argument 

35.5(i) Definitions 


35.5.1 

35.5.2 


A„(0) — -p ( _i_ i ( , -i \\ > v £ C. 

T m (^+ 2\ m + !)) 




1 


Z K ( T), 


k [ ■^ k [ v+ U™+ 1 )] K 

V e C, T g S. 


35.5.3 


B v { T)= [ etr(-(TX + X- 1 ))|X|' y “5 (m+1) dX, 

Jn 

i/eC, Ten. 

35.5(ii) Properties 


35.5.4 


I etr(-TX)|X|"A l/ (SX)dX 
n 

= etr(-ST- 1 )|T|^ l '-5 (m+1) , 

Se5,Ten ; K(z/) > -l. 


770 


Functions of Matrix Argument 


35.5.5 

35.5.6 

35.5.7 

35.5.8 


J A^SiX^xr A 2 (S 2 (T - X))|T - xr dx = \ Tr+ u 2+i{m+1 ) A 1+va+ i (m+1) (( S, + s 2 )t), 


0<X<T 


G C, »(z/,) > -1, j = 1,2; Si,S 2 e5;TeO. 


A(T) = |T|-^B_,(T), 
1 


/ A 1 (TX)S_ I/ 2 (SX)|Xr i dX= A 


V G C, T G J7. 

S| ly2 |T + S|^ (l/1+1/2+ 5( m + 1 )), SRA +i/ 2 ) > -1; S.Tefi. 


S arbitrary. 


35.5(iii) Asymptotic Approximations 

For asymptotic approximations for Bessel functions of matrix argument, see Herz (1955) and Butler and Wood 
(2003). 

35.6 Confluent Hypergeometric Functions of Matrix Argument 


35.6(i) Definitions 


35.6.1 

35.6.2 

Laguerre Form 

35.6.3 


k = 0 |k| =k 1 Jk 


tf(a; 6; T) = — ' ^ f etr(-TX)|X| a -i( m+1 ) |I + X | b - a -5 (m+1 > dX, »(a) > \{m — 1), T G tl. 

1 m\ a ) Jr 2 

L h) (T ) - Tm(l + v+\{m + l)) f 

r m ( 7 + i(m + l)) 1 + 


i(m + 1) ’ T ' ’ 


3ff(y), 3f( 7 + v) > — 1. 


35.6(ii) Properties 

35.6.4 !Fi(“;T) = 

35.6.5 


J etr(TX)|X| a -5( m+1 )|I-X| b - Q -i( m+1 )dX, »(a), 5R(6 - a) > \{m - 1). 


o<x<i 


35.6.6 


35.6.7 


35.6.8 


B m (a, b — a) 

c 

J etr(-TX)|X| b -^ m+1 ) 1 F 1 (“;Sx) dX = r m (5)|I - ST" 1 |- a |T|- b , T > S, 5R(6) > \{m- 1). 
B m (6 1 ,6 2 )|T| bl+b2 -5( m + 1 ) lJ F 1 ^J + “ 2 2 ;Tj 

- f | X | b i— 5( m +r) 1 F 1 ; X^) |T — x| b2_ 5 (m+1) 1 p 1 ( a ‘ 2 ; T — X^) dX, Hfa), SR(6 2 ) > |(m - 1). 

;T \0\ J \ °2 J 

1 F 1 (“;T)=etr(T) 1 F 1 ( , ’;“;-T). 

[ |T| c -M™+D * ( o; 6; T) dT = Fm(c) r " ( ° ~ C . } Fm ^ C ~ b + ^ (w . + ^ , 

Jn r m (a)r m (a-6+ |(m + l)) 


/0<X<T 


Sft(a) > Sft(c) + — 1) > m — 1, 3 ?(c — b) > — 1. 

35.6(iii) Relations to Bessel Functions of Matrix Argument 


35.6.9 


Urn Aif “ j-cAt) = 44S- 
a-*oo \I/+|(m+l) J A(0) 

lim r m (a) ^(a + ^; ^ + |(m + 1); a _1 T) = _B„(T). 


35.6.10 


35.7 Gaussian Hypergeometric Function of Matrix Argument 
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35.6(iv) Asymptotic Approximations 

For asymptotic approximations for confluent hypergeometric functions of matrix argument, see Herz (1955) and 
Butler and Wood (2002). 

35.7 Gaussian Hypergeometric Function of Matrix Argument 


35.7(i) Definition 

35.7.1 

Jacobi Form 


2-Fl 


( a ’ &;T ) -c+l(j + l)£®, l<j<m; ||T|| < 1. 

' ' h — fl I I — L> ^ J /*C 


k — 0 |/t| =k 


35 7 2 P ( ^) (T] _ ^m{'l + ^+H rn + 1 )) F (-^ + S + v+\{rn + l) \ 

35.7.2 (l)- r m ( 7+ i (m + 1) ) 7 + i(m + 1) ' L )' 


<T<I;7,{,i/eC; K( 7 ) > -1. 


35.7(ii) Basic Properties 

Case m = 2 


35.7.3 2 ^ 1 ^ c ; 
Confluent Form 

35.7.4 

Integral Representation 


a,b fti 0 
0 t 2 


= jr ^k( c - a )k(. b )k( c ~ b )k (t it2) k 2Fi 


a + k,b+ k 
c + 2k 


fe=0 k\{c) 2k {c-\) k 

lim 2 F 1 ( a,b -l-cT~ 1 ) = \T\ b V(b;b~a+ i(m + l);T). 
— >oo \ C J 


\ti+t 2 ~ t\t 2 . 


2-Fj 


35.7.5 


a, b 


T = 


B m (^: C d) 


J |X| a -5 (m+1) |I — x| c-a- ®( m+1 )|I — TX| _b dX, 

3?(a),5i(c-a) > \{m- 1), 0 < T < I. 


o<x<i 


Transformations of Parameters 

'a, b 


2 Fi 


35.7.6 


T) =|I-T| c -“- 6 2 F 1 


c— a,c— b 


;T = |I-T|-° 2 Pi 


a, c — b 


;-t(i-t) 


-1 


Gauss Formula 

35.7.7 

Reflection Formula 

/a, b 

35.7.8 2^1 


= II — T| _ 2 Fi 


2 p i\ c ; 1 1 = 


- b „ fc- a, b 


; -T(I - T) 


-1 


r m (c) r m (c-o-b) 
r m (c-a) r m ( c -6)’ 


Sft(c) , 3?(c — a — b) > \ (m — 1) . 


rj, | _ fm(c) r m (c a b) 


a, b 


I ; I — tJ , R(c),K(c-o-6) > |(m-l). 


r m (c — a) T m (c — b) \a + b - c + \{m + 1) 

35.7(iii) Partial Differential Equations 

Let / : $7 — > C (a) be orthogonally invariant , so that /( T) is a symmetric function of t\, . . . , t m , the eigenvalues of the 
matrix argument T £ f2; (b) be analytic in t \, . . . , t m in a neighborhood of T = 0; (c) satisfy /( 0) = 1. Subject to 
the conditions (a)-(c), the function /( T) = 2 Fi(a , 6; c; T) is the unique solution of each partial differential equation 

35.7.9 


,d' 2 F l^t k (l-t k )dF I 1 , 1 ^ Ul - tj)\ dF 

kjtj V kjtj ) 


= abF , 


for j = 1, . . . , m. 
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Systems of partial differential equations for the oFi 
(defined in §35.8) and \F\ functions of matrix argument 
can be obtained by applying (35.8.9) and (35.8.10) to 
(35.7.9). 


35.8.4 

MT) = T m (v+\{m+ 1)) ° i " 1 C+i(m + l) ; ~ T )’ 

T 6 5. 


35.7(iv) Asymptotic Approximations 


Butler and Wood (2002) applies Laplace’s method 
(§2.3(iii)) to (35.7.5) to derive uniform asymptotic ap- 
proximations for the functions 


35.7.10 

and 

35.7.11 


2-Fl 


( era, ab 
\ ac 



2-Fl 



as a — > oo. These approximations are in terms of ele- 
mentary functions. 

For other asymptotic approximations for Gaussian 
hypergeometric functions of matrix argument, see Herz 
(1955), Muirhead (1982, pp. 264-281, 290, 472, 563), 
and Butler and Wood (2002). 


35.8 Generalized Hypergeometric Functions 
of Matrix Argument 

35.8(i) Definition 

Let p and q be nonnegative integers; a\,...,a p £ C; 
b \, . . . , b q G C; —bj+\{k+l) ^ N, 1 < j < q, 1 < k < m. 
The generalized hypergeometric function p F q with ma- 
trix argument Tt5, numerator parameters oi, . . . , a p , 
and denominator parameters b\, ... ,b q is 


35.8.1 



Convergence Properties 

If — CLj + ^(k + 1) € N for some j, k satisfying 1 < j < p, 
1 < k < to, then the series expansion (35.8.1) termi- 
nates. 

li p < q, then (35.8.1) converges for all T. 

If p = q + 1, then (35.8.1) converges absolutely for 
1 1 T 1 1 < 1 and diverges for ||T|| > 1. 

If p > q + 1, then (35.8.1) diverges unless it termi- 
nates. 


35.8(iii) 3 -F 2 Case 


Kummer Transformation 

Let c = bi + b 2 — ai — 02 — a 3. Then 


35.8.5 

3F2 


ai,a 2 ,a 3 \ 
biM 5 ) 


r m (fr 2 )r m (c) 

(b 2 - a 3 ) (c+ a 3 ) 

bi - 01,61 - a 2 ,a 3 \ 

61 , c + a 3 /’ 

5i(6 2 ),3£(c) > \(m- 1). 


X 3^2 


Pfaff-Saalschutz Formula 

Let oi + a 2 + a 3 + ^(m +1) = 61 + 6 2 ; one of the a-j be 
a negative integer; 5R(6i — ai), ?R(6i — o 2 ), 5ft(&i — a 3 ), 
5R(6i — ai — a 2 — a 3 ) > \{jn — 1). Then 


35.8.6 


3-62 


ai,a 2 ,a 3 \ 
61, & 2 5 ) 


r m (6i - ai)T m (6i - a 2 ) 
T m (6i)T m (6 i - ai - a 2 ) 

T m (6i - a 3 ) T m (&i - ai - a 2 - a 3 ) 
T m (6i - ai - a 3 ) T m (6i - o 2 - a 3 ) ' 


Thomae Transformation 

Again, let c = 61 + 6 2 — oi — a 2 — a 3 . Then 


35.8.7 


3 F 2 


f ai,a 2 ,a 3 \ 

1 h,b 2 ; J 


r m (6 !)r m ( 6 2 )r(c) 

r m (ai) r m (c + a 2 ) r(c + o 3 ) 

r, (b\ - 01,62 - a 2 ,c A 
x 3-F2 , , ; I , 

\ c+ a 2 , c + a 3 J 

R(&i), 3?(6 2 ), K(c) > i(m- 1). 


35.8(iv) General Properties 
Value at T = 0 


35.8.8 

Confluence 


p r q 


CLll • • • 5 dp 

6 i,..., 6 , ; J 


= 1 . 


35.8(ii) Relations to Other Functions 

35.8.2 0 F 0 ^;T^ = etr(T), T € S. 

35.8.3 

2 Fi ( a, jb T^j = 1 Fof°;T N ) = |I - T\~ a , 0 < T < I. 


35.8.9 


35.8.10 


rp / ai,...,o p ,7 _! 

lim p+iF q [ ; 7 T 

7^00 V bi,...,b q 

= F ( ai ’•••’ a P. T A 

p ' ^ V &!, - ,6 r 


lim p F q+ i f Gl ’ ’ ; 7 t) 

7^00 \6i, . . . , 6 g ,7 y \ A 


Applications 
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Invariance 

35 . 8.11 


bi,...,b q 


p F q ( ' * • ’ ; HTH -1 J = pF q ( 


h,...,b q 

H G O(m). 


Laplace Transform 
35 . 8.12 


f etr(— TX) |X| 7_ s ( m+1 ) pFq ( ai > ‘ ‘ ' ’ Qp ■ 

Jn \oi,...,b q 

= r m(7 )|T|- p+1 F,(“;;;;;;“-7-T-'), 


-X dX 


^(7) > Hm- !)• 


Euler Integral 
35 . 8.13 


j |X| ai_ 2( rrl + 1 ) |I — x| bl_ai_ 5( m+1 ) 


0<X<I 




F„( o 2 ,...,a p+ i x \ dX 


b 2 ,...,b q+ i J 

p+lFq+l 


B m (6i - Oi,ai) 


a 1 , 


> Qp+i _ 


bl, - ■ ■ , b q+ 1 




3?(6i — ai), 3?(ai) > \{m— 1). 


35.8(v) Mellin-Barnes Integrals 

Multidimensional Mellin-Barnes integrals are estab- 
lished in Ding et al. (1996) for the functions p F q and 
p+iF p of matrix argument. A similar result for the 
qFi function of matrix argument is given in Faraut and 
Koranyi (1994, p. 346). These multidimensional in- 
tegrals reduce to the classical Mellin-Barnes integrals 
(§5. 19(h)) in the special case m = 1. 

See also Faraut and Koranyi (1994, pp. 318-340). 


Applications 


35.9 Applications 

In multivariate statistical analysis based on the mul- 
tivariate normal distribution, the probability density 
functions of many random matrices are expressible in 
terms of generalized hypergeometric functions of matrix 
argument p F q , with p < 2 and q < 1. See James (1964), 
Muir head (1982), Takemura (1984), Farrell (1985), and 
Chikuse (2003) for extensive treatments. 

For other statistical applications of p F q functions 
of matrix argument see Perlman and Olkin (1980), 
Groeneboom and Truax (2000), Bhaumik and Sarkar 
(2002), Richards (2004) (monotonicity of power func- 
tions of multivariate statistical test criteria), Bingham 


et al. (1992) (Procrustes analysis), and Phillips (1986) 
(exact distributions of statistical test criteria). These 
references all use results related to the integral formu- 
las (35.4.7) and (35.5.8). 

For applications of the integral representation 
(35.5.3) see McFarland and Richards (2001, 2002) (sta- 
tistical estimation of misclassihcation probabilities for 
discriminating between multivariate normal popula- 
tions). The asymptotic approximations of §35.7(iv) are 
applied in numerous statistical contexts in Butler and 
Wood (2002). 

In chemistry, Wei and Eichinger (1993) expresses 
the probability density functions of macromolecules in 
terms of generalized hypergeometric functions of matrix 
argument, and develop asymptotic approximations for 
these density functions. 

In the nascent area of applications of zonal polyno- 
mials to the limiting probability distributions of sym- 
metric random matrices, one of the most comprehensive 
accounts is Rains (1998). 


Computation 


35.10 Methods of Computation 

For small values of ||T|| the zonal polynomial expan- 
sion given by (35.8.1) can be summed numerically. For 
large ||T|| the asymptotic approximations referred to in 
§35.7(iv) are available. 

Other methods include numerical quadrature ap- 
plied to double and multiple integral representations. 
See Yan (1992) for the and 2 F\ functions of ma- 
trix argument in the case m = 2, and Bingham et al. 
(1992) for Monte Carlo simulation on O (to) applied to 
a generalization of the integral (35.5.8). 

Koev and Edelman (2006) utilizes combinatorial 
identities for the zonal polynomials to develop compu- 
tational algorithms for approximating the series expan- 
sion (35.8.1). These algorithms are extremely efficient, 
converge rapidly even for large values of m, and have 
complexity linear in m. 

35.11 Tables 

Tables of zonal polynomials are given in James (1964) 
for |k| < 6, Parkhurst and James (1974) for |k| < 12, 
and Muirhead (1982, p. 238) for |k| < 5. Each table 
expresses the zonal polynomials as linear combinations 
of monomial symmetric functions. 

35.12 Software 

See http : // dlmf . nist . gov/35 .12. 
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Notation 


Properties 


36.1 Special Notation 

(For other notation see pp. xiv and 873.) 


k, t, s 
K 


l,m,n integers. 

real or complex variables, 
codimension. 

x {xi,X 2 , • • • , xk}, where X\,X 2 , ■ ■ ■ , Xk are real 

parameters; also X\ = x, X2 = y, X3 = z when 
K < 3. 

Ai, Bi Airy functions (§9.2). 

* complex conjugate. 

The main functions covered in this chapter are cus- 
poid catastrophes d >#•(£; x); umbilic catastrophes with 
codimension three d>( E )(s,t;x ), *(H)( a , t: x); canonical 
integrals 'I'/f(x), dA E )(x), (x) ; diffraction catastro- 
phes l&x(x;fc), ^( E )(x;fc), d'^ H ^(x;fc) generated by the 
catastrophes. (There is no standard nomenclature for 
these functions.) 


36.2 Catastrophes and Canonical Integrals 
36.2(i) Definitions 

Normal Forms Associated with Canonical Integrals: 
Cuspoid Catastrophe with Codimension K 

K 

36.2.1 (t; x) = t K+ 2 + ^ x m t m . 

m—1 

Special cases: K = 1, fold catastrophe-, K = 2, cusp 
catastrophe ; K = 3, swallowtail catastrophe. 

Normal Forms for Umbilic Catastrophes with Codimension 

K = 3 


d> (E) (s,f; x) = s 3 — 3 st 2 + z(s 2 + t 2 ) + yt + xs, 

x = {x,y,z}, 


36.2.2 

(elliptic umbilic). 

d> (H) (s, t ; x) = s 3 + t 3 + zst + yt + xs, 


36.2.3 

(hyperbolic umbilic). 


= {x,y,z}, 


Canonical Integrals 
36.2.4 


/ OO 

exp(id> K (f;x)) dt. 

-OO 

d/ (U ^(x) — f ( exp dsdt, 

J — 00 J — OO ' 

36.2.6 \H (E) (x) = 2 \J 7t/ 3 exp(i ( ^z 3 + | xz — j7r)) j 

J a 


36.2.5 


ooexp(7ri/12) / / y2 

exp [i M 6 + 2 zu 4 + (z 2 + x)u 2 + — — ^ I ) du, 

00 exp(— 77ri/12) \ \ ±2u J 


U = E, H. 

£_X 


with the contour passing to the lower right of u = 0. 
4-7T 


36.2.7 


^ <E) ( X ) = cpTs exp (* (1^ “ \ XZ )) ( ex p(-*^) F +( X ) + ex p(*^) F -( x )) : 

F±(x) = I cos^ryexp^it^^ exp^2ir 2 ^exp^±t^^ Ai^3 2 ^ 3 r 2 + 3 _1//3 exp^i^ (|z 2 — x) ) dr. 


T (H) (x) = 4a/ 7t/ 6 exp(i + \z{y + x) + j?r)) 

36.2.8 /.ooexp^i/12) / / .. „ , , 

x / exp I i I 2ir + 2zu 4 + (|z 2 + x + y) u z — 

J 00 exp(57ri/12) \ V 

with the contour passing to the upper right of u = 0. 

poo exp(7ri/6) 


(y - 

24 u 2 


du, 


36.2.9 


t(h) , , 27 r f°°exp(Ki/ 6 ) s\ A Jzs + y\, 

15 ( x )=^/ exp (*( s + xs )) Al (^ijr) ds - 

^ J 00 exp(57rz/6) \ ^ / 
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Diffraction Catastrophes 


36.2.10 


/ OO 

exp (ik x)) dt, k > 0. 

-OO 

4- (U )(xi k) = k f I exp fife dsdt, 

J — oo J — OO ^ ' 


36.2.11 


U = E,H; k > 0. 


For more extensive lists of normal forms of catas- 
trophes (umbilic and beyond) involving two variables 
(“corank two”) see Arnol’d (1972, 1974, 1975). 

36.2(ii) Special Cases 


36.2.12 4- 0 = ^nexp^i^y 

4-] is related to the Airy function (§9.2): 


36.2.13 


271- ( x \ 

= — ‘Ml 


*iW = 3175 Ai ( 


4-2 is the Pearcey integral (Pearcey (1946)): 

36.2.14 

/ OO 

exp(z(f 4 + x 2 t 2 + xi t)) dt. 

-OO 


(Other notations also appear in the literature.) 


36.2.15 

’Mo) 

= — r(M 

K + 2 \K + 2j 


“(M 1 


K even, 
AT odd. 


36.2.16 

MO) = 1.54669, 4-2(0) = 1.67481 + 1 0.69373 
4 - 3 ( 0 ) = 1.74646, 4-4(0) = 1.79222 + i 0.48022. 


36.2.17 


d p 

dx\ p 

Q2q+1 

dx 2q+1 

Q2q 

d Xl 2q 


4-a'(0) 

4-a(0) 

4-a(0) 


2 r( 

f p+ 1 

K + 2 M 

A< + 2 

0, 


2 rf 

f 2q+\ 

K + 2 \ 

, K + 2 


cos 


7T 

2 


( p+ 1 
\ AT + 2 



exp 



(2q + l 
\K + 2 



K odd, 


K even, 


K even. 


36.2.18 


36.2.19 


4- (E) (°) = |Mr(|) = 3.28868, 
4- (IJ )(0) = |r 2 (i) = 2.39224. 


M0, y) = 


7T. \y\ 


y 

exp l —1 — 


exp 


Oi) 




1/4 


- sign(2/)exp^-i^ J 1/4 
For the Bessel function J see §10.2(ii). 


36.2.20 

*®(.„,0)-^(jr»(Al(^!)Bi(^!)) 

36.2.21 *< H >(x, #,0) = ^Ai(^)Ai(i). 


36.2(iii) Symmetries 

36.2.22 

4-2 A (x / ) = 4-2 a(x), X' 2m+1 = -X 2m +1, Am = x 2m- 

36.2.23 

4- 2 A+l(x , ) = 4-2A+ 1 (x), Am+l = x 2 m+l, Am = ~ x 2 m- 

36.2.24 4- (u) (a;,y, z) = 4-* (U) (a:, y, -z), U = E,H. 

36.2.25 4- (E) ( a h -y, z) = 4- (E) (x, y, z). 

36.2.26 

4- (E) (-^^ -&y,±&x-\y,z) =4 A E \x,y,z), 
(rotation by ±|7t in x,y plane). 

36.2.27 4- (H) (a;, y,z) = 4- (H) (y, Z, z). 
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36.3 Visualizations of Canonical Integrals 
36.3(i) Canonical Integrals: Modulus 



(a) Density plot. (b) 3D plot. 

Figure 36.3.1: Modulus of Pearcey integral | ^ 2 (x,y)\. 


For additional figures see littp : / / dlmf . nist . gov/36 . 3 . i. 


ma a 

I 



-20 y 

(a) Density plot. 

Figure 36.3.5: Modulus of swallowtail canonical integral function | ^(cc, y, — 7.5) | . 



For additional figures see http : //dlmf .nist .gov/36 . 3 . i. 
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(a) Density plot. (b) 3D plot. 

Figure 36.3.8: Modulus of elliptic umbilic canonical integral function | \I/ ( (re, 7/, 4) | . 


For additional figures see http : // dlmf . nist . gov/36 . 3 . i. 



(a) Density plot. (b) 3D plot. 

Figure 36.3.12: Modulus of hyperbolic umbilic canonical integral function j y, 3) |. 
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36.3(ii) Canonical Integrals: Phase 

In Figure 36.3.13(a) points of confluence of phase contours are zeros of ’S' 2 (a;, y); similarly for other contour plots in 
this subsection. In Figure 36.3.13(b) points of confluence of all colors are zeros of ^(a;, y); similarly for other density 
plots in this subsection. 



(a) Contour plot, at intervals of 7r/4. 



Phase 

Colors 


-10 


(b) Density plot. 


Figure 36.3.13: Phase of Pearcey integral ph ^(a;, y). 


For additional figures see http : //dlmf .nist .gov/36 . 3 . ii. 
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(a) Contour plot. (b) Density plot. 

Figure 36.3.17: Phase of elliptic umbilic canonical integral ph 'F (E ^ ) (a;, y, 4). 


For additional figures see http://dlmf.nist.gOv/36.3.ii. 






36.4 Bifurcation Sets 
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(a) Contour plot. 
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Phase 

Colors 


-8.4 (x-y)/j2 8.4 

(b) Density plot. 


Figure 36.3.21: Phase of hyperbolic umbilic canonical integral ph tP (a;, y, 3). 


36.4 Bifurcation Sets 


36.4(i) Formulas 

Critical Points for Cuspoids 

These are real solutions fj(x), 1 < j < j m ax (x) < K + 1, 

J^Rrfe(x) ;x) = 0. 

Critical Points for Umbilics 

These are real solutions {sj-(x),£j(x)}, 1 < j < 

Jmax(x) < 4, Of 


Of 

36.4.1 


36.4.2 


$ (u) (sj (x) , tj (x) ; x) = 0, 
£ $(U) (sj(x),tj(x);x) = 0. 


Bifurcation (Catastrophe) Set for Cuspoids 

This is the codimension-one surface in x space where 
critical points coalesce, satisfying (36.4.1) and 

d 2 

at 2 

Bifurcation (Catastrophe) Set for Umbilics 

This is the codimension-one surface in x space where 
critical points coalesce, satisfying (36.4.2) and 


36.4.3 


2 <t>if(t;x) = 0. 


d 2 


d 2 


36.4.4 


—2 $ (U) (s> x) $ (U) (s, t; x) 
os ot 

d 2 ' 2 


ds dt 


<F (u) (s,f;x)^ =0. 


Special Cases 

K = 1, fold bifurcation set: 

36.4.5 x = 0. 


K = 2, cusp bifurcation set: 

36.4.6 27x 2 = -8 y 3 . 

K = 3, swallowtail bifurcation set: 

36.4.7 

x = 3 t 2 (z + 5 1 2 ), y = — t(3z + 10t 2 ), —00 < t < 00 . 
Swallowtail self-intersection line: 

36.4.8 y = 0, x < 0, x = ^ z 2 . 

Swallowtail cusp lines (ribs): 

36.4.9 2<0, x=-^z 2 , I0y 2 = -4z 3 . 

Elliptic umbilic bifurcation set (codimension three): 
for fixed z, the section of the bifurcation set is a three- 
cusped astroid 

x = iz 2 (— cos(2d>) — 2 cos 1 i), 

36.4.10 , ,, 

y = |^ 2 (sin(2ij!)) — 2sin</>), 0 < </> < 27 t. 

Elliptic umbilic cusp lines (ribs): 

36.4.11 x + iy = — z 2 exp(|*7rm), m = 0,l,2. 

Hyperbolic umbilic bifurcation set (codimension 
three) : 

36.4.12 

x = ~p 2 ~ 2 (exp( 2 r) ±2exp(— r)), 
y = — Y2_3 2 (exp(— 2r) ± 2exp(r)), —00 < r < 00 . 

The + sign labels the cusped sheet; the — sign labels 
the sheet that is smooth for z yf 0 (see Figure 36.4.4). 
Hyperbolic umbilic cusp line (rib): 

36.4.13 x = y=-\z 2 . 

For derivations of the results in this subsection see 
Poston and Stewart (1978, Chapter 9). 
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36.4(ii) Visualizations 



Figure 36.4.1: Bifurcation set of cusp catastrophe. 



Figure 36.4.2: Bifurcation set of swallowtail catastrophe. 


z 



Figure 36.4.3: Bifurcation set of elliptic umbilic catas- 
trophe. 


Z 



Figure 36.4.4: Bifurcation set of hyperbolic umbilic 
catastrophe. 


36.5 Stokes Sets 

36.5(i) Definitions 

Stokes sets are surfaces (codimension one) in x 
space, across which or \k^ u ^(x;fc) acquires an 

exponentially-small asymptotic contribution (in fc), as- 
sociated with a complex critical point of or 4 >d J ) 
The Stokes sets are defined by the exponential domi- 


nance condition: 

36 . 5.1 

K($isr(^(x);x) - $A-(t M (x);x)) = 0, 

3?(<h {U) (s i ( x ),t J ( x );x) - <f- {U) (s /i (x),f AI (x);x)) = 0, 

where j denotes a real critical point (36.4.1) or (36.4.2), 
and /.i denotes a critical point with complex t or s,f, 
connected with j by a steepest-descent path (that is, a 
path where 5R4) = constant) in complex t or (s, t) space. 


36.5 Stokes Sets 
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In the following subsections, only Stokes sets involv- 
ing at least one real saddle are included unless stated 
otherwise. 

36.5(ii) Cuspoids 

K — 1. Airy Function 

The Stokes set consists of the rays phx = ±27 t/ 3 in the 
complex x-plane. 

K = 2. Cusp 

The Stokes set is itself a cusped curve, connected to the 
cusp of the bifurcation set: 

36.5.2 y 3 = f (V27 - 5) x 2 = 1.32403a; 2 . 

K = 3. Swallowtail 

The Stokes set takes different forms for z = 0, z < 0, 
and z > 0. 

For z = 0, the set consists of the two curves 

36.5.3 x = B± |y| 4/3 , B ± = 10" 1/3 (2a4 /3 - |a;± 2/3 ) , 

where x± are the two smallest positive roots of the equa- 
tion 

36.5.4 80x 5 — 40a; 4 — 55a; 3 + 5x 2 + 20a; —1 = 0, 
and 

36.5.5 B_ = -1.69916, B + = 0.33912. 

For z / 0, the Stokes set is expressed in terms of 
scaled coordinates 


36.5(iii) Umbilics 


Elliptic Umbilic Stokes Set (Codimension three) 

This consists of three separate cusp-edged sheets con- 
nected to the cusp-edged sheets of the bifurcation set, 
and related by rotation about the z-axis by 27 t/ 3. One 
of the sheets is symmetrical under reflection in the plane 
y = 0, and is given by 


36.5.11 4- = -1 - 12u 2 +8u- - 

Z z z 

Here u is the root of the equation 


(u 



1/2 ' 


36.5.12 

8 at 3 - 4u 2 
with 



6 wz 4 


- 2w 3 - 2w 2 , 


36.5.13 



and such that 


6z 2 


1 / 2 ' 


1/2 


36.5.14 0 < u < 

6 

Hyperbolic Umbilic Stokes Set (Codimension three) 

This consists of a cusp-edged sheet connected to the 
cusp-edged sheet of the bifurcation set and intersecting 
the smooth sheet of the bifurcation set. With coordi- 
nates 


36.5.6 X = x/z 2 , Y = y/\z\ 3/2 , 
by 

9 Y 2 

36.5.7 X = — + 20u 4 - + 6m 2 sign(z), 

where u satisfies the equation 

36.5.8 16u5 - + 4U3 Sign(z) 

+ 4 1 5 + 2 1 3 sign( 2 ) + \Y\t 2 = 0, 

in which 

/ lyi 3 X 1 / 2 

36.5.9 . 

For z < 0, there are two solutions at, provided that 
\Y\ > (I) 1 / 2 . They generate a pair of cusp-edged sheets 
connected to the cusped sheets of the swallowtail bifur- 
cation set (§36.4). 

For z > 0 the Stokes set has two sheets. The first 
sheet corresponds to x < 0 and is generated as a solu- 
tion of Equations (36.5.6)-(36.5.9). The second sheet 
corresponds to x > 0 and it intersects the bifurca- 
tion set (§36.4) smoothly along the line generated by 
X = X { = 6.95643, |F| = |Wi = 6.81337. For \Y\ > Y 1 
the second sheet is generated by a second solution of 
(36.5.6)-(36.5.9), and for |F| < Y-\ it is generated by 
the roots of the polynomial equation 

36.5.10 160at 6 + 40 u 4 = F 2 . 


36.5.15 X = (x-y)/z 2 , Y = \ + ((x + y)/z 2 ) , 
the intersection lines with the bifurcation set are gen- 
erated by |X| = X 2 = 0.45148, Y = Y 2 = 0.59693. 
Define 


Y(u,X) = 8u — 24u 2 + X 


U 6 


36.5.16 


(u (u- D) 


1/2 : 
1/2 


/ \ 1 /^ 

f(u,X) = 16u 3 -4u 2 -±\X\ ■ 

When |X| > X 2 the Stokes set ds(X) is given by 
36.5.17 F s P0 =Y{u,\X\), 

where u is the root of the equation 


36.5.18 f(u,X) = f(-u+l,X), 

such that u > \. This part of the Stokes set connects 
two complex saddles. 

Alternatively, when |A| < X 2 

36.5.19 F s (X) = y(- W ,-|X|), 
where u is the positive root of the equation 

Y 2 

36.5.20 f(-u , X) = — h 4 w 3 - 2 w 2 , 

12 w 

in which 


36.5.21 




|A1 

I2v}l 2 {\ + uf/ 2 
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36.5(iv) Visualizations 


In Figures 36.5.1-36.5.6 the plane is divided into regions by the dashed curves (Stokes sets) and the continuous curves 
(bifurcation sets). Red and blue numbers in each region correspond, respectively, to the numbers of real and complex 
critical points that contribute to the asymptotics of the canonical integral away from the bifurcation sets. In Figure 
36.5.4 the part of the Stokes surface inside the bifurcation set connects two complex saddles. The distribution of 
real and complex critical points in Figures 36.5.5 and 36.5.6 follows from consistency with Figure 36.5.1 and the fact 
that there are four real saddles in the inner regions. 




Figure 36.5.2: Swallowtail catastrophe with z < 0. 




Figure 36.5.3: Swallowtail catastrophe with z = 0. Figure 36.5.4: Swallowtail catastrophe with z > 0. 


36.6 Scaling Relations 
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Figure 36.5.5: Elliptic umbilic catastrophe with z = 
constant. 



Figure 36.5.6: Hyperbolic umbilic catastrophe with 2 = 
constant. 


For additional figures see http : // dlmf . nist . gov/36 . 5 . iv. 


36.6 Scaling Relations 

Diffraction Catastrophe Scaling 

d'A-tx; k) = k 0K ^> K {y 0)), 
ib 6 i T (u) (x;fc) = k 0lU ' T (u) (y (u) (fc)), 
where 

36 . 6.2 

cuspoids: y (k) = (x\k 11K , X 2 k l2K , . . . ,XKk lKK ) , 
umbilics: y (v) {k) = (xk 2/3 ,yk 2/3 , tfc 1 / 3 ) . 

Indices for fc-Scaling of Magnitude of \I ’ k or M>( u ) 
(Singularity Index) 


Table 36.6.1: Special cases of scaling exponents for cus- 
poids. 


singularity 

K 

(3 k 

7l K 

72 K 

73 K 

7 K 

fold 

1 

1 

6 

2 

3 

- 

- 

2 

3 

cusp 

2 

1 

4 

3 

4 

1 

2 

- 

5 

4 

swallowtail 

3 

3 

10 

4 

5 

3 

5 

2 

5 

9 

5 

For the results in 

this 

section and 

more 

extensive 


lists of exponents see Berry (1977) and Varcenko (1976). 

36.7 Zeros 

36.7(i) Fold Canonical Integral 


36 . 6.3 cuspoids: (3k = 


K 


2 {K + 2) 

Indices for fc-Scaling of Coordinates x 


cuspoids: 7 mK = 1 - r . , 0 , 

36 . 6.4 R + 2 


, umbilics: (3^ = -. 

o 


umbilics: 7 ^ u) = |, 7 ^ U) = |, 7 i U) = b 

K(K + 3) 


3 ’ ly 3 ’ lz 3 

Indices for fc-Scaling of x Hypervolume 


K 


cuspoids: 7 a = 


7 mK = 


36 . 6.5 


m = 1 
3 


2{K + 2) ’ 


umbilics: 7*- u ^ = E 7 m 3 ‘ 


This is the Airy function Ai (§9.2). 

36.7(ii) Cusp Canonical Integral 

This is (36.2.4) and (36.2.1) with K = 2. 

The zeros in Table 36.7.1 are points in the x = (x, y) 
plane, where ph4' 2 (x) is undetermined. All zeros have 
y < 0, and fall into two classes. Inside the cusp, that is, 
for x 2 < 8| j/| 3 /27, the zeros form pairs lying in curved 
rows. Close to the y-axis the approximate location of 
these zeros is given by 

2/m = -\J2 7t(2to + 1), to =1,2,3,..., 

36 - 7 ' 1 Zm,n = \[z^~ ( 2n + \ + (- 1 ) I "a ± |) 7T, 

V Um 

to = 1, 2, 3, ... , n = 0, ±1, ±2, .... 


786 


Integrals with Coalescing Saddles 


Table 36.7.1: Zeros of cusp diffraction catastrophe to 5D. 


Zeros {^} inside, and zeros [*] outside, the cusp x 2 = §f\y\ 3 - 


I" ±0.527681 ["±2.35218' 

\— 4.37804 J [-1.74360 


r ±1.411011 

\— 5.55470 J 

f ±0.430391 
6.64285 J 


f ±2.360941 
\ -5.52321 J 

f ±3.063891 
\ -6.44624 J 


±4.42707" 

-3.05791 

J ±3.958061 
1—6.40312 J 


±6.16185" 

-4.03551 


f ±1.216051 
[ -7.49906 J 


f ±2.029221 

1—7.48629 / 


f ±4.565371 
1 7.19629 J 


f ±5.422061 
1 7.14718 J 


±7.72352" 

-4.84817 


f ±0.384881 

1—8.31916 J 


f ±2.711931 
1—8.22315 / 


f ±3.492861 
\— 8.20326 J 


f ±5.966691 
\ -7.85723 J 


f ±6.795381 

±9.17308" 

(-7.80456 J 

— 5.55831_ 


More general asymptotic formulas are given in 
Kaminski and Paris (1999). Just outside the cusp, that 
is, for x 2 > 8|y| 3 /27, there is a single row of zeros on 
each side. With n = 0,1,2,..., they are located ap- 
proximately at 


36.7.2 


X„ = ± 


Vn = ~ 


/ s X 1 / 2 

l?/n| 3/2 (l±£n), 

/ 37r(8n ± 5) Y^ 2 

V 9±8C„ ) ’ 


where is the real solution of 


36.7.3 

37r(8n ± 5) 
9 ± 8 


27 / 3 


ej 2 = ^ , 


16 V 2 


1/2 


In | — 


3 In 


For a more extensive asymptotic analysis and further 
tabulations, see Kaminski and Paris (1999). 


36.7(iii) Elliptic Umbilic Canonical Integral 

This is (36.2.5) with (36.2.2). The zeros are lines in 
x = (x,y,z) space where phT^^x) is undetermined. 
Deep inside the bifurcation set, that is, inside the three- 
cusped astroid (36.4.10) and close to the part of the , 2 - 
axis that is far from the origin, the zero contours form 
an array of rings close to the planes 

Zn = ±3(i7r(2n- i)) 1/3 

jO. i.4 11/0 

= 3.48734(n- |) 1/3 , n= 1,2,3,.... 

Near z = z n , and for small x and y , the modulus 
| 'F ( E )(x)| has the symmetry of a lattice with a rhombo- 
liedral unit cell that has a mirror plane and an inverse 


threefold axis whose z and x repeat distances are given 
by 


36.7.5 


A2 = 


97T 

2 zl ’ 


6tt 

Ax = — . 

•£•77, 


The zeros are approximated by solutions of the equation 


exp — 27rf 


Az 


2x 

Ax 


36.7.6 


x 2 exp 


— 67ria? \ 

— 7 cos 

Ax J 


f 2\/3ny\ 

{ Ax J 


±1 


= v / 3. 

The rings are almost circular (radii close to (Ax)/9 
and varying by less than 1%), and almost flat (devi- 
ating from the planes z n by at most (Ar)/36). Away 
from the 2 -axis and approaching the cusp lines (ribs) 
(36.4.11), the lattice becomes distorted and the rings are 
deformed, eventually joining to form “hairpins” whose 
arms become the pairs of zeros (36.7.1) of the cusp 
canonical integral. In the symmetry planes (e.g., y = 0), 
the number of rings in the mth row, measured from the 
origin and before the transition to hairpins, is given by 

36.7.7 n max (m) = [_qf m - . 

Outside the bifurcation set (36.4.10), each rib is flanked 
by a series of zero lines in the form of curly “antelope 
horns” related to the “outside” zeros (36.7.2) of the cusp 
canonical integral. There are also three sets of zero lines 
in the plane 2 = 0 related by 2n/3 rotation; these are 
zeros of (36.2.20), whose asymptotic form in polar co- 
ordinates (x = r cos 6, y = rsin0) is given by 

/ \ 2 ^ 3 

36.7.8 r = 3 [ — . o \ j (1 ± 0(?7, _1 )), n — > oo. 

y4| sin(§0) | J 1 V 


36.8 Convergent Series Expansions 
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36.7(iv) Swallowtail and Hyperbolic Umbilic Canonical Integrals 

The zeros of these functions are curves in x = (x,y,z) space; see Nye (2007) for $3 and Nye (2006) for 


36.8 Convergent Series Expansions 


^Jf(x) = 


K + 2 


36.8.1 

where 

36.8.2 


/'.7r(2ii + 1)^ (2n+ 1^ 

£ exp {‘mTw) r lKT2r" M ' 




2 f 7r(n(K -h 1) - 1)\ / n + 1 


cos 


n—0 


2 (K + 2) ) * V K + 2 

min(n,K— 1) 


*( x )> 


K even, 
I\ odd, 


«o( x ) = 1 , a„ + i(x) = — — V' (jp + l)x p+1 a n _ p {x), n = 0 , 1 , 2 ,.... 

n + 1 


p = o 


For multinomial power series for 'Fa'(x), see Connor and Curtis (1982). 

3 2 / 3 

47T 2 


36.8.3 

and 

36.8.4 


(3 1 / 3 x) = Ai(x) Ai (y) ^(-3~^izr Cn(x y y) + Ai(x) Ai'(y) ^(_ 3 -i/3 u )» c ^M 

n—0 n—2 

+ Ai'(x) Ai (y) y { - 3 -ys iz) n d n(x)cn(y) + A A y { _ 3 -i/ 3 izr dn(x)d (y) 

Z—/ 77.1 Z. — rf 1 77.1 


n—2 


* (E) M - 2 ' 2 (if t ( - ( 2 / r Zr ^ ( W- Taw) 


n—0 


where 

36.8.5 

/n(C,C*) 

= c„(C)c„(C) Ai(C) Bi(C) + c„(C)d„(n Ai(C) Bi'(C*) + d n (0cn(C) Ai'(C) Bi(C*) + d n (()d n (C) Ai'(C) Bi'(C*), 

with asterisks denoting complex conjugates, and 

36.8.6 co(t) = 1, d 0 (t) = 0, c n+1 (t) = c' n (t) + td n (t), d n+1 (t) = c„(f) + d' n (t) . 


36.9 Integral Identities 

|Ti(a ;)| 2 = 2 5/3 (2 2 / 3 (3u 2 + s)) du; 

(Ai(a;)) 2 = - — J Ai^2 2 / 3 (u 2 + x)^j du. 

I o roc 

| 4'i(a ;)| 2 = J — / it~ 1//2 cos(2it(x + u 2 ) + j7r) du. 


36.9.1 

equivalently, 

36.9.2 


36.9.3 

36.9.4 


/ 4u 3 + 2uy + x \ / 4u 3 + 2uy — x \ \ du 


+ Wi 


,!/3- 


36.9.5 


36.9.6 


36.9.7 


du 

u 1 T 3 ' 


4': 


| 'F 2 (* ) j/) | 2 = 2 J cos(2xzt) tki ^2u 2 / 3 (y + 2u 2 )^j 
t(x, y, z )| 2 = 2 4 / 5 J 'F 3 ^2 4 ' /5 (x + 2ity + 3u 2 z + 5u 4 ), 0, 2 2 / 5 (z + 10u 2 )^ du. 


I *>(*. S'. -)l 2 = ^ jf * * 2 / |A1j,„3/4. ^ 3 * + 10 „ 2) j j . 
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36.9.8 


36.9.9 


^ H \x,y,z) 


= 8 ^9 


fOO pOO 


' — oo «/ — oo 
poo p2n 


-J (x + zv + 3u 2 ) j Ai ^ y- J (y + zu + 3v 2 ) j dudv. 

2 o ,_2 f°° f 2n ( { 1 \ 

^ (E) (x,y,z) = ^73 J J 5R (x + iy + 2zuexp(id) + 3u 2 exp(-2i0)) ) 

x (x — iy + 2zwexp(— iO) + 3u 2 exp(2*0))^ ^ ududO. 


For these results and also integrals over doubly-infinite intervals see Berry and Wright (1980). This reference also 
provides a physical interpretation in terms of Lagrangian manifolds and Wigner functions in phase space. 


36.10 Differential Equations 
36.10(i) Equations for 

In terms of the normal form (36.2.1) the ’Fx(x) satisfy 
the operator equation 

36.10.1 $f(r (x) = o> 

or explicitly, 

36.10.2 

d K +'* K (x) ( ^ f .^ m _ K _ 2 ( mx m \ d rn ~' 'I / r-(x) 
d Xl K+1 + ^ [ l) 

= 0 . 


m =1 


K + 2J d Xl r 


Special Cases 

I\ = 1, fold: (36.10.1) becomes Airy’s equation (§9.2(i)) 


36.10.3 

AT = 2, cusp: 

36.10.4 


dx 2 3 


d 3 '& 2 1 9T 2 i 

- -y— t«2 = 0. 


dx 3 2* dx 4 
K = 3, swallowtail: 


<9 4 'I / 3 3 d 2 ^ 3 2 i d ^ 3 1 

36 ' 10 ' 5 !hF~ 5 z lhF~^ y -fa + 5 x ' qf3= ' 


36.10(ii) Partial Derivatives with Respect to 
the x n 

36.10.6 

dx 


in = l " K " dxr n ’ 1 < m 1 < ^ 


Special Cases 

A' = 1, fold: (36.10.6) is an identity. 
AT = 2, cusp: 


36.10.7 


d 2n ^ 2 . n d n ^ 2 


dx 2 


= l 


K = 

3, swallowtail: 


3 2 ”T 3 

36.10.8 

aX" 


3 3 ”T 3 

36.10.9 

aX“ 


3 3n T 3 

36.10.10 

0 3 n 


dy n 


= (-I)' 


,d n ^ 3 

dz n 


uy dz 2n ' 

36. 10(iii) Operator Equations 

In terms of the normal forms (36.2.2) and (36.2.3), the 
'F (X b(x) satisfy the following operator equations 


36.10.11 

where 

36.10.12 


*M(«,t;x) = £*<”>(«, t;x), 
$^ U) (s,t;x) = <t> (u) (s,t;x). 


36.10.15 3 :l ^^ h * 2 ^ x 4 ,(H) = 0, 


dy 


Explicitly, 

a 2 <f( e ) 0 a^ TfE x n 

36.10.13 6 ^—— 2 iz— 1- y = 0, 

ox oy oy 

36.10.14 

fd 2 ^ 5 2 ^f( E ) \ 341(H) 

3 1 5 3 — 1+2*2 — if 1 ' = 0. 

V dx 2 dy 2 ) dx 

3 2 4/( h ) 347(H) 

» + iz ~E~ 

dx dy 

3 2 4-m 341(H) 

36.10.16 3 3 b * 2 — y 4d H ) = 0. 

dy 2 dx 

36.10(iv) Partial z-Derivatives 

34/( e ) 3 2 4/( e ) 3 2 4 /(e) 

dz ~ dx 2 + dy 2 ’ 

34/( h ) 3 2 4/( h ) 

dz dx dy 

Equation (36.10.17) is the paraxial wave equation. 


36.10.17 i- 


36.10.18 


36.11 Leading-Order Asymptotics 
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36.11 Leading-Order Asymptotics 


With real critical points (36.4.1) ordered so that 

36 . 11.1 Mx) < t 2 (x) < ■ ■ ■ < ij max (x), 
and far from the bifurcation set, the cuspoid canonical integrals are approximated by 

J maj c( x ) u - 1 / 2 

36 . 11.2 ^if(x) = V2tt exp(i ($ K (tj(x);x) + j7r(-l) J ' +K+1 )) 

f=i 

Asymptotics along Symmetry Lines 


d 2 $ K (tj(x);x) 


dtf 


(l + o(l)). 


36 . 11.3 


36 . 11.7 

36 . 11.8 


* , 0 y) = j y f*Jv ( expQiir) + oW) » y -*■ +°°> 

2 ’ 1 \A/M exp(-jiTr) (l + i v / 2exp(-i% 2 ) +o(l)) , y -*• -oo. 


3fiii4 4 / t T nm- ^ /exp(-272(ai/5) 5 / 4 )(cos(2V2(a ; /5) 5 / 4 -^)+o(l)), a: -> +oo, 

36 . 11.4 W,U,Uj (51^13)1/8 j cos ( 4( | a; | /5) 5/4_l 7r)+o(1)i 


x —> — oo. 


36 . 11.5 ^ 


3 ( 0 , y,0) = ^3(0, -y,0) = exp(ii7r)V tt /y (l - (i/V3) exp(§i(2?//5) 5/3 ) + o(l)) , 


Wij 


z — > +00, 

5 -) ^->- 00 . 


+ (E) (0,0,z) = - ^* + \/3exp^i2: 3 ^ +o(l)^ , 
+ (H) (0,0,z) = ^ (1- exp + 0 ( 1 )) , 


y — > + 00 . 


2 — » ± 00 , 
2 — > ± 00 . 


Applications 

36.12 Uniform Approximation of Integrals 

36.12(i) General Theory for Cuspoids 

The canonical integrals (36.2.4) provide a basis for uni- 
form asymptotic approximations of oscillatory integrals. 
In the cuspoid case (one integration variable) 


36 . 12.1 I(y,k) = 


exp(*fc/(w; y))g(u, y) du, 


where k is a large real parameter and y = {y-[ . y 2 , ■ ■ ■} 
is a set of additional (nonasymptotic) parameters. As y 


varies as many as K + 1 (real or complex) critical points 
of the smooth phase function / can coalesce in clusters 
of two or more. The function g has a smooth ampli- 
tude. Also, / is real analytic, and d K+2 f j du K+2 > 0 
for all y such that all K + 1 critical points coincide. If 
d K+2 f j du K+ 2 < 0, then we may evaluate the complex 
conjugate of I for real values of y and g , and obtain / 
by conjugation and analytic continuation. The critical 
points Uj( y), 1 < j < K + 1, are defined by 

d -J{u 3 { y);y) = 0. 


36 . 12.2 


du 


The leading-order uniform asymptotic approxima- 
tion is given by 


K 


3,„3 /(,.*) . A, - (, - Sm , o) ,JL) <V K (z(y; k)) (l + 0 (i 

m— 0 ' / \ \ 
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where A(y), z(y , fc), a m ( y) are as follows. Define a 
mapping u(t; y) by relating f(u\ y) to the normal form 
(36.2.1) of <f>A'(f; x) in the following way: 

36.12.4 f(u(t, y); y) = A{ y) + $ K (t; x(y)), 
with the K + 1 functions A(y) and x(y) determined by 
correspondence of the K + 1 critical points of / and §k- 
Then 


36.12.5 f(uj( y);y) = A(y) + $ K (t i (x(y)); x(y)), 
where t :) (x), 1 < j < K + 1, are the critical points of 

k ; that is, the solutions (real and complex) of (36.4.1). 
Correspondence between the Uj( y) and the tj(x) is es- 
tablished by the order of critical points along the real 
axis when y and x are such that these critical points 
are all real, and by continuation when some or all of the 
critical points are complex. The branch for x(y) is such 
that x is real when y is real. In consequence, 

36.12.6 A(y) = /(u(0,y);y), 


,, z(y;fc) = {z 1 (y;k),z 2 (y;k),...,z K (y;k)}, 

36 ' 12 ' 7 ^(y;t) = 

36.12.8 


K + 1 

«™( y) = 


Pmn{y)G n {y) 

K + 1 


" =1 (in(x( y)))-+ 1 n (i n (x(y))-t,(x(y))) 


Z=1 

l^n 


where 


Pmn (y ) 


36.12.9 


(f n (x(y)))* +1 

+ X! ^r^^(y)(*r l ( x (y)))'” 1 , 

Z=m+2 


and 


36.12.10 


G„( y) = g(t n (y),y)< 


d 2 <S> K (t n (x(y));x(y))/dt 2 

d 2 f{u n (y))/du 2 


In (36.12.10), both second derivatives vanish when crit- 
ical points coalesce, but their ratio remains finite. The 
square roots are real and positive when y is such that all 
the critical points are real, and are defined by analytic 
continuation elsewhere. The quantities a m ( y) are real 
for real y when g is real analytic. 

This technique can be applied to generate a hierar- 
chy of approximations for the diffraction catastrophes 
T/i-(x; k) in (36.2.10) away from x = 0, in terms of 
canonical integrals 4',/(^(x; k)) for J < K. For exam- 
ple, the diffraction catastrophe ^f 2 (x,y;k) defined by 
(36.2.10), and corresponding to the Pearcey integral 
(36.2.14), can be approximated by the Airy function 
'3 / 1 (£(x,y;k)) when k is large, provided that x and y 
are not small. For details of this example, see Paris 
(1991). 

For further information see Berry and Howls (1993). 


36. 12(ii) Special Case 

For I< = 1, with a single parameter y, let the two criti- 
cal points of f(u\ y) be denoted by u±(y ), with u+ > u- 
for those values of y for which these critical points are 
real. Then 


36.12.11 


i(y,k) 


fc 1 / 3 



_.(j ± 9- \ Ai'(-fc 2/3 A) 

v/=7?) * i/3 a /2 



where 

f= \(f(u+{y),y) + f(u-(y),y)), 

36.12.12 g± = g( u± (y),y), f± = ~^f(u±(y),y), 

ou 

A = (! (f(u-(y),y) - f(u+(y),y))) 2/3 ■ 

For Ai and Ai' see §9.2. Branches are chosen so that A 
is real and positive if the critical points are real, or real 
and negative if they are complex. The coefficients of Ai 
and Afi are real if y is real and g is real analytic. Also, 
& iiA /vn and are chosen to be positive 

real when y is such that both critical points are real, 


and by analytic continuation otherwise. 

36.12(iii) Additional References 

For further information concerning integrals with sev- 
eral coalescing saddle points see Arnol’d et al. (1988), 
Berry and Howls (1993, 1994), Bleistein (1967), Duis- 
termaat (1974), Ludwig (1966), Olde Daalhuis (2000), 
and Ursell (1972, 1980). 

36.13 Kelvin’s Ship-Wave Pattern 

A ship moving with constant speed V on deep water 
generates a surface gravity wave. In a reference frame 
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where the ship is at rest we use polar coordinates r and 
(f> with <j> = 0 in the direction of the velocity of the water 
relative to the ship. Then with g denoting the acceler- 
ation due to gravity, the wave height is approximately 
given by 


36.13.1 z(<j>,p) 

where 



cos 


cos (6 + <j>) \ 
cos 2 9 ) 


dO, 


36.13.2 p = gr/V 2 . 

The integral is of the form of the real part of (36.12.1) 
with y = (f>, u = 9, g = 1, k = p, and 

cos(0 + <j>) 
cos 2 9 

When p > 1, that is, everywhere except close to 
the ship, the integrand oscillates rapidly. There are two 
stationary points, given by 


36.13.3 


m </>) = - 


. 0+ 0) = \ (arcsin(3 sin 4>) - (j>), 

jb. l j.4 -■ 

9-(4>) = |(7T — 4> — arcsin(3 sin (/>)). 
These coalesce when 


36.13.5 \(f>\ = <p c = arcsin(|) = 19°. 47122. 

This is the angle of the familiar V-shaped wake. The 
wake is a caustic of the “rays” defined by the disper- 
sion relation (“Hamiltonian”) giving the frequency w as 
a function of wavevector k: 



0 x 40 

Figure 36.13.1: Kelvin’s ship wave pattern, computed 
from the uniform asymptotic approximation (36.13.8), 
as a function of x = p cos </>, y = p sin <p. 

For further information see Lord Kelvin (1891, 1905) 
and Ursell (1960, 1994). 

36.14 Other Physical Applications 
36.14(i) Caustics 


36.13.6 w(k) = \fgk + V • k. 

Here k = |k|. and V is the ship velocity (so that 

V=|V|). 

The disturbance z(p, <fi) can be approximated by the 
method of uniform asymptotic approximation for the 
case of two coalescing stationary points (36.12.11), us- 
ing the fact that 9±((f>) are real for \<j>\ < 4> c and complex 
for \<j>\ > (j) c . (See also §2.4(v).) Then with the defini- 
tions (36.12.12), and the real functions 


The physical manifestations of bifurcation sets are caus- 
tics. These are the structurally stable focal singularities 
(envelopes) of families of rays, on which the intensi- 
ties of the geometrical (ray) theory diverge. Diffraction 
catastrophes describe the (linear) wave amplitudes that 
smooth the geometrical caustic singularities and deco- 
rate them with interference patterns. See Berry (1969, 
1976, 1980, 1981), Kravtsov (1964, 1988), and Ludwig 
(1966). 


_ . / a 1/2 W ( 1 1 \ 

36.13.7 V 2 y^W) yfHU®)’ 

1 (—}: 

the disturbance is 

36.13.8 

z(p , 4>) = 27T (p' 1/3 m(</>) COS (pj {<!>)} Ai(|-p 2/3 A(0)) 

X (1 + 0(1/ p)) 

+ p~ 2/3 v{<j)) sin ypf((j))^ Ai(-p 2/3 A(<j))) 

x (1 + 0(l/p))) , P~> oo. 

See Figure 36.13.1. 


36. 14(ii) Optics 

Diffraction catastrophes describe the connection be- 
tween ray optics and wave optics. Applications include 
twinkling starlight, focusing of sunlight by rippling wa- 
ter (e.g., swimming-pool patterns), and water-droplet 
“lenses” (e.g., rainbows). See Adler et al. (1997), Berry 
and Upstill (1980), Marston (1992, 1999), Nye (1999), 
Walker (1983, 1988, 1989). 

36.14(iii) Quantum Mechanics 

Diffraction catastrophes describe the “semiclassical” 
connections between classical orbits and quantum wave- 
functions, for integrable (non-chaotic) systems. Appli- 
cations include scattering of elementary particles, atoms 



792 


Integrals with Coalescing Saddles 


and molecules from particles and surfaces, and chemi- 
cal reactions. See Berry (1966, 1975), Connor (1974, 
1976), Connor and Farrelly (1981), Trinkaus and Drep- 
per (1977), and Uzer et al. (1983). 

36.14(iv) Acoustics 

Applications include the reflection of ultrasound pulses, 
and acoustical waveguides. See Chapman (1999), 
Frederickson and Marston (1992, 1994), and Kravtsov 
(1968). 

Computation 

36.15 Methods of Computation 
36.15(i) Convergent Series 

Close to the origin x = 0 of parameter space, the series 
in §36.8 can be used. 

36.15(ii) Asymptotics 

Far from the bifurcation set, the leading-order asymp- 
totic formulas of §36.11 reproduce accurately the form 
of the function, including the geometry of the zeros de- 
scribed in §36.7. Close to the bifurcation set but far 
from x = 0, the uniform asymptotic approximations of 
§36.12 can be used. 

36.15(iii) Integration along Deformed Contour 

Direct numerical evaluation can be carried out along 
a contour that runs along the segment of the real t- 
axis containing all real critical points of $ and is de- 
formed outside this range so as to reach infinity along 
the asymptotic valleys of exp(?<I>). (For the umbilics, 
representations as one-dimensional integrals (§36.2) are 
used.) For details, see Connor and Curtis (1982) and 
Kirk et al. (2000). There is considerable freedom in the 
choice of deformations. 

36.15(iv) Integration along Finite Contour 

This can be carried out by direct numerical evaluation 
of canonical integrals along a finite segment of the real 
axis including all real critical points of 4>, with contribu- 
tions from the contour outside this range approximated 
by the first terms of an asymptotic series associated with 
the endpoints. See Berry et al. (1979). 

36.15(v) Differential Equations 

For numerical solution of partial differential equations 
satisfied by the canonical integrals see Connor et al. 
(1983). 


References 

General References 

There is no single source covering the material in this 
chapter. An overview of some of the mathematical anal- 
ysis is given in Arnol’d (1975, 1986). Many physical ap- 
plications can be found in Poston and Stewart (1978). 
For applications to wave physics, especially optics, see 
Berry and Upstill (1980). 

Sources 

The following list gives the references or other indica- 
tions of proofs that were used in constructing the various 
sections of this chapter. These sources supplement the 
references that are quoted in the text. 

§36.2 The convergence of the oscillatory integrals 
(36.2.4)-(36.2.11) can be confirmed by rotating 
the integration paths in the complex plane. For 

(36.2.6) see Berry et al. (1979). For (36.2.7) 
shift the s variable in (36.2.5) (with (36.2.2)) to 
remove the quadratic term, integrate, and then 
deform the contour of the remaining t integra- 
tion. For (36.2.8) see Berry and Howls (1990). 
For (36.2.9) integrate (36.2.5) (with (36.2.3)) with 
respect to t. For (36.2.12) and (36.2.13) use 
(4.10.11) and (9.5.4), respectively. For (36.2.15) 
and (36.2.17) use (5.9.1). For (36.2.18) combine 

(36.2.6) , (36.2.8), and (5.9.1) For (36.2.19) use 

(12.5.1) and (12.14.13). For (36.2.20) see Trinkaus 
and Drepper (1977). For (36.2.21) use (36.2.9). 
Eqs. (36.2.22)-(36.2.27) follow from the defini- 
tions given in §36.2(i). 

§§36.3, 36.4 The graphics were generated by the au- 
thors. 

§36.5 Wright (1980) and Berry and Howls (1990). The 
common strategy employed in deriving the for- 
mulas in this section involves using the critical- 
point condition (36.4.1) to reduce the order of the 
catastrophe polynomials in (36.2.1), then solving 

(36.5.1) for the imaginary part of the complex crit- 
ical point in terms of the value of the real criti- 
cal point, which is itself determined by (36.4.1) 
and then used to generate the Stokes sets para- 
metrically. For (36.5.11)-(36.5.21) we also use 
the exponents in the representations (36.2.6) and 
(36.2.8). The graphics were generated by the au- 
thors. For Figures 36.5.2-36.5.6, Eqs. (36.5.11)- 
(36.5.21) were used in parametric form x = x(y), 
and checked against the numerical computations 




References 


793 


in Berry and Howls (1990) (which were based di- 
rectly on the definitions given in §36.5(i)). 

§ 36.7 Berry et al. (1979). (36.7.2) and (36.7.3) may 
be derived by setting to zero the stationary-phase 
approximation (§2.3(iv)) of the Pearcey integral 
^ 2 (x,y) just outside the caustic; this involves one 
real saddle and one complex saddle. Table 36.7.1 
was computed by the authors. 

§ 36.8 Connor (1973) and Connor et al. (1983). For 

(36.8.1) , in the integral (36.2.4) retain the high- 
est power of t in (36.2.1) in the exponent, expand 
the rest of the exponential as a power series in 
f, and evaluate the resulting integrals in terms 
of gamma functions. For (36.8.3), in the integral 
(36.2.5) with the polynomial (36.2.3) expand the 
^-dependent part of the exponential in powers of z, 
and then repeatedly use the differential equation 

(9.2.1) to express higher derivatives of the Airy 
function in terms of Ai and Am For (36.8.4), in 


the integral (36.2.5) with the polynomial (36.2.2) 
expand the z-dependent part of the exponential in 
powers of z, and then repeatedly use (9.2.1), and 
(36.2.20). 

§ 36.10 For (36.10.1) to (36.10.10) see Connor et al. 
(1983). (36.10.11) to (36.10.18) are derived by 
repeated differentiations with respect to x, y , or 
z, in combinations that generate exact derivatives 
of the exponents in (36.2.5). 

§ 36.11 The formulas in this section are derived by the 
method of stationary phase, applied to the real 
critical points of the integral representations in 
§36.2. See §2.3(iv) and also Berry and Howls 
(1991). For (36.11.4) the integral is exponentially 
small when x > 0 and the dominant contribution 
is from a critical point off the real axis. 

§ 36.12 Berry and Howls (1993). 

§ 36.13 The figure was generated by the authors. 
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Clebsch-Gordan coefficient 

m 
n 

binomial coefficient .... 

n 1 +n 2 -\ brifA 

n 1 ,n 2 ,...,n k ) 

multinomial coefficient . 

j 1 j‘2 j.3 \ 

mi m 2 to 3 y 

3 j symbol 

(A,0) 

distribution 

(/. 0) 

tempered distribution . . 

(£,</>) 

Dirac delta distribution 

<;> 

Eulerian number 

[zo,Z Z n \ 
divided difference 


. . . 758 

2, 619 
. . . 620 

...758 

. ... 35 

. ... 52 

. ... 36 

. . . 632 

. ... 76 


partitional shifted factorial 769 

Wolf 

Pade approximant 98 

ra 

Stirling cycle number 631 


.mi q 

g-binomial coefficient (or Gaussian polynomial) 


421, 627 

r ai~\~a2~\ h a n l 

L CL\ ,0,2 , • • • ,Qn J q 

5 -multinomial coefficient 634 

{...} 

sequence, asymptotic sequence (or scale), or enumer- 
able set 43 

{^Cl 

Schwarzian derivative 27 

fj i 32 J.3 \ 

\h k h J 

6 j symbol 761 

{ 111 j 12 ji 3 1 
321 322 J23 > 

J .3 1 i.3 2 J33 J 

9j' symbol 763 


,4 

Glaisher’s constant 144 

A-v(z) 

Anger- Weber function 295 


^(T) 

Bessel function of matrix argument (first kind) . . 769 


A n (z) 

generalized Airy function 206 

Ak{z,p) 

generalized Airy function 207 

Am,s (^) 

g-Euler number 422 

^m,s(^f) 

g-Stirling number 422 

Ai(*) 

Airy function 194 

am (x, k) 

Jacobi’s amplitude function 561 

arccd(x, k) 

inverse Jacobian elliptic function 561 

arccn(a:, k) 

inverse Jacobian elliptic function 561 

Arccos ^ 

general arccosine function 118 

arccos z 

arccosine function 119 

Arccosh z 

general inverse hyperbolic cosine function 127 

arccosh z 

inverse hyperbolic cosine function 127 

Arccot 2 

general arccotangent function 118 

arccot 2 

arccotangent function 119 

Arccoth 2 

general inverse hyperbolic cotangent function. . . .127 
arccoth 2 

inverse hyperbolic cotangent function 127 

arccs(a;, k) 

inverse Jacobian elliptic function 561 

Arccsc 2 

general arccosecant function 118 

arccsc 2 

arccosecant function 119 

Arccsch 2 

general inverse hyperbolic cosecant function 127 

arccsch 2 

inverse hyperbolic cosecant function 127 

arcdc(a;, k) 

inverse Jacobian elliptic function 561 
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arcdn(:r, k) 

inverse Jacobian elliptic function 

arcds(;r, k ) 

inverse J acobian elliptic function 

arcnc(:r, k ) 

inverse Jacobian elliptic function 

arcnd(a;, k) 

inverse Jacobian elliptic function 

arcns(a;, k ) 

inverse Jacobian elliptic function 

arcsc(a;, k) 

inverse J acobian elliptic function 

arcsd(x, k) 

inverse Jacobian elliptic function 

Arcsec 2 

general arcsecant function 

arcsec z 

arcsecant function 

Arcsech z 

general inverse hyperbolic secant function . 
arcsech z 

inverse hyperbolic secant function 

Arcsin 2 

general arcsine function 

arcsin 2 

arcsine function 

Arcsinh 2 

general inverse hyperbolic sine function 
arcsinh z 

inverse hyperbolic sine function 

arcsn(cc, k) 

inverse J acobian elliptic function 

Arctan z 

general arctangent function 

arctan z 

arctangent function 

Arctanh z 

general inverse hyperbolic tangent function 
arctanh z 

inverse hyperbolic tangent function 

Bn 

Bernoulli numbers 

r>(^) 

generalized Bernoulli numbers 

r( x ) 

Norlund polynomials 


B{n) 

Bell number 623 

B n {x) 

Bernoulli polynomials 588 

BAT) 


Bessel function of matrix argument (second kind) 


generalized Airy function 206 

B n {x) 

periodic Bernoulli functions 588 

Bk(z,P ) 

generalized Airy function 207 

{a :) 

generalized Bernoulli polynomials 596 

B(a, b ) 

beta function 142 

B m(a,b) 

multivariate beta function 768 

B x (a,b) 

incomplete beta function 183 

B q (a,b) 

g-beta function 145 

bei„(a:) 

Kelvin function 267 

ber„(a;) 

Kelvin function 267 

Pn{x,q) 

^-Bernoulli polynomial 422 

Bi(z) 

Airy function 194 

C{n) 

Catalan number 620 

C (/) or C (a, b) 

continuous on an interval / or (a, b) 4 

C n (j) or C n 

continuously differentiable n times on an interval / or 

(a, b) 5 

C°° (!) or C°° (a, b) 

infinitely differentiable on an interval / or (a, b) ... 5 
X(n) 

Dirichlet character 642 

C(z) 

Fresnel integral 160 

X(n) 

ratio of gamma functions 198 


561 

561 

561 

561 

561 

561 

561 

118 

119 

127 

127 

118 

119 

127 

127 

561 

118 

119 

127 

127 

588 

596 

596 
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c(n) 

number of compositions of n 

... 628 

Ci(a, z) 

generalized cosine integral 

...188 

ff v (z) 

cylinder function 

...218 

ci(a, z) 

generalized cosine integral 

. . . 188 

cm 

normalizing constant for Coulomb radial functions 

Cin(z) 

cosine integral 

. . 150 

742 

Cm{n) 

number of compositions of n into exactly m parts 
628 

cn (z, k ) 

Jacobian elliptic function 

COS z 

cosine function 

.. 550 

...112 

Cfc(n) 

Ramanujan’s sum 

... 642 

Cos g (:r) 

^-cosine function 

. . . 422 

cL x \z) 

Gegenbauer function 

... 394 

COS q (x) 

q- cosine function 

. . . 422 

C { n x \x) 

ultraspherical (or Gegenbauer) polynomial . . . 

. . . 439 

cosh z 

hyperbolic cosine function 

. . . 123 

c(condition, n) 

restricted number of compositions of n 

... 628 

cot z 

cotangent function 

...112 

Cn &) 

Charlier polynomial 

... 462 

coth z 

hyperbolic cotangent function 

. . . 123 

Ince polynomials 

... 676 

cs (z, k) 

Jacobian elliptic function 

.. 550 

c(e,£; r) 

irregular Coulomb function 

....748 

CSC z 

cosecant function 

..112 

C(f, h){x) 

cardinal function 

77 

csch z 

hyperbolic cosecant function 

. . . 123 

C n (x-,/3\q) 

continuous g-ultraspherical polynomial 

... 473 

curl 

of vector- valued function 

....10 

cd (z, k) 

Jacobian elliptic function 

. . . 550 

W) 

test function space 

. ... 35 

cdE™ n+2 (z, fc 2 ) 

Lame polynomial 

... 690 

D(k) 

complete elliptic integral of Legendre’s type . . 

. . . 487 

Ce v (z,q) 

modified Mathieu function 

... 667 

d(n) 

divisor function 

. . . 638 

c e v (z,q) 

Mathieu function of noninteger order 

... 665 

d[n ) 

derangement number 

.. .631 

c e n (z,g) 

Mathieu function 

. . . 654 

v q 

^-differential operator 

. . . 421 

cEZ + i(z,k 2 ) 

Lame polynomial 

... 690 

D v (z) 

parabolic cylinder function 

. . . 304 

cel (k c ,p,a,b) 

Bulirsch’s complete elliptic integral 

....487 

d k (n) 

divisor function 

. . . 638 

Chi(z) 

hyperbolic cosine integral 

... 150 

d q x 

^-differential 

. . . 422 

Ci(2T) 

cosine integral 

... 150 

D° 

fractional derivative 

. ... 35 
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D(m , n) 

Delian oy number 621 

£>0, k) 

incomplete elliptic integral of Legendre’s type . . . 486 
Dj O,/r, z) 

cross-products of modified Mathieu functions and 

their derivatives 674 

dc (z, k) 

Jacobian elliptic function 550 

d(f,9) 

d{x,y) 

Jacobian 9 

dEZ +1 (z,k 2 ) 

Lame polynomial 690 

A(t) 

discriminant function 646 

5{x — a) 

Dirac delta (or Dirac delta function) 37 

div 

divergence of vector- valued function 10 

dn (z, k) 

Jacobian elliptic function 550 

ds (z, k) 

Jacobian elliptic function 550 

Dsj (n, to, z) 

cross-products of radial Mathieu functions and their 

derivatives 674 

e 

base of exponential function 105 

E n 

Euler numbers 588 

generalized Euler numbers 596 

m 

Legendre’s complete elliptic integral of the second 
kind 487 

v(t) 

Dedekind’s eta function (or Dedekind modular func- 
tion) 579, 646 

E s { z) 

elementary symmetric function 501 

E n (x) 

Euler polynomials 588 

E A Z ) 

exponential integral 150 

E P {z) 

generalized exponential integral 185 


E a ,b ( z ) 

Mittag-Leffler function 261 

E q (x) 

^-exponential function 422 

E „(z) 

Weber function 295 

e q {x) 

^-exponential function 422 

E n {x) 

periodic Euler functions 588 

E^\x) 

generalized Euler polynomials 596 

E(<£, k) 

Legendre’s incomplete elliptic integral of the second 
kind 486 

EC(z,k 2 ) 

Lame function 685 

Ei(x) 

exponential integral 150 

Ein(z) 

complementary exponential integral 150 

ell (a;, k c ) 


Bulirsch’s incomplete elliptic integral of the first kind 

487 

el2(x, k c , a , b ) 

Bulirsch’s incomplete elliptic integral of the second 
kind 487 

el3(x, k c ,p) 

Bulirsch’s incomplete elliptic integral of the third kind 
487 


env Ai(x) 

envelope of Airy function 59 

envBi(x) 

envelope of Airy function 59 

env J„(x) 

envelope of Bessel function 61 

env Y v (x) 

envelope of Bessel function 61 

env U(— c, x) 

envelope of parabolic cylinder function 367 

env [/(— c, x) 

envelope of parabolic cylinder function 367 

£jke 

Levi-Civita symbol 10 

£(x, k) 

Jacobi’s epsilon function 562 
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erf z 

error function 160 

erfc z 

complementary error function 160 

Lame function 685 

exp z 

exponential function 105 


F n 

Fibonacci number 629 


F D 

Lauricella’s multivariate hypergeometric function 


Dawson’s integral 160 

Hz) 

Fresnel integral 160 

F s (x) 

Fermi-Dirac integral 612 

F c (x) 

Fourier cosine transform 27 

F s 0) 

Fourier sine transform 27 

Fp{z) 

terminant function 189 

fe,m{h) 

joining factor for radial Mathieu functions 669 

fo,m ( h ) 

joining factor for radial Mathieu functions 669 

F (x) 

Fourier transform 27 

F{4>, k) 


Legendre’s incomplete elliptic integral of the first kind 
486 


F(x,s) 

periodic zeta function 612 

Fi(v,p) 

regular Coulomb radial function 742 

hypergeometric function 384 

F(a, b\ c; z) 

hypergeometric function 384 

Olver’s hypergeometric function 384 

F(a, b\ c; z) 

Olver’s hypergeometric function 384 


/M; r) 

regular Coulomb function 748 

confluent hypergeometric function of matrix argu- 
ment (first kind) 770 

iFi(a; b ; T) 

confluent hypergeometric function of matrix argu- 
ment (first kind) 768, 770 

2Fi( a ; b ;T) 

hypergeometric function of matrix argument .... 771 
2 Fi(a,b; c;T) 

hypergeometric function of matrix argument 


768, 771 

2 .Fi(a,&; c; z) 

hypergeometric function 384 

pH(b’ z ) 

generalized hypergeometric function 404, 408 

p ( a i,—, a P . 

P r Q\b 1 ,...,b q ' z ) 

generalized hypergeometric function 404, 408 

rp ( ai,a2,...,a p . rp \ 

p r *\ 6 i , 6 2 ,.. ., 6 , ’ ) 

generalized hypergeometric function of matrix argu- 
ment 772 

pFqH b; z) 

generalized hypergeometric function 404, 408 

pFq(d 1 , • • ■ , dp] b \ , . . . , bq] z) 

generalized hypergeometric function 404, 408 

pFq{d 1 , U 2 ; • • • 1 dpi & 1 , ^ 2 ) • • * ) T) 

generalized hypergeometric function of matrix argu- 
ment 768, 772 

2 Fi(a,&; c; z) 

Olver’s hypergeometric function 384 

P F ?(b ’ z ) 

scaled (or Olver’s) generalized hypergeometric func- 
tion 405 

Fi{a\ /3, j3'] 7 ; x, y) 

Appell function 413 

F 2 (a-,/3,/3';'y,'y'-,x,y) 

Appell function 413 

F 3 (a,a'-,/3,P'-,j;x,y) 

Appell function 413 

F^or, (3] 7 , 7 '; x, y) 

Appell function 413 

F e n (z,q) 

modified Mathieu function 667 

f e n (z,g) 

second solution, Mathieu’s equation 657 
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Genocchi numbers 595 

G(z) 

Barnes’ G-function (or double gamma function) . . 144 


G(z) 

Goodwin-Staton integral 160 

G(fc) 

Waring’s function 645 

9{k) 

Waring’s function 645 

G,(x) 

Bose-Einstein integral 612 

G p (z) 


product of gamma and incomplete gamma functions 
199, 230 


9e,m(h) 

joining factor for radial Mathieu functions 669 

9o,m(h') 

joining factor for radial Mathieu functions 669 

G{n, x) 

Gauss sum 643 

Gt{r), p) 

irregular Coulomb radial function 742 

/^im,n ( ai,...,a p \ 

^ P,Q V ’ bi,...,b q ) 

Meijer G-function 415 

G%?(z-, a;b) 

Meijer G-function 415 

7 

Euler’s constant 136 

r(z) 

gamma function 136 

r m (a) 

multivariate gamma function 768 

r,(*) 

g-gamma function 145 

E(o, z) 

incomplete gamma function 174 

7(a,z) 

incomplete gamma function 174 

7 *(a,z) 

incomplete gamma function 174 

gdx 

Gudermannian function 121 

gd -1 (ir) 

inverse Gudermannian function 121 


G e n (z,q) 

modified Mathieu function 667 

g e n (z,q) 

second solution, Mathieu’s equation 657 

Gi(*) 


Scorer function (inhomogeneous Airy function) . . 204 


grad 

gradient of differentiable scalar function 10 

H(s) 

Euler sums 613 

H(x) 

Heaviside function 36 

H n {x) 

Hermite polynomial 439 

H „(*) 

Struve function 288 

He n (x) 

Hermite polynomial 439 

HP(z) 


Bessel function of the third kind (or Hankel function) 

217 

Hl 2 \z ) 

Bessel function of the third kind (or Hankel function) 


217 

h n\z) 

spherical Bessel function of the third kind 262 

h n\z) 

spherical Bessel function of the third kind 262 

H(s,z) 

generalized Euler sums 614 

'H (/; x) 

Hilbert transform 29 

H(a, u) 

line-broadening function 167 

H n (x | q) 

continuous g-Hermite polynomial 473 

h n (x | q) 

continuous g _1 -Hermite polynomial 473 

h n (x ; q) 

discrete g-Hermite I polynomial 471 

h n (x\ q) 

discrete g-Hermite II polynomial 472 

H±(v,P) 

irregular Coulomb radial functions 742 

h(e,£] r) 

irregular Coulomb function 748 
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bilateral hypergeometric function 408 

KM 

paraboloidal wave function 677 

(s 1 ,s 2 )Hf m (a, q m ; a, /?, 7, S' z) 

Heun functions 712 

(si, s 2 )Hf v m {a , g m ; a, /?, 7, 5; 2;) 


path-multiplicative solutions of Heun’s equation . . 712 
Hh n (z) 

probability function 167, 308 

Hi 0) 

Scorer function (inhomogeneous Airy function) . . 204 


Ht(a,q;a,P, 7, 6; z ) 

Heun functions 711 

H Pn,m( a i Qn,m 5 A 7, *) 

Heun polynomials 712 

paraboloidal wave function 677 


Io n {z,h) 

modified Mathieu function 668 

Jis,m 

zeros of the Bessel function J v (x) 235 

Jv,m 

zeros of the Bessel function derivative J'„(x) 235 

J(r) 

Klein’s complete invariant 579 

J „(*) 

Anger function 295 

J v {z) 

Bessel function of the first kind 217 

J v (^r) 

Bessel function of imaginary order 248 

Jk(n ) 

Jordan’s function 638 

j n{z) 

spherical Bessel function of the first kind 262 


I a 

fractional integral 35, 53 

/( m) 

general elliptic integral 512 

h(z) 

modified Bessel function 249 

L(x) 

modified Bessel function of imaginary order 261 

modified spherical Bessel function 262 

in 2) (.z) 

modified spherical Bessel function 262 

I x {a,b) 

incomplete beta function 183 

idem(xi;X2 ,---,Xn) 

idem function 420 

I e n {z,h) 

modified Mathieu function 668 

i"erfc(2) 

repeated integrals of the complementary error func- 
tion 167 


inv 

inversion number 632 

invert x 

inverse error function 166 

inverfc x 

inverse complementary error function 166 


K(k) 

Legendre’s complete elliptic integral of the first kind 


condition number 75 

K v {z) 

modified Bessel function 249 

K v {x) 

modified Bessel function of imaginary order 261 

K „(*) 

Struve function 288 

K(z) 

modified spherical Bessel function 262 

K n (x;p,N) 

Krawtchouk polynomial 462 

K e n (z,h) 

modified Mathieu function 668 

kei„(a:) 

Kelvin function 268 

ker„ (x) 

Kelvin function 268 

Ki a (x) 

Bickley function 259 

Ko n (z,h) 

modified Mathieu function 668 

L 

lattice in C 570 
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Lebesgue constant 13 

L n {x) 

Laguerre polynomial 436, 439 

L „(*) 

modified Struve function 288 

L ( n\ X) 


Laguerre (or generalized Laguerre) polynomial . . 439 


L{s,x) 

Dirichlet L-function 612 

Laplace transform 28 

L { n\x-, q) 

(/-Laguerre polynomial 471 

A(t) 

elliptic modular function 579 

A (n) 

Mangoldt’s function 639 

A(n) 

Liouville’s function 639 

li(x) 

logarithmic integral 150 

Li 2 (z) 

dilogarithm 610 

Li s (z) 

poly logarithm 611 

Lnz 

general logarithm function 104 

In z 

principal branch of logarithm function 104 

log x 

logarithm to base e (Chapter 27 only) 105 

iogio ^ 

common logarithm 105 

!og a 2 

logarithm to general base a 105 

M(x) 

Mills’ ratio 163 

M (n) 

Motzkin number 621 

M „(*) 

modified Struve function 288 

M kA z ) 

Whittaker confluent hypergeometric function .... 334 
M(a,g) 

arithmetic-geometric mean 492 


(/; s) 

Mellin transform 29 

M { J\z,h) 

modified Mathieu function 667 

M(a, 5, z) 

Kummer confluent hypergeometric function 322 

M(a, b, z) 

Olver’s confluent hypergeometric function 322 

M n (x;P,c) 

Meixner polynomial 462 

maj 

major index 632 

Me n\z,h) 

radial Mathieu function 668 

M e v (z,q) 

modified Mathieu function 667 

m e v (z,q) 

Mathieu function of noninteger order 664 

me n (z, q) 

Mathieu function 665 

Msl j) (z,/i) 

radial Mathieu function 668 

g(n) 

Mobius function 639 

AT 

winding number 16 

N(n, k ) 

Narayana number 622 

nc (z, k) 

Jacobian elliptic function 550 

nd (z, k ) 

Jacobian elliptic function 550 

ns (z, k ) 

Jacobian elliptic function 550 

v(n) 

number of distinct primes dividing n 638 

0{x) 

order not exceeding 42 

o{x) 

order less than 42 

O n (x) 

Neumann’s polynomial 247 

Pp Pii, Pin, Pm, Piv, Pv, Pvi 

Painleve transcendents 724 

^(condition, n) 

restricted number of partions of n 627 
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a 

P 

7 

a 1 

bi 

Cl 

a 2 

b 2 

C2 


Riemann’s P-symbol for solutions of the generalized 


hypergeometric differential equation 396 

p(z) (= p(z\] L) = p(z; 52 , 33 )) 

Weierstrass p-function 570 

p{n) 

total number of partitions of n 618 

P„(x): P»(x) with fi = 0 352, 353 

Pn{x) 

Legendre polynomial 439 

P v (z): P/f(z) with p = 0 352, 353, 375 

Pk(n) 


number of partitions of n into at most k parts . . . 626 
P£(x) 

Ferrers function of the first kind 353 

PU{z) 

associated Legendre function of the first kind 

353, 375 


P*n{x) 

shifted Legendre polynomial 439 

P^ 0 \x) 

Jacobi polynomial 439 

P ^1 1 ■ (x) 

conical function 372 

P(a,z ) 

normalized incomplete gamma function 174 

P n ( x; c) 

associated Legendre polynomial 474 

p k {< m,n) 

number of partitions of n into at most k parts, each 
less than or equal to m 626 

Pk{P, n) 


number of partitions of n into at most k distinct parts 


627 

Pn a ' t3) (x; c) 

associated Jacobi polynomial 474 

P ( n\x-A) 

Meixner-Pollaczek polynomial 462 

P^^y) 

triangle polynomial 478 

Pn X \x-, a, b) 

Pollaczek polynomial 476 

P„(x; a, b\ q) 

little q - Jacobi polynomial 471 


Pn a ’ 0 \x; c, d; q) 

big q - Jacobi polynomial 471 

p n (x;a,b 1 a,b) 

continuous Hahn polynomial 462 

P n (x; a, b, c; q) 

big g-Jacobi polynomial 471 

Pn{x; a, b, c,d\q) 

Askey-Wilson polynomial 472 

ph 

phase 15 

Euler’s totient 638 

$1 (t; x) 

fold catastrophe 776 

$2 (t; x) 

cusp catastrophe 776 

$3 (*; x) 

swallowtail catastrophe 776 

<F A '(f;x) 

cuspoid catastrophe 776 

<t>k{n) 


sum of powers of integers relatively prime to n . . 638 


Jacobi function 394 

¥ E \s,t; x) 

elliptic umbilic catastrophe 776 

<!>^ h )(s, t; x) 

hyperbolic umbilic catastrophe 776 

z) 

generalized Bessel function 261 

®{z,s,a) 

Lerch’s transcendent 612 

< f )(1) ( a ; b, b'\ C] x, y) 

first g-Appell function 423 

<F (2 )(a; b,b'-,c,P\x,y) 

second g-Appell function 423 

§^\a,a'-,b,b'\c-,x,y) 

third g-Appell function 423 

$ (4) (a;&;c,c , ;:r,y) 

fourth g-Appell function 423 


r+l^s( bi, bl’,.. b, ’ 

basic hypergeometric (or g-hypergeometric) function 
423 

r+i(t>s(ao, 01 , . . . , a r ; bi, b 2 , ■ ■ ■ , b s \ q, z) 

basic hypergeometric (or g-hypergeometric) function 
423 
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7T 

set of plane partitions 629 

7 r(x) 

number of primes not exceeding x 638 

Il(a 2 , A;) 

Legendre’s complete elliptic integral of the third kind 

487 

n(0, a 2 , k) 

Legendre’s incomplete elliptic integral of the third 

kind 487 

pp{n) 

number of plane partitions of n 629 

pq (z, k) 

generic Jacobian elliptic function 550 

PSn( z ,l 2 ) 

spheroidal wave function of complex argument . . 700 
Ps n 0*5 7 2 ) 

spheroidal wave function of the first kind 699 

ip(x) 

Chebyshev ^-function 613 

ip{z) 

psi (or digamma) function 136 

4'2(x) 

Pearcey integral 777 

'Lk(x) 

canonical integral 776 

ipW(z) 

polygamma functions 144 

\ld E ) ( x ) 

canonical integral 776 

(x) 

canonical integral 776 

'L 3 (x;fc) 

swallowtail canonical integral function 777, 778 

’Lif (x; k) 

diffraction catastrophe 777 

^ E \x;k) 

elliptic umbilic canonical integral function 

777, 779, 780 

4d H )(x; k ) 

hyperbolic umbilic canonical integral function 

777, 779, 781 

T) 

confluent hypergeometric function of matrix argu- 
ment (second kind) 768, 770 

rV’s ( bub2,...\bl ’ z ^j 

bilateral basic hypergeometric (or bilateral (7-hyper- 


geometric) function 423 

r i/j s (ai,a 2 , . . . , o r ; 61, 62, ■ ■ • , b s \ q, z) 

bilateral basic hypergeometric (or bilateral g-hyper- 
geometric) function 423 

Q„(x): Q£(x) with n = 0 352, 353 

Qn(x; a,/3,N) 

Hahn polynomial 462 

Q„(z): QZ{z) with p = 0 352, 354, 375 

Qv( x ) 

Ferrers function of the second kind 353 

Qu( z ) 

associated Legendre function of the second kind 
354, 375 

Qu( z ) 

Olver’s associated Legendre function 354, 375 

conical function 372 

Q(a,z) 

normalized incomplete gamma function 174 

Qn(x ; a,b\q) 

Al-Salam-Chihara polynomial 473 

Q n (x; a, b \ q _1 ) 

g _1 -Al-Salam-Chihara polynomial 473 

Q n (x;a,/3,7V; q) 

g-Hahn polynomial 470 

Qsn(z, 7 2 ) 

spheroidal wave function of complex argument . . 700 

QC(*,7 2 ) 

spheroidal wave function of the second kind 700 

r(n) 

Schroder number 622 

n P (M) 

outer turning point for Coulomb functions 748 

R^ni Z ) 

disk polynomial 477 

R—a{b\ , b 2 , Zl,Z2, ■■■yZn) 

multivariate hypergeometric function 498 

i?_ a (b; z) 

multivariate hypergeometric function 498 

Rn{x-, J,6, N) 

dual Hahn polynomial 467 

R n {x\ a, (3, 7,(5) 

Racah polynomial 467 

Rn{x-, a, (3, 7 , 5 | q) 

q - Racah polynomial 474 
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Rc{x,y ) 

Carlson’s elliptic integral with two variables 

R D (x,y,z) 

elliptic integral symmetric in only two variables . . 
R F {x,y,z) 

symmetric elliptic integral of first kind 

Rg(x, y, z) 

symmetric elliptic integral of second kind 

PtpivJ) 

outer turning point for Coulomb radial functions 
Rj{x,y,z,p) 

symmetric elliptic integral of third kind 

&n 

set of permutations of {1, 2, . . . , n} 

S(z) 

Fresnel integral 

SnA z ) 

Lommel function 

s nA z ) 

Lommel function 

Sn U \z, 7 ) 

radial spheroidal wave function 

S(f;s) 

Stieltjes transform 

S(n, k) 

Stirling number of the second kind 

s(n, k) 

Stirling number of the first kind 

S n (x; q) 

Stieltjes-Wigert polynomial 

S™(z,0 

Ince polynomials 

s{ej] r ) 

regular Coulomb function 

S{k 1 h)(x) 

Sine function 

S n (x; a, 6, c) 

continuous dual Hahn polynomial 

sc ( z , k ) 

Jacobian elliptic function 

scdE^ n+3 (z,k 2 ) 

Lame polynomial 

scE™ n+2 (z,k 2 ) 

Lame polynomial 


sd (z, k) 

Jacobian elliptic function 550 

sdE™ n+2 (z,k 2 ) 

Lame polynomial 690 

Se„(z,g) 

modified Mathieu function 667 

s e„(z,q) 

Mathieu function of noninteger order 665 

s e„(z,g) 

Mathieu function 654 

sE™ n+1 (z,k 2 ) 

Lame polynomial 690 

sec z 

secant function 112 

sechz 

hyperbolic secant function 123 

Shi(z) 

hyperbolic sine integral 150 

Si(z) 

sine integral 150 

si(z) 

sine integral 150 

Si(a, z) 

generalized sine integral 188 

si(a, z) 

generalized sine integral 188 

(T n {v) 

Rayleigh function 240 

<re(v) 

Coulomb phase shift 742 

cr a (n) 

sum of powers of divisors of n 638 

a(z) (= a(z\L) = a(z-,g 2 ,g 3 )) 

Weierstrass sigma function 570 

sin z 

sine function 112 

Sin, (a;) 

g-sine function 422 

sin,(s) 

g-sine function 422 

sinh z 

hyperbolic sine function 123 

sn (z, k ) 

Jacobian elliptic function 550 

T n 

tangent numbers 596 


487 

498 

497 

498 

742 

497 

631 

160 

295 

294 

703 

. 29 

624 

624 

471 

676 

748 

.77 

467 

550 

690 

690 
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T„(x) 

Chebyshev polynomial of the first kind 

shifted Chebyshev polynomial of the first kind . . 
tan 2 

tangent function 

tanh 2 

hyperbolic tangent function 

t(tt) 

Ramanujan’s tau function 

0j(2|t) 

theta function 

9 j(z,q) 

theta function 

<9(z|f2) 

Riemann theta function 

0(. z|fi) 

scaled Riemann theta function 

Riemann theta function with characteristics 

U„(x) 

Chebyshev polynomial of the second kind 

U m (t) 

generalized Airy function 

U*(x) 

shifted Chebyshev polynomial of the second kind 


U(a, z ) 

parabolic cylinder function 

U(x, t) 

Voigt function 

U (a, x ) 

parabolic cylinder function 

U{a 7 b, z) 

Rummer confluent hypergeometric function 

uEz{z,e) 

Lame polynomial 

VaM) 

total variation 

V n (x) 

Chebyshev polynomial of the third kind . . . . 

V m (t) 

generalized Airy function 

Vm(t) 

generalized Airy function 


V{a,z ) 

parabolic cylinder function 304 

V(M) 

Voigt function 167 

W 

Wronskian 26 

W(x) 

Lambert W-function Ill 

w(z ) 

complementary error function 160 

W n {x) 

Chebyshev polynomial of the fourth kind 439 

Wp(ai) 

principal branch of Lambert W-function Ill 

Wm(i) 

nonprincipal branch of Lambert IL-function Ill 

W Ktli (z) 

Whittaker confluent hypergeometric function .... 334 
W(a,x) 

parabolic cylinder function 314 

Wi(z, A) 

basic solution, Hill’s equation 674 

w xl (z, A) 

basic solution, Hill’s equation 674 

Wt (z;a,q) 

basic solution, Mathieu’s equation 653 

w u (z;a,q) 

basic solution, Mathieu’s equation 653 

W n (x;a,b,c, d ) 

Wilson polynomial 467 

£0) 

Riemann’s ^-function 604 

yv,m 

zeros of the Bessel function Y v (x) 235 

Vi /,m 

zeros of the Bessel function derivative Ljj (x) 235 

Y v (z) 

Bessel function of the second kind 217 

Y v ( x) 

Bessel function of imaginary order 248 

Yn(z) 

spherical Bessel function of the second kind 262 

Vn{x; a) 

Bessel polynomial 476 

spherical harmonic 378 


439 

439 

112 

123 

647 

524 

524 

538 

538 

539 

439 

207 

439 

304 

167 

305 

322 

690 

...6 

439 

207 

207 
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surface harmonic of the first kind 378 

3Tu(z) 

modified cylinder function 249 

Z K ( T) 

zonal polynomial 769 

z a 

power function 105 


Z(x\k) 

Jacobi’s zeta function 562 

C(«) 

Riemann zeta function 602 

Cx{s) 

incomplete Riemann zeta function 189 

C(s,a) 

Hurwitz zeta function 607 

C(*0 (= C(^|L) = £{z;g 2 ,g3)) 

Weierstrass zeta function 570 


Index 


Abel means 33 

Abel summability 33, 34 

Abel-Plana formula 63 

Abelian functions 545 

absolute error 73 

acceleration of convergence 

definition 93 

for sequences 93-94 

for series 93-94 

limit-preserving 93 

accumulation point 15 

acoustics 

canonical integrals 792 

additive number theory 644-647 

Dedekind modular function 646 

Dedekind sum 646 

discriminant function 646 

Euler’s pentagonal number theorem 646 

Goldbach conjecture 644 

Jacobi’s identities 645 

notation 638 

partition function 644 

unrestricted 645 

Ramanujan’s identity 646 

Ramanujan’s tau function 646 

representation by squares 645 

Waring’s problem 645 

aerodynamics 

Struve functions 298 

affine Weyl groups 

Painleve equations 732 

Airy functions 194 

analytic properties 194 

applications 

mathematical 208 

physical 209 

ship waves 790 

approximations 

expansions in Chebyshev series 211 

in terms of elementary functions 211 

in the complex plane 212 

asymptotic expansions 198-199 

error bounds 199 

exponentially-improved 199 

computation 209-210 

connection formulas 194 

definitions 194 

differential equation 194 


for products 203 

initial values 194 

numerically satisfactory solutions 194 

Riccati form 194 

Dirac delta 38 

envelope functions 59 

generalized see generalized Airy functions. 

graphics 195 

incomplete 208 

integral identities 787 

integral representations 196, 203 

integrals 

approximations 211, 212 

asymptotic approximations 202 

definite 202 

indefinite 202 

of products 204 

repeated 203 

tables 211 

Laplace transforms 203 

Maclaurin series 196 

Mellin transform 203 


modulus and phase 

asymptotic expansions 200 

definitions 199 

graphs 195 

identities 200 

monotonicity 200 

relation to Bessel functions 199 

relation to zeros 200 

notation 194 


products 

differential equation 203 

integral representations 203 

integrals 204 

Wronskian 203 

relation to umbilics 777 


relations to other functions 


Bessel functions 196-197 

confluent hypergeometric functions . . 197, 328, 338 

Hankel functions 196-197 

modified Bessel functions 196-197 

Stieltjes transforms 203 

tables 


complex variables 

integrals 

real variables .... 
zeros 


210 

211 

210 

201-202, 211 
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Wronskians 194 

zeros 

asymptotic expansions 201 

computation 76, 210 

differentiation 200 

relation to modulus and phase 200 

tables 201-202, 211 

Airy transform 203 

Airy’s equation 


see Airy functions, differential equation. 


Aitken’s A 2 -process 

for sequences 93 

iterated 93 

Al-Salam-Chihara polynomials 473 

algebraic curves 

Riemann surface 543, 544, 546 

algebraic equations 

parametrization via Jacobian elliptic functions . . 563 

spherical trigonometry 564 

uniformization 564 

algebraic Lame functions 693 

alternant 

determinant 3 

amplitude (am) function 561 

applications 564 

approximations 

small k,k' 562 

small x 561 

computation 567 

definition 561 

Fourier series 562 

integral representation 561 

quasi-periodicity 561 

relation to elliptic integrals 562 

relation to Gudermannian function 562 

special values 561 

tables 567 

analytic continuation 19 

by reflection 19 

analytic function 16 

at infinity 17 

in a domain 16 

singularities 19 

zeros 19 

Anger function see Anger- Weber functions. 

Anger- Weber functions 295 

analytic properties 295 

asymptotic expansions 

large argument 297 

large order 298 

computation 87, 299 

definitions 295 

derivatives 297 

differential equation 295 


graphics 296 

incomplete 300 

integral representations 295 

integrals 297 

interrelations 296 

Maclaurin series 296 

notation 288 

order 288 

recurrence relations 297 

relations to other functions 

Fresnel integrals 297 

Lommel functions 296 

Struve functions 297 

series expansions 

power series 296 

products of Bessel functions 297 

special values 297 

sums 297 

tables 299 

angle between arcs 17 

angular momenta 758 

angular momentum 

generalized hypergeometric functions 418 


angular momentum coupling coefficients 

see 3 j symbols, 6 j symbols, and 9 j symbols. 


angular momentum operator 

spherical coordinates 379 

annulus 19 

antenna research 

Lame functions 694 

Appell functions 412 

analytic continuation 414 

applications 

physical 417 

computation 418 

definition 412-413 

integral representations 414 

integrals 414 

inverse Laplace transform 414 

notation 412 

partial differential equations 413 

relation to Legendre’s elliptic integrals 490 

relation to symmetric elliptic integrals 509 

relations to hypergeometric functions 414 

transformations of variables 414-415 

quadratic 415 

reduction formulas 414 

approximation techniques 

Chebyshev-series expansions 97 

least squares 99-100 

minimax polynomials 96 

minimax rational functions 97 

Pade 98-99 

splines 100 


Index 


arc length 

Jacobian elliptic functions 563 

arc(s) 16 

angle between 17 

area of triangle 246 

argument principle see phase principle. 

arithmetic Fourier transform 647 

arithmetic mean 3, 13 

arithmetic progression 2 

arithmetic-geometric mean 492 

hypergeometric function 400 

integral representations 492 

Jacobian elliptic functions 566 

Legendre’s elliptic integrals 492-493 

symmetric elliptic integrals 505 

arithmetics 

complex 73 

exact rational 72 

floating-point 72 

interval 72 

level-index 73 

Askey polynomials 475 

Askey scheme for orthogonal polynomials 464 

Askey-Gasper inequality 

Jacobi polynomials 478 

Askey-Wilson class orthogonal polynomials . . . 472-474 

as eigenfunctions of a g-difference operator 472 

asymptotic approximations 474 

interrelations with other orthogonal polynomials 

464 

orthogonality properties 472 

representation as g-hypergeometric functions 

472-474 

Askey-Wilson polynomials 472 

asymptotic approximations 474 

relation to g-hypergeometric functions 472-474 

associated Anger- Weber function 

see Anger- Weber functions. 

associated Laguerre functions 754 

associated Legendre equation 352, 375 

exponent pairs 352 

numerically satisfactory solutions 352, 375 

singularities 352 

standard solutions 352, 354, 375 

associated Legendre functions 352 

see also Ferrers functions. 

addition theorems 370, 377 

analytic continuation 376 

analytic properties 375 

applications 378-379 

asymptotic approximations 

see uniform asymptotic approximations. 

behavior at singularities 361, 375 

computation 379 
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connection formulas 362, 375 

continued fractions 364 

cross-products 353 

definitions 353-354, 375 

degree 352 

derivatives 362 

with respect to degree or order 363 

differential equation 

see associated Legendre equation. 

expansions in series of 370 

generalized 378 

generating functions 361, 375 

graphics 357-359, 375-376 

Heine’s formula 377 

hypergeometric representations 353-354, 375 

integer degree and order 360-361, 375 

integer order 360, 375 

integral representations 363, 377 

integrals 

definite 369 

Laplace transforms 370 

Mellin transforms 370 

products 369 

notation 352 

of the first kind 353 

of the second kind 354 

Olver’s 354, 375 

order 352 

orthogonality 369 

principal values (or branches) 375 

recurrence relations 362, 375 

relations to other functions 

elliptic integrals 360 

Gegenbauer function 355 

hypergeometric function 353, 354, 394 

Jacobi function 355 

Legendre polynomials 360 

Rodrigues-type formulas 360 

special values 359, 360 

sums 370-371, 377 

tables 380 

uniform asymptotic approximations 

large degree 366-368, 377 

large order 365-366, 377 

values on the cut 376 

Whipple’s formula 362 

Wronskians 352-353, 375 

zeros 368, 377 

associated orthogonal polynomials 474 

corecursive 474 

Jacobi 474 

Legendre 474 

astrophysics 

error functions and Voigt functions 169 
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Heun functions and Heun’s equation 720 

asymptotic and order symbols 42 

definition 42 

differentiation 42 

integration 42 

asymptotic approximations and expansions .... see also 


asymptotic approximations of integrals, asymptotic 
approximations of sums and sequences, asymptotic 
solutions of difference equations, asymptotic solu- 
tions of differential equations, and asymptotic so- 
lutions of transcendental equations. 


algebraic operations 42 

cases of failure 52, 66 

differentiation 42 

double asymptotic properties 

Bessel functions 258 

Hankel functions 258 

Kelvin functions 273 

modified Bessel functions 257 

parabolic cylinder functions 311 

exponentially-improved expansions 67-69 

generalized 43 

hyperasymptotic expansions 68 

improved accuracy via numerical transformations 

69 

integration 42 

logarithms of 42 

null 42 

numerical use of 66, 69 

Poincare type 42 

powers of 42 

re-expansion of remainder terms 67-69 

reversion of 43 

Stokes phenomenon 67 

substitution of 42 

uniform 43 

uniqueness 42 

via connection formulas 66 

asymptotic approximations of integrals 43-55 

Bleistein’s method 45 

Chester-Friedman-Ursell method 48 

coalescing critical points 48 

coalescing peak and endpoint 45 

coalescing saddle points 48 

distributional methods 51-55 

Fourier integrals 44 

Haar’s method 46 

integration by parts 43 

inverse Laplace transforms 46-47 

Laplace transforms 43 

Laplace’s method 44-45, 47 

Mellin transform methods 48 

extensions 49-51 

method of stationary phase 45 


extensions 45 

method of steepest descents 47 

multidimensional integrals 51 

Stieltjes transforms 52-53 

generalized 53 

Watson’s lemma 44, 46 

generalized 44 

asymptotic approximations of sums and sequences 

63-66 

Abel-Plana formula 63 

Darboux’s method 65-66 

entire functions 64 

Euler-Maclaurin formula 63 

summation by parts 63 

asymptotic scale or sequence 43 

asymptotic solutions of difference equations 61-63 

characteristic equation 62 

coincident characteristic values 62 

Liouville-Green (or WKBJ) type approximations 

62 

transition points 63 

turning points 63 

with a parameter 62-63 

asymptotic solutions of differential equations .... 55-61 

characteristic equation 56 

coincident characteristic values 57 

error-control function 57 

Fabry’s transformation 57 

irregular singularities of rank 1 56 

Liouville-Green approximation theorem 57 

Liouville-Green (or WKBJ) approximations 57 

numerically satisfactory solutions 58 

resurgence 57, 68 

with a parameter 58-61 

classification of cases 58 

coalescing transition points 61 

connection formulas across transition points .... 61 

in terms of Airy functions 59 

in terms of Bessel functions of fixed order. . .60-61 

in terms of Bessel functions of variable order ... 61 

in terms of elementary functions 59 

Liouville transformation 58 

transition points 58 

turning points 58 

asymptotic solutions of transcendental equations .... 43 

Lagrange’s formula 43 

atomic photo-ionization 

Coulomb functions 753 

atomic physics 

Coulomb functions 754 

error functions 169 

atomic spectra 

Coulomb functions 753 

atomic spectroscopy 
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3 j, 6 j, 9 j symbols 765 

attractive potentials 

Coulomb functions 753, 754 

auxiliary functions for Fresnel integrals 

approximations 170 

asymptotic expansions 164 

computation 169 

definitions 160 

derivatives 164 

integral representations 163 

Mellin-Barnes integrals 163 

symmetry 162 

auxiliary functions for sine and cosine integrals 

analytic continuation 151 

approximations 156 

asymptotic expansions 153 

exponentially-improved 154 

Chebyshev-series expansions 157 

computation 156 

definition 150 

integral representations 152 

principal values 151 

relation to confluent hypergeometric functions . . . 153 

tables 156 

axially symmetric potential theory 501 

Backlund transformations 

classical orthogonal polynomials 478 

Painleve transcendents 730-732 

backward recursion 85 

Bailey’s 2 Fi(— 1) sum 

g-analog 426 

Bailey’s 4 i 7 ’ 3 (l) sum 

g-analogs (first and second) 427 

Bailey’s 2^2 transformations 

bilateral q - hypergeometric function 429 

Bailey’s bilateral summations 

bilateral g-hypergeometric function 427 

bandlimited functions 706 

Barnes’ beta integral 143 

Barnes’ G-function 

asymptotic expansion 144 

definition 144 

infinite product 144 

integral representation 144 

recurrence relation 144 

Barnes’ integral 

Ferrers functions 369 

Bartky’s transformation 

Bulirsch’s elliptic integrals 487 

symmetric elliptic integrals 504 

basic elliptic integrals 512 


basic hypergeometric functions. . .see bilateral g-hyper- 
geometric function and q- hyper geometric function. 
Basset’s integral 


modified Bessel functions 253 

Bell numbers 

asymptotic approximations 623 

definition 623 

generating function 623 

recurrence relation 623 

table 623 

Bernoulli monosplines 597 

Bernoulli numbers 588 

arithmetic properties 593 

asymptotic approximations 593 

computation 598 

definition 588 

degenerate 596 

explicit formulas 591 

factors 593 

finite expansions 590 

generalizations 596, 597 

generating function 588 

identities 591 

inequalities 593 

integral representations 592 

inversion formulas 591 

irregular pairs 598 

Kummer congruences 593 

notation 588 

of the second kind 596 

recurrence relations 

linear 591 

quadratic and higher order 595 

relations to 

Eulerian numbers 591 

Genocchi numbers 595 

Stirling numbers 596 

tangent numbers 596 

sums 595 

tables 589, 598 

Bernoulli polynomials 588 

applications 

mathematical 597-598 

physical 598 

asymptotic approximations 593 

computation 598 

definitions 588 

derivative 590 

difference equation 589 

explicit formulas 591 

finite expansions 590 

generalized 596, 597 

generating function 588 

graphs 589 

inequalities 593 

infinite series expansions 

Fourier 592 
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Index 


other 592 

integral representations 592 

integrals 594 

compendia 595 

Laplace transforms 595 

multiplication formulas 590 

notation 588 

recurrence relations 

linear 591 

quadratic 595 

relation to Eulerian numbers 591 

relation to Riemann zeta function 591 

representation as sums of powers 589 

special values 590 

sums 595 

symbolic operations 590 

symmetry 589 

tables 589 

zeros 

complex 594 

multiple 594 

real 594 

Bernoulli’s lemniscate 515 

Bernstein-Szego polynomials 474 

Bessel functions 217 


see also cylinder func- 
tions, Hankel functions, Kelvin functions, modified 
Bessel functions, and spherical Bessel functions. 


addition theorems 246 

analytic continuation 226 

applications 


asymptotic solutions of differential equations 


274-275 

electromagnetic scattering 275 

Helmholtz equation 275 

Laplace’s equation 275 

oscillation of chains 275 

oscillation of plates 276 

wave equation 275 

approximations 281 

asymptotic expansions for large argument . . 228-230 

error bounds 229-230 

exponentially-improved 230 

asymptotic expansions for large order 231-235 

asymptotic forms 231 

Debye’s expansions 231-232 

double asymptotic properties 235, 258 

resurgence properties of coefficients 233 

transition region 232 

uniform 232-235 

branch conventions 218 

computation 276-277 

computation by quadrature 83 

computation by recursion 87 


connection formulas 222 

contiguous 235 

continued fractions 226 

cross-products 222, 223 

zeros 238 

definite integrals 203 

definitions 217-218 

derivatives 

asymptotic expansions for large argument 229 

asymptotic expansions for large order 231-232 

explicit forms 222 

uniform asymptotic expansions for large order 

232 

with respect to order 227-228 

zeros see zeros of Bessel functions. 

differential equations 217, 226 

see also Bessel’s equation. 


Dirac delta 38 

envelope functions 61 

expansions in partial fractions 247 

expansions in series of 247-248 

Fourier-Bessel expansion 248 

generalized 261 

generating functions 226 

graphics 218-222 

incomplete 261 

inequalities 227 

infinite integrals 448 

infinite products 235 

integral representations 

along the real line 223-224 

compendia 226 

contour integrals 224-225 

Mellin-Barnes type 225 

products 225 

integrals see also integrals of Bessel and Hankel 

functions and Hankel transforms. 

approximations 281 

computation 277 

tables 279, 280 

limiting forms 223 

minimax rational approximation 98 

modulus and phase functions 

asymptotic expansions for large argument 231 

basic properties 230 

definitions 230 

graphics 218 

relation to zeros 235 

monotonicity 227 

multiplication theorem 246 

notation 217 

of imaginary argument 


see modified Bessel functions. 


of imaginary order 
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applications 248 

definitions 248 

graphs 221-222 

limiting forms 248 

numerically satisfactory pairs 248 

uniform asymptotic expansions for large order 

248 

zeros 248 

of matrix argument 769 

applications 773 

asymptotic approximations 770 

definitions 769 

notation 768 

of the first and second kinds 768 

properties 769 

relations to confluent hypergeometric functions of 

matrix argument 770 

of the first, second, and third kinds 217-218 

orthogonality 243, 244 

power series 223 

principal branches (or values) 217-218 

recurrence relations 222-223 

relations to other functions 

Airy functions 196-197 

confluent hypergeometric functions 228 

elementary functions 228 

generalized Airy functions 206 

generalized hypergeometric functions 228 

parabolic cylinder functions 228, 315 

sums 246-248 

addition theorems 246-247 

compendia 248 

expansions in series of Bessel functions . . . 247-248 

multiplication theorem 246 

tables 278-279 

Wronskians 222 

zeros see zeros of Bessel functions. 

Bessel polynomials 264, 476 

asymptotic expansions 476 

definition 476 

differential equations 476 

generalized 476 

orthogonality properties 476 

recurrence relations 476 

relations to other functions 

complex orthogonal polynomials 83 

confluent hypergeometric functions 476 

generalized hyper geometric functions 476 

Jacobi polynomials 476 

Bessel transform see Hankel transform. 

Bessel’s equation 217 

inhomogeneous forms 288, 294, 295 

numerically satisfactory solutions 218 

singularities 217 


standard solutions 217-218 

Bessel’s inequality 

Fourier series 13 

Bessel’s integral 

Bessel functions 223 

best uniform polynomial approximation 96 

best uniform rational approximation 97 

beta distribution 

incomplete beta functions 189 

beta function 142 

see also incomplete beta functions. 

applications 

physical 145-146 

definition 142 

integral representations 142 

multidimensional 143 

integrals 143 

multivariate see multivariate beta function. 

beta integrals 142-143 

Bickley function 259 

applications 276 

approximations 281 

biconfluent Heun equation 718 

application to Rossby waves 720 

Bieberbach conjecture 417, 479 

Jacobi polynomials 479 

bifurcation sets 781 

visualizations 782 

big g-Jacobi polynomials 471 

bilateral basic hypergeometric function 

see bilateral q- hyper geometric function. 

bilateral hypergeometric function 408 

bilateral g-hypergeometric function 

Bailey’s 2^2 transformations 429 

Bailey’s bilateral summations 427 

computation 432 

definition 423 

notation 420 

Ramanujan’s iipi summation 427 

special cases 427-428 

transformations 432 

bilateral series 408 

bilinear transformation 17 

cross ratio 17 

SL(2,Z) 579 

binary number system 72 

binary quadratic sieve 

number theory 648 

Binet’s formula 

gamma function 140 

binomial coefficients 

definitions 619 

generating functions 619 

identities 619 
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limiting form 619 

recurrence relations 619 

relation to lattice paths 619 

tables 619, 635 

binomial expansion 108 

binomial theorem 2 

binomials 2 

black holes 

Heim functions 720 

Bohr radius 

Coulomb functions 754 

Bohr-Mollerup theorem 

gamma function 138 

g- gamma, function 145 

Boole summation formula 597 

Borel summability 33 

Borel transform theory 

applications to asymptotic expansions 68 

Bose-Einstein condensates 

Lame functions 694 

Bose-Einstein integrals 

computation 614 

definition 611 

relation to poly logarithms 612 

Bose-Einstein phase transition 614 

bound-state problems 

hydrogenic 754 

Whittaker functions 754 

boundary points 11, 15 

boundary-value methods or problems 

difference equations 86, 87 

ordinary differential equations 88 

parabolic cylinder functions 317 

bounded variation 6 

Boussinesq equation 

Painleve transcendents 739 

box 

plane partitions 629 

branch 

of multivalued function 20, 104 

construction 20 

example 20 

branch cut 104 

branch point 20 

movable 724 

Bromwich integral 83 

Bulirsch’s elliptic integrals 487 

computation 518 

first, second, and third kinds 486 

notation 486 

relation to symmetric elliptic integrals 508 

calculus 

complex variable 14-18 

one variable 4-7 


two or more variables 7-9 

calculus of finite differences 597 

canonical integrals 776 

applications 

acoustics 792 

caustics 791 

integrals with coalescing critical points . . . 789-790 

optics 791 

quantum mechanics 791 

asymptotic approximations 789-790 

computation 792 

convergent series 787 

definitions 776 

differential equations 788 

integral identities 787-788 

notation 776 

relations to other functions 

Airy function 777 

Pearcey integral 777 

special cases 777 

symmetries 777 

visualizations of modulus 778-779 

visualizations of phase 780-781 

zeros 785-787 

cardinal function 77 

cardinal monosplines 597-598 

cardinal spline functions 597 

Carmichael numbers 

number theory 644 

Casimir forces 

Bernoulli polynomials 598 

Casimir-Polder effect 

Riemann zeta function 614 

Catalan numbers 

definitions 620 

generating function 621 

identities 623 

limiting forms 621 

recurrence relations 621 

relation to lattice paths 620 

table 621 

Catalan’s constant 

Riemann zeta function 610 

Cauchy determinant 4 

Cauchy principal values 

integrals 6 

Cauchy’s integral formula 16 

for derivatives 16 

Cauchy’s theorem 16 

Cauchy-Riemann equations 16 

Cauchy-Schwarz inequalities for sums and integrals 

12, 13 

caustics 

Airy functions 209 
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canonical integrals 791 

Cayley’s identity for Schwarzian derivatives 27 

central differences in imaginary direction 436 

Cesaro means 33 

Cesaro summability 33, 34 

chain rule 

for derivatives 5, 7 

characteristic equation 

difference equations 62 

differential equations 56 

characteristics 

Riemann theta functions 539 

characters 

number theory 

Dirichlet 642 

induced modulus 642 

orthogonality relation 642 

primitive 642 

principal 642 

quadratic Jacobi symbol 642 

quadratic Legendre symbol 642 

real 642 

Charlier polynomials 

see Hahn class orthogonal polynomials. 

Chebyshev ^-function 613 

Chebyshev polynomials 438 


. . see also Chebyshev-series expansions and classical 


orthogonal polynomials, 
applications 

approximation theory 478 

solutions of differential equations 478 

computation 479 

continued fractions 450 

definition 439 

derivatives 447 

differential equations 445 

dilated 437 

expansions in series of 96, 459, 461 

explicit representations 442-443 

generating functions 449 

graphs 440 

inequalities 450 

integral representations 448 

integrals 458 

interrelations with other classical orthogonal polyno- 
mials 444-445 

leading coefficients 439 

linearization formula 460 

local maxima and minima 451 

normalization 439 

notation 436 

of the first, second, third, and fourth kinds 439 

orthogonality properties 

with respect to integration 96, 439 


with respect to summation 97, 440 

recurrence relations 96, 446 

relations to other functions 

hypergeometric function 394 

Jacobi polynomials 444 

trigonometric functions 442 

Rodrigues formula 442 

scaled 478 

shifted 437, 439 

special values 444 

symmetry 444 

tables 480 

of coefficients 440 

upper bounds 451 

weight functions 439 

zeros 438, 440 

Chebyshev-series expansions 

complex variables 97 

computation of coefficients 97 

relation to minimax polynomials 97 

summation 97 

chemical reactions 

3j, 6j. 9j symbols 765 

chi-square distribution function 

incomplete gamma functions 189 

Chinese remainder theorem 

number theory 647 

Christoffel coefficients (or numbers) see Gauss 

quadrature, Christoffel coefficients (or numbers) 
Christoffel-Darboux formula 

classical orthogonal polynomials 438 

confluent form 438 

Chu-Vandermonde identity 

hypergeometric function 387 

circular trigonometric functions 


see trigonometric functions. 


classical dynamics 

Jacobian elliptic functions 566 

Weierstrass elliptic functions 582 

classical orthogonal polynomials 438 

addition theorems 459 

applications 

approximation theory 478 

Bieberbach conjecture 479 

integrable systems 478 

numerical solution of differential equations .... 478 

physical 479 

quadrature 478 

quantum mechanics 479 

Radon transform 479 

random matrix theory 479 

Riemann-Hilbert problems 479 

asymptotic approximations 451-454 

computation 479 
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connection formulas 460 

contiguous relations 446 

continued fractions 450 

definitions 438-439 

derivatives 446-447 

differential equations 445 

expansions in series of 459-461 

explicit representations 442-443 

Fourier transforms 456-457 

generating functions 449 

in two or more variables 477 

inequalities 

local maxima and minima 450-451 

Turan-type 450 

upper bounds 450 

integral representations 447-448 

for products 455 

integrals 455-459 

compendia 459 

interrelations 

limiting forms 445 

linear 444 

quadratic 445 

with other orthogonal polynomials 464 

Laplace transforms 457 

leading coefficients 439 

limiting forms 

Mehler-Heine type formulas 449 

linearization formulas 460 

local maxima and minima 450-451 

Mellin transforms 457 

multiplication theorems 460 

normalization 439 

notations 436 

orthogonality properties 439, 443 

parameter constraints 439, 443 

Poisson kernels 461 

recurrence relations 446 

relations to other functions 

confluent hypergeometric functions 442 

generalized hypergeometric functions 442 

hypergeometric function 393-394, 442 

sums 459-461 

Bateman-type 461 

compendia 461 

tables 480 

of coefficients 440 

upper bounds 450 

weight functions 439 

zeros 

asymptotic approximations 454-455 

distribution 438 

inequalities 454 

classical theta functions see theta functions. 


Clausen’s integral 611 

tables 614 

Clebsch-Gordan coefficients see 3 j symbols. 


relation to generalized hypergeometric functions 

418 

Clenshaw’s algorithm 

Chebyshev series 97 

classical orthogonal polynomials 480 

Clenshaw-Curtis quadrature formula 79, 82 

comparison with Gauss quadrature 80 

closed point set 11, 15 

closure 

of interval 6 

of point sets in complex plane 15 

coalescing saddle points 789-790 

coaxial circles 

symmetric elliptic integrals 516 

coding theory 

combinatorics 635 

Krawtchouk and g-Racah polynomials 479 

cofactor see determinants. 

coherent states 
generalized 

confluent hypergeometric functions 346 

cols see saddle points. 

combinatorial design 635 

combinatorics 618 

applications 635 

mathematical 635 

physical 635 

generalized hypergeometric functions 417 

hypergeometric identities 400 

Painleve transcendents 739 

compact set 18 

complementary error function see error functions. 

complementary exponential integral 

see exponential integrals. 

completely multiplicative functions 640 

complex numbers 

arithmetic operations 15 

complex conjugates 15 

DeMoivre’s theorem 15 

imaginary part 14 

modulus 15 

phase 15 

polar representation 14 

powers 15 

real part 14 

triangle inequality 15 

complex physical systems 

incomplete gamma functions 189 

complex tori 

theta functions 533 

computer arithmetic 
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generalized exponentials and logarithms 131 

computer-aided design 

Cornu’s spiral 169 

conductor 

generalized Bernoulli polynomials 597 

confluent Heun equation 717 

applications 720 

properties of solutions 718 

special cases 717 

confluent hypergeometric functions . . see also Kummer 
functions and Whittaker functions. 

of matrix argument 770 

asymptotic approximations 771 

computation 773 

definition 770 

first kind 768 

Laguerre form 770 

notation 768 

properties 770 

relations to Bessel functions of matrix argument 

770 

second kind 768 

relations to other functions 

Airy functions 197 

Bessel and Hankel functions 228 

classical orthogonal polynomials 442 

Coulomb functions 742, 748 

error functions 164 

exponential integrals 153 

generalized Bessel polynomials 476 

generalized exponential integral 186 

Hahn class orthogonal polynomials 466 

modified Bessel functions 255 

parabolic cylinder functions 308, 315 

repeated integrals of error functions 167 

sine and cosine integrals 153 

conformal mapping 16-17 

generalized hypergeometric functions 417 

hypergeometric function 399 

Jacobian elliptic functions 564 

modular functions 581 

symmetric elliptic integrals 515 

Weierstrass elliptic functions 581 

congruence of rational numbers 593 

conical functions 372 

applications 379 

asymptotic approximations 

large degree 374 

large order 374 

behavior at singularities 373 

connection formulas 372 

definitions 372 

degree 352 

differential equation 372 


generalized Mehler-Fock transformation 373 

graphics 373 

integral representation 373 

integrals with respect to degree 375 

notation 352, 372 

order 352 

tables 380 

trigonometric expansion 373 

Wronskians 372 

zeros 375 

connected point set 15 

constants 

roots of 23 

continued fractions 24-25 

applications 25 

approximants 24 

canonical denominator (or numerator) 24 

contraction 25 

convergence 25 

convergents 24 

existence of 25 

determinant formula 24 

equivalent 24 

even part 25 

extension 25 

fractional transformations 25 

J-fraction 95 

Jacobi fraction 95 

associated 95 

notation 24 

numerical evaluation 

backward recurrence 95 

forward recurrence 95 

forward series recurrence 96 

odd part 25 

Pringsheim’s theorem 25 

quotient-difference algorithm 95 

recurrence relations 24 

relation to power series 94, 95 

iS-fraction 95 

series 24 

Stieltjes fraction 95 

Van Vleck’s theorem 25 


continuous dual Hahn polynomials 

see Wilson class orthogonal polynomials. 

continuous dynamical systems and mappings 


Painleve transcendents 739 

continuous function 

at a point 4, 7, 15 

notation 4 

of two variables 7, 15 

on a point set 7 

on a region 15 

on an interval 4 
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on the left (or right) 4 

piecewise 4, 7 

removable discontinuity 4 

sectionally 4 

simple discontinuity 4 

continuous Hahn polynomials 

see Hahn class orthogonal polynomials. 

continuous g-Hermite polynomials 473 

continuous <7 -1 -Hermite polynomials 473 

asymptotic approximations to zeros 474 

continuous g-ultraspherical polynomials 473 

contour 16 

simple 16 

simple closed 16 

convergence 

acceleration see acceleration of convergence. 

cubic 90 

geometric 90 

linear 90 

local 90 

of the pth order 90 

quadratic 90 

convex functions 7 

coordinate systems 

cylindrical 7 

ellipsoidal 582, 693 

elliptic 720 

elliptical 677-678 

oblate spheroidal 705 

parabolic cylinder 317 

paraboloid of revolution 317 

paraboloidal 346, 678 

polar 7 

projective 581 

prolate spheroidal 704 

spherical (or spherical polar) 8 

sphero-conal 693 

toroidal 371, 379 

Cornu’s spiral 168 

applications 169 

connection with Fresnel integrals 168 

cosecant function see trigonometric functions. 

cosine function see trigonometric functions. 

cosine integrals 150 

analytic continuation 151 

applications 155 

approximations 156 

asymptotic expansions 153 

exponentially-improved 154 

auxiliary functions . . . see auxiliary functions for sine 
and cosine integrals. 

Chebyshev-series expansions 156-157 

computation 155 

definition 150 


expansion in spherical Bessel functions 153 

generalized 188-189 

graphics 151 

hyperbolic analog 150 

analytic continuation 151 

integral representations 152 

integrals 154 

Laplace transform 154 

notation 150 

power series 151 

principal value 150 

relations to exponential integrals 151 

sums 154 

tables 156 

value at infinity 150 

zeros 154 

asymptotic expansion 154 

computation 156 

cosmology 

confluent hypergeometric functions 346 

incomplete beta functions 189 

cotangent function see trigonometric functions. 

Coulomb excitation of nuclei 753 

Coulomb field 754 

Coulomb functions 

Dirac delta 38 

Coulomb functions: variables p, rj 742 

analytic properties 742 

applications 753-755 

asymptotic expansions 

large p 747 

large p 747 

uniform expansions 747-748 

case p = 0 744 

complex variable and parameters 748, 754 

computation 755 

continued fractions 745 

conversions between variables and parameters . . . 754 

cross-product 742 

definitions 742 

derivatives 744 

expansions in Airy functions 747 

expansions in Bessel functions 746 

expansions in modified Bessel functions 746 

expansions in spherical Bessel functions 745 

functions F e ( p, p),G e (r 7, p),Hf(r),p) 742 

graphics 743-744 

integral representations 745 

limiting forms 

large t 744 

large |p| 746 

large p 746, 747 

small I?; | 744 

small p 744 
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normalizing constant 742 

phase shift (or phase) 742, 756 

power-series expansions in p 745 

recurrence relations 744 

relations to other functions 

confluent hyper geometric functions 742 

Coulomb functions with variables r,e 751 

Whittaker functions 742 

scaling of variables and parameters 753, 754 

tables 755 

transition region 747 

WKB J approximations 755 

Wronskians 742 

Coulomb functions: variables r, e 748 

analytic properties 748 

applications 753-755 

asymptotic approximations and expansions for large 

\r\ 753 

asymptotic expansions as e — ► 0 753 

uniform 753 

case e = 0 752 

complex variables and parameters 754 

computation 755 

conversions between variables and parameters . . . 754 

definitions 748 

derivatives 752 

expansions in Airy functions 753 

expansions in Bessel functions 752, 753 

expansions in modified Bessel functions 752, 753 

functions f(e,t\r),h{e,£\r) 748 

functions s(e,£;r),c(e,£;r) 748 

graphics 749-750 

integral representations for Dirac delta 749 

limiting forms for large £ 752 

power-series expansions in e 752 

power-series expansions in r 752 

recurrence relations 752 

relations to other functions 

confluent hypergeometric functions 748 

Coulomb functions with variables p,p 751 

Whittaker functions 748, 751 

scaling of variables and parameters 753, 754 

tables 755 

Wronskians 749 

Coulomb phase shift 145, 742, 755, 756 

Coulomb potential barriers 754 

Coulomb potentials 753-754 

g-hypergeometric function 432 

Coulomb radial functions 

see Coulomb functions: variables p, p. 

Coulomb spheroidal functions 704 

as confluent Heun functions 717 

Coulomb wave equation 

irregular solutions 742, 748 


regular solutions 742, 748 

singularities 742, 748 

turning points 742, 748, 754 

Coulomb wave functions . . see Coulomb functions: vari- 
ables p, p and Coulomb functions: variables r, e. 

counting techniques 634 

critical phenomena 

elliptic integrals 517 

hypergeometric function 400 

critical points 781 

coalescing 789-790 

cross ratio 17 

cryptography 647 

Weierstrass elliptic functions 582 

cubature 

for disks and squares 84-85 

cubic equation 23 

resolvent 23 

cubic equations 

solutions as trigonometric and hyperbolic functions 
131 

curve 

piecewise differentiable 11 

simple closed 11 

cusp bifurcation set 

formula 781 

picture 782 

cusp canonical integral 776 , 785 

zeros 785 

table 786 

cusp catastophe 776 , 784 

cuspoids 

normal forms 776 

cut 20 

domain 20 

neighborhood 20 

cycle 618 

Riemann surface 543 

cyclic identities 

Jacobian elliptic functions 558 

cyclotomic fields 

Bernoulli and Euler polynomials 598 

cylinder functions 

addition theorems 246 

definition 218 

derivatives 222 

differential equations 217, 226 

integrals 240-241 

multiplication theorem 246 

recurrence relations 222 

zeros see zeros of cylinder functions. 

cylindrical coordinates 7 

cylindrical polar coordinates 

see cylindrical coordinates. 
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Darboux’s method 

asymptotic approximations of sums and sequences 


65-66 

Dawson’s integral 160 

applications 169 

approximations 170 

computation 169 

definition 160 

generalized 166 

graphics 161 

integral representation 162 

notation 160 

relation to error functions 162 

relation to parabolic cylinder functions 308 

tables 169 

de Branges-Wilson beta integral 143 

De Moivre’s theorem 

trigonometric functions 118 

Dedekind modular function 646 

functional equation 646 

Dedekind sums 

number theory 646 

Dedekind’s eta function see modular functions. 

Dedekind’s modular function . . . see modular functions. 

del operator 10 

Dellanoy numbers 

definition 621 

generating functions 623 

recurrence relation 623 

relation to lattice paths 621 

table 621 

delta sequence 37 

delta wing equation 

Lame polynomials 694 

derivatives 

chain rule 5, 7 

definition 5, 7 

distributional 36 

Faa di Bruno’s formula 5 

Jacobian 9 

L’Hopital’s rule 5 

left-hand 14 

Leibniz’s formula 5 

mean value theorem 5 

notation 5, 7 

of distribution 35 

partial 7 

right-hand 14 

Descartes’ rule of signs (for polynomials) 22 

determinants 

alternants 3 

Cauchy 4 

circulant 4 

cofactor 3 


definition 3 

Hadamard’s inequality 3 

Hankel 93, 595 

inequalities 3 

infinite 

convergence 4 

Hill’s type 4 

Krattenthaler’s formula 4 

minor 3 

notation 3 

persymmetric 595 

properties 3 

Vandermonde 3 

diatomic molecules 

hypergeometric function 400 

difference equations 
asymptotic solutions 


.. see asymptotic solutions of difference equations. 


distinguished solutions 85 

minimal solutions 85 

numerical solution 85-88 

backward recursion method 85, 86 

boundary- value methods 86, 87 

homogeneous equations 85-86 

inhomogeneous equations 86 

normalizing factor 86 

stability 85 

recessive solutions 85 

difference operators 436 

backward 436 

central in imaginary direction 436 

forward 436 

differentiable functions 5, 15 

differential equations 


asymptotic solutions see asymptotic solutions of 


differential equations, 
change of variables 

elimination of first derivative 26 

Liouville transformation 26 

point at infinity 26 

classification of singularities 56, 409 

closed-form solutions 27 

dominant solutions 57 

Fuchs-Frobenius theory 55 

homogeneous 26, 88 

indices differing by an integer 56 

indicial equation 56 

inhomogeneous 26, 88 

solution by variation of parameters 26 

irregular singularity 56 

nonhomogeneous see inhomogeneous. 

numerical solution 

boundary-value problems 88 

eigenfunctions 89 
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eigenvalues 89 

initial-value problems 88 

Runge-Kutta method 89-90 

stability 88 

Sturm-Liouville eigenvalue problems 89 

Taylor-series methods 88-89 

numerically satisfactory solutions 58 

of arbitrary order 409 

ordinary point 55, 409 

rank of singularity 56 

recessive solutions 57 

regular singularity 56 

Schwarzian derivative 27 

solutions 

existence 25 

fundamental pair 26 

in series of Chebyshev polynomials 478, 480 

in series of classical orthogonal polynomials . . . 479 

linearly independent 26 

products 27 

Wronskian 26 

subdominant solutions see recessive solutions. 

with a parameter 26 

differentiation 

Cauchy-Riemann equations 16 

numerical 

analytic functions 77 

Lagrange’s formula for equally-spaced nodes ... 77 

partial derivatives 78 

of integrals 8, 21 

partial 7 

diffraction catastrophes 777 , 789 

notation 776 

scaling laws 785 

diffraction of light 

Fresnel integrals and Cornu’s spiral 161, 169 

diffraction problems 

Mathieu functions 678 

diffusion equations 

theta functions 533 

diffusion problems 

Mathieu functions 678 

digamma function see psi function. 

dilogarithms 

analytic properties 610 

approximations 615 

computation 614 

definition 610 

graphics 611 

principal branch (or value) 610 

tables 614 

Dirac delta 37-38 

delta sequences 37-38 

integral representations 


Airy functions 38 

Bessel functions 38 

Coulomb functions 38 

Fourier 37-38 

spherical Bessel functions 38 

mathematical definitions 38 

series representations 

Fourier 38 

Hermite polynomials 38 

Laguerre polynomials 38 

Legendre polynomials 38 

spherical harmonics 38 

Dirac delta distribution 53 

Dirac delta function see Dirac delta. 

Dirac equation 

Coulomb functions 754 

Dirichlet L-functions 

analytic properties 612 

definition 612 

functional equation 612 

infinite products 612 

tables 614 

zeros 613 

Dirichlet characters 642 

Gauss sum 643 

Dirichlet problem 

with toroidal symmetry 379 

Dirichlet product (or convolution) 641 

Dirichlet series 602, 640 

generating function 640 

Dirichlet ’s divisor problem 

number theory 643 

Dirichlet’s theorem 

prime numbers in arithmetic progression 643 

discontinuity 4 

discrete Fourier transform 99 

discrete g-Hermite I and II polynomials 471 

discriminant 

of a polynomial 22 

discriminant function 

number theory 646 

functional equation 646 

disk 

around infinity 16 

open 15 

disk polynomials 477 

dislocation theory 

Heun functions 720 

distribution function 

Painleve transcendents 739 

distribution functions 
connection with 

incomplete beta functions 189 

incomplete gamma functions 189 
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distributional derivative 36 

distributions 35-37 

convergence 35, 36 

convolutions 54 

derivatives 35 

Dirac delta 36 

distributional derivative 36 

Fourier transforms 37 

Heaviside function 36 

linear functionals 35 

of derivatives 52 

regular 35 

regularization 55 

several variables 36-37 

singular 35 

support 35 

tempered see tempered distributions., 52 

test function space 35 

test functions 35 

convergence 35 

divergence theorem 

. . see Gauss’s theorem for vector-valued functions. 

divergent integrals 51 

regularization 55 

divided differences 

definition 76 

integral representation 76 

divisor function 

number theory 638 

Dixon’s 3 F 2 (1) sum 

q-analog 426 

Dixon’s sum 

F. H. Jackson’s q-analog 426 

domain 15 

closed 15 

cut 20 

simply-connected 25 

dominated convergence theorem 

infinite series 18 

double gamma function see Barnes’ G-function. 

double integrals 8-9 

change of order of integration 9 

change of variables 9 

infinite 9 

double sequence 18 

convergence 18 

double series 18 

convergence 18 

doubly-confluent Heun equation 717 

Dougall’s 7*6(1) sum 

F. H. Jackson’s g-analog 427 

Dougall’s bilateral sum 387 

Dougall’s expansion 

associated Legendre functions 371 


dual Hahn polynomials 

see Wilson class orthogonal polynomials. 


Duffing’s equation 

Jacobian elliptic functions 565 

dynamical systems 

Mathieu functions 679 

Painleve transcendents 739 

Dyson’s integral 

gamma function 144 


ecological systems 

incomplete gamma functions 189 

Einstein summation convention for vectors 10 

Eisenstein convention 577 

Eisenstein series 

Jacobian elliptic functions 559 

electric particle field 

Stieltjes electrostatic interpretation 719 

electromagnetic scattering 

Bessel functions and spherical Bessel functions . . 275 
electromagnetic theory 

sine and cosine integrals 155 

electromagnetic waves 

Mathieu functions 678 

electron-ion collisions 

Coulomb functions 753 

electronic structure of heavy elements 

Coulomb functions 754 

electrostatics 

Jacobian elliptic functions 566 

zeros of classical orthogonal polynomials 479 

elementary functions see exponential func- 

tion, hyperbolic functions, inverse hyperbolic func- 
tions, inverse trigonometric functions, Lambert W- 
function, logarithm function, power function, and 
trigonometric functions. 

relation to R^-function 495 

elementary particle physics 

conical functions 379 

ellipse 

elliptic integrals 514 

ellipse arc length 

Jacobian elliptic functions 563 

ellipsoid 

capacity 516 

depolarization 497, 516 

potential 516 

self-energy 516 

surface area 515 

triaxial 515 

ellipsoidal coordinates 693 

Weierstrass elliptic functions 582 

ellipsoidal harmonics 

Lame polynomials 694 

ellipsoidal wave equation see Lame wave equation. 
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elliptic coordinates 720 

elliptic crack and punch problems 

Lame polynomials 694 

elliptic curves 564 

addition law 581 

definition 581 

Jacobi- Abel addition theorem 564 

Jacobian normal form 564 

Mordell’s theorem 582 

tables 582 

Weierstrass elliptic functions 581 

elliptic functions . . . see also Jacobian elliptic functions 

and Weierstrass elliptic functions. 

general 571 

representation as Weierstrass elliptic functions 

576 

Weierstrass see Weierstrass elliptic functions. 


elliptic integrals . . see basic elliptic integrals, Bulirsch’s 
elliptic integrals, general elliptic integrals, general- 
izations of elliptic integrals, Legendre’s elliptic in- 
tegrals, and symmetric elliptic integrals. 


complete 

quasiconformal mapping 399 

relations to other functions 

associated Legendre functions 360 

Ferrers functions 360 

Weierstrass elliptic functions 576 

elliptic modular function see modular functions. 

elliptic umbilic bifurcation set 

formula 781 

picture 782 

elliptic umbilic canonical integral 776 

asymptotic approximations 789-790 

convergent series 787 

differential equations 788 

formulas for Stokes set 783 

integral identity 788 

pictures of modulus 779 

pictures of phase 780 

scaling laws 785 

zeros 786 

elliptic umbilic catastrophe 776 , 785 

elliptical coordinates 

Mathieu functions 677-678 

entire functions 16 

asymptotic expansions 64 

Liouville’s theorem 16 

enumerative topology 

Painleve transcendents 739 

epsilon function see Jacobi’s epsilon function. 

equation of Ince . . see Hill’s equation, equation of Ince. 

equiconvergent 699 

Erlang loss function 

incomplete gamma functions 189 


error-control function 

differential equations 57 

error functions 160 

applications 

asymptotic approximation of integrals 168 

physics 169 

statistics 169 

Stokes phenomenon 168 

approximations 170 

asymptotic expansions 164 

exponentially-improved 164 

computation 83-84, 169 

continued fractions 163 

definitions 160 

derivatives 163 

expansions in spherical Bessel functions 162 

generalized 166 

graphics 160, 161 

inequalities 163 

integral representations 162-163 

integrals 

Fourier transform 166 

Laplace transforms 166 

interrelations 162 

inverse functions 166 

asymptotic expansions 166 

computation 169 

power-series expansions 166 

notation 160 

power-series expansions 162 

relations to other functions 

confluent hypergeometric functions . . 164, 328, 338 

Dawson’s integral 162 

Fresnel integrals 162 

generalized exponential integrals 164 

incomplete gamma functions 164 

parabolic cylinder functions 308 

probability functions 160 

Voigt functions 167 

repeated integrals of . . . . see repeated integrals of the 
complementary error function. 

sums 166 

tables 169, 170 

values at infinity 160 

zeros 165 

asymptotic expansions 165 

tables 165, 170 

error measures 

absolute error 73 

complex arithmetic 73 

mollified error 73 

relative error 73 

relative precision 73 

error term 43 
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essential singularity 19 

see also isolated essential singularity. 

eta function see Dedekind’s eta function. 


Euler-Maclaurin formula 63 

extensions 63 

generalization 597 

Euler numbers 588 

arithmetic properties 593 

asymptotic approximations 593 

computation 598 

definition 588 

explicit formulas 591 

factors 593 

finite expansions 590 

generalizations 596, 597 

generating function 588 

identities 591 

inequalities 593 

integral representation 592 

inversion formulas 591 

Rummer congruences 593 

notation 588 

recurrence relations 

linear 591 

quadratic and higher order 595 

sums 595 

tables 589, 598 

Euler polynomials 588 

applications 

mathematical 597-598 

physical 598 

asymptotic approximations 593 

computation 598 

definition 588 

derivative 590 

difference equation 589 

explicit formulas 591 

finite expansions 590 

generalized 596, 597 

generating function 588 

graphs 589 

inequalities 593 

infinite series expansions 

Fourier 592 

other 592 

integral representations 592 

integrals 594 

compendia 595 

Laplace transforms 595 

multiplication formulas 590 

notation 588 


recurrence relations 


linear 591 

quadratic 595 


representations as sums of powers 589 

special values 590 

sums 595 

symbolic operations 590 

symmetry 589 

tables 589 

zeros 

complex 594 

multiple 594 

real 594 

Euler product 

number theory 640 

Euler splines 597 

Euler sums 

Riemann zeta function 613 

reciprocity law 614 

Euler’s beta integral 142 

Euler’s constant 136 

integral representations 140 

Euler’s homogeneity relation 

symmetric elliptic integrals 501 

Euler’s integral 

gamma function 136 

Euler’s pentagonal number theorem 

number theory 646 

Euler’s sums 

g-hypergeometric function 423, 424 

Euler’s totient 

number theory 638 

Euler’s transformation 

applied to asymptotic expansions 69 

of series 93 

Euler-Fermat theorem 

number theory 638, 647 

Euler-Poisson differential equations 501 

Euler-Poisson-D arboux equation 

symmetric elliptic integrals 501 

Euler-Tricomi equation 

Airy functions 209 

Eulerian numbers 

definition 632 

generating functions 632 

identities 632 

notation 632 

relation to Bernoulli numbers 591 

relation to permutations 632 

special values 633 

table 632 

evolution equations 

Lame polynomials 694 

exact rational arithmetic 72 

exponential function 105 

analytic properties 105 

approximations 132 
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Chebyshev-series expansions 132 

computation 131 

conformal maps 106 

continued fractions 110 

definition 105 

derivatives 109 

differential equation 109 

generalized Ill 

graphics 

complex argument 107 

real argument 106 

identities 109 

inequalities 108 

integrals 110 

limits 107 

notation 104 

periodicity 105 

power series 105 

special values 107 

sums 110 

tables 132 

zeros 105 

exponential growth 28 

exponential integrals 150 

analytic continuation 151 

applications 155 

approximations 156 

asymptotic expansions 153 

exponentially-improved 153 

re-expansion of remainder term 153 

Chebyshev-series expansions 156, 157 

computation 155 

continued fraction 153 

definition 150 

expansion in inverse factorials 153 

expansions in modified spherical Bessel functions 

153 

generalized 185 

graphics 151 

inequalities 152 

integral representations 152 

integrals 154 

interrelations 150, 151 

Laplace transform 154 

notation 150 

power series 151 

principal value 150 

relations to other functions 

confluent hypergeometric functions 153 

incomplete gamma function 153 

logarithmic integral 150 

sine and cosine integrals 151 

small argument 51 

tables 156 


zeros 154 

extended complex plane 16 

Faa di Bruno’s formula 

for derivatives 5 

Fabry’s transformation 

differential equations 57 

factorials (rising or falling) 618 

factorization 

of integers 648 

via Weierstrass elliptic functions 582 

Faddeeva function 169 

fast Fourier transform 100 

Fay’s trisecant identity 

Riemann theta functions with characteristics 544 

generalizations 544 

Fejer kernel 

Fourier integral 34 

Fourier series 33 

Fermat numbers 

number theory 648 

Fermat’s last theorem 


Bernoulli and Euler numbers and polynomials . . . 598 


Fermi-Dirac integrals 

approximations 615 

computation 614 

definition 611 

relation to polylogarithms 612 

tables 614 

uniform asymptotic approximation 612 

Ferrers board 633 

Ferrers function 
of the first kind 

integral equation for Lame functions 689 

Ferrers functions 352 

addition theorems 370 

analytic continuation 376 

applications 

spherical harmonics 378-379 

spheroidal harmonics 378 

asymptotic approximations 

see uniform asymptotic approximations. 

behavior at singularities 361-362 

computation 379 

connection formulas 362 

cross-products 352 

definitions 353-354 

degree 352 

derivatives 362 

with respect to degree or order 363 

differential equation 

see associated Legendre equation. 

generating functions 361 

graphics 355-357 

integer degree and order 360-361 
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integer order 360 

integral representations 363 

integrals 

definite 369 

indefinite 368 

Laplace transforms 370 

Mellin transforms 370 

orthogonality properties 369 

notation 352 

of the first kind 353 

of the second kind 353 

order 352 

orthogonality 369 

recurrence relations 362 

reflection formulas 361 

relations to other functions 

elliptic integrals 360 

hypergeometric function 353, 354, 394 

Legendre polynomials 360 

ultraspherical polynomials 448 

Rodrigues-type formulas 360 

special values 359-360 

sums 370-371 

tables 380 

trigonometric expansions 364 

uniform asymptotic approximations 

large degree 366-368 

large order 365-366 

Wronskians 352-353 

zeros 368 

Ferrers graph 626 

Feynman diagrams 

Appell functions 417 

Feynman path integrals 

theta functions 534 

Fibonacci numbers 596, 629 

fine structure constant 

Coulomb functions 753 

finite Fourier series 

number theory 643 

fixed point 90 

floating-point arithmetic 

bits 72 

format width 72 

significant 72 

double precision 72 

exponent 72 

fractional part 72 

IEEE standard 72 

machine epsilon 72 

machine number 72 

machine precision 72 

overflow 72 

rounding 


by chopping 72 

down 72 

symmetric 72 

to nearest machine number 72 

significand 72 

single precision 72 

underflow 72 

Floquet solutions 

Hill’s equation 675 

Mathieu’s equation 653 

Floquet’s theorem 

Hill’s equation 674 

Mathieu’s equation 653 

fluid dynamics 

elliptic integrals 517 

Legendre polynomials 479 

Riemann theta functions 545 

Struve functions 298 

fold canonical integral 776 , 785 

bifurcation set 781 

differential equation 788 

integral identity 787 

relation to Airy function 777 

zeros 785 

fold catastrophe 776 , 785 

Fourier cosine and sine transforms 

definition 27 

generalized 400 

inversion 28 

Parseval’s formula 28 

tables 31, 32 

Fourier integral 

asymptotic expansions 44, 45 

Dirac delta 38 

Fejer kernel 34 

Poisson kernel 34 

summability 34 

Fourier series 13-14 

Bessel’s inequality 13 

coefficients 13 

compendia 14 

convergence 14 

definition 13 

differentiation 14 

Dirac delta 38 

Fejer kernel 33 

finite 

number theory 643 

integration 14 

Parseval’s formula 14 

Poisson kernel 34 

Poisson’s summation formula 14 

properties 13 

summability 33-34 
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uniqueness 13 

Fourier transform 27-28 

convergence 27 

convolution 27 

definitions 27 

discrete 99 

distributions 37 

fast 100 

group 

hypergeometric function 400 

inversion 27 

Parseval’s formula 27 

tables 30, 32 

tempered distributions 37 

uniqueness 27 

Fourier-Bessel expansion 

Bessel functions 248 

computation 278 

Fourier-series expansions 

nonuniformity of convergence 155 

piecewise continuous functions 155 

fractals 92 

fractional derivatives 35 

fractional integrals 35 

asymptotic expansions 53-55 

definition 53 

fractional linear transformation 

see bilinear transformation. 

Fresnel integrals 160 

applications 

Cornu’s spiral 168 

interference patterns 161 

physics and astronomy 169 

probability theory 169 

statistics 169 

approximations 170 

asymptotic expansions 164 

exponentially-improved 164 

auxiliary functions 

see auxiliary functions for Fresnel integrals. 

computation 169 

definition 160 

expansions in spherical Bessel functions 162 

graphics 161 

integrals 

Laplace transforms 166 

interrelations 162 

notation 160 

power-series expansions 162 

relations to other functions 

Anger- Weber functions 297 

auxiliary functions 160, 162 

confluent hyper geometric functions 164 

error functions 162 


generalized hypergeometric functions 164 

symmetry 161 

tables 169 

values at infinity 160 

zeros 165 

asymptotic expansions 165 

tables 165 

Freud weight function 475 

Frobenius’ identity 

Riemann theta functions with characteristics .... 544 
Fuchsian equation 

classification of parameters 718 

definitions 718 

normal form 718 

polynomial solutions 718 

relation to Heun’s equation 718 

functions 

analytic see analytic function. 

analytically continued 19 

continuous see continuous function. 

continuously differentiable 5, 7 

convex 7 

decreasing 4 

defined by contour integrals 21 

differentiable 5 

entire see entire functions. 

harmonic 16 

holomorphic see analytic function. 

increasing 4 

inverse 21 

limits see limits of functions. 

many-valued see multivalued function. 

meromorphic 19 

monotonic 4 

multivalued see multivalued function. 

nondecreasing 4 

nonincreasing 4 

of a complex variable 18-22 

of bounded variation 6 

of compact support 35 

of matrix argument 

see functions of matrix argument. 

strictly decreasing 4 

strictly increasing 4 

strictly monotonic 4 

support of 35 

vector- valued 10-11 

functions of matrix argument 768 

Laplace transform 768 

orthogonal invariance 771 

fundamental theorem of arithmetic 638 

fundamental theorem of calculus 6 

gamma distribution 

incomplete gamma functions 189 
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gamma function 136 

see also incomplete gamma functions. 

analytic properties 136 

applications 

mathematical 145 

physical 145-146 

approximations 

Chebyshev series 147 

complex variables 147 

rational 146, 147 

asymptotic expansions 140-142 

error bounds 141 

exponentially-improved 141 

for ratios 141 

Bohr-Mollerup theorem 138 

computation 146 

continued fraction 140 

definition 136 

duplication formula 138 

Euler’s integral 136 

extrema 

asymptotic approximation 138 

table of 138 

Gauss’s multiplication formula 138 

graphics 136-137 

inequalities 138 

infinite products 139 

integral representations 139-140, 143-144, 188 

for derivatives 140 

multidimensional 143-144 

logarithm 

continued fraction 140 

convexity 136, 138 

graphics 136 

integral representations 140 

Taylor series 139 

maxima and minima 138 

multiplication formulas 138 

multivariate see multivariate gamma function. 

notation 136 

reciprocal 

analytic properties 136 

graphics 136, 137 

Maclaurin series 139 

zeros 136 

recurrence relation 138 

reflection formula 138 

relations to hypergeometric function 387 

scaled 185 

special values 137 

tables 146 

Gaunt coefficient 

3 j symbol 761 

Gaunt’s integral 


3 j symbol 761 

Gauss quadrature 80-83 

Christoffel coefficients (or numbers) 80 

comparison with Clenshaw-Curtis formula 80 

eigenvalue/eigenvector characterization 82 

for contour integrals 83 

Gauss-Chebyshev formula 80 

Gauss-Hermite formula 81 

Gauss- Jacobi formula 80 

Gauss-Laguerre formula 80-81 

generalized 80 

Gauss-Legendre formula 80 

logarithmic weight function 81-82 

nodes 80 

tables 80-83 

remainder terms 80 

weight functions 80 

tables 80-83 

Gauss series 

hypergeometric function 384 

convergence 384 

Gauss sums 
number theory 

Dirichlet character 643 

separable 643 

theta functions 532 

Gauss’s 2 El (— 1) sum 

g-analog 426 

Gauss’s theorem for vector-valued functions 12 

Gauss-Christoffel quadrature . . . see Gauss quadrature. 
Gaussian 

nonperiodic 533 

Gaussian elimination 73-74 

back substitution 73 

forward elimination 73 

iterative refinement 74 

multipliers 73 

partial pivoting 73 

pivot (or pivot element) 73 

residual vector 74 

triangular decomposition 73 

tridiagonal systems 74 

Gaussian hypergeometric function 

see also hypergeometric function. 

of matrix argument 771 

applications 773 

asymptotic approximations 772 

basic properties 771 

case m = 2 771 

computation 773 

confluent form 771 

definition 771 

Gauss formula 771 

integral representation 771 
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Jacobi form 771 

notation 768 

partial differential equations 771-772 

reflection formula 771 

transformations of parameters 771 

Gaussian noise 

Lambert ^-function 131 

Gaussian polynomials 

definition 627 

tables 635 

Gaussian probability functions 160 

Gaussian unitary ensemble 

Painleve transcendents 739 

Gegenbauer function 

definition 394 

relation to associated Legendre functions 355 

relation to hypergeometric function 394 

Gegenbauer polynomials 


. . . . see ultraspherical polynomials and also classical 


orthogonal polynomials. 

Gegenbauer’s addition theorem 

Bessel functions 247 

modified Bessel functions 261 

general elliptic integrals 486 

reduction to basic elliptic integrals 512 

reduction to Legendre’s elliptic integrals 496-497 

reduction to symmetric elliptic integrals .... 512-514 

general orthogonal polynomials 437 

computation 479 

difference operators 437 

monic 438 

on finite point sets 437 

on intervals 437 

orthonormal 438 

recurrence relations 438 

sums of products 438 

weight functions 437 

^-difference operators 437 

zeros 438 

generalizations of elliptic integrals 516 

generalized Airy functions 

from differential equation 206-207 

asymptotic approximations 206 

definitions 206, 207 

relation to Bessel functions 206 

relation to modified Bessel functions 206 

tables 211 

from integral representations 207-208 

connection formulas 208 

definitions 207 

difference equation 208 

differential equation 208 

generalized exponential integral 185 

analytic continuation 187 


applications 

mathematical 189 

physical 189 

approximations 191 

asymptotic expansions 

exponentially-improved 187 

large parameter 187 

large variable 187 

Chebyshev-series expansions 191 

computation 190 

continued fraction 187 

definition 185 

derivatives 186 

further generalizations 187 

graphics 185-186 

inequalities 187 

integral representations 185 

Mellin-Barnes type 185 

integrals 187 

notation 174 

of large argument 66 

principal values 185 

recurrence relation 186 

relations to other functions 

confluent hypergeometric functions 186 

error functions 164 

incomplete gamma functions 185 

series expansions 186 

special values 186 

tables 190 

generalized exponentials Ill 

generalized functions 

distributions 55 

generalized hypergeometric differential equation . . . 409 

confluence of singularities 410 

connection formula 410 

fundamental solutions 409 

singularities 409 

generalized hypergeometric function 0 -F 2 

definition 404, 408 

of large argument 64 

generalized hypergeometric functions 404 

analytic continuation 408 

analytic properties 404, 405, 408 

applications 

mathematical 417 

physical 417 

approximations 418 

argument unity 405 

as functions of parameters 405 

asymptotic expansions 

formal series 411 

large parameters 412 

large variable 411 
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small variable 408 

balanced 405 

bilateral series 408 

Dougall’s bilateral sum 408 

computation 418 

contiguous balanced series 407 

contiguous functions 405 

contiguous relations 407 

continued fractions 407 

definitions 404, 408 

derivatives 405 

differential equation see generalized 

hypergeometric differential equation. 

Dixon’s well-poised sum 406 

Dougall’s bilateral sum 408 

Dougall’s very well-poised sum 406 

Dzrbasjan’s sum 406 

expansions in series of 410 

extensions of Rummer’s relations 407 

identities 407 

integral representations 408 

integrals 408 

inverse Laplace transform 408 

Laplace transform 408 

fc-balanced 405 

Kummer-type transformations 407, 409 

monodromy 417 

notation 404 

of matrix argument 772 

applications 773 

computation 773 

confluence 772 

convergence properties 772 

definition 772 

Euler integral 773 

expansion in zonal polynomials 772 

general properties 772 

invariance 773 

Rummer transformation 772 

Laplace transform 773 

Mellin-Barnes integrals 773 

notation 768 

Pfaff-Saalschutz formula 772 

relations to other functions 772 

Thomae transformation 772 

3 F 2 case 772 

value at T = 0 772 

Pfaff-Saalschiitz balanced sum 406 

polynomial cases 404 

principal branch (value) 404 

products 412 

recurrence relations 407 

relations to other functions 

associated Jacobi polynomials 474 


Bessel functions 228 

classical orthogonal polynomials 442 

Fresnel integrals 164 

generalized Bessel polynomials 476 

Hahn class orthogonal polynomials 463 

Rummer functions 328 

Meijer G- function 416 

modified Bessel functions 255 

orthogonal polynomials and other functions . . . 409 

3 j, 6 j, 9 j symbols 407, 418 

Wilson class orthogonal polynomials 468 

Rogers-Dougall very well-poised sum 406 

Saalschiitzian 405 

terminating 404 

transformation of variable 408 

cubic 409 

quadratic 408 

very well-poised 405 

Watson’s sum 406 

well-poised 405 

Whipple’s sum 406 

Whipple’s transformation 407 

with two variables 412-415 

zeros 410 

generalized hypergeometric series 404 

generalized integrals 

asymptotic expansions 52 

generalized logarithms 73, 111 

applications 131 

generalized precision 73 

generalized sine and cosine integrals 188 

analytic properties 188 

asymptotic expansions for large variable 189 

auxiliary functions 189 

asymptotic expansions for large variable 189 

integral representations 189 

computation 190 

definitions 

general values 188 

principal values 188 

expansions in series of spherical Bessel functions . . 188 

integral representations 188 

interrelations 188 

notation 174 

power-series expansions 188 

relation to sine and cosine integrals 188 

special values 188 

Genocchi numbers 595 

table 596 

genus 

Riemann surface 543 

geometric mean 3, 13 

geometric progression (or series) 2 

geophysics 
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spherical harmonics 379 

Gibbs phenomenon 

sine integral 154 

Glaisher’s constant 63, 144 

Glaisher’s notation 

Jacobian elliptic functions 550 

Goldbach conjecture 

number theory 644 

Goodwin-Staton integral 

asymptotic expansion 164 

computation 169 

definition 160 

relations to Dawson’s integral and exponential inte- 
gral 162 

Graf’s addition theorem 

Bessel functions 247 

modified Bessel functions 261 

Gram-Schmidt procedure 

for least squares approximation 99 

graph theory 

combinatorics 635 

gravitational radiation 

Coulomb functions 755 

Green’s theorem for vector-valued functions 

three dimensions 12 

two dimensions 11 

group representations 

orthogonal polynomials 479 

group theory 

hypergeometric function 400 

Gudermannian function 121 

inverse 121 

relation to Rc-function 495 

relation to amplitude (am) function 561 

tables 132 

Haar measure 769 

Hadamard’s inequality for determinants 3 

Hahn class orthogonal polynomials 462-467 

asymptotic approximations 466-467 

computation 479 

definitions 462 

difference equations on variable 465 

differences 465 

dualities 463 

generating functions 466 

interrelations with other orthogonal polynomials 

463, 464 

leading coefficients 462 

limit relations 463 

normalizations 462 

notation 436 

orthogonality properties 462 

recurrence relations 464 


relations to confluent hypergeometric functions and 

generalized lrypergeometric functions 328, 463 

relations to hypergeometric function 394, 463 

Rodrigues formula 462 

special cases 463 

weight functions 462 

Hahn polynomials 

see Hahn class orthogonal polynomials. 

Hamiltonian systems 
chaotic 

Lame functions 694 

handle 

Riemann surface 543 

Hankel functions 217 

addition theorems 246-247 

analytic continuation 226 

approximations 281 

asymptotic expansions for large argument . . 229-230 

error bounds 229-230 

exponentially-improved 230 

asymptotic expansions for large order 231-235 

asymptotic forms 231 

double asymptotic properties 235, 258 

transition region 232 

uniform 232-235 

branch conventions 218 

computation 276-277 

connection formulas 222 

cross-product 222 

definitions 217 

derivatives 222 

asymptotic expansions for large argument 229 

asymptotic expansions for large order 231-232 

uniform asymptotic expansions for large order 

233 

zeros 238 

differential equations 217 

see also Bessel’s equation. 


graphics 220-221 

incomplete 262 

integral representations 

along real line 224 

compendia 226 

contour integrals 224 

integrals 


see integrals of Bessel and Hankel functions. 


limiting forms 217, 223 

multiplication theorem 246 

notation 217 

power series 223 

principal branches (or values) 217 

recurrence relations 222 


relations to other functions 

Airy functions 196-197 
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confluent hypergeometric functions 228 

elementary functions 228 

Wronskians 222 

zeros 238 

computation 277 

tables 279 

with respect to order (i/-zeros) 240 

Hankel transform 246 

computation 277 

Hankel’s expansions 

for Bessel and Hankel functions 228-229 

for modified Bessel functions 255 

Hankel’s integrals 

Bessel functions and Hankel functions 226 

Hankel’s inversion theorem 

Bessel functions 246 

Hankel’s loop integral 

gamma function 139 

harmonic analysis 

hypergeometric function 399 

harmonic functions 16 

maximum modulus 20 

mean value property 16 

Poisson integral 16 

harmonic mean 3, 13 

harmonic oscillators 

Hermite polynomials 479 

q-hypergeometric function 432 

harmonic trapping potentials 

parabolic cylinder functions 317 

heat conduction in liquids 

Rayleigh function 276 

heat theory 

conical functions 379 

Heaviside function 36, 54 

derivative 36 

Heine’s formula 

associated Legendre functions 377 

Heine’s integral 

Legendre functions 364 

Helmholtz equation 

3 j, 6 j, 9 j symbols 765 

associated Legendre functions 379 

Bessel functions and modified Bessel functions . . 275 

parabolic cylinder functions 317 

paraboloidal coordinates 678 

Hermite polynomials 438 

see also classical orthogonal polynomials. 

addition theorem 460 

applications 

integrable systems 478 

random matrix theory 479 

Schrodinger equation 479 

asymptotic approximations 453 


computation 479 

continued fractions 450 

definitions 439 

derivatives 447 

differential equations 445 

Dirac delta 38 

expansions in series of 459-461 

explicit representations 442-443 

Fourier transforms 457 

generating functions 450 

graphs 441 

inequalities 450, 451 

Turan-type 450 

integral representations 447, 448 

integrals 455, 457-459 

indefinite 455 

Nicholson-type 455 

interrelations with other orthogonal polynomials 

444-445, 463, 464 

Laplace transform 457 

leading coefficients 439 

limiting forms as trigonometric functions 449 

linearization formulas 461 

local maxima and minima 451 

Mellin transform 458 

monic 81, 441 

multiplication theorem 460 

normalizations 439 

notation 436 

orthogonality properties 439 

Poisson kernels 461 

recurrence relations 446 

relations to other functions 

confluent hypergeometric functions . . 328, 338, 449 

derivatives of the error function 163 

generalized lrypergeometric functions 443 

parabolic cylinder functions 308 

repeated integrals of the complementary error func- 
tion 167 

Rodrigues formula 442 

special values 444 

symmetry 444 

tables 480 

of coefficients 440 

of zeros 81 

upper bounds 450 

zeros 438, 455 

asymptotic behavior 455 

tables 81 

Hermite-Darboux method 

Heun functions 713 

Hermitian matrices 

Gaussian unitary ensemble 

limiting distribution of eigenvalues 739 
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Heun equation see Heun’s equation. 

Heun functions 710 

applications 

mathematical 719-720 

physical 720 

asymptotic approximations 718 

computation 720 

definition 712 

differential equation see Heun’s equation. 

expansions in series of 

hypergeometric functions 716-717 

orthogonal polynomials 717 

integral equations and representations 714-716 

notation 710 

orthogonality 

double 714 

single 714 

relations to hypergeometric function 713 

relations to Lame functions 713 

Heun polynomials 712 

applications 719 

definitions 712 

integral equations and representations 715 

notation 712 

orthogonality 714 

products 719 

Heun’s equation 710 

accessory parameter 710 

asymptotic approximations 718 

applications 718 

mathematical 719-720 

physical 720 

asymptotic approximations 

eigenvalues of accessory parameters 718 

solutions near irregular singularities 718 

solutions of confluent forms 718 

solutions with coalescing singularities 718 

automorphisms 711-713 

composite 711 

f-homotopic transformations 711 

homographic transformations 711 

basic solutions 

equivalent expressions 712 

Fuchs-Frobenius 711 

biconfluent 718 

classification of parameters 710 

computation of solutions 720 

confluent forms 717-718 

asymptotic approximations 718 

integral equations 716 

special cases 717 

doubly-confluent 717 

doubly-periodic forms 

Jacobi’s elliptic 710 


Weierstrass’s 710 

eigenvalues of accessory parameter 712 

expansions of solutions in series of 

hypergeometric functions 716-717 

orthogonal polynomials 717 

exponent parameters 710 

integral equations 714-716 

integral representation of solutions 714-716 

kernel functions 714, 716 

separation constant 714 

inversion problem 719 

Jacobi’s elliptic form 710 

Liouvillean solutions 713 

monodromy group 719 

normal form 710 

parameters 

classification 710 

path-multiplicative solutions 712 

biorthogonality 714 

expansions in series of hypergeometric functions 

717 

relation to Fuchsian equation 718 

relation to Lame’s equation 685 

separation of variables 720 

singularities 710 

singularity parameter 710 


solutions analytic at three singularities 

see Heun polynomials. 

solutions analytic at two singularities 

see Heun functions. 


solutions via quadratures 713 

triconfluent 718 

trigonometric form 710 

uniformization problem 719 

Weierstrass’s form 710 

Heun’s operator 714 

hexadecimal number system 72 

high-frequency scattering 

parabolic cylinder functions 317 

higher-order 3 nj symbols 765 

highway design 

Cornu’s spiral 169 

Hilbert space 

interrelation between bases 

Heun polynomial products 719-720 

L 2 {Q) orthonormal basis 719 

Hilbert transform 

computation 84 

definition 29 

Fourier transform of 29 

inequalities 29 

inversion 29 

Hill’s equation 674 


see also Whitt aker-Hill equation. 
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antiperiodic solutions 675 

basic solutions 674 

characteristic equation 675 

characteristic exponents 675 

definition 674 

discriminant 675 

eigenfunctions 676 

eigenvalues 675 

equation of Ince 676 

Fourier-series solutions 676 

polynomial solutions see Ince polynomials. 

expansions in series of eigenfunctions 676 

Floquet solutions 675 

Floquet’s theorem 674 

periodic solutions 675 

pseudoperiodic solutions 674 

real case 675 

separation constants 677, 678 

symmetric case 675 

Holder’s inequalities for sums and integrals 12, 13 

holomorphic function see analytic function. 

homogeneous harmonic polynomials 379 

homographic transformation 

see bilinear transformation. 

Horner’s scheme for polynomials 22 

extended 22 

Hurwitz criterion for stable polynomials 23 

Hurwitz system 

Riemann surface 546 

Hurwitz zeta function 607 

analytic properties 607 

asymptotic expansions for large parameter 610 

computation 614 

definition 607 

derivatives 608 

asymptotic expansions for large parameter .... 610 

graphics 607-608 

integral representations 609 

integrals 610 

relations to other functions 

Lerch’s transcendent 612 

periodic zeta function 612 

polylogarithms 611 

Riemann zeta function 607 

representations by Euler-Maclaurin formula 608 

series representations 608, 610 

special values 608 

sums 610 

tables 614 

hydrodynamics 

Jacobian elliptic functions 566 

hyperasymptotic expansions 68 

hyperbola 

elliptic integrals 514 


hyperbolic cosecant function . . see hyperbolic functions. 


hyperbolic cosine function .... see hyperbolic functions, 
hyperbolic cotangent function 

see hyperbolic functions. 

hyperbolic functions 123 

addition formulas 125 

analytic properties 123 

approximations 132 

computation 132 

conformal maps 124 

continued fractions 129 

definitions 123 

derivatives 125 

differential equations 125 

elementary properties 124 

graphics 

complex argument 124 

real argument 123-124 

identities 125 

inequalities 125 

infinite products 126 

integrals 

definite 130 

indefinite 130 

inverse see inverse hyperbolic functions. 

Laurent series 125 

limits 125 

Maclaurin series 125 

moduli 126 

multiples of argument 126 

notation 104 

partial fractions 126 

periodicity 123 

poles 123 

real and imaginary parts 126 

relations to trigonometric functions 123 

special values 125 

squares and products 126 

sums 130 

tables 132 

zeros 123 

hyperbolic secant function . . . see hyperbolic functions, 
hyperbolic sine function see hyperbolic functions. 


hyperbolic tangent function . . see hyperbolic functions, 
hyperbolic trigonometric functions 

see hyperbolic functions. 


hyperbolic umbilic bifurcation set 

formula 781 

picture 782 

hyperbolic umbilic canonical integral 776 

asymptotic approximations 789-790 

convergent series 787 

differential equations 788 

formulas for Stokes set 783 
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integral identity 787 

pictures of modulus 779 

pictures of phase 781 

scaling laws 785 

zeros 787 

hyperbolic umbilic catastrophe 776, 785 

hyperelliptic functions 566 

hyperelliptic integrals 498 

hypergeometric differential equation 394 

equivalent equation for contiguous functions 388 

fundamental solutions 394-395 

Rummer’s solutions 395 

singularities 395 

hypergeometric equation 

see hypergeometric differential equation. 

hypergeometric function 384 

see also Gaussian hypergeometric function. 

analytic properties 384 

applications 

mathematical 399 

physical 400 

asymptotic approximations 

large a (or b) and c 397, 398 

large a and b 397, 398 

large a or & 398 

large a, b 1 and c 398 

large c 396-398 

large variable 396 

branch points 384 

computation 400 

contiguous 388 

continued fractions 389 

definition 384 

derivatives 387-388 

Fourier transforms 398 

graphics 385-386 

Hankel transforms 398 

integral representations 388-389 

Mellin-Barnes type 388-389 

integrals 326, 327, 337, 398-399 

compendia 398-399 

Laplace transforms 398 

Maclaurin series 384 

Mellin transform 398 

multivariate 498 

notation 384 

Olver’s 384 

polynomial cases 385 

principal value (or branch) 384 

products 

series expansions 399 

recurrence relations 388 

relations to other functions 


associated Legendre functions 353, 354, 394 


classical orthogonal polynomials 442 

elementary functions 386 

Ferrers functions 353, 354, 394 

gamma function 387 

Gegenbauer function 394 

Hahn class orthogonal polynomials 463 

Heun functions 713 

incomplete beta functions 183 

Jacobi function 394 

orthogonal polynomials 393-394 

Painleve transcendents 399 

Pollaczek polynomials 476 

psi function 387 

symmetric elliptic integrals 509 

Szego-Askey polynomials 475 

Wilson class orthogonal polynomials 469 

singularities 384 

special cases 

argument ±1 387 

argument a fraction 387 

arguments e ±I71 ’/ 3 387, 400 

elementary functions 386-387 

sums 399 

compendia 399 

transformation of variable 

cubic 393 

linear 390-391, 400 

quadratic 391-393 

with two variables see Appell functions. 

Wronskians 395 

zeros 398 


hypergeometric functions of matrix argument 

. ... see confluent hyper geometric functions of ma- 
trix argument, Gaussian hypergeometric functions 
of matrix argument, and generalized hypergeomet- 


ric functions of matrix argument. 

hypergeometric R - function 498 

derivative 500 

differential equation 501 

elliptic cases 498 

integral representations 498 

implicit function theorem 7 

Ince polynomials 676 

normalization 676 

zeros 676 

Ince’s equation . . . see Hill’s equation, equation of Ince. 

Ince’s theorem see Theorem of Ince. 

incomplete Airy functions 208 

incomplete beta functions 183 

applications 

physical 189 

statistical 189 

asymptotic expansions for large parameters 

general case 185 
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inverse function 185 

symmetric case 184 

basic properties 183 

continued fraction 184 

historical profile 183 

integral representation 183 

inverse function 185 

notation 174 

recurrence relations 183 

relation to hypergeometric function 183 

sums 184 

tables 190 

incomplete gamma functions 174 

analytic continuation 174 

applications 

mathematical 189 

physical 189 

statistical 189 

approximations 191 

asymptotic approximations and expansions 

exponentially-improved 179, 181 

for inverse function 182 

large variable and/or large parameter 

179-180, 182 

uniform for large parameter 181, 182 

basic properties 174 

Chebyshev-series expansions 191 

computation 190 

continued fraction 179 

definitions 

general values 174 

principal values 174 

derivatives 178 

differential equations 174 

expansions in series of 

Bessel functions 178 

Laguerre polynomials 178 

modified spherical Bessel functions 178 

generalizations 183 

graphics 

complex argument 176 

real variables 175-176 

inequalities 179 

integral representations 

along real line 177 

compendia 178 

contour integrals 177 

Mellin-Barnes type 177 

integrals 182 

monotonicity properties 176 

normalized 174 

notation 174 

of imaginary argument 177 

Pade approximant 179 


power-series expansions 178 

principal values 174 

recurrence relations 178 

relations to other functions 

confluent hypergeometric functions . . 177, 328, 338 

error functions 164 

exponential integrals 153 

generalized exponential integral 185 

incomplete Riemann zeta function 189 

special values 176 

sums 183 

tables 190 

zeros 182 

incomplete Riemann zeta function 189 

asymptotic approximations 189 

expansions in series of incomplete gamma functions 

189 

zeros 189 

inductance 

symmetric elliptic integrals 516 

inequalities 

means 13 

sums and integrals 

Cauchy-Schwarz 12, 13 

Holder’s 12, 13 

Jensen’s 13 

Minkowski’s 12, 13 

infinite partial fractions 22 

Mittag-Leffler’s expansion 22 

infinite products 

convergence 21 

absolute 21 

uniform 21 

M - test for uniform convergence 21 

relation to infinite partial fractions 22 

Weierstrass product 22 

infinite sequences 

convergence 17 

absolute 17 

pointwise 17 

uniform 17 

double 18 

convergence 18 

relation to infinite double series 18 

infinite series 

see also power series. 

convergence 17 

absolute 17 

pointwise 17 

uniform 17 

Weierstrass M - test 17 

divergent 17 

dominated convergence theorem 18 

double 18 
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doubly- infinite 17 

summability methods 33-34 

term-by-term integration 18 

inhomogeneous Airy functions .... see Scorer functions, 
initial-value problems 

Mathieu functions 679 

integrable differential equations 

Riemann theta functions 545-546 

integrable equations 

see integrable differential equations. 


integral equations 

Painleve transcendents 729 

integral transforms 27 


see also Fourier cosine and sine 

transforms, Fourier transform, Jacobi transform, 
Hankel (or Bessel) transform, Hilbert transform, 
Kontorovich-Lebedev transform, Laplace trans- 
form, Mellin transform, spherical Bessel transform, 


and Stieltjes transform. 

compendia 32 

in terms of parabolic cylinder functions 317 

in terms of Whittaker functions 344 

integrals 

asymptotic approximations 


see asymptotic approximations of integrals. 


Cauchy principal values 6 

change of variables 6 

convergence 6 

absolute 6 

uniform 8, 21 

convolution product 53 

definite 5 

differentiation 6, 8 

double see double integrals. 

fundamental theorem of calculus 6 

generalized 52 

indefinite 5 

infinite 6, 9, 16 

Jensen’s inequality 13 

line 11 

mean value theorems 

first 6 

second 6 

multiple 8 

over parametrized surface 12 

path 11 

repeated 6 

square-integrable 6 

summability methods 34-35 

tables 5 

with coalescing saddle points 789-790 

integrals of Bessel and Hankel functions 

compendia 246 

convolutions 242 


fractional 243 

Hankel (or Bessel) transform 246 

indefinite 240-241 

orthogonal properties 243, 244 

over finite intervals 241-243 

over infinite intervals 243-246, 326 

products 241-246 

triple 245 

trigonometric arguments 241 

integrals of modified Bessel functions 

compendia 261 

computation 277 

fractional 259 

indefinite 258 

Kontorovich-Lebedev transform 260 

over finite intervals 258 

over infinite intervals 205, 258-260, 326, 337 

products 260 

tables 279 

integration 5,16 

by parts 5 

numerical see cubature, Gauss quadrature, 

Monte-Carlo methods, and quadrature. 

term by term 18 

interaction potentials 

hypergeometric function 400 

interior Dirichlet problem 

for oblate spheroids 706 

for prolate spheroids 705 

interior points 15 

interpolation 75-77, 91 

see also Lagrange interpolation. 

based on Chebyshev points 77 

based on Sine functions 77 

bivariate 77 

convergence properties 77 

Hermite 77 

inverse 76 

inverse linear 91 

linear 76 

rational 77 

spline 77 

trigonometric 77 

interval 

closure 6 

interval arithmetic 72 

inverse function 21 

Lagrange inversion theorem 21 

extended 21 

inverse Gudermannian function 121 

relation to Legendre’s elliptic integrals 491 

relation to i?c-function 491 

inverse hyperbolic functions 127 

addition formulas 129 
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analytic properties 127 

approximations 132 

branch cuts 127 

branch points 127 

Chebyshev-series expansions 132 

computation 132 

conformal maps 124 

continued fractions 129 

definitions 127 

derivatives 129 

fundamental property 128 

general values 127 

graphics 

complex argument 124 

real argument 123-124 

integrals 129 

interrelations 128 

logarithmic forms 128 

notation 104 

power series 129 

principal values 127 

reflection formulas 128 

tables 132 

values on the cuts 128 

inverse incomplete beta function 185 

inverse incomplete gamma function 182 

inverse Jacobian elliptic functions 561 

applications 563 

as Legendre’s elliptic integrals 561 

as symmetric elliptic integrals 561 

computation 567 

definitions 561 

equivalent forms 561 

normal forms 561 

notation 561 

power-series expansions 561 

principal values 561 

inverse Laplace transforms 

asymptotic expansions 46-47 

inverse trigonometric functions 118 

addition formulas 121 

analytic properties 119 

approximations 132 

branch cuts 119 

branch points 119 

Chebyshev-series expansions 132 

computation 132 

conformal maps 113 

continued fractions 121 

definitions 118 

derivatives 121 

fundamental property 120 

general values 118 

graphics 


complex argument 113-115 

real argument 112 

integrals 122 

interrelations 120 

logarithmic forms 119-120 

notation 104 

power series 121 

principal values 119 

real and imaginary parts 120 

reflection formulas 119 

special values 120 

sums 123 

tables 132 

values on the cuts 119-120 

Ising model 

Appell functions 417 

combinatorics 635 

generalized hypergeometric functions 417 

Painleve transcendents 739 

isolated essential singularity 19 

see also essential singularity. 

movable 724 

isolated singularity 19 

iterative methods 

Bairstow’s method (for zeros of polynomials) 91 

bisection method 91 

convergence 

cubic 90 

geometric 90 

linear 90 

local 90 

logarithmic 94 

of the pth order 90 

quadratic 90 

eigenvalue methods 91 

fixed-point methods 92 

Halley’s rule 92 

Newton’s rule (or method) 90 

regula falsi 91 

secant method 91 

Steffensen’s method 91 

Jacobi fraction (J-fraction) 95 

Jacobi function 

applications 399 

definition 394 

relations to other functions 

associated Legendre functions 355 

conical functions 379 

hypergeometric function 394 

Jacobi polynomials 438 

see also classical orthogonal polynomials. 

applications 

Bieberbach conjecture 479 

associated 474 
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asymptotic approximations 451-452 

Bateman-type sums 461 

computation 479 

definition 439 

derivatives 446 

differential equations 445 

expansions in series of 459-461 

Fourier transform 456 

generating functions 449 

graphs 440 

inequalities 450, 451 

Szego-Szasz 451 

Turan-type 450 

integral representations 447, 448 

integrals 455-457, 459 

fractional 456 

indefinite 455 

interrelations with other orthogonal polynomials 

444-445, 463, 464 

Laplace transform 457 

leading coefficients 439 

limiting form 

as Bessel functions 449 

as Bessel polynomials 476 

limits to monomials 444 

local maxima and minima 450-451 

Mellin transform 457 

monic 80 

normalization 439 

notation 436 

orthogonality properties 439 

parameter constraint 439, 443 

recurrence relations 446 

relations to other functions 

hypergeometric function 393, 442 

orthogonal polynomials on the triangle 478 

Rodrigues formula 442 

shifted 437 

special values 444 

symmetry 444 

tables of coefficients 440 

upper bounds 450 

weight function 439 

zeros 438, 454 

asymptotic approximations 454 

Jacobi symbol 

number theory 642 

Jacobi transform 379, 394 

inversion 394 

Jacobi’s amplitude function 

see amplitude (am) function. 

Jacobi’s epsilon function 562 

applications 563 

computation 567 


definition 562 

graphs 563 

integral representations 562 

quasi-addition formula 562 

quasi-periodicity 562 

relation to Legendre’s elliptic integrals 562 

relation to theta functions 562 

tables 567 

Jacobi’s identities 

number theory 645 

Jacobi’s imaginary transformation 556 

Jacobi’s inversion problem for elliptic functions .... 532 
Jacobi’s nome 

power-series expansion 490 

Jacobi’s theta functions see theta functions. 

Jacobi’s triple product 529 

q - version 427 

Jacobi’s zeta function 562 

computation 567 

definition 562 

graphs 563 

quasi-addition formula 562 

tables 567 

Jacobi- Abel addition theorem 

Jacobian elliptic functions 564 

Jacobi-type polynomials 477 

Jacobian 9 

Jacobian elliptic functions 550 

addition theorems 557 

analytic properties 550, 563 

applications 

mathematical 563-564 

physical 564-566 

change of modulus 563 

computation 566-567 

congruent points 553 

coperiodic 553 

copolar 553 

cyclic identities 

notation 558 

points 558 

rank 558 

simultaneously permuted 558 

definitions 550 

derivatives 560 

differential equations 

first-order 560 

second-order 560 

double argument 556 

Eisenstein series 559 

elementary identities 556 

equianharmonic case 555 

expansions in doubly-infinite partial fractions . . . 559 
Fourier series 559 
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for squares 559 

fundamental unit cell 554 

Glaisher’s notation 550, 554 

graphical interpretation via Glaisher’s notation . . 554 
graphics 

complex modulus 552-553 

complex variable 552 

real variable 550-552 

half argument 556 

hyperbolic series for squares 559 

integrals 

definite 561 

indefinite 560 

of squares 562 

interrelations 508 

inverse see inverse Jacobian elliptic functions. 

Jacobi’s imaginary transformation 556 

Landen transformations 

ascending 557, 563, 566 

descending 556, 563, 566 

generalized 557 

theta functions 531 

lattice 554 

computation 566 

lemniscatic case 555 

limiting forms as k — > 0 or k — > 1 555 

Maclaurin series 

in k, k' 559 

in z 558 

modulus 550 

change of 563 

complex 552, 553, 563 

limiting values 555 

outside the interval [0, 1] 563 

purely imaginary 563 

real 563 

nome 550 

notation 550 

periods 550, 553-554 

poles 553-554 

poristic polygon constructions 557 

principal 550 

relations to other functions 

symmetric elliptic integrals 508 

theta functions 550 

Weierstrass elliptic functions 575 

rotation of argument 556 

special values of the variable 554-555, 557 

subsidiary 550 

sums of squares 556 

tables 567 

translation of variable 554 

trigonometric series expansions 559 

zeros 553 


Jensen’s inequality for integrals 13 

Jonquiere’s function see polylogarithms. 

Jordan curve theorem 16 

Jordan’s function 

number theory 638 

Jordan’s inequality 

sine function 116 

Julia sets 92 

Kadomtsev-Petviashvili equation 

Riemann theta functions 545 

Kapteyn’s inequality 

Bessel functions 227 

Kelvin functions 267 

applications 276 

approximations 281 

asymptotic expansions for large argument 271 

cross-products and sums of squares 271 

exponentially-small contributions 271 

asymptotic expansions for large order . . . see uniform 
asymptotic expansions for large order. 

computation 276-277 

cross-products 269 

definitions 267 

derivatives 269 

with respect to order 269 

differential equations 268 

expansions in series of Bessel functions 270 

graphs 268 

integral representations 269 

integrals 

compendia 274 

definite 274 

indefinite 274 

Laplace transforms 274 

modulus and phase functions 

asymptotic expansions for large argument 272 

definitions 272 

properties 272 

notation 217 

orders ± | 268 

power series 269-270 

compendia 270 

cross-products and sums of squares 270 

recurrence relations 269 

reflection formulas for arguments and orders .... 268 
uniform asymptotic expansions for large order . . . 273 

double asymptotic property 273 

exponentially-small contributions 273 

zeros 

asymptotic approximations for large zeros 273 

computation 277 

tables 281 

Kelvin’s ship-wave pattern 790-791 

kernel equations 
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Heun’s equation 715, 716 

kernel functions 

Heun’s equation 715, 716 

Klein’s complete invariant see modular functions. 

Klein-Gordon equation 

Coulomb functions 754 

Kontorovich-Lebedev transform 

modified Bessel functions 260 

computation 278 

Korteweg-de Vries equation 

Airy functions 209 

Jacobian elliptic functions 565 

Lame polynomials 694 

Painleve transcendents 738 

Riemann theta functions 545 

Weierstrass elliptic functions 582 

Kovacic’s algorithm 713, 718 

KP equation .... see Kadomtsev-Petviashvili equation. 

Krattenthaler’s formula for determinants 4 

Krawtchouk polynomials 


see also Hahn class orthogonal polynomials. 


applications 

coding theory 479 

relation to hypergeometric function 394 

Kummer congruences 

Bernoulli and Euler numbers 593 

Kummer functions 322 

see also confluent hypergeometric functions. 

addition theorems 333 

analytic continuation 323 

analytical properties 322 

applications 

physical 346 

approximations 347 

asymptotic approximations for large parameters 

large a 330-331 

large b 330 

uniform 330-331 

asymptotic expansions for large argument . . 328-329 

error bounds 329 

exponentially-improved 329 

hyperasymptotic 329 

Chebyshev-series expansions 347 

computation 346-347 

connection formulas 325 

continued fractions 327 

definitions 322 

derivatives 325-326 

differential equation see Kummer’s equation 

integer parameters 322-323 

integral representations 

along the real line 326 

contour integrals 326-327 

Mellin-Barnes type 327 


integrals 

along the real line 326 

compendia 333 

Fourier transforms 332 

Hankel transforms 332-333 

indefinite 332 

Laplace transforms 332 

Mellin transforms 332 

interrelations 322, 325 

Kummer’s transformations 325 

limiting forms 

as z — > 0 323 

as z — *■ oo 323 

Maclaurin series 322 

multiplication theorems 334 

notation 322 

polynomial cases 322, 323 

principal branches (or values) 322 

products 333 

recurrence relations 325 

relations to other functions 

Airy functions 328 

elementary functions 327 

error functions 328 

generalized hypergeometric functions 328 

incomplete gamma functions 328 

modified Bessel functions 328 

orthogonal polynomials 328 

parabolic cylinder functions 328 

Whittaker functions 334 

series expansions 

addition theorems 333 

in modified Bessel functions 333 

Maclaurin 322 

multiplication theorems 334 

tables 347 

Wronskians 324 

zeros 

asymptotic approximations 331 

distribution 331 

inequalities 331 

number of 331 

Kummer’s equation 322 

equivalent form 325 

fundamental solutions 323-324 

numerically satisfactory solutions 323-324 

relation to hypergeometric differential equation . . 322 

relation to Whittaker’s equation 334 

standard solutions 322 

Kummer’s transformations 


for 3 F 2 hypergeometric functions of matrix argument 


772 

for confluent hypergeometric functions 325 

L’Hopital’s rule for derivatives 5 
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Lagrange interpolation 75-76 

abscissas 75 

coefficients 75 

equally-spaced nodes 75-76 

error term 75 

formula 75 

Newton’s interpolation formula 76 

nodal polynomials 75 

nodes 75 

polynomial 75 

remainder terms 75-76 

via divided differences 76 

Lagrange inversion theorem 21 

extended 21 

Lagrange’s formula for reversion of series 43 

Laguerre functions 

associated 754 

Laguerre polynomials 438 

see also classical orthogonal polynomials. 

addition theorem 460 

applications 

Schrodinger equation 479 

asymptotic approximations 452-453 

computation 479 

continued fraction 450 

derivatives 447 

differential equations 445 

Dirac delta 38 

expansions in series of 459, 460 

explicit representations 442-443 

Fourier transforms 457 

generalized 436 

generating functions 449 

graphics 441 

inequalities 450, 451 

Turan-type 450 

integral representations 447, 448 

integrals 455-457 

fractional 456 

indefinite 455 

interrelations with other orthogonal polynomials 

445, 463, 464 

Laplace transform 457 

leading coefficients 439 

limiting form as a Bessel function 449 

limits to monomials 444 

local maxima and minima 451 

Mellin transform 458 

monic 80 

multiplication theorem 460 

normalization 439 

notation 436 

orthogonality properties 439 

parameter constraint 439, 443 


Poisson kernels 461 

recurrence relations 446 

relation to confluent hypergeometric functions 

' 328, 338, 443, 448 

Rodrigues formula 442 

tables 480 

of coefficients 440 

of zeros 81 

tables of zeros 81 

upper bounds 450 

value at 2 r = 0 443 

weight function 439 

zeros 438, 454 

asymptotic behavior 454 

tables 81 

Lame functions 684 

algebraic 693 

applications 

conformal mapping 694 

physical 694 

rotation group 694 

sphero-conal coordinates 693 

asymptotic expansions 689 

computation 694 

definition 685 

differential equation see Lame’s equation. 

eigenvalues 

asymptotic expansions 689 

coalescence 685 

computation 694 

continued-fraction equation 685 

definition 685 

distribution 685 

graphics 686-687 

interlacing 685 

limiting forms 688 

notation 684 

parity 685 

periods 685 

power-series expansions 686 

special cases 688 

tables 694 

Fourier series 688-689 

graphics 687-688 

integral equations 689 

limiting forms 688 

normalization 686 

notation 684 

order 685 

orthogonality 686 

parity 686 

period 686 

relations to Heun functions 713 

relations to Lame polynomials 689, 690 
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special cases 688 

with imaginary periods 690 

with real periods 685 

zeros 685 

Lame polynomials 690 

algebraic form 691 

applications 

ellipsoidal harmonics 694 

physical 691, 694 

spherical harmonics 694 

asymptotic expansions 693 

Chebyshev series 693 

coefficients 694 

computation 694 

definition 690 

eigenvalues 

asymptotic expansions 693 

computation 694 

graphics 691 

elliptic-function form 690 

explicit formulas 693 

Fourier series 692 

graphics 692 

notation 684, 690, 691 

orthogonality 692 

periodicity 690 

relation to Lame functions 689, 690 

tables 694 

zeros 690 

computation 694 

electrostatic interpretation 691 

Lame wave equation 690 

Lame’s equation 684 

algebraic form 684 

eigenfunctions 686 

eigenvalues see Lame functions, eigenvalues. 

Jacobian elliptic-function form 684 

other forms 684-685 

relation to Heun’s equation 685 

second solution 693 

singularities 684 

stability 690 

trigonometric form 684 

Weierstrass elliptic-function form 685 

Lame-Wangerin functions 693 

Lambert W-function Ill 

applications 131 

asymptotic expansions Ill 

computation 132 

definition Ill 

graphs Ill 

integral representations Ill 

notation Ill 

principal branch Ill 


other branches Ill 

properties Ill 

Lambert series 

number theory 641 

Lanczos tridiagonalization of a symmetric matrix ... 75 

Lanczos vectors 75 

Landen transformations 

Jacobian elliptic functions 556, 557, 563, 566 

theta functions 531 

Laplace equation 

3 j, 6 j, 9 j symbols 765 

Laplace transform 

analyticity 28 

asymptotic expansions for large parameters 

43, 44, 46 

asymptotic expansions for small parameters 51 

convergence 28 

convolution 28 

definition 28 

derivatives 28 

differentiation 28 

for functions of matrix argument 768 

analytic properties 768 

convolution theorem 768 

definition 768 

inversion formula 768 

integration 28 

inversion 28 

notation 28 

numerical inversion 83-84, 99 

of periodic functions 28 

tables 32 

translation 28 

uniqueness 29 

Laplace’s equation 

Bessel functions 275 

for elliptical cones 694 

spherical coordinates 379 

symmetric elliptic integrals 501 

toroidal coordinates 379 

Laplace’s method for asymptotic expansions of integrals 

44, 47 

Laplacian 7 

cylindrical coordinates 7 

ellipsoidal coordinates 583 

numerical approximations 78 

oblate spheroidal coordinates 706 

parabolic cylinder coordinates 317 

polar coordinates 7 

prolate spheroidal coordinates 705 

spherical coordinates 8 

lattice 

for elliptic functions 


see Weierstrass elliptic functions, lattice. 
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lattice models of critical phenomena 

elliptic integrals 517 

lattice parameter 

theta functions 524 

lattice paths 618-623 

definition 618 

/c-dimensional 618 

lattice walks 

Appell functions 417 

generalized hypergeometric functions 417 

Laurent series 19 

asymptotic approximations for coefficients 65 

Lauricella’s function 

relation to symmetric elliptic integrals 509 

Lax pairs 

classical orthogonal polynomials 478 

Painleve transcendents 728 

layered materials 

elliptic integrals 517 

least squares approximations 99-100 

conditioning 99 

normal equations 99 

orthogonal functions with respect to weighted sum- 
mation 99 

Lebesgue constants 13, 97 

asymptotic behavior 13 

Legendre functions 352 

. . see also associated Legendre functions and Ferrers 

functions. 

complex degree 379 

Legendre functions on the cut . . . see Ferrers functions. 

Legendre polynomials 438 

see also classical orthogonal polynomials. 

addition theorem 459 

applications 

Schrodinger equation 479 

associated 474 

asymptotic approximations 452 

computation 479 

continued fraction 450 

definition 439 

differential equation 445 

Dirac delta 38 

expansions in series of 459, 461 

explicit representations 442-443 

Fourier transforms 456 

generating functions 449 

graphs 441 

inequalities 450 

Turan-type 450 

integral representations 447, 448 

for products 455 

integrals 455, 458 

Nicholson-type 455 


interrelations with other orthogonal polynomials 


444 

large degree 65 

leading coefficients 439 

Mellin transforms 458 

monic 80 

normalization 439 

notation 436 

orthogonality properties 439 

recurrence relations 446 

relations to other functions 

associated Legendre functions 360 

Ferrers functions 360 

hypergeometric function 394 

3 j symbols 760-761 

Rodrigues formula 442 

shifted 436, 439 

special values 444 

symmetry 444 

tables 480 

of coefficients 440 

of zeros 80 

value at argument zero 285 

weight function 439 

zeros 438, 454 

tables 80 

Legendre symbol 

prime numbers 642 

Legendre’s elliptic integrals 486 

addition theorem 495 

applications 

mathematical 514-516 

physical 517 

approximations (except asymptotic) 519 

arithmetic-geometric mean 492 

asymptotic approximations 495 

change of amplitude 492 

change of modulus 492 

change of parameter 492 

circular cases 487, 492 

complete 487 

computation 517-518 

connection formulas 491 

derivatives 490 

differential equations 490 

duplication formulas 495 

first, second, and third kinds 486 

Gauss transformation 493 

graphics 488-489 

hyperbolic cases 487, 492 

imaginary-argument transformations 492 

imaginary-modulus transformations 492 

incomplete 486 

inequalities 
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complete integrals 494 

incomplete integrals 494 

integration 

with respect to amplitude 496 

with respect to modulus 496 

Landen transformations 

ascending 493 

descending 493 

Laplace transforms 496 

limiting values 491 

notation 486 

power-series expansions 490 

quadratic transformations 492 

reciprocal-modulus transformation 492 

reduction of general elliptic integrals 496-497 

relations to other functions 

am function 562 

Appell functions 490 

inverse Gudermannian function 491 

inverse Jacobian elliptic functions 561 

Jacobi’s epsilon function 562 

Jacobi’s zeta function 562 

Jacobian elliptic functions 494 

symmetric elliptic integrals 507, 508 

theta functions 494 

Weierstrass elliptic functions 494 

special cases 491 

tables 518-519 

Legendre’s equation 352 

standard solutions 352 

Legendre’s relation 

Legendre’s elliptic integrals 492 

Legendre’s relation for the hypergeometric function 

generalized 399 

Leibniz’s formula for derivatives 5 

lemniscate arc length 563 

lemniscate constants 502, 503 

lengths of plane curves 

Bernoulli’s lemniscate 515 

ellipse 514 

hyperbola 514 

Lerch’s transcendent 

definition 612 

properties 612 

relation to Hurwitz zeta function 612 

relation to polylogarithms 612 

level-index arithmetic 73 

Levi-Civita symbol for vectors 10 

Levin’s transformations 

application to asymptotic expansions 69 

for sequences 94 

Lie algebras 

g-series 432 

light absorption 


Voigt functions 169 

limit points (or limiting points) 15 

limits of functions 

of a complex variable 15 

of one variable 4 

of two complex variables 15 

of two variables 7 

line broadening function 167 

linear algebra 73-75 

see also Gaussian elimination. 

condition numbers 74, 75 

conditioning of linear systems 74 

error bounds 74 

a posteriori 74 

norms 

Euclidean 74 

of arbitrary order 74 

of matrices 74 

of vectors 74 

linear functional 35 

linear transformation 17 


Liouville transformation for differential equations 

26, 58 


Liouville’s function 

number theory 639 

Liouville’s theorem for entire functions 16 

Liouville-Green (or WKBJ) approximation 57 

for difference equations 62 

little q - Jacobi polynomials 471 

local maxima and minima 450 

locally analytic 724 

locally integrable 48 

logarithm function 104 

analytic properties 104 

approximations 132 

branch cut 104 

Briggs 105 

Chebyshev-series expansions 132 

common 105 

computation 131 

conformal maps 106 

continued fractions 109 

definition 104 

derivatives 108 

differential equations 109 

general base 105 

general value 104 

generalized Ill 

graphics 

complex argument 107 

real argument 106 

hyperbolic 105 

identities 109 

inequalities 108 
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integrals 110 

limits 107 

Napierian 105 

natural 105 

notation 104 

power series 108 

principal value 104 

real and imaginary parts 104 

special values 107 

sums 110 

tables 132 

values on the cut 104 

zeros 104 

logarithmic integral 150 

asymptotic expansion 153 

definition 150 

graph 155 

notation 150 

number-theoretic significance 155 

relation to exponential integrals 150 

Lommel functions 294 

asymptotic expansions for large argument 295 

computation 299 

definitions 294-295 

differential equation 294 

integral representations 295 

integrals 295 

notation 288 

power series 294 

reflection formulas 295 

relation to Anger- Weber functions 296 

series expansions 

Bessel functions 295 

power series 294 

Lucas numbers 596 

M - test for uniform convergence 

infinite products 21 

infinite series 17 

magic squares 

number theory 648 

magnetic monopoles 

Riemann theta functions 545 

Mangoldt’s function 

number theory 639 

many-body systems 

confluent hypergeometric functions 346 

many-valued function see multivalued function. 

mathematical constants 100 

Mathieu functions 652, 664 

see also Mathieu’s equation, modified Mathieu 

functions, and radial Mathieu functions. 

analytic properties 653, 661, 665 

antiperiodicity 654 

applications 


mathematical 677-678 

physical 678-679 

asymptotic expansions for large q 

. . see also uniform asymptotic approximations for 
large parameters. 

Goldstein’s 662 

Sips’ 661 

computation 679-680 

connection formulas 665 

definitions 664 

differential equation 652 

expansions in series of 664, 667 

Fourier coefficients 

asymptotic forms for small q 657, 666 

asymptotic forms of higher coefficients 657 

normalization 657, 666 

recurrence relations 656, 666 

reflection properties in q 657 

tables 680 

values at q = 0 657 

Fourier series 653, 656, 666 

graphics 655-656, 665 

integral equations 

compendia 663 

variable boundaries 663 

with Bessel- function kernels 663 

with elementary kernels 663, 672 

integral representations 672 

compendia 674 

integrals 

compendia 674 

of products 674 

of products with Bessel functions 673-674 

irreducibility 661 

limiting forms as order tends to integers 665 

normalization 654, 664 

notation 652 

of integer order 654 

of noninteger order 664 

orthogonality 654, 664 

parity 654 

periodicity 654, 664 

power series in q 660, 666 

pseudoperiodicity 653, 664 

reflection properties in v 664 

reflection properties in q 654, 664, 665 

reflection properties in 2 664 

relations to other functions 

basic solutions of Mathieu’s equation 654 

confluent Heun functions 717 

modified Mathieu functions 667 

tables 680 


uniform asymptotic approximations for large param- 
eters 
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Barrett’s 662 

Dunster’s 662-663 

values at q = 0 654 

Wronskians 658 

zeros 663 

tables 680 

Mathieu’s equation 652 

algebraic form 652 

basic solutions 653 

relation to eigenfunctions 654 

characteristic equation 653 

characteristic exponents 653 

computation 679 

eigenfunctions see Mathieu functions. 

eigenvalues (or characteristic values) 653 

analytic continuation 661 

analytic properties 661 

asymptotic expansions for large q 661, 666 

branch points 661 

characteristic curves 667 

computation 679 

continued-fraction equations 659, 666 

distribution 654, 664 

exceptional values 661 

graphics 654, 665 

normal values 661, 664 

notation 652, 653, 664 

power-series expansions in q 659-660, 666 

reflection properties in v 664 

reflection properties in q 654, 664 

tables 680 

Floquet solutions 653 

computation 679 

Fourier-series expansions 653 

uniqueness 653 

Floquet’s theorem 653 

parameters 

definition 652 

stability chart 667 

stable pairs 667 

stable regions 667 

unstable pairs 667 

second solutions 

antiperiodicity 657 

definitions 657 

expansions in Mathieu functions 658 

Fourier series 658 

graphics 658 

normalization 657 

notation 652 

periodicity 657 

reflection properties in q 658 

values at q = 0 658 

singularities 652 


standard form 652 

Theorem of Ince 653, 657 

transformations 653 

matrix 


see also linear algebra. 


augmented 73 

characteristic polynomial 74 

condition number 74 

eigenvalues 74-75 

characteristic polynomial 74 

computation 75 

condition numbers 75 

conditioning 75 

multiplicity 74 

eigenvectors 


left 74 

normalized 74 

right 74 

equivalent 542 

factorization 73 

Jacobi 82 

nondefective 74 

norms 74 

Riemann 538 

symmetric 

tridiagonalization 75 

symplectic 541 

triangular decomposition 73 

tridiagonal 74 

maximum 7 

local 5, 8 

maximum-modulus principle 

analytic functions 20 

harmonic functions 20 

Schwarz’s lemma 20 

McKean and Moll’s theta functions 524 

McMahon’s asymptotic expansions 

zeros of Bessel functions 236 

error bounds 236 

mean value property for harmonic functions 16 

mean value theorems 

differentiable functions 5 

integrals 6 

means see Abel 

means, arithmetic mean, Cesaro means, geometric 
mean, harmonic mean, and weighted means. 

measure 437 

theory 437 

Mehler functions see conical functions. 

Mehler-Dirichlet formula 

Ferrers functions 363 

Mehler-Fock transformation 373, 379 

generalized 373, 379 

Mehler-Sonine integrals 
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Bessel and Hankel functions 224 

Meijer G- function 415 

approximations 418 

asymptotic expansions 417 

differential equation 417 

identities 416 

integral representations 415 

integrals 416 

notation 415 

relation to generalized hypergeometric function 

415-416 

special cases 416 

sums 416 

Meixner polynomials 

see Hahn class orthogonal polynomials. 

relation to hypergeometric function 394 

Meixner-Pollaczek polynomials 

see Hahn class orthogonal polynomials. 

relation to hypergeometric function 394 

Mellin transform 

analytic properties 48 

analyticity 29 

convergence 29 

convolution 29 

convolution integrals 49 

definition 29, 48 

inversion 29, 48 

notation 29 

Parseval-type formulas 29 

tables 32 

Mellin-Barnes integrals 145 

meromorphic function 19 

Mersenne numbers 

number theory 648 

Mersenne prime 

number theory 644 

method of stationary phase 

asymptotic approximations of integrals 45 

metric coefficients 

for oblate spheroidal coordinates 705 

for prolate spheroidal coordinates 704 

Mill’s ratio for complementary error function 163 

inequalities 163 

Miller’s algorithm 

difference equations 85-87 

minimax polynomial approximations 96 

computation of coefficients 96 

minimax rational approximations 97 

computation of coefficients 98 

type 97 

weight function 97 

minimum 7 

local 5, 8 

Minkowski’s inequalities for sums and series 12, 13 


minor see determinants. 

Mittag-Leffler function 261 

Mittag-LefHer’s expansion 

infinite partial fractions 22 

Mobius transformation .... see bilinear transformation. 

Mobius function 

number theory 639 

Mobius inversion formulas 

number theory 641 

modified Bessel functions 248 

addition theorems 260 

analytic continuation 253 

applications 

asymptotic solutions of differential equations . . 274 

wave equation 275 

approximations 281 

asymptotic expansions for large argument . . 255-256 

error bounds 255, 256 

exponentially-improved 256 

for derivatives with respect to order 255 

for products 255 

asymptotic expansions for large order 256-258 

asymptotic forms 256 

double asymptotic properties 257-258 

in inverse factorial series 257 

uniform 256-257 

branch conventions 249 

computation 276-277 

connection formulas 251 

continued fractions 253 

cross-products 251 

definitions 248 

derivatives 

asymptotic expansions for large argument 255 

explicit forms 252 

uniform asymptotic expansions for large order 

256-257 

derivatives with respect to order 254 

asymptotic expansion for large argument 255 

differential equations 248, 254 

see also modified Bessel’s equation. 

generating function 254 

graphics 249 

hyperasymptotic expansions 276 

incomplete 262 

inequalities 254 

integral representations 

along real line 252-253 

compendia 253 

contour integrals 253 

Mellin-Barnes type 253 

products 253 

integrals . . see integrals of modified Bessel functions, 
limiting forms 252 
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monotonicity 254 

multiplication theorem 260 

notation 217 

of imaginary order 

approximations 281 

computation 278 

definitions 261 

graphs 250, 251 

limiting forms 261 

numerically satisfactory pairs 261 

tables 280 

uniform asymptotic expansions for large order 

261 

zeros 261 

power series 252 

principal branches (or values) 249 

recurrence relations 251 

relations to other functions 

Airy functions 197 

confluent hypergeometric functions . . 255, 328, 338 

elementary functions 254 

generalized Airy functions 206 

generalized hypergeometric functions 255 

parabolic cylinder functions 255, 308 

sums 

addition theorems 260 

compendia 261 

expansions in series of 261 

multiplication theorem 260 

tables 279 

Wronskians 251 

zeros 258 

computation 277 

tables 280 

modified Bessel’s equation 248 

inhomogeneous forms 288, 295 

numerically satisfactory solutions 249 

singularities 248 

standard solutions 249 

modified Korteweg-de Vries equation 

Painleve transcendents 738 

modified Mathieu functions 667 

see also radial Mathieu functions. 

addition theorems 672 

analytic continuation 668 

applications 

mathematical 677 

physical 678-679 

asymptotic approximations 

. . see also uniform asymptotic approximations for 
large parameters. 

for large 3 Rz 667, 672 

for large q 672 

computation 680 


connection formulas 667, 669 

definitions 667 

differential equation 667 

expansions in series of 

Bessel functions 670 

cross-products of Bessel functions and modified 

Bessel functions 671 

graphics 669 

integral representations 672-674 

compendia 674 

of cross-products 674 

integrals 672 

compendia 674 

joining factors 652, 669 

tables 680 

notation 652 

relation to Mathieu functions 667 

shift of variable 668 

tables 680 

uniform asymptotic approximations for large param- 
eters 662, 672 

Wronskians 668 

zeros 

tables 680 

modified Mathieu’s equation 667 

algebraic form 667 

modified spherical Bessel functions 

see spherical Bessel functions. 

modified Struve functions .... see Struve functions and 
modified Struve functions. 

modified Struve’s equation . . . see Struve functions and 
modified Struve functions, differential equations, 
modular equations 

modular functions 582 

modular functions 579 

analytic properties 579 

applications 

mathematical 581-582 

physical 582-583 

computation 583 

cusp form 579 

definitions 579 

elementary properties 580 

general 579 

graphics 579 

infinite products 580 

interrelations 581 

Laurent series 580 

level 579 

modular form 579 

modular transformations 580 

notation 570, 579 

power series 580 

relations to theta functions 525, 532, 579 
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special values 580 

modular theorems 

generalized elliptic integrals 516 

molecular spectra 

Coulomb functions 753 

molecular spectroscopy 

3 j, 6 j, 9 j symbols 765 

mollified error 73 

moment functionals 476 

monic polynomial 22, 80 

monodromy groups 

Heun functions 719 

hypergeometric function 400 

monosplines 

Bernoulli 597 

cardinal 597 

monotonicity 4 

Monte Carlo sampling 189 

Monte-Carlo methods 

for multidimensional integrals 84 

Mordell’s theorem 582 

elliptic curves 581 

Motzkin numbers 

definition 621 

generating function 623 

identities 623 

recurrence relation 623 

relation to lattice paths 621 

table 622 


multidimensional theta functions 

see Riemann theta functions and Riemann 

theta functions with characteristics. 


multinomial coefficients 

definitions 620 

generating function 620 

recurrence relation 620 

relation to lattice paths 620 

table 620 

multiple orthogonal polynomials 477 

multiplicative functions 640 

multiplicative number theory 638-644 

completely multiplicative functions 640 

Dirichlet series 640 

Euler product 640 

fundamental theorem of arithmetic 638 


definition 768 

notation 768 

properties 769 

multivariate gamma function 

definition 768 

notation 768 

properties 769 

multivariate hypergeometric function 498 

mutual inductance of coaxial circles 

elliptic integrals 516 

n-dimensional sphere 

gamma function 145 

Norlund polynomials 596 

nanotubes 

Struve functions 298 

Narayana numbers 

definition 622 

generating function 623 

identity 623 

relation to lattice paths 622 

table 622 

negative definite 

Taylor series 8 

neighborhood 7, 15 

cut 20 

of infinity 16 

punctured 19 

Neumann’s addition theorem 

Bessel functions 246 

modified Bessel functions 260 

Neumann’s expansion 

Bessel functions 247 

Neumann’s integral 

Bessel functions 224 

Legendre functions 364 

Neumann’s polynomial 

Bessel functions 247 

Neumann-type expansions 

modified Bessel functions 261 

Neville’s theta functions 524 

relations to Jacobian elliptic functions 550 

Newton’s interpolation formula 76 

Newton’s rule (or method) 90 

convergence 90 

Nicholson’s integral 


multiplicative functions 640 

notation 638 

primitive roots 638 

multivalued function 20 

branch 20, 104 

branch cut 104 

principal value 104 

closed definition 104 


multivariate beta function 


Bessel functions 225 

Nicholson-type integral 

parabolic cylinder functions 313 

9 j symbols 763 

addition theorem 764 

applications 765 

approximations for large parameters 764 

computation 765 

definition 763 
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generating functions 764 

graphical method 765 

notation 758 

orthogonality 764 

recursion relations 764 

representation as 

finite sum of 6 j symbols 763 

finite sum of 3 j symbols 763 

generalized hypergeometric functions 764 

special case 764 

sum rule 764 

summation convention 760 

sums 764 

symmetry 764 

tables 765 

zeros 765 

nodal polynomials 75 

nodes 79, 80 

nome 

Jacobi’s 490 

Jacobian elliptic functions 550 

theta functions 524 

Weierstrass elliptic functions 570 

nonlinear equations 

fixed points 90 

numerical solutions 

iterative methods 90-92 

systems 92 

nonlinear evolution equations 

Weierstrass elliptic functions 582 

nonlinear harmonic oscillator 

Painleve equations 725 

nonlinear ordinary differential equations 

Jacobian elliptic functions 565 

nonlinear partial differential equations 

Jacobian elliptic functions 565 

normal probability functions 160 

Novikov’s conjecture 

Riemann theta functions 546 

nuclear physics 

Coulomb functions 754 

nuclear structure 

3 j, 6 j, 9 j symbols 765 

number theory see also additive number theory, 

multiplicative number theory, and prime numbers. 
Bernoulli and Euler numbers and polynomials . . . 598 

generalized hypergeometric functions 417 

Jacobian elliptic functions 564 

modular functions 582 

theta functions 533 

Weierstrass elliptic functions 582 

number-theoretic functions 638-643 

completely multiplicative 640 

computation 649 


Dirichlet character 642 

induced modulus 642 

Legendre symbol 642 

primitive 642 

principal 642 

Dirichlet divisor problem 643 

divisor function 638 

divisor sums 641 

inversion formulas 641 

Lambert series 641 

Mobius inversion 641, 647 

pairs 641 

multiplicative 640 

orthogonality 642 

periodic 642 

Ramanujan’s sum 642 

tables 649 

numerical differentiation 

see differentiation, numerical. 

oblate spheroidal coordinates 705 

Laplacian 706 

metric coefficients 705 

Olver’s algorithm 

difference equations 86-87 

Olver’s associated Legendre function 354, 375 

Olver’s confluent hypergeometric function 322 

Olver’s hypergeometric function 353, 384 

OP’s see orthogonal polynomials. 

open disks around infinity 16 

open point set 11, 15 

optical diffraction 

Struve functions 298 

optics 

canonical integrals 791 

Orr-Sommerfeld equation 

Airy functions 209 

orthogonal matrix polynomials 477 

orthogonal polynomials 

complex 83 

Painleve transcendents 739 

relations to confluent hypergeometric functions 

328, 338 

relations to hypergeometric function 393-394 

orthogonal polynomials associated with root systems 

478 

orthogonal polynomials on the triangle 478 

orthogonal polynomials on the unit circle 

see polynomials orthogonal on the unit circle. 

orthogonal polynomials with Freud weights 475 

oscillations of chains 

Bessel functions 275 

oscillations of plates 

Bessel functions 276 

p-function see Weierstrass elliptic functions. 
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packing analysis 

incomplete beta functions 189 

Pade approximations 98-99 

computation of coefficients 98 

convergence 98 

Pade table 98 

Painleve equations 724 

see also Painleve transcendents. 

affine Weyl groups 732 

alternative forms 724 

Backlund transformations 730-732 

coalescence cascade 725 

compatibility conditions 728-729 

elementary solutions 732-735 

elliptic form 725 

graphs of solutions 726-728 

Hamiltonian structure 729-730 

interrelations 730-732 

isomonodromy problems 728 

compatibility condition 728 

Lax pair 728 

rational solutions 732-734 

renormalizations 724 

special function solutions 735-736 

Airy functions 735 

Bessel functions 735 

Hermite polynomials 735 

hypergeometric function 399, 736 

parabolic cylinder functions 735 

Whittaker functions 736 

symmetric forms 725 

Painleve property 724 

applications 739 

Painleve transcendents 724 

see also Painleve equations. 

applications 738 

Boussinesq equation 739 

combinatorics 739 

enumerative topology 739 

integrable continuous dynamical systems 739 

integral equations 729 

Ising model 739 

Korteweg-de Vries equation 738 

modified Korteweg-de Vries equation 738 

orthogonal polynomials 739 

partial differential equations 738-739 

quantum gravity 739 

sine-Gordon equation 739 

statistical physics 739 

string theory 739 

asymptotic approximations 736-738 

complex variables 738 

real variables 736-738 

Backlund transformations 730-732 


computation 740 

differential equations for 724 

graphs 726-728 

Hamiltonians 729-730 

Lax pair 728 

notation 724, 730-732 

parabolic cylinder functions 304 , 314 

addition theorems 313 

applications 

mathematical 317 

physical 317 

approximations 318 


asymptotic expansions for large parameter . . see uni- 
form asymptotic expansions for large parameter, 
asymptotic expansions for large variable .... 309, 315 


exponentially-improved 309, 317 

computation 318 

connection formulas 304, 315 

continued fraction 308 

definitions 304, 305, 314 

derivatives 309 

differential equations 304 

numerically satisfactory solutions 304, 314 

standard solutions 304 

envelope functions 367 

expansions in Chebyshev series 318 

generalized 317 

graphics 

complex variables 306 

real variables 305-306, 314 

Hermite polynomial case 304, 308 

integral representations 

along the real line 307, 315 

compendia 308 

contour integrals 307 

Mellin-Barnes type 308 

integral transforms 317 

integrals 313 

asymptotic methods 317 

compendia 313 

Nicholson-type 313 

modulus and phase functions 305, 316 

notation 304 

orthogonality 317 

power-series expansions 307, 315 

recurrence relations 309 

reflection formulas 304 

relations to other functions 

Bessel functions 228, 315 

confluent hypergeometric functions 

308, 315, 328, 338 

error and related functions 308 

Hermite polynomials 308 

modified Bessel functions 255, 308 
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probability functions 308 

repeated integrals of the complementary error func- 
tion 167 

sums 313 

tables 318 

uniform asymptotic expansions for large parameter 

309-312, 315-316 

double asymptotic property 311 

in terms of Airy functions 311-312, 316 

in terms of elementary functions 310-311, 316 


modified expansions in terms of Airy functions 

312 

modified expansions in terms of elementary func- 


tions 311 

values at z = 0 304, 314 

Wronskians 304, 314 

zeros 

asymptotic expansions for large parameter .... 313 
asymptotic expansions for large variable . . 312, 317 

distribution 312 

paraboloidal coordinates 

wave equation 346 

Whittaker-Hill equation 678 

paraboloidal wave functions 677 

asymptotic behavior for large variable 677 

orthogonality properties 677 

reflection properties 677 

parallelepiped 

volume 10 

parallelogram 

area 10 

parametrization of algebraic equations 

Jacobian elliptic functions 563 

parametrized surfaces 

area 11 

integral over 12 

of revolution 12 

orientation 12 

smooth 11 

sphere 11 

tangent vector 11 

paraxial wave equation 788 

Parseval’s formula 

Fourier cosine and sine transforms 28 

Fourier series 14 

Fourier transform 27 

Parseval-type formulas 

Mellin transform 29, 49 

partial derivative 7 

partial differential equations 
nonlinear 

Weierstrass elliptic functions 582 

Painleve transcendents 738 

spectral methods 479 


partial differentiation 7 

partial fractions 2 

see also infinite partial fractions. 

particle scattering 

Coulomb functions 753 


partition see partition function. 

partition function 

asymptotic expansion 646 

calculation 646 

divisibility 646 

generating function 646 

hadronic matter 146 

parts 645 

Ramanujan congruences 646 

unrestricted 645 

partitional shifted factorial 769 

partitions 618-620, 624-631, 769 

applications 635 

compositions 628 

conjugate 626 

definition 618 

of a set 618-620, 624-626 

of integers 618, 626-628 

parts 618 

plane see plane partitions. 

restricted see restricted integer partitions. 

tables 619, 629, 635 

weight of 769 

path 


integrals of vector- valued functions 11 

length 11 


PCFs see parabolic cylinder functions. 


Pearcey integral 777 

asymptotic approximations 789-790 

convergent series 787 

definition 777 

differential equation 788 

formula for Stokes set 783 

integral identities 787 

picture of Stokes set 784 

pictures of modulus 778 

pictures of phase 780 

scaling laws 785 

zeros 785 

table 786 


pendulum 

amplitude (am) function 564 

Jacobian elliptic functions 564 

Mathieu functions 679 


pentagonal numbers 

number theory 646 

periodic Bernoulli functions 588 

periodic Euler functions 588 

periodic zeta function 
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relation to Hurwitz zeta function 612 

relation to poly logarithms 612 

permutations 618, 631-634 

adjacent transposition 631 

cycle notation 631 

definition 618 

derangement 631 

derangement number 631 

descent 632 

even or odd 631 

excedance 632 

weak 632 

fixed points 631 

generating function 632 

greater index 632 

identities 632 

inversion numbers 631-634 

major index 632, 634 

matrix notation 633 

multiset 634 

order notation 632 

restricted position 633 

sign 631, 633 

special values 633 

transpositions 631 

twelvefold way 634 

Pfaff-Saalschutz formula 

3 -F 2 functions of matrix argument 772 

phase principle 20, 92 

photon scattering 

hypergeometric function 400 

pi 


computation to high precision via elliptic integrals 


516 

Picard’s theorem 19 

Picard-Fuchs equations 

generalized hypergeometric functions 417 

piecewise continuous 4 

piecewise differentiable curve 11 

pion-nucleon scattering 

Coulomb functions 754 

pionic atoms 

Coulomb functions 754 

plane algebraic curves see algebraic curves. 

plane curves 

elliptic integrals 514-515 

Jacobian elliptic functions 563 

plane partitions 

applications 635 

complementary 630 

definitions 629 

descending 630 

generating functions 630 

limiting form 631 


recurrence relation 631 

strict shifted 630 

symmetric 629 

table 629 

plane polar coordinates see polar coordinates. 

plasma dispersion function 169 

plasma waves 

error functions 169 

plasmas 

hypergeometric function 400 

Pochhammer double-loop contour 326, 389, 714 

Pochhammer’s integral 

beta function 142 

Heun functions 714 

Pochhammer’s symbol 136 

point sets in complex plane 

closed 15 

closure 15 

compact 18 

connected 15 

domain 15 

exterior 16 

interior 16 

open 15 

region 15 

points in complex plane 

accumulation 15 

at infinity 16 

boundary 15 

interior 15 

limit (or limiting) 15 

Poisson identity 

discrete analog 532 

Gauss sum 532 

Poisson integral 16, 34 

conjugate 34 

harmonic functions 16 

Poisson kernel 33 

Fourier integral 34 

Fourier series 33 

Poisson’s equation 

in channel-like geometries 379 

Poisson’s integral 

Bessel functions 224 

Poisson’s summation formula 

Fourier series 14 

polar coordinates 7 

polar representation 

complex numbers 14 

pole 19 

movable 724 

multiplicity 19 

order 19 

Pollaczek polynomials 476 
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definition 476 

expansions in series of 477 

orthogonality properties 477 

relation to hypergeometric function 476 

relations to other orthogonal polynomials 477 

polygamma functions 144 

computation 146 

continued fractions 144 

definition 144 

properties 144 

special values 144 

sums 144 

tables 146 

polylogarithms 611 

analytic properties 611 

computation 614 

definitions 611 

integral representations 611 

relations to other functions 

Fermi-Dirac integrals 612 

Lerch’s transcendent 612 

periodic zeta function 612 

Riemann zeta function 611 

series expansions 611 

tables 614 

polynomials 

characteristic 74 

deflation 91 

discriminant 22 

monic 22, 80 

nodal 75 

stable see stable polynomials. 

Wilkinson’s 92 

zeros see zeros of polynomials. 

zonal see zonal polynomials. 

polynomials orthogonal on the unit circle 475-476 

biorthogonal 476 

connection with orthogonal polynomials on the line 

475 

definition 475 

recurrence relations 475 

special cases 475 

population biology 

incomplete gamma functions 189 

poristic polygon constructions of Poncelet 

Jacobian elliptic functions 557 

positive definite 

Taylor series 8 

potential theory 

conical functions 379 

symmetric elliptic integrals 501, 516 

power function 105 

analytic properties 105 

branch cut 104 
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definition 105 

derivatives 109 

general bases 105 

general value 105 

identities 109 

limits 107 

modulus 105 

notation 105 

phase 105 

principal value 105 

special values 107 

power series 

addition 17 

convergence 17 

circle of 17 

radius of 17 

differentiation 18 

multiplication 17 

of logarithms 18 

of powers 18 

of reciprocals 18 

subtraction 17 

primality testing 

Weierstrass elliptic functions 582 

prime number theorem 638, 643, 644 

equivalent statement 613 

prime numbers 

applications 647 

asymptotic formula 644 

computation 648-649 

counting 648 

cryptography 647 

distribution 613, 638 

asymptotic estimate 638 

Euler-Fermat theorem 638 

in arithmetic progressions 

Dirichlet’s theorem 613, 643 

Jacobi symbol 642 

largest known 644 

Legendre symbol 642 

Mersenne prime 644, 648 

prime number theorem 638, 643, 644 

quadratic reciprocity law 642 

relation to logarithmic integral 155 

tables 639, 649 

primes see prime numbers. 

primitive Dirichlet characters 

relation to generalized Bernoulli polynomials .... 597 

principal branches see principal values. 

principal values 104 

see also Cauchy principal values. 

closed definition 104 

principle of the argument see phase principle. 

Pringsheim’s theorem for continued fractions 25 
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probability distribution 

symmetric elliptic integrals 515 

probability functions 160, 167, 308 

Gaussian 160 

normal 160 

relations to other functions 

error functions 160 

parabolic cylinder functions 308 

repeated integrals of the complementary error func- 
tion 167, 308 

probleme des menages 633 

projective coordinates 581 

projective quantum numbers 

3 j symbols 758 

prolate spheroidal coordinates 704 

Laplacian 705 

metric coefficients 704 

Prym’s functions 174 

pseudoperiodic solutions 

of Hill’s equation 674 

of Mathieu’s equation 653, 664 

pseudoprime test 644 

pseudorandom numbers 648 

psi function 136 

analytic properties 136 

applications 

mathematical 145 

approximations 

Chebyshev series 147 

complex variable 147 

rational 146, 147 

asymptotic expansion 140 

computation 146 

continued fractions 140 

definition 136 

expansions in partial fractions 139 

graphics 136, 137 

inequalities 138 

integral representations 140 

multiplication formula 138 

notation 136 

recurrence relation 138 

reflection formula 138 

relation to hypergeometric function 387 

special values 137 

tables 146 

Taylor series 139 

zeros 136 

asymptotic approximation 138 

table of 138 

public key codes 647 

punctured neighborhood 19 

g-beta function 145 

g-factorials 145 


g-gamma function 145 

g-Appell functions 423 

transformations 430 

g-Bernoulli polynomials 422 

g-binomial coefficient 421, 627 

g-binomial series 423 

g-binomial theorem 421, 424 

g-calculus 420-422 

g-cosine function 422 

g-derivatives 421 

g-differential equations 425 

g-Dyson conjecture 431 

g-elementary functions 422, 432 

g-Euler numbers 422 

g-exponential function 422 

applications 432 

g-hypergeometric function 420 

Andrews- Askey sum 424, 426 

Andrews’ g-Dyson conjecture 431 

applications 

mathematical 432 

physical 432 

Bailey chain 430 

Bailey lemma 

strong 430 

weak 430 

Bailey pairs 430 

Bailey transform 430 

Bailey’s 2 Ti(— 1) sum 

g-analog 426 

Bailey’s 4 i 7 3 (l) sum 

g-analogs (first and second) 427 

Bailey’s transformation of very-well-poised §^7 . . 429 

Bailey-Daum g-Kummer sum 424 

balanced series 423 

bibasic sums and series 429 

bilateral .... see bilateral g-hypergeometric function. 

Cauchy’s sum 424 

Chu-Vandermonde sums (first and second) 

g-analogs 424 

computation 432 

constant term identities 431 

contiguous relations (Heine’s) 425 

continued fractions 426 

definition 423 

differential equations 425 

Dixon’s 3 ^ 2 ( 1 ) sum 

g-analog 426 

Dixon’s sum 

F. H. Jackson’s g-analog 426 

Dougall’s 7 F 6 (1) sum 

F. H. Jackson’s g-analog 427 

Euler’s sums (first, second, third) 423, 424 

F. H. Jackson’s transformations 428 
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Fine’s transformations (first, second, third) 424 

Gauss’s 2 Fi ( — 1 ) sum 

g-analog 426 

generalizations 432 

Heine’s transformations (first, second, third) .... 424 

idem function 420, 429 

integral representations 426 

integrals 431 

/c-balanced series 423 

mixed base Heine-type transformations 429 

nearly-poised 423 

notation 420 

g-Pfaff-Saalschiitz sum 426 

g-Saalschiitz sum 

nonterminating form 426 

g-Sheppard identity 428 

quintuple product identity 427 

Ramanujan’s integrals 431 

relations to other functions 

Askey-Wilson class orthogonal polynomials 


472-474 

g-Hahn class orthogonal polynomials 470-472 

Rogers-Fine identity 424 

Saalschiitzian series 423 

Sears’ balanced 4(^3 transformation 428 

special cases 426 

three-term 2 </>i transformation 425 

transformations 428 

Vandermonde sum 

nonterminating q - version 425 

very-well-poised 423 

well-poised 423 

Zeilberger-Bressoud theorem 431 

g-Hahn class orthogonal polynomials 470-472 

as eigenvalues of g-difference operator 470 

asymptotic approximations 474 

orthogonality properties 470 

relation to g-hypergeometric function 470-472 

g-Hahn polynomials 470 

g-hypergeometric orthogonal polynomials 470 

g-integrals 422 

g-Laguerre polynomials 471 

applications 432 

asymptotic approximations to zeros 474 

g-Leibniz rule 421 

g-multinomial coefficient 634 

g-Pochhammer symbol 436 

g-product 436 

g-Racah polynomials 474 

applications 

coding theory 479 

relation to g-hypergeometric function 474 

g-series 

classification 423 


g-sine function 422 

g-Stirling numbers 422 

q~ 1 -Al-Salam-Chihara polynomials 473 

quadratic characters 

number theory 642 

quadratic equations 23 

quadratic reciprocity law 

number theory 642 

quadrature 78-84 

contour integrals 83-84 

interpolatory rules (or formulas) 

see also Gauss quadrature. 

Clenshaw-Curtis 79 

closed 79 

error term 79 

Fejer’s 79 

midpoint 79 

Newton-Cotes 79 

nodes 79 

open 79 

weight function 79 

oscillatory integrals 

Clenshaw-Curtis formula (extended) 82 

Filon’s rule 82 

Longman’s method 82 

multidimensional 82 

Romberg integration 79 

Simpson’s rule 

composite 78, 79 

elementary 79 

steepest-descent paths 83-84 

trapezoidal rule 

composite 78, 79, 84 

elementary 78, 79 

improved 78 

via classical orthogonal polynomials 478 

quantum chemistry 

generalized exponential integral 190 

incomplete gamma functions 189 

quantum chromo-dynamics 

hypergeometric function 400 

quantum field theory 

modular functions 582 

Riemann zeta function 614 

quantum gravity 

Painleve transcendents 739 

quantum groups 

g-series 432 

quantum mechanics 

associated Legendre functions 379 

canonical integrals 791 

classical orthogonal polynomials 479 

Heun functions 720 

Mathieu functions 679 
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nonrelativistic 

gamma function 145 

parabolic cylinder functions 317 

Struve functions 298 

Whittaker functions 346 

quantum probability distributions 

Euler polynomials 598 

quantum scattering 

hypergeometric function 400 

quantum spin models 

Painleve transcendents 739 

quantum spins 

Heun’s equation 720 

quantum systems 

Heun’s equation 720 

quantum wave-packets 

theta functions 534 

quark-gluon plasma 

Bernoulli polynomials 598 

quartic equations 23 

quartic oscillator 

Jacobian elliptic functions 565 

quasiconformal mapping 

complete elliptic integrals 399 

hypergeometric function 399 

queueing theory 

incomplete gamma functions 189 

quintic equations 

modular functions 582 

quotient-difference algorithm 95 

rhombus rule 95 

stability 95 

quotient-difference scheme 95 

Raabe’s theorem 

Bernoulli polynomials 590 

Racah polynomials 407 

see Wilson class orthogonal polynomials. 

radial Mathieu functions 668 

see also modified Mathieu functions. 

definitions 668 

expansions in series of Bessel functions 670 

expansions in series of cross-products of Bessel func- 
tions and modified Bessel functions 671-672 

graphics 669 

integral representations 672-674 

compendia 674 

of cross-products 674 

joining factors 652, 669 

notation 652 

relation to modified Mathieu functions 668 

shift of variable 668 

radial spheroidal wave functions 703 

applications 706 

asymptotic behavior for large variable 703 


computation 708 

connection formulas 703 

connection with spheroidal wave functions 704 

definitions 703 

graphics 703 

integral representation 704 

tables 708 

Wronskian 703 

radiative equilibrium 

generalized exponential integral 190 

Radon transform 

classical orthogonal polynomials 479 

railroad track design 

Cornu’s spiral 169 

rainbow 

Airy functions 209 

Ramanujan’s iip\ summation 

bilateral g-hypergeometric function 427 

Ramanujan’s beta integral 143 

Ramanujan’s cubic transformation 

hypergeometric function 393 

Ramanujan’s partition identity 

number theory 646 

Ramanujan’s sum 

number theory 643 

Ramanujan’s tau function 

number theory 646-647 

random graphs 

generalized hypergeometric functions 417 

random matrix theory 

Hermite polynomials 479 

Painleve transcendents 739 

random walks 417 

rational arithmetics 72 

exact 72 

rational functions 

summation 145 

Rayleigh function 240 

applications 276 

Rc-function 487 

asymptotic approximations 496 

limiting values 491 

relation to elementary functions 495 

relation to Gudermannian function 495 

relation to inverse Gudermannian function 491 

special values 491 

reduced Planck’s constant 379, 479, 753 

reduced residue system 

number theory 638 

reductions of partial differential equations 

Painleve transcendents 738 

Regge poles 

Coulomb functions 754 

Regge symmetries 
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6 j symbols 762 

3 j symbols 759 

region 15 

regularization 

distributional methods 55 

relative error 73 

relative precision 73 

relativistic Coulomb equations 754 

relaxation times for proteins 

incomplete gamma functions 189 

Remez’s second algorithm 

minimax rational approximations 98 

removable singularity 19 


repeated integrals of the complementary error function 


167 

applications 169 

asymptotic expansions 167 

computation 169 

continued fractions 167 

definition 167 

derivatives 167 

differential equation 167 

graphics 167 

power-series expansion 167 

recurrence relations 167 

relations to other functions 

confluent hypergeometric functions 167 

Hermite polynomials 167 

parabolic cylinder functions 167, 308 

probability functions 167, 308 

scaled 167 

tables 169 

representation theory 

partitions 635 

repulsive potentials 

Coulomb functions 753, 754 

residue 19 

theorem 19 

resistive MHD instability theory 

Struve functions 298 

resolvent cubic equation 23 

resonances 

Coulomb functions 754 

restricted integer partitions 

Bessel-function expansion 628 

conjugate 626 

generating functions 627 

identities 628 

limiting form 627, 628 

notation 626, 627 

recurrence relations 627, 628 

relation to lattice paths 626 

tables 626, 627 

resurgence 


asymptotic solutions of differential equations 57 


reversion of series 43 

Riccati-Bessel functions 240 

zeros 240 

Riemann hypothesis 606 

equivalent statements 613, 614, 644 

Riemann identity 

Riemann theta functions 542 

Riemann theta functions with characteristics .... 542 

Riemann matrix 538 

computation 546 

Riemann surface 543 

connection with Riemann theta functions . . . 543, 546 

cycles 543 

definition 543 

genus 543 

handle 543 

holomorphic differentials 543 

hyperelliptic 544 

intersection indices 538, 543 

prime form 544 

representation via Hurwitz system 546 

representation via plane algebraic curve 546 

representation via Schottky group 546 

Riemann theta functions 538 

analytic properties 538 

applications 543-546 

components 538 

computation 546 

definition 538 

dimension 538 

genus 538 

graphics 539-541 

modular group 542 

modular transformations 541-542 

notation 538 

period lattice 539 

products 542 

quasi-periodicity 539 

relation to classical theta functions 539 

Riemann identity 542 

scaled 538, 546 

symmetry 539 

Riemann theta functions with characteristics 539 

addition formulas 543 

applications 

Abelian functions 545 

characteristics 539 

half-period 539 

modular transformations 542 

notation 538 

quasi-periodicity 539 

Riemann identity 542 

symmetry 539 
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Riemann zeta function 602 

analytic properties 602 

applications 

mathematical 613 

physical 614 

approximations 615 

asymptotic 606 

Chebyshev series 615 

computation 614 


connection with incomplete gamma functions. ... 189 


critical line 606 

critical strip 606 

definition 602 

derivatives 602 

integer arguments 605 

series expansions 602 

Euler-product representation 640 

graphics 603 

incomplete 189 

infinite products 602 

integer argument 605 

integral representations 

along the real line 604 

contour integrals 605 

integrals 606 

notation 602 

recursion formulas 605 

reflection formulas 603 


relations to other functions 


Bernoulli and Euler numbers and polynomials 
598, 605 


Hurwitz zeta function 607 

poly logarithms 611 

representations by Euler-Maclaurin formula 602 

series expansions 602 

sums 606 

tables 614 


zeros 

computation 614 

counting 607, 614 

distribution 606 

on critical line or strip 606, 614 

relation to quantum eigenvalues 614 

Riemann hypothesis 606 

trivial 606 

Riemann’s ^-function 603 

approximations 615 

Riemann’s differential equation 

general form 396 

reduction to hypergeometric differential equation 

396 

singularities 396 

solutions 

P-symbol notation 396 


transformations 396 

Riemann-Hilbert problems 

classical orthogonal polynomials 479 

Riemann-Lebesgue lemma 14 

Riemann-Siegel formula 607 

coefficients 614 

Riemann’s P-symbol 396 

ring functions see toroidal functions. 

Ritt’s theorem 

differentiation of asymptotic approximations 42 

robot trajectory planning 

Cornu’s spiral 169 

Rodrigues formulas 

classical orthogonal polynomials 442 

Hahn class orthogonal polynomials 462 

Rogers polynomials 

see continuous g-ultraspherical polynomials. 

Rogers-Ramanujan identities 422, 430 

constant term 431 

partitions 628 

Rogers-Szego polynomials 475 

rolling of ships 

Mathieu functions 679 

rook polynomial 633 

roots 

of equations 90 

Rossby waves 

biconfluent Heun functions 720 

rotation matrices 

relation to 3 j symbols 761 

Rouche’s theorem 20, 92 

round-robin tournaments 648 

Runge-Kutta methods 

ordinary differential equations 89-90 

Rutherford scattering 

Coulomb functions 753 

gamma function 145 

Rydberg constant 

Coulomb functions 754 

S'-matrix scattering 

Coulomb functions 754 

saddle points 47 

coalescing 48, 789-790 

sampling expansions 

parabolic cylinder functions 317 

scaled gamma function 185 

scaled Riemann theta functions 

computation 546 

definition 538 

scaled spheroidal wave functions 706-707 

bandlimited 706 

extremal properties 707 

Fourier transform 706 

integral equation 706 


Index 


941 


orthogonality 706 

scaling laws 

for diffraction catastrophes 785 

scattering problems 

associated Legendre functions 379 

Coulomb functions 753-755 

scattering theory 

Mathieu functions 679 

Schlafli’s integrals 

Bessel functions 224, 225 

Schlafli-Sommerfelcl integrals 

Bessel and Hankel functions 224 

Schlafli-type integrals 

Kelvin functions 269 

Schottky group 

Riemann surface 546 

Schottky problem 

Riemann surface 545 

Schroder numbers 

definition 622 

generating function 623 

relation to lattice paths 622 

table 622 

Schrodinger equation 

Airy functions 209 

Coulomb functions 753-755 

nonlinear 

Jacobian elliptic functions 565 

Riemann theta functions 545 

g-deformed quantum mechanical 432 


solutions in terms of classical orthogonal polynomials 


479 

theta functions 534 

Schwarz reflection principle 19 

Schwarz’s lemma 20 

Schwarzian derivative 27 

Scorer functions 204 

analytic properties 204 

applications 209 

approximations 

expansions in Chebyshev series 212 

asymptotic expansions 205 

computation 210 

computation by quadrature 84 

connection formulas 205 

definition 204 

differential equation 204 

initial values 204 

numerically satisfactory solutions 204 

standard solutions 204 

graphs 204 

integral representations 204-205 

integrals 

asymptotic expansions 206 


tables 211 

Maclaurin series 205 

notation 194 

tables 211 

zeros 206 

computation 210 

tables 211 

secant function see trigonometric functions. 

sectorial harmonics 378 

Selberg integrals 

generalized elliptic integrals 516 

Selberg-type integrals 

gamma function 143 

separable Gauss sum 

number theory 643 

Shanks’ transformation 

for sequences 93 

ship wave 790-791 

sieve of Eratosthenes 

prime numbers 648 

sigma function see Weierstrass elliptic functions. 

signal analysis 

spheroidal wave functions 706-707 

simple closed contour 16 

simple closed curve 11 

simple discontinuity 4 

simple zero 19 

simply-connected domain 25 

Sine function 77 

sine function see trigonometric functions. 

sine integrals 150 

applications 

Gibbs phenomenon 154 

physical 155 

approximations 156 

asymptotic expansions 153 

exponentially-improved 154 

auxiliary functions . . . see auxiliary functions for sine 
and cosine integrals. 

Chebyshev-series expansions 156-157 

computation 155 

definition 150 

expansion in spherical Bessel functions 153 

generalized 188-189 

graphics 151 

hyperbolic analog 150 

integral representations 152 

integrals 154 

Laplace transform 154 

maxima and minima 155 

notation 150 

power series 151 

relations to exponential integrals 151 

sums 154 
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tables 156 

value at infinity 150 

zeros 154 

asymptotic expansion 154 

computation 156 

sine-Gordon equation 

Jacobian elliptic functions 565 

Painleve transcendents 739 

singularities 

movable 724 

singularity 

branch point 20 

essential 19 

isolated 19 

isolated essential 19 

pole 19 

removable 4, 19 

6 j symbols 761 

addition theorem 763 

applications 765 

approximations for large parameters 764 

computation 765 

definition 761 

alternative 763 

generating functions 763 

graphical method 765 

notation 758 

orthogonality 763 

recursion relations 762 

Regge symmetries 762 

representation as 

finite sum of algebraic quantities 762 

finite sum of 3 j symbols 761 

generalized hypergeometric functions 761 

special cases 762 

sum rules 763 

summation convention 760 

sums 763 

symmetry 762 

tables 765 

zeros 765 

SL(2, Z) bilinear transformation 579 

Sobolev polynomials 477 

soliton theory 

classical orthogonal polynomials 478 

solitons 

Jacobian elliptic functions 565 

Weierstrass elliptic functions 582 

spatio-temporal dynamics 

Heun functions 718 

spectral problems 

Heun’s equation 720 

separation of variables 720 

spherical Bessel functions 262 


addition theorems 267 

analytic properties 262 

applications 

electromagnetic scattering 276 

Helmholtz equation 276 

wave equation 276 

approximations 281 

asymptotic approximations for large order see 

uniform asymptotic expansions for large order 

computation 276-277 

continued fractions 266 

cross-products 265 

definitions 262 

derivatives 265 

zeros 266, 280 

differential equations 262 

numerically satisfactory solutions 262 

singularities 262 

standard solutions 262 

Dirac delta 38 

duplication formulas 267 

explicit formulas 

modified functions 264 

sums or differences of squares 264 

unmodified functions 264 

generating functions 266 

graphs 262 

integral representations 266 

integrals 267 

computation 278 

interrelations 262 

limiting forms 265 

modified 262 

notation 217 

of the first, second, and third kinds 262 

power series 265 

Rayleigh’s formulas 264 

recurrence relations 265 

reflection formulas 262 

sums 267 

addition theorems 267 

compendia 267 

duplication formulas 267 

tables 280 

uniform asymptotic expansions for large order . . . 266 

Wronskians 265 

zeros 266 

spherical Bessel transform 278 

computation 278 

spherical coordinates 8 

spherical harmonics 378 

addition theorem 379 

applications 379 

basic properties 378-379 
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definitions 378 

Dirac delta 38 

distributional completeness 379 

Lame polynomials 694 

relation to 3 j symbols 760 

sums 379 

zonal 479 

spherical polar coordinates . . see spherical coordinates, 
spherical triangles 

solution of 131 

spherical trigonometry 

Jacobian elliptic functions 564 

sphero-conal coordinates 693 

spheroidal coordinates see oblate spheroidal 

coordinates and prolate spheroidal coordinates. 

spheroidal differential equation 698 

eigenvalues 698-699 

asymptotic behavior 702-703 

computation 707 

continued-fraction equation 699 

graphics 700 

power-series expansion 699 

tables 708 

Liouville normal form 698 

singularities 698 

special cases 698 

with complex parameter 700 

spheroidal harmonics 

oblate 378 

prolate 378 

spheroidal wave functions 698 

addition theorem 703 

applications 

signal analysis 706-707 

wave equation 704-706 

approximations 703 

as confluent Heun functions 717 

asymptotic behavior 

as x — > ±1 703 

for large |y 2 | 702-703 

computation 707-708 

convolutions 703 

Coulomb 704 

definitions 699, 700 

differential equation 698 

eigenvalues 698 

elementary properties 699 

expansions in series of Ferrers functions 702 

asymptotic behavior of coefficients 702 

tables of coefficients 708 

expansions in series of spherical Bessel functions . . 703 

Fourier transform 706 

generalized 704 

graphics 700-701 


integral equations 703, 706 

integrals 703 

notation 698 

oblate angular 699 

of complex argument 700 

of the first kind 699 

of the second kind 700 

orthogonality 699 

other notations 698 

power-series expansions 699 

products 703 

prolate angular 699 

radial 703 

scaled 706 

tables 708 

with complex parameters 700 

zeros 699 

spline functions 

Bernoulli monosplines 597 

cardinal monosplines 597 

cardinal splines 597 

Euler splines 597 

splines 

Bezier curves 100 

definitions 100 

square-integrable function 6 

stability problems 

Mathieu functions 679 

stable polynomials 23 

Hurwitz criterion 23 

statistical analysis 
multivariate 

functions of matrix argument 773 

statistical applications 

functions of matrix argument 773 

statistical mechanics 

application to combinatorics 635 

Heun functions 720 

incomplete beta functions 189 

Jacobian elliptic functions 564 

modular functions 582 

g-hypergeometric function 432 

solvable models 146 

theta functions 533 

statistical physics 

Bernoulli and Euler polynomials 598 

Painleve transcendents 739 

Steed’s algorithm 

for continued fractions 96 

steepest-descent paths 

numerical integration 83-84 

Stickelberger codes 

Bernoulli numbers 598 

Stieltjes fraction (5-fraction) 95 
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Stieltjes polynomials 

definition 718 

orthogonality 719 

products 719 

zeros 718 

electrostatic interpretation 719 

Stieltjes transform 

analyticity 30 

asymptotic expansions 52-53 

convergence 29 

definition 29, 52 

derivatives 30 

generalized 53 

inversion 30 

representation as double Laplace transform 30 

Stieltjes-Wigert polynomials 471 

asymptotic approximations 474 

Stirling cycle numbers 631 

Stirling numbers (first and second kinds) 

asymptotic approximations 626 

definitions 624 

generalized 626 

generating functions 624 

identities 625 

notations 618 

recurrence relations 625 

relations to Bernoulli numbers 596 

special values 625 

tables 624, 635 

Stirling’s formula 141 

Stirling’s series 141 

Stokes line 68 

Stokes multipliers 57 

Stokes phenomenon 67 

complementary error function 164 

incomplete gamma functions 189 

smoothing of 67 

Stokes sets 782-785 

cuspoids 783 

definitions 782 

umbilics 783 

visualizations 784-785 

Stokes’ theorem for vector- valued functions 12 

string theory 

beta function 146 

elliptic integrals 517 

modular functions 582 

Painleve transcendents 739 

Riemann theta functions 545 

theta functions 533 

Struve functions .... see Struve functions and modified 
Struve functions. 

Struve functions and modified Struve functions . . . 288 
analytic continuation 291 


applications 

physical 298 

approximations 300 

argument xe ±3m / 4 294 

asymptotic expansions 

generalized 293 

large argument 293 

large order 293 

remainder terms 293 

computation 299 

definitions 288 

derivatives 292 

with respect to order 292 

differential equations 288 

numerically satisfactory solutions 288 

particular solutions 288 

graphics 289-291 

half-integer orders 291 

incomplete 300 

inequalities 291 

integral representations 

along real line 292 

compendia 293 

contour integrals 292 

Mellin-Barnes type 293 

integrals 

compendia 294 

definite 294 

indefinite 293-294 

Laplace transforms 294 

products 294 

tables 299 

with respect to order 294 

Kelvin-function analogs 294 

notation 288 

order 288 

power series 288 

principal values 288 

recurrence relations 292 

relations to Anger-Weber functions 297 

series expansions 

Bessel functions 292 

Chebyshev 300 

power series 288 

sums 294 

tables 299 

zeros 292 

Struve’s equation . . . see Struve functions and modified 
Struve functions, differential equations. 
Sturm-Liouville eigenvalue problems 

ordinary differential equations 89 

summability methods for integrals 

Abel 34 

Cesaro 34 
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Fourier integrals 

conjugate Poisson integral 34 

Fejer kernel 34 

Poisson integral 34 

Poisson kernel 34 

fractional derivatives 35 

fractional integrals 35 

summability methods for series 

Abel 33 

Borel 33 

Cesaro 33 

general 33 

convergence 33 

Fourier series 

Abel means 33 

Cesaro means 33 

Fejer kernel 33 

Poisson kernel 33 

regular 33 

Tauberian theorems 35 

summation by parts 63 

summation formulas 

Boole 597 

Euler-Maclaurin 597 

sums of powers 

as Bernoulli or Euler polynomials 589 

tables 598 

supersonic flow 

Lame polynomials 694 

support 

of a function 35 

surface see parametrized surfaces. 

surface harmonics of the first kind 378 

surface-wave problems 

Struve functions 298 

swallowtail bifurcation set 

formula 781 

picture 782 

swallowtail canonical integral 776 

asymptotic approximations 789-790 

convergent series 787 

differential equations 788 

formulas for Stokes set 783 

integral identities 787 

picture of Stokes set 784 

pictures of modulus 778 

scaling laws 785 

zeros 787 

swallowtail catastrophe 776 , 784 

symmetric elliptic integrals 497 

addition theorems 509-510 

advantages of symmetry 497 

applications 

mathematical 514-516 


physical 516-517 

statistical 515 

arithmetic-geometric mean 505 

asymptotic approximations and expansions 

53, 510-511 

Bartky’s transformation 504 

change of parameter of Rj 504 

circular cases 502-504 

complete 486 

computation 517-519 

connection formulas 503 

degree 498 

derivatives 500 

differential equations 501 

duplication formulas 510 

elliptic cases of R- a { b; z) 498 

first, second, and third kinds 486 

Gauss transformations 497, 505 

general lemniscatic case 502, 503 

graphics 499-500 

hyperbolic cases 502-504 

inequalities 

complete integrals 506-507 

incomplete integrals 507 

integral representations 506 

integrals of 511 

Landen transformations 497, 505 

notation 486 

permutation symmetry 497, 498 

power-series expansions 501-502 

reduction of general elliptic integrals 512-514 

relations to other functions 

Appell functions 509 

Bulirsch’s elliptic integrals 508 

hypergeometric function 509 

Jacobian elliptic functions 508 

Lauricella’s function 509 

Legendre’s elliptic integrals 507, 508 

theta functions 508 

Weierstrass elliptic functions 509 

special cases 502-503 

tables 519 

transformations replaced by symmetry 

497, 505, 508 

symmetries 

of canonical integrals 777 

Szego-Askey polynomials 475 

Szego-Szasz inequality 

Jacobi polynomials 451 

tangent function see trigonometric functions. 

tangent numbers 596 

tables 596 

Taylor series 18 

asymptotic approximations for coefficients 65 
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Taylor’s theorem 

one variable 6, 18 

two variables 8 

tempered distributions 36, 52 

convergence 36 

Fourier transform 37 

term-by-term integration 18 

terminant function 68 

incomplete gamma functions 189 

tesseral harmonics 378 

test functions 

distributions 35 

Theorem of Ince 

Mathieu’s equation 653, 657 

theta functions 524 

addition formulas 531 

applications 

mathematical 533 

physical 533 

computation 534 

derivatives 529-530 

of ratios 531 

discrete analog 532 

double products 530 

duplication formula 531 

Fourier series 524 

fundamental parallelogram 524 

generalizations 532 

graphics 

complex variables 527-529 

real variables 525-527 

infinite products 529-530 

integrals 532 

Jacobi’s identity 529 

Jacobi’s inversion formula 532, 533 

Jacobi’s original notation 524 

Jacobi’s triple product 529 

Landen transformation 531 

Laplace transform with respect to lattice parameter 

532 

lattice parameter 524 

transformation of 531 

lattice points 524 

limit forms as 3 t — > 0+ 534 

McKean and Moll’s 524 

Mellin transform with respect to lattice parameter 

532 

modular transformations 531 

multidimensional see Chapter 21. 

Neville’s 524, 550 

nome 524 

rectangular case 524 

transformation of 531 

notation 524 


periodicity 524 

power series 530 

quasi-periodicity 524 

Ramanujan’s 533 

Ramanujan’s change of base 533 

rectangular case 524 

relations to other functions 

Dedekind’s eta function 525 

elliptic integrals 532 

elliptic modular function 532 

Jacobi’s epsilon function 562 

Jacobian elliptic functions 532, 550 

modular functions 579 

Riemann zeta function 532 

symmetric elliptic integrals 508 

Weierstrass elliptic functions 532, 574 

Riemann 538 

Riemann with characteristics 539 

sums of squares 530 

tables 534 

translation by half-periods 525 

values at z = 0 529 

Watson’s expansions 531 

Watson’s identities 531 

with characteristics 533 

zeros 525 

Thomae transformation 

3 7*2 functions of matrix argument 772 

3 j, 6 j, 9 j symbols 


relation to generalized hypergeometric functions 
407, 418 


3 j symbols 758 

angular momenta 758 

applications 765 

approximations for large parameters 764 

computation 765 

definition 758 

Gaunt coefficient 761 

Gaunt’s integral 761 

generating functions 760 

graphical method 765 

notation 758 

orthogonality 760 

projective quantum numbers 758 

recursion relations 760 

Regge symmetries 759 

relations to other functions 

Legendre functions 760 

rotation matrices 761 

spherical harmonics 760 

representation as 

finite sum of algebraic quantities 758 

generalized hypergeometric functions 758 

special cases 759 
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summation convention 760 

sums 760 

symmetry 759 

tables 765 

triangle conditions 758 

zeros 765 

Toda equation 

Hermite polynomials 478 

tomography 

confluent hypergeometric functions 346 

tops 

Jacobian elliptic, or hyperelliptic, integrals 566 

toroidal coordinates 371, 379 

toroidal functions 371 

applications 379 

definitions 371 

hypergeometric representations 371 

integral representations 371 

sums 372 

Whipple’s formula 372 

torus 

complex 533 

transcendental equations 

asymptotic solutions 43 

transcendental functions 724 

transition points 58, 63 

transport equilibrium 

generalized exponential integral 190 

triangle conditions 

3 j symbols 758 

triangle inequality 15 

triangles 

solution of 130 

triangular matrices 

confluent hypergeometric functions 345 

triconfluent Heun equation 718 

trigonometric functions 112 

addition formulas 117 

analytic properties 112 

applications 

cubic equations 131 

solution of triangles and spherical triangles . . . 130 

approximations 132 

Chebyshev-series expansions 132 

computation 131 

conformal maps 113 

continued fractions 121 

definitions 112 

derivatives 117 

differential equations 117 

elementary properties 115-116 

graphics 

complex argument 113-115 

real argument 112 


identities 117 

inequalities 116 

infinite products 118 

integrals 

definite 122 

indefinite 122 

inverse see inverse trigonometric functions. 

Laurent series 116 

limits 116 

Maclaurin series 116 

moduli 118 

multiples of argument 118 

notation 104 

orthogonality 122 

partial fractions 118 

periodicity 112 

poles 123 

real and imaginary parts 118 

relations to hyperbolic functions 123 

special values 116 

squares and products 117 

sums 123 

tables 132 

zeros 112 

triple integrals 9 

truncated exponential series 180 

turning points 58, 63 

fractional or multiple 61 

two-body relativistic scattering 

Lame polynomials 694 

ultraspherical polynomials 438 

see also classical orthogonal polynomials. 

addition theorem 459 

applications 

zonal spherical harmonics 479 

asymptotic approximations 452 

case A = 0 437 

computation 479 

definition 439 

derivatives 446 

differential equation 445 

expansions in series of 460, 461 

Fourier transforms 456 

generating functions 449 

inequalities 450 

integral representations 447, 448 

for products 455 

integrals 456 

interrelations with other orthogonal polynomials 

444-445, 448 

leading coefficients 439 

limits to monomials 444 

linearization formula 460 

Mellin transform 458 
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normalization 439 

notation 436, 437 

orthogonality property 439 

parameter constraint 439, 443 

recurrence relations 446 

relations to other functions 

Ferrers functions 448 

hypergeometric function 393, 442 

Rodrigues formula 442 

special values 444 

symmetry 444 

tables of coefficients 440 

upper bound 450 

weight function 439 

zeros 438, 454 

umbilics 

normal forms 776 

umbral calculus 

Bernoulli and Euler polynomials 590 

uniformization 


algebraic equations via Jacobian elliptic functions 
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unity 

roots of 23 

vacuum magnetic fields 

toroidal functions 379 

validated computing 72 

Van Vleck polynomials 

definition 718 

zeros 718 

Van Vleck’s theorem for continued fractions 25 

Vandermondian 3 

variation of parameters 

inhomogeneous differential equations 26 

variation of real or complex functions 6 

bounded 6 

total 6 

variational operator 44 

vector 

equivalent 542 

norms 74 

vector-valued functions 9-12 

see also parametrized surfaces. 

curl 10 

del operator 10 

divergence 10 

divergence (or Gauss’s) theorem 12 

gradient 10 

Green’s theorem 

three dimensions 12 

two dimensions 11 

line integral 11 

path integral 11 


reparametrization of integration paths 


orientation-preserving 11 

orientation-reversing 11 

Stokes’ theorem 12 

vectors 9 

see also vector-valued functions. 

angle 9 

cross product 9 

right-hand rule 10 

dot product 9 

Einstein summation convention 10 

Levi-Civita symbol 10 

magnitude 9 

notations 9, 10 

right-hand rule for cross products 10 

scalar product see dot product. 

unit 9 

vector product see cross product. 

vibrational problems 

Mathieu functions 678 

Voigt functions 

applications 169 

computation 169 

definition 167 

graphs 168 

properties 168 

relation to line broadening function 167 

tables 169 

von Staudt-Clausen theorem 

Bernoulli numbers 593 

Voronoi’s congruence 

Bernoulli numbers 593 

Waring’s problem 

number theory 645 

water waves 

Kelvin’s ship-wave pattern 790-791 

Riemann theta functions 545 

Struve functions 298 

Watson integrals 

Appell functions 417 

generalized hyper geometric functions 417 

Watson’s 3 F 2 sum 

Andrews’ terminating g-analog 427 

Gasper-Rahman g-analog 426 

Watson’s expansions 

theta functions 531 

Watson’s identities 

theta functions 531 

Watson’s lemma 

asymptotic expansions of integrals 44, 46 

Watson’s sum 

generalized hypergeometric functions 406 

wave acoustics 

generalized exponential integral 190 

wave equation 
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see also water waves. 

Bessel functions and modified Bessel functions . . 276 


confluent hypergeometric functions 346 

ellipsoidal coordinates 693 

Mathieu functions 678 

oblate spheroidal coordinates 705-706 

paraboloidal coordinates 346 

prolate spheroidal coordinates 704-705 

separation constants 693 

spherical Bessel functions 276 

sphero-conal coordinates 693 

symmetric elliptic integrals 501 

wave functions 

paraboloidal 677 

waveguides 275 

Weber function see Anger- Weber functions. 

Weber parabolic cylinder functions 

see parabolic cylinder functions. 

Weber’s function 


see Bessel functions of the second kind. 

Weber-Schafheitlin discontinuous integrals 

Bessel functions 244 

Weierstrass M - test 


see M - test for uniform convergence. 


Weierstrass elliptic functions 570 

addition theorems 577 

analytic properties 570 

applications 

mathematical 581 

physical 582-583 

asymptotic approximations 578 

computation 583 

definitions 570 

derivatives 571 

differential equations 571 

discriminant 571 

duplication formulas 578 

equianharmonic case 571-572, 574 

Fourier series 576 


graphics 

complex variables 573-574 

real variables 571-572 

homogeneity 578 

infinite products 577 

integral representations 578 

integrals 579 

lattice 570 

computation 583 

equianharmonic 574 

generators 570 

invariants 571 

lemniscatic 571-572, 574 

notation 570 

points 570 


pseudo-lemniscatic 574 

rectangular 574 

rhombic 574 

roots 571 

Laurent series 577 

lemniscatic case 571-572, 574 

n-tuple formulas 578 

notation 570 

periodicity 571 

poles 570 

power series 577 

principal value 577 

pseudo-lemniscatic case 574 

quarter periods 576 

quasi-periodicity 571 

relations to other functions 

elliptic integrals 576 

general elliptic functions 576 

Jacobian elliptic functions 575 

symmetric elliptic integrals 509 

theta functions 574 

rhombic case 574 

series of cosecants or cotangents 577 

tables 584 

zeros 570, 579 

Weierstrass p-function 

see Weierstrass elliptic functions. 

Weierstrass product 22 

Weierstrass sigma function 


see Weierstrass elliptic functions. 

Weierstrass zeta function 

see Weierstrass elliptic functions. 


weight functions 

cubature 84-85 

definition 79, 437 

Freud 475 

least squares approximations 99 

logarithmic 81-82 

minimax rational approximations 97 

quadrature 79-80 

weighted means 3 

Weniger’s transformation 

for sequences 94 

Whipple’s 3 F 2 sum 

Gasper-Rahman g-analog 427 

Whipple’s formula 

associated Legendre functions 362 

toroidal functions 372 

Whipple’s sum 

generalized hypergeometric functions 406 

Whipple’s theorem 

Watson’s g-analog 429 

Whipple’s transformation 

generalized hypergeometric functions 407 
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Whittaker functions 334 

see also confluent hypergeometric functions. 

addition theorems 345 

analytic continuation 334 

analytical properties 334 

applications 

Coulomb functions 346 

groups of triangular matrices 345 

physical 346, 754 

uniform asymptotic solutions of differential equa- 
tions 345 

asymptotic approximations for large parameters 

imaginary k and/or fj, 340 

large k 341-342 

large /i 339-341 

uniform 339-342 

asymptotic expansions for large argument 339 

error bounds 339 

exponentially-improved 339 

computation 346 

connection formulas 335 

continued fractions 338 

definitions 334 

derivatives 336 

differential equation see Whittaker’s equation. 

expansions in series of 344 

integral representations 

along the real line 337 

contour integrals 337 

Mellin-Barnes type 337 

integral transforms in terms of 344 

integrals 337 

compendia 344 

Fourier transforms 343 

Hankel transforms 343-344 

Laplace transforms 343 

Mellin transforms 343 

interrelations 335 

large argument 69 

limiting forms 

as z — > 0 335 

as z — > oo 335 

multiplication theorems 345 

notation 322 

power series 334 

principal branches (or values) 334 

products 345 

recurrence relations 336 

relations to other functions 

Airy functions 338 

Coulomb functions 742, 748, 751 

elementary functions 338 

error functions 338 

incomplete gamma functions 338 


Kummer functions 334 

modified Bessel functions 338 

orthogonal polynomials 338 

parabolic cylinder functions 338 

series expansions 344-345 

addition theorems 345 

in Bessel functions or modified Bessel functions 

344 

multiplication theorems 345 

power 334 

Wronskians 335 

zeros 

asymptotic approximations 343 

distribution 342 

inequalities 343 

number of 343 

Whittaker’s equation 334 

fundamental solutions 335 

numerically satisfactory solutions 335 

relation to Kummer ’s equation 334 

standard solutions 334 

Whittaker-Hill equation 676 

applications 678 

separation constants 678 

Wigner 3j, 6 j, 9 j symbols 


see 3 j symbols, 6 j symbols, and 9 j symbols. 

Wilf-Zeilberger algorithm 

applied to generalized hypergeometric functions . . 407 


Wilkinson’s polynomial 92 

Wilson class orthogonal polynomials 467-470 

asymptotic approximations 470 

definitions 467 

differences 469 

dualities 463 

generating functions 469 

interrelations with other orthogonal polynomials 

464, 468-469 

leading coefficients 468 

normalizations 467-468 

notation 436 

orthogonality properties 467 

relation to generalized hypergeometric functions 

468-469 

transformations of variable 467 

weight functions 467-468 

Wilson polynomials 


see Wilson class orthogonal polynomials. 

winding number 

of closed contour 16 

WKB or WKBJ approximation 

. . see Liouville-Green (or WKBJ) approximation. 
Wronskian 

differential equations 26 

Wynn’s cross rule 


Index 


951 


for Pade approximations 98 

Wynn’s epsilon algorithm 

for sequences 93 

zero potential 

Coulomb functions 753, 754 

zeros of analytic functions 

computation 90-92 

conditioning 92 

multiplicity 19, 90 

simple 90 

zeros of Bessel functions (including derivatives) 

analytic properties 235 

approximations 281 

asymptotic expansions for large order 

uniform 237 

asymptotic expansions for large zeros 236 

error bounds 236 

bounds 236 

common 235 

complex 235, 238 

computation 277 

distribution 235, 238-240 

double 235 

interlacing 235 

monotonicity 236 

notation 235 

of cross-products 238 

asymptotic expansions 238 

purely imaginary 235, 236 

relation to inverse phase functions 235 

tables 132, 278 

with respect to order (z/-zeros) 240 

zeros of cylinder functions (including derivatives) 

235-237 

analytic properties 235 

asymptotic expansions for large order 

uniform 236 


asymptotic expansions for large zeros 236 

forward differences 235 

interlacing 235 

monotonicity 236 

relation to inverse phase functions 235 

zeros of polynomials 

see also stable polynomials. 

computation 91-92 

conditioning 92 

degrees two, three, four 23 

Descartes’ rule of signs 22 

discriminant 22 

distribution 22 

division algorithm 22 

elementary properties 22 

elementary symmetric functions 22 

explicit formulas 91 

Horner’s scheme 22 

extended 22 

resolvent cubic 23 

roots of constants 23 

roots of unity 23 

zeta function see Hurwitz zeta function, 

Jacobi’s zeta function, periodic zeta function, Rie- 
mann zeta function, and Weierstrass zeta function. 

zonal polynomials 769 

applications 773 

beta integral 769 

definition 769 

Laplace integral 769 

mean-value 769 

normalization 769 

notation 769 

orthogonality 769 

summation 769 

tables 773 

zonal spherical harmonics 

ultraspherical polynomials 479 


